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Abstract

This thesis is about high–dimensional problems considered under the so–called
Kolmogorov condition. Hence, we consider research questions related to random
matrices with p rows (corresponding to the parameters) and n columns (corre-
sponding to the sample size), where p > n, assuming that the ratio p

n converges
when the number of parameters and the sample size increase.

We focus on the eigenvalue distribution of the considered matrices, since it is a
well–known information–carrying object. The spectral distribution with com-
pact support is fully characterized by its moments, i.e., by the normalized ex-
pectation of the trace of powers of the matrices. Moreover, such an expectation
can be seen as a free moment in the non–commutative space of random matrices
of size p×p equipped with the functional 1

pE[Tr{·}]. Here, the connections with
free probability theory arise. In the relation to that field we investigate the
closed form of the asymptotic spectral distribution for the sum of the quadratic
forms. Moreover, we put a free cumulant–moment relation formula that is based
on the summation over partitions of the number. This formula is an alternative
to the free cumulant–moment relation given through non–crossing partitions of
the set.

Furthermore, we investigate the normalized E[
∏k
i=1 Tr{Wmi}] and derive, using

the differentiation with respect to some symmetric matrix, a recursive formula
for that expectation. That allows us to re–establish moments of the Marčenko–
Pastur distribution, and hence the recursive relation for the Catalan numbers.

In this thesis we also prove that the
∏k
i=1 Tr{Wmi}, where W ∼ Wp(Ip, n), is

a consistent estimator of the E[
∏k
i=1 Tr{Wmi}]. We consider

Yt =
√
np
(

1
p Tr

{(
1
nW

)t}−m(t)
1 (n, p)

)
,

where m
(t)
1 (n, p) = E

[
1
p Tr

{(
1
nW

)t}]
, which is proven to be normally dis-

tributed. Moreover, we propose, based on these random variables, a test for the
identity of the covariance matrix using a goodness–of–fit approach. The test
performs very well regarding the power of the test compared to some presented
alternatives for both the high–dimensional data (p > n) and the multivariate
data (p ≤ n).





Populärvetenskaplig
sammanfattning

I m̊anga tillämpningar förekommer slumpmatriser, det vill säga matriser vars el-
ement följer n̊agon stokastisk fördelning. Det är ofta intressant att känna till hur
egenvärdena för dessa slumpmässiga matriser uppför sig, det vill säga beräkna
fördelningen för egenvärdena, den s̊a kallade spektralfördelningen. Egenvärdena
är informationsbärande objekt, d̊a de ger information om till exempel stabilitet
och inversen av den slumpmässiga matrisen genom det minsta egenvärdet.

Telekommunikation och teoretisk fysik är tv̊a omr̊aden där det är intressant
att studera slumpmatriser, matrisernas egenvärden och fördelningen för dessa
egenvärden. Speciellt gäller det för stora slumpmatriser där man d̊a är in-
tresserad av den asymptotiska spektralfördelningen. Ett exempel kan vara en
kanalmatris X för ett flerdimensionellt kommunikationssystem, där fördelningen
för egenvärdena för matrisen XX∗ bestämmer kanalkapaciteten och uppn̊aeliga
överföringshastigheter.

Spektralfördelningen har studerats ing̊aende inom teorin för slumpmässiga ma-
triser. I denna avhandling kombinerar vi resultaten fr̊an teorin för slump-
matriser tillsammans med idén om fritt oberoende som diskuterades först av
Voiculescu (1985). Högdimensionella problem som kan komma ifr̊aga under s̊a
kallade Kolmogorov villkor diskuteras. Vi betraktar allts̊a forskningsfr̊agor som
rör slumpmatriser med p rader (motsvarande antalet parametrar) och n kolum-
ner (motsvarande stickprovets storlek), där p > n, och förutsatt att kvoten p

n
förblir konstant d̊a antalet parametrar och stickprovsstorleken ökar.
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1

Introduction

Nowadays a large amount of empirical problems generate high–dimensional data
sets that are to be analyzed. One can mention genetics with DNA microarrays,
physics, wireless communication or finance as examples of areas where assump-
tions about high dimension and large sample size apply. Since the amount of
data increases in a number of different applications there is a strong interest
to derive methods dealing with large–dimensional problems, such as problems
related to large–size covariance matrices. Natural set–ups where the sample size
n is bigger than the number of parameters p have been widely studied and one
can refer here to classical books in multivariate analysis by Muirhead (1982)
and Anderson (2003). In multivariate analysis one of the objects of great im-
portance is the spectrum of covariance matrices that is utilized, for example, in
principal components analysis. Many of the results given in the aforementioned
books will not be true if the number of parameters were to exceed the sample
size. Research problems under p > n have been studied within the area of
high–dimensional analysis, where, in particular, covariance estimation and re-
gression have been investigated. Moreover, notice that in the case where p > n
the sample covariance matrix becomes singular. Hence, it cannot be inverted as
demanded in a number of approaches. Problems with the assumption p > n are,
among others, considered by Pastur (1972) (studies on the spectral distribution
of specific classes of random matrices), Mehta (1991) (a work of reference in
random matrices) and Girko (1995) (studies on the distribution of eigenvalues).

1.1 Aims of the thesis

The aim of the thesis is to contribute to high–dimensional analysis through
results based on classical moments, classical cumulants, free moments, free cu-
mulants and particular form of so–called generalized moments. Since the kth
cumulant accumulates knowledge about moments up to the kth degree, and vice
versa, the analysis based on the moments is equivalent to the one done using
cumulants. Thus, the thesis is about moments, cumulants and corresponding
transforms.

In this thesis as well as in the appended papers, the matrix X of size p × n
represents a data matrix. Moreover, the asymptotic results are obtained under
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the Kolmogorov condition, i.e., p
n → c ∈ (0,∞) while n → ∞ and p → ∞,

see Paper I, III and IV. In other words we assume that both p and n increase
with equal speed. Note that this condition is a special case of the G–condition,
i.e., limn→f(p, n) < ∞ for some positive function f(a, b) that decreases in a
and increases in b, where f(a, b) = ab−1, see Girko (1990), Sinăı (1991) and
Girko (1995). Due to the development in technology, the assumption about
high dimensionality of data becomes possible and the limiting results became
realistic. The asymptotics under the Kolmogorov condition are also described as
(n, p)–asymptotics (see, Ledoit and Wolf, 2002; Fujikoshi et al., 2011), increasing
dimension asymptotic (Serdobolskii, 1999) or p/n–asymptotics (Kollo et al.,
2011, and Paper III). Note that the formulas presented for c ≤ 1 and c > 1
consider multivariate and high–dimensional settings, respectively.

Keeping in mind the assumption about the speed of the increase in size of n
and p, we have investigated the possibility to obtain closed form expressions
for the asymptotic spectral distribution function of a sum of matrix quadratic
forms. This part of the research has been inspired by the paper of Girko and
von Rosen (1994). Unlike the latter paper, we base our results on the properties
and tools of free probability theory, such as asymptotic freeness (corresponding
to independence in the classical probability space) and the R–transform (cor-
responds to the log of the Fourier transform). For now, free probability theory
can be seen as the probability theory on a non–commutative space, such as the
space of random matrices of fixed size. In the engineering examples, for in-
stance in applications related to wireless communication, there is an interest in
investigating the spectral measure of a sum of the quadratic forms. Moreover,
the lack of the existence of a closed form expression for the spectral density is
often pointed out, see e.g., Chen et al. (2012). For more information about free
probability, see Chapter 2 in this thesis, Nica and Speicher (2006) and Hiai and
Petz (2000).

The studies of free probability theory that were performed while working on
closed form expressions for the asymptotic spectral distribution led us to the
further investigation of the area. The combinatorial interpretation of free cu-
mulants and their recursive definition based on the concept of non–crossing
partitions are of particular interest to us, see Speicher (1994) and Nica and Spe-
icher (2006). We develop however, a free cumulant–moment relation formula
that omits the use of the concept of a non–crossing partition. One has to admit
that the non–crossing partitions approach is very elegant and carries a lot of
information, but at the same time it requires that users identify all non–crossing
partitions over the set {1, 2, . . . , n}, which can be convenient to avoid.

The R–transform was studied in connection to the free cumulants as they carry
the same information about the related compactly supported measure, see the
original paper by Voiculescu (1991) and Chapter 3 in this thesis. Since the
Stieltjes transform is related to both the moments and the R–transform, a re-
lation between moments and cumulants can be derived as it was presented in
Paper II. A number of cumulant–moment relation formulas were examined and
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led us to consider a research question about a formula for free moments in the
following non–commutative space of random matrices, i.e., Wishart matrices
within the framework of random matrices. The functional working on that
space was chosen to be the expectation of the normalized trace of the matrix.
Such a choice of functional relates our results to the spectral measure of the
Wishart matrix. Moreover, as the Wishart matrix is symmetric (or Hermitian
for complex Wishart matrices), the spectral measure is supported on the real
line.

In Paper III we obtained E
[∏k

i=0 Tr{Wmi}
]

for a real Wishart matrix W ∼
Wp(Ip, n), where Ip stands for the identity matrix of size p. Such an object is
called the joint moment of the spectral distribution of W (see, Nardo, 2014) or
is a special case of the generalized moment of W (see, Capitaine and Casalis,
2004, 2006).

The asymptotic version of the recursive formula for E
[∏k

i=0 Tr{Wmi}
]

implies

that 1
p Tr

{(
1
nXX

′)t} has an asymptotic variance that equals zero for all t.
Therefore, in Paper IV we investigated the marginal and joint distribution of
(Y1, . . . , Yk), where

Yt =
√
np
(

1
p Tr

{(
1
nXX

′)t}− E
[

1
p Tr

{(
1
nXX

′)t}]).

Furthermore, in Paper IV we also developed an alternative to already existing
tests for the identity of the covariance matrix based on a comparison between
the expected and observed values of Yt. Alternative tests have been developed
by Ledoit and Wolf (2002), Srivastava (2005), Fisher et al. (2010), Fisher (2012)
and several references therein.

This thesis contributes to high–dimensional analysis as it presents a new free
cumulant–moment formula, develops an approach for stating a new recursive
formula for generalized moments of a Wishart matrix Wp ∼ W(Ip, n) in both
finite and asymptotic regimes, investigates the possibility to obtain closed form
solutions of the spectral density of the sum of asymptotic free quadratic forms,
and finally proves normality of Yt given above, and proposes a new test for
the identity of the covariance matrix. The testing method, in particular, is an
interesting result in regards to its good performance for the high–dimensional
data matrices.

1.2 Outline of the thesis

This thesis consists of two distinctive parts. The first part of the thesis consists
of five chapters. In Chapter 1 the introduction to the thesis is presented by
specifying aims and the outline of the work. In Chapters 2 to 4, theoretical
background on free probability, Stjeltjes and R–transform, Wishart matrices
and testing independence are provided. In those chapters we briefly introduce
the results necessary for further reading of the papers in the second part of the
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thesis. We also relate our contributions to other known results. Finally, the last
chapter presents the summary of the included papers and a discussion regarding
future research. The second part of the thesis consists of the four papers which
have already been specified in the List of Papers on page vii.
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Free probability theory

The aim of this chapter is to provide a short introduction to free probability
theory which will facilitate the comprehension of the papers in the second part
of the thesis, especially Paper I and II. A number of definitions are presented in
a general setting, as the results regarding the free moment–cumulant formula in
Paper II are not limited to the space of random matrices on which we focus in the
other papers. From Chapter 3 onwards, we will consider real Wishart matrices
of size p×p as elements of the non–commutative space of all random matrices of
the same size. Such a choice allows us to model random matrices asymptotically,
under the Kolmogorov condition, and derive further results presented in Paper
I, III and IV.

Free probability theory was settled by Voiculescu in the middle of the 1980’s
(Voiculescu, 1985), and together with the result published in Voiculescu (1991)
regarding asymptotic freeness of random matrices, they established a new branch
of theories and tools in Random matrix theory such as the R–transform. Free-
ness can also be studied using equivalent combinatorial definitions based on
ideas of non–crossing partitions (see, Section 2.2). In the following chapter we
introduce basic definitions and concepts of the theory using both random ma-
trix theory and a combinatorial approach. These are introduced in the general
set–up of a non–commutative probability space and specified in Section 2.1.2
under the algebra of random matrices.

2.1 Non–commutative space and freeness

In this section the goal is to present a concept of freeness in a non–commutative
space, which is introduced according to, among others, Nica and Speicher (2006)
and Voiculescu et al. (1992). Some properties for elements of a non–commutative
space are also presented. For further reading, see Hiai and Petz (2000).
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Definition 2.1.1. A non–commutative probability space is a pair (A, τ), where
A is a unital algebra over the field of complex numbers C with identity element
1A and τ is a unital functional such that:

• τ : A → C is linear,

• τ(1A) = 1.

Definition 2.1.2. The functional τ is called trace if τ(ab) = τ(ba) for all
a, b ∈ A, where A is as in Definition 2.1.1.

Note that the word trace in this thesis has two meanings: trace as the name
of the functional fulfilling τ(ab) = τ(ba) for all a, b ∈ A and as the trace of a
square matrix A = (Aij), i.e., TrA =

∑
iAii.

Definition 2.1.3. Let A in Definition 2.1.1 have a ∗–operation such that ∗ :
A → A, (a∗)∗ = a and (ab)∗ = b∗a∗ for all a, b ∈ A and let the functional τ
satisfy

τ(a∗a) ≥ 0 for all a ∈ A.
Then, we call τ positive and (A, τ) a ∗–probability space.

Subsection 2.1.2 gives an example of a ∗–probability space with a positive tracial
function, i.e., the space (RMp(C), τ) that is a space of p×p random matrices with
entries being complex random variables with all moments finite and equipped
with a functional such that τ(X) := E(Trp(X)), for all X ∈ RMp(C), where
Trp = 1

p Tr is the standardized trace. In the next, we define random variables,
moments and the distribution for elements in a non–commutative space.

2.1.1 Freeness

Freeness in a non–commutative probability space is the property that corre-
sponds to independence in a classical probability space. In papers we often use
freeness as it linearizes so-called free convolution. Furthermore, we later focus
on independent Wishart matrices, that are proved to be asymptotically free
objects.

Let us define the moment and ∗–distribution of a ∈ A.

Definition 2.1.4.

a) The element a ∈ A is called a non–commutative random variable and
τ(aj) is its jth moment for all j ∈ N. The power of the element of the
algebra, aj, is well defined due to the fact that the algebra is closed under
multiplication of elements, see Cameron (1998).
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b) Let a ∈ A be normal, i.e., aa∗ = a∗a, where A denotes a ∗-probability
space. If there exists a compactly supported probability measure µ on C
such that

∫
znz̄kdµ(z) = τ(an(a∗)k),

for all n, k ∈ N, then µ is called ∗-distribution of a and is uniquely defined.

The normality of a in part b) of the above definition assures existence of the
given integral. If a is selfadjoint, that is a special case of normality, the support
of the measure µ is on R and hence the integral in Definition 2.1.4 is simplified
to (2.1) given below. Conversely, assume that the support of the ∗–distribution
of a is real and compact. Then the real probability measure µ, mentioned in
Definition 2.1.4, is related to the moments by

τ(ak) =

∫

R
xkdµ(x) (2.1)

and is called a distribution of a. The distribution of a ∈ A defined on a compact
support is characterized by its moments τ(a), τ(a2), . . ., see Couillet and Debbah
(2011) p. 99.

Definition 2.1.5. The variables (a1, a2, . . . , am) and (b1, . . . , bn) are said to be
free if and only if for any (Pi, Qi)1≤i≤p ∈ (C〈a1, . . . , am〉 ×C〈b1, . . . , bn〉)p such
that if

τ(Pi(a1, . . . , am)) = 0, τ(Qi(b1, . . . , bn)) = 0 ∀i = 1, . . . , p

the following equation holds:

τ

( ∏

1≤i≤p
Pi(a1, . . . , am)Qi(b1, . . . , bn)

)
= 0,

where C〈a1, . . . , am〉 denotes all polynomials in m non–commutative indetermi-
nants, i.e., symbols that are treated as variables.

To show that freeness does not go with classical independence in Lemma 2.1.2,
given below, we first state and prove Lemma 2.1.1, where both lemmas are well
known.

Lemma 2.1.1. Let a and b be free elements of a non–commutative probability
space (A, τ). Then, we have:

τ(ab) = τ(a)τ(b), (2.2)

τ(aba) = τ(a2)τ(b),

τ(abab) = τ(a2)τ(b)2 + τ(a)2τ(b2)− τ(a)2τ(b)2. (2.3)
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Proof. For free a and b we have

τ

(
(a− τ(a)1A)(b− τ(b)1A)

)
= 0,

τ

(
ab− aτ(b)− τ(a)b+ τ(a)τ(b)

)
= 0,

τ(ab) = τ(a)τ(b).

The operations on the elements of algebra are well defined as the algebra is
supposed to be closed under addition and multiplication. Then also

τ

(
(a− τ(a)1A)(b− τ(b)1A)(a− τ(a)1A)

)
= 0,

τ

(
(ab− aτ(b)− τ(a)b+ τ(a)τ(b))(a− τ(a)1A)

)
= 0,

τ

(
aba− aτ(b)a− τ(a)ba+ τ(a)τ(b)a− abτ(a)

+aτ(b)τ(a) + τ(a)bτ(a)− τ(a)τ(b)τ(a)

)
= 0,

τ(aba)− τ(a2)τ(b)− τ(a)τ(ba) + τ(a)τ(b)τ(a)− τ(ab)τ(a)

+τ(a)τ(b)τ(a) + τ(a)τ(b)τ(a)− τ(a)τ(b)τ(a) = 0,

τ(aba) = τ(a2)τ(b).

Similar calculations show that

τ(abab) = τ(a2)τ(b)2 + τ(a)2τ(b2)− τ(a)2τ(b)2.

One can prove that freeness and commutativity cannot take place simultane-
ously as it is now stated in the next lemma.

Lemma 2.1.2. Let a and b be non–trivial elements of the ∗–algebra A, equipped
with the functional τ such that a and b commute, i.e., ab = ba. Then, a and b
are not free.

Proof. Proof is done by contradiction. Take two non–trivial elements a and b
of the ∗–algebra A such that they are both free and commute. Then

τ(abab)
ab=ba

= τ(a2b2)
(2.2)
= τ(a2)τ(b2)

and

τ(abab)
(2.3)
= τ(a2)τ(b)2 + τ(a)2τ(b2)− τ(a)2τ(b)2.
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These two equalities give

τ(a2)τ(b)2 + τ(a)2τ(b2)− τ(a)2τ(b)2 − τ(a2)τ(b2) = 0. (2.4)

Then, as a and b are free

τ
(
(a− τ(a)1A)2

)
τ
(
(b− τ(b)1A)2

)
= τ(a2 − 2aτ(a) + τ(a)21A)τ(b2 − 2bτ(b) + τ(b)21A)

= (τ(a2)− 2τ(a)2 + τ(a)2)(τ(b2)− 2τ(b)2 + τ(b)2)

= (τ(a2)− τ(a)2)(τ(b2)− τ(b)2)
= τ(a2)τ(b2)− τ(a2)τ(b)2 − τ(a)2τ(b2) + τ(a)2τ(b)2

(2.4)
= 0.

Then, either τ
(
(a − τ(a)1A)2

)
= 0 or τ

(
(b − τ(b)1A)2

)
= 0. As long as the

functional τ is faithful, i.e., τ(a∗a) = 0 ⇒ a = 0, the obtained equality implies
that a = τ(a)1A or b = τ(b)1A. We can conclude that at least one of the
elements a or b is trivial, which contradicts the assumption that the equations
hold for any non-trivial elements, which proves the statement.

2.1.2 Space (RMp(C), τ)

In this subsection we consider a particular example of a non–commutative space
(RMp(C), τ). Let (Ω,F , P ) be a probability space, then RMp(C) denotes the set
of all p × p random matrices, with entries which belong to

⋂
p=1,2,... L

p(Ω, P ),
i.e., entries which are complex random variables with finite moments of any
order. Defined in this way RMp(C) is a ∗–algebra, with the classical matrix
product as multiplication and the conjugate transpose as ∗–operation. The ∗–
algebra is equipped with tracial functional τ defined as the expectation of the
normalized trace Trp in the following way

τ(X) := E(Trp(X)) = E
(

1

p
Tr(X)

)
=

1

p
E
( p∑

i=1

Xii

)
=

1

p

p∑

i=1

E(Xii), (2.5)

where X = (Xij)
p
i,j=1 ∈ RMp(C).

The form of the chosen functional τ is determined by the fact that the distribu-
tion of the eigenvalues is of particular interest to us. Notice that for any normal
matrix X ∈ (RMp(C), τ), i.e., for any Hermitian matrix (i.e., X = X∗), the
eigenvalue distribution µX is the ∗–distribution with respect to a given func-
tional τ defined in Definition 2.1.4. Furthermore, µX is supported on the real
line.

Now, consider a matrix X of size p× p with eigenvalues λ1, . . . , λp. Then

Trp(X
k(X∗)n) =

1

p

p∑

i=1

λki λi
n

=

∫

C
zkz̄ndµX(z),
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for all k, n ∈ N, where µX is a spectral probability measure, corresponding to
the normalized spectral distribution function defined as

FXp (x) =
1

p

p∑

k=1

1{λk≤x}, x ≥ 0, (2.6)

where 1{λk≤x} stands for the indicator function, i.e.,

1{λk≤x} =

{
1 for x ≤ λk,
0 otherwise.

For

µX(x) =
1

p

∫

Ω

p∑

k=1

δλk(ω)dP (ω),

where δλk(ω) stands for Dirac delta, we obtain a generalization of the above
statement for X being a normal random matrix, so

τ(Xk(X∗)n) =
1

p

∫

Ω

p∑

i=1

λki (ω)λi(ω)
n
dP (ω) =

∫

C
zkz̄ndµX(z).

Hence, trace τ as defined in (2.5) is related to the spectral probability measure
µX , which is ∗–distribution in the sense given by Definition 2.1.4b.

In this thesis we mostly consider positive definite (symmetric) matrices. Then,
if X is Hermitian then all the eigenvalues are real and µX is related to τ(Xk+n)
by

τ(Xk+n) =

∫

R
xk+ndµX(x). (2.7)

2.1.3 Asymptotic freeness

The concept of asymptotic freeness was established by Voiculescu (1991), whose
work discussed and proved the asymptotical freeness of Gaussian random matri-
ces and constant diagonal matrices. The main result was given for the Gaussian
Unitary Ensemble (GUE), where an ensemble of random matrices is a family
of random matrices with a density function that expresses the probability den-
sity f of any member of the family to be observed. There Hn → UHnU

−1

is a transformation which leaves f(Hn) invariant, U is a unitary matrix (i.e.,
UU∗ = U∗U = I) and the matrices Hn are Hermitian.

Theorem 2.1.1 (Voiculescu’s Asymptotic Freeness). Let Xp,1, Xp,2, . . . be in-
dependent (in the classical sense) p× p GUE. Then there exists a functional φ
in some non–commutative polynomials of X1, X2, . . . with complex coefficients
such that
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• (Xp,1, Xp,2, . . .) has a limiting distribution φ as p→∞, i.e.,

φ(Xi1Xi2 · · ·Xik) = lim
p→∞

τ(Xp,i1Xp,i2 · · ·Xp,ik),

for all ij ∈ N, j ∈ N, where τ(X) = E(TrpX).

• X1, X2, . . . are freely independent with respect to φ, see Definition 2.1.5.

Voiculascu’s work was followed by Dykema (1993) who replaced the Gaussian
entries of the matrices with more general non–Gaussian random variables. Fur-
thermore, the constant diagonal matrices were generalized to some constant
block diagonal matrices, such that the block size remains constant. In general
random matrices with independent entries of size p×p tend to be asymptotically
free when p→∞ , under certain conditions.

To give some additional examples of asymptotically free pairs of matrices, note
that two independent Haar distributed unitary p×p matrices are asymptotically
free as p→∞. Moreover, two i.i.d. p×p Gaussian distributed random matrices
are asymptotically free as p → ∞. We also observe that asymptotic freeness
holds between i.i.d. Wigner matrices, i.e., matrices of the form (X + X∗)/2,
where X is a p × p matrix with i.i.d. Gaussian entries. This was proven by
Dykema (1993). Asymptotic free independence also holds for Gaussian and
Wishart random matrices and for Wigner and Wishart matrices, according to
Capitaine and Donati-Martin (2007).

Following Müller (2002) we want to point out that there exist matrices which
are dependent (in a classical sense) and asymptotically free, as well as matrices
with independent entries (in a classical sense), which are not asymptotically
free.

2.2 Combinatorial interpretation of freeness and
free cumulants

Combinatorial interpretation of freeness, described using free cumulants (see,
Definition 2.2.3 given below) was established by Speicher (1994) and was further
developed by Nica and Speicher (2006). Free cumulants play an important role
in Chapter 3, where the R–transform is defined, and in the papers of the second
part of the thesis.

Definition 2.2.1. Let V = V1, . . . , Vp be a partition of the set {1, . . . , r}, i.e.,
for all i = 1, . . . , p the Vi are ordered and disjoint sets and

⋃p
i=1 Vi = {1, . . . , r}.

The V is called non–crossing if for all i, j = 1, . . . , p with Vi = (v1, . . . , vn) (such
that v1 < . . . < vn) and Vj = (w1, . . . , wm) (such that w1 < . . . < wm) we have

wk < v1 < wk+1 ⇔ wk < vn < wk+1 for k = 1, . . . ,m− 1.



12 2 Free probability theory

Presented here is the definition of the non–crossing partition, according to Spe-
icher, which can, equivalently to Definition 2.2.1, be given in a recursive form
as below.

Definition 2.2.2. The partition V = {V1, . . . , Vp} is non–crossing if at least one
of the Vi is a segment of (1, . . . , r), i.e., it has the form Vi = (k, k + 1, . . . , k +
m) and the remaining partition {V1, . . . , Vi−1, Vi+1, . . . , Vp} is a non–crossing
partition of {1, . . . , r} \ Vi.

Let the set of all non–crossing partitions over {1, . . . , r} be denoted by NC(r).

Note that in the following recursive definition of the cumulants the square brack-
ets are used to denote the cumulants with respect to the partitions, while the
parentheses are used for the cumulants of some set of variables.

Definition 2.2.3. Let (A, τ) be a non–commutative probability space. Then we
define the cumulant functionals kk : Ak → C, for all i ∈ N by the moment–
cumulant relation

k1(a) = τ(a), τ(a1 · · · ak) =
∑

π∈NC(k)

kπ[a1, . . . , ak],

where the sum is taken over all non–crossing partitions of the set {a1, a2, . . . , ak}.
Moreover, a1 · · · ak denotes the product of all elements ai for i = 1, . . . , k and

kπ[a1, . . . , ak] =

r∏

i=1

kV (i)[a1, . . . , ak] π = {V (1), . . . , V (r)},

kV [a1, . . . , ak] = ks(av(1), . . . , av(s)) V = (v(1), . . . , v(s)).

For the element a of a non–commutative algebra (A, τ) we define the cumulant
of a as

kan = kn(a, . . . , a).

We illustrate the definition by considering cumulants on a two–element set
{a1, a2}, such that a1, a2 belong to a non–commutative probability space equipp-
ed with the tracial functional τ . Then, k1(ai) = τ(ai) for i = 1, 2. The only
non–crossing partitions of the two–element set are the segments {a1, a2} and
{a1}, {a2} so τ(a1a2) =

∑
π∈NC(2) kπ[a1, a2] = k2(a1, a2) + k1(a1)k1(a2) =

k2(a1, a2) + τ(a1)τ(a2). Hence, k2(a1, a2) = τ(a1a2)− τ(a1)τ(a2) is a cumulant
of the two–element set {a1, a2}, while kπ[a1, a2] denotes the cumulant of the
partition π.

Lemma 2.2.1. The cumulants given by Definition 2.2.3 are well defined (state-
ment is unambiguous).

Proof. Following the definition of a cumulant

τ(a1, . . . , an) =
∑

π∈NC(n)

kπ[a1, . . . , an] = kn(a1, . . . , an) +
∑

π∈NC(n),π 6=1n

kπ[a1, . . . , an],
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where π 6= 1n means that we consider partitions which are different from the
n–elements segment, i.e., π 6= {1, 2, . . . , n}. Now the statement of the lemma
follows by induction.

To show linearity of cumulants for the sum of free random variables, we need
to state a theorem about vanishing mixed cumulants.

Theorem 2.2.1. Let a1, a2, . . . , an ∈ A then elements a1, a2, . . . , an are freely
independent if and only if all mixed cumulants vanish, i.e., for n ≥ 2 and any
choice of i1, . . . , ik ∈ {1, . . . , n} if there exist j, k such that j 6= k, but ij = ik
then

kn(ai1 , . . . , ain) = 0.

Proof. The proof can be found in Nica and Speicher (2006).

Now an important theorem is stated which was used in Paper I while considering
the R–transform of a sum of matrices.

Theorem 2.2.2. If a, b ∈ A be free, then

ka+b
n = kan + kbn, for n ≥ 1.

Proof. The proof of the theorem follows from the fact that mixed cumulants for
free random variables equal zero, see Theorem 2.2.1. Then

ka+b
n := kn(a+ b, a+ b, . . . , a+ b) = kn(a, a, . . . , a) + kn(b, b, . . . , b).

2.3 Free moment–cumulant formulas

There are a number of results regarding a moment–cumulant formula. The most
well–known is the relation given in Definition 2.2.3, i.e.,

k1(a) = τ(a), τ(a1 · · · ak) =
∑

π∈NC(k)

kπ[a1, . . . , ak].

This recursive formula uses summation of free cumulants over the non–crossing
partitions of the set {1, . . . , k}. Another way to look at free cumulants is by
using the Möbius function as well as non–crossing partitions:

kπ[a1, . . . , ak] =
∑

σ∈NC(k),σ≤π
τσ[a1, . . . , ak]µ(σ, π),
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where τk(a1, . . . , ak) := τ(a1, . . . , ak), τπ[a1, . . . , ak] :=
∏
V ∈π τV [a1, . . . , ak] and

µ is the Möbius function on NC(k). Equivalently, this formula can also be given
in the form

kn(a1, . . . , an) =
∑

σ∈NC(n)

τσ[a1 · · · an]µ(σ, 1n),

where 1n = {1, . . . , n}, so it is a maximal element of a poset (partially ordered
set) NC(n), or a so–called n–elements segment. For more details about the
above formulations see Nica and Speicher (2006) and Speicher (1994).

Let {ki}∞i=1 be the free cumulants and {mi}∞i=1 be the free moments for an ele-
ment of a non–commutative probability space. Then the following non–recursive
relation between free moments and free cumulants has been shown by Mottelson
(2012) together with a proof which is based on the Lagrange inversion formula
and is inspired by the work of Haagerup (1997).

kp = mp +

p∑

j=2

(−1)j−1

j

(
p+ j − 2

j − 1

)∑

Qj

mq1 · · ·mqj ,

mp = kp +

p∑

j=2

1

j

(
p

j − 1

)∑

Qj

kq1 · · · kqj ,

where Qj = {(q1, q2, . . . , qj) ∈ Nj |∑j
i=1 qi = p} and kp (mp) denotes the pth free

cumulant (pth free moment, respectively) of some element of a non–commutative
space.

In Paper II free cumulants and moments are related as follows:

kt =
t∑

i=1

(−1)i+1

(
m, i, >

t

)
−

t−1∑

h=2

kh

(
m, h− 1,≥

t− h

)
. (2.8)

The result was obtained using a derivation based on the concepts of Stieltjes and
R–transforms and differs from alternatives by not using non-crossing partitions.

Note that we introduce a shortened notation for the sum of products of h
moments, where each of the moments has a degree given by the index ik,
k = 1, . . . , h, the sum of indexes i1 + i2 + . . . + ih = t and each index ik � 0,
where � stands for the partial order relation

(
m, h,�

t

)
=

∑

i1+i2+...+ih=t
∀kik�0

mi1mi2 · . . . ·mih .

Let us present an example comparing computations for the 5th free cumulant
based on the summation over non–crossing partitions (Definition 2.2.3), as well
as over the non–negative partitions of the number presented in (2.8).
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Example 2.3.1. The calculations of the fifth free cumulant, by use of Definition
2.2.3, require a summation over NC(5). Consider the crossing partitions of the
set {1, 2, 3, 4, 5}. Then

m5 =
∑

π∈NC(5)

kπ[a, a, a, a, a] = k5 + 5k4k1 +

((
5

2

)
− 5

)
k3k2

+

(
5

3

)
k3k

2
1 +

((
5

1

)
1

2

(
4

2

)
− 5

)
k2

2k1 +

(
5

2

)
k2k

3
1 + k5

1

= k5 + 5k4k1 + 5k3k2 + 10k3k
2
1 + 10k2

2k1 + 10k2k
3
1 + k5

1,

k5 = m5 − 5k4k1 − 5k3k2 − 10k3k
2
1 − 10k2

2k1 − 10k2k
3
1 − k5

1

= m5 − 5(m4 − 4m3m1 − 2m2
2 + 10m2m

2
1 − 5m4

1)m1

−5(m3 − 3m2m1 + 2m3
1)(m2 −m2

1)− 10(m3 − 3m2m1 + 2m3
1)m2

1

−10(m2 −m2
1)2m1 − 10(m2 −m2

1)m3
1 −m5

1

= m5 − 5m4m1 + 15m3m
2
1 + 15m2

2m1 − 35m2m
3
1 − 5m3m2 + 14m5

1

as the crossing partitions given in Figure 2.1 should not be included in the above
sums.

Figure 2.1: Crossing partitions of the set {1, 2, 3, 4, 5}.

When using (2.8)

k5 =
5∑

i=1

(−1)i+1
∑

j1+...+ji=5
∀kjk>0

mj1 · . . . ·mji −
4∑

h=2

kh
∑

j1+...+jh−1=5−h
∀kjj≥0

mj1 · . . . ·mjh−1

= m5 − 5m4m1 − 5m3m2 + 15m3m
2
1 + 15m2

2m1 − 35m2m
3
1 + 14m5

1.

The calculations using both methods are presented. To some extent we find that
summation over the i1, . . . , ih, such that i1 + . . .+ ih = k is simpler than sum-
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mation over non–crossing partitions. Moreover, there is a strong belief that the
results of Paper II can, within free probability, successfully complete already ex-
isting knowledge regarding cumulant–moment relations, and in some particular
cases replace previously used formulas in order to provide easier calculations.



3

Stieltjes and R–transform

The Stieltjes transform is commonly used in research regarding the spectral
measure of random matrices. It appears, among others, in formulations and
proofs of a number of results published within Random matrix theory, i.e.,
Marčenko and Pastur (1967), Girko and von Rosen (1994), Silverstein and Bai
(1995), Hachem et al. (2007). Thanks to good algebraic properties, such as being
an analytic function on the complex complement of support of the measure or
bounded in any point z by 1/=z (where =z stands for the imaginary part of
the complex number z), it often simplifies calculations for obtaining the limit
of empirical spectral distribution for large dimensional random matrices. More
specifically, the Stieltjes transform provides the exact method to describe the
support of the corresponding measure. The last mentioned property is often
used in signal processing for signal detection.

The second section of this chapter presents the R–transform introduced within
free probability theory and strongly related to the Stieltjes transform. The
R–transform provides a way to obtain an analytical form of the asymptotic dis-
tribution of eigenvalues for the sums of certain random matrices. More specif-
ically, we will consider the distribution function of the matrix quadratic form
Qn = 1

nX1X
′
1 + . . .+ 1

nXkX
′
k, where Xi follows the matrix normal distribution.

An asymptotic distribution of Qn for k = 1, under some additional assumptions
on X1, is given by the Marčenko-Pastur law. For k = 2 it is described by a
system of equations given in Girko and von Rosen (1994) and arbitrary k is
analyzed in Paper I.

Both the Stieltjes and R–transforms and their properties are discussed to dif-
ferent extents by Nica and Speicher (2006) (where, after a short introduction to
the Stieltjes transform, its relation to the R-transform is investigated), Couillet
and Debbah (2011) (where application to random matrix theory is discussed
and the properties of the Stieltjes transform are given), by Hiai and Petz (2000)
(extensive study of Stieltjes and R–transforms) and within the lecture notes of
Manjunath (2011). A version of the Stieltjes transform, the Cauchy transform,
is also described in Cima et al. (2006).
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3.1 Stieltjes transform

The Stieltjes transform defined in this section, up to a sign, is often referred to
as the Cauchy transform (i.e., Cima et al., 2006; Hiai and Petz, 2000; Nica and
Speicher, 2006) or the Stieltjes–Cauchy transform (i.e., Hasebe, 2012; Bożejko
and Demni, 2009). In this thesis we use the term Stieltjes transform following
the work by Couillet and Debbah (2011).

Definition 3.1.1. Let µ be a non–negative, finite borel measure on R, e.g. a
probability measure. Then we define the Stieltjes transform of µ by

G(z) =

∫

R

1

z − xdµ(x),

for all z ∈ {z : z ∈ C,=(z) > 0}, where =(z) denotes the imaginary part of z.

Remark 3.1.1. Note that for z ∈ {z : z ∈ C,=(z) > 0} the Stieltjes transform
is well defined and G(z) is analytical for all z ∈ {z : z ∈ C,=(z) > 0}.

Proof. The fact that the Stieltjes transform is well defined follows from the fact
that for the domain the function 1

z−x is bounded.

One can show that G(z) is analytical for all z ∈ {z : z ∈ C,=(z) > 0} using
Morera’s theorem (see work by Greene and Krantz, 2006). Then, it is enough
to show that the contour integral

∮
Γ
G(z)dz = 0, for all closed contours Γ in

z ∈ {z : z ∈ C,=(z) > 0}. We are allowed to interchange integrals and obtain

∫

R

∮

Γ

1

z − xdzdµ(x) =

∫

R
0dµ(x) = 0,

where as 1
z−x is analytic the inner integral vanishes by Cauchy’s integral theorem

for any closed contour Γ.

The above definition can be extended to all z that does not belong to the support
of the measure µ. Although extension is possible, we will consider the domain
of the transform to be restricted to the upper half plane of C since we want
G(z) to be analytical.

Now, we introduce the Stieltjes inversion formula, which allows us to use knowl-
edge about the transform G to derive the measure µ.

Theorem 3.1.1. For any open interval I = (a, b), such that neither a nor b
are atoms for the probability measure µ, the Stieltjes inversion formula is given
by

µ(I) = − 1

π
lim
y→0

∫

I

=G(x+ i y)dx.
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Proof. The proof is a detailed version of the proof given in e.g. Couillet and
Debbah (2011). We have

− 1

π
lim
y→0

∫

I

=G(x+ i y)dx = − 1

π
lim
y→0

∫

I

∫

R
= 1

x+ i y − tdµ(t)dx

(∗)
=

1

π
lim
y→0

∫

R

∫ b

a

y

(t− x)2 + y2
dxdµ(t)

=
1

π
lim
y→0

∫

R
arctan

(
b− t
y

)
− arctan

(
a− t
y

)
dµ(t)

(�)
=

1

π

∫

R
lim
y→0

(
arctan

(
b− t
y

)
− arctan

(
a− t
y

))
dµ(t).

The order of integration can be interchanged in (∗) due to continuity of the
function y

(t−x)2+y2 . Interchanging of order between integration and taking the

limit in (�) follows by the Bounded convergence theorem as µ(R) ≤ 1 <∞ and

∃M such that arctan

(
b− t
y

)
− arctan

(
a− t
y

)
< M, ∀y ∀t

so it is a uniformly bounded real–valued measurable function for all y.

Then, using that limy→0 arctan

(
T
y

)
= π

2 sgn(T ) for T ∈ R we get

arctan

(
b− t
y

)
− arctan

(
a− t
y

)
y→0−−−→

{
0 if t < a or t > b
π
2 2 = π if t ∈ (a, b)

which, by the Dominated convergence theorem, completes the proof.

More generally, the statement of Theorem 3.1.1 for any µ being a probability
measure on R and any a < b becomes

µ((a, b)) +
1

2
µ({a}) +

1

2
µ({b}) = − 1

π
lim
y→0

∫

I

=G(x+ i y)dx.

For further reading, see Manjunath (2011).

Theorem 3.1.2. Let µn be a sequence of probability measures on R and let Gµn

denote the Stieltjes transform of µn. Then:

a) if µn → µ weakly, where µ is a measure on R, then Gµn(z) → Gµ(z)
pointwise for any z ∈ {z : z ∈ C,=(z) > 0}.

b) if Gµn
(z) → G(z) pointwise, for all z ∈ {z : z ∈ C,=(z) > 0} then there

exists a unique non–negative and finite measure such that G = Gµ and
µn → µ weakly.
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Proof.

a) We know that if µn → µ, then for all bounded and continuous functions
f the following ∫

fdµn →
∫
fdµ

holds. As f(x) = 1
z−x is both bounded and continuous outside of R for

all fixed z ∈ {z : z ∈ C,=(z) > 0} we conclude that

Gµn
(z) =

∫

R

1

z − xdµn(x)→
∫

R

1

z − xdµ(x) = Gµ(z)

pointwise.

b) Now, assume that Gµn(z)→ G(z) pointwise. As µn is a probability mea-
sure (so it is bounded and a positive measure for which supn µn(R) <∞),
then by Helly’s selection principle µn has a weakly convergent subse-
quence. That subsequence is denoted by µnk

and its limit by µ.

As f(x) = 1
z−x is bounded, continuous outside of R and f(x)

x→±∞−−−−−→ 0,
by part a) Gµnk

(z) → Gµ(z) pointwise for all z ∈ {z : z ∈ C,=(z) > 0}.
Then Gµ = G, which means that for all converging subsequences we obtain
the same limit µ, since the inverse Stieltjes transform is unique. Hence,
µn → µ.

In the last part of this section we state a lemma which relates the Stieltjes
transform to the moment generating function. It will be later used when proving
a relation between the Stieltjes and R–transform.

Theorem 3.1.3. Let µ be a probability measure on R and {mk}k=1,... a sequence
of moments (i.e., mk(µ) =

∫
R t

kdµ(t)). Then, the moment generating function

Mµ(z) =
∑∞
k=0mkz

k converges to an analytic function in some neighborhood
of 0. For sufficiently large |z|

G(z) =
1

z
Mµ

(
1

z

)
. (3.1)

holds.

3.1.1 Stieltjes transform approach for random matrices

We will often consider a µ in Definition 3.1.1 being a distribution function.
Then, by the uniqueness of the Stiletjes inversion formula we can analyze the
distribution function through its Stieltjes transform.
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Consider now an element of the non–commutative space of Hermitian random
matrices over the complex plane X ∈ RMp(C) and note that analyzing the
Stieltjes transform is actually simplified to consideration of diagonal elements
of the matrix (zIp −X)−1 as

Gµ(z) =

∫

R

1

z − xdµ(x) =
1

p
Tr(zIp −X)−1,

where µ denotes the empirical spectral distribution of the matrix X. The same
holds for the real symmetric random matrices.

Lemma 3.1.1. Let X be a random matrix of size p × n with complex entries
and z ∈ {z : z ∈ C=(z) > 0}. Then,

n

p
GµX∗X (z) = GµXX∗ (z)− p− n

pz
.

Proof. As X is of size p × n, the matrix X∗X is of size n × n and the matrix
XX∗ is of size p × p. Moreover, XX∗ and X∗X are Hermitian. Assume that
p > n. Then, X∗X has n eigenvalues, while the set of eigenvalues of the matrix
XX∗ consists of the same n eigenvalues and additional p − n zeros. Then, by
the definition of the Stieltjes transform, we have p− n times the term 1

z−0 = 1
z

and

GµXX∗ (z) =
n

p
GµX∗X (z) +

p− n
p

1

z
.

If p < n, we have

GµX∗X (z) =
p

n
GµXX∗ (z) +

n− p
n

1

z
,

n

p
GµX∗X (z) = GµXX∗ (z) +

n− p
p

1

z

and the proof is complete.

3.2 R–transform

The R–transform plays the same role in free probability theory as the logarithm
of the Fourier transform (cumulant generating function) in classical probability
theory and it is defined in the following way.

Definition 3.2.1 (R–transform). Let µ be a probability measure with compact
support, with {ki}i=1,... being the sequence of cumulants, defined in Chapter 2,
Definition 2.2.3. Then the R–transform is given by

R(z) =
∞∑

i=0

ki+1z
i.
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Note that, defined in this way, the R–transform and cumulants {ki} essentially
give us the same information. For the compactly supported measure, both cu-
mulants and R–transform carry full information about the underling probability
measure.

There is a relation between the R– and Stieltjes transform G, or more precisely
G−1, which is the inverse with respect to composition, and is often considered
as an equivalent definition to Definition 3.2.1. We give a theorem following the
book by Tulino and Verdu (2004).

Theorem 3.2.1. Let µ be a probability measure with compact support, G(z) the
Stieltjes transform, and R(z) the R–transform. Then,

R(z) = G−1(z)− 1

z
.

The relation between the moment and cumulant generating functions is given
by Lemma 3.2.1. This tool is stated here due to its use in the proof of Theorem
3.2.1. Moreover, note that in Lemma 3.2.1 the free cumulant–moment rela-
tion formulas are stated, see Section 2.3, and note that the moment generating
function will be utilized in Paper II.

Lemma 3.2.1. Let {mi}i≥1 and {ki}i≥1 be sequences of complex numbers, with
corresponding formal power series

M(z) = 1 +
∞∑

i=1

miz
i C(z) = 1 +

∞∑

i=1

kiz
i

as generating functions, such that

mi =
∑

π∈NC(i)

kπ,

where NC(i) stands for the non–crossing partitions over {1, . . . , i}. Then,

C(zM(z)) = M(z).

The proof of the lemma has been presented by Nica and Speicher (2006), who
used combinatorial tools.

Proof. [Proof of Theorem 3.2.1]

R(G(z)) +
1

G(z)
= z

is equivalent with the statement given in the theorem.

Let {mk}k=1,... and {ki}i=1,... denote the sequence of moments and the sequence
of cumulants, respectively. Let M(z) =

∑∞
k=0mkz

k and C(z) =
∑∞
i=0 kiz

i.
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Then, by the definition of the R-transform

R(z) =
∞∑

i=0

ki+1z
i =

1

z

∞∑

i=0

ki+1z
i+1 =

1

z

∞∑

i=1

kiz
i =

1

z

( ∞∑

i=0

kiz
i − 1

)

=
1

z
(C(z)− 1) (3.2)

holds. Thus according to Lemma 3.2.1, we get the relation between the moment
and cumulant generating functions:

M(z) = C(zM(z)). (3.3)

Then

R(G(z)) +
1

G(z)

(3.2)
=

1

G(z)
(C(G(z))− 1) +

1

G(z)
=

1

G(z)
C(G(z))

(3.1)
=

1

G(z)
C

(
1

z
M

(
1

z

))
(3.3)
=

1

G(z)
M

(
1

z

)
(3.1)
= z

and the theorem is proved.

Since the R–transform will play an important role in Section 3.3 and in Paper
I we prove here some of its properties. The first two in Theorem 3.2.2 will be
of particular importance to us. Note, that the freeness of random variables is
essential in part b) of the below given theorem.

Theorem 3.2.2. Let (A, τ) be a non–commutative probability space, such that
the distributions of X,Y,Xn ∈ A, for all n ∈ N, have compact support. The
R–transform satisfies the following properties

a) Non–linearity: RαX(z) = αRX(αz) for every X ∈ A and α ∈ C;

b) For any two free non–commutative random variables X,Y ∈ A

RX+Y (z) = RX(z) +RY (z);

c) Let X,Xn ∈ A, for n ∈ N. If

lim
n→∞

τ(Xk
n) = τ(Xk), k = 1, 2, . . . ,

and there exists neighborhood U of 0 such that RX and RXn are well-
defined for n ∈ N, then

lim
n→∞

RXn
(y) = RX(y)

for all y ∈ U as a formal power series (convergence of coefficients). Note
that according to Definition 2.1.4 τ(Xk) is the kth free moment of the
element X.
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Proof. The proofs presented below directly follow from the introduced defini-
tions and can be found, for example, in the lecture notes by Hiai (2006).

a) Let us prove the lack of linearity for the R–transform. We first notice that

GαX(z) =

∫

R

1

z − αxdµ(αx) =

∫

R

1

z − αxdµ(x) =
1

α

∫

R

1
z
α − x

dµ(x)

=
1

α
GX

(
z

α

)

and then as G−1
αX(GαX(z)) = z we have

z = GαX(G−1
αX(z)) =

1

α
GX

(
1

α
G−1
αX(z)

)
,

αz = GX

(
1

α
G−1
αX(z)

)
,

G−1
X (αz) =

1

α
G−1
αX(z),

Hence, G−1
αX(z) = αG−1

X (αz). Then,

RαX(z) = G−1
αX(z)− 1

z
= αG−1

X (αz)− 1

z
= α

(
G−1
X (αz)− 1

αz

)

= αRX(αz).

b) By the freeness of X and Y we have kX+Y
i = kXi + kYi for i = 1, 2, . . ., see

Theorem 2.2.2. Then,

RX+Y (z) =
∞∑

i=0

kX+Y
i+1 zi =

∞∑

i=0

(kXi+1 + kYi+1)zi =
∞∑

i=0

kXi+1z
i +

∞∑

i=0

kYi+1z
i

= RX(z) +RY (z)

c) The last property follows directly from the definition of the R–transform
and the fact that, in neighborhood U of 0, RX and RXn

are well-defined
for n ∈ N. As the free cumulants converge, the R–transform also converges
in each of its coefficients.

Besides the asymptotic freeness of matrices, results regarding the R–transform,
Part b) of Theorem 3.2.2 and Theorem 3.2.1, are considered to be the two main
achievements presented by Voiculescu in his early paper (Voiculescu, 1991).



3.3 Use of Stieltjes and R–transforms for deriving spectral distribution 25

3.3 Use of Stieltjes and R–transforms for deriv-
ing spectral distribution

In a non–commutative probability space the so–called Wigner semicircle law
plays the same role as the Gaussian distribution in classical probability, for
example as a limiting distribution in the free version of the Central Limit The-
orem.

Definition 3.3.1. Let X be a Hermitian random matrix of size p×p with entries
being i.i.d. Gaussian random variables with mean 0 and variance 1/p. Then,
the empirical spectral distribution of X converges to the Wigner semicircle law
with density function given by

1

2π

√
4− x21{x:x∈(−2,2)}, as p→∞.

This well–known result can be proven using the method based on the Stielt-
jes transform. That method has been suggested, among others, by Marčenko
and Pastur (1967) who used the transform and the inverse Stieltjes transform
formula to obtain a result stated in Theorem 3.3.1 below.

In this section we discuss the results that are an illustration of the use of
the Stieltjes transform in Random matrix theory. The theorems show vari-
ous methods of calculations of the asymptotic spectral distribution of 1

nXX
′,

where X ∼ Np,n(0, σ2Ip, In), and the sum of such quadratic forms. Note
that X ∼ Np,n(0,Σ,Ψ) stands for X following the matrix normal distribu-
tion. The mean of the matrix normal distribution is a p × p zero matrix
and the dispersion matrix of X has the Kronecker product structure, i.e.,
D[X] = D[vecX] = Ψ ⊗ Σ, where both Σ and Ψ are positive definite ma-
trices. The notation vecX denotes vectorization of the matrix starting with the
first column. If some elements are standardized one can interpret Σ and Ψ as
the covariance matrices for the rows and the columns of X, respectively.

We recall some of the results obtained in Marčenko and Pastur (1967), Girko
and von Rosen (1994) and Silverstein and Bai (1995).

Theorem 3.3.1 (Marčenko–Pastur Law). Consider the matrix 1
nXX

′, where
X ∼ Np,n(0, σ2Ip, In). Then the asymptotic spectral distribution is given by:
If p

n → c ∈ (0, 1]

µ′(x) =

√
[σ2(1 +

√
c)2 − x][x− σ2(1−√c)2]

2πcσ2x
1((1−√c)2σ2,(1+

√
c)2σ2)(x)

If p
n → c ≥ 1 (

1− 1

c

)
δ0 + µ,

where the asymptotic spectral density function µ(x) follows given above case
c ∈ (0, 1].
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In the special case when c = 1 we obtain the spectral density

µ′(x) =
1

2πx

√
4x− x2,

which is a scaled β–distribution with parameters α = 1
2 and β = 3

2 .

Moreover, it has been proven that for a class of random matrices with dependent
entries, the limiting empirical distribution of the eigenvalues is given by the
Marčenko–Pastur law.

Theorem 3.3.2 (Girko and von Rosen 1994). Let X ∼ Nn,p(0,Σ,Ψ), where
the eigenvalues of Σ and Ψ are bounded by some constant. Suppose that the

Kolmogorov condition 0 < c = limn→∞
p
n <∞ holds and let F

AA′+ 1
nXX

′

p (x) be
defined by (2.6), where A is a non–random matrix. Then, for every x ≥ 0,

F
AA′+ 1

nXX
′

p (x)− Fn(x)
p→ 0, n→∞,

where
p→ denotes convergence in probability and where for large n, {Fn(x)} are

distribution functions satisfying

∫ ∞

0

dFn(x)

1 + tx
=

1

p
Tr

(
I + tAA′ + tΣa(t)

)−1

,

where for all t > 0, a(t) is a unique non–negative analytical function which
exists and which satisfies the nonlinear equation

a(t) =
1

n
Tr(Ψ(I +

t

n
Ψ Tr(Σ(I + tAA′ + tΣa(t))−1))−1).

Note, that the Stieltjes transform G(z), defined according to Definition 3.1.1, is

given by G(z) = 1
z g
(
− 1

z

)
, where g(z) =

∫∞
0

dFn(x)
1+zx as in Theorem 3.3.2.

Theorem 3.3.3 (Girko and von Rosen 1994). Consider

1

n1
X1X

′
1 +

1

n2
X2X

′
2,

where the matrices X1 and X2 are independent and Xi ∼ Nn,p(0,Σi,Ψi), i =
1, 2. Let

a(t) =
1

n2
Tr
(
Ψ2(I +

t

n2
Ψ2b(t))

−1
)
,

b(t) =
1

n2
Tr
(
Σ2(I + tΣ2a(t) + tΣ1c(t))

−1
)
,

c(t) =
1

n1
Tr
(
Ψ1(I +

t

n1
Ψ1 Tr(Σ1(I + tΣ2a(t) + tΣ1b(t))

−1))−1
)
,

d(t) =
1

n1
Tr
(
Ψ1(I +

t

n1
Ψ1 Tr(Σ1(I + tΣ2a(t) + tΣ1d(t))−1))−1

)
.
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Put g(t) = 1
p Tr((I + t/n1X1X

′
1 + t/n2X2X

′
2)−1). If 0 < limn1→∞

p
n1
<∞ and

0 < limn2→∞
p
n2
<∞ it follows that

g(t)→ 1

p
(I + tΣ1d(t) + tΣ2a(t))−1, n→∞.

The previously stated theorems of this section assume that the matrix X is real.
We present now an example of a similar theorem for a complex random matrix
X.

Theorem 3.3.4 (Silverstein and Bai 1995). Assume that

• Z = ( 1√
pZij)p×n, Zij ∈ C, i.i.d. with E|Z11−EZ11|2 = 1, where | · | stands

for the absolute value;

• 0 < limn1→∞
p
n = c <∞ as p, n→∞ (Kolmogorov condition);

• T = diag(τ1, τ2, . . . , τn) where τi ∈ R, and the empirical distribution func-
tion of the eigenvalues of the matrix T , i.e., {τ1, τ2, . . . , τn}, converges
almost surely in distribution to a probability distribution function H as
p→∞ (hence as n(p) increases);

• B = A + ZTZ∗, where A is a Hermitian p × p matrix for which FA

converges vaguely to ν, where ν is a possibly defective (i.e., with disconti-
nuities) distribution function, i.e., there exists an everywhere dense subset
D of R such that

∀a,b∈D,a<b FA(a, b]→ ν(a, b], n, p→∞.

• Z, T and A are independent.

Then FB, the empirical distribution function of the eigenvalues of B, converges
almost surely, as p, n→∞ to a distribution function F whose Stieltjes transform
equals m(z), z ∈ C+ and satisfies the canonical equation

m(z) = mν

(
z − 1

c

∫
τdH(τ)

1 + τm(z)

)
. (3.4)

Note that Silverstein and Bai defined the Stieltjes transform as −G(z), where
G(z) is given by Definition 3.1.1. Hence, the inverse Stieltjes transform is also
given with the opposite sign, i.e.,

µ(I) =
1

π
lim
y→0

∫

I

=G(x+ i y)dx,

where I = (a, b) such that a, b are not atoms for the measure µ.
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Theorem 3.3.2 together with Theorem 3.3.4 provide us with two computation-
ally different ways to obtain the asymptotic spectral distribution. The afore-
mentioned theorems give us the Stieltjes transforms, which, however, differ by
a vanishing term, and therefore lead to the same asymptotic distribution func-
tion. To illustrate those differences with a simple example based on 1

nXX
′,

where X ∼ Np,n(0, σ2I, I) we refer to Pielaszkiewicz (2013).

Due to the obtained asymptotic spectral distribution of Qn = 1
n

∑k
i=1XiX

′
i,

where Xi are independent normally distributed matrices, asymptotic free in-
dependence of the sum of the elements XiX

′
i can be used. Then the sum of

the R–transforms for asymptotically free independent elements leads us to the
R–transform of Qn. The difficulty here is to be able to analytically calculate
the inverse Stieltjes transform. The general idea of conducting calculations is
given by Figure 3.1 and is used in Paper I.

Figure 3.1: Graphical illustration of the procedure of calculating the asymptotic spectral
distribution function using the knowledge about asymptotic spectral distri-
bution of its asymptotically free independent summands. By “trans.” we
indicate step of calculating the Stieltjes transform G•. The steps must be
asymptotic latest in the surrounded area due to the requirement of freeness.

Following the arrows in Figure 3.1 we recall that the distribution of each of the
asymptotically free independent summands leads to the corresponding Stieltjes
transform. Then, using Theorem 3.2.1 we obtain the R–transforms, which are
later added. The form of the calculated Stieltjes transform GX+Y+...+Z allows
us, in some cases, to obtain a closed form expression for the asymptotic spectral
density function. A particular class of matrices with a closed form solution
is given by Theorem 3.3.5. In applications to areas such as signal processing,
the problem of the lack of a closed form expression for the asymptotic spectral
distribution is solved numerically, see Chen et al. (2012) and Paper I.
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Theorem 3.3.5. Let Qn be a matrix of size p× p defined as

Qn =
1

n
X1X

′
1 + · · ·+ 1

n
XkX

′
k,

where Xi ∼ Np,n(0, σ2Ip, In), i.e., Xi is a p × n matrix following a matrix
normal distribution. Then, the asymptotic spectral distribution of Qn, denoted
by µ, is determined by the spectral density function

µ′(x) =

√
[σ2(
√
k +
√
c)2 − x][x− σ2(

√
k −√c)2]

2πcxσ2
1M (x), (3.5)

where M = (σ2(
√
k−√c)2, σ2(

√
k+
√
c)2), n→∞ and the Kolmogorov condi-

tion, limn→∞
p(n)
n = c, holds.

Following Paper I, classes of matrices for which it is possible to obtain a closed
form of the asymptotic spectral distribution are characterized by a general form
of the inverse with respect to the composition of the Stieltjes transform, as in
the following theorem.

Theorem 3.3.6 (Paper I). For any p × p dimensional matrix Q ∈ Q whose
inverse, with respect to the composition, of Stieltjes transform is of the form

G−1(z) =
az + b

cz2 + dz + e
, (3.6)

where a, b, c, d, e ∈ R, c 6= 0, d2 − 4ce 6= 0 the asymptotic spectral distribution is
given by

µ′(x) =
1

2πx

√
(−d2 + 4ce)x2 − a2 − 2(2bc− ad)x1D(x),

when the Kolmogorov condition holds, i.e., p(n)
n → c ∈ (0,∞) for n→∞ and

D :=

{
x :

ad− 2bc− 2
√
b2c2 − abcd+ a2ce

d2 − 4ce
< x <

ad− 2bc+ 2
√
b2c2 − abcd+ a2ce

d2 − 4ce

}
.

Remark 3.3.1. The class of matrices whose inverse, with respect to the com-
position, of the Stieltjes transform, given by Theorem 3.3.6, is identical to the
class of matrices with R–transform given by:

R(z) =
az + b

cz2 + dz + e
− 1

z
=

(a− c)z2 + (b− d)z − e
z(cz2 + dz + e)

.
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Wishart matrices

Let the matrix X be of size p × n, then the p × p matrix XX ′ can be con-
sidered as an element of the non–commutative algebra of all p × p matrices,
as discussed in Chapter 2. Furthermore, in Section 3.3 of Chapter 3, we have
discussed a number of results regarding the spectral distribution of matrices
of type 1

nXX
′, where X ∼ Np,n(0, σ2Ip, In). In this chapter we would like to

focus on W = XX ′ itself, where X ∼ Np,n(M,Σ, In), i.e., W is a Wishart
matrix. Wishart matrices are commonly used in statistics. For example, in
multivariate statistics under a normality assumption, the distribution of the
sample-covariance matrix is Wishart distributed. Moreover, many test statis-
tics considered in classical multivariate analysis are given as a function of one
or several Wishart matrices. In this chapter we will give a definition of the
Wishart distribution together with a number of related properties, as well as
comment on the statistical use of such objects, in particular put some results
connected to eigenvalues of Wishart matrices. For example, the expectation of
the product of traces of Wishart matrices is studied. These quantities can be
used when approximating densities. Kawasaki and Seo (2012) considered tests
for mean vectors with unequal covariance matrices and then used moments of
trace products of Wishart matrices. Moreover, when expanding the Stieltjes
transform, the moments of products of traces appear (see Section 3.1).

4.1 Wishart distribution

Following Timm (2007), Mukhopadhyay (2009) and Kollo and von Rosen (2005)
we start with a definition of the Wishart distribution.

Definition 4.1.1. The matrix W of size p× p is said to be Wishart distributed
if and only if W = XX ′ for some matrix X, where X ∼ Np,n(M,Σ, In) and the
matrix Σ ≥ 0.

In particular, we speak about a central Wishart distribution if M = 0, which is
denoted W ∼ Wp(Σ, n).

In the case when X is not centered, i.e., X ∼ Np,n(M,Σ, In), where M 6= 0, we
talk about a non-central Wishart distribution characterized by the parameter n,
Σ and ∆ = MM ′, and denoted XX ′ ∼ Wp(Σ, n,∆).
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The probability density function of W ∼ Wp(Σ, n), for n ≥ p and positive
definite matrix Σ, is given by

f(W ) =

{
2

np
2 Γp

(n
2

)
|Σ|n2

}−1

|W | 12 (n−p−1)e−
1
2 Tr{Σ−1W}, for W > 0, (4.1)

where |Σ| stands for a determinant of the matrix Σ, W > 0 denotes positive
definiteness of the matrix W and the multivariate gamma function is given by

Γp

(n
2

)
= π

p(p−1)
4

p∏

i=1

Γ
(n+ 1− i

2

)
.

The density function is given for the positive definite matrix W , i.e., W > 0,
since in the case when W ≥ 0 we have P (|W | = 0) = 1 and then the density
function (4.1) does not exist.

The Wishart distribution is a generalization of the univariate χ2–distribution
and shares a number of properties with that distribution. The distribution was
derived in the early 20’s by Fisher (1915) for p = 2 while he was studing the
distribution of correlation coefficients of a normal sample. Generalization to
an arbitrary p was given in Wishart (1928). Wigner (1958) studied the spec-
tral distribution related to heavy-nuclei atoms. For more information, detailed
proofs and applications to other fields such as wireless communication, see the
books Gupta and Nagar (1999), Tulino and Verdu (2004), Girko (1990), Mehta
(1991), Muirhead (1982) and Anderson (2003).

The density function of a non-central Wishart distribution is a generalization of
the one presented for the centered case and it can be found in Muirhead (1982).

Some authors, e.g., Mardia et al. (1979), Gupta and Nagar (1999), define the
Wishart distribution through its distribution function. A proof that the random
variable with density function given by (4.1) can be decomposed as W = XX ′,
as given in Definition 4.1.1, is presented, in the case of integer p, in the book by
Gupta and Nagar (1999). In high–dimensional cases, i.e., p > n, the distribution
is called singular Wishart (see Mukhopadhyay, 2009; Seber, 2009), anti–Wishart
(see article by Janik and Nowak, 2003) or pseudo–Wishart (see, Fujikoshi et al.,
2011).

Furthermore, the characteristic functions of a central Wishart and non-central
Wishart distribution are given by the following theorem (see Muirhead, 1982).

Theorem 4.1.1. Let W1 be a non-central Wishart matrix denoted by W1 ∼
Wp(Σ, n,∆) and W2 be a central Wishart matrix, i.e., W2 ∼ Wp(Σ, n). Then,
the characteristic functions of W1 and W2 (joint characteristic function of the
p(p+1)

2 upper triangular matrix elements) are given as

φW1
(T ) = |Ip − 2iΣZ|−n

2 eTr{− 1
2 ∆+ 1

2 (Ip−2iΣZ)−1∆},

φW2
(T ) = |Ip − 2iΣZ|−n

2 ,
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respectively, where the square matrix Z of size p×p equals Z = ( 1
2 (1+δij)tij)

p
i,j=1

with the symmetric matrix T = T ′ = (tij)
p
i,j=1 and δij standing for the Kro-

necker delta.

The Wishart distribution can also be defined through the characteristic func-
tion, which allows for the non–integer n. As mentioned earlier, the Wishart
distribution is a generalization of the χ2 distribution. Indeed, putting p = 1
(and Σ = 1) implies that W is a random variable and its density function (4.1),
if it exists, equals {

2
n
2 Γ
(n

2

)}−1

W
1
2 (n−2)e−

1
2W ,

which is the density function of a χ2–distributed random variable with n degrees
of freedom.

For future use, in comparisons contained in Section 4.3.3 and Paper III, we
shortly define the complex Wishart distribution. An early reference here is
Goodman (1963) and an alternative definition of the complex Wishart distribu-
tion is based on the Laplace transform, see Graczyk et al. (2003), Bryc (2008a).

Let the complex p-dimensional column vector Xi follow the complex normal
distribution, i.e., Xi ∼ NC

p (µ,Σ). That is equivalent to saying that the cor-
responding 2p-dimensional vector Yi = (<X ′i,=X ′i)′ ∼ N2p((<µ′,=µ′)′,ΣYi

),
where

ΣYi =
1

2

(
<Σ −=Σ
=Σ <Σ

)
,

=Xi and <Xi denote the imaginary and real part, respectively, of the complex
Xi and where the matrix =Σ is skew-symmetric.

Again let X = (X1, . . . , Xn) where Xi ∼ NC
p (µ,Σ) which are supposed to be

independently distributed for i = 1, . . . , n. Then a matrix WC ∼ WC
p (Σ, n)

is complex Wishart distributed if WC = XX∗, where ∗ denotes the conjugate
transpose.

4.2 Properties of Wishart matrices

In this section we will give a number of basic properties of Wishart matrices
that are used in the thesis or are closely related to the content.

Theorem 4.2.1. Let X ∼ Np,n(M,Σ,Ω) and A be a symmetric matrix of size
n × n. Then, XAX ′ ∼ Wp(Σ, q,MAM ′) if and only if AΩ is idempotent, i.e.,
AΩ = AΩAΩ, where the rank of matrix AΩ equals q.

Corollary 4.2.1. Let X ∼ Np,n(0,Σ, In) and A be a symmetric and idempotent
matrix of size n× n, i.e., A = AA, of rank q > p. Then, XAX ′ ∼ Wp(Σ, q).
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Consider X ∼ Np,n(µ1′p,Σ, In), where µ = (µ1, . . . , µp)
′ (so X consists of n

independent vectors of length p, X = (X1, . . . , Xn)) and the matrix C = In −
1
n11′. The chosen matrix C is of rank n− 1, idempotent and symmetric. Then,
using the above theorem we have

XCX ′ ∼ Wp(Σ, n− 1).

Note that with this C, we have XCX ′ = X(In − 1
n11′)X ′ = (X − x̄1p)

′(X −
x̄1p) = nS, where S stands for the sample covariance matrix and x̄ = 1

n

∑n
i=1Xi.

Moreover, it can be shown that the sample covariance matrix S and mean vector
x̄ are independent. Expression 1

n−1XCX
′ is often considered, because it is an

unbiased estimator of Σ.

Theorem 4.2.2. Let X ∼ Np,n(0,Σ, In) and A be a symmetric positive semidef-
inite matrix of size p × p and of rank q ≥ n such that AΣA = A. Then,
X ′AX ∼ Wn(In, q).

Theorem 4.2.3. Let W ∼ Wp(Σ, n) and A be a matrix of size q × p. Then,
AWA′ ∼ Wq(AΣA′, n).

Hence, Σ−
1
2WΣ−

1
2 ∼ Wp(Ip, n), if W ∼ Wp(Σ, n).

Moreover, as we are considering sums of Wishart matrices in Paper I, among
others, it is good to recall the following theorem.

Theorem 4.2.4. Let W1 ∼ Wp(Σ, n1) and W2 ∼ Wp(Σ, n2) be independent.
Then, W1 +W2 ∼ Wp(Σ, n1 + n2).

4.3 On
∏k

i=0 Tr{Wmi}

It is of interest to consider

E[
k∏

i=0

Tr{Wmi}], mi ≥ 0, i = 0, . . . , k, (4.2)

where W ∼ Wp(Ip, n) since its version appears in the application of the free
cumulant–moment formula for deriving the moments of the Marčenko–Pastur
distribution discussed in Paper II. Moreover according to Capitaine and Casalis
(2004) E

[∏k
i=0 Tr{Wmi}

]
can be seen as a special case of generalized moments.

The study is carried out in Paper III.

The special case E[Tr{W l}] coincides with the free moments of the empirical
spectral distribution for W (see, Subsection 2.1.2). Asymptotically (np → c > 0)

(4.2) gives the moments of the Marčenko–Pastur distribution, see also the orig-
inal paper by Marčenko and Pastur (1967). Observe that since the Marčenko–
Pastur distribution is compactly supported, the moments carry the full infor-
mation about the distribution.
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For both real and complex Wishart matrices, a number of results for (4.2)
are available. We focus on the choice of those which, in our opinion, have
an applicable form. It is worth pointing out that there exist formulas, for
instance Wishart identities, which in a particular case treat the same problem,
but demand non trivial differential calculations. For example, see Loh (1991)
and Konno (2009) for further reading.

4.3.1 Real Wishart matrix

LetW ∼ Wp(Σ, n). Then, by Theorem 4.2.3 we have Σ−1/2WΣ−1/2 ∼ Wp(Ip, n).
Thus, E[Tr{Σ−1W}] equals E[Tr{V }], where V ∼ Wp(Ip, n).

The expectation of the kth power of the trace of the Wishart matrix, W ∼
Wp(Σ, n), has been derived by Nel (1971). The general formula involves zonal
polynomials and the following Theorem 3.3.23 in Gupta and Nagar (1999) is
given by

E[(Tr{W})k] = 2k
∑

κ

[
n

2

]

κ

Zκ(Σ),

where Zκ(·) stands for the zonal polynomial corresponding to κ, where κ =
(k1, . . . , km) is a partition of k such that ki ≥ 0 for all i = 1, . . . ,m and

∑
i ki =

k. We use notation [a]κ =
∏m
i=1[a − i + 1]ki with [a]k = (a+ k)!/a! for a ∈ C

and k ∈ N0. An alternative version of the closed formula for the expectation of
the power of the trace of the Wishart matrix W can be found in Mathai (1980).

Using results for zonal polynomials, see e.g., Subrahmaniam (1976),

E[(Tr{Σ−1W})k] = 2k
[
np

2

]

k

.

For any k ∈ N, a theorem stated in Letac and Massam (2004) gives an alternative
formula

E[(Tr{Σ−1W})k] =
∑

(i)∈Ik

k!(np)i1+...+ik

i1! · · · ik!1i1 · · · kik 2i2+2i3+...+(k−1)ik , (4.3)

where the set Ik consists of k-tuples (i) = (i1, . . . , ik) such that i1 + 2i2 + . . .+
kik = k and ij , j = 1, . . . , k are non-negative integers. Moreover, several other
results and references are mentioned in Glueck and Muller (1998). In the pa-

per by James (1964), results of the expectation of
∏k
i=0 Tr{Wmi} are presented

with the use of zonal polynomials and representation theory. Zonal polynomi-
als are also explored to obtain the moments of traces of Wishart matrices in
Watamori (1990). Furthermore, the recent paper Matsumoto (2012) employs
the orthogonal Weingarten function to compute general moments of the real
Wishart matrix as well as of its inverse.

Above, the expectation of the power of the trace of a real central Wishart matrix
has been presented. Other formulations are about the expectation of the trace
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of the power, i.e., E[Tr{(Σ−1W )l}]. For a non-central Wishart distribution, V ∼
Wp(Σ, n,∆), i.e., a Wishart matrix which is defined via X ∼ Np,n(M,Σ, In) as
V = XX ′ with ∆ = MM ′, it is well known that the following holds (see Gupta
and Nadarajah, 2004, for more details).

E[Tr{V Σ−1}] = np+ Tr{∆},
E[Tr{(V Σ−1)2}] = np(n+ p+ 1) + 2(n+ p+ 1) Tr{∆}+ Tr{∆2}. (4.4)

For W ∼ Wp(Σ, n) (see e.g., Fujikoshi et al. (2011))

E[Tr{W 2}] = (n+ n2) Tr{Σ2}+ n(Tr{Σ})2. (4.5)

Letac and Massam (2008) derived an expression for

E[
k∏

i=0

Tr{(WHi)}], (4.6)

where H1, . . . ,Hk are arbitrary real symmetric matrices. Appropriate choice of
Hi allows to obtain moments of all monomials. Using umbral calculations, i.e.,
a symbolic method introduced by Rota and Taylor (1994), a generalization of
(4.6) to a non-central Wishart matrix has been suggested by Nardo (2014).

In Paper III we derived the following recursive formula for W ∼ Wp(Ip, n).

Theorem 4.3.1. Let W ∼ Wp(Ip, n). Then, the following recursive formula
holds for all k ∈ N and all m0, m1, . . . ,mk such that m0 = 0, mk ∈ N, mi ∈ N0,
i = 1, . . . , k − 1

E
[ k∏

i=0

Tr{Wmi}
]

= (n− p+mk − 1)E
[

Tr{Wmk−1}
k−1∏

i=0

Tr{Wmi}
]

+2

k−1∑

i=0

miE
[

Tr{Wmk+mi−1}
k−1∏

j=0
j 6=i

Tr{Wmj}
]

+

mk−1∑

i=0

E
[

Tr{W i}Tr{Wmk−1−i}
k−1∏

j=0

Tr{Wmj}
]
. (4.7)

In particular, the following corollaries can be given.

Corollary 4.3.1. Let W ∼ Wp(Ip, n), then for all l ∈ N0

E[Tr{W l+1}] = p[n− p− 1]l+1 +
l∑

i=0

[n− p+ i]l−i

i∑

j=0

E[Tr{W j}Tr{W i−j}].

Corollary 4.3.2. Let W ∼ Wp(Ip, n), then the following recursive formula
holds for all t ∈ N

E
[
(Tr{W})t+1

]
=
(
np+ 2t

)
E
[
(Tr{W})t

]
=

(np+ 2t)!!

(np)!!
np,
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where k!! stands for double factorial of k, i.e., k!! = k · (k − 2)!! for k ≥ 2, and
k!! = 1 for k ∈ {0, 1}.

Its asymptotic version, under the Kolmogorov condition, has been proved in the
same paper and is given by

QI(k)(mk) =





( 1
c

+ 1)QI(k)(mk − 1) + 1
c

∑mk−2
i=1 QI(k)∪{mk−1−i}(i), mk > 2, k ≥ 1,

( 1
c

+ 1)QI(k)(1), mk = 2, k ≥ 1,

QI(k)\{mk−1}(mk−1), mk = 1, k > 1,
1, mk = 1, k = 1.

(4.8)

where

QI(k)(mk) := lim
n,p→∞

1

pk+1ns
E
[ k∏

i=0

Tr{(XX ′)mi}
]
,

I(k) = {m0, . . . ,mk−1} is a notation for the k-element set of powers of Wishart

matrices and s =
∑k
i=0mi and I(k)∪{mk−1−i} stands for {m0, . . . ,mk−1,mk−

1 − i}. The formula is recursive with respect to the last power of the Wishart
matrix, i.e., mk. If mk > 1 in the next step we decrees mk by one to mk − 1. If
mk = 1, kth power vanishes and the next step we use recurrence with respect
to mk−1. The purpose of the following example is to clarify notation.

Example 4.3.1. Assume that we want to calculate

lim
n,p→∞

E
[

1
p Tr

{
( 1
nXX

′)2
}

1
p Tr

{
( 1
nXX

′)3
}]
,

which after simple transformation equals

QI(2)(3) = lim
n,p→∞

1

p3n5
E
[

Tr
{

(XX ′)0
}

Tr
{

(XX ′)2
}

Tr
{

(XX ′)3
}]
,

where I(2) = {m0,m1} = {0, 2}, mk = m2 = 3 and limp,n→∞ n
p = c ∈ (0,∞).

Then using the formula (4.8) once we obtain

lim
n,p→∞

E
[

1
p Tr

{
( 1
nXX

′)2
}

1
p Tr

{
( 1
nXX

′)3
}]

=
(1

c
+ 1
)
Q{0,2}(2) +

1

c

1∑

i=1

Q{0,2,2−i}(i)

=
(1

c
+ 1
)
Q{0,2}(2) +

1

c
Q{0,2,1}(1).

We use the asymptotic result presented above in Subsection 4.3.4 to find the
asymptotic distribution of 1

p Tr{( 1
nXX

′)t}. Moreover, formula (4.7) is a tool to
investigate the traces of 1st and 2nd order powers of Wishart matrices in Paper
IV. Apart from the fact that the formula is quite straightforward to use, the
practical advantage is the existence of an implemented function, Paper III, to
make recursive calculations for given n and p.
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4.3.2 Complex Wishart matrix

In this thesis we focus on real Wishart matrices. Despite this fact, there are a
number of results derived for complex Wishart matrices, and we would like to
show that they can not be utilized in real settings. In this section we give a
number of results derived for complex Wishart matrices that will be compared
to the results given for the real Wishart version.

Let WC ∼ WC
p (Ip, n). The matrix WC is considered in Hanlon et al. (1992),

where they found

E[Tr{W k
C}] =

1

k

k∑

j=1

(−1)j−1 [n+ k − j]k[p+ k − j]k
(k − j)!(j − 1)!

, k ∈ N. (4.9)

A corresponding recursive result was derived by Haagerup and Thorbjornsen
(2003), i.e., for all k ∈ N the following holds

E[Tr{W 0
C}] = p,

E[Tr{W 1
C}] = np,

E[Tr{W k+1
C }] =

(2k + 1)(n+ p)

k + 2
E[Tr{W k

C }] +
(k − 1)(k2 − (n− p)2)

k + 2
E[Tr{W k−1

C }].
(4.10)

The given recursive formula (4.10) was inspired by the Harer-Zagier recursion
formula. The original paper, Harer and Zagier (1986), gives a recursive re-
lation for even moments of the spectral distribution of a complex self-adjoint
random matrix Z = (Zij) formed by p2 independent real standard normal dis-
tributed variables such that Zij has mean 0 and variance 1, i.e., an expression
for 1

pE[Tr{Z2k}]. It has been re–established and extended to the interesting

case of Wishart matrices in Haagerup and Thorbjornsen (2003). The proof of
(4.10) is mostly combinatorial, while the proof given in Harer and Zagier (1986)
combines advanced tools of the mathematical analysis and theory of solving
differential equations. Both the explicit result given in Hanlon et al. (1992) and
the recursive result of Haagerup and Thorbjornsen (2003) present E[Tr{W k

C}],
although equation (4.10) is said by Haagerup and Thorbjornsen (2003) to be
more efficient than (4.9) for the generation of moment tables.

4.3.3 Comparison of results for complex and real Wishart
matrices

Let us illustrate the difference between the real and complex version of results
with formulas (4.7) and (4.10). The difference was already claimed in a number
of papers. We quote Bryc (2008b):
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Explicit formulas for moments of polynomials in one real Wishart
matrix appear in (...). The formulas are more complicated than the
formulas for the complex case (...), and often involve sophisticated
tools, like wreath products, Jack polynomials, and properties of hy-
peroctahedral group.

The aforementioned comparisons took place in Paper III. Note, that the formu-
las regarding complex Wishart matrices WC and real Wishart matrices W differ
for fixed n and p. In Table 4.1, E[Tr{W k

• }] is presented for k ≤ 5, where W•
denotes either WC ∼ WC

p (Ip, n) or W ∼ Wp(Ip, n). There is a significant dif-
ference between the real and complex cases. In particular, it means that (4.10)
cannot be applied when WC is replaced by W .

Table 4.1: Comparison of E[Tr{W k}] and E[Tr{W k
C }], when k ≤ 5, WC ∼ WC,p(Ip, n)

and W ∼ Wp(Ip, n). The formulas have been derived using (4.7) and (4.10).

k E[Tr{W k}] E[Tr{W k
C}]

1 np np
2 np(n+ p+ 1) np(n+ p)
3 np(n2 + p2 + np+ 3n+ 3p+ 4) np(n2 + p2 + np+ 1)
4 np(n3 + p3 + 6n2p + 6np2 + 6n2 +

6p2 + 17np+ 21n+ 21p+ 20)
np(n3 + p3 + 6n2p+ 6np2 + 5n+ 5p)

5 np(p4+n4+10np3+10n3p+20n2p2+
61n2 +61p2 +163np+10n3 +10p3 +
55n2p+ 55np2 + 148n+ 148p+ 132)

np(n4+p4+10n3p+10np3+20n2p2+
15n2 + 15p2 + 40np+ 8)

Using (4.10) we have

E[Tr{W 2
C}] =

3(n+ p)

3
E[Tr(WC)] = np(n+ p),

which differs from the real case, i.e., E[Tr{W 2}] = np(n + p + 1). We can also
see the difference through a simple example.

Example 4.3.2. Let X be a 2× 2 real matrix such that Xij ∼ N(0, 1) and let
the matrix W be given as

W = XX ′ =

(
X2

11 +X2
12 X11X21 +X12X22

X11X21 +X12X22 X2
22 +X2

21

)
.

Hence, since W ∼ W2(I2, 2),

E[TrW ] = E[X2
11 +X2

12 +X2
22 +X2

21] = 4,

E[Tr{W 2}] = E[(X2
11 +X2

12)2 + 2(X11X21 +X12X22)2 + (X2
22 +X2

21)2] = 20,

which is consistent with the formulas (4.4) and (4.5). Similarly, let us consider

the case of a 2 × 2 complex matrix X such that Xjk =
Yjk+iZjk√

2
, Yjk, Zjk ∼
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N(0, 1) and Yjk, Zjk are independent for all j, k = 1, 2. Then, Xjk has mean 0
and variance 1 and the matrix WC = XX∗ ∼ WC

2 (I2, 2). Furthermore,

E[TrWC] =
1

2
E[Y 2

11 + Z2
11 + Y 2

12 + Z2
12 + Y 2

21 + Z2
21 + Y 2

22 + Z2
22] = 4,

E[Tr{W 2
C}] =

1

4
E
[
(Y 2

11 + Z2
11 + Y 2

12 + Z2
12)2 + 2(Y12Y22 + Z12Z22 + Y11Y21 + Z11Z21)2

+ 2(Z12Y22 − Y12Z22 + Z11Y21 − Y11Z21)2 + (Y 2
21 + Z2

21 + Y 2
22 + Z2

22)2
]

= 16.

The difference between the results for the real and complex Wishart matrices
of fixed size increases together with the power k. It can be observed that it is
given by a polynomial of degree lower than k + 1.

Moreover, difference in the results, regarding expectation of products of trace,
for real and complex Wishart matrices is discussed in Graczyk et al. (2005). In
the latter paper, the approach used is based on, e.g., the representation theory
and graph theory.

4.3.4 Asymptotic distribution of 1
p
Tr{( 1

n
XX ′)t}

The normalized trace of powers of the Wishart matrix, namely 1
p Tr{( 1

nXX
′)t},

is an interesting object from several perspectives. As mentioned earlier, the
expectation of 1

p Tr{( 1
nXX

′)t} gives the tth moment of the Marčenko–Pastur

distribution. Having knowledge about the free moments of 1
nXX

′ (free cumu-
lants) and putting τ(·) = 1

pE[Tr{·}] we obtain knowledge about the spectral

distribution of that matrix. Furthermore, we show, using the formula (4.8),
that it converges to its expectation for any t. The steps below lead us to the
conclusion that all cumulants, beside the mean, vanish asymptotically under
Kolmogorov condition. Thus, it is shown that 1

p Tr{( 1
nXX

′)t} converges in
probability to its mean, i.e., is a consistent estimator. Presented in this sec-
tion a proof was derived by the author although it is not a part of any of the
appended papers.

Lemma 4.3.1. Assume that XX ′ ∼ Wp(Ip, n) and that the Kolmogorov con-
dition holds, i.e., limp,n→∞ n

p = c. Then,

lim
n,p→∞

E
[(

1

p
Tr{( 1

n
XX ′)t}

)k]
= pt(c)

k, t ∈ N,

where pt(c) := limn,p→∞ 1
pE[Tr{( 1

nXX
′)t}], i.e., is a polynomial in c given by

the limit of the first moment.

Proof. Put

m
(t)
k = lim

n,p→∞
E

[(
1

p
Tr{( 1

n
XX ′)t}

)k]
.
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Thus,

m
(t)
k = lim

n,p→∞
1

pkntk
E

[(
Tr{(XX ′)t}

)k]
= Q{0,

k−1︷ ︸︸ ︷
t, . . . , t}(t),

where used notation Q{0,

k−1︷ ︸︸ ︷
t, . . . , t}(t) is already defined in Subsection 4.3.1. Let

us firstly consider the case when t = 1. Then,

m
(1)
1 = Q{0}(1) = 1,

m
(1)
k = Q{0,

k−1︷ ︸︸ ︷
1, . . . , 1}(1) = Q{0,

k−2︷ ︸︸ ︷
1, . . . , 1}(1) = m

(1)
k−1,

m
(1)
k

m
(1)
k−1

= 1.

Hence, p1(c) = 1 and m
(1)
k = 1 for all k ∈ N. Now put t = 2. In this case

m
(2)
1 = Q{0}(2) =

(
1 +

1

c

)
Q{0}(1) = 1 +

1

c
,

m
(2)
k = Q{0,

k−1︷ ︸︸ ︷
2, . . . , 2}(2) =

(
1 +

1

c

)
Q{0,

k−1︷ ︸︸ ︷
2, . . . , 2}(1) =

(
1 +

1

c

)
Q{0,

k−2︷ ︸︸ ︷
2, . . . , 2}(2)

=

(
1 +

1

c

)
m

(2)
k−1,

m
(2)
k

m
(2)
k−1

= 1 +
1

c
.

Hence, p2(c) = 1+ 1
c and m

(2)
k =

(
1+ 1

c

)k
for all k ∈ N. To prove the statement

for any t, let it be chosen arbitrary. Thus, if we put pt(c) := m
(t)
1 = Q{0}(t) and

use the recursive formula with respect to t given in (4.8) it leads to the conclusion

that Q{0,

k−1︷ ︸︸ ︷
t, . . . , t}(t) is reduced to Q{0,

k−2︷ ︸︸ ︷
t, . . . , t}(t) with exactly the same recursive

steps with respect to t as when calculating pt(c). As the limit of the first moment
exists, we use the algebraic limit theorem limx→∞ (f(x) · g(x)) = limx→∞ f(x) ·
limx→∞ g(x) to establish that

m
(t)
k = Q{0,

k−1︷ ︸︸ ︷
t, . . . , t}(t) = pt(c)Q

{0,

k−2︷ ︸︸ ︷
t, . . . , t}(t) = pt(c)m

(t)
k−1.

Consequently,

m
(t)
k

m
(t)
k−1

= pt(c),
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which leads to m
(t)
k = pt(c)

k for any t, k ∈ N, i.e., to the statement of Lemma
4.3.1.

Lemma 4.3.2. Assume that XX ′ ∼ Wp(Ip, n) and that the Kolmogorov con-

dition holds, i.e., limp,n→∞ n
p = c. Then, c

(t)
i denoting an asymptotic value of

the ith cumulant of 1
p Tr{( 1

nXX
′)t} is equal to zero for i = 2, 3, . . ..

Proof. Let us first indicate that ck and mk stand for the asymptotic value of
cumulants of degree k and the asymptotic value of the moments of degree k,
respectively.
One of the well–know moment–cumulant relation formulas, see DasGupta (2008),
states that

c
(t)
k = m

(t)
k −

k−1∑

p=1

(
k − 1

k − p

)
c(t)p m

(t)
k−p.

By Lemma 4.3.1, the kth moment is given by the kth power of the polynomial

in c, i.e., m
(t)
k = pt(c)

k for any t, k ∈ N. Therefore,

c
(t)
1 = m

(t)
1 = pt(c),

c
(t)
2 = m

(t)
2 − c

(t)
1 m

(t)
1 = pt(c)

2 − (pt(c))
2 = 0,

c
(t)
3 = m

(t)
3 −

(
2

2

)
c
(t)
1 m

(t)
2 −

(
2

1

)
c
(t)
2 m

(t)
1 = pt(c)

3 − (pt(c))
3 − 0 = 0.

We put an induction assumption that all cumulants of a degree of at least 2 and

at most k are equal to zero, i.e., c
(t)
i = 0 for i = 2, . . . , k. Then

c
(t)
k+1 = m

(t)
k+1 −

k∑

p=1

(
k

k + 1− p

)
c(t)p m

(t)
k+1−p

= pt(c)
k+1 −

(
k

k

)
c
(t)
1 m

(t)
k −

k∑

p=2

(
k

k + 1− p

)
c(t)p︸︷︷︸
=0

m
(t)
k+1−p

= pt(c)
k+1 − pt(c)pt(c)k = 0.

Hence, the statement is true for all cumulants of a degree of at least 2, i.e.,

c
(t)
i = 0 for all i = 2, 3, . . .

By Lemma 4.3.2 the only non–zero cumulant of 1
p Tr{( 1

nXX
′)t} is c

(t)
1 = pt(c),

for t ∈ N. Hence, we have proved that 1
p Tr{( 1

nXX
′)t} converges in probability

to its mean, as claimed in the beginning of the section.

Since the studied object 1
p Tr{( 1

nXX
′)t} has variance 0, we suggest the idea of

scaling that will result in an asymptotically normally distributed object.
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Let W ∼ Wp(Ip, n), then the distribution of (η1, . . . , ηm), where

ηk =
1

(n+ p)k

(
Tr{W k} − E

[
Tr{W k}

])

has been proved to converge to the multivariate normal distribution by Jonsson
(1982). He provides a combinatorial proof based on the method of moments as
suggested in Arharov (1971). In the latter paper, proofs are not given. Jonsson
also improved scaling of the random variable, in relation to Arharov’s paper,
where (n + p)k/2ηk was considered. Although the statement of Theorem 4.1
in the paper by Jonsson (1982) regarding multivariate normal distribution is
correct, the proof is quite difficult to follow. Moreover, the variance is not given
explicitly and later papers applying Jonsson’s results, e.g., see Ledoit and Wolf
(2002), must use the results for moments given in, for example, John (1972).

In Paper IV a scaled version of the normalized trace of powers of Wishart
matrices, which is of the form

Yk =
√
np
(1

p
Tr
{( 1

n
W
)k}
−m(k)

1 (n, p)
)
,

where m
(k)
1 (n, p) = E

[
1
p Tr

{(
1
nW

)k}]
, has been considered in the case of k = 1

and k = 2. It is indicated how to prove that the vector Y = (Y1, Y2) follows
an asymptotic multivariate normal distribution. The result can be extended
to higher dimensions. The random variables ηk and Yk differ by a constant√
c/(1 + c) in p/n–asymptotics. In this approach, one is using the cumulants

and the moments of a random variables Yi considered as a polynomial with
respect to 1

p . Then, the coefficients of polynomials are determined in finite and
asymptotic regime. The results are under the scaling

√
np that is a symmetric

function, with respect to p and n (compare the scaling by Ledoit and Wolf, 2002)
and give the covariance matrix that makes results suitable to be used in future
applications, for example, in hypothesis testing. For more details regarding the
proof, see Paper IV.

4.4 Testing the identity of covariance matrices

Considering possible applications of results regarding multivariate normality
of the previous section based on Paper IV as well as on the results by Jonsson
(1982), we came to investigate hypothesis testing problems connected to Wishart
matrices. As we have seen in Subsection 4.2, the sample covariance matrix under
normality of the matrix X follows a Wishart distribution.

In this section as in Paper IV, we are interested in an identity test of the
covariance matrix that works in the case where the dimension p exceeds, is
equal or is smaller than the sample size n, i.e., p > n, p = n or p < n. We
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assume normality of data represented in a p × n matrix X and that the Kol-
mogorov condition holds, so that both p and n increase with the same speed,
i.e., limn,p→∞ n

p = c ∈ (0,∞). The hypothesis for testing identity is given by

H0 : Σ = Ip against H1 : Σ 6= Ip (4.11)

which of course is the same as

H0 : Σ = Σ0 against H1 : Σ 6= Σ0,

where the matrix Σ0 is a given positive definite matrix. Equivalence of both

formulations holds, since we can consider the transformation Σ
− 1

2
0 X instead of

the data matrix X.

Mauchly (1940) tested the hypothesis (4.11) using a likelihood ratio approach.
Tests based on likelihood ratio statistics were long commonplace, but they are
only suitable in the case where p < n, see Muirhead (1982) and Anderson (2003).
There is a number of test statistics based on the estimators of a1 = 1

p

∑p
i=1 λi

and a2 = 1
p

∑p
i=1 λ

2
i , where λi are eigenvalues of 1

nXX
′. One of the early ones

is a result given by Nagao (1973). He, instead for Kolmogorov condition with
both n, p → ∞, assumed that p remains constant while n increases. Further
investigation, of given by him test statistic, showed that the limiting distribution
differs from the original results when assuming the Kolmogorov condition to be
true. In the paper by Ledoit and Wolf (2002) a modification of Nagao’s test
statistics is given as

TW =
1

p
Tr
{( 1

n
XX ′ − Ip

)2}
− p

n

(1

p
Tr
{ 1

n
XX ′

})2

+
p

n
.

This test statistic is consistent, unlike the Nagao’s result, for p > n. Indeed,
both Nagao’s and TW statistics have the same behavior when p is fixed, but
TW , in contradiction to the earlier version, is robust under high–dimensionality.
Furthermore, the result of Ledoit and Wolf (2002) has been further developed
for limn,p→∞ n

p = c > 0 by Fujikoshi et al. (2011) and Birke and Dette (2005).
There exists approaches, that origins in Nagao’s test statistics, when the nor-
mality assumption is omitted, see paper by Chen et al. (2010). The publication
by Srivastava (2005) also follows the paper of Nagao (1973). Srivastava (2005)
proposes a test statistic of the form

TS =
n

2
(â2 − 2â1 + 1),

where

â1 =
1

p
Tr
{ 1

n
XX ′

}
,

â2 =
n2

(n− 1)(n+ 2)p

[
Tr
{ 1

n2
(XX ′)2

}
− 1

n

(
Tr
{ 1

n
XX ′

})2]
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are asymptotic normally distributed, unbiased and consistent, under the Kol-
mogorov condition, estimators of a1 and a2. Note that Srivastava assumed
that n = O(pδ), where 0 < δ ≤ 1, hence his results include both the case
limn,p→∞ n

p = 0 and limn,p→∞ n
p = c ∈ (0,∞). Furthermore, under the same

conditions, the spherecity test for the covarinace matrix and tests for the hypoth-
esis that the covarinace matrix is a diagonal matrix are provided by Srivastava
(2005).

The test statistics given by Fisher et al. (2010) and Fisher (2012) are a natural
continuation of Srivastava’s research. They propose the following test statistics

T1 =
n

c
√

8
(â4 − 4â3 + 6â2 − 4â1 + 1),

T2 =
n√

8(c2 + 12c+ 8)
(â4 − 2â2 + 1)

that are asymptotic normally distributed, and based on the unbiased and con-
sistent, under the Kolmogorov condition, estimators of aj = 1

p

∑p
i=1 λ

j
i , for

i = 1, 2, 3, 4.

Srivastava (2005), Fisher et al. (2010) and Fisher (2012) based their test statis-
tics on the idea that the null hypothesis Σ = Ip, implies that all eigenvalues
equal 1. Then

1

p

p∑

i=1

(λi − 1)2k =
1

p

p∑

i=1

2k∑

j=0

(−1)j
(

2k

j

)
λ2k−j
i =

2k∑

j=0

(−1)j
(

2k

j

)
a2k−j

and

1

p

p∑

i=1

(λ2
i − 1)2k =

1

p

p∑

i=1

2k∑

j=0

(−1)j
(

2k

j

)
λ
2(2k−j)
i =

2k∑

j=0

(−1)j
(

2k

j

)
a4k−2j

are non–negative as they are the sum of even powers of λi − 1 and λ2
i − 1,

respectively. We can also easily see that under H0

1

p

p∑

i=1

(λi − 1)2k = 0 and
1

p

p∑

i=1

(λ2
i − 1)2k = 0.

In Paper IV, using the normality of Yt =
√
np
(

1
p Tr

{(
1
nXX

′
)t}
−m(t)

1 (n, p)
)

for all t = 1, . . . ,m, we test the hypothesis (4.11) through a goodness–of–fit
approach with the test statistic

TJm = Y ′Σ−1
Y Y ∼ χ2(m), (4.12)

where Y = (Y1, . . . , Ym) for m = 2, 3, 4. Here, ΣY denotes the asymptotic co-
variance matrix of the vector Y given by ΣY = (Cov(Yi, Yj))

m
i,j=1 with elements

of the matrix calculated through (4.7), which is a result of Paper III. It has very
good power compared to the tests of Srivastava, Fisher and Ledoit and Wolf
with a similar attained significant level. Let us see some of the data simulated
for the performed comparison. In Table 4.2 we analyze the attained significance
levels, while Table 4.3 gives empirical statistical power.
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Table 4.2: Comparison of empirical significance levels. TJ2, TJ3, TJ4 denote test statis-
tics introduced by the author, see (4.12), TW stands for the Ledoit and Wolf
test statistic, TS for Srivastava’s test statistic and T1 and T2 for the two test
statistics introduced by Fisher.

TJ Alternative tests
α TJ2 TJ3 TJ4 TW TS T1 T2

p = 125 .1 .097 .093 .0935 .1045 .104 .097 .0995
n = 250 .05 .0405 .051 .0515 .049 .048 .058 .0565

.025 .021 .0225 .028 .024 .023 .0305 .0325
.01 .009 .0075 .0135 .0095 .0095 .0155 .0175

p = 250 .1 .1065 .098 .0955 .107 .106 .107 .103
n = 125 .05 .0505 .0455 .0495 .053 .0515 .058 .056

.025 .024 .023 .028 .0285 .028 .0305 .0315
.01 .0085 .01 .0135 .013 .012 .012 .0135

Power studies are performed for the alternative hypothesis that data matrix is
an observation from a random matrix X ∼ Np,n(0,Σ, In), where covariance ma-

Table 4.3: Comparison of empirical powers of tests for α = 0.05. TJ2, TJ3, TJ4 denote
test statistics introduced by the author, see (4.12), TW stands for the Ledoit
and Wolf test statistic, TS for Srivastava test statistic, T1 and T2 for the two
test statistics introduced by Fisher.

TJ Alternative tests
TJ2 TJ3 TJ4 TW TS T1 T2

p = 125 Σ = 1.0052I .1195 .121 .13 .059 .0585 .0685 .081
n = 125 Σ = 1.012I .2855 .296 .2855 .054 .0525 .0705 .072

Σ = 1.032I .9985 .9975 .9935 .124 .1135 .102 .130

p = 125 Σ = 1.0052I .19 .16 .152 .048 .0465 .0595 .061
n = 250 Σ = 1.012I .5995 .534 .504 .071 .069 .07 .080

Σ = 1.032I 1 1 1 .175 .159 .111 .175

p = 250 Σ = 1.0052I .194 .171 .163 .052 .049 .0655 .070
n = 125 Σ = 1.012I .6155 .551 .512 .068 .064 .069 .067

Σ = 1.032I 1 1 1 .117 .1045 .102 .115

p = 125 Σ = diag(U), .1405 .127 .118 .059 .058 .0575 .063
n = 125 U ∼ U(1± .01)2

Σ = diag(U), .885 .875 .87 .259 .265 .0815 .142
U ∼ U(1± .1)2

Σ = diag(U), .961 .9575 .956 .748 .747 .2715 .659
U ∼ U(1± .3)2
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trix if given by:

• Σ = aIp for fixed a close to 1, see Table 4.3;

• Σ = aIp for a ∼ U(1− ε, 1 + ε), see Table 4.3;

• Σ =

(
aIk 0
0 Ip−k

)
as well as Σ =

(
Ip/2 aJp/2
aJp/2 Ip/2

)
, where Jp/2 stands

for a matrix of ones of size p
2 ×

p
2 , see Paper IV.

Indeed, in Table 4.2 and 4.3, we see that the test proposed in Paper IV provides
much better empirical power than the alternative methods and keeps a similar
performance with respect to the size of the test. With Σ = 1.032Ip, we are able
to reject H0 : Σ = Ip with probability 1, while the other tests reach a power of
maximum of 17.5%. The test performance remains good when the elements of
the diagonal covariance matrix come from a uniform distribution in an interval
surrounding 1.

Furthermore, other methods to test the hypothesis (4.11) allowing for large
dimension p are given in, among others, Schott (2001, 2005, 2007), Bai et al.
(2009), Jiang et al. (2012), Jiang and Yang (2013) and Jiang and Qi (2015).





5

Summary of papers, conclusions
and further research

The purpose of this chapter is to give an overview of the results in the papers
contributed to the thesis and discuss future work.

5.1 Summary of papers

Paper I: Closed form of the asymptotic spectral distribution
of random matrices using free independence

The spectral distribution function of random matrices is an information-carrying
object widely studied within Random matrix theory. Random matrix theory is
the main field placing its focus on the diverse asymptotic properties of the ma-
trices, with a particular emphasis placed on the eigenvalue distribution. The
aim of this article is to point out some classes of matrices, which have closed
form expressions for the asymptotic spectral distribution function. We con-
sider matrices, later denoted by Q, which can be decomposed into the sum of
asymptotically free independent summands.

Let (Ω,F , P ) be a probability space. We consider the particular example of
a non-commutative space (RMp(C), τ), where RMp(C) denotes the set of all
p × p random matrices, with entries which are complex random variables with
finite moments of any order and τ is a tracial functional. In particular, explicit
calculations are performed in order to generalize the theorem given by Marčenko
and Pastur (1967) and illustrate the use of asymptotic free independence to
obtain the asymptotic spectral distribution for a particular form of the matrix
Q ∈ Q.

Finally, the main result is a new theorem pointing out classes of the matrix
Q, which leads to a closed formula for the asymptotic spectral distribution.
Formulation of results for matrices with inverse Stieltjes transforms, with respect
to the composition, given by a ratio of a 1st and 2nd degree polynomials, is
provided.
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Paper II: Cumulant-moment relation in free probability
theory

The goal of this paper is to present and prove a new cumulant–moment recurrent
relation formula within Free probability theory. It is a convenient tool to de-
termine an underlying compactly supported distribution function. The existing
recurrent relations between these objects require the combinatorial understand-
ing of the idea of non–crossing partitions, which has been considered by Nica
and Speicher (2006). Furthermore, some formulations are given with additional
use of the Möbius function. The recursive result derived in this paper does not
require introducing any of those concepts. Similarly to the non–recursive for-
mulation of Mottelson (2012), our formula only demands summing over integer
non–negative partitions of the number, i.e., for integer t over all non–negative
integers a1, . . . , ak such that

∑k
i=1 ai = t for all k = 1, . . . , t. The proof of a

non–recurrent result is given using the Lagrange inversion formula, while in our
proof the calculations of the Stieltjes transform of the underlying measure are
essential.

Paper III: On E
[∏k

i=0Tr{Wmi}
]
, where W ∼ Wp(I, n)

In this paper, we give a general recursive formula for E[
∏k
i=0 Tr{Wmi}], where

W ∼ Wp(I, n) denotes a real Wishart matrix. Formulas for fixed n, p are pre-

sented, as well as asymptotic versions where n
p

n,p→∞→ c, i.e., when the so–called
Kolmogorov condition holds. Finally, we show the application of the asymptotic
moment relation when deriving moments for the Marčenko-Pastur distribution
(free Poisson law). A numerical illustration using the implementation of the
main result is also performed.

Paper IV: On p/n–asymptotics applied to traces of 1st and
2nd order powers of Wishart matrices with application to
goodness–of–fit testing

The distribution of the vector of the normalized traces of 1
nXX

′ and of
(

1
nXX

′
)2

,

where the matrix X : p × n follows a matrix normal distribution and it is

proved, under the Kolmogorov condition n
p

n,p→∞→ c > 0, to be multivariate
normally distributed. Asymptotic moments and cumulants are obtained using
a recursive formula derived in Paper III. We use this result to test for identity
of the covariance matrix using a goodness–of–fit approach. The test performs
well regarding the power compared to presented alternatives, for both c < 1 or
c ≥ 1.
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5.2 Conclusions

The assumption made in the research papers presented in the previous section
is that the Kolmogorov condition holds, i.e., limn,p→∞

p
n = c ∈ (0,∞). From a

practical point of view, the asymptotic approach allows us to build results which
are suitable for the analysis of high–dimensional data sets (or multivariate data
sets in the case of c ≤ 1). From the other perspective, this convenient set-up
allows us to use properties such as asymptotic freeness and its implications,
see Paper I. We have tried to show the strong connection between random
matrices and free probability theory that was established with famous papers
by Voiculescu (1985, 1991). Tools such as the Stieltjes and R–transforms are
presented in application to the random matrices–related research questions, such
as deriving eigenvalue distribution, as well as their connection to the bigger
picture of free probability.

Furthermore, using the relation between free moments, free cumulants and
the Stieltjes and R–transforms, we have proved an alternative free moment–
cumulant formula that do not require summation over the non–crossing parti-
tions of the set. Since, the R–transform can be used to define the free cumu-
lants, the concept of the non–crossing partitions could be omitted. Although,
of course, it brings beautiful connection to, e.g., the combinatorics and classical
probability theory when it corresponding formula we sum over all partitions of
the set. Nevertheless, if one decides to approach the free moments and cumu-
lant without using the non-crossing partitions, the new free moment–cumulant
formula completes the free probability theory. In Paper II, we give detailed
computations on the free cumulants to visualize the advantage of the introduced
relation.

In Paper III the expectation of
∏k
i=0 Tr{Wmi} is studied. The formula for finite

n and p is given, as well as the asymptotic results. Our formula is proved for the
real Wishart matrices with use of the differentiation with respect to the inverse
of a covariance matrix. The result differs from the one obtained for complex
Wishart matrices, although for properly scaled Wishart matrices the difference
will converge to zero as n, p → ∞. The formula can be used to re–derive
moments of the Marčenko-Pastur law, and hence the recursive relation between
Catalan numbers. In the theoretical introduction to papers, see Subsection 4.3.4,
we show that using the asymptotic formula given in Paper III we can prove the
normality of the

∏k
i=0 Tr{Wmi}. Moreover, one can see that E[

∏k
i=0 Tr{Wmi}]

is a special case of the generalized moments described by Capitaine and Casalis
(2004). In the latter paper the convergence of generalized moments was used to
prove asymptotic freeness, for example, between two complex Wishart matrices.
The convergence of moments of the spectral measure was also used to prove the
results of Arharov (1971) and Jonsson (1982).

There are a number of papers that refer to the results given by Jonsson (1982).
He used the methods proposed earlier by Arharov (1971) but applied them to
differently scaled objects. The approach in both publications was to investigate
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the convergence of the mixed moments to the mixed moments of the multi-
variate normal distribution. In Paper IV we present an alternative proof of

multivariate normality for (Y1, Y2) =
(

1
p Tr

{
1
nXX

′}, 1
p Tr

{(
1
nXX

′)2}) that is
based on the knowledge of asymptotic cumulants. We identify, in an explicit
manner, the coefficients that cause the vanishing of the asymptotic moments of
odd orders, and the value obtained for the even ones. We also carefully investi-
gate the asymptotic cumulants, and through the result of Marcinkiewicz (1939)
we show marginal normality of the vector. Multivariate normality is the result
of further investigation of arbitrary linear combination of Y1 and Y2. Moreover,
we want to point out that the presented proofs of marginal and multivariate
normality are expendable to the vector (Y1, . . . , Ym) of arbitrary length, where

Yt =
√
np
(

1
p Tr

{(
1
nXX

′
)t}
−m(t)

1 (n, p)
)

for all t = 1, . . . ,m.

The hypothesis testing presented in the last paper is an application of the results
obtained on the distribution of Yt. Moreover, our approach to testing H0 : Σ = I
is different compared to e.g., Srivastava (2005) and Fisher et al. (2010). They
based their derivations on the normally distributed test statistics that are a
linear combination of the estimates of the spectral moments. The used linear
function is obtained by the fact that under H0 all the eigenvalues equal 1. We
work with the sum of squares of differences between the expected and obtained
spectral moments, which implies an approximative χ2–distribution of the test
statistics.

5.3 Further research

Regarding the future work, we plan to complete Paper IV with a proof for
arbitrary dimension of vector Y . An added value to the paper would be an
extension of the simulation study with plots of the power of test for Σ = κIp
as the function of κ. That could be used for comparison between proposed test
statistics and alternatives.

Moreover, we want to investigate the generalized moments introduced by Cap-
itaine and Casalis (2004) and relate them to the objects studied in Papers III
and IV.

We are interested in generalizing the results from the third paper into the for-
mula for Wishart matrices with an arbitrary parameter Σ.

The aim is also to derive a new sphericity test of the covariance matrix that will
behave well in both multivariate and high–dimensional settings. It is my belief,
that this test would be of bigger interest than the test derived in the Paper IV.

The ultimate goal is to derive explicit results for the empirical spectral density
of sum of random matrices when Σ is arbitrary. Girko and von Rosen (1994)
presented some equations but they cannot be solved explicitly.
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Moreover, the considered research questions can be evaluated under a variety
of the assumptions on the structure of the covariance matrix Σ = (σij)

p
i,j=1,

e.g., Toeplitz (σij = σ2
|i−j|+1), AR(1) (autoregressive(1), σij = σ2ρ|i−j|, where

ρ > 0), compound symmetry (σij = σ2
1 + σ2

1{i=j}) or variance components
(σij = σ2

t , where i corresponds to the tth effect) structures.
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