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Abstract

This thesis investigates on the properties of several forms of MDs under di�er-
ent circumstances. For high�dimensional data sets, the classic MD doesn't work
satisfyingly because the complexity of estimating the inverse covariance matrix
increases drastically. Thus, we propose a few solutions based on two directions:
�rst, �nd a proper estimation of the covariance matrix. Second, �nd explicit dis-
tributions of MDs with sample mean and sample covariance matrix of normally
distributed random variables and the asymptotic distributions of MDs without
assumption of normal distribution. Some of the methods are implemented with
empirical datasets.
We also combine the factor model with MDs since the factor model simpli�es
the estimation of both the covariance matrix and its inverse for structured data
sets. The results o�er a new way of detecting outliers from this type of structured
variables. An empirical application presents the di�erences between the classic
method and the one we derived.
Besides the estimations, we also investigated the qualitative measures of MDs. The
distributional properties, �rst moments and asymptotic distributions for di�erent
types of MDs are derived.
The MDs are also derived for complex random variables. The MDs �rst moments
are derived under the assumption of normally distribution. Then we relax the dis-
tribution assumption on the complex random vector. The asymptotic distribution
is derived with regard to the estimated MD and the leave-one-out MD. Simulations
are also supplied to verify the results.





Sammanfattning

Denna avhandling studeras egenskaperna hos olika former av Mahalanobis avstånd,
på Engelska Mahalanobis distance (MD), under olika förhållanden. För högdimen-
sionella data fungerar klassiska skattningar av MD inte tillfredställande eftersom
komplexiteten med att skatta den inversa kovariansmatrisen ökar drastiskt. Därför
föreslår några lösningar baserat på två ansatser: För det första, �nn en lämplig
skattning av kovariansmatrisen. För det andra, �nn en explicit fördelning av MD
med medelvärde och kovariansmatris skattade från stickprov av normalfördelade
variabler, och asymptotisk fördelning av MD utan normaltantagande. Några av
metoderna tilämpas med empiriska data.
Vi kombinerar också faktormodell med MD då faktormodellen förenklar skattning
av både kovariansmatrisen och dess invers för strukturerade datamängder. Resul-
taten ger en ny metod för att upptäcka extremvärden från denna typ av struktur-
erade variabler. En empirisk tillämpning visar skillnaderna mellan den klassiska
metoden och den som härlett.
Förutom skattningar har också de kvalitativa egenskaperna på MD undersökts.
Fördelningsegenskaper, första moment och asymptotisk fördelning för olika typer
av MD härleds.
MD härleds även för komplexa slumpvariabler. Vi de�nierar MD för den reala delen
och den imaginära delen av en komplex slumpmässig vektor. Deras första moment
härleds under antagande om normalfördelning. Sedan lättar vi på antagandet om
fördelningen på den komplexa slumpmässiga vektorn. Den asymptotiska fördelnin-
gen har härletts under mer generella antaganden. Simuleringar presenteras också
för att bekräfta resultaten.
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Chapter 1

Introduction

Multivariate analysis is an important direction of statistics that analyses the rela-
tionships between more than one variable. Due to the practice, multiple variables
data sets appear more commonly than the univariate cases since we usually concern
ourselves with several features of the observations in an analysis. Thus, the mea-
surements and analysis of the dependence between variables and between groups
of variables are important for most of the multivariate analysis methods.

One of the multivariate methods is called Mahalanobis distance (herein after MD)
(Mahalanobis, 1930). It is used as a measure of the distance between two individ-
uals with several features (variables). In daily life, the most common measure of
distance is the Euclidean distance. Then what is the di�erence between the MD
and the Euclidean distance? Why do we need the MD instead of the Euclidean
distance in some speci�c situations? We introduce the advantages of MD here.

Assume we have a data set with the scatter plot as in Figure 1.1. We would like
to �nd out the distances between any two individuals of this data set. The shape
of this plot is close to an ellipse, whose two axes are labelled in the �gure as well.
The origin of the ellipse is the centroid of the points, which is the intersection of
the two axes. Assume we draw a unit circle on the scatter plot together with the
axes. The distances between the points on the circle and the origin are all equal
and labelled as Xi, i = 1, ...n. But it does not seem so obvious if we rotate the
whole space as X 7→ AX +B as in Figure 1.2, where A and B are some constant
matrices. The distances are turned into a di�erent space as in Figure 1.3.
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Chapter 1. Introduction

Figure 1.1: Scatter plot.

Figure 1.2: MD to a rotated space.
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Figure 1.3: Euclidean distance.

Figure 1.3 shows a straightforward circle, which is more conform to common sense.
As a result, if we still use the Euclidean distance to measure the distance between
the points on the ellipse and the origin, they will be di�erent. However, we know
that they are still the same while the measure does not perform equivalently well
for this situation. Therefore, some other measures that remain una�ected by the
rotations than the Euclidean distance should be implemented, in this example a
linear transformation.

The MD is implemented in this thesis in order to avoid the problems above. It
was proposed by Mahalanobis (1930) in order to measure the similarity of pairwise
individuals. Later on, the idea was extended to several applications related to the
measure of di�erence between observations. We will introduce some details later.

For multivariate analysis problems, most of the classic statistical methods are in-
vestigated under a typical data set that satis�es two conditions: �rst, the data set
has a dimension of n observations and p variables where n is much larger than p;
second, there is a sample, like a randomly selected normally distributed popula-
tion. Under these conditions, various statistical methods have been well�developed
in the last hundred years. However, with the development of information technol-
ogy, collecting data is becoming more and more easy. The size of a data set,
both horizontally (p) and vertically (n), is increasing drastically. Thus, needs of
new statistical methods arise with regard to the new types of data sets. Further-
more, the case of a high�dimensional data set violates the �rst assumption more
frequently as well. As a result, high�dimensional data analysis arises as a new
research direction in statistics. Some asymptotic results have been well�developed
for several years. However, they mainly focus on the situation where the number
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Chapter 1. Introduction

of observations n is increasing while the number of variables p is �xed. Thus, with
an increasing p, especially when p is comparably close to n, the classic methods of
multivariate analysis would not be the most proper way for analysis.
In addition, many data sets are not normally distributed. There are many poten-
tial reasons for this problem, such as outliers in the data set. Thus, the second
assumption is also rarely satis�ed. Therefore, some statistics are developed in this
thesis in order to investigate the problems above and some new estimators are
proposed for high�dimensional data sets.

1.1 Outline

Section 2 is a general introduction to MD. We give a short review of random
matrices in Section 3. Complex random variables are de�ned in Section 4. Section
5 discusses some model-based MDs. Section 6 introduces some future research
topics. In Section 7, we summarise the contributions of the papers in this thesis.
We draw the conclusions of this thesis in Section 8.
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Chapter 2

Mahalanobis distance

In multivariate analysis, MD has been a fundamental statistic, proposed by Maha-
lanobis (1930). It has been applied by researchers in several di�erent areas. The
MD is used for measuring the distance between vectors with regard to di�erent
practical uses, such as the di�erence between pairwise individuals, comparing the
similarity of observations, etc. Based on this idea, MD is developed into di�er-
ent forms of de�nitions. Distinct forms of MDs are referred to in the literature
(Gower, 1966; Khatri, 1968; Diciccio and Romano, 1988). Before we introduce the
de�nitions of MDs, we should �rst de�ne the Mahalanobis space. The de�nition
is given as follows:

De�nition 1. Let xi, i = 1, ..., n be random vectors with p components, its mean
be E (xi) = µ and covariance matrix be Cov (xi) = Σ, the Mahalanobis space yi
is generated by

yi = Σ−1/2 (xi − µ) , i = 1, ...n.

The de�nition of Mahalanobis space shows several of its advantages. First, it
takes the correlation between random vectors into account. By standardising the
random vectors with their covariance matrix, the measures on the individuals are
more reasonable and comparable. Second, the de�nition shows that the MDs are
invariant to linear transformations. This could be understood by some steps of
simple derivations which will be illustrated later in this thesis. Third, it gives the
MDs some convenient properties. We list them below.

Proposition 1. Let D (P,Q) be the distance between two points P and Q in Ma-
halanobis space, then we have

1. symmetry. D (P,Q) = D (Q,P ),

2. non-negativity. D (P,Q) ≥ 0. We have D (P,Q) = 0 if and only if P = Q,

5



Chapter 2. Mahalanobis distance

3. triangle inequality. D (P,Q) ≥ D (P,R) +D (R,Q).

The formal de�nitions of MDs are given below.

2.1 De�nitions of Mahalanobis distances

We present the de�nitions of MDs as follows:

De�nition 2. Let Xi : p × 1 be a random vector such that E [Xi] = µ and
E
[
(Xi − µ) (Xi − µ)′

]
= Σp×p, then the MD (Mahalanobis, 1936) between the

the random vector and its mean vector is de�ned as

D (Σ,X i,µ) = (Xi − µ)′Σ−1 (Xi − µ) . (2.1)

where ′ stands for the transpose. The form above is the well�known form of MD
frequently seen in the literature. Furthermore, for di�erent considerations, there
are several types of MDs. In this thesis, we consider several types of MDs according
to di�erent aims. Their de�nitions are presented below.

De�nition 3. Let Xi : p × 1 be a random vector such that E [Xi] = µ and
E
[
(Xi − µ) (Xi − µ)′

]
= Σp×p, Xi, Xj independent. Then we make the following

de�nitions:

Ḋ (Σ,X i,Xj) = (Xi − µ)′Σ−1 (Xj − µ) , (2.2)

D (Σ,X i,Xj) = (Xi −Xj)
′Σ−1 (Xi −Xj) . (2.3)

The statistic (2.1) measures the scaled distance between an individual variable Xi

and its expected value µ and is frequently used to display data, assess distributional
properties and detect in�uential values, etc. The MD (2.2) measures the distance
between two scaled and centred observations. This measure is used in cluster anal-
ysis and also to calculate the Mahalanobis angle between Xi and Xj subtended at

µ, de�ned by cosθ (Xi,Xj) = Ḋ (Σ,X i,Xj)
/√

D (Σ,X i,µ)D (Σ,Xj,µ). The

third statistic, (2.3), is related to (2.2) but centres the observation Xi about an-
other independent observation Xj and is thereby independent of an estimate of
µ.
On the applications, the mean µ and covariance matrix Σ are usually unknown.
Thus, the sample mean and sample covariance are used for the estimators above
instead. Estimators of (2.1) � (2.3) may be obtained by simply replacing the
unknown parameters with appropriate estimators. If both µ and Σ are unknown
and replaced by the standard estimators, we get the well-known estimators de�ned
below.
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2.1. De�nitions of Mahalanobis distances

De�nition 4. Let {Xi}ni=1 be n independent realizations of the random vector X,

X̄ = n−1
∑n

i=1 Xi and S = n−1
∑n

i=1

(
Xi − X̄

)(
Xi − X̄

)′
. Following the ideas

above, we make the following de�nition:

D
(
S,X i, X̄

)
=
(
Xi − X̄

)′
S−1

(
Xi − X̄

)
.

This is the MD with sample mean X̄ and sample covariance matrix S. It is used
for many applications, based on two di�erent forms of random vectors and its
hypothesis mean vector (Rao, 1945; Hotelling, 1933).

De�nition 5. Let S(i) = (n− 1)−1
∑n

k=1,k 6=i
(
Xk − X̄(i)

) (
Xk − X̄(i)

)′
, X̄(i) =

(n− 1)−1
∑n

k=1,k 6=i Xk, S(ij) = (n− 2)−1
∑n

k=1,k 6=i,k 6=j
(
Xk − X̄(ij)

) (
Xk − X̄(ij)

)′
,

X̄(ij) = (n− 2)−1
∑n

k=1,k 6=i,k 6=j Xk,

D
(
S(i),X i, X̄(i)

)
=
(
Xi − X̄(i)

)′
S−1(i)

(
Xi − X̄(i)

)
.

This MD is built with the so-called �leave-one-out� and �leave-two-out� random
vectors (De Maesschalck et al., 2000; Mardia, 1977). By leaving the ith obser-
vation out, we get independence between the sample covariance matrix and the
centred vector. Further, it will not contaminate the sample mean and covariance
matrix if there is an outlier in the data set. Therefore, it is an alternative to the
classic MD as in De�nition 2 when the data set is not badly contaminated. The
independence between the sample covariance matrix and the mean vector makes
the investigations on the MDs neat and simple.
The MDs are widely implemented in many statistical applications due to their
advantageous properties. First, Mahalanobis's idea was proposed to solve the
problem of identifying the similarities in biological topics based on measurements
in 1927. MD is used as the measure between two random vectors as discriminant
analysis on the linear and quadratic discriminations (Fisher, 1936; Srivastava and
Khatri, 1979; Fisher, 1940; Hastie et al., 1995; Fujikoshi, 2002; Pavlenko, 2003;
McLachlan, 2004) and classi�cation with covariates (Anderson, 1951; Friedman
et al., 2001; Berger, 1980; Blackwell, 1979; Leung and Srivastava, 1983a,b). It is
closely related to Hotelling's T -square distribution which is used for multivariate
statistical testing and Fisher's linear discriminant analysis. The later method is
used for supervised classi�cation. In order to use the MD to classify a target in-
dividual into one of N classes, one �rst estimates the covariance matrix of each
class, usually based on samples known to belong to each class. Then, given a
test sample, one computes the MD to each class, and classi�es the test point as
belonging to that class based on the value of MDs. The observations with the
minimal distances are chosen as the classi�ed observations. Second, MD is also
used for detection of multivariate outliers (Mardia et al., 1980; Wilks, 1963). MD
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Chapter 2. Mahalanobis distance

and leverage are often used to detect outliers, especially in applications related to
linear regression models. The observation with a larger value of MD than the rest
of the sample population of points is said to have leverage since it has a consid-
erable in�uence on the slope or coe�cients of the regression equation. Outliers
can a�ect the results of any multivariate statistical methods from several aspects.
First, outliers may lead to abnormal values of correlation coe�cients (Osborne
and Overbay, 2004; Marascuilo and Serlin, 1988). A correlation with outliers will
produce biassed sample estimations, since the linearity among a pair of variables
can not be trusted (Osborne and Overbay, 2004). Another common estimator is
the sample mean, which is used in ANOVA and many other analyses (Osborne
and Overbay, 2004). An outlier would make the sample mean drastically biassed,
and the result of ANOVA would be �awed. Further, methods based on the corre-
lation coe�cient such as factor analysis and structural equation modelling are also
a�ected by outliers. Their estimations depend on the estimation accuracy of the
correlation structure among the variables while outliers will cause the collinearity
problem (Brown, 2015; Pedhazur, 1997).
Regression techniques can be used to determine if a speci�c case within a sample
population is an outlier via the combination of two or more variables. Even for
normal distributions, a point could be a multivariate outlier even if it is not a
univariate outlier for any variable, making MD a more sensitive measure than
checking dimensions individually. Third, as a connection to Hotelling's T 2, MD
is also applied in hypothesis testing (Fujikoshi et al., 2011; Mardia et al., 1980).
Fourth, Mardia (1974); Mardia et al. (1980); Mitchell and Krzanowski (1985);
Holgersson and Shukur (2001) use MD as part of some statistics such as skewness
and kurtosis as a criteria statistic for assessing the assumption of multivariate
normality. Mardia (1974) has de�ned two statistics in order to test multi-normality
� skewness and kurtosis. They are given by

b1,p =
1

n2

n∑
i=1

n∑
j=1

[D (S,X i,Xj)]
3,

and

b2,p =
1

n2

n∑
i=1

[
D
(
S,X i, X̄

)]2
.

To the population case, they could be expressed as follows:

β1,p = E
[
(X − µ)′Σ−1 (Y − µ)

]3
,

and

β2,p = E
[
(X − µ)′Σ−1 (X − µ)

]2
,

8



2.1. De�nitions of Mahalanobis distances

where X and Y are distributed identically and independently. Note also that, for
the sample covariance matrix and leave-one-out covariance matrix, working with
dimension n instead of n− 1 is harmless to our results since the majority of them
are derived under asymptotic conditions.
We investigate some of the properties of MD in this thesis under several di�erent
considerations.
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Chapter 3

Random matrices

In the 1950s, a huge number of experiments related to nuclei were made in order
to measure the behaviours of heavy atoms. The experiments produced high�
dimensional data due to the fact that the energy level of heavy atoms changes very
quickly. Thus, to track and label the energy levels was a di�cult but necessary
task for researchers. Wigner and Dyson (Dyson, 1962) proposed an idea that, by
�nding the distribution of energy levels, one can get an approximate solution for
the nuclear system. The idea of random matrices was thus employed to describe
the properties of heavy nucleus. Wigner assumed the elements of a random matrix
to be the heavy nucleus which is independently chosen from a distribution. One
simple scenario of the random matrices is the Wishart matrix. We describe it in
the coming section.

3.1 Wishart distribution

The Wishart distribution can be considered as a generalised multivariate distri-
bution of the chi�square distribution. It is used to describe the distribution of
symmetric, non-negative de�nite matrix�valued random variables. One notable
example is the sample covariance matrix S = 1

n

∑n
i=1 (xi − x) (xi − x)

′ where
xi, i = 1, ..., n, is a p dimensional random sample from a normal distribution
Np (µ,Σ). The Wishart distribution is de�ned as follows:
Let X be an n × p matrix, each row of which is following a p-variate normal
distribution with zero mean:

xi ∼ Np (0,Σ) .

Then the Wishart distribution is the probability distribution of the p× p random
matrix S =X ′X ′ with the presentation

S ∼ Wp (Σ, n) ,

11



Chapter 3. Random matrices

where n is the number of degrees of freedom. The joint distribution of several inde-
pendent Wishart distributions is also important. One of them is the multivariate
beta distribution. We show its de�nition as follows:

De�nition 6. Let W 1 ∼ W p(I, n), p ≤ n, and W 2 ∼ W p(I,m), p ≤ m be
independently distributed. Then,

F = (W 1 +W 2)
1/2W 2(W 1 +W 2)

1/2

has a multivariate beta distribution with density function given by

fF (F ) =

{
c(p,n)c(p,m)
c(p,n+m)

|F |
1
2
(m−p−1) |I − F |

1
2
(n−p−1) , |I − F | > 0, |F | > 0,

0, otherwise,

where c (p, n) =
(
2

pn
2 Γp

(
n
2

))−1
and (W 1 +W 2)

1/2 is a symmetric square root.

By the de�nition of Wishart distribution, we can investigate the properties of the
sample covariance matrix and its related statistics such as MDs. But for the high�
dimensional data, there are some di�culties with regard to investigations of the
MDs. Thus, some other results can be used in order to derive the sample covariance
matrix and related statistics. A more general case of the Wishart matrix is the
Wigner matrix, which was actually proposed even before the Wishart matrix. We
introduce it in the next section.

3.2 The Wigner matrix and semi circle law

First let us specify some notations. Recall that a matrix H = (H ij)
n
i;j=1 is Her-

mitian if and only if
H =H ′.

In terms of the matrix elements, the Hermitian properties read

H ij =H
∗
ji;

where ∗ stands for the complex conjugate. If we need to split the real and complex
components of the elements, we write

H ij =H
R
ij + iHI

ij;

whereHR
ij is the real part and iH

I
ij is the complex part. A particularly important

case is that of real symmetric matrices. A matrix H is real symmetric if and only
if all its entries are real and

H =H ′.

By using these notations, we introduce the de�nition of the Wigner matrix as
follows:

12



3.2. The Wigner matrix and semi circle law

De�nition 7. A Wigner matrix ensemble is a random matrix ensemble of Her-
mitian matrices H = (H ij)

n
i;j=1 such that

� the upper-triangular entries Hij, i > j are i.i.d. complex random variables with
mean zero and unit variance,
� the diagonal entries Hii are i.i.d. real variables, independent of the upper trian-
gular entries, with bounded mean and variance.

Then we can specify Wigner's semicircle law:

Theorem 1. Let Hn be a sequence of Wigner matrices and I an interval. Then
we introduce the distribution of the random variables below

En (I) =
# {λj (H/

√
n) ∈ I}

n
.

Then En (I)→ µsc (I) in probability as n→∞.

It is possible to study the behaviour of the En(I) without computing the eigen-
values directly. This is accomplished in terms of a random measure, the empirical
law of eigenvalues.

De�nition 8. The empirical law of eigenvalues µn is the random discrete proba-
bility measure

µn :=
1

n

n∑
i=1

δλj
(
H/
√
n
)
.

Clearly this implies that for any continuous function f ∈ C(R) we obtain∫
fdµn =

1

n

n∑
i=1

f (λj).

As a result, the summation of the eigenvalues of a matrix which is equivalent to
the trace of a matrix can be connected with the random matrix theory. Several
such results are used in this thesis.
One concern of this thesis is that, under some extreme situations, the classic MD
as in (2.1) can not be applied directly for analysis since the dimension of the
variables is too large. An example is given below in order to illustrate the problem
in details.
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Chapter 3. Random matrices

LetX1,X2, ...,Xn be a sample from a p-dimensional Gaussian distributionN(0, Ip)
with mean zero and identity covariance matrix. Let the sample covariance ma-
trix be Sn = 1/n

∑n
i=1X iX

′
i. An important statistic in multivariate analysis is

Wn = log(|Sn|) =
∑p

j=1 log(γn,j), where γn,j, 1 ≤ j ≤ p are the eigenvalues of
Sn, || is the determinant. It is used in several statistical analysis methods such
as coding, communications (Cai et al., 2015), signal processing (Goodman, 1963)
and statistical inference (Girko, 2012). When p is �xed, γn,j → 1 almost surely
as n → ∞, and thus Wn → 0. Furthermore, by taking a Taylor expansion of
log(1 + x), when p/n = c ∈ (0, 1) as n→∞, it is shown that,√

n/pWn = d (c)
√
np

a.s.−−→ −∞,

where d(c) =
1

p
Wn →

∫ b(c)

a(c)

logπ

2πcx
[{b(c)− x}{x− a(c)}]1/2dx =

c− 1

c
log(1−c)−1,

a (c) = (1−
√
c)

2
and b (c) = (1 +

√
c)

2
. Thus, any test which assumes asymptotic

normality of Wn will result in a serious error as shown in Figure 3.1 below.

Figure 3.1: Density of Wn under di�erent sample sizes w.r.t. c = 0.2.

As a consequence, methods involving Wn = log(|Sn|) would be su�ering from seri-
ous weaknesses. One common example is the log likelihood function of a normally
distributed sample with sample covariance matrix Sn. To high�dimensional data,
the common log likelihood function will be varying drastically with the changing of
sample sizes and dimensions of variables. Thus, some alternative methods should
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be developed in order to investigate the behaviours of the sample covariance matrix
under some extreme situations.
So far, many studies of the inverse covariance matrix are developed in the non-
classic dataset. Here, classic data stands for the case when the sample size (n)
is much larger than the dimensions of variables (p). But for high�dimensional
data with both large and close values of (n) and (p), the classic methods perform
poorly in most situations. We are concerned with developing some new methods
that could be implied in some of these situations. This is implemented by deriving
the asymptotic distributions of the MDs. Some useful results of the connection
between di�erent types of MDs are also investigated. The other method focuses
on reduction of dimensions. Factor analysis and principal component analysis
are two methods for dimension reduction. They both maintain the necessary
information while reducing the dimension of the variables into a few combinations.
Factor models have another advantage in that they could be used to estimate the
covariance matrix e�ciently. This property is also used to build a new type of
MD. This thesis utilises both ideas.
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Chapter 4

Complex random variables

As mentioned before, MDs are used for many di�erent aims related to methods
of multivariate analysis. One of them is �nding meaningful information from
multiple inputs, such as signals, which are measured in the form of complex random
variables. The complex random variable is an important concept in many �elds,
such as signal processing (Wooding, 1956), magnetotelluric method (Chave and
Thomson, 2004), communication technologies (Bai and Silverstein, 2010) and time
series analysis (Brillinger, 2012). Compared with their wide applications, MDs
on complex random vectors are rarely mentioned. Hence, investigations on some
inferentially related properties and MD on complex random vectors are worthwhile.
In the last part of this thesis, we will investigate some properties of MDs on
complex random vectors under both normal and non-normal distributions.

4.1 De�nition of general complex random variables

We introduce some basic de�nitions of complex random variables here. Due to
its di�erences from the random variables in real space, we de�ne the covariance
matrix of a general complex random vector �rst as follows:

De�nition 9. Let zj = (z1, . . . , zp)
′ ∈ Cp, j = 1, . . . , n be a complex random

vector with known mean E [zj] = µz,jwhere zj = xj + iyj, i =
√
−1. Let Γp×p be

the covariance matrix and Cp×p be the relation matrix. The covariance matrix of
the complex random vector zj is de�ned as follows:

Γ = E
[
(zj − µz,j)(zj − µz,j)∗

]
.

Switching between a complex random vectors z and its expanded form z = x+ iy
is straightforward. Let zj be a complex random sample and we get

zj =
(
1 i
)(xj

yj

)
.
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Chapter 4. Complex random variables

This connection makes the derivation simpler. For di�erent considerations of re-
search, the expanded form is clearer and easily used to explain the results (Chave
and Thomson, 2004). The connection between a complex random vector and its
extended real components is illustrated as follows.
The covariance matrix of a p - dimensional complex random vector can also be
represented in the form of x and y, as follows:

Γz,2p×2p =

(
Γxx Γxy

Γyx Γyy

)
,

where Γxx,p×1 = 1
2
Re(Γ + C) = E

[
(x− Reµ) (x− Reµ)′

]
; Γyy,p×1 = 1

2
Re(Γ −

C) = E
[
(y − Imµ) (y − Imµ)′

]
; Γxy,p×1 =

1
2
Im(C−Γ) = E

[
(x− Reµ) (y − Imµ)′

]
;

Γyx,p×1 =
1
2
Im(Γ +C) = E

[
(y − Imµ) (x− Reµ)′

]
.

Theorem 2. The quadratic form of the real random vectors and the quadratic
form of the complex random vectors can be connected as:

q(x,y) = q′(z, z∗) = ν∗Γ−1ν ν

where Γ−1ν =M ∗Γ−12p×2pM .

Proof. Following Picinbono (1996) we have that (ReΓ)−1 = (Γxx+Γyy)
−1 = 2Γ−1,

(ImΓ)−1 = [i(Γxx + Γyy)]
−1 = i−1(Γxx + Γyy)

−1 = 0; the inverse matrix of Γ is

Γ−1 = (2Γxx + 0)−1 = 2−1Γ−1xx .

By the results above, the quadratic form of the complex random vector can be
expressed as follows:

q(z, z∗) = 2[z∗P−1∗z −R(zTRTP−1∗z)],

where P−1∗ = Γ−1 + Γ−1CP−1C∗Γ−1; R = C∗Γ−1; Γ = Γx + Γy + i(Γyx − Γxy)
and C = Γx − Γy + i(Γyx + Γxy). �
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4.2. Circularly-symmetric complex normal random variables

4.2 Circularly-symmetric complex normal random variables

A circularly�symmetric complex random variable is an assumption used for many
situations as a standardised form of complex Gaussian distributed random vari-
ables. We introduce them as follows:

De�nition 10. A p-dimension complex random variable zp×1 = xp×1 + iyp×1 is
circularly�symmetric complex normal if the vector vec[x y] is bivariate normally
distributed as follows:(

xp×1
yp×1

)
∼ N

([
Re µz,p×1
Im µz,p×1

]
, 1

2

[
Re Γz,p×1 − Im Γz,p×1
Im Γz,p×1 Re Γz,p×1

])
,

where µz,p×1 = E[z] and Γz,p×p = E [(z − µz)(z − µz)∗].

The circularly�symmetric normally distributed complex random variable is one
way to simplify the analysis of complex random variables. By this condition, we
get a simpli�ed form of probability density function on a complex normal random
vector as follows:

De�nition 11. The circularly�symmetric complex random vector z = (z1, . . . , zp)
′ ∈

Cp assumes that the mean vector µz = 0 and the relation matrix of the complex
vector C = 0. Its probability density function is

f(z) =
1

πp|z|
exp(−z∗Γ−1z z).

The circularly�symmetric complex normal shares many properties with the stan-
dard normal random variables in the real plane. Some of the results here will be
used to de�ne the MDs.

4.3 Mahalanobis distance on complex random vectors

We now turn to the de�nitions of MDs with complex random variables.

De�nition 12. The original Mahalanobis distance of the complex random vector
zi : p × 1, i = 1, . . . , n with known mean µp×1 and known covariance matrix Γz :
p× p can be formulated as follows:

D (Γz, zi,Reµ) = (zi − Reµ)∗Γ−1z (zi − Reµ) . (4.1)

As we know, there are two parts of a complex random vector. In each separate
component of a complex random vector, we can also �nd the corresponding MDs.
The MDs on separate parts of a complex random vectors are de�ned as follows.
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Chapter 4. Complex random variables

De�nition 13. The Mahalanobis distance on the real part xi : p× 1 and imagi-
nary part yi : p× 1 of a complex random vector zi : p× 1, i = 1, . . . , n with known
mean µ and known covariance matrix Γ.. is de�ned as follows:

D (Γxx,xi,Reµ) = (xi − Reµ)′ Γ−1xx (xi − Reµ) , (4.2)

D (Γyy,yi, Imµ) = (yi − Imµ)′ Γ−1yy (yi − Imµ) . (4.3)

De�nition 13 speci�es the MDs on each part of a complex random vector separately.
Next, we turn to another de�nition of MD that compares the real random vectors
x and y.
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Chapter 5

MDs under model assumptions

5.1 Autocorrelated data

Autocorrelation is a characteristic of data frequently occurring in economic and
other data. The violation of the assumption of independence makes most of the
statistical models infeasible since most of them assume independence. Practically,
the presence of autocorrelation is more frequent than one may expect. For example,
when analysing time series data, the correlation between a variable's current value
and its past value is usually non-zero. In a sense, they are dependent all the time.
It is only a matter of stronger or weaker autocorrelation. Many statistical methods
fail to work properly when the assumption of independence is violated. Thus, some
methods that can handle this type of situation are needed.
One example is the VAR (vector autoregression) model (Lütkepohl, 2007). A VAR
model is a generalisation of the univariate autoregressive model for forecasting a
collection of variables, that is, a vector of time series. It comprises one equation per
variable considered in the system. The right hand side of each equation includes
a constant and lags of all the variables in the system. For example, we write a
two�dimensional VAR(1) as follows:

y1,t = c1 + φ11,1y1,t1 + φ12,1y2,t1 + e1,t, (5.1)

y2,t = c2 + φ21,1y1,t1 + φ22,1y2,t1 + e2,t. (5.2)

where e1,t and e2,t are white noise processes that may be contemporaneously cor-
related. The coe�cient φii,k captures the in�uence of the k

th lag of variable yi on
itself, while coe�cient φij,k captures the in�uence of the kth lag of variable yj on
yi etc. By extending the lag order, we can generalize the VAR(1) to a pth order
VAR, denoted VAR(p):

yt = c+ φ1yt−1 + φ2yt−2 + · · ·+ φpyt−p + et, (5.3)
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Chapter 5. MDs under model assumptions

where the m � period's back observation ytm is called the mth lag of y, c is a
k × 1 vector of constants (intercepts), φi is a time-invariant k × k matrix and et
is a k × 1 vector of error terms satisfying E(et) = 0 � every error term has mean
zero; E(ete

′
t) = Ω � the corresponding covariance matrix of error terms is Σk×k;

E(ete
′
t−k) = 0 for any non-zero k � the error terms are independent across time;

in particular, there is no serial correlation in individual error terms.
The connection between the VAR model and MD is given:
Let the data be in a matrix form as follows:

Γ =


Y0 Y−1 · · · Y−P+1

Y1 Y0 · · · Y−P+2
...

... · · · ...
Yn−1 Yn−2 · · · Yn−p

 .
The MD can be estimated with the help of the matrix Γ as

D

(
ΓΓ

n
,Y i,Y

)
=
(
Y i − Y

)′(ΓΓ
n

)−1 (
Y i − Y

)
,

which is the measure of the systematic part of the model. It does not take the
error term into account. On the other hand, if one is interested in the error term
part, the MD of the error terms could be computed as follows. Let the hat matrix
H be

H = Γ
(
ΓTΓ

)−1
ΓT .

Then the estimation of the error term ε is

R = (I −H)Y = (I −H) (Γφ+ ε) = (I −H) ε.

The covariance of the error term is

var (R) = (I −H) cov (ε) = (I −H)σ2.

Thus, the MD D ((I −H)σ2,R,0) could be obtained with the inverse of the
covariance matrix.
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5.2. The factor model

5.2 The factor model

Factor analysis is a multivariate statistical method that summarises the observable
correlated variables into fewer unobservable latent variables. These unobserved
latent variables are also called common factors of the factor model. The factor
model can simplify and present the observed variables with much fewer latent
variables while still containing most information of a data set. It represents another
way of dealing with correlated variables. Further, the factor model o�ers a method
for estimating the covariance matrix and its inverse with the simpli�ed latent
variables. We introduce them as follows:

De�nition 14. Let xp×1 ∼ N(µ,Σ) be a random vector with known mean µ and
covariance matrix Σ. The factor model of xp×1 is

xp×1 − µp×1 = Lp×mFm×1 + εp×1,

where m is the number of factors in this model, x are the observations (p>m), L
is the factor loading matrix, F is an m × 1 vector of common factors and ε an
error term.

The de�nition above shows the factor model, which represents the random vector
x with fewer latent variables. The factor model simpli�es the estimation of many
statistics such as the covariance matrix. We will introduce the idea as follows:
By using De�nition 1, we can transform the de�nition of covariance matrix in the
form of xp×1 into the covariance matrix in the form of factor model:

Proposition 2. Let ε ∼ N(0,Ψ) where Ψ is a diagonal matrix and F ∼ N(0, I)
are distributed independently so that Cov(ε,F) = 0, the covariance structure for
x is given as follows:

Cov(x) = Σf = E(LF+ ε)(LF+ ε)′ = LL
′ + Ψ,

where Σf is the covariance matrix for x under the assumption of a factor model,
which generally di�ers from the classic covariance matrix. The joint distribution
of the components of the factor model is(

LF

ε

)
∼ N

([
0
0

]
,

[
LL′ 0
0 Ψ

])
.

It must be pointed out that De�nition 14 implies the rank of LL′, r (LL′) = m ≤ p.
Thus, the inverse of a singular matrix LL

′ is not unique. More details will be
discussed later. By using the covariance matrix above, we de�ne the MD on a
factor model as follows:
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Chapter 5. MDs under model assumptions

De�nition 15. Under the assumptions in De�nition 14, the MD for a factor model
with known mean µ is

D (Σf , xi,µ) = (xi − µ)′Σ−1f (xi − µ) ,

where Σf is de�ned in Proposition 1.

The way of estimating the covariance matrix from a factor model is di�erent from
the classic way. This alternative way makes the estimation of the covariance ma-
trix not only much simpler but also quite informative due to the factor model's
properties (Lawley and Maxwell, 1971; McDonald, 2014). De�nition 14 shows that
a factor model consists of two parts, the systematic part and the residual part.
Hence there is an option to build the covariance matrix with the two indepen-
dent parts separately. By splitting a factor model we can detect the source of the
outlier. This is also another part of the thesis that we investigate.
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Chapter 6

Future work and unsolved problems

There are several potential research projects related to the MDs in this thesis.
First, as we have shown in this thesis, the sample covariance matrix and its inverse
do not perform very well under high�dimensional data. Thus, some improved
estimators of the inverse sample covariance matrix should be developed in order
to �nd a well approximated estimator. Some work has been done by the author;
the results are quite promising. Second, the higher moments of the MDs are still
unknown. In this thesis, we focus on their �rst two moments and the asymptotic
distributions. Their higher moments and exact distributions could be undertaken
in future studies. Third, this thesis concerns the case of c = p/n ∈ (0, 1). The
c > 1 situation can be a topic of further study. Fourth, in this thesis we only
derive the point�wise limits on the MDs. Further, the uniform weak limits could
be investigated.

25



Chapter 6. Future work and unsolved problems

26



Chapter 7

Summary of papers

This thesis investigates the properties of a number of forms of MDs under di�erent
circumstances. For high�dimensional data sets, the classic MD does not work
satisfyingly because the complexity of estimating the inverse covariance matrix
increases drastically. Thus, we propose a few solutions based on two directions:
First, �nd a proper estimation of the covariance matrix. Second, �nd explicit
distributions of MDs with sample mean and sample covariance matrix of normally
distributed random variables and the asymptotic distributions of MDs without
assumption of normally distributed. Some of the methods are implemented with
empirical datasets.

We also combine the factor model with MDs since the factor model simpli�es the
estimation of both covariance matrix and its inverse for factor�structured data
sets. The results o�er a new way of detecting outliers from this type of structured
variables. An empirical application presents the di�erences between the classic
method and the one we derived.

Besides the estimations, we also investigated the qualitative measures of MDs. The
distributional properties, �rst moments and asymptotic distributions for di�erent
types of MDs are derived.

The MDs are also derived for complex random variables. We de�ne the MDs
for the real part and the imaginary part of a complex random vector. Their
�rst moments are derived under the assumption of normal distribution. Then we
relax the distribution assumption on the complex random vector. The asymptotic
distribution is derived with regard to the estimated MD and the leave-one-out
MD. Simulations are also supplied to verify the results.
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7.1 Paper I: Expected and unexpected values of Mahalanobis

distances in high�dimensional data

In Paper I, several di�erent types of MDs are de�ned. They are built in di�erent
forms corresponding to di�erent de�nitions of means and covariance matrices. The
�rst two moments of MDs are derived. The limits of the �rst moments reveal some
unexpected results such that, in order to �nd the unbiassed estimator under high�
dimensional data sets, there is no unique solution of a constant to make all these
MDs asymptotically unbiassed. The reason is that the sample covariance matrix is
not an appropriate estimator for the high�dimensional data set. Some asymptotic
results of the MDs are also investigated under the high�dimensional set.

The results we get in this paper reveals the need for further investigation of the
properties of the MDs under high�dimensional data.

7.2 Paper II: High-dimensional CLTs for individual Maha-

lanobis distances

In Paper II, we investigate some asymptotic properties of MDs by assuming the
sample size n and dimension of variables p go to in�nity as n, p → ∞ simultane-
ously. Their ratio converges into a constant p/n → c ∈ (0, 1). Some simulations
have been carried out in order to con�rm the results.

A duality connection between the estimated MD and the leave-one-out MD is de-
rived. The connection between these two MDs shows a straightforward transfor-
mation. The asymptotic distributions for di�erent types of MDs are investigated.

7.3 Paper III: Mahalanobis distances of factor structure

data

In Paper III, we use a factor model to reduce the dimensions of the data set and
build a factor�structure�based inverse covariance matrix. The inverse covariance
matrix estimated from a factor model is then used to construct new types of MDs.
The distributional properties of the new MDs are derived. The split�form of MDs
based on the factor model is also derived. MDs are used to detect the source of
outliers from a factor�structured data set. Detections of the source of outliers are
also studied on additive types of outliers. In the last section, the methods are
implemented with an empirical study. The results show a di�erence between the
new method and the results from classic MDs.
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7.4 Paper IV: Mahalanobis distances of complex random

variables

This paper de�nes some di�erent types of MDs on complex random vectors with
considerations of known and unknown mean and covariance matrix. Their �rst
moments and the distributions of MD with known mean and covariance matrix
are derived. Further, some asymptotic distributions of the sample MD and leave-
one-out MDs under non-normal distribution are investigated. Simulations show a
promising result that con�rms our derivations.
In conclusion, the MDs on complex random vectors are useful tools when dealing
with complex random vectors in many situations, such as outlier detection. The
asymptotic properties of MDs we derived could be used in some inferential studies.
The connection between the estimated MD and the leave-one-out MD is a contri-
bution due to the special property of the leave-one-out MD. Some statistics that
involve the estimated MD could be simpli�ed by substituting the leave�one�out
MD. Further study could be developed by the MDs on the real and imaginary parts
of a complex random sample with sample mean and sample covariance matrix.
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Chapter 8

Conclusions

This thesis has de�ned eighteen types of MDs. They could be used to measure sev-
eral types of distances and similarity between the observations in a data set. The
explicit �rst moments in real space for the �xed dimension (n, p) are derived. Then
the asymptotic moments are also investigated. By using the asymptotic assump-
tion that as n, p→∞, the results can be used over some inferential methods when
the value of ratio p/n = c ∈ (0, 1). The results con�rm an important conclusion
that the sample covariance matrix performs poorly for high dimensional data sets.
Their second moments are also derived under the �xed dimension circumstances,
which �lls a gap in the literature.
Further, our contributions also include the explicit distributions for the MDs under
normal distributions in both real and complex spaces. The asymptotic distribu-
tions of MDs are also derived for both sample MD and the leave�one�out MD
under non�normal distribution. One relationship between the leave-one-out MD
and the estimated MD is investigated. The transformation is a substantial tool for
some other derivations since the independence of the leave-one-out MD can further
simplify the derivations. It shows its preponderance especially under asymptotic
circumstances.
We also utilise the factor model to construct the covariance matrix. This factor
based covariance matrix is used to build a new type of MD in this thesis. This
method makes the estimation simple via classifying the observations or the vari-
ables into several fewer numbers of groups. The idea o�ers a better way when
dealing with the structured data. Another new contribution is also made to the
detection of outliers with regard to the structured data. The exact outlying dis-
tance is also derived with regard to two types of contaminated data sets. This
type of MD shed light on the source of an outlier, which has never been considered
in literature.
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