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Many mathematical tasks that only require carrying out procedures may be transformed into 
explorative problems that challenge the students to examine solution strategies and evaluate 
answers. Such transformations can sometimes be achieved by involving technologies that afford 
constructing and interacting with dynamic representations. In this paper, I present and discuss a 
transformed Calculus task that has been designed to address both individual and social dimensions 
of learning, by affording individual investigations and self-evaluation of answers as well as 
collaborative comparisons of solution strategies and reasoning about mathematical structures.   

LEARNING MATHEMATICAL PROBLEM SOLVING WITH TECHNOLOGIES 

Many mathematical tasks only require carrying out a specific procedure. If learners get stuck on 
such tasks, they can usually find the expected procedure in the textbook or ask the teacher what 
they are supposed to do. In contrast, mathematical problem solving requires the learners to engage 
in strategic thinking, where they are also expected to interpret, describe, evaluate, and explain situa-
tions mathematically (Lesh & Zawojewski, 2007). The development of such higher-order abilities 
can be facilitated by working with guided and structured inquiries (Herron, 1971) prompting the 
learners to engage in crucial aspects of problem solving, such as understanding the problem, 
making a plan, carrying out the plan, and reflecting about what has been done (Pólya, 1957).  

However, good explorative problems are hard to find. Such problems may be designed by involving 
traditional and digital technologies, where the latter can offer “new representational infrastructures 
for mathematics” and “intelligent support for learners while engaged in exploratory environments” 
(Hoyles, 2015). Technological infrastructures for representation and communication enable the 
learner to interact with mathematical affordances in the learning environment (Hegedus & Moreno-
Armella, 2009). Specifically, dynamic geometric and algebraic representations invite the learner to 
explore problems by scrolling and zooming coordinate systems, dragging and manipulating objects, 
constructing objects and interacting with the construction (Hegedus & Moreno-Armella, 2010).      

Despite increased availability of new technologies and emerging opportunities for learning 
mathematics in technology-enhanced environments, they have had limited impact on mathematical 
teaching practices. Many teachers do not make use of these technologies in their classrooms. 
Although educational technologies such as Cabri and GeoGebra are well suited for performing 
mathematical explorations in secondary school, teachers need to provide tasks that invite learners to 
explore meaningful mathematical content by utilizing the technological affordances. Such tasks are 
not readily available. Choosing, adapting or designing such tasks requires some familiarity with 
technologies and their affordances. Technological familiarity may be gradually achieved through a 
process of instrumental genesis (Verillon & Rabardel, 1995) where the user and the technological 
environment interact in a bi-directional process (Hegedus & Moreno-Armella, 2010). In the case of 
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GeoGebra, instrumental genesis may be initiated by making use of applets and implementing tasks 
prepared by others. When the teacher has gained sufficient insight into the technological 
affordances, these affordances may be utilized by the teacher in designing own tasks.  

As researchers, we support teachers’ (and students’) instrumental genesis by providing carefully 
designed tasks and theoretical as well as technological support for teachers who agree to try 
teaching mathematics in technology-enhanced learning environments.   

DESIGNING ACTIVITIES THAT AFFORD SPECIFIC ACTION TRAJECTORIES  

Over the last ten years, we have engaged in several research efforts involving digital technologies in 
mathematical teaching activities, designed for middle school (customized mobile and web 
applications; Sollervall & Milrad, 2015), lower secondary school (augmented reality; Sollervall, 
2012a), and upper secondary school (GeoGebra; Sollervall, 2012b). Regarding our designs for 
upper secondary school, we have combined GeoGebra with traditional resources (pen and paper) 
for the purpose of connecting explorative work with formal mathematics. 

Designing a “good” mathematics task requires not only knowledge about mathematics but also an 
ability to predict what actions students may engage in when they work with the task. Such a 
prospective analysis (a priori analysis, pre-analysis) relates to a hypothetical situation where the 
task is implemented in a specific learning environment and may be described in terms of trajectories 
of hypothetical actions (Sollervall & Stadler, 2015). The prospective analysis informs the design 
process and often results in updating the task before it is implemented in a classroom. In our 
approach to educational design research the researchers provide tasks, technologies, and 
pedagogical principles, while the participating teacher is responsible for orchestrating the activities 
in the classroom (Sollervall & Gil, 2015).     

The design process departs from an idea about specific learning objectives and continues by 
identifying hypothetical action trajectories that may support achieving these objectives. The 
designer suggests how the task could be presented and structured, as well as possible strategies for 
directing students’ activities towards desired action trajectories. The presentation and structure of 
the task should take into account the students’ knowledge of mathematics and problem solving 
competence. For this reason, we invite the teacher to adapt the task with respect to a specific group 
of students and preferred learning objectives. For example, novice problem solvers may benefit 
from working with structured or at least guided inquiries involving detailed information and 
instructions provided in several steps. A strong problem structure may also enable the students to 
achieve advanced learning objectives such as recognizing different phases in a problem solving 
process (Pólya, 1957) that may not be readily achieved in a guided or open inquiry (Herron, 1971).  

Beyond the mathematical task, the designer suggests resources that may be used in the learning 
environment and predicts how these resources may affect the hypothetical action trajectories. If the 
students are not used to working with technologies, their use can be prompted and detailed 
instructions can be provided (Sollervall & Milrad, 2015). Furthermore, the students may need 
guidance about how to make use of the technologies as instruments for performing specific actions 
(Drijvers et al., 2010). The designer may provide such scaffolding features in the problem 
presentation, highlighting them in instructions, encourage the students to help each other regarding 
technical issues, or informing the teacher about possible scaffolding actions.    
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Regarding mathematical issues in upper secondary school we often design to avoid peer-to-peer 
scaffolding in the initial stages of the problem solving process, thus demanding of each student to 
attempt a solution individually before engaging in collaborative discussions focused on comparing 
solution strategies and reasoning about mathematical structure in the problem.   

THE ORIGINAL TASK AND THE TRANSFORMED TASK 

The following Calculus task may be classified as a procedural task that may be solved by first 
calculating the derivative according to known rules for differentiation and then solving an 
exponential equation by using logarithms.  

Original task: For the function 𝑓 𝑥 = 𝑒!.!! − 𝑥, solve the equation 𝑓! 𝑥 = 0.6. 

Solution: Since 𝑓! 𝑥 = 0.4𝑒!.!! − 1, the equation 𝑓! 𝑥 = 0.6 may be written as 0.4𝑒!.!! − 1 = 0.6. 
Solving for 𝑒!.!! = 1.6 0.4 = 4 and taking logarithms gives 0.4𝑥 = ln 4 and 𝑥 = ln 4 0.4 = 2.5 ln 4.   

The students who know how to solve the task in this manner do not have to reflect on the geometric 
meaning of the problem. Understanding the problem is reduced to identifying patterns and 
procedures that connect the given function with the given equation. The students who manage to 
solve the problem may check their answers by comparing numerical answers with each other or 
with the textbook. Students who cannot identify the mathematical structures in the problem are not 
provided with any scaffolding strategies for achieving such insights. Studying the graph would have 
been a possible strategy, but in this case the graph cannot be easily sketched by hand (without 
solving a similar problem). 

Since we could imagine how to improve the task by involving dynamic representations of graphs, 
we started by rephrasing the task in terms of graphs and lines in a coordinate system. We structured 
the new task to ensure that the students would engage in all phases of the problem solving process: 
understanding, planning, implementing, and evaluating. Aware that we could not simply ask novice 
problem solvers to interpret and evaluate, we designed subtasks whose solutions were intended to 
scaffold understanding the problem and evaluating the answer. Furthermore, our ambition was to 
have all students experience the problem solving process at an individual level. For this reason we 
asked each student to choose two parameters for the problem, replacing the numbers 0.4 and 0.6 in 
the original task. We proceed to describe the essential content of the transformed task. The 
authentic task sheet (translated from Swedish) is attached at the end of the paper.  

The transformed task consists of initial instructions and four subtasks, as summarized below. 

Choose two numbers a and k, each with two decimals and each between 0.30 and 0.70.  

Use GeoGebra to draw the graph of the function 𝑦 = 𝑒!" − 𝑥.  

Construct a slider for m and draw the line 𝑦 = 𝑘𝑥 +𝑚. 

Task 1: Find the value of m for which 𝑦 = 𝑘𝑥 +𝑚 becomes tangent to the graph of the function. 

Task 2: Find an approximate value for the x-coordinate of the tangent point.  

Task 3, with pen and paper: Find an exact expression for the 𝑥-coordinate of the tangent point. 
Name this value 𝑏.  
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Task 4: Draw the line 𝑥 = 𝑏 in GeoGebra, together with  𝑦 = 𝑒!" − 𝑥 and 𝑦 = 𝑘𝑥 +𝑚. Convince 
yourself that your value b is correct.  

Task 5, teacher-led discussion: What strategies and methods were needed to solve the tasks? Can 
the same strategies and methods be used to solve the general task with arbitrary constants 𝑎 and 𝑘?  

The reason for demanding an exact expression in task 3 was to stimulate comparisons of solution 
strategies and mathematical structure of the answers, and to prepare for the teacher-led discussion. 
For example, it obviously makes more sense to compare mathematical structure of the answers 

𝑥 =
ln 1.36

0.60
0.60

          and        𝑥 =
ln 1.51

0.49
0.49

 

rather than attempting to compare the corresponding numerical answers 𝑥 ≈ 1,36 and 𝑥 ≈ 2,30. 

Figure 1 illustrates the construction prompted in task 4 for the values 𝑎, 𝑘 = (0.60, 0.36) and 
𝑎, 𝑘 = (0.49, 0.51), respectively. 

 

 

 

 

 

 

 

 

 

Figure 1: Graphs of  y	  = 𝑒!" − 𝑥,  y	  = 𝑘𝑥 +𝑚, and  x  = ln (𝑘 + 1) 𝑎 𝑎. 

DIDACTICAL QUALITIES OF THE TRANSFORMED PROBLEM 

Each pair of parameters 𝑎 and 𝑘 corresponds to a unique problem with a unique answer. However, 
all correct answers are expected to have the form 

𝑥 =
ln 𝑘 + 1

𝑎
𝑎

  , 

with individual numerical variations depending only on the chosen values for 𝑎 and 𝑘. Furthermore, 
the graphically represented problem situations (Fig. 1) as well as the algebraic solutions are 
expected to be similar but not identical, since the same type of geometric constructions and 
procedures are required to solve each version of the problem. When students compare their work, 
they have to put focus on structural features of constructions and procedures rather than comparing 
numerical answers. However, not all students have to engage in such comparisons while solving 
tasks 1-4 since the structural features will be highlighted in the teacher-led discussion in task 5. 

Regarding the four phases of problem solving, the geometric constructions in task 1 and task 2 
afford actions that support understanding the problem and identifying possible solution strategies. 
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Furthermore, when the vertical line 𝑥 = 𝑏 is added to these constructions in task 4, the entire 
construction consisting of three graphs supports self-evaluation of the answer obtained in task 3.  

The sequence of tasks 1-4 is designed for novice problem solvers who are merely used to following 
procedures and seldom engage in understanding a problem and evaluating an answer. In their next 
encounter with a similar procedural task, they may attempt a similar approach of geometric 
interpretation before attempting to solve the problem symbolically. The dynamic representations 
afforded by GeoGebra support implementing this geometric approach for a large class of functions, 
since drawing graphs is readily afforded by GeoGebra. Furthermore, the student who decides to 
extend the current problem to include finding the exact value of 𝑚 for the tangent line can check an 
answer 𝑚! by drawing the line 𝑦 = 𝑚! and comparing with the previously drawn graphs (Fig. 1).  

The dynamic algebraic and geometric representations that are afforded in the technological learning 
environment can contribute to empower the student to become a successful and independent 
problem solver. The student’s problem solving competence can of course be further developed 
through social and intellectual interaction with peers and the teacher. General conclusions may be 
drawn and strategies for future work can be suggested. The teacher may demonstrate each problem 
situation on a worksheet that also has sliders for the parameters 𝑎 and 𝑘, thus making the worksheet 
more flexible for further explorations, posing of new problems and evaluation of their answers. 

SUPPORTING ORCHESTRATION OF THE TRANSFORMED TASK 

In our recent design research efforts (e.g. Sollervall and Gil, 2015) we have invited the participating 
teachers to assume responsibility for orchestrating the prepared tasks with their students in their 
regular classroom. The researchers provide solutions to the tasks and suggest possible strategies for 
orchestration, primarily based on the structure of a didactical situation (Brousseau, 1997). 

 

 

 

 

Figure 2: Illustration of the structure of a didactical situation (Sollervall and Gil, 2015). 

The devolution phase involves introducing the tasks and handing over responsibility to the students. 
The students continue by engaging in adidactical situations (work on their own) in tasks 1-4 with 
minimal support from the teacher, who summarizes the students’ findings and connects them with 
mathematical learning objectives in the institutionalization phase corresponding to task 5. 

NOTES FROM A CASE STUDY – TEACHING WITH THE TRANSFORMED TASK 

The transformed task has been implemented and updated on several occasions. When preparing for 
an implementation that took place in February 2016, the researcher met with the teacher for 45 
minutes on the day before implementation. The meeting focused on describing the tasks, possible 
ways to orchestrate the 90 minute long lesson, negotiating expectations regarding the students’ 
individual and collaborative efforts, and how to deal with the devolution phase (referred to as 
“introduction” in the discussions). The teacher expressed that the students (24 boys and 4 girls, 17-
18 years old, all studying a theoretical science programme) had recently worked with logarithms 
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and derivatives, but need to spend more time getting used to the concepts. He concluded that the 
tasks would fit well with respect to the students, but was not sure if they were going to be able to 
use GeoGebra on their own. For this reason, the teacher suggested to give a short introduction to 
GeoGebra and specifically show the students how to enter the function 𝑦 = 𝑥 + 𝑎 ! and move its 
graph by introducing a slider for the parameter 𝑎.   

The introduction lasted 15 minutes. The teacher demonstrated how to enter algebraic expressions 
and use sliders in GeoGebra. The students were instructed to attempt the tasks themselves before 
asking for help. They continued to work on their own for 60 minutes. Several students experienced 
difficulties when attempting to enter the function 𝑦 = 𝑒!" − 𝑥 in GeoGebra, but quickly got back 
on track when their peers or the teacher suggested to use brackets and the * sign for multiplication. 
Some students got temporarily lost when they zoomed too much in or out. Different versions of 
GeoGebra – specifically the Chrome app where all commands were not easily found – caused some 
confusion when students compared with each other or tried to recall the teacher’s demonstration. 

A few students finished all the tasks within 40 minutes but the majority needed the full hour. The 
students challenged themselves to understand and attempt each task on their own before asking 
peers or the teacher. This balance between individual and collaborative work may be due to the 
students working on individual laptops and being explicitly instructed to attempt the tasks 
themselves before asking for help. A few students needed quite a lot of help specifically regarding 
the third task. These students either attempted to copy the solution structure from a peer but with 
their own values or asked peers to explain how to do it. The peer-to-peer discussions focused on 
operations to perform, as hypothesized, rather than expressions to write on paper.    

When the time approached for the teacher-led discussion in task 5, the teacher said that he was not 
feeling well (he should have called in sick but came to class because he had promised the 
researcher) and asked if the researcher could take over. After a short presentation of Pólyas four 
phases of problem solving and how they relate to the tasks, the researcher initiated a general 
solution to the problem. In each step, the students were asked to suggest what to do next.  

Given the functions:  𝑦 = 𝑒!" − 𝑥    and    𝑦 = 𝑘𝑥 +𝑚 

Calculate derivatives:     𝑦! = 𝑎𝑒!" − 1    and    𝑦! = 𝑘 

The derivatives should be equal: 

 𝑎𝑒!" − 1 = 𝑘 

 𝑎𝑒!" = 𝑘 + 1 

𝑒!" =
𝑘 + 1
𝑎  

ln 𝑒!" = ln
𝑘 + 1
𝑎  

𝑎𝑥 = ln
𝑘 + 1
𝑎  

𝑥 =
ln 𝑘 + 1

𝑎
𝑎  
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The researcher chose not to discuss admissible values for 𝑎 and 𝑘 in the general solution, since such 
issues had not appeared in the students’ explorations.  

In summary, the learning objectives seem to have been thoroughly addressed during the lesson. The 
students experienced the problem solving phases by solving tasks 1-4 and their experiences became 
institutionalized with respect to mathematical structures during task 5.  

SIGNIFICANCE OF TECHNOLOGICAL TRANSFORMATION OF A SINGLE TASK 

By experiencing structured problems involving the use of specific technologies that the students 
have not previously worked with, they become aware of the affordances of these technologies. A 
single “gateway” experience may suffice to ignite a process of instrumental genesis, where the 
students become instrumented by the perceived affordances and effects of the technology and 
simultaneously become more capable of instrumentalizing the technology for specific purposes 
(Drijvers et al., 2010). Solving a single task with technologies can serve as a proof of existence for 
students and teachers who cannot perceive the affordances of a new technology, for example 
regarding dynamic algebraic and geometric representations that are only available through digital 
technologies and can provide unique insights into mathematical structures.  
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Find the 𝒙-coordinate of the tangent point 
”Investigate, calculate, check your answer”	  

Attempt to solve each task on your own. Of course, you may ask each other if you get stuck or do 
not understand the tasks. You are encouraged to compare and discuss your solutions.  
 

Optional: Present solutions to tasks  1, 2, and 4.  
Save screenshots showing your solutions in GeoGebra. Paste these screenshots in a document, for 
instance Word, where you may add comments explaining how you have interpreted the screenshots.  

Your solution to task 3 should be presented on paper, with handwritten calculations and 
explanations.  

Prepare to contribute in the whole class discussion (task 5) with focus on strategies and methods 
for solving the previous tasks. 

Start: Choose two decimal numbers (with two decimals) between 0.30 and 0.70. Name these 
numbers 𝑎 and 𝑘, respectively. 

I choose:  𝑎 =  ______ 

 𝑘 =  ______ 

Instructions: With your chosen value 𝑎, draw in GeoGebra the graph of the function 𝑦 = 𝑒!" − 𝑥.  

With your chosen value 𝑘, draw in GeoGebra the straight line 𝑦 = 𝑘𝑥 +𝑚. The value of 𝑚 is 
defined by a slider. Set the increment for this slider equal to 0.01.  

Task 1: Find the value of 𝑚 for which the line becomes tangent to the graph of the function. 

 Answer:  𝑚 ≈  ______ (one decimal accuracy) 

Task 2: Find an approximate value for the 𝑥-coordinate of the tangent point.  

 Answer: 𝑥 ≈  ______ (one decimal accuracy) 

In the next task, you may use derivatives and logarithms. 

Task 3, with pen and paper: Find an exact expression for the 𝑥-coordinate of the tangent point. 
Name this value 𝑏.  

Answer: 𝑏 =  ______ 

Task 4: Draw the line 𝑥 = 𝑏 in GeoGebra, together with  𝑦 = 𝑒!" − 𝑥 and 𝑦 = 𝑘𝑥 +𝑚. Convince 
yourself that your value 𝑏 is correct.  

Task 5, teacher-led discussion: What strategies and methods were needed to solve the tasks? Can 
the same strategies and methods be used to solve the general task with arbitrary constants 𝑎 and 𝑘?  

 
 


