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Abstract 
 
Chen, Yuanyuan (2016). Continuity and compositions of operators with Kernels 
in Ultra-test function and Ultra-distribution spaces, Linnaeus University 
Dissertation No 263/2016, ISBN: 978-91-88357-38-0. Written in English. 
In this thesis we consider continuity and positivity properties of pseudo-
differential operators in Gelfand-Shilov and Pilipović spaces, and their 
distribution spaces. We also investigate composition property of pseudo-
differential operators with symbols in quasi-Banach modulation spaces.  
 
We prove that positive elements with respect to the twisted convolutions, 
possesing Gevrey regularity of certain order at origin, belong to the Gelfand-
Shilov space of the same order. We apply this result to positive semi-definite 
pseudo-differential operators, as well as show that the strongest Gevrey 
irregularity of kernels 
to positive semi-definite operators appear at the diagonals. 
 
We also prove that any linear operator with kernel in a Pilipović or Gelfand-
Shilov space can be factorized by two operators in the same class. We give 
links on numerical approximations for such compositions and apply these 
composition rules to deduce estimates of singular values and establish 
Schatten-von Neumann properties for such operators.   
 
Furthermore, we derive sufficient and necessary conditions for continuity of 
the Weyl product with symbols in quasi-Banach modulation spaces. 
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0. Introduction

The theory of pseudo-differential operators emerged in 1960s by
Kohn-Nirenberg [21] and Hörmander [20] as suitable tools when deal-
ing with ellipticity for partial differential operators. There are also
some drawbacks to H. Weyl who introduced the Weyl quantization
in [40] durning the 1930s, as an approach when passing from classical
mechanics into quantum mechanics. Today, the Weyl quantization is
considered as a part of the theory of pseudo-differential operators.

A pseudo-differential calculus on Rd is a rule which takes functions
or distributions a (the symbol) on the phase space to suitable linear
operators Op(a). Usually Op(a) maps a space containing the Schwartz
space S (Rd) into an other space which is contained in S ′(Rd), the set
of tempered distributions. On the other hand, there are several situa-
tions, where S (Rd) needs to be replaced by smaller spaces and S ′(Rd)
by larger ones, e. g. by Gelfand-Shilov spaces and their distribution
spaces. For example, in [10] and the references therein, some relevant
linear partial differential equations are given which are ill-posed in the
framework of the Schwartz space and its distribution space, but well-
posed in the framework of Gelfand-Shilov spaces and their distribution
spaces.

Since the origin of pseudo-differential operators, they have appeared
in different fields within science and technology. For example, in time-
frequency analysis they appear naturally when dealing with non-stationary
filters, and in statistics when dealing with stochastic differential equa-
tions. For these reasons it is important to understand basic properties
of pseudo-differential operators, e. g. continuity, composition and pos-
itivity properties.

In some situations it is suitable to consider pseudo-differential oper-
ators with non-smooth symbols, for example when dealing with non-
stationary filters. One such family of symbols concerns the modula-
tion spaces, a family of quasi-Banach spaces, introduced by H. Fe-
ichtinger in [6]. Since early 90s, these spaces have been used in pseudo-
differential operator theory (see e.g. [12,14,15,19,26–30] and the refer-
ences therein).

In this thesis we explore some of these issues in the framework of
classical distribution spaces, and of Fourier invariant ultra-distribution
spaces, especially for Gelfand-Shilov distribution spaces, or more gen-
erally for the so-called Pilipović distribution spaces. Some questions
on compositions are also considered when the symbols of the pseudo-
differential operators belong to modulation spaces.

We study positivity in operator theory, including the theory of pseudo-
differential operators, and in the theory of twisted convolution. These
questions are closely related, since positivity properties in these fields
can be carried over to each others by simple manipulations. In [34]

1
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We may reformulate in unique ways such operators as Weyl quan-
tizations. Then their compositions correspond to the Weyl product of
their symbols, on the symbol side. It is well-known that the Schwartz
space and Fourier invariant Gelfand-Shilov spaces are algebras under
the Weyl product. The definition of the Weyl product is extended in
several ways. For example, in [5,19], the definition is extended to mod-
ulation spaces, where the involved Lebesgue parameters belong to the
interval [1,∞]. In the thesis we study sufficient and necessary condi-
tions on involved weighted functions and Lebesgue parameters in order
for the Weyl product should be continuous on modulation spaces. In
contrast to [5,19], we here consider the full range (0,∞] of Lebesgue pa-
rameters. In particular, the modulation spaces in our situations might
be quasi-Banach space which are not Banach spaces. The loss of con-
vexity impose new approaches compared to [5, 19]. The technique to
achieve the sufficiency conditions consist of discretization of the Weyl
product by means of Gabor frames. This reformulate the questions into
compositions of matrix operators, which are suitable of the non-convex
situations in our case.

In order to explain our investigations more in details, we recall some
definitons and explain some basic properties. First we recall the defi-
nitions of Gelfand-Shilov spaces and their distributions, Gevrey classes
and their distributions, Pilipović spaces and their distributions, and
modulation spaces. Thereafter, we recall pseudo-differential operators
and related operators, and finally we recall Schatten-von Neumann
classes.

0.1. Gelfand-Shilov spaces and their distribution spaces. First
we recall that the Schwartz space S (Rd) consists of all smooth func-
tions ϕ on Rd such that for every multi-indices α and β, there is a
constant Cα,β such that

|xαDβϕ(x)| ≤ Cα,β, α, β ∈ Nd. (0.1)

The smallest choice of Cα,β defines a semi-norm of ϕ, and it follows
that S (Rd) is a Fréchet space under the topology defined by these
semi-norms.

It is well-known that the Fourier transform F , given by

f̂(ξ) = (Ff)(ξ) = (2π)−d/2

∫

Rd

f(x)e−i〈x,ξ〉 dx,

is bijective and continuous on S (Rd) with inverse

f(x) = (F−1f)(x) = (2π)−d/2

∫

Rd

f̂(ξ)ei〈x,ξ〉 dξ.

By parseval’s formula, it follows that F is uniquely extentable to a
bijective and continuous map on the dual S ′(Rd) of S (Rd), the set
of tempered distributions on Rd.

3

it is shown that C∞-regularity at origin for σ-positive elements, that
is, elements that are positive semi-definite with respect to the twisted
convolution, implies that these elements are in the Schwartz space.
We use the framework in [34] to deduce related properties when the
Schwartz space is replaced by Fourier invariant Gelfand-Shilov spaces,
or Pilipović spaces. More precisely, we show that any σ-positive ele-
ment, having a Gevrey regularities near origin, belong to the Fourier
invariant Gelfand-Shilov space of the same Gevrey degree. If more
restricted such element obeys an even stronger ultra-regularity condi-
tion at the origin, then we show that it belongs to a so-called twisted
Pilipović space, a space which is homeomorphic to a Pilipović space
and might be strictly smaller than any non-trivial Fourier invariant
Gelfand-Shilov space. By the links between the twisted convolution
and pseudo-differential calculus, we deduce equivalent results in the
Weyl calculus.

We also apply our techniques in related situations involving posi-
tive semi-definite operators with kernels in Gevrey distribution spaces.
First we show that such kernels belong to a Gelfand-Shilov distribu-
tion space of certain degree, if and only if their restrictions to the
diagonal are in the same Gelfand-Shilov space. Secondly we prove that
Gevrey-regularity along the diagonal for such kernels impose global
Gevrey-regularity of the same order.

Kernel theorems for linear operators between Gelfand-Shilov spaces
and their duals, and between Gevrey classes and their duals have been
established in [22, 23]. In this thesis we deduce analogous properties
for linear operators between Pilipović spaces and their duals. Our
approach is to reformulate the problems in terms of Hermite series
expansions (see [37]), which essentially transfer the situation in such
way that the operators are replaced by convenient matrix operators.
The requested kernel results then follow by straight-forward estimates.

We also show that any set of operators with kernels in a Pilipović
space of certain degree is a factorization algebras. That is, if T is an
operator in such set, then T = T1 ◦ T2 for some operators T1 and T2 in
the same class. Furthermore, T1 or T2 can be chosen such that at least
one of them are positive semi-definite having the Hermite functions
as eigenfunctions (see [36] for related approaches in the framework of
Gelfand-Shilov spaces).

Applying factorization properties, we deduce that singular values of
operators with kernels in Pilipović spaces, when acting between two
suitable Banach spaces, obey exponential type decays to zero at in-
finity. As a consequence, it follows that such operators belong to any
Schatten-von Neumann class. Our investigations also include analysis
of operators with kernels in the so-called Pilipović flat spaces and their
duals, and we obtain slightly weaker factorization properties.

2
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can be used to characterize Gelfand-Shilov spaces.

Proposition 0.1. Let s ≥ 1/2 (s > 1/2), and let φ ∈ Ss(R
d) \ 0

(φ ∈ Σs(R
d) \ 0). Then the following conditions are equivalent:

(1) f ∈ Ss(R
d) (f ∈ Σs(R

d));
(2) (0.5) holds for some h > 0 (for every h > 0);
(3) (0.6) holds for some h > 0 (for every h > 0);
(4) (0.7) holds for some h > 0 (for every h > 0).

By the equivalence between (1) and (4) in Propostion 0.1, it makes
sense to consider the spaces Hs(R

d) and H0,s(R
d) when s > 0, the set

of all functions f in (0.3) such that (0.7) holds for some h > 0 and for
every h > 0. Evidently,

Ss(R
d) = Hs(R

d), Σs0(R
d) = H0,s0(R

d), (0.8)

when s ≥ 1/2 and s0 > 1/2.
By the equivalence between (1) and (2) in Propostion 0.1, it follows

in particular that the Fourier transform is bijective and continuous
on Ss(R

d) and Σs(R
d). The Fourier transform is therefore uniquely

extendable to a bijective and continuous map on corresponding duals
S ′
s(R

d) and Σ′
s(R

d), the set of Gelfand-Shilov distributions of Roumieu
and Beurling types, respectively.

Similar characterizations of Gelfand-Shilov distributions yield. More
precisely, by a combination of [3, Corollary 2.5], [18, Theorem 2.7]
and [31, Lemma 4.7], it follows that the following is true, which relates
conditions of the forms

|Vφf(x, ξ)| � e(|x|
1/s+|ξ|1/s)/h (0.9)

and
|cα| � e|α|

1/2s/h, (0.10)
with Gelfand-Shilov distributions.

Proposition 0.2. Let s ≥ 1/2 (s > 1/2), and let φ ∈ Ss(R
d) \ 0

(φ ∈ Σs(R
d) \ 0). Then the following conditions are equivalent:

(1) f ∈ S ′
s(R

d) (f ∈ Σ′
s(R

d));
(2) (0.9) holds for every h > 0 (for some h > 0);
(3) (0.10) holds for every h > 0 (for some h > 0).

Again by the equivalence between (1) and (3) in Proposition 0.2, we
consider the spaces H′

s(R
d) and H′

0,s(R
d) for s > 0, the set of all f in

(0.3) such that (0.10) holds for every h > 0 and for some h > 0. (Note
that H′

s(R
d) and H′

0,s(R
d) are the duals of Hs(R

d) and H0,s(R
d) by

a unique extension of the L2-form on H0,s(R
d), since {hα}α∈Nd is an

orthonormal basis on L2(Rd).) Evidently,

S ′
s(R

d) = H′
s(R

d), Σ′
s(R

d) = H′
0,s(R

d), (0.11)
5

From these arguments it also follows that if φ ∈ S (Rd) \ 0 is fixed,
then the short-time Fourier transform Vφf of f ∈ S (Rd), defined by

Vφf(x, ξ) = F (fφ(· − x))(ξ) = (2π)−d/2

∫

Rd

f(y)φ(y − x)e−i〈y,ξ〉dy,

is well-defined for every x, ξ ∈ Rd, and that f �→ Vφf is continuous
from S (Rd) to S (R2d). By Moyal’s identity,

(f1, f2) = ‖φ‖−2
L2 (Vφf1, Vφf2),

which is a straight-forward consequence of Parseval’s formula, it follows
that the map f �→ Vφf above extends uniquely to a continuous map
from S ′(Rd) to S ′(R2d).

When defining Gelfand-Shilov spaces and their distribution spaces,
we follow a similar approach, where the constants Cα,β in (0.1) are
replaced by more refined ones. More precisely, let s ≥ 1/2. Then the
Gelfand-Shilov spaces Ss(R

d) and Σs(R
d) of Roumieu and Beurling

types, respectively, are the sets of all smooth functions f on Rd such
that

|xαDβf(x)| � h|α+β|(α!β!)s, α, β ∈ Nd, (0.2)
for some h > 0 and for every h > 0, respectively. Here A � B means
that A ≤ cB for a suitable constant c, which is independent on involved
parameters (in (0.2), the hidden constant should be independent of
α, β ∈ Nd).

We equip Ss(R
d) (Σs(R

d)) by the inductive (projective) limit topol-
ogy of Ss,h(R

d) with respest to h > 0, where Ss,h(R
d) is the Banach

space of all smooth functions f on Rd such that

‖f‖Ss,h
≡ sup

α,β∈Nd

sup
x∈Rd

‖xαDβf‖L∞

h|α+β|(α!β!)s
< ∞.

The Gelfand-Shiov spaces can be characterized in several ways, e. g.
in terms of the Fourier transform, the short-time Fourier transform,
and Hermite series expansions

f =
∑
α∈Nd

cαhα, cα = cα(f) = (f, hα). (0.3)

Here the Hermite function hα(x), x ∈ Rd, of order α ∈ Nd is defined
by

hα(x) = π− d
4 (−1)|α|(2|α|α!)−

1
2 e

|x|2
2 (∂αe−|x|2). (0.4)

(See [37]). For example, by a combination of [3, Corollary 2.5], [18,
Theorem 2.7] and [31, Lemma 4.7], it follows that conditions of the
forms

|f(x)| � e−|x|1/s/h and |f̂(ξ)| � e−|ξ|1/s/h, (0.5)
|Vφf(x, ξ)| � e−(|x|1/s+|ξ|1/s)/h (0.6)

and
|cα| � e−|α|1/2s/h, (0.7)
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can be used to characterize Gelfand-Shilov spaces.

Proposition 0.1. Let s ≥ 1/2 (s > 1/2), and let φ ∈ Ss(R
d) \ 0

(φ ∈ Σs(R
d) \ 0). Then the following conditions are equivalent:

(1) f ∈ Ss(R
d) (f ∈ Σs(R

d));
(2) (0.5) holds for some h > 0 (for every h > 0);
(3) (0.6) holds for some h > 0 (for every h > 0);
(4) (0.7) holds for some h > 0 (for every h > 0).

By the equivalence between (1) and (4) in Propostion 0.1, it makes
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d) and H0,s(R
d) when s > 0, the set

of all functions f in (0.3) such that (0.7) holds for some h > 0 and for
every h > 0. Evidently,

Ss(R
d) = Hs(R

d), Σs0(R
d) = H0,s0(R

d), (0.8)

when s ≥ 1/2 and s0 > 1/2.
By the equivalence between (1) and (2) in Propostion 0.1, it follows

in particular that the Fourier transform is bijective and continuous
on Ss(R

d) and Σs(R
d). The Fourier transform is therefore uniquely

extendable to a bijective and continuous map on corresponding duals
S ′
s(R

d) and Σ′
s(R

d), the set of Gelfand-Shilov distributions of Roumieu
and Beurling types, respectively.

Similar characterizations of Gelfand-Shilov distributions yield. More
precisely, by a combination of [3, Corollary 2.5], [18, Theorem 2.7]
and [31, Lemma 4.7], it follows that the following is true, which relates
conditions of the forms

|Vφf(x, ξ)| � e(|x|
1/s+|ξ|1/s)/h (0.9)

and
|cα| � e|α|

1/2s/h, (0.10)
with Gelfand-Shilov distributions.

Proposition 0.2. Let s ≥ 1/2 (s > 1/2), and let φ ∈ Ss(R
d) \ 0

(φ ∈ Σs(R
d) \ 0). Then the following conditions are equivalent:

(1) f ∈ S ′
s(R

d) (f ∈ Σ′
s(R

d));
(2) (0.9) holds for every h > 0 (for some h > 0);
(3) (0.10) holds for every h > 0 (for some h > 0).

Again by the equivalence between (1) and (3) in Proposition 0.2, we
consider the spaces H′

s(R
d) and H′

0,s(R
d) for s > 0, the set of all f in

(0.3) such that (0.10) holds for every h > 0 and for some h > 0. (Note
that H′

s(R
d) and H′

0,s(R
d) are the duals of Hs(R

d) and H0,s(R
d) by

a unique extension of the L2-form on H0,s(R
d), since {hα}α∈Nd is an

orthonormal basis on L2(Rd).) Evidently,

S ′
s(R

d) = H′
s(R

d), Σ′
s(R

d) = H′
0,s(R

d), (0.11)
5

From these arguments it also follows that if φ ∈ S (Rd) \ 0 is fixed,
then the short-time Fourier transform Vφf of f ∈ S (Rd), defined by

Vφf(x, ξ) = F (fφ(· − x))(ξ) = (2π)−d/2

∫

Rd

f(y)φ(y − x)e−i〈y,ξ〉dy,

is well-defined for every x, ξ ∈ Rd, and that f �→ Vφf is continuous
from S (Rd) to S (R2d). By Moyal’s identity,

(f1, f2) = ‖φ‖−2
L2 (Vφf1, Vφf2),

which is a straight-forward consequence of Parseval’s formula, it follows
that the map f �→ Vφf above extends uniquely to a continuous map
from S ′(Rd) to S ′(R2d).

When defining Gelfand-Shilov spaces and their distribution spaces,
we follow a similar approach, where the constants Cα,β in (0.1) are
replaced by more refined ones. More precisely, let s ≥ 1/2. Then the
Gelfand-Shilov spaces Ss(R

d) and Σs(R
d) of Roumieu and Beurling

types, respectively, are the sets of all smooth functions f on Rd such
that

|xαDβf(x)| � h|α+β|(α!β!)s, α, β ∈ Nd, (0.2)
for some h > 0 and for every h > 0, respectively. Here A � B means
that A ≤ cB for a suitable constant c, which is independent on involved
parameters (in (0.2), the hidden constant should be independent of
α, β ∈ Nd).

We equip Ss(R
d) (Σs(R

d)) by the inductive (projective) limit topol-
ogy of Ss,h(R

d) with respest to h > 0, where Ss,h(R
d) is the Banach

space of all smooth functions f on Rd such that

‖f‖Ss,h
≡ sup

α,β∈Nd

sup
x∈Rd

‖xαDβf‖L∞

h|α+β|(α!β!)s
< ∞.

The Gelfand-Shiov spaces can be characterized in several ways, e. g.
in terms of the Fourier transform, the short-time Fourier transform,
and Hermite series expansions

f =
∑
α∈Nd

cαhα, cα = cα(f) = (f, hα). (0.3)

Here the Hermite function hα(x), x ∈ Rd, of order α ∈ Nd is defined
by

hα(x) = π− d
4 (−1)|α|(2|α|α!)−

1
2 e

|x|2
2 (∂αe−|x|2). (0.4)

(See [37]). For example, by a combination of [3, Corollary 2.5], [18,
Theorem 2.7] and [31, Lemma 4.7], it follows that conditions of the
forms

|f(x)| � e−|x|1/s/h and |f̂(ξ)| � e−|ξ|1/s/h, (0.5)
|Vφf(x, ξ)| � e−(|x|1/s+|ξ|1/s)/h (0.6)

and
|cα| � e−|α|1/2s/h, (0.7)
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Since Ss and Σs are strictly increasing with respect to s, it follows
that they are contained in any non-trivial Fourier invariant Gelfand-
Shilov space when s < 1/2. Moreover, since linear combinations of Her-
mite functions are dense in these Gelfand-Shilov spaces, it follows that
the Pilipović distribution spaces S ′

0, S ′
s and Σ′

s contain any Fourier-
invariant Gelfand-Shilov distribution spaces for such s.

Some characterizations of Gelfand-Shilov spaces and their distribu-
tions can be extended to Pilipović spaces and their distributions. For
example, in [31] it was shown that the equivalence between (1) and
(4) in Proposition 0.1 remains true for every s > 0, with Ss(R

d) and
Σs(R

d) in place of Ss(R
d) and Σs(R

d), and the equivalence between
(1) and (3) in Proposition 0.2 remains true for every s > 0, with S ′

s(R
d)

and Σ′
s(R

d) in place of S ′
s(R

d) and Σ′
s(R

d). In particular, (0.8) and
(0.11) are extended into

Ss(R
d) = Hs(R

d), Σs(R
d) = H0,s(R

d),

S ′
s(R

d) = H′
s(R

d), Σs(R
d) = H′

0,s(R
d),

when s > 0. From these identities we from now on usually denote
Pilipović spaces by Hs and H0,s, and their duals by H′

s and H′
0,s.

In [31] also other spaces of Hermite series expansions, named Pilipović
flat spaces are considered. They are denoted by H�σ and H0,�σ , σ > 0
and defined in the same way as Hs and H0,s after the condition in (0.7)
are replaced by

|cα| � h|α|(α!)−
1
2σ

for some h > 0 and for every h > 0, respectively. The corresponding
duals, H′

�σ
and H′

0,�σ
, are defined when the condition in (0.10) are

replaced by
|cα| � h|α|(α!)

1
2σ

for every h > 0 and for some h > 0, respectively.
The original motivation for considering such spaces is their conve-

nient images under the Bargmann transform. For example, in [31, The-
orem 3.1 and 3.2], the following is deduced:

(1) if σ > 0, then the Bargmann transform is bijective from H�σ(R
d)

to the set{
F ∈ A(Cd) ; |F (z)| � er|z|

2σ
σ+1 for some r > 0

}
;

(2) if σ > 1, then the Bargmann transform is bijective from H′
�σ
(Rd)

to the set{
F ∈ A(Cd) ; |F (z)| � er|z|

2σ
σ−1 for every r > 0

}
;

(3) the Bargmann transform is bijective from H′
�1
(Rd) to A(Cd),

the set of entire functions on Cd.
7

when s ≥ 1/2 and s > 1/2.

0.2. Gevrey classes and their distributions. Let s ≥ 0, h > 0, Ω
be an open set in Rd, and let K ⊂ Ω be compact. Then Es,h,K(Ω) is
the set of all ϕ ∈ C∞(Ω) such that

‖ϕ‖Es,h,K ≡ sup
β∈Nd

sup
x∈K

|Dβϕ(x)|
(β!)sh|β| (0.12)

is finite, and Ds,h(K) consists of all ϕ ∈ Es,h,K(Ω) such that suppϕ ⊆
K, and the norm (0.12) is finite.

Let {Kn}n≥1 be an exhaustive sequence of compact sets to Ω. That
is Kn ⊆ Kn+1 for every n ≥ 1, and for every x ∈ Ω, there is an open
neighborhood U of x and integer n0 ≥ 1 such that U ⊂ Kn when
n ≥ n0. Then the spaces Ds(Ω), ∆s(Ω) are defined by

Ds(Ω) = ind lim
n

(ind lim
h

Ds,h(Kn)),

∆s(Ω) = ind lim
n

(proj lim
h

Ds,h(Kn)).

The dual spaces of Ds(Ω) and ∆s(Ω), denoted by D′
s(Ω) and ∆′

s(Ω)
respectively, are the sets of ultra-distribution on Ω of Roumieu type
and Beurling type of order s, respectively. We have

∆s(R
d) ⊆ Ds(R

d) ⊆ Ss(R
d), S ′

s(R
d) ⊆ D′

s(R
d) ⊆ ∆′

s(R
d),

for admissible s, when the dualities between the test function spaces
and their distribution spaces are interpreted by unique extensions of
the L2-form on Ds or on Ss. (Cf. the analysis in [25].)

0.3. Pilipović spaces and their distribution spaces. Other char-
acterizations of Gelfand-Shilov spaces were deduced by S. Pilipović
[24,25] by replacing the operators xα and Dβ in (0.2) by powers of the
harmonic oscillator, H = |x|2 −∆. More precisely, for any s ≥ 0, the
sets Ss(R

d)1 and Σs(R
d) are the sets of all smooth functions f on Rd

such that
|HNf(x)| � hN(N !)2s, x ∈ Rd, (0.13)

for some h > 0 and for every h > 0, respectively.
Pilipović proved that Ss1 and Σs2 agree with Gelfand-Shilov spaces

Ss1 and Σs2 when s1 ≥ 1
2

and s2 >
1
2
, but Σs = {0} while Σs contains

all Hermite functions when s = 1/2 [24,25]. In fact, by straight-forward
verifications, if follows that Ss1 and Σs2 contain the Hermite functions
when s1 < 1

2
and 0 < s2 ≤ 1

2
, while corresponding Gelfand-Shilov

spaces Ss1 and Σs2 are trivially equal to {0} for choices of s1 and s2.

1The boldface characters Ss, Σs, etc. denote Pilipović spaces, and non-boldface
characters Ss, Σs, etc. denote analogous Gelfand-Shilov spaces.
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Since Ss and Σs are strictly increasing with respect to s, it follows
that they are contained in any non-trivial Fourier invariant Gelfand-
Shilov space when s < 1/2. Moreover, since linear combinations of Her-
mite functions are dense in these Gelfand-Shilov spaces, it follows that
the Pilipović distribution spaces S ′

0, S ′
s and Σ′

s contain any Fourier-
invariant Gelfand-Shilov distribution spaces for such s.

Some characterizations of Gelfand-Shilov spaces and their distribu-
tions can be extended to Pilipović spaces and their distributions. For
example, in [31] it was shown that the equivalence between (1) and
(4) in Proposition 0.1 remains true for every s > 0, with Ss(R

d) and
Σs(R

d) in place of Ss(R
d) and Σs(R

d), and the equivalence between
(1) and (3) in Proposition 0.2 remains true for every s > 0, with S ′

s(R
d)

and Σ′
s(R

d) in place of S ′
s(R

d) and Σ′
s(R

d). In particular, (0.8) and
(0.11) are extended into

Ss(R
d) = Hs(R

d), Σs(R
d) = H0,s(R

d),

S ′
s(R

d) = H′
s(R

d), Σs(R
d) = H′

0,s(R
d),

when s > 0. From these identities we from now on usually denote
Pilipović spaces by Hs and H0,s, and their duals by H′

s and H′
0,s.

In [31] also other spaces of Hermite series expansions, named Pilipović
flat spaces are considered. They are denoted by H�σ and H0,�σ , σ > 0
and defined in the same way as Hs and H0,s after the condition in (0.7)
are replaced by

|cα| � h|α|(α!)−
1
2σ

for some h > 0 and for every h > 0, respectively. The corresponding
duals, H′

�σ
and H′

0,�σ
, are defined when the condition in (0.10) are

replaced by
|cα| � h|α|(α!)

1
2σ

for every h > 0 and for some h > 0, respectively.
The original motivation for considering such spaces is their conve-

nient images under the Bargmann transform. For example, in [31, The-
orem 3.1 and 3.2], the following is deduced:

(1) if σ > 0, then the Bargmann transform is bijective from H�σ(R
d)

to the set{
F ∈ A(Cd) ; |F (z)| � er|z|

2σ
σ+1 for some r > 0

}
;

(2) if σ > 1, then the Bargmann transform is bijective from H′
�σ
(Rd)

to the set{
F ∈ A(Cd) ; |F (z)| � er|z|

2σ
σ−1 for every r > 0

}
;

(3) the Bargmann transform is bijective from H′
�1
(Rd) to A(Cd),

the set of entire functions on Cd.
7

when s ≥ 1/2 and s > 1/2.

0.2. Gevrey classes and their distributions. Let s ≥ 0, h > 0, Ω
be an open set in Rd, and let K ⊂ Ω be compact. Then Es,h,K(Ω) is
the set of all ϕ ∈ C∞(Ω) such that

‖ϕ‖Es,h,K ≡ sup
β∈Nd

sup
x∈K

|Dβϕ(x)|
(β!)sh|β| (0.12)

is finite, and Ds,h(K) consists of all ϕ ∈ Es,h,K(Ω) such that suppϕ ⊆
K, and the norm (0.12) is finite.

Let {Kn}n≥1 be an exhaustive sequence of compact sets to Ω. That
is Kn ⊆ Kn+1 for every n ≥ 1, and for every x ∈ Ω, there is an open
neighborhood U of x and integer n0 ≥ 1 such that U ⊂ Kn when
n ≥ n0. Then the spaces Ds(Ω), ∆s(Ω) are defined by

Ds(Ω) = ind lim
n

(ind lim
h

Ds,h(Kn)),

∆s(Ω) = ind lim
n

(proj lim
h

Ds,h(Kn)).

The dual spaces of Ds(Ω) and ∆s(Ω), denoted by D′
s(Ω) and ∆′

s(Ω)
respectively, are the sets of ultra-distribution on Ω of Roumieu type
and Beurling type of order s, respectively. We have

∆s(R
d) ⊆ Ds(R

d) ⊆ Ss(R
d), S ′

s(R
d) ⊆ D′

s(R
d) ⊆ ∆′

s(R
d),

for admissible s, when the dualities between the test function spaces
and their distribution spaces are interpreted by unique extensions of
the L2-form on Ds or on Ss. (Cf. the analysis in [25].)

0.3. Pilipović spaces and their distribution spaces. Other char-
acterizations of Gelfand-Shilov spaces were deduced by S. Pilipović
[24,25] by replacing the operators xα and Dβ in (0.2) by powers of the
harmonic oscillator, H = |x|2 −∆. More precisely, for any s ≥ 0, the
sets Ss(R

d)1 and Σs(R
d) are the sets of all smooth functions f on Rd

such that
|HNf(x)| � hN(N !)2s, x ∈ Rd, (0.13)

for some h > 0 and for every h > 0, respectively.
Pilipović proved that Ss1 and Σs2 agree with Gelfand-Shilov spaces

Ss1 and Σs2 when s1 ≥ 1
2

and s2 >
1
2
, but Σs = {0} while Σs contains

all Hermite functions when s = 1/2 [24,25]. In fact, by straight-forward
verifications, if follows that Ss1 and Σs2 contain the Hermite functions
when s1 < 1

2
and 0 < s2 ≤ 1

2
, while corresponding Gelfand-Shilov

spaces Ss1 and Σs2 are trivially equal to {0} for choices of s1 and s2.

1The boldface characters Ss, Σs, etc. denote Pilipović spaces, and non-boldface
characters Ss, Σs, etc. denote analogous Gelfand-Shilov spaces.
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Proposition 0.3. Let p, q ∈ (0,∞]. Then the following is true:
(1) if ω ∈ PE(R

2d), then Σ1(R
d) ⊆ Mp,q

(ω)(R
d) ⊆ Σ′

1(R
d).

(2) if ω ∈ PE(R
2d) satisfies e−r|x| � ω(x) � er|x| for every r > 0,

then S1(R
d) ⊆ Mp,q

(ω)(R
d) ⊆ S ′

1(R
d).

(3) if ω ∈ P(R2d), then S (Rd) ⊆ Mp,q
(ω)(R

d) ⊆ S ′(Rd).

Proposition 0.4. Let r ∈ (0, 1], p, q, pj, qj ∈ (0,∞] and ω, ωj, v ∈
PE(R

2d), j = 1, 2, be such that r ≤ min(p, q), p1 ≤ p2, q1 ≤ q2,
ω2 � ω1, v is submultiplicative. Then the following is true:

(1) if φ ∈ M r
(v)(R

d) \ 0, then f ∈ Mp,q
(ω)(R

d) if and only if (0.15)
is finite. In particular Mp,q

(ω)(R
d) is independent of the choice of

φ ∈ M r
(v)(R

d) \ 0. The space Mp,q
(ω)(R

d) is a quasi-Banach space
under the quasi-norm in (0.15), and different choices of φ give
rise to equivalent quasi-norms.

If p, q ≥ 1, then Mp,q
(ω)(R

d) is a Banach space with norm
(0.15).

(2) Mp1,q1
(ω1)

(Rd) ⊆ Mp2,q2
(ω2)

(Rd).

Next we recall some links between modulation spaces, Gabor analy-
sis, and discrete time-frequency representations.

Definition 0.5. Let Λ ⊆ Rd be a lattice, let Λ2 = Λ × Λ ⊆ R2d, let
ω, v ∈ PE(R

2d) be such that v is submultiplicative, and let φ, ψ ∈
M1

(v)(R
d).

(1) The Gabor analysis operator Cφ = CΛ
φ is the operator from

M∞
(ω)(R

d) to �∞(ω)(Λ
2) given by

CΛ
φ f ≡ {Vφf(j, ι)}j,ι∈Λ;

(2) The Gabor synthesis operator Dψ = DΛ
ψ is the operator from

�∞(ω)(Λ
2) to M∞

(ω)(R
d) given by

DΛ
ψc ≡

∑
j,ι∈Λ

c(j, ι) ei〈 · ,ι〉ψ( · − j);

(3) The Gabor frame operator Sφ,ψ = SΛ
φ,ψ is the operator on M∞

(ω)(R
d)

given by DΛ
ψ ◦ CΛ

φ , i. e.

SΛ
φ,ψf ≡

∑
j,ι∈Λ

Vφf(j, ι) e
i〈 · ,ι〉ψ( · − j).

Note that the the operators in the previous definition are well-defined
and continuous by the analysis in [12, Chapters 11–14].

The following result provides the existence of Gabor frames, it is a
consequence of [12, Theorem 13.1.1] (see also [11, Theorem S]).

9

Pilipović flat spaces also posses several other properties. For exam-
ple, there is a Paley-Wiener property which shows that the Gröchenig’s
test function space SC(R

d) in [12] agress with H�1(R
d) (cf. [31, Theo-

rem 3.10]).
Next we discuss the so-called twisted Pilipović spaces Sσ,s and Σσ,s,

which are defined in the same ways as Hs and H0,s after the conditions
in (0.3) and (0.7) are replaced by

a =
∑
α

cα�α,

and
|cα| � e−c|α|

1
2s

for some c > 0 and for every c > 0, respectively. Here

�α ≡ A−1(hα1 ⊗ hα2) = A−1(hα1 ⊗ hα2) = (−1)|α1|Whα1 ,hα2
,

is called the Hermite-Wong function of order

α = (α1, α2) ∈ Nd ×Nd � N2d.

Some issues of such functions were carefully investigated by M. W.
Wong in [41,42]. By the definition it follows that

�α(X) = (2π)−d/2

∫

Rd

hα1

(y
2
− x

)
hα2

(y
2
+ x

)
ei〈y,ξ〉 dy,

when α = (α1, α2) ∈ N2d and X = (x, ξ) ∈ R2d.

0.4. Modulation spaces. Before recalling the definition of modula-
tion space, we start to consider the involved weight functions. A weight
or weight function ω on Rd is a positive function ω ∈ L∞

loc(R
d) such

that 1/ω ∈ L∞
loc(R

d). Let v ∈ L∞
loc(R

d) be positive. Then ω is called
v-moderate if

ω(x+ y) � ω(x)v(y), x, y ∈ Rd. (0.14)

The set of moderate weights on Rd is denoted by PE(R
d). Further-

more, if v in (0.14) can be chosen as a polynomial, then ω is called
polynomial moderate. We let P(Rd) denote the set of polynomial mod-
erate weight functions on Rd. A weight v is called submultiplicative if
v is even and (0.14) holds with ω = v.

Let p, q ∈ (0,∞], ω ∈ PE(R
2d), and φ ∈ S1/2(R

d) \ 0. Then the
modulation space Mp,q

(ω)(R
d) is the set of all f ∈ S ′

1/2(R
d) such that

‖f‖Mp,q
(ω)

=
(∫

Rd

(∫

Rd

|Vφf(x, ξ)|pω(x, ξ)p dx
)q/p

dξ
)1/q

< ∞. (0.15)

We have that Mp,q
(ω) is a quasi-Banach space. If in addition p, q ≥ 1,

then Mp,q
(ω) is a Banach space (see [9, 30]).

Modulation spaces enjoy the following properties (see [6, 7, 9, 12] for
proofs).
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Proposition 0.3. Let p, q ∈ (0,∞]. Then the following is true:
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d) ⊆ Mp,q

(ω)(R
d) ⊆ Σ′

1(R
d).

(2) if ω ∈ PE(R
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d) ⊆ Mp,q

(ω)(R
d) ⊆ S ′

1(R
d).
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(ω)(R

d) ⊆ S ′(Rd).
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(1) if φ ∈ M r
(v)(R

d) \ 0, then f ∈ Mp,q
(ω)(R

d) if and only if (0.15)
is finite. In particular Mp,q

(ω)(R
d) is independent of the choice of

φ ∈ M r
(v)(R

d) \ 0. The space Mp,q
(ω)(R

d) is a quasi-Banach space
under the quasi-norm in (0.15), and different choices of φ give
rise to equivalent quasi-norms.

If p, q ≥ 1, then Mp,q
(ω)(R

d) is a Banach space with norm
(0.15).

(2) Mp1,q1
(ω1)

(Rd) ⊆ Mp2,q2
(ω2)

(Rd).

Next we recall some links between modulation spaces, Gabor analy-
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(v)(R
d).
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M∞
(ω)(R

d) to �∞(ω)(Λ
2) given by

CΛ
φ f ≡ {Vφf(j, ι)}j,ι∈Λ;
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�∞(ω)(Λ
2) to M∞

(ω)(R
d) given by

DΛ
ψc ≡

∑
j,ι∈Λ

c(j, ι) ei〈 · ,ι〉ψ( · − j);
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(ω)(R
d)

given by DΛ
ψ ◦ CΛ

φ , i. e.

SΛ
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∑
j,ι∈Λ

Vφf(j, ι) e
i〈 · ,ι〉ψ( · − j).

Note that the the operators in the previous definition are well-defined
and continuous by the analysis in [12, Chapters 11–14].

The following result provides the existence of Gabor frames, it is a
consequence of [12, Theorem 13.1.1] (see also [11, Theorem S]).

9

Pilipović flat spaces also posses several other properties. For exam-
ple, there is a Paley-Wiener property which shows that the Gröchenig’s
test function space SC(R

d) in [12] agress with H�1(R
d) (cf. [31, Theo-

rem 3.10]).
Next we discuss the so-called twisted Pilipović spaces Sσ,s and Σσ,s,

which are defined in the same ways as Hs and H0,s after the conditions
in (0.3) and (0.7) are replaced by

a =
∑
α

cα�α,

and
|cα| � e−c|α|

1
2s

for some c > 0 and for every c > 0, respectively. Here

�α ≡ A−1(hα1 ⊗ hα2) = A−1(hα1 ⊗ hα2) = (−1)|α1|Whα1 ,hα2
,

is called the Hermite-Wong function of order

α = (α1, α2) ∈ Nd ×Nd � N2d.

Some issues of such functions were carefully investigated by M. W.
Wong in [41,42]. By the definition it follows that

�α(X) = (2π)−d/2

∫

Rd

hα1

(y
2
− x

)
hα2

(y
2
+ x

)
ei〈y,ξ〉 dy,

when α = (α1, α2) ∈ N2d and X = (x, ξ) ∈ R2d.

0.4. Modulation spaces. Before recalling the definition of modula-
tion space, we start to consider the involved weight functions. A weight
or weight function ω on Rd is a positive function ω ∈ L∞

loc(R
d) such

that 1/ω ∈ L∞
loc(R

d). Let v ∈ L∞
loc(R

d) be positive. Then ω is called
v-moderate if

ω(x+ y) � ω(x)v(y), x, y ∈ Rd. (0.14)

The set of moderate weights on Rd is denoted by PE(R
d). Further-

more, if v in (0.14) can be chosen as a polynomial, then ω is called
polynomial moderate. We let P(Rd) denote the set of polynomial mod-
erate weight functions on Rd. A weight v is called submultiplicative if
v is even and (0.14) holds with ω = v.

Let p, q ∈ (0,∞], ω ∈ PE(R
2d), and φ ∈ S1/2(R

d) \ 0. Then the
modulation space Mp,q

(ω)(R
d) is the set of all f ∈ S ′

1/2(R
d) such that

‖f‖Mp,q
(ω)

=
(∫

Rd

(∫

Rd

|Vφf(x, ξ)|pω(x, ξ)p dx
)q/p

dξ
)1/q

< ∞. (0.15)

We have that Mp,q
(ω) is a quasi-Banach space. If in addition p, q ≥ 1,

then Mp,q
(ω) is a Banach space (see [9, 30]).

Modulation spaces enjoy the following properties (see [6, 7, 9, 12] for
proofs).

8

963249 Yuanyuan Chen_inlaga_180s.indd   19 2016-09-23   11:10



0.5. Pseudo-differential operators. Let t ∈ R, s ≥ 1/2 and a ∈
Ss(R

2d). Then the pseudo-differential operator Opt(a), is the linear
and continuous operator from Ss(R

d) to Ss(R
d), defined by the formula

(Opt(a)f)(x) = (2π)−d

∫∫

R2d

a(x−t(x−y), ξ)f(y)ei〈x−y,ξ〉 dydξ. (0.18)

For a ∈ S ′
s(R

2d) the pseudo-differential operator Opt(a) is defined as
the linear and continuous operator from Ss(R

d) to S ′
s(R

d) with distri-
bution kernel

Ka,t(x, y) = (2π)−d/2(F−1
2 a)(x− t(x− y), x− y). (0.19)

Here F2F is the partial Fourier transform of F (x, y) ∈ S ′
s(R

2d) with
respect to the y variable. This definition makes sense since

F2 and F (x, y) �→ F (x− t(x− y), x− y) (0.20)

are homeomorphisms on S ′
s(R

2d).
We note that the normal or Kohn–Nirenberg representation a(x,D)

corresponds to Opt(a) when t = 0, and the Weyl quantization Opw(a)
corresponds to Opt(a) when t = 1

2
. Thus

a(x,D) = Op0(a) = Op(a) and Opw(a) = Op1/2(a).

If two pseudo-differential operators are equivalent, i .e. Opt1(a1) =
Opt2(a2) for every a1, a2 ∈ S ′

s(R
2d) and t1, t2 ∈ R, then

eit2〈Dξ,Dx〉a2(x, ξ) = eit1〈Dξ,Dx〉a1(x, ξ).

The composition (product) of pseudo-differential operators corre-
sponds to the product of symbols in the pseudo-differential calculi.
More precisely, the symbol product

(a1, a2) �→ a1#ta2

of a1 and a2 on R2d is defined by

Opt(a1#ta2) = Opt(a1) ◦Opt(a2)

provided the composition of pseudo-differential operators is well-defined.
We denote the symbol product a1#a2 when t = 1/2, i. e. in the Weyl
case.

In the Weyl calculus it is convenient to use the operator Aa with
Schwartz kernel

(Aa)(x, y) = (2π)−d/2

∫

Rd

a((y − x)/2, ξ)e−i〈x+y,ξ〉 dξ. (0.21)

We note that Aa(x, y) = (2π)d/2Ka,t(−x, y) when t = 1/2. It follows
by straight-forward computations that

Opw(a) = (2π)−d/2A(Fσa). (0.22)
11

Proposition 0.6. Suppose v ∈ PE(R
2d) is submultiplicative, and let

φ ∈ M1
(v)(R

d) \ 0. There is a constant θ0 > 0 such that the Gabor
frame operator SΛ

φ,φ is a homeomorphism on M1
(v)(R

d), when Λ = θZd,
θ ∈ (0, θ0]. The Gabor systems

{ei〈 · ,ι〉φ( · − j)}(j,ι)∈Λ and {ei〈 · ,ι〉ψ( · − j)}(j,ι)∈Λ (0.16)

are dual frames for L2(Rd) when ψ = (SΛ
φ,φ)

−1φ ∈ M1
(v)(R

d) and θ ∈
(0, θ0].

Let v, φ and Λ be as in Proposition 0.6. Then (SΛ
φ,φ)

−1φ is called the
canonical dual window of φ, with respect to Λ. We have

SΛ
φ,φ(e

i〈 · ,ι〉f( · − j)) = ei〈 · ,ι〉(SΛ
φ,φf)( · − j),

when f ∈ M∞
(1/v)(R

d) and (j, ι) ∈ Λ.
The next proposition concerns Gabor expansion of modulation spaces.

It is a special case of [30, Theorem 3.7] (see also [12, Corollaries 12.2.5
and 12.2.6] and [9, Theorem 3.7]).

Proposition 0.7. Let θ > 0, Λ = θZd,

Λ2 = Λ× Λ = {(j, ι)}j,ι∈Λ ⊆ R2d,

let p, q ∈ (0,∞], r ∈ (0, 1] be such that r ≤ min(p, q), and let ω, v ∈
PE(R

2d) be such that v is submultiplicative. Suppose θ > 0 and φ, ψ ∈
M r

(v)(R
d) are such that (0.16) are dual frames for L2(Rd). Then the

following is true:
(1) the operators

CΛ
φ : Mp,q

(ω)(R
d) �→ p,q(ω)(Λ

2) and DΛ
ψ : p,q(ω)(Λ

2) �→ Mp,q
(ω)(R

d)

are continuous;
(2) the operators Sφ,ψ ≡ Dψ ◦ Cφ and Sψ,φ ≡ Dφ ◦ Cψ are both the

identity map on Mp,q
(ω)(R

d), and if f ∈ Mp,q
(ω)(R

d), then

f =
∑
j,ι∈Λ

Vφf(j, ι) e
i〈 · ,ι〉ψ( · − j)

=
∑
j,ι∈Λ

Vψf(j, ι) e
i〈 · ,ι〉φ( · − j)

(0.17)

with unconditional norm convergence in Mp,q
(ω) when p, q < ∞,

and with convergence in M∞
(ω) with respect to the weak∗ topology

otherwise;
(3) if f ∈ M∞

(1/v)(R
d), then

‖f‖Mp,q
(ω)

� ‖Vφf‖�p,q
(ω)

(Λ2) � ‖Vψf‖�p,q
(ω)

(Λ2).

The series (0.17) are called Gabor expansions of f with respect to φ,
ψ and Λ.
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is finite, where

HA,ω(j, k) = a(j, j − k)ω(j, j − k) and hA,p,ω(k) = ‖HA,ω( · , k)‖�p .

Then Up,q(ω,Λ) is a quasi-Banach space, and if p, q ≥ 1 it is a Banach
space.

The links between pseudo-differential operators and suitable matrix
operators are described by the following lemmata. We refer to [29,
Lemma 3.2, 3.3] for their proofs.

Lemma 0.8. Let v ∈ PE(R
4d), φ1, φ2 ∈ Σ1(R

d) \ 0, and let

Φ(x, ξ) = φ1(x)φ̂2(ξ)e
−i〈x,ξ〉,

Then there is a lattice Λ ⊆ R2d such that

{Φ(x− j, ξ − ι)ei(〈x,κ〉+〈k,ξ〉)}(j,ι),(k,κ)∈Λ

is a Gabor frame with canonical dual frame

{Ψ(x− j, ξ − ι)ei(〈x,κ〉+〈k,ξ〉)}(j,ι),(k,κ)∈Λ,

where Ψ = (SΛ×Λ
Φ,Φ )−1Φ belongs to M r

(v)(R
2d) for every r > 0.

Lemma 0.9. Let Λ, φ1, φ2, Φ and Ψ be as in Lemma 0.8. Also let
v ∈ PE(R

4d), a ∈ M∞
1/v(R

2d),

a(j,k) = (VΨa)(j, κ, ι− κ, k − j)ei〈k−j,κ〉,

where j = (j, ι) ∈ Λ2 and k = (k, κ) ∈ Λ2, (0.24)

and let A be the matrix A = (a(j,k))j,k∈Λ2. Then the following is true.
(1) if p, q ∈ (0,∞], ω, ω0 ∈ PE(R

4d) satisfies

ω(x, ξ, y, η) � ω0(x, η, ξ − η, y − x),

then a ∈ Mp,q
(ω0)

, if and only if A ∈ Up,q(ω,Λ2), and then

‖a‖Mp,q
(ω0)

� ‖A‖Up,q(ω,Λ2).

(2) Op(a) as a map from S1/2(R
d) to S ′

1/2(R
d), given by

Op(a) = Dφ1 ◦ A ◦ Cφ2 . (0.25)

Let A and B be matrices given by Lemma 0.9. and C be the matrix
Cφ2 ◦Dφ1 . Then

Op(a#0b) = Op(a) ◦Op(b) = Dφ1 ◦ (A ◦ C ◦B) ◦ Cφ2 .

In particular, Lemma 0.9 gives

‖a#0b‖Mp,q
(ω0)

� ‖A ◦ C ◦B‖Up,q(ω,Λ2).

13

Here Fσ is the symplectic Fourier transform on S ′
s(R

2d), which takes
the form

(Fσa)(X) = â(X) = π−d

∫

R2d

a(Y )e2iσ(X,Y )dY,

when a ∈ Ss(R
2d), and σ is the standard symplectic form on Rd×Rd �

R2d, given by

σ(X, Y ) = 〈y, ξ〉 − 〈x, η〉, X = (x, ξ) ∈ R2d, Y = (y, η) ∈ R2d.

Let a and b belong to Ss(R
2d). Then the twisted convolution of a

and b is given by

(a ∗σ b)(X) ≡ (2/π)d/2
∫

R2d

a(X − Y )b(Y )e2iσ(X,Y ) dY.

The map (a, b) �→ a ∗σ b on Ss(R
2d) is uniquely extendable to a con-

tinuous map from S ′
s(R

2d) × Ss(R
2d) to S ′

s(R
2d). By straight-forward

computations it follows that

A(a ∗σ b) = (Aa) ◦ (Ab). (0.23)

As a consequence of (0.22) and (0.23), the Weyl product can be for-
mulated in terms of the twisted convolution, i. e.

a#b = (2π)d/2a ∗σ (Fσb).

Next we discuss the positivity in operator theory, which is strongly
related to positivity in the Weyl culculus and positivity for twisted
convolution. More precisely, a linear and continous operator T from
Ss(R

d) to S ′
s(R

d) is called positive semi-definite, whenever (Tf, f) ≥ 0
for every f ∈ Ss(R

d), and then we write T ≥ 0. Positivity for the
twisted convolution is defined in analogous way. That is, an element
a ∈ S ′

s(R
2d) is positive semi-definite with respect to the twisted con-

volution, whenever (a ∗σ ϕ, ϕ) ≥ 0 for every ϕ ∈ Ss(R
2d).

In [34] it proved that Aa ≥ 0 (as operator) if and only if a is positive
with respect to the twisted convolution. Consequently, the Weyl quan-
tization Opw(a) is positive semi-definite if and only if Fσa is positive
with respect to the twisted convolution. This shows the strong connec-
tion of positivity in operator theory, positivity for twisted convolution,
and positivity in the Weyl calculus.

0.6. Pseudo-differential operator, matrix operator and Gabor
analysis. The Gabor analysis can be used to carry over pseudo-differential
operator with symbol in modulation spaces to matrix operator, with
suitable estimates on the matrix elements. Let p, q ∈ (0,∞], θ > 0 and
let Λ = θZd be a lattice, and let ω ∈ PE(R

2d). Then the matrix space
Up,q(ω,Λ) consists of all matrices A = (a(j, k))j,k∈Λ such that

‖(a(j, k))j,k∈Λ‖Up,q(ω,Λ) ≡ ‖hA,p,ω‖�q
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1. Results

1.1. Paper I: Boundedness of Gevrey and Gelfand-Shilov ker-
nels of positive semi-definite operators. Joint work with J. Toft

In this paper we concern the boundedness property for kernels of
positive semi-definite operators in Gelfand-Shilov spaces and Gevrey
classes. We prove that such kernels are Gelfand-Shilov distributions of
certain degree if their restrictions along the diagonal are Gelfand-Shilov
distributions of the same degree. We also show that such kernels are
Gevrey regular of certain degree at (x, y) and (y, x) if they are Gevrey
regular of the same degree at (x, x) and (y, y).

In the last part we study positive elements with respect to the twisted
convolution in Gelfand-Shilov distribution spaces. We show that if such
elements obey certain Gevrey regularity at the origin, then they belong
to the corresponding Gelfand-Shilov space.

More precisely, if a ∈ S ′
s(R

2d), (a ∗σ φ, φ) ≥ 0 for every φ ∈ Ss(R
2d),

a is smooth near origin and

|∂αa(0)| � h|α|α!s

for some h > 0, then we prove that a ∈ Ss(R
2d). We also prove the

same with Σs and Σ′
s in place of Ss and S ′

s, respectively. By the link
between such positive elements and positive semi-definite operators,
we obtain similar result for positive semi-definite pseudo-differential
operators.

1.2. Paper II: Hilbert space embeddings for Gelfand-Shilov
and Pilipović spaces. Joint work with M. Signahl and J. Toft

In this paper we prove if s > 0 and B is a quasi-Banach space such
that

Hs(R
d) ⊆ B ⊆ H′

s(R
d),

then there exist Hilbert spaces H1 and H2 such that

Hs(R
d) ⊆ H1 ⊆ B ⊆ H2 ⊆ H′

s(R
d).

Similar facts hold true when the Pilipović space and its distribution
space are replaced by flat spaces and their distribution spaces.

1.3. Paper III: Factorizations and singular value estimates of
operators with Gelfand-Shilov and Pilipović kernels. Joint work
with M. Signahl and J. Toft

In this paper we deduce kernel theorems for linear operator between
Pilipović spaces and their duals, as well as factorization properties for
linear operators with kernels in Pilipović spaces.

In particular, we prove that if T is a linear and continuous map from
Hs(R

d) to H′
s(R

d), then there is a kernel K ∈ H′
s(R

2d) such that

〈Tf, g〉 = 〈K, g ⊗ f〉
for every f, g ∈ Hs(R

d).
15

0.7. Schatten-von Neumann classes. The singular value σk(T ) of
order k ≥ 1 of a linear operator T mapping from a Banach space B1 to
(another) Banach space B2 is defined by

σk(T ) = σk(T,B1,B2) ≡ inf ‖T − T0‖B1 �→B2 .

Here the infimum is taking over all linear operators T0 : B1 �→ B2 of
rank at most k − 1.

The Schatten-von Neumann class Jp(B1,B2) of order p ∈ (0,∞]
consists of all linear operators T : B1 �→ B2 such that

‖T‖Jp ≡ ‖{σk(T )}∞k=1‖lp < ∞.

Evidently, J∞(B1,B2) is the set of linear and continuous operators from
B1 to B2.

If Bj = Hj are Hilbert spaces, j = 1, 2, then J1(H1,H2) is the set
of trace-class operators, and J2(H1,H2) is the set of Hilbert Schmidt
operators. In particular, if B1 = B2 = H is a Hilbert space, then the
trace Tr(T ) of T ∈ J1(H,H) is well-defined, and

Tr(T ) ≡
∑
j∈J

(Tfj, fj)L2 ,

independent of the choice of orthonormal basis {fj}j∈J .
If Bj, j = 1, 2, 3 are Banach spaces and p0, p1, p2 ∈ (0,∞], and if

T1 ∈ Jp1(B1,B2), T2 ∈ Jp2(B2,B3),
1

p1
+

1

p2
=

1

p0
,

then
‖T2 ◦ T1‖Jp0 (B1,B3) � ‖T1‖Jp1 (B1,B2)‖T2‖Jp2 (B2,B3),

( [32, 33] ).
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We show that twisted Pilipović spaces Sσ,s1(R
2d) and Σσ,s2(R

2d)
agree with Pilipović spaces Hs1(R

2d) and H0,s2(R
2d), or Fourier invari-

ant Gelfand-Shilov spaces Ss1(R
2d) and Σs2(R

2d), when s1 ≥ 1/2 and
s2 > 1/2. That is,

Sσ,s1(R
2d) = Hs1(R

2d) = Ss1(R
2d), when s1 ≥ 1/2

and

Σσ,s2(R
2d) = H0,s2(R

2d) = Σs2(R
2d), when s2 > 1/2.

For general s we show that twisted Pilipović spaces can be charac-
terized by suitable estimates of powers Hσ and its conjugate H̄σ. More
precisely, we deduce the following. Here

Hσ = (|X|2 − 1

4
∆X) + 〈ξ,Dx〉 − 〈x,Dξ〉, X = (x, ξ) ∈ R2d.

(See Proposition 2.6.)

Proposition 1.1. Let p, q ∈ (0,∞], p0 ∈ [1,∞] and let s ≥ 0 (s > 0).
Then the following conditions are equivalent.

(1) a ∈ Sσ,s(R
2d) (a ∈ Σσ,s(R

2d));
(2) ‖HN1

σ H̄N2
σ a‖Lp0 � hN1+N2(N1!N2!)

2s for some h > 0 (for every
h > 0);

(3) ‖HN1
σ H̄N2

σ a‖Mp,q � hN1+N2(N1!N2!)
2s for some h > 0 (for every

h > 0).

For positive elements with respect to the twisted convolution, we
show that mild and relaxed estimates near the origin of the kind in the
previous proposition are enough for the distribution to belong to cor-
responding twisted Pilipović spaces. More precisely, if a ∈ S ′

σ,s(R
2d),

(a ∗σ ϕ, ϕ) ≥ 0 for every ϕ ∈ S σ,s(R
2d), and

(HN
σ H̄N

σ a)(0) � h2N(N !)4s

for some h > 0, then we prove that a ∈ S σ,s(R
2d). We also prove the

same with Σs and Σ′
s in place of S σ,s and S ′

σ,s, respectively. By the link
between such positive elements and positive semi-definite operators, we
obtain similar result for positive semi-definite Weyl quantization.
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If the kernel of T belongs to Hs(R
2d), then we prove that there are

operators T1 and T2 with kernels in Hs(R
2d) such that T = T1 ◦ T2.

Furthermore, one of T1 and T2 can be chosen such that the Hermite
functions are eigenfunctions.

We also apply these results to show that the singular values σk of T
obey estimates of the form σk � e−rk

1
2ds for some r > 0. We observe

that this strong condition on the sigular values implies that T belongs
to any Schatten-von Neumann class Jp of oredr p ∈ (0,∞].

As a consequence of the factorization properties, we show that if a
belongs to a Pilipović space of certain order, then there exist elements
a1 and a2 in that Pilipović space such that a = a1#a2.

We also obtain similar but weaker factorization properties for linear
operators with kernels in Pilipović flat spaces (Theorem 3.3 in Paper
III). See also Theorem 4.2 in Paper III for applications on singular
value estimates.

1.4. Paper IV: The Weyl product on quasi-Banach modulation
spaces. Joint work with J. Toft and P. Wahlberg

In this paper we investigate the sufficient and necessary conditions
for the continuity of composition of pseudo-differential operators with
symbols in modulation spaces Mp,q

(ω) with p, q ∈ (0,∞]. For the proof
of sufficient condition, we use Gabor analysis as the link to carry over
pesudo-differential operators with symbol in modulation space to ma-
trix operators.

Especially, if p, pj, q, qj ∈ (0,∞], j = 1, 2, satisfy

1

p1
+

1

p2
≥ 1

p
,

and
q1, q2 ≤ q ≤ min(1, p)

or
min(1, p) ≤ q1, q2 ≤ q and

1

q1
+

1

q2
≥ 1

min(1, p)
+

1

q
,

then we prove that the map (a1, a2) �→ a1#ta2 is continuous from
Mp1,q1(R2d)×Mp2,q2(R2d) to Mp,q(R2d).

We also prove that several of the conditions on p, pj, q and qj, j = 1, 2
are necessary when the latter map is continuous.

1.5. Paper V: Pilipović space properties for positive elements
with respect to the twisted convolutions. In this paper we intro-
duce the twisted Pilipović spaces and deduce some characterizations of
them. We also study positive elements with respect to the twisted con-
volution in twisted Pilipović distribution spaces. We show that if such
elements posses certain strong ultra-regularity properties near origin,
then they belong to the corresponding twisted Pilipović space.
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duce the twisted Pilipović spaces and deduce some characterizations of
them. We also study positive elements with respect to the twisted con-
volution in twisted Pilipović distribution spaces. We show that if such
elements posses certain strong ultra-regularity properties near origin,
then they belong to the corresponding twisted Pilipović space.
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