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Abstract
Efficient design of high-voltage power cables is important to

achieve an economical delivery of electric power from wind farms
and power plants over the very long distances as well as the over-
seas electric power. The main focus of this thesis is the inves-
tigation of electromagnetic losses in components of high-voltage
power cables. The objective of the ongoing research is to develop
the theory and optimization techniques as tools to make material
choices and geometry designs to minimize the high-frequency at-
tenuation and dispersion for HVDC power cables and the power
losses associated with HVAC cables. Physical limitations, disper-
sion relationships and the application of sum rules as well as con-
vex optimization will be investigated to obtain adequate physical
insight and a priori modeling information for these problems.

For HVAC power cables, the objectives are addressed by per-
forming measurements and estimation of complex valued perme-
ability of cable armour steel in Papers I and II. Efficient analytical
solutions for the electromagnetic field generated by helical struc-
tures with applications for HVAC power cables have been obtained
in Paper III.

For HVDC power cables, estimation of insulation character-
istics from dielectric spectroscopy data using Herglotz functions,
convex optimization and B-splines, has been investigated in Pa-
pers V and VI. The unique solution requirements in waveguide
problems have been reviewed in Paper IV.

Keywords: Material losses, power cables, cylindrical multipole
expansion, Herglotz functions, convex optimization, sum rules.
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Preface

This thesis consists of an introduction part and the included Papers I–VI.
The introduction part provides a review information on high-voltage power
cables, Herglotz functions, convex optimization and electromagnetic models
used in Papers I–VI. Papers I–III are focused on studies of armour losses in
high-voltage three-phase power cables. Paper IV provides a review of meth-
ods and techniques used to achieve a unique solution in waveguide problems.
In Papers V and VI one of the proposed methods based on Herglotz func-
tion theory is used to study conductivity losses of XLPE insulation material
that is used in high-voltage DC power cables.
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1 Introduction
A major trend today is to produce clean electricity and to reduce the effects
of the energy production and distribution on the environment and climate
[1]. The idea is to replace the nuclear and heat energy sources with wind
and solar farms. As an example, one of the latest ideas is to transform
the decommissioned Chernobyl nuclear power station (Ukraine) into a giant
solar farm with a capacity equal to 1/2 of the previous power station (around
2 GW).

There are two types of wind farms: onshore and offshore. Offshore wind
farms have higher efficiency in comparison with onshore due to better wind
conditions [1]. One typical example in Sweden, is Lillgrund Wind Farm
[2] with capacity of 110 MW that is located south of Öresund Bridge. To
connect such wind farms with the onshore main grid, high-voltage cables
are used. Depending on the distance from the farm to the coast, power
generated by wind plants can be transmitted either via high-voltage direct
current (HVDC) or high-voltage alternating current (HVAC) power cables,
see their designs in Figures 1.1a-b, respectively. The advantages and dis-
advantages of these cable technologies are explained in detail in [1, 3–8]. A
common problem for these structures is material losses in their components
that cause power losses in transmission links and reduce their technical and
economical efficiency.

ABB AB  East West Interconnector (EWIP)

 High Voltage Cables   
 

 
Design ± 200 kV HVDC Light Sea Cable 1650 mm2 Cu 

 
 
 Conductor 

Type stranded compacted 
Material copper 
Cross-section 1650 mm2 
Water blocking compound 
Diameter 48.5 mm (+0.2 / -0.2 mm) 

Conductor binder 
Type  swelling tape + binder tape 
Diameter 49.1 mm   

Conductor screen 
Material semi-conducting XLPE 
Thickness 1.5 mm 
Diameter 52.1 mm  

Insulation 
Material DC polymer 
Thickness 16.0 mm 
Diameter 84.1 mm (+0.4 / -0.4 mm) 

Insulation screen 
Material semi-conducting XLPE 
Thickness 1.2 mm 
Diameter 86.5 mm  

Longitudinal water barrier 
Material swelling tape 
Thickness 0.6 mm 
Diameter 87.7 mm  

Lead sheath 
Type ½ C 
Thickness 3.0 mm 
Diameter 93.7 mm  

Inner sheath 
Material polyethylene 
Thickness 2.5 mm 
Diameter 98.7 mm  

Bedding 
Type woven tape 
Thickness 0.15 mm 
Diameter 99.0 mm  

Armour 
Type round wires 
Material galvanized steel 
Wire diameter 5 mm 
Diameter 109.0 mm 

Outer serving 
Material polypropylene yarn, two layers 
Thickness 4 mm 
Diameter 117.0 mm 
 
Weight  39 kg/m 
 
 All values are nominal 

(a) HVDC power cable

Armour loss measurement: Three-core cable designs

Rated voltage 115 kV
Max. system voltage 123 kV

Conductor
Type/material           solid copper
Cross-section          240 mm²
Diameter                 17,5 mm

Insulation system
Material  1 semi-conductive PE
Material  2 XLPE
Material 3 semi-conductive PE

Metallic sheath
Type/material lead alloy
Thickness 2 mm
Diameter 56  mm 

Inner sheath
Type/material PE
Diameter 60 mm

Optical cable

Cable assembly

Bedding
Type/material polymeric tapes

Armouring
Type Double armour
Material 1 Galvanized steel (72+84 

wires)
Material 2 Bitumen
Wire diameter 5 mm
Diameter 151 mm

Outer cover
Material Polypropylene yarn

Complete cable
Diameter 159 mm

Rated voltage 132 kV
Max. system voltage 145 kV

Conductor
Type/material           compacted aluminium
Cross-section           815 mm²
Diameter                  35 mm

Insulation system
Material  1 semi-conductive PE
Material  2 XLPE
Material 3 semi-conductive PE

Metallic sheath
Type/material lead alloy
Thickness 2 mm
Diameter 77  mm 

Inner sheath
Type/material PE
Diameter 81 mm

Optical cable

Cable assembly

Bedding
Type/material polymeric tapes

Armouring
Type Single armour
Material 1 Galvanized steel  (64 wires)
Material 2 PR/Polyester wire (64 wires)
Material 3 Bitumen
Wire diameter 4 mm
Diameter 183 mm

Outer cover
Material Polypropylene yarn

Complete cable
Diameter 191 mm

© ABB Group
April 24, 2013 | Slide 11 ���(b) HVAC three-phase power cable

Figure 1.1: Typical designs of high-voltage power cables. (Courtesy of ABB)

Using the standard IEC 60287-1-1 [9], it is well known how to measure
and estimate the power losses that can be attributed to the conductors of
copper or aluminum in the power cables. However, the precise power losses
that can be attributed to the induced currents in the metal sheaths and
the armour of the cables are in principle unknown and is therefore a topic
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of present research. It is therefore of great strategic relevance for industry,
especially for ABB High Voltage Cables AB (NKT since March 2017) who
supported this project, to be able to predict these losses with high accuracy,
and to study the potential of optimizing the electromagnetic design of the
cables in this regard. It is also of great importance to study the power
loss mechanisms from a fundamental point of view where analytical studies
of canonical structures can help to increase the physical insight into these
phenomena.

The aim of this research is to develop mathematical and numerical tools
for optimal and automated design of power cables. The application of ad-
vanced mathematical, numerical and complex analyses as well as the sta-
tistical estimation and optimization theories is used to achieve an optimal
design of high-voltage cables with respect to a minimum of power losses at
a fixed production cost.

We present the measurement results and the estimates of complex valued
permeability of magnetic steel in the armour layer of HVAC power cables. In
addition to these results, a derivation of electromagnetic fields generated by
three-phase helical current sources based on cylindrical multipole expansion
has been made.

Another approach to the present research is our work with academic part-
ners from SSF-research project “Complex analysis and convex optimization
for EM design” on Herglotz function theory and dispersion modeling of di-
electric measurement data. As a result, a rigorous mathematical framework
based on Herglotz functions, B-splines and convex optimization, described
in Sections 2 and 3, respectively, has been developed to study, e.g., dielec-
tric spectroscopy data from insulation material of HVDC power cables. It
is a complementary framework to study dielectric and conductivity proper-
ties of high-voltage insulation materials and can be used in investigation on
increase of “retirement” age of HVDC power cables.

This thesis includes six papers. Section 4 describes the electromagnetic
models derived (see Section 4.1) and used (see Section 4.2) in this thesis.
Section 5 gives a brief review on the papers included in this thesis, and the
results with propositions for future work are summarized and concluded in
Section 6.

2 On Herglotz functions and passivity

2.1 Basic information about Herglotz functions
A Herglotz function h(ω) is an analytic function that maps the open upper
half of complex plane to the closed upper half plane, see Figure 2.1. It
satisfies the property Imh(ω) ≥ 0 for ω ∈ C+ = {ω ∈ C| Imω > 0} and has
the following integral representation

h(ω) = b1ω + α+

∫ ∞

−∞

(
1

ξ − ω −
ξ

1 + ξ2

)
dβ(ξ), (2.1)

2



2 On Herglotz functions and passivity

Re

Im

Imω > 0
Re

Im

Imω ≥ 0

h(ω)

Figure 2.1: Illustration of a Herglotz function h(ω) that maps the open
upper half of complex plane C+ to the closed upper half plane C+.

see [10–12]. Here, b1 ≥ 0, α ∈ R is a real-valued constant and dβ(ξ) the
positive Borel measure satisfying

∫
R dβ(ξ)/(1 + ξ2) <∞.

Let h(ξ) denote the distributional limit of the Herglotz function h(ω) as
Imω → 0+ and ξ ∈ R. The spectral function β(ξ) is uniquely defined by
the Herglotz function h(ω) from the following properties

β(ξ2)− β(ξ1) = lim
y→0+

1

π

∫ ξ2

ξ1

Imh(ξ + iy) dξ, (2.2)

β(ξ) = lim
y→0+

1

π

∫ ξ

0

Imh(ξ + iy) dξ, (2.3)

β(ξ) =
β(ξ + 0) + β(ξ − 0)

2
, (2.4)

and β(0) = 0, see, e.g., [10, 13–15]. This motivates the simplified notation
for the positive Borel measure dβ(ξ) = β′(ξ) dξ = 1

π Imh(ξ+ i0) dξ, see [10,
13–15], where the measure consists of measurable functions multiplied by
the Lebesgue measure plus point measures and can be understood in the
sense of a distributional derivative of the spectral function β(ξ).

Symmetric Herglotz functions satisfy the requirement

h(ω) = −h(−ω∗)∗, (2.5)

where ω ∈ C+ and dβ(ξ) is an even measure with dβ(−ξ) = dβ(ξ), see [11].
The even symmetry of the measure can also be expressed as

Imh(ξ) = Imh(−ξ), (2.6)

Reh(ξ) = −Reh(−ξ), (2.7)

where ξ ∈ R. For symmetric Herglotz functions, the representation formula
(2.1) can therefore be simplified to

h(ω) = b1ω +
1

π

∫ ∞

−∞

1

ξ − ω Imh(ξ) dξ, (2.8)

where ω ∈ C+ and α = 0. Applying the distributional limit

lim
Imω→0+

1

ξ − ω =
1

ξ − ω′ + iπδ(ξ − ω′) (2.9)
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it is possible to represent the real part of the Herglotz function h(ω) in
terms of its imaginary part

Reh(ω) = b1ω +
1

π
−
∫ ∞

−∞

1

ξ − ω Imh(ξ) dξ, (2.10)

where ω ∈ R, b1 ≥ 0 and the notation −
∫

indicates a distributional convo-
lution which can be interpreted in the sense of the Cauchy principal value
integral for all ω, see [16, 17]. Here, Reh(ω) is point-wise defined on inter-
vals in R where h(ω) is regular.

It should be noted that the Hilbert transform relationship (2.10), which is
derived from the properties of the Herglotz function and its representation
formulas displayed in (2.1) and (2.8), is only a one-way Hilbert transform
relationship taking Imh(ξ) to Reh(ξ). This is in contrast to the general
Lp cases (1 < p < ∞) where the Hilbert transform operator H satisfies
H2 = −I where I is the identity operator on Lp [16].

It is therefore interesting to note that the Hilbert transform relation-
ship (2.10), which is derived directly from the properties of passivity, is not
directly related to any Lp spaces which is the common practice in most liter-
ature on causalily, cf., the Plemelj formulas or the Kramers-Kronig relations
[15, 16]. Note that the typical feature of a Herglotz function representing a
passive system, is that the measure is positive with Imh(ξ) ≥ 0.

Symmetric Herglotz functions h(ω) have the general asymptotic behaviours
h(ω) = a−1ω

−1 + o(ω−1) as ω→̂0 and h(ω) = b1ω + o(ω) as ω→̂∞. Here,
a−1 ≤ 0, b1 ≥ 0, o(·) denotes the order symbol as defined in [18], ω→̂0 and
ω→̂∞ mean that |ω| → 0 and |ω| → ∞ in the Stoltz cone θ ≤ argω ≤ π−θ,
respectively, for any θ ∈ (0, π/2].

Using a partial expansion based on odd-order coefficients, the asymptotic
properties of a symmetric Herglotz function can be represented as

h(ω) =

{
a−1ω

−1 + a1ω + . . .+ a2N0−1ω
2N0−1 + o(ω2N0−1) as ω→̂0,

b1ω + b−1ω
−1 + . . .+ b1−2N∞ω

1−2N∞ + o(ω1−2N∞) as ω→̂∞,
(2.11)

see [11]. Here, all the odd-order coefficients a2n−1 for n = 0, ..., N0 and
b1−2n for n = 0, ..., N∞ are real-valued due to the symmetry assumption,
N0 and N∞ are non-negative integers, where 1−N∞ ≤ N0.

Based on the statement above, it is possible to show that the following
sum rule integral identities hold

2

π

∫ ∞

0+

Imh(ξ)

ξ2n
dξ

def
= lim

ε→0+
lim
y→0+

2

π

∫ 1/ε

ε

Imh(ξ + iy)

ξ2n
dξ = a2n−1 − b2n−1,

(2.12)
for n = 1−N∞, . . . , N0, see [10, 11].

2.2 Passive material models
In electromagnetics, the response of a linear, isotropic and time-translationally
invariant material to an applied electric field intensity E(t) is given in terms

4



2 On Herglotz functions and passivity

of a time domain constitutive relation D(t) = ε0εr(t) ∗ E(t), where D(t)
is the electric flux density, εr(t) the real-valued relative permittivity con-
volution kernel and ε0 the permittivity of vacuum, see, e.g., [19]. Based
on Poynting’s theorem [19] and according to the definitions made in [20],
the material (or more precisely, the convolution operator εr(t)) is said to be
passive if ∫ T

−∞
E(t) · ∂D

∂t
dt ≥ 0, (2.13)

for all T , and for all electric fields that are testing functions with compact
support. If the passive convolution operator is an operator of slow growth,
then the energy expression (2.13) is valid also for the testing functions of
rapid descent [20]. It can be shown that this passivity condition is equivalent
to the condition

h(ω) = ωε(ω), (2.14)

where h(ω) is a Herglotz function, ε(ω) is analytic Fourier transform of the
convolution kernel εr(t)

ε(ω) =

∫ ∞

0

εr(t)e
iωt dt, (2.15)

and where ω ∈ C+, see, e.g., [20, 21].

2.3 Derivation of the Herglotz condition for a passive
system

Consider a linear time-translationally invariant (LTI) system based on a
time domain derivative and a real-valued convolution kernel εr(t) of slow
growth, and where x(t) and y(t) are the input and output signals, respec-
tively. In general, the input-output relationship can be written as

x(t) 7→ y(t) =
d

dt
{εr(t) ∗ x(t)}, (2.16)

where ∗ denotes the time domain convolution [20]. For complex valued
signals it is seen that

{
Rex(t) 7→ Re y(t) = d

dt{εr(t) ∗ Rex(t)}
Imx(t) 7→ Im y(t) = d

dt{εr(t) ∗ Imx(t)}.
(2.17)

A characterization of passivity for all possible input signals (testing func-
tions of rapid descent) is now given by the equivalent statements

Re

∫ T

−∞
x∗(t)y(t) dt ≥ 0⇔





∫ T
−∞Rex(t) Re y(t) dt ≥ 0
∫ T
−∞ Imx(t) Im y(t) dt ≥ 0.

(2.18)
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To derive the passivity (Herglotz) condition, let x(t) = e−iωt for −∞ <
t < a, where T < a <∞ and Imω > 0. Then

Re

{∫ T

−∞
x∗(t)y(t) dt

}
= Re

{∫ T

−∞
eiω∗t d

dt

∫ ∞

0

εr(τ)e−iω(t−τ) dτ dt

}

= Re

{∫ T

−∞
e−i(ω−ω∗)t dt(−iω)

∫ ∞

0

εr(τ)eiωτ dτ

}
=

e2 ImωT

2 Imω
Im {ωε(ω)} .

Hence, for a passive material (system) it follows that Im {ωε(ω)} ≥ 0. It
can also be shown that any Herglotz function can represent a realization of
a passive LTI system [20].

In the following sections, Debye and conductivity models [22] will be de-
scribed. As will be seen, the corresponding Herglotz functions have a very
high degree of regularity since they can be analytically continued (extended)
to functions that are regular (continuous) in a closed neighbourhood of the
real axis R. However, there is no guarantee that this is a property that will
hold for a physical system in general. These models will be used in Papers
V and VI, in studies of the passive approximation framework.

Debye model

The Debye model is used to model the response of dielectric media and
is given by [22]

ε(ω) = ε∞ +
εs − ε∞
1− iωτ

, (2.19)

where ε∞ > 0 is the optical response, εs > 0 the static response and τ > 0
the relaxation time. The corresponding time domain response is given by
[22]

εr(t) = ε∞δ(t) +
εs − ε∞

τ
e−t/τH(t). (2.20)

The corresponding Herglotz function and its asymptotics are given by

h(ω) = ωε∞ + ω
εs − ε∞
1− iωτ

=

{
ωεs + o(ω) as ω→̂0,

ωε∞ + o(ω) as ω→̂∞.
(2.21)

The Herglotz function h(ω) can be continued to a function meromorphic in
C \ {−i 1

τ } with a single pole at ω = −i 1
τ . The spectral measure is given by

Imh(ξ) =
ξ2τ(εs − ε∞)

1 + ξ2τ2
, (2.22)

where ξ ∈ R. There is a sum rule (2.12) for n = 1 yielding

2

π

∫ ∞

0+

Imh(ξ)

ξ2
dξ =

2

π

∫ ∞

0+

Im ε(ξ)

ξ
dξ = εs − ε∞. (2.23)
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3 On discretization and optimization of Herglotz functions on the real axis

It is noted that the sum rule (2.23) reveals a general feature for all passive
materials having the same asymptotic expansion as in (2.21), namely that
εs ≥ ε∞, and if εs = ε∞ then Imh(ξ) = 0 for all ξ ∈ R and the material is
lossless.

Conductivity model

The conductivity model is used to model electrical conductivity and is
given by [22]

ε(ω) = ε∞ + i
σ

ωε0
, (2.24)

where ε∞ > 0 is the optical response and σ ≥ 0 the conductivity. The
corresponding time domain response is given by [22]

εr(t) = ε∞δ(t) +
σ

ε0
H(t), (2.25)

where H(t) is the Heaviside unit step function. It is noted that the Fourier
transform of εr(t) is a distribution ε(ξ) = ε∞ + i σε0

1
ξ + σ

ε0
πδ(ξ) and where

i 1
ω 7→ i 1

ξ + πδ(ξ) as Imω → 0+. The corresponding Herglotz function and
its asymptotics are given by

h(ω) = ωε∞ + i
σ

ε0
=

{
o(ω−1) as ω→̂0,

ωε∞ + o(ω) as ω→̂∞.
(2.26)

The Herglotz function h(ω) can be continued to an analytic function regular
in C. The spectral measure is given by

Imh(ξ) =
σ

ε0
, (2.27)

for all ξ ∈ R. There are no sum rules (2.12) that can be applied to a Herglotz
function h(ω) with asymptotics as in (2.26).

3 On discretization and optimization of Her-
glotz functions on the real axis

3.1 Discretization with general B-splines
Let Ω ⊂ O ⊂ R denote a closed interval on the real line, ω ∈ Ω is the
frequency variable and h(ω) a continuous extension of the approximating
Herglotz function, i.e., h(ω) is analytic on C+ and continuous on C+ ∪ O,
where O is an open neighborhood of Ω.

The Herglotz function h(ω) can then be represented by its imaginary part
Imh(ω) = πβ′(ω) as

Imh(ω) =

N∑

n=1

xn [pn(ω) + pn(−ω)] , (3.1)
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and

Reh(ω) = b1ω +

N∑

n=1

xn [p̂n(ω)− p̂n(−ω)] , (3.2)

where ω ∈ Ω, pn(ω) are the B-spline functions of fixed polynomial or-
der, b1 ≥ 0 and xn ≥ 0 the corresponding optimization variables for
n = 1, . . . , N , and where p̂n(ω) is the (negative) Hilbert transform [16]
of the B-spline functions. Note that the expansions in (3.1) and (3.2) are
expressed under the assumption that the imaginary part Imh(ω) is a sym-
metric function.

Let the pulse function pn(ω) in (3.1) be defined by a B-spline function
N0,m(ω) of order m [23], where the knots are given by a sequence of m+ 1
frequency points (ωn−m

2
, . . . , ωn, . . . , ωn+ m

2
) in the domain Ω if m is even.

The (negative) Hilbert transform of the B-spline pulse function pn(ω) is
defined by

p̂n(ω) =
1

π
−
∫ ∞

−∞

1

ξ − ωpn(ξ)dξ, (3.3)

and a repeated integration by parts yields the following explicit formula for
m ≥ 2

p̂n(ω) = (−1)m−1 1

π

m−1∑

i=0

p(m−1)
n (ωi+)

×
[

(ωi+1 − ω)m−1(ln |ωi+1 − ω| − Cm)

(m− 1)!

− (ωi − ω)m−1(ln |ωi − ω| − Cm)

(m− 1)!

]
, (3.4)

where the constant Cm is given recursively by

Cm = Cm−1 +
1

m− 1
, (3.5)

and where C1 = 0. Hence, the sequence {C2, C3, C4, . . .} = {1, 3/2, 11/6, . . .}
corresponds to linear, quadratic and cubic B-splines, etc.

In Figure 3.1 we illustrate the linear, quadratic and cubic B-splines and
their Hilbert transforms over an interval ω = [−0.32, 4]. Here, the dashed
lines correspond to B-spline functions of order m = 2, m = 3 and m =
4 with circles indicating their respective knots ωl ∈ {0.2154, 0.4642, 1},
ωq ∈ {0.1, 0.2154, 0.4642, 1} and ωc ∈ {0.1, 0.2154, 0.4642, 1, 2.1544}, and
the solid lines the corresponding Hilbert transforms.

3.2 Convex optimization
A brief summary on some of the central concepts in convex optimization.
The properties stated take a central part in formulation of convex opti-
mization problems, e.g., with application to optimal realization of passive

8



3 On discretization and optimization of Herglotz functions on the real axis
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b) Quadratic B-spline
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c) Cubic B-spline
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Figure 3.1: Illustration of linear, quadratic and cubic B-spline basis func-
tions, pl(ω), pq(ω) and pc(ω), their knots ωl, ωq and ωc, and corresponding
(negative) Hilbert transforms p̂l(ω), p̂q(ω) and p̂c(ω), respectively.

electromagnetic structures. For a more complete treatise on convex opti-
mization and related algorithms, see, e.g., [24–26].
Definition 3.1. A set S ⊂ Rn is convex if

x1,x2 ∈ S ⇒ (1− t) x1 + t x2 ∈ S, (3.6)

for all 0 < t < 1. Geometrically this means that the straight line between
any two points in a convex set remains in the set, see Figure 3.2 for an
illustration of the two-dimensional case.

a) A convex set b) A non-convex set

x1

x2

x1

x2

Figure 3.2: Illustration of a) A convex set in R2. b) A non-convex set in
R2.

�
Definition 3.2. The intersection ∩αSα of convex sets Sα is a convex set.

�
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Definition 3.3. Let f be a function defined on the convex set S ⊂ Rn.
The function f is said to be a convex function if

x1,x2 ∈ S ⇒ f((1− t)x1 + tx2) ≤ (1− t)f(x1) + tf(x2), (3.7)

for all 0 < t < 1. Geometrically this means that a convex function f
is always less then or equal to a corresponding linear (or affine) function
passing through the values f(x1) and f(x2) where x1 and x2 are any two
points in the convex set S, see Figure 3.3 for an illustration of the one-
dimensional case.

If the function f satisfies a strict inequality in (3.7), it is said to be a
strictly convex function. A function f is said to be concave if −f is convex.

a) A convex function b) A non-convex function

f(x)

x1 x2 x

f(x)

x1 x2 x

Figure 3.3: Illustration of a) A convex function on S ⊂ R. b) A non-convex
function on S ⊂ R.

�
Definition 3.4. A linear (or affine) function f is both convex and concave
(but it is not strictly convex). In particular, if f is linear (or affine), both
f and −f are convex. �
Definition 3.5. Let f1 and f2 be convex functions defined on a convex set
S. Then the positive linear combination

f = α1f1 + α2f2

(with α1 > 0 and α2 > 0) is a convex function. If any one of f1 and f2 is
strictly convex, then the function f is strictly convex. �
Definition 3.6. Let f(x) = 1

2x
TAx + bTx + c be a quadratic form where

A is an n × n matrix, x and b are n × 1 vectors, c a constant and (·)T
denotes the transpose. The function f is convex if and only if the Hessian
matrix A is positively semidefinite, i.e.,

A ≥ 0⇔ f convex.

10



3 On discretization and optimization of Herglotz functions on the real axis

The function f is strictly convex if and only if the Hessian matrix A is
positively definite, i.e.,

A > 0⇔ f strictly convex.

�
Definition 3.7. Let f be a convex function defined on the convex set
S ⊂ Rn. Then f is a continuous function on the interior of S [24]. �
Definition 3.8. A convex optimization problem in general is a problem of
the form

minimize f(x)

subject to x ∈ S, (3.8)

where f is a convex function defined on the convex set S. It is common
that the convex set S is given in the form S = {x ∈ Rn|gi(x) ≤ 0} where
{gi(x)}Mi=1 is a set of convex functions representing the convex constraints.

�
Definition 3.9. One of the most important properties of a convex opti-
mization problem is that any local minimum is also a global minimum1. �
Definition 3.10. Any norm f(x) = ‖x‖ is a convex function on Rn since
by the triangle inequality we have

f((1− t)x1 + tx2) = ‖(1− t)x1 + tx2‖ ≤ (1− t)‖x1‖+ t‖x2‖
= (1− t)f(x1) + tf(x2), (3.9)

where 0 < t < 1. �
Definition 3.11. The norm of a linear (or affine) form is a convex function
on Rn. �

Consider, e.g., the function f(x) = ‖Ax−b‖ where A is anm×n matrix,
x an n× 1 vector and b an m× 1 vector. The function f(x) is convex since
by the triangle inequality

f((1− t)x1 + tx2) = ‖A((1− t)x1 + tx2)− b‖
= ‖(1− t)(Ax1 − b) + t(Ax2 − b)‖ ≤ (1− t)‖Ax1 − b‖+ t‖Ax2 − b‖

= (1− t)f(x1) + tf(x2).

Consider the following convex optimization problem

minimize ‖h(ω)− f(ω)‖Ω
subject to xn ≥ 0,

b1 ≥ 0,
(3.10)

1Here the term “minimum” refer to the minimizing point x and the term “minimum
value” to the corresponding minimum value f(x).
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where ‖ · ‖Ω denotes a suitable norm (e.g., L2 or L∞) on Ω, and f(ω) the
corresponding target function. The convex optimization formulation (3.10)
can be represented in matrix form as

minimize ‖ωb1 + Hx + iPx− f‖Ω
subject to x ≥ 0,

b1 ≥ 0,
(3.11)

where x denotes the N × 1 vector of optimization variables xn for n =
1, . . . , N , and f the corresponding column vector representing the target
function f(ω). The imaginary and real parts of h(ω) in (3.1) and (3.2)
can then be expressed in a semi-infinite matrix notation as Imh = Px
and Reh = b1ω + Hx, where ω is a column vector corresponding to the
approximation domain ω ∈ Ω, and the columns of the matrices P andH are
similarly given by the functions pn(ω) and p̂n(ω)−p̂n(−ω), respectively. The
corresponding numerical problem (3.10) can be solved efficiently by using
the CVX MATLAB software for disciplined convex programming [27].

4 Electromagnetic models
In this section two groups of models are considered. The first group consists
of linearised mutual impedance models of transformer coil built on magnetic
steel wire. Our application for these models is the armour shield of high-
voltage AC power cables.

The second subsection is focused on the dispersion model that is used
to study the dielectric properties of high-voltage insulation materials. Our
application that corresponds to this model is the insulation material of high-
voltage DC power cables.

The following notation and conventions will be used below. Let µ0, ε0,
η0 =

√
µ0/ε0 and c0 = 1/

√
µ0ε0 denote the permeability, the permittivity,

the wave impedance and the speed of light in vacuum, respectively. The
wavenumber of vacuum is given by k0 = ω

√
µ0ε0, where ω = 2πf is the

angular frequency and f the frequency. The cylindrical coordinates are
denoted by (ρ, φ, z), the corresponding unit vectors (ρ̂, φ̂, ẑ), the transverse
coordinate vector ρ = ρρ̂ and the radius vector r = ρ + zẑ. For time-
harmonic fields, the time convention is given by e−iωt.

4.1 Impedance models for cable armour steel
In this subsection, three linear mutual impedance models of the transformer
coil built on a magnetic steel wire with a strong skin-effect, see Figure 4.1,
are considered. The non-linear relation between magnetic field intensity H
and magnetic flux density B is taken into account by restricting the validity
of the linearized constitutive relation B(r) = µ0µH(r) for a certain range
of input amplitudes. The linearised mutual impedance of the transformer

12



4 Electromagnetic models

coil Z(µ) is defined in the frequency domain by

Z(µ) =
U

I
, (4.1)

where U is the output voltage, I the input current and µ the complex
valued permeability. Here, the imaginary part of magnetic permeability
Imµ models the hysteresis losses and the conductivity of the steel core σ is
known.

Figure 4.1: The prototype of transformer coil wound on the armour steel

The following analytical models with increasing complexity level are de-
rived for the axial symmetric problem

Z1(µ) = −iωµ0µ
N1N2

l1
πρ2

s , (4.2)

Z2(µ) = −iωµ0µ2π
N1N2

l1

ρs

κ

J1(κρs)

J0(κρs)
, (4.3)

where κ = k0
√
µε, ε = εr + i σ

ωε0
, and

Z3(µ) = −iωµ0µ2πρs
N1

p

∞∑

q=−∞
A0
q

J1(κ1qρs)

κ1q

sin(πq l2p
N2

N2−1 )

sin(πq l2p
1

N2−1 )
, (4.4)

where

A0
q =

sin(πql1/p)

πql1/p

κ1qH
(1)
1 (κ2qρs)

κ1qJ0(κ1qρs)H
(1)
1 (κ2qρs)− µκ2qJ1(κ1qρs)H

(1)
0 (κ2qρs)

,

(4.5)
κ1q =

√
k2

0µε− α2
q , κ2q =

√
k2

0 − α2
q , and αq = 2π

p q. Here, l1 and l2

are the lengths of primary and secondary windings of the transformer coil
with number of turns N1 and N2, respectively, ρs is the radius of the steel
core, κ the wavenumber of the medium, κ1q and κ2q are the transverse
wavenumbers of the medium and free space, repsectively, α the propagation
constant, where p� l1 the period and q the discrete Fourier index.

The first model Z1(µ) is based on the assumption that magnetic field
inside the steel core is constant. The second model Z2(µ) takes the radial
dependence of magnetic field and skin-effect into account. In the third
model Z3(µ), in comparison with Z2(µ), the edge effects of primary and
secondary windings of the transformer coil are included.
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To identify the complex valued permeability, the following equality should
be satisfied

Z(µ) = ZM, (4.6)
where ZM corresponds to the measured mutual impedance of the trans-
former coil.

The solution to the inverse problem can be obtained from a normalized
residue calculations over a closed contour C that contains the correct zero

µ̂ =

∮

C

µ

Z(µ)− ZM dµ
∮

C

1

Z(µ)− ZM dµ

, (4.7)

where µ̂ denotes the complex valued permeability to be estimated and µ
the parameter on complex plane.

4.2 Dispersion model of high-voltage insulation materi-
als

The dielectric response of the cable insulation material in the frequency
domain, in general, can be described by the empirical relaxation function,
known as the Havriliak-Negami model [28, 29]

εHN(ω) = ε∞ +
εs − ε∞

(1 + (−iωτ)α)γ
+ i

σ

ωε0
, (4.8)

where εs and ε∞ denote the static and the instantaneous responses, re-
spectively, α and γ ∈ (0, 1], τ > 0 the relaxation time and σ > 0 the
static conductivity. The real and imaginary parts of the permittivity model
εHN(ω) can be calculated [30, 31] as

Re{εHN(ω)} = ε∞ +
(εs − ε∞) cos γφ

(1 + 2(ωτ)α sin(π/2(1− α)) + (ωτ)2α)γ/2
(4.9)

and

Im{εHN(ω)} =
(εs − ε∞) sin γφ

(1 + 2(ωτ)α sin(π/2(1− α)) + (ωτ)2α)γ/2
+

σ

ωε0
, (4.10)

where
φ = arctan

[
(ωτ)α cos(π/2(1− α))

1 + (ωτ)α sin(π/2(1− α))

]
(4.11)

and ω ∈ R+. This model is commonly used to identify the conductivity
of high-voltage insulation material. The corresponding Herglotz function
given by

h(ω) = ωεHN(ω) = ωε∞ +
ω(εs − ε∞)

(1 + (−iωτ)α)γ
+ i

σ

ε0
, (4.12)

where ω ∈ C+, is used in Paper VI as a part of passive approximation
problem in studies of estimation accuracy of the unknown conductivity pa-
rameter.
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5 Included papers

5 Included papers
Paper I. Measurements and estimation of the complex valued per-
meability of magnetic steel

Paper I provides a method for the estimation of a complex valued per-
meability of magnetic steel in the presence of a strong skin-effect. A trans-
former coil has been built based on a magnetic steel wire. Three linear
analytic models for the mutual impedance of a transformer coil have been
derived based on waveguide theory and applied to the algorithm based on
normalized residue calculations to estimate an unknown complex valued per-
meability. The algorithm is validated using a numerical commercial FEM
software and it can be concluded that the proposed algorithm provides fast
and accurate computations. This method is important in studies of armour
losses in high-voltage AC power cables.

Paper II. Estimation of complex valued permeability of cable ar-
mour steel

Paper II is focused on numerical and statistical validations of the al-
gorithm developed in Paper I. The convergence of numerical residue cal-
culation is studied using rectangular quadrature and composite Simpson’s
rules. In the presence of Gaussian measurement noise, the Cramér-Rao
lower bound for permeability estimation error is determined.

Paper III. Cylindrical multipole expansion for periodic sources
with applications for three-phase power cables

Paper III addresses the calculations of electromagnetic fields generated
by sources that are periodic along the longitudinal coordinate of a helical
structure, such as a three-phase power cable. It is concluded that the calcu-
lations of magnetic fields are numerically stable at low frequencies, such as
50 Hz, and it is suitable for studies of armour losses in HVAC power cables.

Paper IV. On absence of sources at infinity and uniqueness for
waveguide solutions

Paper IV is based on an investigation of criteria that allows achieve-
ment of a unique solution for a waveguide problem. In general, Maxwell’s
equations with sources in combination with boundary conditions are not
sufficient to ensure a unique solution. As additional constraints, we assume
that waves are propagating from the source region and there are no sources
at infinity. Several theories and techniques to achieve a unique solution for
a waveguide problem in the time and the frequency domains are reviewed.
Simple waveguide structures are considered as examples. The applications
of our interest are high-voltage cables. One of the proposed methods is
successfully applied in Papers V and VI.
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Paper V. Approximation of dielectric spectroscopy data with Her-
glotz functions on the real line and convex optimization

Paper V provides a method for approximation of dielectric spectroscopy
measurement data based on Herglotz functions, Hilbert transform, Tikhonov
regularization and convex optimization. The proposed method allows in-
terpolation and extrapolation of the input data given over a very large
frequency bandwidth, in this case from 1 mHz up to 10 Hz. The numerical
studies are made with application to synthetic data generated by a combina-
tion of two Debye models and a conductivity model. The main application
is the insulation material of high-voltage DC power cables.

Paper VI. Passive approximation and optimization with B-splines

Paper VI is focused on passive approximation and realization of con-
tinuous functions using Herglotz functions on the real axis, finite B-spline
expansion and convex optimization. The objective is to develop a general
framework that allows studying the realization of a passive system. For this
system, the input data can be spread either uniformly and non-uniformly
over a finite interval on the real axis. B-spline basis functions of a fixed order
are chosen to improve a quality of interpolation and extrapolation in com-
parison with the method based on triangular basis functions and Tikhonov
regularization. One of the main application problems is an identification of
a dispersion model that fits the dielectric response of a high-voltage insula-
tion material generated via the Havriliak-Negami model.

6 Summary and future work
In this thesis, we study material losses in components of high-voltage power
cables. For HVAC power cables, three linear analytical mutual-impedance
models have been derived and compared for estimation of complex valued
permeability of cable armour steel restricted by a range of input amplitudes.
The derived analytical model is numerically and statistically validated and
requires about 10–100 Fourier coefficients, whereas an accurate FEM-based
solution of this problem requires 105 degrees of freedom. Also, a cylindri-
cal multipole expansion has been derived for calculation of electromagnetic
fields generated by a three-phase helical current distribution with a stable
solution at low frequencies (including 50 Hz) and the results can be used as
an input in computations of armour losses in HVAC power cables.

The major challenge that remains is to develop methods that can be used
to optimize the design of HVAC power cables with respect to induced ar-
mour losses. Initial results are obtained as described in Papers I–III includ-
ing the characterization of the cable armour steel as well as the acquisition
of measurement data regarding armour losses that has been conducted at
ABB’s factory (NKT’s since March 2017) in Karlskrona. The problem area
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6 Summary and future work

is industrially relevant since power cable manufacturers must continuously
adapt their designs and material choices due to technology competition as
well as environmental regulations and standards. However, the modeling
problem is a major challenge due to the complicated helical structure of the
HVAC power cables in comparison to, e.g., the cylindrically symmetrical
HVDC coaxial geometry. Hence, to address the requirements from the in-
dustry and at the same time develop results of scientific interest, we pursue
this task by considering semi-analytical techniques based on the results on
helical structures in Paper III and approximate boundary conditions.

For HVDC power cables, a rigorous mathematical framework based on
Herglotz functions, Hilbert transforms and B-splines has been developed
to study the dielectric response of high-voltage insulation materials and
estimate their dielectric properties such as the instantaneous response and
the conductivity. It is shown, by applying the sum rule (2.12), that it is
possible to determine the static dielectric response of the insulation material
if the instantaneous one is known. The objective of the future research
will be detailed studies of the wave propagation characteristics and model
uncertanties published in [32, 33] using the results achieved in Papers V
and VI.
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Abstract

This report is intended as a tutorial on electromagnetic modeling to measure and
estimate the complex valued relative permeability of magnetic steel. The main appli-
cation is with the estimation of the electromagnetic material parameters of the armour
wires used with high-voltage AC power cables.

When the magnetic field intensity is sufficiently far from saturating the magnetic
steel, the magnetic hysteresis phenomena can be approximated by using a linearization
approach based on a complex valued (and frequency and amplitude dependent) relative
permeability. In the report it is demonstrated how the complex valued permeability
of magnetic steel can be efficiently estimated in the presence of a strong skin-effect.
This is achieved by using a simple transformer coil built on the magnetic steel to be
tested and by efficient numerical modeling based on waveguide theory and complex
analysis. Numerical computations based on the Finite Element Method (FEM) and
the commercial software COMSOL are employed to establish when edge effects can be
ignored in the simplified analytical model.

1 Introduction

Power losses related to the skin-effect, induced eddy currents and hysteresis losses, are all
very important electromagnetic phenomena to consider in the design of high-voltage AC
power cables [1, 12, 16, 17]. Due to the complicated structure of these cables, which consist
of a variety of material constituents and multiply twisted conductor bundles, it is a non-
trivial task to accurately predict the effect of these loss mechanisms. Presently, it is for this
purpose that numerical techniques based on Finite Element Modeling [1, 2] and the Method
of Moments [17] as well as analytical techniques [13] are being developed.

In this report, we will address the problem of accurately estimating the complex valued
relative permeability of the cable steel armour. The main motivation is to provide important
input parameters in the above mentioned quest to model and predict the armour losses in AC
power cables. In particular, we will address the problem of estimating the electromagnetic
parameters of the steel armour in the presence of a strong skin-effect and with proper account
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+46 470 70 8193. Fax: +46 470 84004. E-mail: sven.nordebo@lnu.se.

1



taken to the dimensionality of the test object. First, the conductivity of the steel is identified
by a standard four-point DC measurement on a single straight wire of armour steel. Then, a
transformer coil is built on the armour wire to be tested and which is wound with very thin
copper wires. The mutual impedance of the transformer coil is modeled based on the known
conductivity of the steel and a linearization of the non-linear magnetic hysteresis phenomena
by using a (frequency and amplitude dependent) complex valued relative permeability. The
estimated complex permeability is finally obtained by comparing the corresponding frequency
domain measurement data with the analytic model and by employing a numerical residue
calculation.

Naturally, a correct non-linear model of the magnetic hysteresis and an accurate and ef-
ficient numerical solver of the corresponding non-linear electromagnetic problem would be
ideal. There exist today many non-linear models to describe the magnetic hysteresis phenom-
ena such as with the micromagnetic models and the Jiles-Atherton model [6, 7], frequency
dependent models [5] and the variational models based on thermodynamics [3]. However,
below we give three main arguments to employ a linear model instead of a non-linear one.

• First, in very many aspects (such as existence and uniqueness of solutions, rich theory
and efficient numerical algorithms, etc.) a linear model is much more attractive to work
with in comparison to a non-linear one. And even though there exist a large number of
non-linear models to chose from, a “correct” non-linear model is very difficult to assess,
the choice may even be “ad hoc” and the determination of the model parameters usually
becomes a highly non-linear and non-convex (global) optimization problem.

• Second, we have found that with stationary excitation amplitudes and reasonable work-
ing conditions (wrt magnetic field intensity), the armour steel of the power cable is far
from saturated and hence the magnetic hysteresis loops can be well approximated by
using a (localized) linear constitutive relationship. In this case, the typical hystere-
sis loop of the magnetic material, i.e., the BH-map closely resembles an elliptic shape
which can effectively be modeled by using a complex valued permeability at a particular
frequency. The non-linearity can be taken into account by restricting the validity of the
(localized) linear model to a certain range of input amplitudes.

• Finally, a linear constitutive relationship implies the presence of a (frequency depen-
dent) complex valued permeability which can be readily incorporated with a full scale
electromagnetic solver for the whole cable structure provided that the electromagnetic
solver is based on linear theory.

The linear model of the transformer coil that is employed here is based on Fourier analysis
and waveguide theory and is validated by comparisons using the Finite Element Method
(FEM) and the numerical software COMSOL. The number of degrees of freedom (unknown
variables) in the analytical model is typically in the order of 10 whereas the numerical FEM
based solution requires typically about 105 unknown variables to yield an accurate solution.
Hence, the analytical solution gives much faster computations which is very important in
a practical implementation. In fact, this is particularly important here as the proposed
estimation procedure and numerical residue calculation requires a large number of repeated
computations on the two-dimensional plane of complex permeability. On the other hand, the
analytical solution relies on the simplifying assumption to disregard the edge effects of a finite
wire. The numerical validation using FEM is therefore very important in order to establish
the required length of the wire where edge effects can be disregarded in the simplified analysis.
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2 Problem formulation

2.1 Notation and time conventions

The following notation and conventions will be used below. Let µ0, ε0, η0 and c0 denote
the permeability, the permittivity, the wave impedance and the speed of light in vacuum,
respectively, and where η0 =

√
µ0/ε0 and c0 = 1/

√
µ0ε0. The wavenumber of vacuum is

given by k0 = ω
√
µ0ε0 where ω = 2πf is the angular frequency and f the frequency. Note

that ωµ0 = k0η0 and ωε0 = k0/η0. The cylindrical coordinates are denoted by (ρ, φ, z), the
corresponding unit vectors (ρ̂, φ̂, ẑ), the transverse coordinate vector ρ = ρρ̂ and the radius
vector r = ρ+ zẑ. For time harmonic fields the time convention is given by e−iωt.

2.2 Problem parameters and measurement set-up

Consider a long solenoidal transformer coil consisting of a steel core of length L and radius ρs,
a primary winding of length l1 and a secondary winding of length l2, as depicted in Figure 1
and 2 below. The windings consist of very thin copper wires so that their dimensionality can
be neglected. The number of turns of the primary and secondary windings are denoted N1

and N2, respectively. The core consists of the material to be tested, i.e., the armour steel of
an AC power cable with conductivity σ (S/m) and complex valued and frequency dependent
relative permeability µ = µr + iµi.

l2

l1

L

ρsẑ�

Figure 1: A long solenoidal transformer coil wound on the armour steel to be tested.

Figure 2: The prototype transformer coil built on (magnetic) galvanized steel.

Both the (inner) primary and the (outer) secondary windings of the solenoidal transformer
coil were wound as a single layer of 0.1 mm isolated copper wire yielding approximately 9
turns/ mm. The lengths of the two windings were l1 = 200 mm and l2 = 150 mm yielding
N1 = 1800 and N2 = 1350, respectively. The length of the galvanized steel core is L = 460 mm
and the radius is ρs = 3 mm.

A schematic illustration of the measurement set-up with test transformer and an integrator
is given in Figure 3. Here, e denotes the AC voltage source, Ri the interior resistance of the
source, Rm the measurement resistance, um the measured resistor voltage, u the induced
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voltage of the secondary winding and u2 the output of the integrator. The three voltages u2,
um and u are measured with a digital oscilloscope with high impedance probes. The measured
current of the primary winding is given by i = um/Rm. Assuming a linear electromagnetic
model, the mutual impedance of the transformer coil is defined by

Z =
U

I
, (1)

where U and I are the frequency domain representations of the signals u(t) and i(t), respec-
tively. A Fourier series representation of real valued periodic signals will be employed here
where the corresponding time-domain constituents at each (non-zero) frequency ω are given
by {

u(t) = 2 Re{Ue−iωt},
i(t) = 2 Re{Ie−iωt}.

(2)

N1 : N2

+

−

u

e

Ri
i

Rm

+

−

um

i

u2

∫
dτ

Figure 3: Measurement set-up with test transformer and an integrator.
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Figure 4: Integrator circuit based on operational amplifiers.

A stable integrator circuit based on operational amplifiers is depicted in Figure 4. The
transfer function expressed in the frequency domain is given by

U2

U
=

10

1− iω/ωc

, (3)
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where the cut-off frequency is ωc = ω0/10 and ω0 = 1/RC. At frequency ω = ω0 the transfer
function is close to i. When the operating frequency is well above cut-off, the output of the
circuit can be approximated by

u2(t) =
1

RC

∫ t

−∞
u(τ) dτ. (4)

2.3 Four-point measurements

A four-point measurement is conducted to determine the conductivity of the steel wire, see
Figure 5. A DC current generator is connected in series with an amperemeter and the wire
under test. A high impedance voltmeter is connected across a dedicated section of the wire
having length l and resistance Rw. The measured current and voltage are denoted I and U ,
respectively. The estimated conductivity σ is obtained from Ohm’s law

J = σE, (5)

where the current density is J = I/πρ2
s (A/m2) and the electric field intensity E = U/l (V/m).

Rw

+− U

I

I

A

V

Figure 5: Four-point measurement to determine a small resistance Rw.

Two steel wires were tested with data and measurement results as summarized in Table 1.

Table 1: Wire data and four-point measurements.

Wire l ( mm) ρs ( mm) I ( A) U ( mV) σ ( MS/m)

1. Galvanized steel (magnetic) 400 3 7.14 17.9 5.64

2. Stainless steel (non-magnetic) 300 2.5 7.14 83.0 1.31
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3 The electromagnetic model

3.1 Maxwell’s equations and the Faraday’s law of induction

Maxwell’s equations in the time-domain are given by





∇×E(r, t) = −∂B(r, t)

∂t
,

∇×H(r, t) = J(r, t) +
∂D(r, t)

∂t
,

(6)

whereE (V/m) is the electric field intensity,H (A/m) the magnetic field intensity,D (As/m2)
the electric flux density, B (Vs/m2) the magnetic flux density and J (A/m2) the current den-
sity, see e.g., [4]. In the following, all fields will be assumed to be axial-symmetric (independent
of φ) and the argument r will therefore frequently be replaced by the argument (ρ, z).

The geometry and sign-conventions for the secondary winding is shown in Figure 6. Here,
Sn denotes the surface generated by each individual turn for n = 1, . . . , N2, S =

∑
n Sn the

total surface generated by all turns and Sout the exterior surface generated by closing the
measurement loop. The part of the closed measurement loop that consists of the copper wire
is denoted Cw. Note that the voltage u is measured with a high-impedance voltmeter and
hence there is no current flowing in the measurement loop.

Sn S =
∑
n Sn

Sout

ẑ

Cw

u+ −

Figure 6: Geometry and sign-conventions for the secondary winding.

By neglecting the self-inductance of the exterior loop (neglecting the magnetic field through
the surface Sout) and by invoking the quasi-electrostatic assumption ∇×E = 0 outside the
coil, it can be shown that the induced voltage u can be expressed as

u(t) =

N2∑

n=1

∫

Sn

∂B(ρ, zn)

∂t
· dS, (7)

and in the frequency domain as

U = −iω

N2∑

n=1

∫

Sn

B(ρ, zn) · dS, (8)

where N2 is the number of turns of the secondary winding and zn the position of each individ-
ual turn. It is assumed that the copper wires are very thin so that the pitch angle of the coil
can be neglected. Here, the following discretization will be used for the secondary winding

zn =
l2

N2 − 1
(n− N2 + 1

2
), (9)
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where n = 1, . . . , N2 and −l2/2 ≤ zn ≤ l2/2, as well as the following finite sum

N2∑

n=1

eiαzn =
sin(α l2

2
N2

N2−1
)

sin(α l2
2

1
N2−1

)
, (10)

where α is a real or complex parameter.

3.2 Maxwell’s equations in the frequency domain

Assuming that the material can be approximated as being linear, the following linear consti-
tutive relations are used in the frequency domain

{
D(r) = ε0εE(r),

B(r) = µ0µH(r),
(11)

where the conduction losses (eddy currents) are modeled by using the complex valued relative
permittivity ε = εr + i σ

ωε0
and the non-linear hysteresis losses are approximated by using a

linearization based on the complex valued relative permeability µ = µr + iµi. Both ε and µ
are in general frequency dependent with a strictly non-negative imaginary part for passive
materials. For metals, the real permittivity is usually taken to be εr = 1.

The source-free Maxwell’s equations in the frequency domain are now given by

{
∇×E(r) = iωµ0µH(r),

∇×H(r) = −iωε0εE(r),
(12)

which can be combined to yield the following vector Helmholtz equation for the magnetic field

∇2H(r) + k2
0µεH(r) = 0, (13)

and which yields for the z-component Hz in cylindrical coordinates

1

ρ

∂

∂ρ
ρ
∂

∂ρ
Hz(ρ, z) +

∂2

∂z2
Hz(ρ, z) + k2

0µεHz(ρ, z) = 0, (14)

where the fields are assumed to be axial-symmetric (independent of φ).
It is assumed that the steel core is infinitely long. This is a realistic approximation since the

fields are significantly attenuated by conduction losses (eddy currents) along the longitudinal
direction of the core. To solve the problems (12) or (14), the following boundary conditions
will be used at the intersection ρ = ρs

ρ̂× (H(ρs+, z)−H(ρs−, z)) = Js, (15)

and
ρ̂× (E(ρs+, z)−E(ρs−, z)) = 0, (16)

where ρs+ and ρs− indicate that the limit is taken from above and from below, respectively,
cf., [4]. Here, Js is the surface current density defined by

Js = φ̂
N1

l1
Ip(z) (A/m), (17)
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where the quantity N1/l1 indicates the number of turns per unit length of the solenoid. The
spatial excitation amplitude p(z) is either p(z) = 1 as with an infinite excitation, or more
rigorously as with a finite excitation where

p(z) =





1 |z| < l1
2
,

0 |z| > l1
2
.

(18)

The axial-symmetric Transverse Electric TE0 electromagnetic fields can be expressed as

{
E(ρ, z) = Eφ(ρ, z)φ̂

H(ρ, z) = Hρ(ρ, z)ρ̂+Hz(ρ, z)ẑ,
(19)

in which case the boundary conditions (15) and (16) become

−Hz(ρs+, z) +Hz(ρs−, z) =
N1

l1
Ip(z), (20)

and
Eφ(ρs+, z)− Eφ(ρs−, z) = 0. (21)

3.3 General solution in the frequency domain

Let the longitudinal space-convention be given by H(ρ, z) = H(ρ, α)eiαz (and similarly for
the electric field), where α is the (generally complex valued) propagation constant. The
z-derivative then transforms as ∂

∂z
↔ iα, and the PDE (14) becomes

1

ρ

∂

∂ρ
ρ
∂

∂ρ
Hz(ρ, α) + κ2Hz(ρ, α) = 0, (22)

where κ2 = k2
0µε− α2. Here, κ is the transverse wavenumber defined by

κ =
√
k2

0µε− α2, (23)

and where the square root1 κ =
√
w is defined such that 0 < argw ≤ 2π and 0 < arg κ ≤ π

and hence Imκ ≥ 0. The solution to (22) in a cylindrical region is generally given by a linear
combination of two linearly independent cylinder functions of order zero and argument κρ,
e.g., the regular Bessel functions J0(κρ) and the Hankel functions of the first kind H

(1)
0 (κρ).

Let ψ0(κρ) denote any cylinder function (or linear combination of cylinder functions) of order
zero corresponding to a particular cylindrical region with parameters ε and µ. A general
TE0-solution to (12) can then be expressed as

{
E(ρ, α) = − iωµ0µ

κ
ψ′0(κρ)φ̂

H(ρ, α) = iα
κ
ψ′0(κρ)ρ̂+ ψ0(κρ)ẑ,

(24)

and where ψ′0(·) denotes a differentiation with respect to the argument, see e.g., [18].

1If the square root is defined as e.g., with the MATLAB software where −π/2 < arg
√
w ≤ π/2 for

−π < argw ≤ π, then κ can be defined here as κ = i
√
−k20µε+ α2 which implies that 0 < arg κ ≤ π.
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4 Simplified theory and the hysteresis plot

In the standard simplified theory for a long solenoidal coil [8], the excitation is assumed to be
infinite with p(z) = 1 and the magnetic field intensity is assumed to be a constant Hz inside
the steel core with

Hz(ρ, z) =

{
Hz ρ < ρs,

0 ρ > ρs.
(25)

The boundary condition (20) then immediately yields the solution in the frequency-domain

Hz =
N1

l1
I, (26)

and in the time-domain

Hz(t) =
N1

l1
i(t). (27)

By employing the induction law given by (7), it follows that the solution in terms of the
magnetic field intensity and the magnetic flux density in the time-domain is given by





Hz(t) =
N1

l1
i(t),

Bz(t) =
1

N2A

∫ t

−∞
u(τ) dτ,

(28)

where A = πρ2
s is the cross-sectional area of the secondary winding. The expression (28) gives

the commonly used simplified method to obtain a hysteresis plot [8].
By adopting the linear constitutive relationship Bz = µ0µHz in the frequency domain and

by employing the induction law (8) as well as the result (26), the mutual impedance Z defined
in (1) becomes

Z = −iωµ0µ
N1N2

l1
πρ2

s . (29)

It is clear that the model (29) is overly simplified, in particular since it does not model the
skin-effect nor the conduction losses due to the eddy currents (the conductivity parameter σ
does not enter the analysis). In fact, since the magnetic field is assumed to be a constant
inside the core it follows that ∇×H = 0 and the electric field E must also vanish (which is
not realistic here).

4.1 Measurement example

In Figure 7 is shown the hysteresis plots for the galvanized steel obtained by using the mea-
surement set-up described above and the simplified analysis as summarized in (28). Details of
the measurement set-up are as follows: Both the (inner) primary and the (outer) secondary
windings of the solenoidal transformer coil were wound as a single layer of 0.1 mm isolated
copper wire yielding approximately 9 turns/ mm, see Figure 1 and 2. The lengths of the two
windings were l1 = 200 mm and l2 = 150 mm yielding N1 = 1800 and N2 = 1350, respectively.
The radius of the galvanized steel is ρs = 3 mm.

The integrator circuit depicted in Figure 4 was built with standard operational amplifiers
(TL062), R = 1 MΩ and C = 3.3 nF yielding ω0 = 1/RC ≈ 2π · 50 rad/s. The measurement
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Figure 7: Hysteresis plots for the galvanized steel based on two different measurements de-
noted as Meas 1 and Meas 2 where two different AC voltage sources were used.

resistor in the measurement set-up depicted in Figure 3 was Rm = 10 Ω. The three voltage
signals denoted u2, um and u were sampled with a 1 GHz digital oscilloscope using high
impedance probes.

Two voltage sources comprising a standard 15 V signal generator (Ri = 50 Ω) and a more
powerful 40 V adjustable transformer were used to generate the hysteresis plots in Figure 7.
Both sources were operating at 50 Hz and a few different amplitude settings were used to
generate the various hysteresis loops displayed in the figure. Here and from now on, the set
of measurement data obtained from these experiments will be referred to as Meas 1 and Meas
2, respectively. In Meas 1 there are 5 amplitude settings labeled as n = 1, . . . , 5 and in Meas
2 there are 9 settings labeled as n = 1, . . . , 9 and where a larger number n corresponds to a
larger excitation amplitude.

0 5 10 15 20
−10

−5

0

5

10

Time (ms)

V
o
lt

a
g
e

(V
)

a) Measured voltages

u2
Rmi
u

0 1,000 2,000 3,000
−100

−50

0

Frequency (Hz)

F
o
u

ri
er

a
m

p
li

tu
d

e
(d

B
V

)

b) Measurement spectrum

U

I

var{EU}
var{EI}

Figure 8: Measured voltages and Fourier spectrum in measurement Meas 2 with amplitude
setting n = 9. Note that odd numbered Fourier coefficients dominate.

In Figure 8a is shown the time-domain data in Meas 2 for n = 9 which was sampled
at a rate of 50 kHz (the plot is showing a down-sampling comprising 100 samples). In Fig-
ure 8b is shown the corresponding Fourier series spectrum based on a 1000-point Fast Fourier
Transform (FFT). Here, var{EU} and var{EI} denote the estimated noise variances based on
frequencies between 1-25 kHz.
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5 Infinite excitation

With an infinite excitation (the solenoid is infinitely long), the fields outside the steel core
are assumed to be zero and all fields are independent of the longitudinal coordinate z. The
boundary value problem to be solved is given by





PDE:
1

ρ

∂

∂ρ
ρ
∂

∂ρ
Hz(ρ) + k2

0µεHz(ρ) = 0, ρ ≤ ρs,

BC: Hz(ρs−) =
N1

l1
I,

(30)

where the quantity N1/l1 indicates the number of turns per unit length of the solenoid.
To solve (30), the general solution is written Hz(ρ) = AJ0(κρ) where A is a constant and

κ = k0
√
µε is the transverse wavenumber according to the definition in (23) and where the

propagation constant is α = 0. The boundary condition in (30) is used to determine the
constant A yielding

A =
N1

l1
I

1

J0(κρs)
. (31)

By using (8) as well as the linear constitutive relation Bz(ρ) = µ0µHz(ρ), it can be shown
that the mutual impedance Z is given by

Z = −iωµ0µ2π
N1N2

l1

ρs

κ

J1(κρs)

J0(κρs)
. (32)

To derive (32), the following integrals have been used

∫
J0(ζ)ζ dζ = ζJ1(ζ), (33)

and ∫ ρs

0

J0(κρ)ρ dρ =
ρs

κ
J1(κρs), (34)

see e.g., [15].
In may be interesting to note that the result in (32) can be validated by studying the

asymptotic limit as k0ρs → 0 and by comparing with the result (29). Here, the following
asymptotic approximations of the Bessel functions can be used which are valid for small
arguments as |ζ| → 0, {

J0(ζ) = 1 +O{ζ2},
J1(ζ) = 1

2
ζ +O{ζ3},

(35)

where O{·} denotes the big ordo [14, 15].
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6 Finite excitation

Consider a finite excitation where the spatial excitation amplitude p(z) is given by (18) and
there is an exterior domain so that the edge-effects from sources are taken into account. The
boundary value problem to be solved is given by





PDE:
1

ρ

∂

∂ρ
ρ
∂

∂ρ
Hz(ρ, z) +

∂2

∂z2
Hz(ρ, z) + k2

0µεHz(ρ, z) = 0, ρ < ρs,

1

ρ

∂

∂ρ
ρ
∂

∂ρ
Hz(ρ, z) +

∂2

∂z2
Hz(ρ, z) + k2

0Hz(ρ, z) = 0, ρ > ρs,

BC: −Hz(ρs+, z) +Hz(ρs−, z) =
N1

l1
Ip(z),

Eφ(ρs+, z)− Eφ(ρs−, z) = 0.

(36)

The following Fourier series representation is employed here




Hz(ρ, z) =
∞∑

q=−∞
Hz(ρ, q)e

i 2π
p
qz,

Hz(ρ, q) =
1

p

∫ p/2

−p/2
Hz(ρ, z)e

−i 2π
p
qz dz,

(37)

where p is the period and q the discrete Fourier series index, and similarly for the electric field
Eφ(ρ, z). The period p� l1 can be chosen to be large enough to yield a good approximation,
as e.g., p = 5l1.

Using the Fourier series representation above and ∂
∂z
↔ i2π

p
q, the boundary value problem

(36) transforms to




PDE:
1

ρ

∂

∂ρ
ρ
∂

∂ρ
Hz(ρ, q) + κ2

1qHz(ρ, q) = 0, ρ < ρs,

1

ρ

∂

∂ρ
ρ
∂

∂ρ
Hz(ρ, q) + κ2

2qHz(ρ, q) = 0, ρ > ρs,

BC: −Hz(ρs+, q) +Hz(ρs−, q) =
N1

p
I

sin(πql1/p)

πql1/p
,

Eφ(ρs+, q)− Eφ(ρs−, q) = 0,

(38)

where the transverse wavenumbers of each region are defined by




κ1q =
√
k2

0µε− α2
q ,

κ2q =
√
k2

0 − α2
q ,

(39)

and where αq = 2π
p
q.

To solve (38), the general solution is written as

Hz(ρ, q) =





AqJ0(κ1qρ) ρ < ρs,

BqH
(1)
0 (κ2qρ) ρ > ρs,

(40)

12



where Aq and Bq are coefficients to be determined and J0(·) and H
(1)
0 (·) are the regular Bessel

function and the Hankel function of the first kind, both of order zero, respectively. Based on
(24), the following expressions are also obtained to complement (40)

Eφ(ρ, q) =





Aq
iωµ0µ

κ1q

J1(κ1qρ) ρ < ρs,

Bq
iωµ0

κ2q

H
(1)
1 (κ2qρ) ρ > ρs,

(41)

and where the relation ψ′0(·) = −ψ1(·) has been used, see [15].
By applying the boundary conditions in (38) together with (40) and (41), the following

set of linear equations are obtained





AqJ0(κ1qρs)−BqH
(1)
0 (κ2qρs) =

N1

p
I

sin(πql1/p)

πql1/p
,

Aq
µ

κ1q

J1(κ1qρs)−Bq
1

κ2q

H
(1)
1 (κ2qρs) = 0,

(42)

which has the explicit solution in terms of the coefficient Aq

Aq = A0
q

N1

p
I, (43)

where

A0
q =

sin(πql1/p)

πql1/p

κ1qH
(1)
1 (κ2qρs)

κ1qJ0(κ1qρs)H
(1)
1 (κ2qρs)− µκ2qJ1(κ1qρs)H

(1)
0 (κ2qρs)

. (44)

By using (8) as well as the linear constitutive relation Bz(ρ, z) = µ0µHz(ρ, z), it can now
be shown that the mutual impedance Z is given by

Z = −iωµ0µ2πρs
N1

p

∞∑

q=−∞
A0
q

J1(κ1qρs)

κ1q

sin(πq l2
p

N2

N2−1
)

sin(πq l2
p

1
N2−1

)
, (45)

where (34) has been used for the integration in the radial direction and (10) for the summation
along the longitudinal direction.

It may be interesting to note that the result in (45) for q = 0 can be validated by consider-
ing the asymptotic limit as k0ρs → 0, and hence κ10ρs → 0 and κ20ρs → 0, and compare with
the result in (32). Note that the case p = l1 corresponds to an infinite excitation. Here, the
following asymptotic approximations of the Bessel and Hankel functions can be used which
are valid for small arguments as |ζ| → 0,





J0(ζ) = 1 +O{ζ2},
J1(ζ) = 1

2
ζ +O{ζ3},

H
(1)
0 (ζ) ∼ i 2

π
ln ζ

2
,

H
(1)
1 (ζ) ∼ −i 2

π
1
ζ
,

(46)

where O{·} denotes the big ordo and ∼ asymptotic similar [14, 15].
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6.1 Numerical examples

In Figure 9 is shown a comparison between the three impedance models in (29), (32) and
(45), denoted here as Z1, Z2 and Z3 respectively. In this example, µ = 200 + i50 (indpendent
of frequency), and it is clearly seen that with this level of magnetic losses neither of the
impedance models Z1 nor Z2 are sufficiently accurate in the frequency range of interest (∼
50 Hz). Hence, edge effects from sources and exterior fields must be taken into account and
Z3 given by (45) is the proper model to use in this case.

0 20 40 60 80 100
0

5

10

15

20

Frequency (Hz)

R
e{
Z
}(

Ω
)

a) Real part of impedance

Re{Z1}
Re{Z2}
Re{Z3}

0 20 40 60 80 100
−30

−20

−10

0

Frequency (Hz)

Im
{Z
}(

Ω
)

b) Imaginary part of impedance

Im{Z1}
Im{Z2}
Im{Z3}

Figure 9: Comparison between impedance models. Here, µ = 200 + i50 (indpendent of
frequency). Note that the models are asymptotically equal as the frequency tend to zero.

In Figure 10 is illustrated the convergence properties of the Fourier series defining the
model Z3 in (45). Here, the truncation index N is defined as the upper limit in a symmetrical
partial sum based on (45) yielding 2N + 1 Fourier coefficents. It is observed that the Fourier
series converges very quickly for a broad range of µ-values.
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Figure 10: Convergence properties of the Fourier series defining the model Z3 in (45).

In Figure 11 is shown the impedance function Z3 given by (45) for the non-magnetic
stainless steel (radius ρs = 2.5 mm, permeability µ = 1 and σ = 1.31 MS/m) in comparison
to the corresponding air-coil (radius ρs = 2.5 mm, permeability µ = 1 and σ = 0). It is
noted that at f = 50 Hz the mutual impedance of the coil with non-magnetic stainless steel
is approximately Z ≈ (50 · 10−3 − i100) · 10−3 Ω, which is essentially the same as with the
corresponding air-coil. Losses are hence negligible with the non-magnetic stainless steel as
the transformer core.
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Figure 11: Comparison of the impedance function Z for the non-magnetic stainless steel
(σ = 1.31 MS/m) and the corresponding air-coil (σ = 0).
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7 Estimation of complex permeability

Based on the modeled impedance function Z(µ) defined in (45), the following linearized2

estimation problem is considered

UM = Z(µ)I + EU, (47)

where U = Z(µ)I and where the voltage error EU includes the model errors as well as the
measurement errors. The measured impedance is given by

ZM =
UM

IM
= Z(µ)

I

I + EI

+
EU

I + EI

, (48)

where IM = I + EI is the measured current and EI the associated measurement error. As-
suming that the signal-to-noise ratio in the current measurement is sufficiently high, i.e.,
|I|2 � var{EI}, the measurement model (48) becomes

ZM = Z(µ) +
1

I
EU, (49)

which is valid at each discrete frequency ω in the Fourier spectrum of the periodic signals
u(t) and i(t).

Neglecting the model (linearization) errors, and assuming that the measurement noise EU

is complex Gaussian [10, 11] with variance var{EU}, the maximum likelihood estimate [10] of
the complex parameter µ is obtained by solving the equation

Z(µ) = ZM, (50)

at each required discrete frequency ω of the harmonic spectrum. Since Z(µ) is an analytic
function in the complex parameter µ, the solution to (50) can be obtained from a numerical
residue calculation based on

µ̂ =

∮

C

µ

Z(µ)− ZM
dµ

∮

C

1

Z(µ)− ZM
dµ
, (51)

where C is a closed contour containing the solution µ̂, and where it is assumed that µ̂ is a
single zero of Z(µ)−ZM and that there are no other zeros or branch-cuts of Z(µ)−ZM within
the contour.

Based on the estimated value of the permeability µ̂, the magnetic field can be computed
as described in section 6, and the hysteresis curve can be estimated as





Hz(ρ, z, t) =
∑

ω

2 Re{Hz(ρ, z)e
−iωt}

B̂z(ρ, z, t) =
∑

ω

2 Re{µ0µ̂Hz(ρ, z)e
−iωt},

(52)

where the summation is taken over any required number of Fourier components.

2The problem is linearized in the sense of the mapping from current to voltage. Note that the impedance
function Z(µ) is a non-linear function of the complex parameter µ.
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Once µ̂ has been found from (51), the sensitivity derivative can be similarly obtained from
the Cauchy theorem as

∂Z(µ)

∂µ

∣∣∣∣
µ̂

=
1

2πi

∮

C

Z(µ)

(µ− µ̂)2
dµ. (53)

The Cramér-Rao bound [10] for estimating µ based on the statistical model (49) is given by

var{µ̂} ≥ var{EU}
|I|2

1∣∣∣∂Z(µ)
∂µ

∣∣∣
2 , (54)

and the Cramér-Rao bound for estimating Bz(ρ, z, t) based on (52) becomes

var{B̂z(ρ, z, t)} ≥
∑

ω

µ2
0 |Hz(ρ, z)|2

var{EU}
|I|2

1∣∣∣∂Z(µ)
∂µ

∣∣∣
2 , (55)

where the summation is taken over any required number of Fourier components.

7.1 Estimation examples

In Figure 12 is illustrated the zero finding algorithm. The contours of log |Z(µ) − ZM| and
arg{Z(µ) − ZM} are plotted on a suitable grid in the complex µ-plane, the adequate zero is
localized and then computed with high accuracy based on (51). The numerical computation
of µ̂ based on (51) is very efficient, and a simple rectangular quadrature formula based on
e.g., 100 points evenly distributed on C usually yields sufficient accuracy.
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Figure 12: Illustration of the zero finding algorithm. The contours of log |Z(µ) − ZM| and
arg{Z(µ)−ZM} are plotted for Meas 2 with n = 9 and f = 50 Hz. The dashed line shows the
integration contour C, the ‘*’ shows the simplified solution based on (29) and the ‘o’ indicates
the location of µ̂ based on (51).

In Figure 13 is shown the estimated complex permeability of the galvanized steel at 50 Hz.
Here, Meas 1 with amplitude settings n = 1, . . . , 5 and Meas 2 with amplitude settings
n = 1, . . . , 9 have been used, see also the measurement example in section 4.1 above. The
corresponding magnetic field intensities Hz are evaluated at z = 0 and ρ = ρs.

In Figures 14a-b the solid lines show the estimated hysteresis plots based on Meas 2 and
amplitude settings n = 1, 3, 5, 7, 9 computed as in (52) at f = 50 Hz and z = 0, and with

17



0 500 1,000 1,500 2,000
200

400

600

800

Hz (A/m)

R
e{
µ
}

a) Real part of permeability

Meas 1

Meas 2

0 500 1,000 1,500 2,000

200

400

600

Hz (A/m)

Im
{µ
}

b) Imaginary part of permeability

Meas 1

Meas 2

Figure 13: Estimated complex permeability at f = 50 Hz. Here, Meas 1 and Meas 2 refer to
the two different measurements defined in the measurement example in section 4.1.
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Figure 14: Estimated hysteresis plots based on Meas 2 with n = 1, 3, 5, 7, 9 and f = 50 Hz.
Solid line: linearized estimation based on (52). Dashed line: standard procedure based on
(28).

ρ = ρs and ρ = 0, respectively. The dashed lines show the corresponding standard hysteresis
plots based on (28).

From Figure 14 it is clear that the estimated fields are much larger at ρ = ρs in comparison
to the center of the steel wire where ρ = 0. This is clearly due to the skin-effect, and which
is illustrated in Figure 15. Hence, for comparison it is instructive to consider the skin-depth
of a lossy magnetic material given by

δ =
1

Im
√

iωµ0µσ
, (56)

which is a generalization of the classical formula δ =
√

2/ωµ0µσ and which is valid only when
µ is real valued, cf., [4]. The skin-depths (56) at f = 50 Hz corresponding to the estimated
values of complex permeability plotted in Figure 13 are about δ ≈ 1 mm, which should be
compared to the radius of the steel wire which is ρs = 3 mm. Hence, it is expected that
the skin-effect will be significant in these circumstances and that an estimation based on the
standard procedure (28) which neglects the skin-effect will be rather inaccurate.

In Figure 16 is shown the estimated complex permeability of the galvanized steel at f =
{50, 150, 250, 350, 450, 550}Hz. Here, Meas 2 with amplitude settings n = 1, 3, 5, 7, 9 have
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Figure 15: Illustration of skin-effect corresponding to Meas 2 and amplitude setting 9. The
estimated value of permeability is µ = 575+i407. a) Magnetic field intensity Hz as a function
of radius ρ inside the steel core. b) Current density Jφ as a function of radius ρ inside the
steel core. The dashed line indicates the position of the skin at 3− δmm.

been used, see also the measurement example in section 4.1 above.
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Figure 16: Estimated complex permeability at f = {50, 150, 250, 350, 450, 550}Hz. The leg-
ends with n = 1, 3, 5, 7, 9 refer to the different amplitude settings of Meas 2 defined in the
measurement example in section 4.1.

In Figures 17a-b the solid lines show the estimated hysteresis plots based on Meas 2 and
amplitude settings n = 1, 3, 5, 7, 9 computed as in (52) with f = {50, 150, 250, 350, 450, 550}Hz
and z = 0, and with ρ = ρs and ρ = 0, respectively. The dashed lines show the corresponding
standard hysteresis plots based on (28). It is noted that the performance of the estimation is
clearly degraded at ρ = 0 where the field amplitudes are small and hence where model errors
are expected to be more significant.

In Figure 18 is shown the Cramér-Rao bound (55) for estimating the magnetic flux density
Bz at different frequencies and radius. The noise variances were estimated as indicated in
Figure 8b. From this calculation it is concluded that the statistical measurement errors based
on Gaussian noise is negligible in this estimation, and that it is the model (linearization)
errors that govern the estimation errors and the degraded performance that can be observed
at ρ = 0 as shown in Figure 17b.
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Figure 17: Estimated hysteresis plots based on Meas 2 with n = 1, 3, 5, 7, 9 and f =
{50, 150, 250, 350, 450, 550}Hz. Solid line: linearized estimation based on (52). Dashed line:
standard procedure based on (28).
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Figure 18: Cramér-Rao bound for estimating the magnetic flux density at different frequencies
and radius: a) ρ = 0 and b) ρ = ρs. Here, the legends with n = 1, 3, 5, 7, 9 refer to the different
amplitude settings of Meas 2 defined in the measurement example in section 4.1.
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8 Power losses

Based on Poyntings theorem [4], the magnetic and electric power losses are obtained here as

Pm = 2ωµ0 Imµ

∫
|H(r)|2 dv, (57)

and

Pe = 2ωε0 Im ε

∫
|E(r)|2 dv = 2σ

∫
|E(r)|2 dv, (58)

where the time-convention is based on a Fourier series representation as in (2) and where
ε = εr + i σ

ωε0
. With axial-symmetric fields the electromagnetic losses per unit length of the

wire are given by

Pm = 4πωµ0 Imµ

∫ ρs

0

|H(ρ, 0)|2 ρ dρ, (59)

and

Pe = 4πσ

∫ ρs

0

|E(ρ, 0)|2 ρ dρ, (60)

where all field components are computed at z = 0 and the units are in W/m.
From the analysis in section 3 and 6 follows that the field components can be expressed

as

Hz(ρ, 0) =
N1

L
I
∞∑

q=−∞
A0
qJ0(κ1qρ), (61)

Hρ(ρ, 0) = −N1

L
I
∞∑

q=−∞

iαq
κ1q

A0
qJ1(κ1qρ), (62)

Eφ(ρ, 0) =
N1

L
I
∞∑

q=−∞

iωµ0µ

κ1q

A0
qJ1(κ1qρ). (63)

The integrals required to compute (59) and (60) are given by

∫ ρs

0

|Hz(ρ, 0)|2 ρ dρ =

∣∣∣∣
N1

L
I

∣∣∣∣
2∑

q

∑

q′

A0
qA

0
q′
∗
∫ ρs

0

J0(κ1qρ)J∗0(κ1q′ρ)ρ dρ, (64)

∫ ρs

0

|Hρ(ρ, 0)|2 ρ dρ =

∣∣∣∣
N1

L
I

∣∣∣∣
2∑

q

∑

q′

αqαq′

κ1qκ∗1q′
A0
qA

0
q′
∗
∫ ρs

0

J1(κ1qρ)J∗1(κ1q′ρ)ρ dρ, (65)

∫ ρs

0

|Eφ(ρ, 0)|2 ρ dρ =

∣∣∣∣
N1

L
I

∣∣∣∣
2∑

q

∑

q′

ω2µ2
0|µ|2

κ1qκ∗1q′
A0
qA

0
q′
∗
∫ ρs

0

J1(κ1qρ)J∗1(κ1q′ρ)ρ dρ, (66)

where the related Lommel integrals [15, 19] can be evaluated by using

∫ ρs

0

Jm(κ1qρ)J∗m(κ1q′ρ)ρ dρ =
ρs

[
κ1qJm+1(κ1qρs)J

∗
m(κ1q′ρs)− κ∗1q′Jm(κ1qρs)J

∗
m+1(κ1q′ρs)

]

κ2
1q − κ∗1q′2

,

(67)
where m = 0, 1, see also (74) in Appendix A.
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8.1 Estimation examples

In Figure 19 is shown the estimated electric and magnetic power losses Pe and Pm in the
galvanized steel based on the measurement Meas 2 as defined in the measurement example
in section 4.1 above. In these plots, the measurements and the calculations are indicated for
the various amplitude settings in Meas 2 with n = 1, 3, 5, 7, 9 and the corresponding magnetic
field intensity Hz is evaluated at z = 0 and ρ = ρs. The analysis frequency is f = 50 Hz. The
contribution to Pm from Hρ is negligible (in the order of 10−21 W/m).

In Figure 19b is shown the total power loss as a function of the magnetic field intensity.
This plot gives a validation of the total calculated power loss Ptot = Pe + Pm (solid o-line) in
comparison to the total measured loss (dashed ∗-line) obtained as PM

tot = (N1/N2)2 Re{UI∗}/l1
where U and I are the measured voltages and currents in Meas 2. The fact that the measured
loss is slightly smaller than the calculated loss can be explained by the fact that the calculated
losses in (59) and (60) are defined as losses per unit length in the middle of the steel wire at
z = 0, and hence does not take edge effects into account.
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Figure 19: a) Electric and magnetic power losses Pe and Pm in the galvanized steel as a
function of the magnetic field intensity Hz. b) Total power loss as a function of the magnetic
field intensity. The frequency is f = 50 Hz.
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Figure 20: a) Electric and magnetic power losses Pe and Pm as a function of complex valued
permeability µ. b) Electric and magnetic power losses Pe and Pm as a function of real valued
permeability µ. The frequency is f = 50 Hz.
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In Figure 20 is shown a prediction (calculation) of the electric and magnetic power losses
Pe and Pm as a function of the relative permeability µ. In these calculations, N12|I|/l1 =
2396 A/m, which is the same excitation current as in Meas 2 with n = 9 and f = 50 Hz. In
Figure 20a, µ is complex valued and linearly interpolated between µ = 1 and µ = 575 + i407
corresponding to the estimated value based on Meas 2. In Figure 20b, µ is real valued and
linearly interpolated between µ = 1 and µ = 575. From these results, it is interesting to note
that at µ = 1, there is only a negligible power loss of Pe = 9 · 10−5 W/m (and Pm = 0). This
observation is also consistent with the observation made in relation to Figure 11 that the
transformer coil with non-magnetic but conductive core behaves very much like an air-coil.

23



9 Validation using COMSOL

The analytic model derived in section 6 includes an assumption, according to which the edge
effects at the ends of a finite wire are not taken into account. This means that the wire of
infinite length is put into the model for its simplicity.

To validate the analytical model and study the edge effects of a finite steel wire COMSOL
Multiphysics is used. This numerical software is based on the Finite Element Method [9] to
solve multiphysical problems.

The validation process includes a study of edge effects of a finite wire of length L =
{210, 230, 250, 275, 300, 325, 350, 375, 400, 425, 450, 475, 500, 525, 550, 600, 700, ..., 1000}mm by
using COMSOL, and the results are compared to the analytic model (37) which is based
on a Fourier series expansion as described in section 6. The conductivity value of steel,
σ = 5.64 MS/m, is taken from Table 1 according to the four-point measurement results in
subsection 2.3. The complex permeability value, µ = 575 + i407, estimated in section 7 for
Meas 2 AC voltage source with n = 9 amplitude setting and frequency f = 50 Hz, is used as
a material property of the wire. As in previous examples above a measurement coil is studied
with l1 = 200 mm, l2 = 150 mm, N1 = 1800, N2 = 1350 and ρs = 3 mm. The excitation
current is N12|I|/l1 = 2396 A/m. Since the problem includes an infinite region (air), i.e.,
a region that is much larger than the considered computational domain, the COMSOL tool
“Infinite Element Domain” is used for the simulation of infinite space.

a) Length of steel wire L = 230 mm

b) Length of steel wire L = 400 mm

Figure 21: Magnetic field intensity |Hz(ρ, z)| generated by a measurement coil built on a finite
wire of steel with length L and permeability µ = 575 + i407.

In Figures 21a-b are shown numerical calculations of the magnetic field intensity |Hz(ρ, z)|
in the computational domain for wire lengths L = 230 mm and L = 400 mm, respectively.
Figure 21a shows a presence of strong edge effects at the ends of the wire. The reason is that
the length of the steel core L is close to the length of the primary excitation winding of the
transformer coil l1, and this causes the larger magnetic field intensity Hz at the ends of the
wire in comparison to the case represented in Figure 21b.
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Figure 22: Validation of the analytical model (denoted by L =∞) using COMSOL to study
the edge effects of a finite wire for L = 210–1000 mm and µ = 575 + i407.

In Figures 22a-c are shown a validation of the analytical model using COMSOL. The solid
lines show the magnetic field intensity |Hz(ρ, z)| based on the analytical model (denoted by
L = ∞) at measurement points {(0, 0), (2.5, 0), (ρs, 0), (0, l2/2), (2.5, l2/2), (ρs, l2/2)}mm.
The dashed o-lines correspond to numerical studies of |Hz(ρ, z)| at the same spatial points
using the FEM software and as a function of wire length L. According to these results,
the validation shows that the solution converges at all measurement points for the length of
steel core L > 400 mm. This value is close to the length of measurement transformer coil
in subsection 2.2, L = 460 mm. It is interesting to note that to get an accurate FEM based
numerical solution the number of degrees of freedom is in the order of 105 (here, we have used
310.000− 480.000 degrees of freedom). In comparison, the analytical model requires around
10− 100 Fourier coefficients to yield an accurate result. Hence, the analytical solution gives
much faster computations which is important in a practical implementation.
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Summary and conclusions

An electromagnetic modeling and estimation procedure has been derived regarding the mea-
surement and the estimation of the complex valued permeability of magnetic steel. Hence,
the magnetic hysteresis phenomena is approximated by using a linearization approach based
on a complex valued and frequency dependent relative permeability. The magnetic losses can
then be associated with the imaginary part of the permeability and the magnetic field inside
the steel. The electrical losses are similarly associated with the electrical conductivity and
the electric field inside the steel.

The main result here is to demonstrate how the complex valued permeability of magnetic
steel can be efficiently estimated in the presence of a strong skin-effect. This is achieved by
using a simple transformer coil built on the magnetic steel to be tested and by efficient nu-
merical modeling based on waveguide theory and complex analysis. Numerical computations
based on the Finite Element Method (FEM) and commercial softwares like COMSOL would
be unpractical to use in the estimation algorithm due to the excessive computational time,
but are necessary in order to establish when the edge effects can be ignored in the simplified
analytical model.
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A Lommel integrals

The two Lommel integrals are
∫

Cm(aρ)Dm(bρ)ρ dρ =
ρ [aCm+1(aρ)Dm(bρ)− bCm(aρ)Dm+1(bρ)]

a2 − b2
, (68)

and
∫

Cm(aρ)Dm(aρ)ρ dρ =
1

4
ρ2 [2Cm(aρ)Dm(aρ)− Cm−1(aρ)Dm+1(aρ)− Cm+1(aρ)Dm−1(aρ)] ,

(69)
where a and b are complex valued constants and Cm(·) and Dm(·) are arbitrary cylinder

functions, i.e., Jm(·), Ym(·), H
(1)
m (·), H

(2)
m (·), or any nontrivial linear combination of these

functions, see 10.22.4 and 10.22.5 in [15], and pp. 133–134 in [19].
An integral of general interest with regard to the computation of power losses is

∫
Cm(κ1ρ)C∗m(κ2ρ)ρ dρ, (70)

where κ1 and κ2 are general complex valued constants. When κ1 6= κ∗2, then (68) can be used
as follows. Without loss of generality, let

Cm(κ1ρ) = AJm(κ1ρ) +BH(1)
m (κ1ρ), (71)

where A and B are constants and define

Dm(κ∗2ρ) = C∗m(κ2ρ). (72)

The function Dm(κ∗2ρ) is a cylinder function in κ∗2ρ since

C∗m(κ2ρ) = A∗J∗m(κ2ρ) +B∗H(1)
m

∗
(κ2ρ) = A∗Jm(κ∗2ρ) +B∗H(2)

m (κ∗2ρ), (73)

where the conjugate rules J∗m(ζ) = Jm(ζ∗) and H
(1)
m

∗
(ζ) = H

(2)
m (ζ∗) have been used, see [15].

The first Lommel integral (68) now yields

∫
Cm(κ1ρ)C∗m(κ2ρ)ρ dρ =

ρ
[
κ1Cm+1(κ1ρ)C∗m(κ2ρ)− κ∗2Cm(κ1ρ)C∗m+1(κ2ρ)

]

κ2
1 − κ∗22 , (74)

and for κ1 = κ2 = κ where κ is not real valued
∫
|Cm(κρ)|2ρ dρ =

ρ Im {κCm+1(κρ)C∗m(κρ)}
Im {κ2} . (75)

When κ1 = κ∗2 = κ, then the second Lommel integral (69) together with (71) and (72)
yields
∫

Cm(κρ)C∗m(κ∗ρ)ρ dρ =
1

4
ρ2
[
2Cm(κρ)C∗m(κ∗ρ)− Cm−1(κρ)C∗m+1(κ∗ρ)− Cm+1(κρ)C∗m−1(κ∗ρ)

]
,

(76)
and for κ1 = κ2 = κ where κ is real valued

∫
|Cm(κρ)|2ρ dρ =

1

4
ρ2
[
2|Cm(κρ)|2 − 2 Re

{
Cm−1(κρ)C∗m+1(κρ)

}]
. (77)
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Abstract—This paper presents a model based technique to
estimate the complex valued permeability of cable armour steel.
An efficient analytical model is derived for the linearized mutual
impedance of a transformer coil built on a core of magnetic
armour steel. A numerical residue calculation is used to solve
the related inverse problem based on impedance data. The
analytical model is validated using commercial finite element
(FEM) software to establish that edge effects can be neglected.
The numerical residue calculation is investigated by studying its
convergence based on a simple rectangular quadrature rule in
comparison to the composite Simpson’s rule. When there are no
measurement errors, both methods converge with an unexpected
high order (superconvergence).

However, in practice the estimation performance will be
governed by measurement and model errors. Assuming that there
are Gaussian measurement errors, the present performance of the
estimation technique is quantified and investigated by means of
the Cramér-Rao lower bound. In future, the proposed method
will be useful as an input to general calculations of power losses
in three-phase power cables.

I. INTRODUCTION

Power losses in three-phase power cables is an actual
problem for power industry [1]–[3]. The amount of losses
in a typical cable (700–800 A and 300–400 kV) is about
100 W/m. The power loss is therefore an important design
parameter that affects the choice and amount of metal in the
cable (copper, aluminum, lead and steel), and hence the overall
economy of the transmission link. The precise relation between
the electromagnetic losses (skin-effect in conductors, induced
currents in metal sheaths and armour wires, hysteresis losses
in magnetic steel, etc.) and the structural and material design is
not well understood and is therefore a topic of present research
[1]–[3].

This paper addresses the issue of an accurate estimation of
complex valued magnetic permeability of cable armour steel in
the presence of a strong skin-effect. The nonlinear relationship
between the magnetic field intensity and the magnetic flux
density can be linearized since the magnetic steel armour is
far from saturated in a typical working condition. Hence, the
hysteresis phenomena is approximated by using an amplitude
dependent complex valued permeability.

II. PROBLEM FORMULATION

Consider a measurement transformer coil based on a sample
of steel wire as depicted in Fig. 1. Such wires are used to
construct an armour shield of three-phase power cable. In our

example, L = 460 mm is the length of the armour wire with
radius ρs = 3 mm, l1 = 200 mm the length of the primary
winding with a number of turns N1 = 1800, l2 = 150 mm
the length of the secondary winding with a number of turns
N2 = 1350. Both windings are wound as a single layer
of 0.1 mm isolated copper wire, yielding approximately 9
turns/mm, that allows to neglect the pitch angle of the coil. The
transformer core consists of the material to be tested, i.e., the
cable armour steel with relative permittivity ε = εr + iσ/ωε0
and complex valued (amplitude- and frequency-dependent)
magnetic permeability µ = µr + iµi. Here, εr = 1 for metals
and σ = 5.64 MS/m is the conductivity of the cable armour
steel which has been determined by a standard four-point
DC measurement. The transformer coil is connected to the
measurement setup described in [4] that satisfies the Faraday’s
law of induction [5].

l2 = 150 mm
l1 = 200 mm
L = 460 mm

ρs

Fig. 1. Geometry of the measurement coil built on the magnetic armour steel
to be tested.

The axial-symmetric Transverse Electric TE0 electromag-
netic fields for this problem can be expressed in cylindrical
coordinates as

{
E(ρ, z) = Eφ(ρ, z)φ̂,

H(ρ, z) = Hρ(ρ, z)ρ̂+Hz(ρ, z)ẑ,
(1)

where E (V/m) is the electric field intensity and H (A/m)
the magnetic field intensity. The boundary conditions for the
tangential magnetic and electric field intensities [5] are

−Hz(ρs+, z) +Hz(ρs−, z) =
N1

l1
I, (2)

and
Eφ(ρs+, z)− Eφ(ρs−, z) = 0, (3)

where I is the measured excitation current of the primary
winding in frequency domain.

Using the standard simplified theory for a long solenoidal
coil [6], it is assumed that the current excitation is infinite and



the exterior domain, for ρ > ρs, is not taken into account. By
adopting the linear constitutive relationship Bz = µ0µHz in
the frequency domain, where Bz is the magnetic flux density,
and by employing the induction law

U = −iω
N2∑

i=1

∫

Si

B(ρ, zi) · dS, (4)

where U corresponds to the measured induced voltage of the
secondary winding, and zi = l2(i− (N2 + 1)/2)/(N2 − 1) is
the discretization step of the secondary winding, the mutual
impedance Z = U/I becomes

Z = −iωµ0µ
N1N2

l1
πρ2s . (5)

It is clear that the model (5) is overly simplified, particu-
larly, since it does not model neither the skin-effect nor the
conduction losses due to the eddy currents (the conductivity
parameter σ does not enter the analysis).

III. ESTIMATION

A. Finite Excitation Model
Consider a finite excitation and an infinitely long armour

wire, where the spatial excitation surface current is Js =
N1I/l1φ̂ (A/m) for −l1/2 < z < l1/2, so that the edge effects
from sources are taken into account. The exterior domain is
also included in the model.

The following Fourier series [7] representation is employed
here

Hz(ρ, z) =

∞∑

q=−∞
Hz(ρ, q)e

i 2πp qz, (6)

where

Hz(ρ, q) =





AqJ0(κ1qρ) ρ < ρs

BqH
(1)
0 (κ2qρ) ρ > ρs

. (7)

Here, p � l1 is the period chosen to be large for yielding
a good approximation, q the discrete Fourier index, κ1q =√
k20µε− (2πq/p)2 and κ2q =

√
k20 − (2πq/p)2 are the

transverse wavenumbers of each region, and Aq = A0
qN1I/p,

where the boundary conditions (2) and (3) yield

A0
q =

sin(πql1/p)

πql1/p

κ1qH
(1)
1 (κ2qρs)

κ1qJ0(κ1qρs)H
(1)
1 (κ2qρs)− µκ2qJ1(κ1qρs)H(1)

0 (κ2qρs)
.

(8)

Using the constitutive relation Bz = µ0µHz and (4), it can
be shown that the mutual impedance Z(µ) of the measurement
coil is an analytic function of the complex valued permeability
µ, given by

Z(µ) = −iωµ0µ2πρs
N1

p
∞∑

q=−∞
A0
q

J1(κ1qρs)

κ1q

sin(πq l2p
N2

N2−1 )

sin(πq l2p
1

N2−1 )
. (9)

Convergence properties of the Fourier series defining the
model Z(µ) in (9) are described in [4], where it is demon-
strated that it is sufficient to have about 10-100 Fourier
coefficients to get an accurate solution converging for a wide
range of relevant values of µ.

B. Numerical Residue Calculations

Let ZM be the measured mutual impedance of the coil. An
approximate solution to the inverse problem Z(µ) = ZM is
obtained from a numerical residue calculation on the complex
µ-plane

µ̂ =

∮

C

µdµ

Z(µ)− ZM

/∮

C

dµ

Z(µ)− ZM
, (10)

where C is a closed contour containing the true value of per-
meability, which is assumed to be a single zero of Z(µ)−ZM

and there are no other zeros or branch-cuts of Z(µ) − ZM

inside the contour.
The zero-finding algorithm is illustrated in Fig. 2 showing

the contours of arg{Z(µ) − ZM} plotted in a particular
measurement scenario. The dashed line shows the integration
contour C, the ‘*’ shows the solution based on (5), and the
‘o’ indicates the location of µ̂ based on (10).
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Fig. 3. Investigation of discretization algorithms.

the finite numerical precision used in the Matlab calculations
that governs the error, while the real error is supposed to go
to 0. This “super-convergence” order shows a typical situation
of “inverse crime”, since measurement errors have not been
taken into account in measurement mutual impedance model
ZM.

Once µ̂ has been found from (10), the sensitivity derivative
can be similarly obtained from the Cauchy theorem as

@Z(µ)

@µ

����
µ̂

=
1

2⇡i

I

C

Z(µ)

(µ� µ̂)2
dµ. (11)

The Cramér-Rao bound [7] for estimating µ based on the
statistical model (??) is given by

var{µ̂} � �2
nm

1���@Z(µ)
@µ

���
2 , (12)

where �2
nm = 0.001 denotes to the measurement noise

variance of mutual impedance model ZM.
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The zero finding algorithm is illustrated in Fig. 6. Here the
contours of arg{Z(µ) � ZM} are plotted for Source 2 with
input amplitude n = 9 and f = 50 Hz. The dashed line shows
the integration contour C, the ‘*’ shows the simplified solution
based on (5) and the ‘o’ indicates the location of µ̂ based on
(10).

Estimated complex permeability µ̂ for different input ampli-
tude settings at frequency f = 50 Hz is illustrated in Fig. 7 as
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a function of magnetic field Hz . Here, Source 1 and Source 2
refer to the two different AC sources used in the measurement
setup.
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Figure 12: Illustration of the zero finding algorithm. The contours of log |Z(µ) � ZM| and
arg{Z(µ)�ZM} are plotted for Meas 2 with n = 9 and f = 50 Hz. The dashed line shows the
integration contour C, the ‘*’ shows the simplified solution based on (29) and the ‘o’ indicates
the location of µ̂ based on (51).
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Figure 13: Estimated complex permeability at f = 50 Hz. Here, Meas 1 and Meas 2 refer to
the two di�erent measurements defined in the measurement example in section 4.1.

is illustrated in Figure 15. Hence, for comparison it is instructive to consider the skin-depth
of a lossy magnetic material given by

� =
1

Im
p

i�µ0µ�
, (56)

which is a generalization of the classical formula � =
p

2/�µ0µ� and which is valid only when
µ is real valued, cf., [4]. The skin-depths (56) at f = 50 Hz corresponding to the estimated
values of complex permeability plotted in Figure 13 are about � � 1 mm, which should be
compared to the radius of the steel wire which is �s = 3 mm. Hence, it is expected that
the skin-e�ect will be significant in these circumstances and that an estimation based on the
standard procedure (28) which neglects the skin-e�ect will be rather inaccurate.

In Figure 16 is shown the estimated complex permeability of the galvanized steel at f =
{50, 150, 250, 350, 450, 550}Hz. Here, Meas 2 with amplitude settings n = 1, 3, 5, 7, 9 have
been used, see also the measurement example in section 4.1 above.

In Figures 17a-b the solid lines show the estimated hysteresis plots based on Meas 2 and
amplitude settings n = 1, 3, 5, 7, 9 computed as in (52) with f = {50, 150, 250, 350, 450, 550}Hz
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is illustrated in Figure 15. Hence, for comparison it is instructive to consider the skin-depth
of a lossy magnetic material given by

� =
1

Im
p

i�µ0µ�
, (56)

which is a generalization of the classical formula � =
p

2/�µ0µ� and which is valid only when
µ is real valued, cf., [4]. The skin-depths (56) at f = 50 Hz corresponding to the estimated
values of complex permeability plotted in Figure 13 are about � � 1 mm, which should be
compared to the radius of the steel wire which is �s = 3 mm. Hence, it is expected that
the skin-e�ect will be significant in these circumstances and that an estimation based on the
standard procedure (28) which neglects the skin-e�ect will be rather inaccurate.

In Figure 16 is shown the estimated complex permeability of the galvanized steel at f =
{50, 150, 250, 350, 450, 550}Hz. Here, Meas 2 with amplitude settings n = 1, 3, 5, 7, 9 have
been used, see also the measurement example in section 4.1 above.

In Figures 17a-b the solid lines show the estimated hysteresis plots based on Meas 2 and
amplitude settings n = 1, 3, 5, 7, 9 computed as in (52) with f = {50, 150, 250, 350, 450, 550}Hz
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Fig. 7. Estimated complex permeability at f = 50 Hz.

Using these estimated values of complex permeability µ̂,
hysteresis phenomena at frequency f = 50 Hz are estimated
and plotted in Fig. 8. Here, solid lines correspond to linearized
estimation based on (8), dashed lines correspond to standard
measurement procedure based on simplified theory [2] and
described in [6].

From Fig. 8 it is clear that the estimated fields are much
larger at ⇢ = ⇢s in comparison to the center of the steel wire
where ⇢ = 0. This is clearly due to the skin-effect.

Fig. 2. Illustration of the zero-finding algorithm.

The estimated complex valued permeability µ̂ for different
input amplitude settings n at frequency f = 50 Hz is
illustrated in Fig. 3 as a function of magnetic field Hz . Here,
Source 1 and Source 2 refer to two different AC sources used
in the measurement setup, as described in [4].

�400 �200 0 200 400 600

0

500

Re{µ}

Im
{µ

}

a) Contours of log |Z(µ)� ZM|

0

1

2

�400 �200 0 200 400 600

0

500

Re{µ}

Im
{µ

}

b) Contours of arg{Z(µ)� ZM}

�2

0

2

Figure 12: Illustration of the zero finding algorithm. The contours of log |Z(µ) � ZM| and
arg{Z(µ)�ZM} are plotted for Meas 2 with n = 9 and f = 50 Hz. The dashed line shows the
integration contour C, the ‘*’ shows the simplified solution based on (29) and the ‘o’ indicates
the location of µ̂ based on (51).

0 500 1,000 1,500 2,000
200

400

600

800

Hz (A/m)

R
e{

µ
}

a) Real part of permeability

Source 1

Source 2

0 500 1,000 1,500 2,000

200

400

600

Hz (A/m)

Im
{µ

}

b) Imaginary part of permeability

Source 1

Source 2

Figure 13: Estimated complex permeability at f = 50 Hz. Here, Meas 1 and Meas 2 refer to
the two di↵erent measurements defined in the measurement example in section 4.1.

is illustrated in Figure 15. Hence, for comparison it is instructive to consider the skin-depth
of a lossy magnetic material given by
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which is a generalization of the classical formula � =
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standard procedure (28) which neglects the skin-e↵ect will be rather inaccurate.
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{50, 150, 250, 350, 450, 550}Hz. Here, Meas 2 with amplitude settings n = 1, 3, 5, 7, 9 have
been used, see also the measurement example in section 4.1 above.

In Figures 17a-b the solid lines show the estimated hysteresis plots based on Meas 2 and
amplitude settings n = 1, 3, 5, 7, 9 computed as in (52) with f = {50, 150, 250, 350, 450, 550}Hz
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integration contour C, the ‘*’ shows the simplified solution based on (29) and the ‘o’ indicates
the location of µ̂ based on (51).
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Figure 13: Estimated complex permeability at f = 50 Hz. Here, Meas 1 and Meas 2 refer to
the two di↵erent measurements defined in the measurement example in section 4.1.

is illustrated in Figure 15. Hence, for comparison it is instructive to consider the skin-depth
of a lossy magnetic material given by

� =
1

Im
p

i!µ0µ�
, (56)

which is a generalization of the classical formula � =
p

2/!µ0µ� and which is valid only when
µ is real valued, cf., [4]. The skin-depths (56) at f = 50 Hz corresponding to the estimated
values of complex permeability plotted in Figure 13 are about � ⇡ 1 mm, which should be
compared to the radius of the steel wire which is ⇢s = 3 mm. Hence, it is expected that
the skin-e↵ect will be significant in these circumstances and that an estimation based on the
standard procedure (28) which neglects the skin-e↵ect will be rather inaccurate.

In Figure 16 is shown the estimated complex permeability of the galvanized steel at f =
{50, 150, 250, 350, 450, 550}Hz. Here, Meas 2 with amplitude settings n = 1, 3, 5, 7, 9 have
been used, see also the measurement example in section 4.1 above.

In Figures 17a-b the solid lines show the estimated hysteresis plots based on Meas 2 and
amplitude settings n = 1, 3, 5, 7, 9 computed as in (52) with f = {50, 150, 250, 350, 450, 550}Hz
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Fig. 3. Estimated complex permeability at f = 50 Hz.

Using these estimated values of complex permeability µ̂, the
hysteresis phenomena at frequency f = 50 Hz are estimated



and plotted in Fig. 4. Here, the solid lines correspond to
linearized estimation based on (9), the dashed lines correspond
to standard measurement procedure based on simplified theory
[6] and described in [4].
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Figure 14: Estimated hysteresis plots based on Meas 2 with n = 1, 3, 5, 7, 9 and f = 50 Hz.
Solid line: linearized estimation based on (52). Dashed line: standard procedure based on
(28).
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plots based on (28).

From Figure 14 it is clear that the estimated fields are much larger at ⇢ = ⇢s in comparison
to the center of the steel wire where ⇢ = 0. This is clearly due to the skin-e↵ect, and which
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compared to the radius of the steel wire which is ⇢s = 3 mm. Hence, it is expected that
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standard procedure (28) which neglects the skin-e↵ect will be rather inaccurate.
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Solid line: linearized estimation based on (52). Dashed line: standard procedure based on
(28).
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Fig. 4. Estimated hysteresis plots based on Source 2 with n = 1, 3, 5, 7, 9
and f = 50 Hz.

From Fig. 4 it is clear that the estimated fields are much
larger at ρ = ρs in comparison to the center of the steel wire
where ρ = 0. This is consistent with the presence of a strong
skin-effect. Note that the simplified theory [6] does not take
the skin-effect into account.

IV. VALIDATION

A. Numerical Validation

Since the model (9) does not take into account the edge
effects of a finite wire, COMSOL Multiphysics is used for
validation and study of these effects. This numerical software
is based on the Finite Element Method (FEM) [8].

The validation process includes a study of edge effects of a
finite wire of length L = 210− 600 mm, where the complex
permeability, µ = 575 + i407, estimated by the zero-finding
algorithm (10), is used as a material property of the wire. The
numerical results based on FEM are compared to the analytical
model based on (7).

In Fig. 5a-b are shown numerical calculations of magnetic
field intensity |Hz(ρ, z)| in the computational domain for wire
lengths L = 230 mm and L = 400 mm, respectively. Fig. 5a
illustrates the presence of strong edge-effects at the ends of
the wire. The reason is that the length of the steel core L is
close to the length of the primary excitation winding of the
transformer coil l1, and this causes the larger magnetic field
intensity Hz at the ends of the wire in comparison to the case
represented in Fig. 5b.

In Fig. 5c the solid line corresponds to the magnetic field
intensity |Hz(ρ, z)| based on the analytical model (denoted
by L = ∞) as a function of radius at the edge of the sec-
ondary winding, z = l2/2 mm. The dashed lines correspond
to numerical studies of |Hz(ρ, z)| of finite wires of length
L = 210−600 mm at the same spatial points using COMSOL.
According to the results, the validation shows that the solution
converges at all measurement points for the length of steel core
L > 400 mm, which is close to the length of measurement
transformer coil L = 460 mm. It is interesting to note that an
accurate FEM-based solution of this problem requires about

and plotted in Fig. 4. Here, the solid lines correspond to
linearized estimation based on (9), the dashed lines correspond
to standard measurement procedure based on simplified theory
[5] and described in [7].
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Figure 14: Estimated hysteresis plots based on Meas 2 with n = 1, 3, 5, 7, 9 and f = 50 Hz.
Solid line: linearized estimation based on (52). Dashed line: standard procedure based on
(28).
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compared to the radius of the steel wire which is �s = 3 mm. Hence, it is expected that
the skin-e�ect will be significant in these circumstances and that an estimation based on the
standard procedure (28) which neglects the skin-e�ect will be rather inaccurate.
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Figure 14: Estimated hysteresis plots based on Meas 2 with n = 1, 3, 5, 7, 9 and f = 50 Hz.
Solid line: linearized estimation based on (52). Dashed line: standard procedure based on
(28).
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plots based on (28).
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Fig. 4. Estimated hysteresis plots based on Source 2 with n = 1, 3, 5, 7, 9
and f = 50 Hz.

From Fig. 4 it is clear that the estimated fields are much
larger at ⇢ = ⇢s in comparison to the center of the steel wire
where ⇢ = 0. This is consistent with the presence of a strong
skin-effect. Note that the simplified theory [5] does not take
the skin-effect into account.

IV. VALIDATION

A. Numerical validation

Since the model (9) does not take into account the edge
effects of a finite wire, COMSOL Multiphysics is used for
validation and study of these effects. This numerical software
is based on the Finite Element Method (FEM) [8].

The validation process includes a study of edge effects of a
finite wire of length L = 210� 600 mm, where the complex
permeability, µ = 575 + i407, estimated by the zero-finding
algorithm (10), is used as a material property of the wire. The
numerical results are compared to the analytical based on (7).

In Fig. 5a-b are shown numerical calculations of magnetic
field intensity |Hz(⇢, z)| in the computational domain for wire
lengths L = 230 mm and L = 400 mm, respectively. Fig. 5a
illustrates the presence of strong edge-effects at the ends of
the wire. The reason is that the length of the steel core L is
close to the length of the primary excitation winding of the
transformer coil l1, and this causes the larger magnetic field
intensity Hz at the ends of the wire in comparison to the case
represented in Fig. 5b.

In Fig. 5c the solid line corresponds to the magnetic field
intensity |Hz(⇢, z)| based on the analytical model (denoted
by L = 1) as a function of radius at the edge of the sec-
ondary winding, z = l2/2 mm. The dashed lines correspond
to numerical studies of |Hz(⇢, z)| of finite wires of length
L = 210�600 mm at the same spatial points using COMSOL.
According to the results, the validation shows that the solution
converges at all measurement points for the length of steel core
L > 400 mm, which is close to the length of measurement
transformer coil L = 460 mm. It is interesting to note that an
accurate FEM-based solution of this problem requires about
105 degrees of freedom, whereas the analytical model requires

9 Validation using COMSOL

The analytic model derived in section 6 includes an assumption, according to which the edge
e�ects at the ends of a finite wire are not taken into account. This means that the wire of
infinite length is put into the model for its simplicity.

To validate the analytical model and study the edge e�ects of a finite steel wire COMSOL
Multiphysics is used. This numerical software is based on the Finite Element Method [9] to
solve multiphysical problems.

The validation process includes a study of edge e�ects of a finite wire of length L =
{210, 230, 250, 275, 300, 325, 350, 375, 400, 425, 450, 475, 500, 525, 550, 600, 700, ..., 1000}mm by
using COMSOL, and the results are compared to the analytic model (37) which is based
on a Fourier series expansion as described in section 6. The conductivity value of steel,
� = 5.64 MS/m, is taken from Table 1 according to the four-point measurement results in
subsection 2.3. The complex permeability value, µ = 575 + i407, estimated in section 7 for
Meas 2 AC voltage source with n = 9 amplitude setting and frequency f = 50 Hz, is used as
a material property of the wire. As in previous examples above a measurement coil is studied
with l1 = 200 mm, l2 = 150 mm, N1 = 1800, N2 = 1350 and �s = 3 mm. The excitation
current is N12|I|/l1 = 2396 A/m. Since the problem includes an infinite region (air), i.e.,
a region that is much larger than the considered computational domain, the COMSOL tool
“Infinite Element Domain” is used for the simulation of infinite space.

a) Length of steel wire L = 230 mm

b) Length of steel wire L = 400 mm

Figure 21: Magnetic field intensity |Hz(�, z)| generated by a measurement coil built on a finite
wire of steel with length L and permeability µ = 575 + i407.

In Figures 21a-b are shown numerical calculations of the magnetic field intensity |Hz(�, z)|
in the computational domain for wire lengths L = 230 mm and L = 400 mm, respectively.
Figure 21a shows a presence of strong edge e�ects at the ends of the wire. The reason is that
the length of the steel core L is close to the length of the primary excitation winding of the
transformer coil l1, and this causes the larger magnetic field intensity Hz at the ends of the
wire in comparison to the case represented in Figure 21b.
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Fig. 5. Validation of the analytical model (denoted by L = 1) using FEM
to study the edge effects of a finite wire for L = 210–600 mm and µ =
575 + i407.

about 10�100 Fourier coefficients and hence gives much faster
computations.

B. Superconvergence and statistical validation

To discretize the integrals in (10), two approaches based
on Rectangular quadrature and the composite Simpson’s rules
[9, 10] are tested. Fig. 6 illustrates the investigation of these
algorithms in application to (10). Here, M is the number of
quadrature points, h = 1/M is the size of the discretization
step, |(µ̂ � µ)/µ| the relative error of estimations and µ =
575 + i407 is the assumed true value used in the algorithm.

The blue lines correspond to the case when all impedances
are determined by using (9) and the same number of Fourier
coefficients. It is seen that for this case it is sufficient to use
M = 21 coefficients (log10(1/M) = �1.3) with Rectan-
gular quadrature and M = 41 (log10(1/M) = �1.6) with
Simpson’s rule, respectively. With higher M , the errors are
governed by the finite numerical precision used in MATLAB.
According to these results, the estimated convergence order
of numerical residue calculations is around 20, and it is
concluded that this superconvergence can also be interpreted
in the context of an inverse crime [11].

Magnetic field |Hz(ρ, z)| generated by the measurement coil

Fig. 5. Validation of the analytical model (denoted by L =∞) using FEM
to study the edge effects of a finite wire for L = 210–600 mm and µ =
575 + i407.

105 degrees of freedom, whereas the analytical model requires
about 10−100 Fourier coefficients and hence gives much faster
computations.

B. Superconvergence and Statistical Validation

To discretize the integrals in (10), two approaches based
on Rectangular quadrature and the composite Simpson’s rules
[9], [10] are tested. Fig. 6 illustrates the investigation of these
algorithms in application to (10). Here, M is the number of
quadrature points, h = 1/M is the size of the discretization
step, |(µ̂ − µ)/µ| the relative error of estimations and µ =
575 + i407 is the assumed true value used in the algorithm.
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Fig. 6. Investigation of discretization algorithms.

while the real error is supposed to go to 0. According to these
results, the estimated convergence order of numerical residue
calculations is around 20, and it is concluded that this is a
typical situation of “inverse crime” [11], when the same model
is used to generate and invert synthetic data.

In Fig. 6 the red lines correspond to the case, when mea-
surement errors represented by normally-distributed Gaussian
noise w with variance �2

n = 0.001 are included into the mutual
impedance model ZM. It is illustrated that estimations based
on Rectangular and Simpson’s rules have approximately the
same relative error, and it is enough to use M = 13 coefficients
to get an accurate discretization.

Since the relative error is sensitive to the Gaussian mea-
surement noise, the Cramér-Rao bound [12] for permeability
estimation error based on the statistical model ZM = Z(µ)+w
is defined as

var{µ̂} � �2
n

1���@Z@µ
���
2 , (11)

where the sensitivity derivative of (10) can be similarly ob-
tained from the Cauchy integral formula as

@Z

@µ
=

1

2⇡i

I

C

Z(⇣)

(⇣ � µ)2
d⇣. (12)

Fig. 7 illustrates a comparison of relative variance and
relative Cramér-Rao bound for permeability estimation error
and input synthetic data µ = 575 + i407. It is shown that by
increasing the statistical iteration index the relative variance
approaches to the relative Cramér-Rao bound. Notice, that the
relative error, illustrated in Fig. 6, is close to the determined
bound.

The general solution to the relative Cramér-Rao bound
as a function of complex-valued magnetic permeability µ
is demonstrated in Fig. 8. It is interesting to note that for
materials with a small permeability value, large errors occur
in the estimation process.

V. SUMMARY

The estimation method of complex-valued magnetic perme-
ability of armour steel wire based of Fourier series expansion
and numerical residue calculation is developed. The investiga-
tion of integral discretization is done and the algorithm based
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situation of “inverse crime” [8], when the same model is used
to generate and invert synthetic data.

In Fig. 6 red lines correspond to the case, when mea-
surement errors represented by normally-distributed Gaussian
noise with variance �2

n = 0.001 are included into the mutual
impedance model ZM. It is illustrated that estimations based
on Rectangular and Simpson’s rules have approximately the
same relative error, and it is enough to use M = 13 coefficients
to get an accurate discretization.

Since the relative error is sensitive to Gaussian measurement
noise, the Cramér-Rao bound [9] for permeability estimation
error based on the statistical model ZM = Z(⇣)|µ + �n is
defined as
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Fig. 7 illustrates a comparison of relative variance and
relative Cramér-Rao bound for permeability estimation error
and input synthetic data µ = 575 + i407. It is shown that by
increasing the statistical iteration index, the relative variance
approaches to the relative Cramér-Rao bound. It is interesting
to note, that the relative error, illustrated in Fig. 6, is close to
the determined bound.

The general solution to the relative Cramér-Rao bound
as a function of complex-valued magnetic permeability µ
is demonstrated in Fig. 8. It is interesting to note that for
materials with a small permeability value, large errors occur
in the estimation process.

V. SUMMARY

The estimation method of complex-valued magnetic perme-
ability of armour steel wire based of Fourier series expansion
and numerical residue calculation is developed. The investiga-
tion of integral discretization is done and the algorithm based
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the finite numerical precision used in the Matlab calculations
that governs the error, while the real error is supposed to go
to 0. This “super-convergence” order shows a typical situation
of “inverse crime”, since measurement errors have not been
taken into account in measurement mutual impedance model
ZM.

Once µ̂ has been found from (10), the sensitivity derivative
can be similarly obtained from the Cauchy theorem as
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dµ. (11)

The Cramér-Rao bound [7] for estimating µ based on the
statistical model (??) is given by

var{µ̂} � �2
nm

1���@Z(µ)
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2 , (12)

where �2
nm = 0.001 denotes to the measurement noise

variance of mutual impedance model ZM.
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Fig. 4. Investigation of discretization algorithms.

The zero finding algorithm is illustrated in Fig. 6. Here the
contours of arg{Z(µ) � ZM} are plotted for Source 2 with
input amplitude n = 9 and f = 50 Hz. The dashed line shows
the integration contour C, the ‘*’ shows the simplified solution
based on (5) and the ‘o’ indicates the location of µ̂ based on
(10).

Estimated complex permeability µ̂ for different input ampli-
tude settings at frequency f = 50 Hz is illustrated in Fig. 7 as
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is illustrated in Figure 15. Hence, for comparison it is instructive to consider the skin-depth
of a lossy magnetic material given by

� =
1
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�

i�µ0µ�
, (56)

which is a generalization of the classical formula � =
p

2/�µ0µ� and which is valid only when
µ is real valued, cf., [4]. The skin-depths (56) at f = 50 Hz corresponding to the estimated
values of complex permeability plotted in Figure 13 are about � � 1 mm, which should be
compared to the radius of the steel wire which is �s = 3 mm. Hence, it is expected that
the skin-e�ect will be significant in these circumstances and that an estimation based on the
standard procedure (28) which neglects the skin-e�ect will be rather inaccurate.

In Figure 16 is shown the estimated complex permeability of the galvanized steel at f =
{50, 150, 250, 350, 450, 550}Hz. Here, Meas 2 with amplitude settings n = 1, 3, 5, 7, 9 have
been used, see also the measurement example in section 4.1 above.

In Figures 17a-b the solid lines show the estimated hysteresis plots based on Meas 2 and
amplitude settings n = 1, 3, 5, 7, 9 computed as in (52) with f = {50, 150, 250, 350, 450, 550}Hz
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Fig. 7. Estimated complex permeability at f = 50 Hz.

Using these estimated values of complex permeability µ̂,
hysteresis phenomena at frequency f = 50 Hz are estimated
and plotted in Fig. 8. Here, solid lines correspond to linearized
estimation based on (8), dashed lines correspond to standard
measurement procedure based on simplified theory [2] and
described in [6].

From Fig. 8 it is clear that the estimated fields are much
larger at ⇢ = ⇢s in comparison to the center of the steel wire
where ⇢ = 0. This is clearly due to the skin-effect.

Fig. 8. Illustration of relative Cramér-Rao bound on the contour plane of
complex-valued permeability µ.

on Rectangular quadrature rule is chosen. The relative Cramér-
Rao bound for permeability estimation error is derived. The
validation of the analytical model is made using the numerical
FEM software. Advantages of this model in fast and accurate
computations make it attractive in its application to three-phase
power cables optimization problems.
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error is supposed to go to 0. According to these results, the
estimated convergence order of numerical residue calculations
is around 20, and it is concluded that this is a typical situation
of “inverse crime” [11], when the same model is used to
generate and invert synthetic data.

In Fig. 6 red lines correspond to the case, when mea-
surement errors represented by normally-distributed Gaussian
noise w with variance �2

n = 0.001 are included into the mutual
impedance model ZM. It is illustrated that estimations based
on Rectangular and Simpson’s rules have approximately the
same relative error, and it is enough to use M = 13 coefficients
to get an accurate discretization.

Since the relative error is sensitive to the Gaussian mea-
surement noise, the Cramér-Rao bound [12] for permeability
estimation error based on the statistical model ZM = Z(µ)+w
is defined as

var{µ̂} � �2
n

1���@Z@µ
���
2 , (11)

where the sensitivity derivative of (10) can be similarly ob-
tained from the Cauchy integral formula as

@Z
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2⇡i
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Z(⇣)

(⇣ � µ)2
d⇣. (12)

Fig. 7 illustrates a comparison of relative variance and
relative Cramér-Rao bound for permeability estimation error
and input synthetic data µ = 575 + i407. It is shown that by
increasing the statistical iteration index the relative variance
approaches to the relative Cramér-Rao bound. Notice, that the
relative error, illustrated in Fig. 6, is close to the determined
bound.

The general solution to the relative Cramér-Rao bound
as a function of complex-valued magnetic permeability µ
is demonstrated in Fig. 8. It is interesting to note that for
materials with a small permeability value, large errors occur
in the estimation process.

V. SUMMARY

The estimation method of complex-valued magnetic perme-
ability of armour steel wire based of Fourier series expansion
and numerical residue calculation is developed. The investiga-
tion of integral discretization is done and the algorithm based
on Rectangular quadrature rule is chosen. The relative Cramér-
Rao bound for permeability estimation error is derived. The
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the finite numerical precision used in the Matlab calculations
that governs the error, while the real error is supposed to go
to 0. This “super-convergence” order shows a typical situation
of “inverse crime”, since measurement errors have not been
taken into account in measurement mutual impedance model
ZM.

Once µ̂ has been found from (10), the sensitivity derivative
can be similarly obtained from the Cauchy theorem as

@Z(µ)

@µ

����
µ̂

=
1

2⇡i

I

C

Z(µ)

(µ� µ̂)2
dµ. (11)

The Cramér-Rao bound [7] for estimating µ based on the
statistical model (??) is given by
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where �2
nm = 0.001 denotes to the measurement noise

variance of mutual impedance model ZM.
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The zero finding algorithm is illustrated in Fig. 6. Here the
contours of arg{Z(µ) � ZM} are plotted for Source 2 with
input amplitude n = 9 and f = 50 Hz. The dashed line shows
the integration contour C, the ‘*’ shows the simplified solution
based on (5) and the ‘o’ indicates the location of µ̂ based on
(10).

Estimated complex permeability µ̂ for different input ampli-
tude settings at frequency f = 50 Hz is illustrated in Fig. 7 as
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setup.
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integration contour C, the ‘*’ shows the simplified solution based on (29) and the ‘o’ indicates
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Figure 13: Estimated complex permeability at f = 50 Hz. Here, Meas 1 and Meas 2 refer to
the two di�erent measurements defined in the measurement example in section 4.1.

is illustrated in Figure 15. Hence, for comparison it is instructive to consider the skin-depth
of a lossy magnetic material given by

� =
1

Im
�

i�µ0µ�
, (56)

which is a generalization of the classical formula � =
p

2/�µ0µ� and which is valid only when
µ is real valued, cf., [4]. The skin-depths (56) at f = 50 Hz corresponding to the estimated
values of complex permeability plotted in Figure 13 are about � � 1 mm, which should be
compared to the radius of the steel wire which is �s = 3 mm. Hence, it is expected that
the skin-e�ect will be significant in these circumstances and that an estimation based on the
standard procedure (28) which neglects the skin-e�ect will be rather inaccurate.

In Figure 16 is shown the estimated complex permeability of the galvanized steel at f =
{50, 150, 250, 350, 450, 550}Hz. Here, Meas 2 with amplitude settings n = 1, 3, 5, 7, 9 have
been used, see also the measurement example in section 4.1 above.

In Figures 17a-b the solid lines show the estimated hysteresis plots based on Meas 2 and
amplitude settings n = 1, 3, 5, 7, 9 computed as in (52) with f = {50, 150, 250, 350, 450, 550}Hz
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values of complex permeability plotted in Figure 13 are about � � 1 mm, which should be
compared to the radius of the steel wire which is �s = 3 mm. Hence, it is expected that
the skin-e�ect will be significant in these circumstances and that an estimation based on the
standard procedure (28) which neglects the skin-e�ect will be rather inaccurate.

In Figure 16 is shown the estimated complex permeability of the galvanized steel at f =
{50, 150, 250, 350, 450, 550}Hz. Here, Meas 2 with amplitude settings n = 1, 3, 5, 7, 9 have
been used, see also the measurement example in section 4.1 above.
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Fig. 7. Estimated complex permeability at f = 50 Hz.

Using these estimated values of complex permeability µ̂,
hysteresis phenomena at frequency f = 50 Hz are estimated
and plotted in Fig. 8. Here, solid lines correspond to linearized
estimation based on (8), dashed lines correspond to standard
measurement procedure based on simplified theory [2] and
described in [6].

From Fig. 8 it is clear that the estimated fields are much
larger at ⇢ = ⇢s in comparison to the center of the steel wire
where ⇢ = 0. This is clearly due to the skin-effect.

Fig. 8. Illustration of relative Cramér-Rao bound on the contour plane of
complex-valued permeability µ.

validation of the analytical modelis made using the numerical
FEM software. The advantages of this model in fast and
accurate computations make it attractive in its application to
three-phase power cable optimization problems.
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the finite numerical precision used in the Matlab calculations
that governs the error, while the real error is supposed to go
to 0. This “super-convergence” order shows a typical situation
of “inverse crime”, since measurement errors have not been
taken into account in measurement mutual impedance model
ZM.

Once µ̂ has been found from (10), the sensitivity derivative
can be similarly obtained from the Cauchy theorem as
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The zero finding algorithm is illustrated in Fig. 6. Here the
contours of arg{Z(µ) � ZM} are plotted for Source 2 with
input amplitude n = 9 and f = 50 Hz. The dashed line shows
the integration contour C, the ‘*’ shows the simplified solution
based on (5) and the ‘o’ indicates the location of µ̂ based on
(10).

Estimated complex permeability µ̂ for different input ampli-
tude settings at frequency f = 50 Hz is illustrated in Fig. 7 as
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which is a generalization of the classical formula � =
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2/�µ0µ� and which is valid only when
µ is real valued, cf., [4]. The skin-depths (56) at f = 50 Hz corresponding to the estimated
values of complex permeability plotted in Figure 13 are about � � 1 mm, which should be
compared to the radius of the steel wire which is �s = 3 mm. Hence, it is expected that
the skin-e�ect will be significant in these circumstances and that an estimation based on the
standard procedure (28) which neglects the skin-e�ect will be rather inaccurate.

In Figure 16 is shown the estimated complex permeability of the galvanized steel at f =
{50, 150, 250, 350, 450, 550}Hz. Here, Meas 2 with amplitude settings n = 1, 3, 5, 7, 9 have
been used, see also the measurement example in section 4.1 above.

In Figures 17a-b the solid lines show the estimated hysteresis plots based on Meas 2 and
amplitude settings n = 1, 3, 5, 7, 9 computed as in (52) with f = {50, 150, 250, 350, 450, 550}Hz
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the skin-e�ect will be significant in these circumstances and that an estimation based on the
standard procedure (28) which neglects the skin-e�ect will be rather inaccurate.

In Figure 16 is shown the estimated complex permeability of the galvanized steel at f =
{50, 150, 250, 350, 450, 550}Hz. Here, Meas 2 with amplitude settings n = 1, 3, 5, 7, 9 have
been used, see also the measurement example in section 4.1 above.

In Figures 17a-b the solid lines show the estimated hysteresis plots based on Meas 2 and
amplitude settings n = 1, 3, 5, 7, 9 computed as in (52) with f = {50, 150, 250, 350, 450, 550}Hz
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Fig. 7. Estimated complex permeability at f = 50 Hz.

Using these estimated values of complex permeability µ̂,
hysteresis phenomena at frequency f = 50 Hz are estimated
and plotted in Fig. 8. Here, solid lines correspond to linearized
estimation based on (8), dashed lines correspond to standard
measurement procedure based on simplified theory [2] and
described in [6].

From Fig. 8 it is clear that the estimated fields are much
larger at ⇢ = ⇢s in comparison to the center of the steel wire
where ⇢ = 0. This is clearly due to the skin-effect.

Fig. 8. Illustration of relative Cramér-Rao bound on the contour plane of
complex-valued permeability µ.

on Rectangular quadrature rule is chosen. The relative Cramér-
Rao bound for permeability estimation error is derived. The
validation of the analytical modelis made using the numerical
FEM software. The advantages of this model in fast and
accurate computations make it attractive in its application to
three-phase power cable optimization problems.
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Fig. 6. Investigation of numerical quadrature methods.



The blue lines correspond to the case when all impedances
are determined by using (9) and the same number of Fourier
coefficients. It is seen that for this case it is sufficient to use
M = 21 coefficients (log10(1/M) = −1.3) with Rectan-
gular quadrature and M = 41 (log10(1/M) = −1.6) with
Simpson’s rule, respectively. With higher M , the errors are
governed by the finite numerical precision used in MATLAB.
According to these results, the estimated convergence order
of numerical residue calculations is around 20, and it is
concluded that this superconvergence can also be interpreted
in the context of an inverse crime [11].

In Fig. 6 the red lines correspond to the case, when
measurement errors are simulated by normally distributed
Gaussian noise w with zero mean and variance σ2

n = 0.001
(where the variance of the noise have been estimated from a
typical real measurement scenario) and added to the mutual
impedance model ZM. It is illustrated that estimations based
on Rectangular and Simpson’s rules have approximately the
same relative error, and it is sufficient to use M = 13
coefficients to get an accurate discretization.

The Cramér-Rao bound [12] for permeability estimation
error based on the statistical model ZM = Z(µ) +w is given
by

var{µ̂} ≥ σ2
n

1∣∣∣∂Z∂µ
∣∣∣
2 , (11)

where the sensitivity derivative can be similarly obtained from
the Cauchy integral formula as

∂Z

∂µ
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Z(ζ)

(ζ − µ)2 dζ. (12)

Fig. 7 illustrates the comparison of simulated relative vari-
ance and relative Cramér-Rao bound for permeability estima-
tion error for the true value µ = 575 + i407. It is shown
that by increasing the number of random samples the relative
variance approaches the relative Cramér-Rao bound. Notice,
that the relative error shown in Fig. 6 is close to the determined
bound.
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while the real error is supposed to go to 0. According to these
results, the estimated convergence order of numerical residue
calculations is around 20, and it is concluded that this is a
typical situation of “inverse crime” [11], when the same model
is used to generate and invert synthetic data.

In Fig. 6 the red lines correspond to the case, when mea-
surement errors represented by normally-distributed Gaussian
noise w with variance �2

n = 0.001 are included into the mutual
impedance model ZM. It is illustrated that estimations based
on Rectangular and Simpson’s rules have approximately the
same relative error, and it is enough to use M = 13 coefficients
to get an accurate discretization.

Since the relative error is sensitive to the Gaussian mea-
surement noise, the Cramér-Rao bound [12] for permeability
estimation error based on the statistical model ZM = Z(µ)+w
is defined as

var{µ̂} � �2
n

1���@Z@µ
���
2 , (11)

where the sensitivity derivative of (10) can be similarly ob-
tained from the Cauchy integral formula as

@Z
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(⇣ � µ)2
d⇣. (12)

Fig. 7 illustrates a comparison of relative variance and
relative Cramér-Rao bound for permeability estimation error
and input synthetic data µ = 575 + i407. It is shown that by
increasing the statistical iteration index the relative variance
approaches to the relative Cramér-Rao bound. Notice, that the
relative error, illustrated in Fig. 6, is close to the determined
bound.

The general solution to the relative Cramér-Rao bound
as a function of complex-valued magnetic permeability µ
is demonstrated in Fig. 8. It is interesting to note that for
materials with a small permeability value, large errors occur
in the estimation process.

V. SUMMARY

The estimation method of complex-valued magnetic perme-
ability of armour steel wire based of Fourier series expansion
and numerical residue calculation is developed. The investiga-
tion of integral discretization is done and the algorithm based
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situation of “inverse crime” [8], when the same model is used
to generate and invert synthetic data.

In Fig. 6 red lines correspond to the case, when mea-
surement errors represented by normally-distributed Gaussian
noise with variance �2

n = 0.001 are included into the mutual
impedance model ZM. It is illustrated that estimations based
on Rectangular and Simpson’s rules have approximately the
same relative error, and it is enough to use M = 13 coefficients
to get an accurate discretization.

Since the relative error is sensitive to Gaussian measurement
noise, the Cramér-Rao bound [9] for permeability estimation
error based on the statistical model ZM = Z(⇣)|µ + �n is
defined as

var{⇣} � �2
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tained from the Cauchy integral formula as
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Fig. 7 illustrates a comparison of relative variance and
relative Cramér-Rao bound for permeability estimation error
and input synthetic data µ = 575 + i407. It is shown that by
increasing the statistical iteration index, the relative variance
approaches to the relative Cramér-Rao bound. It is interesting
to note, that the relative error, illustrated in Fig. 6, is close to
the determined bound.

The general solution to the relative Cramér-Rao bound
as a function of complex-valued magnetic permeability µ
is demonstrated in Fig. 8. It is interesting to note that for
materials with a small permeability value, large errors occur
in the estimation process.

V. SUMMARY

The estimation method of complex-valued magnetic perme-
ability of armour steel wire based of Fourier series expansion
and numerical residue calculation is developed. The investiga-
tion of integral discretization is done and the algorithm based
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the finite numerical precision used in the Matlab calculations
that governs the error, while the real error is supposed to go
to 0. This “super-convergence” order shows a typical situation
of “inverse crime”, since measurement errors have not been
taken into account in measurement mutual impedance model
ZM.

Once µ̂ has been found from (10), the sensitivity derivative
can be similarly obtained from the Cauchy theorem as
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dµ. (11)

The Cramér-Rao bound [7] for estimating µ based on the
statistical model (??) is given by

var{µ̂} � �2
nm
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2 , (12)

where �2
nm = 0.001 denotes to the measurement noise

variance of mutual impedance model ZM.
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The zero finding algorithm is illustrated in Fig. 6. Here the
contours of arg{Z(µ) � ZM} are plotted for Source 2 with
input amplitude n = 9 and f = 50 Hz. The dashed line shows
the integration contour C, the ‘*’ shows the simplified solution
based on (5) and the ‘o’ indicates the location of µ̂ based on
(10).

Estimated complex permeability µ̂ for different input ampli-
tude settings at frequency f = 50 Hz is illustrated in Fig. 7 as
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a function of magnetic field Hz . Here, Source 1 and Source 2
refer to the two different AC sources used in the measurement
setup.
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Figure 12: Illustration of the zero finding algorithm. The contours of log |Z(µ) � ZM| and
arg{Z(µ)�ZM} are plotted for Meas 2 with n = 9 and f = 50 Hz. The dashed line shows the
integration contour C, the ‘*’ shows the simplified solution based on (29) and the ‘o’ indicates
the location of µ̂ based on (51).
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Figure 13: Estimated complex permeability at f = 50 Hz. Here, Meas 1 and Meas 2 refer to
the two di�erent measurements defined in the measurement example in section 4.1.

is illustrated in Figure 15. Hence, for comparison it is instructive to consider the skin-depth
of a lossy magnetic material given by

� =
1

Im
�

i�µ0µ�
, (56)

which is a generalization of the classical formula � =
p

2/�µ0µ� and which is valid only when
µ is real valued, cf., [4]. The skin-depths (56) at f = 50 Hz corresponding to the estimated
values of complex permeability plotted in Figure 13 are about � � 1 mm, which should be
compared to the radius of the steel wire which is �s = 3 mm. Hence, it is expected that
the skin-e�ect will be significant in these circumstances and that an estimation based on the
standard procedure (28) which neglects the skin-e�ect will be rather inaccurate.

In Figure 16 is shown the estimated complex permeability of the galvanized steel at f =
{50, 150, 250, 350, 450, 550}Hz. Here, Meas 2 with amplitude settings n = 1, 3, 5, 7, 9 have
been used, see also the measurement example in section 4.1 above.

In Figures 17a-b the solid lines show the estimated hysteresis plots based on Meas 2 and
amplitude settings n = 1, 3, 5, 7, 9 computed as in (52) with f = {50, 150, 250, 350, 450, 550}Hz
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arg{Z(µ)�ZM} are plotted for Meas 2 with n = 9 and f = 50 Hz. The dashed line shows the
integration contour C, the ‘*’ shows the simplified solution based on (29) and the ‘o’ indicates
the location of µ̂ based on (51).
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Figure 13: Estimated complex permeability at f = 50 Hz. Here, Meas 1 and Meas 2 refer to
the two di�erent measurements defined in the measurement example in section 4.1.

is illustrated in Figure 15. Hence, for comparison it is instructive to consider the skin-depth
of a lossy magnetic material given by

� =
1

Im
�

i�µ0µ�
, (56)

which is a generalization of the classical formula � =
p

2/�µ0µ� and which is valid only when
µ is real valued, cf., [4]. The skin-depths (56) at f = 50 Hz corresponding to the estimated
values of complex permeability plotted in Figure 13 are about � � 1 mm, which should be
compared to the radius of the steel wire which is �s = 3 mm. Hence, it is expected that
the skin-e�ect will be significant in these circumstances and that an estimation based on the
standard procedure (28) which neglects the skin-e�ect will be rather inaccurate.

In Figure 16 is shown the estimated complex permeability of the galvanized steel at f =
{50, 150, 250, 350, 450, 550}Hz. Here, Meas 2 with amplitude settings n = 1, 3, 5, 7, 9 have
been used, see also the measurement example in section 4.1 above.

In Figures 17a-b the solid lines show the estimated hysteresis plots based on Meas 2 and
amplitude settings n = 1, 3, 5, 7, 9 computed as in (52) with f = {50, 150, 250, 350, 450, 550}Hz
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Fig. 7. Estimated complex permeability at f = 50 Hz.

Using these estimated values of complex permeability µ̂,
hysteresis phenomena at frequency f = 50 Hz are estimated
and plotted in Fig. 8. Here, solid lines correspond to linearized
estimation based on (8), dashed lines correspond to standard
measurement procedure based on simplified theory [2] and
described in [6].

From Fig. 8 it is clear that the estimated fields are much
larger at ⇢ = ⇢s in comparison to the center of the steel wire
where ⇢ = 0. This is clearly due to the skin-effect.

Fig. 8. Illustration of relative Cramér-Rao bound on the contour plane of
complex-valued permeability µ.

on Rectangular quadrature rule is chosen. The relative Cramér-
Rao bound for permeability estimation error is derived. The
validation of the analytical model is made using the numerical
FEM software. Advantages of this model in fast and accurate
computations make it attractive in its application to three-phase
power cables optimization problems.
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error is supposed to go to 0. According to these results, the
estimated convergence order of numerical residue calculations
is around 20, and it is concluded that this is a typical situation
of “inverse crime” [11], when the same model is used to
generate and invert synthetic data.

In Fig. 6 red lines correspond to the case, when mea-
surement errors represented by normally-distributed Gaussian
noise w with variance �2

n = 0.001 are included into the mutual
impedance model ZM. It is illustrated that estimations based
on Rectangular and Simpson’s rules have approximately the
same relative error, and it is enough to use M = 13 coefficients
to get an accurate discretization.

Since the relative error is sensitive to the Gaussian mea-
surement noise, the Cramér-Rao bound [12] for permeability
estimation error based on the statistical model ZM = Z(µ)+w
is defined as

var{µ̂} � �2
n

1���@Z@µ
���
2 , (11)

where the sensitivity derivative of (10) can be similarly ob-
tained from the Cauchy integral formula as
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(⇣ � µ)2
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Fig. 7 illustrates a comparison of relative variance and
relative Cramér-Rao bound for permeability estimation error
and input synthetic data µ = 575 + i407. It is shown that by
increasing the statistical iteration index the relative variance
approaches to the relative Cramér-Rao bound. Notice, that the
relative error, illustrated in Fig. 6, is close to the determined
bound.

The general solution to the relative Cramér-Rao bound
as a function of complex-valued magnetic permeability µ
is demonstrated in Fig. 8. It is interesting to note that for
materials with a small permeability value, large errors occur
in the estimation process.

V. SUMMARY

The estimation method of complex-valued magnetic perme-
ability of armour steel wire based of Fourier series expansion
and numerical residue calculation is developed. The investiga-
tion of integral discretization is done and the algorithm based
on Rectangular quadrature rule is chosen. The relative Cramér-
Rao bound for permeability estimation error is derived. The
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the finite numerical precision used in the Matlab calculations
that governs the error, while the real error is supposed to go
to 0. This “super-convergence” order shows a typical situation
of “inverse crime”, since measurement errors have not been
taken into account in measurement mutual impedance model
ZM.

Once µ̂ has been found from (10), the sensitivity derivative
can be similarly obtained from the Cauchy theorem as
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The Cramér-Rao bound [7] for estimating µ based on the
statistical model (??) is given by

var{µ̂} � �2
nm

1���@Z(µ)
@µ

���
2 , (12)

where �2
nm = 0.001 denotes to the measurement noise

variance of mutual impedance model ZM.
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The zero finding algorithm is illustrated in Fig. 6. Here the
contours of arg{Z(µ) � ZM} are plotted for Source 2 with
input amplitude n = 9 and f = 50 Hz. The dashed line shows
the integration contour C, the ‘*’ shows the simplified solution
based on (5) and the ‘o’ indicates the location of µ̂ based on
(10).

Estimated complex permeability µ̂ for different input ampli-
tude settings at frequency f = 50 Hz is illustrated in Fig. 7 as
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a function of magnetic field Hz . Here, Source 1 and Source 2
refer to the two different AC sources used in the measurement
setup.
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Figure 12: Illustration of the zero finding algorithm. The contours of log |Z(µ) � ZM| and
arg{Z(µ)�ZM} are plotted for Meas 2 with n = 9 and f = 50 Hz. The dashed line shows the
integration contour C, the ‘*’ shows the simplified solution based on (29) and the ‘o’ indicates
the location of µ̂ based on (51).
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Figure 13: Estimated complex permeability at f = 50 Hz. Here, Meas 1 and Meas 2 refer to
the two di�erent measurements defined in the measurement example in section 4.1.

is illustrated in Figure 15. Hence, for comparison it is instructive to consider the skin-depth
of a lossy magnetic material given by

� =
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, (56)

which is a generalization of the classical formula � =
p

2/�µ0µ� and which is valid only when
µ is real valued, cf., [4]. The skin-depths (56) at f = 50 Hz corresponding to the estimated
values of complex permeability plotted in Figure 13 are about � � 1 mm, which should be
compared to the radius of the steel wire which is �s = 3 mm. Hence, it is expected that
the skin-e�ect will be significant in these circumstances and that an estimation based on the
standard procedure (28) which neglects the skin-e�ect will be rather inaccurate.

In Figure 16 is shown the estimated complex permeability of the galvanized steel at f =
{50, 150, 250, 350, 450, 550}Hz. Here, Meas 2 with amplitude settings n = 1, 3, 5, 7, 9 have
been used, see also the measurement example in section 4.1 above.

In Figures 17a-b the solid lines show the estimated hysteresis plots based on Meas 2 and
amplitude settings n = 1, 3, 5, 7, 9 computed as in (52) with f = {50, 150, 250, 350, 450, 550}Hz
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is illustrated in Figure 15. Hence, for comparison it is instructive to consider the skin-depth
of a lossy magnetic material given by
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which is a generalization of the classical formula � =
p

2/�µ0µ� and which is valid only when
µ is real valued, cf., [4]. The skin-depths (56) at f = 50 Hz corresponding to the estimated
values of complex permeability plotted in Figure 13 are about � � 1 mm, which should be
compared to the radius of the steel wire which is �s = 3 mm. Hence, it is expected that
the skin-e�ect will be significant in these circumstances and that an estimation based on the
standard procedure (28) which neglects the skin-e�ect will be rather inaccurate.

In Figure 16 is shown the estimated complex permeability of the galvanized steel at f =
{50, 150, 250, 350, 450, 550}Hz. Here, Meas 2 with amplitude settings n = 1, 3, 5, 7, 9 have
been used, see also the measurement example in section 4.1 above.

In Figures 17a-b the solid lines show the estimated hysteresis plots based on Meas 2 and
amplitude settings n = 1, 3, 5, 7, 9 computed as in (52) with f = {50, 150, 250, 350, 450, 550}Hz
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Using these estimated values of complex permeability µ̂,
hysteresis phenomena at frequency f = 50 Hz are estimated
and plotted in Fig. 8. Here, solid lines correspond to linearized
estimation based on (8), dashed lines correspond to standard
measurement procedure based on simplified theory [2] and
described in [6].

From Fig. 8 it is clear that the estimated fields are much
larger at ⇢ = ⇢s in comparison to the center of the steel wire
where ⇢ = 0. This is clearly due to the skin-effect.

Fig. 8. Illustration of relative Cramér-Rao bound on the contour plane of
complex-valued permeability µ.

validation of the analytical modelis made using the numerical
FEM software. The advantages of this model in fast and
accurate computations make it attractive in its application to
three-phase power cable optimization problems.
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the finite numerical precision used in the Matlab calculations
that governs the error, while the real error is supposed to go
to 0. This “super-convergence” order shows a typical situation
of “inverse crime”, since measurement errors have not been
taken into account in measurement mutual impedance model
ZM.

Once µ̂ has been found from (10), the sensitivity derivative
can be similarly obtained from the Cauchy theorem as
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The Cramér-Rao bound [7] for estimating µ based on the
statistical model (??) is given by
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where �2
nm = 0.001 denotes to the measurement noise

variance of mutual impedance model ZM.
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The zero finding algorithm is illustrated in Fig. 6. Here the
contours of arg{Z(µ) � ZM} are plotted for Source 2 with
input amplitude n = 9 and f = 50 Hz. The dashed line shows
the integration contour C, the ‘*’ shows the simplified solution
based on (5) and the ‘o’ indicates the location of µ̂ based on
(10).

Estimated complex permeability µ̂ for different input ampli-
tude settings at frequency f = 50 Hz is illustrated in Fig. 7 as
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a function of magnetic field Hz . Here, Source 1 and Source 2
refer to the two different AC sources used in the measurement
setup.
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the two di�erent measurements defined in the measurement example in section 4.1.

is illustrated in Figure 15. Hence, for comparison it is instructive to consider the skin-depth
of a lossy magnetic material given by

� =
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Im
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i�µ0µ�
, (56)

which is a generalization of the classical formula � =
p

2/�µ0µ� and which is valid only when
µ is real valued, cf., [4]. The skin-depths (56) at f = 50 Hz corresponding to the estimated
values of complex permeability plotted in Figure 13 are about � � 1 mm, which should be
compared to the radius of the steel wire which is �s = 3 mm. Hence, it is expected that
the skin-e�ect will be significant in these circumstances and that an estimation based on the
standard procedure (28) which neglects the skin-e�ect will be rather inaccurate.

In Figure 16 is shown the estimated complex permeability of the galvanized steel at f =
{50, 150, 250, 350, 450, 550}Hz. Here, Meas 2 with amplitude settings n = 1, 3, 5, 7, 9 have
been used, see also the measurement example in section 4.1 above.

In Figures 17a-b the solid lines show the estimated hysteresis plots based on Meas 2 and
amplitude settings n = 1, 3, 5, 7, 9 computed as in (52) with f = {50, 150, 250, 350, 450, 550}Hz

17

�400 �200 0 200 400 600

0

500

Re{µ}

Im
{µ

}

a) Contours of log |Z(µ)� ZM|

0

1

2

�400 �200 0 200 400 600

0

500

Re{µ}

Im
{µ

}

b) Contours of arg{Z(µ)� ZM}

�2

0

2

Figure 12: Illustration of the zero finding algorithm. The contours of log |Z(µ) � ZM| and
arg{Z(µ)�ZM} are plotted for Meas 2 with n = 9 and f = 50 Hz. The dashed line shows the
integration contour C, the ‘*’ shows the simplified solution based on (29) and the ‘o’ indicates
the location of µ̂ based on (51).

0 500 1,000 1,500 2,000
200

400

600

800

Hz (A/m)

R
e{

µ
}

a) Real part of permeability

Source 1

Source 2

0 500 1,000 1,500 2,000

200

400

600

Hz (A/m)

Im
{µ

}

b) Imaginary part of permeability

Source 1

Source 2

Figure 13: Estimated complex permeability at f = 50 Hz. Here, Meas 1 and Meas 2 refer to
the two di�erent measurements defined in the measurement example in section 4.1.

is illustrated in Figure 15. Hence, for comparison it is instructive to consider the skin-depth
of a lossy magnetic material given by

� =
1

Im
�

i�µ0µ�
, (56)

which is a generalization of the classical formula � =
p

2/�µ0µ� and which is valid only when
µ is real valued, cf., [4]. The skin-depths (56) at f = 50 Hz corresponding to the estimated
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compared to the radius of the steel wire which is �s = 3 mm. Hence, it is expected that
the skin-e�ect will be significant in these circumstances and that an estimation based on the
standard procedure (28) which neglects the skin-e�ect will be rather inaccurate.

In Figure 16 is shown the estimated complex permeability of the galvanized steel at f =
{50, 150, 250, 350, 450, 550}Hz. Here, Meas 2 with amplitude settings n = 1, 3, 5, 7, 9 have
been used, see also the measurement example in section 4.1 above.
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Using these estimated values of complex permeability µ̂,
hysteresis phenomena at frequency f = 50 Hz are estimated
and plotted in Fig. 8. Here, solid lines correspond to linearized
estimation based on (8), dashed lines correspond to standard
measurement procedure based on simplified theory [2] and
described in [6].

From Fig. 8 it is clear that the estimated fields are much
larger at ⇢ = ⇢s in comparison to the center of the steel wire
where ⇢ = 0. This is clearly due to the skin-effect.

Fig. 8. Illustration of relative Cramér-Rao bound on the contour plane of
complex-valued permeability µ.

on Rectangular quadrature rule is chosen. The relative Cramér-
Rao bound for permeability estimation error is derived. The
validation of the analytical modelis made using the numerical
FEM software. The advantages of this model in fast and
accurate computations make it attractive in its application to
three-phase power cable optimization problems.
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Fig. 6. Investigation of numerical quadrature methods.

In Fig. 6 the red lines correspond to the case, when
measurement errors are represented by normally-distributed
Gaussian noise w with zero mean and variance �2

n = 0.001
(where the variance of the noise have been estimated from
a typical real measurement scenario) and included into the
mutual impedance model ZM. It is illustrated that estimations
based on Rectangular and Simpson’s rules have approximately
the same relative error, and it is enough to use M = 13
coefficients to get an accurate discretization.

The Cramér-Rao bound [12] for permeability estimation
error based on the statistical model ZM = Z(µ) +w is given
by

var{µ̂} � �2
n

1���@Z@µ
���
2 , (11)

where the sensitivity derivative of (10) can be similarly ob-
tained from the Cauchy integral formula as
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Fig. 7 illustrates the comparison of relative variance and
relative Cramér-Rao bound for permeability estimation error
for the true value µ = 575+i407. It is shown that by increasing
the statistical iteration index the relative variance approaches
to the relative Cramér-Rao bound. Notice, that the relative
error shown in Fig. 6 is close to the determined bound.

0 100 200 300
�3

�2.8

�2.6

�2.4

�2.2

�2

Number of samples

R
el

at
iv

e
er

ro
r
lo
g
1
0
|(
µ̂
�

µ
)/

µ
| p

var{µ̂}/|µ|
p

CRB(µ)/|µ|

Fig. 7. Investigation of discretization algorithms.

The general solution to the relative Cramér-Rao bound
as a function of true value of complex valued magnetic
permeability µ is demonstrated in Fig. 8. It is interesting to

note that for materials with a small permeability value large
errors take place in the estimation process.
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V. SUMMARY

The estimation method of complex valued magnetic per-
meability of armour steel wire based on the Fourier series
expansion and numerical residue calculation is developed.
The investigation of integral discretization is done and the
algorithm based on Rectangular quadrature rule is chosen. The
relative Cramér-Rao bound for permeability estimation error is
derived. The validation of the analytical model is made using
the numerical FEM software. The advantages of this method
in fast and accurate computations make it attractive in its
application to three-phase power cable optimization problems.
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Fig. 7. Comparison of relative errors for true value µ = 575 + i407.

The relative Cramér-Rao bound as a function of true value
of complex valued magnetic permeability µ is shown in
Fig. 8. It is interesting to note that for materials with a small
permeability value large errors take place in the estimation
process.
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while the real error is supposed to go to 0. According to these
results, the estimated convergence order of numerical residue
calculations is around 20, and it is concluded that this is a
typical situation of “inverse crime” [11], when the same model
is used to generate and invert synthetic data.

In Fig. 6 the red lines correspond to the case, when mea-
surement errors represented by normally-distributed Gaussian
noise w with variance �2

n = 0.001 are included into the mutual
impedance model ZM. It is illustrated that estimations based
on Rectangular and Simpson’s rules have approximately the
same relative error, and it is enough to use M = 13 coefficients
to get an accurate discretization.

Since the relative error is sensitive to the Gaussian mea-
surement noise, the Cramér-Rao bound [12] for permeability
estimation error based on the statistical model ZM = Z(µ)+w
is defined as

var{µ̂} � �2
n
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2 , (11)

where the sensitivity derivative of (10) can be similarly ob-
tained from the Cauchy integral formula as
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Fig. 7 illustrates a comparison of relative variance and
relative Cramér-Rao bound for permeability estimation error
and input synthetic data µ = 575 + i407. It is shown that by
increasing the statistical iteration index the relative variance
approaches to the relative Cramér-Rao bound. Notice, that the
relative error, illustrated in Fig. 6, is close to the determined
bound.

The general solution to the relative Cramér-Rao bound
as a function of complex-valued magnetic permeability µ
is demonstrated in Fig. 8. It is interesting to note that for
materials with a small permeability value, large errors occur
in the estimation process.

V. SUMMARY

The estimation method of complex-valued magnetic perme-
ability of armour steel wire based of Fourier series expansion
and numerical residue calculation is developed. The investiga-
tion of integral discretization is done and the algorithm based
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situation of “inverse crime” [8], when the same model is used
to generate and invert synthetic data.

In Fig. 6 red lines correspond to the case, when mea-
surement errors represented by normally-distributed Gaussian
noise with variance �2

n = 0.001 are included into the mutual
impedance model ZM. It is illustrated that estimations based
on Rectangular and Simpson’s rules have approximately the
same relative error, and it is enough to use M = 13 coefficients
to get an accurate discretization.

Since the relative error is sensitive to Gaussian measurement
noise, the Cramér-Rao bound [9] for permeability estimation
error based on the statistical model ZM = Z(⇣)|µ + �n is
defined as
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Fig. 7 illustrates a comparison of relative variance and
relative Cramér-Rao bound for permeability estimation error
and input synthetic data µ = 575 + i407. It is shown that by
increasing the statistical iteration index, the relative variance
approaches to the relative Cramér-Rao bound. It is interesting
to note, that the relative error, illustrated in Fig. 6, is close to
the determined bound.

The general solution to the relative Cramér-Rao bound
as a function of complex-valued magnetic permeability µ
is demonstrated in Fig. 8. It is interesting to note that for
materials with a small permeability value, large errors occur
in the estimation process.

V. SUMMARY

The estimation method of complex-valued magnetic perme-
ability of armour steel wire based of Fourier series expansion
and numerical residue calculation is developed. The investiga-
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the finite numerical precision used in the Matlab calculations
that governs the error, while the real error is supposed to go
to 0. This “super-convergence” order shows a typical situation
of “inverse crime”, since measurement errors have not been
taken into account in measurement mutual impedance model
ZM.

Once µ̂ has been found from (10), the sensitivity derivative
can be similarly obtained from the Cauchy theorem as
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The Cramér-Rao bound [7] for estimating µ based on the
statistical model (??) is given by

var{µ̂} � �2
nm
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2 , (12)

where �2
nm = 0.001 denotes to the measurement noise

variance of mutual impedance model ZM.
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The zero finding algorithm is illustrated in Fig. 6. Here the
contours of arg{Z(µ) � ZM} are plotted for Source 2 with
input amplitude n = 9 and f = 50 Hz. The dashed line shows
the integration contour C, the ‘*’ shows the simplified solution
based on (5) and the ‘o’ indicates the location of µ̂ based on
(10).

Estimated complex permeability µ̂ for different input ampli-
tude settings at frequency f = 50 Hz is illustrated in Fig. 7 as
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a function of magnetic field Hz . Here, Source 1 and Source 2
refer to the two different AC sources used in the measurement
setup.
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is illustrated in Figure 15. Hence, for comparison it is instructive to consider the skin-depth
of a lossy magnetic material given by
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which is a generalization of the classical formula � =
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2/�µ0µ� and which is valid only when
µ is real valued, cf., [4]. The skin-depths (56) at f = 50 Hz corresponding to the estimated
values of complex permeability plotted in Figure 13 are about � � 1 mm, which should be
compared to the radius of the steel wire which is �s = 3 mm. Hence, it is expected that
the skin-e�ect will be significant in these circumstances and that an estimation based on the
standard procedure (28) which neglects the skin-e�ect will be rather inaccurate.

In Figure 16 is shown the estimated complex permeability of the galvanized steel at f =
{50, 150, 250, 350, 450, 550}Hz. Here, Meas 2 with amplitude settings n = 1, 3, 5, 7, 9 have
been used, see also the measurement example in section 4.1 above.

In Figures 17a-b the solid lines show the estimated hysteresis plots based on Meas 2 and
amplitude settings n = 1, 3, 5, 7, 9 computed as in (52) with f = {50, 150, 250, 350, 450, 550}Hz
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Fig. 7. Estimated complex permeability at f = 50 Hz.

Using these estimated values of complex permeability µ̂,
hysteresis phenomena at frequency f = 50 Hz are estimated
and plotted in Fig. 8. Here, solid lines correspond to linearized
estimation based on (8), dashed lines correspond to standard
measurement procedure based on simplified theory [2] and
described in [6].

From Fig. 8 it is clear that the estimated fields are much
larger at ⇢ = ⇢s in comparison to the center of the steel wire
where ⇢ = 0. This is clearly due to the skin-effect.

Fig. 8. Illustration of relative Cramér-Rao bound on the contour plane of
complex-valued permeability µ.

on Rectangular quadrature rule is chosen. The relative Cramér-
Rao bound for permeability estimation error is derived. The
validation of the analytical model is made using the numerical
FEM software. Advantages of this model in fast and accurate
computations make it attractive in its application to three-phase
power cables optimization problems.
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Fig. 6. Investigation of discretization algorithms.

error is supposed to go to 0. According to these results, the
estimated convergence order of numerical residue calculations
is around 20, and it is concluded that this is a typical situation
of “inverse crime” [11], when the same model is used to
generate and invert synthetic data.

In Fig. 6 red lines correspond to the case, when mea-
surement errors represented by normally-distributed Gaussian
noise w with variance �2

n = 0.001 are included into the mutual
impedance model ZM. It is illustrated that estimations based
on Rectangular and Simpson’s rules have approximately the
same relative error, and it is enough to use M = 13 coefficients
to get an accurate discretization.

Since the relative error is sensitive to the Gaussian mea-
surement noise, the Cramér-Rao bound [12] for permeability
estimation error based on the statistical model ZM = Z(µ)+w
is defined as

var{µ̂} � �2
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2 , (11)

where the sensitivity derivative of (10) can be similarly ob-
tained from the Cauchy integral formula as
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(⇣ � µ)2
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Fig. 7 illustrates a comparison of relative variance and
relative Cramér-Rao bound for permeability estimation error
and input synthetic data µ = 575 + i407. It is shown that by
increasing the statistical iteration index the relative variance
approaches to the relative Cramér-Rao bound. Notice, that the
relative error, illustrated in Fig. 6, is close to the determined
bound.

The general solution to the relative Cramér-Rao bound
as a function of complex-valued magnetic permeability µ
is demonstrated in Fig. 8. It is interesting to note that for
materials with a small permeability value, large errors occur
in the estimation process.

V. SUMMARY

The estimation method of complex-valued magnetic perme-
ability of armour steel wire based of Fourier series expansion
and numerical residue calculation is developed. The investiga-
tion of integral discretization is done and the algorithm based
on Rectangular quadrature rule is chosen. The relative Cramér-
Rao bound for permeability estimation error is derived. The
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the finite numerical precision used in the Matlab calculations
that governs the error, while the real error is supposed to go
to 0. This “super-convergence” order shows a typical situation
of “inverse crime”, since measurement errors have not been
taken into account in measurement mutual impedance model
ZM.

Once µ̂ has been found from (10), the sensitivity derivative
can be similarly obtained from the Cauchy theorem as
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statistical model (??) is given by
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nm = 0.001 denotes to the measurement noise

variance of mutual impedance model ZM.

0 100 200 300
�3

�2.8

�2.6

�2.4

�2.2

�2

Iteration index

R
el

at
iv

e
er

ro
r,
lo
g
1
0
(·
)

p
var{µ̂}/|µ̂|

�
CRB/|µ̂|

Fig. 4. Investigation of discretization algorithms.

The zero finding algorithm is illustrated in Fig. 6. Here the
contours of arg{Z(µ) � ZM} are plotted for Source 2 with
input amplitude n = 9 and f = 50 Hz. The dashed line shows
the integration contour C, the ‘*’ shows the simplified solution
based on (5) and the ‘o’ indicates the location of µ̂ based on
(10).

Estimated complex permeability µ̂ for different input ampli-
tude settings at frequency f = 50 Hz is illustrated in Fig. 7 as
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setup.
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the two di�erent measurements defined in the measurement example in section 4.1.

is illustrated in Figure 15. Hence, for comparison it is instructive to consider the skin-depth
of a lossy magnetic material given by

� =
1

Im
�

i�µ0µ�
, (56)

which is a generalization of the classical formula � =
p

2/�µ0µ� and which is valid only when
µ is real valued, cf., [4]. The skin-depths (56) at f = 50 Hz corresponding to the estimated
values of complex permeability plotted in Figure 13 are about � � 1 mm, which should be
compared to the radius of the steel wire which is �s = 3 mm. Hence, it is expected that
the skin-e�ect will be significant in these circumstances and that an estimation based on the
standard procedure (28) which neglects the skin-e�ect will be rather inaccurate.

In Figure 16 is shown the estimated complex permeability of the galvanized steel at f =
{50, 150, 250, 350, 450, 550}Hz. Here, Meas 2 with amplitude settings n = 1, 3, 5, 7, 9 have
been used, see also the measurement example in section 4.1 above.

In Figures 17a-b the solid lines show the estimated hysteresis plots based on Meas 2 and
amplitude settings n = 1, 3, 5, 7, 9 computed as in (52) with f = {50, 150, 250, 350, 450, 550}Hz
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Fig. 7. Estimated complex permeability at f = 50 Hz.

Using these estimated values of complex permeability µ̂,
hysteresis phenomena at frequency f = 50 Hz are estimated
and plotted in Fig. 8. Here, solid lines correspond to linearized
estimation based on (8), dashed lines correspond to standard
measurement procedure based on simplified theory [2] and
described in [6].

From Fig. 8 it is clear that the estimated fields are much
larger at ⇢ = ⇢s in comparison to the center of the steel wire
where ⇢ = 0. This is clearly due to the skin-effect.

Fig. 8. Illustration of relative Cramér-Rao bound on the contour plane of
complex-valued permeability µ.

validation of the analytical modelis made using the numerical
FEM software. The advantages of this model in fast and
accurate computations make it attractive in its application to
three-phase power cable optimization problems.
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the finite numerical precision used in the Matlab calculations
that governs the error, while the real error is supposed to go
to 0. This “super-convergence” order shows a typical situation
of “inverse crime”, since measurement errors have not been
taken into account in measurement mutual impedance model
ZM.
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The zero finding algorithm is illustrated in Fig. 6. Here the
contours of arg{Z(µ) � ZM} are plotted for Source 2 with
input amplitude n = 9 and f = 50 Hz. The dashed line shows
the integration contour C, the ‘*’ shows the simplified solution
based on (5) and the ‘o’ indicates the location of µ̂ based on
(10).

Estimated complex permeability µ̂ for different input ampli-
tude settings at frequency f = 50 Hz is illustrated in Fig. 7 as

100 200 300 400 500 600
0

200

400

Re{µ}

Im
{µ

}

Relative Cramér-Rao bound

�2.6

�2.4

�2.2

�2

�1.8

Fig. 5. Investigation of discretization algorithms.

�400 �200 0 200 400 600

0

500

Re{µ}

Im
{µ

}

Contours of arg{Z(µ) � ZM}

�2

0

2

Fig. 6. Illustration of the zero finding algorithm.

a function of magnetic field Hz . Here, Source 1 and Source 2
refer to the two different AC sources used in the measurement
setup.

�400 �200 0 200 400 600

0

500

Re{µ}

Im
{µ

}

a) Contours of log |Z(µ)� ZM|

0

1

2

�400 �200 0 200 400 600

0

500

Re{µ}

Im
{µ

}

b) Contours of arg{Z(µ)� ZM}

�2

0

2

Figure 12: Illustration of the zero finding algorithm. The contours of log |Z(µ) � ZM| and
arg{Z(µ)�ZM} are plotted for Meas 2 with n = 9 and f = 50 Hz. The dashed line shows the
integration contour C, the ‘*’ shows the simplified solution based on (29) and the ‘o’ indicates
the location of µ̂ based on (51).

0 500 1,000 1,500 2,000
200

400

600

800

Hz (A/m)

R
e{

µ
}

a) Real part of permeability

Source 1

Source 2

0 500 1,000 1,500 2,000

200

400

600

Hz (A/m)

Im
{µ

}

b) Imaginary part of permeability

Source 1

Source 2

Figure 13: Estimated complex permeability at f = 50 Hz. Here, Meas 1 and Meas 2 refer to
the two di�erent measurements defined in the measurement example in section 4.1.

is illustrated in Figure 15. Hence, for comparison it is instructive to consider the skin-depth
of a lossy magnetic material given by

� =
1

Im
�

i�µ0µ�
, (56)

which is a generalization of the classical formula � =
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µ is real valued, cf., [4]. The skin-depths (56) at f = 50 Hz corresponding to the estimated
values of complex permeability plotted in Figure 13 are about � � 1 mm, which should be
compared to the radius of the steel wire which is �s = 3 mm. Hence, it is expected that
the skin-e�ect will be significant in these circumstances and that an estimation based on the
standard procedure (28) which neglects the skin-e�ect will be rather inaccurate.

In Figure 16 is shown the estimated complex permeability of the galvanized steel at f =
{50, 150, 250, 350, 450, 550}Hz. Here, Meas 2 with amplitude settings n = 1, 3, 5, 7, 9 have
been used, see also the measurement example in section 4.1 above.

In Figures 17a-b the solid lines show the estimated hysteresis plots based on Meas 2 and
amplitude settings n = 1, 3, 5, 7, 9 computed as in (52) with f = {50, 150, 250, 350, 450, 550}Hz
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Using these estimated values of complex permeability µ̂,
hysteresis phenomena at frequency f = 50 Hz are estimated
and plotted in Fig. 8. Here, solid lines correspond to linearized
estimation based on (8), dashed lines correspond to standard
measurement procedure based on simplified theory [2] and
described in [6].

From Fig. 8 it is clear that the estimated fields are much
larger at ⇢ = ⇢s in comparison to the center of the steel wire
where ⇢ = 0. This is clearly due to the skin-effect.

Fig. 8. Illustration of relative Cramér-Rao bound on the contour plane of
complex-valued permeability µ.

on Rectangular quadrature rule is chosen. The relative Cramér-
Rao bound for permeability estimation error is derived. The
validation of the analytical modelis made using the numerical
FEM software. The advantages of this model in fast and
accurate computations make it attractive in its application to
three-phase power cable optimization problems.
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Fig. 6. Investigation of numerical quadrature methods.

In Fig. 6 the red lines correspond to the case, when
measurement errors are represented by normally-distributed
Gaussian noise w with zero mean and variance �2

n = 0.001
(where the variance of the noise have been estimated from
a typical real measurement scenario) and included into the
mutual impedance model ZM. It is illustrated that estimations
based on Rectangular and Simpson’s rules have approximately
the same relative error, and it is enough to use M = 13
coefficients to get an accurate discretization.

The Cramér-Rao bound [12] for permeability estimation
error based on the statistical model ZM = Z(µ) +w is given
by

var{µ̂} � �2
n

1���@Z@µ
���
2 , (11)

where the sensitivity derivative of (10) can be similarly ob-
tained from the Cauchy integral formula as

@Z

@µ
=

1

2⇡i

I

C

Z(⇣)

(⇣ � µ)2
d⇣. (12)

Fig. 7 illustrates the comparison of relative variance and
relative Cramér-Rao bound for permeability estimation error
for the true value µ = 575+i407. It is shown that by increasing
the statistical iteration index the relative variance approaches
to the relative Cramér-Rao bound. Notice, that the relative
error shown in Fig. 6 is close to the determined bound.
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The general solution to the relative Cramér-Rao bound
as a function of true value of complex valued magnetic
permeability µ is demonstrated in Fig. 8. It is interesting to

note that for materials with a small permeability value large
errors take place in the estimation process.
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V. SUMMARY

The estimation method of complex valued magnetic per-
meability of armour steel wire based on the Fourier series
expansion and numerical residue calculation is developed.
The investigation of integral discretization is done and the
algorithm based on Rectangular quadrature rule is chosen. The
relative Cramér-Rao bound for permeability estimation error is
derived. The validation of the analytical model is made using
the numerical FEM software. The advantages of this method
in fast and accurate computations make it attractive in its
application to three-phase power cable optimization problems.
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V. SUMMARY

An estimation method of complex valued magnetic per-
meability of armour steel wire based on the Fourier series
expansion and numerical residue calculation is developed. An
investigation of integral discretization is performed and the
algorithm based on Rectangular quadrature rule is chosen. The
relative Cramér-Rao bound for permeability estimation error
is derived. The validation of the analytical model is made
using numerical FEM software. The advantages of this method
in fast and accurate computations make it attractive in its
application to three-phase power cable optimization problems.
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This paper presents a cylindrical multipole expansion for periodic sources with applications for three-phase power cables.
It is the aim of the contribution to provide some analytical solutions and techniques that can be useful in the calculation of
cable losses. Explicit analytical results are given for the fields generated by a three-phase helical current distribution and
which can be computed efficiently as an input to other numerical methods such as, for example , the Method of Moments.
It is shown that the field computations are numerically stable at low frequencies (such as 50 Hz) as well as in the quasi-
magnetostatic limit provided that sources are divergence-free. The cylindrical multipole expansion is furthermore used
to derive an efficient analytical model of a measurement coil to measure and estimate the complex valued permeability of
magnetic steel armour in the presence of a strong skin-effect. Copyright © 2016 John Wiley & Sons, Ltd.

Keywords: power cables; electromagnetic modelling; waveguide theory

1. Introduction

Power losses related to induced currents in metal sheaths and armour as well as hysteresis losses in magnetic steel are important
electromagnetic phenomena to consider in the design of three-phase power cables [1–4]. Because of the complicated structure of
these cables, which consist of a variety of material constituents and multiply twisted conductor bundles as illustrated in Figure 1(a), it
is a non-trivial task to accurately predict the effect of these loss mechanisms. Presently, it is for this purpose that numerical techniques
based on finite element modelling [1] as well as the method of moments [2] are being developed. It is the aim of this contribution to
aid in this development by providing useful analytical solutions to some related subproblems.

Helical waveguide structures have been treated previously such as with approximations for wire helices [5,6] and helical sheaths [7,8].
However, to our knowledge, a rigourous analytical modelling of the electromagnetic fields generated by a helical current distribution
seems to be missing. Hence, the purpose of this contribution is to provide the necessary analytical tools in terms of the periodic electric
Green’s dyadic and its expansion in cylindrical vector waves [8–10]. The cylindrical multipole expansion of a helical current distribution
is then readily obtained and can be computed efficiently as an input to other numerical methods such as e.g., the method of moments
[2, 11]. Explicit formulas as well as an in-depth analysis on the quasi-magnetostatic limit of magnetic diffusion [12] are also given. The
analysis is furthermore illustrated by solving a simple scattering problem based on three thin helical phase conductors in the presence
of a homogeneous cylindrical metal layer simulating the cable armour as shown in Figure 1(b).

Another problem of interest is the measurement and estimation of the magnetic properties of the armour steel. The standard
approach is to build a coil on the material to be tested and to obtain a hysteresis plot from the measured input current and the inte-
grated induced voltage [13], see also Figure 1(c). However, the conductivity of the material is not included in this procedure, and the
method will not be accurate in the presence of a strong skin-effect. When the magnetic field intensity is sufficiently far from saturating
the magnetic steel, the magnetic hysteresis phenomena can be approximated by using a linearization based on a complex valued (and
frequency and amplitude dependent) relative permeability. In this contribution, the cylindrical multipole expansion is used to obtain
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Figure 1. (a) Geometry of a typical three-phase high-voltage AC cable with one layer of surrounding armour wires of steel. (b) Geometry (one unit-cell) of a
simplified computational model based on three thin helical phase conductors and a homogeneous metal layer simulating the armour sheath. (c) Photo and
geometry of the measurement coil built on the magnetic armour steel to be tested.

an accurate analytical model of the coil where the skin-effect is included. A numerical residue calculation is then used to solve the
inverse problem of retrieving the complex valued permeability from measurements.

2. Cylindrical multipole expansion

The following notation and conventions will be used later. Let �0, �0, �0 and c0 denote the permeability, the permittivity, the wave
impedance and the speed of light in vacuum, respectively, and where �0 D

p
�0=�0 and c0 D 1=

p
�0�0. The wavenumber of vacuum

is given by k0 D !
p
�0�0 where ! D 2� f is the angular frequency and f the frequency. For a homogeneous and isotropic material

with relative permeability � and permittivity �, the corresponding wavenumber and wave impedance are given by k D k0
p
�� and

� D �0

p
�=�, respectively. The cylindrical coordinates are denoted by .�,�, z/, the corresponding unit vectors

�
O�, O�, Oz

�
, the transverse

coordinate vector � D � O� and the radius vector r D �C zOz. The Maxwell’s equations [12] are considered based on SI-units and with
time convention e�ı!t for time harmonic fields.

2.1. Expansion of the electric dyadic Green’s function in cylindrical vector waves

The solenoidal (source-free) cylindrical vector waves are defined by8̂<
:̂
w1m.r ,˛/ D

1

�
r �

�
OzCm.��/e

im�ei˛z
�

,

w2m.r ,˛/ D
1

k
r �w1m.r ,˛/,

(1)

where Cm.��/ is a cylinder function [14] of order m, [8–10]. Here, ˛ is the longitudinal wavenumber, m the azimuthal index, k the
wavenumber of free space and � D

p
k2 � ˛2 the transversal wavenumber where the square root is chosen such that 0 < arg � � �

and hence Im � � 0. It can be shown by direct calculation that r � w2m.r ,˛/ D kw1m.r ,˛/. The following curl properties are
thus obtained

r �w�m.r ,˛/ D kw N�m.r ,˛/, (2)

for 	 D 1, 2 (TE/TM), and where N	 denotes the complement of 	 (N1 D 2 and N2 D 1).
The following notation will be used w�m.r ,˛/ D w�m.�,˛/eim�ei˛z where the radial parts of the vector waves w�m.�,˛/ are given

explicitly in cylindrical coordinates as 8̂<
:̂
w1m.�,˛/ D O�

im

��
Cm.��/ � O�C0m.��/,

w2m.�,˛/ D O�
i˛

k
C0m.��/ � O�

m˛

k��
Cm.��/C Oz

�

k
Cm.��/,

(3)

and where C0m.�/ denotes a differentiation with respect to the argument. Finally, let the regular and the outgoing (radiating) cylindrical
vector waves v�m.r ,˛/ and u�m.r ,˛/ be defined as in (1) where Cm.�/ is chosen as the regular Bessel functions Jm.��/ and the Hankel
functions of the first kind H.1/m .��/, respectively.

The electric dyadic Green’s function for the free space is given by Ge.r , r 0, k/ D fI C .1=k2/rrgG.r , r 0, k/ where I denotes the
identity dyadic and where G.r , r 0, k/ D eikjr�r0j=4�jr � r 0j is the corresponding scalar Green’s function [8, 10, 15, 16]. For r ¤ r 0, the
electric dyadic Green’s function can be expanded in cylindrical vector waves as

Ge.r , r 0, k/ D
i

8�

Z 1
�1

1X
mD�1

2X
�D1

u�m.r>,˛/v��m.r<,˛/d˛, (4)

where r< and r> denote the vector in fr , r 0g having the smallest and the largest radial coordinate, respectively, that is, �< D minf�, �0g
and �> D maxf�, �0g, cf., [8–10]. The dagger 
 refers to a sign-shift in the exponentials in the definition (1) and which is placed on

Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2016
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the vector wave with primed coordinates in the expression (4), cf., [9]. Here,w��m.r
0,˛/ D w��m.�

0,˛/e�im�0e�i˛z0 wherew��m.�
0,˛/ is

obtained as in (3) with a sign-shift in m and ˛.

2.2. Cylindrical multipole expansion for periodic sources

Consider the time-harmonic Maxwell’s equations with periodic current sources defined by Jinc.r/ D Jinc.r C Ozp/ and where p is the
period in the longitudinal direction. The resulting electromagnetic fields inside a source-free and homogeneous cylindrical region can
then generally be expanded as

8̂̂̂
<̂
ˆ̂̂̂:
E.r/ D

1X
mD�1

1X
nD�1

2X
�D1

�
a�mnv�m

�
�, n

2�

p

�
C b�mnu�m

�
�, n

2�

p

�	
eim�ein 2�

p z ,

H .r/ D
k

i!�0�

1X
mD�1

1X
nD�1

2X
�D1

�
a�mnv N�m

�
�, n

2�

p

�
C b�mnu N�m

�
�, n

2�

p

�	
eim�ein 2�

p z ,

(5)

where a�mn and b�mn are the cylindrical multipole coefficients for the regular and the outgoing cylindrical vector waves inside the
particular region, respectively, and wherer �E D i!�0�H and the curl of vector waves is given by (2). Note that in (5) the transversal

wavenumbers used in the definition of the cylindrical vector waves are given by �n D

r
k2 �

�
n 2�

p

�2
.

Based on the Fourier integral representation (4) and an application of the Poisson summation formula [17], it follows that the periodic
electric dyadic Green’s function for the free space can be expressed as

eG e.r , r 0, k/ D
i

4p

1X
mD�1

1X
nD�1

2X
�D1

u�m

�
�, n

2�

p

�
v��m

�
�0, n

2�

p

�
eim.���0/ein 2�

p .z�z0/, (6)

where it has been assumed that �0 < �. Note that the derivation of this result is analogous to the similar result regarding the periodic
scalar Green’s functions for the free space, cf., [15]. For a periodic current source Jinc.r/ in vacuum (k D k0) and which is contained

inside a region � < �s, the electromagnetic fields for � > �s are now given by the expressionE.r/ D i!�0

Z
V

eG e.r , r 0, k0/ �Jinc.r
0/dv0

yielding the following cylindrical multipole coefficients

b�mn D �
!�0

4p

Z
V
v��m

�
�0, n

2�

p

�
e�im�0e�in 2�

p z0 � Jinc.r
0/dv0, (7)

where V denotes one unit cell of the periodic current source and �n D

r
k2

0 �
�

n 2�
p

�2
.

2.2.1. The quasi-magnetostatic limit. In the quasi-magnetostatic limit, the displacement current is negligible compared with the con-
duction current, and it can be formally obtained by the limit process �0 ! 0. The existence of the quasi-magnetostatic limits in (5)
based on (7) depends generally on the convergence properties of r � Jinc.r/ ! 0 when k0 ! 0, cf., the low-frequency breakdown of
electromagnetic solvers related to the Helmholtz decomposition of currents [11]. When n ¤ 0, it is readily seen that �n ! ijnj 2�p ¤ 0

when k0 ! 0, and hence that both b1mn and u1m

�
�, n 2�

p

�
converge when k0 ! 0. However, the convergence of the TM compo-

nent (	 D 2) depends on the convergence of the sources r � Jinc ! 0. To see this, let  mn.r/ D Jm.�n�/eim�ein 2�
p z and write

v2m

�
r , n 2�

p

�
D .1=k0�n/r � .r mn.r/ � Oz/. It can be shown that r �

�
r �mn.r/ � Oz

�
D Ozk2

0 
�
mn.r/ C r

�
Oz � r �mn.r/

�
and where

r2 
�
mn.r/ D �k2

0 
�
mn.r/ has been used. Based on an integration by parts, it can furthermore be shown that

Z
V
r
�
Oz � r �mn.r/

�
� Jinc.r/dv D �

Z
V
Oz � r �mn.r/r � Jinc.r/dv D 0, (8)

where it has been assumed that r � Jinc.r/ D 0. Hence, the TM cylindrical multipole coefficients for divergence-free currents are
given by

b2mn D �
!�0

4p

Z
V

1

k0�n
r �

�
r �mn.r

0/ � Oz
�
� Jinc.r

0/dv0 D �
!�0

4p

k0

�n

Z
V
 �mn.r

0/Oz � Jinc.r
0/dv0, (9)

which shows that b2mn D Ofk0g and the combination b2mnu2m

�
�, n 2�

p

�
converges when k0 ! 0 and n ¤ 0.

2.3. Helical three-phase currents

The electromagnetic field generated by the conductors of the three-phase power cable is modelled by using three helical line sources
carrying the current I with a positive phase progression'j 2 f0, 2�=3, 4�=3g. The parametric representation of the three line conductors

Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2016
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is given in cylindrical coordinates as 8<
:
�j D a,
�j D

2�
p v C 'j ,

zj D v,
(10)

where a is the radial position of the conductors, p the lay length of the power cores, v the parameter with v 2 Œ0, p� and 'j D
2�

3 j for
j D 0, 1, 2. The cylindrical multipole coefficients b�mn of (7) can then be calculated as

b�mn D �
!�0

4p

2X
jD0

Z p

0
v��m

�
�0j , n

2�

p

�
e�im�0j e�in 2�

p z0j � Iei'j

�
a

2�

p
O�0j C Oz

�
dv0 D �

3!�0

4
Iv��m

�
�0j , n

2�

p

�
�

�
a

2�

p
O�0j C Oz

�
gmı�m,n,

(11)
where

gm D
1

3

2X
jD0

e�i.m�1/ 2�
3 j D



1 m D : : : ,�2, 1, 4, : : :
0 otherwise

and ı�m,n D
1

p

Z p

0
e�i.mCn/ 2�

p v0dv0 D



1 n D �m
0 otherwise.

(12)

Hence, the electromagnetic fields defined in (5) can be further simplified for � > a as8̂̂̂
<̂
ˆ̂̂̂:
E.r/ D

1X
mD�1

2X
�D1

b�mu�m.�/e
im
�
�� 2�

p z
�

,

H .r/ D
k0

i!�0

1X
mD�1

2X
�D1

b�mu N�m.�/e
im
�
�� 2�

p z
�

,

where

8̂<
:̂

b1m D I
3

4
!�0a

2�

p
J0m.�ma/gm,

b2m D �I
3

4
!�0

k0

�m
Jm.�ma/gm,

(13)

and where �m D

r
k2

0 �
�

m 2�
p

�2
and u�m.�/ D u�m

�
�,�m 2�

p

�
. Note that b2m can also be calculated by using (9).

Similarly, with three straight conductors (p D1), we have �j D 'j in (10) which will yield b�mn D �
3!�0

4 Iv��m

�
�0j , 0

�
� Ozgmın,0 so that

the expansion expressed in the left hand side of (13) can be used together with b1m D 0 and b2m D �I
3

4
!�0Jm.k0a/gm where �0 D k0

and u�m.�/ D u�m.�, 0/.

3. Estimating the magnetic properties of armour steel

To measure and estimate the magnetic properties of the steel armour, a measurement coil is built on the steel wire to be tested [18]
Figure 1(c). Here, L is the length of the wire and �s its radius, l1 the length of the primary winding of N1 turns, l2 the length of the
secondary winding of N2 turns (l2 < l1). The windings consist of very thin copper wires (typically about 0.1 mm diameter) so that their
dimensionality can be neglected. The conductivity �.S=m/ of the steel is assumed to be known, such as, from a standard four-point
measurement [18], and the unknown parameter to be estimated is the complex valued permeability �.

Because of the lossy material, the fields inside the steel wire decay very fast in the axial direction outside the coil and can hence be
approximated by using the periodic cylindrical multipole expansion as outlined in Section 2. The following Fourier series representation
of the longitudinal component of the axial-symmetric (TE0) magnetic field is employed here

Hz.�, z/ D
1X

nD�1

Hz.�, n/ein 2�
p z where Hz.�, n/ D



AnJ0.�1n�/ � < �s,

BnH.1/0 .�2n�/ � > �s,
(14)

where �1n D
q

k2
0�� � .n2�=p/2, �2n D

q
k2

0 � .n2�=p/2, � D �rC i�=!�0 and where �r D 1 for metals. Let I and U denote the phasors
corresponding to the excitation current and the induced voltage of the primary and secondary windings, respectively. The excitation

Figure 2. Validation of the analytical model (denoted by L D1) using COMSOL to study the edge effects of a finite wire for L D 210–1000 mm.
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by the primary winding is modelled as a surface (sheath) current density Js D O�
N1
l1

I(A/m) for �l1=2 < z < l1=2 and which is periodic
with period p. By employing appropriate boundary conditions, it can then be shown that An D A0

nN1I=p where

A0
n D

sin.n� l1=p/

n� l1=p

�1nH.1/1 .�2n�s/

�1nJ0.�1n�s/H
.1/
1 .�2n�s/ � ��2nJ1.�1n�s/H

.1/
0 .�2n�s/

. (15)

Further, by neglecting the pitch angle of the coil and employing the spatial sampling zi D l2.i�.N2C1/=2/=.N2�1/, the Faraday’s law
U D �i!

PN2
iD1

R
Si
B.�, zi/�dS , together with the linear constitutive relation Bz.�, z/ D �0�Hz.�, z/, finally yields the mutual impedance

Z.�/ D �i!�0�2��s
N1

p

1X
nD�1

A0
n

J1.�1n�s/

�1n

sin
�

n� l2
p

N2
N2�1

�
sin
�

n� l2
p

1
N2�1

� , (16)

see also [18] for further details. Let ZM denotes the measured mutual impedance of the coil. Because Z.�/ is an analytic function of
the complex parameter �, an approximate solution to the equation Z.�/ D ZM can be obtained efficiently from a numerical residue
calculation based on

O� D

I
C

�d�

Z.�/ � ZM

�I
C

d�

Z.�/ � ZM
, (17)

where C is a closed contour containing the solution O�, and where it is assumed that O� is a single zero of Z.�/ � ZM and that there
are no other zeros or branch-cuts of Z.�/ � ZM within the contour. In practice, these conditions can easily be checked by plotting and
inspecting the contours of the magnitude and phase of the complex function Z.�/ � ZM on the complex plane �.

In Figure 2, a validation of the analytical model is shown to study the edge effects of a finite wire and where � D 418 C i200 (a
typical value from the estimation later). The measurement coil was built with l1 D 200 mm, l2 D 150 mm, N1 D 1800, N2 D 1350 and
�s D 3 mm, and the conductivity of the armour wire was measured to � D 5.64 � 106 S/m [18]. The validation shows that the models
agree well for L > 400 mm. Here, the measurement coil was built on an armour wire of length L D 460 mm. The number of degrees
of freedom (Fourier coefficients) in the analytical model is typically in the order of 10–100, whereas the numerical FEM-based solution
requires typically about 100.000–250.000 unknown variables to yield an accurate solution.

4. Numerical examples for helical three-phase currents

In Figure 3(a)–(b), the magnetic field intensity is shown in free space as given by (13). Here, I D 1000 A, f D 50 Hz, � D 300 mm,
z D 0, a D 150 mm and p D 0.5 m and p D 1.5 m, respectively. The result is also compared to the fields generated by straight wires
(p D1). The expansion (13) converges fast in this example and gives results that are accurate to within 6–7 digits based on 9 multipole
coefficients. The corresponding quasi-magnetostatic solution was also computed and which agrees with the full Maxwell solution to
within 13–14 digits in these examples.

In Figure 3(c), the estimated complex valued permeability of a sample of magnetic galvanized steel is shown. Here, a measurement
has been conducted with different amplitude settings, and the resulting estimates (17) have been plotted as a function of the applied
magnetic field intensity defined at � D �s D 3 mm and z D 0. A scattering problem is then solved where a homogeneous cylindrical
layer of magnetic steel is assumed to fill the region �1 < � < �2 where �1 D 300 mm and �2 D 306 mm. The lay length is p D 1.5 m
and all other parameters are as described earlier. An iterative solution was obtained where the initial permeability was guessed and the
computed average magnetic field at � D �1 was used to update the permeability according to the estimated non-linear relationship
shown in Figure 3(c). The resulting fixed-point algorithm converged well as illustrated in Figure 3(c)–(d), and the final permeability was
given by� D 418Ci200. In Figure 4(a)–(b), the resulting magnetic field inside the steel layer is illustrated. In Figure 4(c)–(d), a calculation
of the electric and magnetic losses is plotted due to Im � and Im �, respectively, as a function of the complex valued permeability� and

Figure 3. (a) Magnetic field intensity in free space at � D �1 D 0.3 m with lay length p D 0.5 m. (b) Magnetic field intensity in free space at � D �1 D 0.3 m with
lay length p D 1.5 m. Here H0

� and H0
� refer to the infinite lay length p D 1. (c–d) Convergence of fix point algorithm. (c) Real and imaginary part of estimated

permeability. (d) Average magnetic field Hav.�1/ as a function of iteration index n. The lay length here is p D 1.5 m.

Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2016
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Figure 4. (a) Magnetic field intensity in steel layer at � D �1 D 300 mm. (b) Magnetic field intensity in steel layer at � D 0 and z D 0. (c–d) Electric, magnetic
and total power losses, Pe, Pm and Ptot D Pe C Pm as a function of complex permeability. The lay length is p D 1.5 m.

all other parameters fixed, I D 1000A, and so on. It is interesting to note that there is a clear maximum of losses when the permeability
is real valued and the corresponding skin-depth ı D 1=Im

p
i!�0�� is in the same order of magnitude as the thickness of the layer.

Hence, when the imaginary part of � (the hysteresis losses) is increasing, the induced electric losses are rapidly decreasing because of
increased contrast and decreased skin-depth. It should be noted here that these conclusions can only be made in this simple example
with a homogeneous layer of steel. The real situation with isolated wires of steel must be treated as a separate example [3, 4].

5. Summary and Conclusions

A cylindrical multipole expansion has been given for sources that are periodic along the longitudinal coordinate of a cylindrical struc-
ture and which can be used as an aid in the calculation of losses in high-voltage AC power cables. The multipole expansion is readily
obtained from the Fourier representation of the electric Green’s dyadic in terms of cylindrical vector waves and an application of the
Poisson summation formula. The cylindrical multipole expansion gives an efficient calculation of the electromagnetic fields that are
generated by a helical current distribution such as with three-phase power cables and can hence be used as an input to other numerical
solvers such as the method of moments. It has been shown that the field computations are numerically stable at low frequencies (such
as 50 Hz) as well as in the quasi-magnetostatic limit provided that sources are divergence-free. The cylindrical multipole expansion has
also been used to derive an efficient analytical model of a measurement coil to measure and estimate the complex valued permeabil-
ity of magnetic steel armour in the presence of a strong skin-effect. The latter can be used to provide relevant input parameters to the
calculation of armour losses in high-voltage AC power cables.
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On absence of sources at infinity and uniqueness for
waveguide solutions

Börje Nilsson∗ Andreas Ioannidis † Yevhen Ivanenko ‡ Sven Nordebo §

Abstract — This paper discusses criteria for establishing unique-
ness of wave propagation problems. Causality, or passivity that
implies causality, is adopted as the fundamental principle. It is
stressed that radiation conditions are not applicable for waveg-
uide modes that carry no active power. The Jones’ criteria for
causality in the frequency domain, which covers the convectively
unstable case, are presented and analysed, the vanishing absorp-
tion principle, VAP, in particular. It is proposed to use L2 for a
lossy medium but a weighted L2 for the lossless case.

1 Introduction

In general, the Maxwell’s equations with sources and
boundary conditions are not sufficient to get a unique
solution. Additional conditions are necessary specify-
ing that the waves are propagating from the source re-
gion with no sources at infinity. The objective of this
note is to get an improved knowledge of criteria for the
absence of sources at infinity by giving an overview, de-
scribing the basic physical origin of the criteria and an-
alyzing the mathematical applicability in terms of func-
tion spaces. The analysis is directed towards waveg-
uides; topical applications are power cables.

2 Causality in the time domain

Waves are best described in the time domain in which
the criterion for no source at infinity is causality: the so-
lution is required to be zero before the source has been
switched on. This is illustrated in a simple example.

Example 1. Consider the boundary value problem

{ (
∂2

∂x2 − 1
c20

∂2

∂t2

)
φ(x, t) = 0, x ≥ 0,

φ(0, t) = φ0(t),
, (1)

which has the d’Alembert solution
{
φ(x, t) = f(t− x/c0) + g(t+ x/c0), x ≥ 0,
f(t) + g(t) = φ0(t), t ≥ 0,

.

(2)
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Here, the positive and finite constant c0 is the speed of
light. A restriction to t ≥ 0 and Cauchy data

{
φ(x, 0) = 0,
∂φ
∂t (x, 0) = 0,

x ≥ 0, (3)

implies the unique solution

φ(x, t) = φ0(t− x/c0), (4)

assuming that φ0(t) = 0 for t ≤ 0. Another way to
reach the unique solution (4) is to replace the Cauchy
data (3) with the causality condition

φ(x, t) = 0, t ≤ 0, x ≥ 0. (5)

Note that φ(x, t) = 0 for t ≤ x/c0.

3 Causality in the frequency domain

Often, a formulation in the frequency domain is desir-
able based on calculation or measurement considera-
tions. Thus, it would be practical to transform the no
source criterion to the frequency domain, but causality
is, in general, not possible to apply point wise.

Two criteria in the frequency domain to assure that
a function is vanishing for negative times are presented.
Following [1], the definitions below are used for the first
criterion.

Definition 1. f ∈ LpLoc if
∫ b
a
|f(t)|pdt < ∞, |a|, |b| <

∞.

Definition 2. f ∈ L+(c) if f ∈ L1
Loc, f = 0 for t < 0

and f(t) = O(ect), t → ∞, where c is a real finite
constant.

Definition 3. w ∈ L
′
+(c) if w = f (r) for a finite r and

f ∈ L+(c). The derivatives are in a Schwartz distribu-
tion sense.

It is possible to define the one-sided Fourier-Laplace
transform for w ∈ L

′
+(c) via

W (ω) =

∫ ∞

0−
w(t)eiωtdt, (6)

with complex ω = ω′+iω′′.
The following causality criterion [1] relates to L

′
+(c)

functions in the time domain.



Theorem 1. If W (ω) is a holomorphic and single val-
ued function of ω in ω′′ > c and W (ω) = O(|ω|q) for a
finite real q in ω′′ > c, thenW is the one-sided Fourier-
Laplace transform of a w ∈ L

′
+(c). Furthermore, there

is a W (ω′+ic) such that Limω′′→c+W (ω) = W (ω′ +
ic).

Here and in the next theorem, “Lim” indicates that
the limit is taken in a Schwartz distribution sense in the
frequency domain. The second causality criterion [2]
generalizes to ultradistributions [2, 3]. Such solutions
appear for convective instabilities, e.g., electron-stream
interactions with plasmas [4] or convectively unstable
flow acoustics [2, 5].

To generalize to ultradistributions that vanish on a
half-plane the following definition [2] is used.

Definition 4. An ultradistribution u is said to be zero
for t < a if, for some real d,

u(t) = v(t+ id), (7)

where v is a tempered distribution with v(t) = 0 for
t < a.

Let U(ω) be the one-sided Fourier-Laplace transform
of the ultradistribution u(t). Then, the following theo-
rem [2] holds.

Theorem 2. The ultradistribution u(t) is zero for t <
a, if and only if, U(ω) is a holomorphic and single val-
ued function of ω′+iω′′ for ω′′ > 0 and there is a finite
real d such that

e−(d+ia)ωU(ω) = O(|ω|q), ω →∞, (8)

for some finite q in ω′′ ≥ ε > 0. Furthermore, U(ω′) =
Limω′′→0+U(ω′+iω′′).

Example 2. Consider the wave

U(x, ω) = e(α+iβ)ωx (9)

for x > 0 and β > 0 that represents a waveguide mode.
The inverse Fourier transform yields

u(x, t) = δ(t− (β − iα)x). (10)

U(x, ω) is neutrally stable with respect to x if α = 0
and Theorem 1 is applicable so that u(x, t) = 0 for
t < βx. For α 6= 0, u(x, t) is an ultradistribution that
is zero for t < βx according to Definition 4. U(x, ω)
decays with x for α < 0 and increases for α > 0, pro-
vided that ω is real and positive.

To find a solution at the limit of vanishing positive
imaginary part ω′′ of ω, simulating that a lossy medium
becomes lossless, in Theorem 1 for c = 0 and Theorem
2, is called the principle of vanishing absorption, VAP.

Mathematically, it is related to a result with the same
name for some operator resolvent, see [6].

For the L
′
+(c) case, Theorem 1, a solution W (ω′+ic)

with an asymptotic algebraic behaviour is found and
W (ω) for the lossless case is achieved in the limit
W (ω′+i0+) . For the ultradistribution case, Theorem
2, an attenuating solution is found for arg(ω′+ic) =
π/2 and the lossless case is achieved in the limit
arg(ω′+ic) = 0+ [2, 5].

There are Gelfand–Shilov distribution spaces like Σ′1,
see [7] and references therein, which are invariant under
Fourier transformation and contains the function eω [8]
and are possible to use in variants of Theorem 2.

Comment 1. Note that the asymptotic algebraic be-
haviour in Theorems 1 and 2 is used explicitly in the
splitting procedure in the Winer-Hopf method [9] that
is used in scattering theory.

Comment 2. Note also that the analysis above ap-
plies for complex valued waves u(t), suppressing spa-
tial variables. Classical electromagnetic fields are real
in the time domain. For the examples in the current sec-
tion, it is sufficient to take the real part giving

Reu(t) =
1

4π

∫ ∞

−∞

[
U(ω′)e−iω′t + U(ω′)eiω′t

]
dω′,

(11)
with � denoting complex conjugation. Sometimes, it is
practical to require the reality condition

U(−ω′) = U(ω′), ω′ > 0, (12)

to ensure that u(t) is real.

The rest of this paper is restricted to problems in the
frequency domain having no instabilities.

4 Passivity for linear systems

Causality for linear problems is preferably studied in
terms of the system rather than for a specific solution as
was done above. Let v represent the source and u its
system response so that

V 3 v → u = Av ∈ U, (13)

whereA is a linear operator. It is assumed that the func-
tion spaces U and V can be selected so that A is contin-
uous. If the system is time translational invariant, then

u = w ∗ v, (14)

where w ∈ W. Here, ∗ stands for time convolution.
For such a system, causality means that w(t) = 0 for
t < 0 implying that only v(τ) for τ < t determines
u(t). Causality arguments, like Theorems 1 and 2, are
applied to the impulse response w, representing the sys-
tem, rather than to the response u.



To study causality for (14), it is sufficient [3] to an-
alyze the system for V = D, the space of smooth test
functions with compact support. Suitable choices are
U = W = S′, the space of tempered distributions,
or U = W = L∞, the space of essentially bounded
measurable functions. Then, A is continuous and w is
smooth with support in t > t0, a real finite constant.

Two variants of passive systems are defined next.
Both variants are causal systems [3].

Definition 5. The system (13) is admittance–passive, if
the energy

Eadm(t) = Re

∫ t

−∞
u(τ)v(τ)dτ (15)

is non-negative for all t ∈ R and v ∈ D.

Definition 6. The system (13) is scatter–passive, if the
energy

Escat(t) =

∫ t

−∞
[|v(τ)|2]− |u(τ)|2]dτ (16)

is non-negative for all t ∈ R and v ∈ D.

To characterize passive systems, Herglotz functions
are useful.

Definition 7. A Herglotz function is a holomorphic
function mapping the open upper complex half plane to
the closed upper half plane.

Useful integral representation theorems exist for Her-
glotz functions [3].

Example 3. Consider a single mode in a closed waveg-
uide, where the z dependence only exists in a scalar
coefficient φ(t, z). Let

Φ(ω′, t) =

∫ ∞

−∞
φ(t, z)eiω′tdt (17)

be the (double sided) Fourier transform of φ(t, z). The
system Φ(ω′, 0)→ Φ(ω′, z) can be described through

Φ(ω′, z) = eih(ω′)zΦ(ω′, 0), (18)

with h(ω′) being a Herglotz function. This system is
scatter–passive [3, 10].

(18) gives a precise description, but a function space
formulation, i.e., for functions of z, is not straightfor-
ward. However, the VAP gives a more practical function
space formulation as will be described below.

5 Losses and the vanishing absorption principle

A medium without losses is an artefact; very few clas-
sical systems are lossless, even if the losses can be dis-
regarded in many cases. The assumption of no losses

simplifies the analysis in general, but obstructs the in-
troduction of uniqueness conditions. Except for un-
stable problems, the solution vanishes at infinity for a
lossy medium. In actual fact, the wanted solution de-
cays whereas the unwanted part grows exponentially.
Function spaces based on L2 can easily incorporate such
a condition point wise in the frequency domain.

It is natural to consider the lossless medium as the
limit of a medium with losses as described above. The
unique decaying solution for the material with losses is
transformed to a bounded solution in the limit of vanish-
ing absorption. This procedure is the VAP that we have
met in Theorems 1 and 2, and the selection of function
spaces for the solution is illustrated in the following ex-
ample.

Example 4. Consider the electromagnetic fields E and
H in the waveguide Ω = ΩT × R with a PEC layer at
the boundary Γ of Ω having the outward pointing unit
normal n̂. Let
{

E ∈ H = {E ∈ X(Ω)3,∇ · E = 0}
H ∈ H0 = {H ∈ X(Ω)3,∇ · E = 0, n̂ · H|Γ = 0} ,

(19)
with X to be specified. For a medium with losses,
X = L2 is used, allowing attenuated waves but ex-
cluding growing ones. In a lossless medium, non-
attenuated waves exist and two possible function spaces
areX = L∞ [11] and the weighted spaceX = L2

ρ with
the weight function ρ(x, y, z) = (1 + z2)−1.

The VAP has previously been established for specific
cases, e.g., the general scattering problem in a waveg-
uide [12]. Here, the uniqueness conditions consist of the
2D-Sommerfeld radiation condition for the radial direc-
tion and the ’proper’ sheet Imh > 0 for the Fourier
variable h in the transform factor exp(ihz) with z being
the axial coordinate. Note the similarity with the factor
exp (ih(ω′)z) in (18). Central in the proof are the ana-
lytic Fredholm theorems applied to integral equations.

One example of non-uniqueness in the frequency do-
main is the presence of a trapped mode also denoted
resonance or bound state [13]. It has bounded energy
implying decay at infinity and exists only at a discrete
frequency, ω0 say. The time dependence is exp(−iω0t),
which is not vanishing for negative t, proving that a
trapped mode is not causal. Clearly, the VAP that is
based on causality will not allow a trapped mode.

6 Energy flow criteria

Finally, criteria are discussed for finite scatterers in
lossless media. They are the Silver-Müller radiation
condition in the vector case and the Sommerfeld one
mentioned above in the scalar case and are formulated
asymptotically at large distances in space. In the asymp-
totics, large frequencies can be replaced with large dis-



tances allowing a point wise application in the fre-
quency domain. Sommerfeld introduced the condition
to guarantee that the energy flux is strictly positive in
directions pointing out from the scattering region which
implies the absence of sources at infinity. Such an en-
ergy flow criterion can be used to determine the radiat-
ing modes in a closed lossless waveguide. The direction
of cut-off modes, having no power flux, cannot be deter-
mined in this way; a boundedness criterion can do the
job. Note that either the energy flux or the boundedness
criterion can be used as a uniqueness condition, if losses
were present.

7 Summary and conclusions

Causality plays an important role for establishing
uniqueness. In the time domain, causality means that
the wave propagates with a positive and finite speed so
that the response at a given point in space does not ap-
pear prior to the arrival of the wave provided that the
medium is quiescent when the source is switched on.
For a linear, continuous and time invariant system the
impulse response vanishes for negative times.

Sometimes, it is possible to apply causality point
wise in the frequency domain. One such case is a sta-
ble medium with losses for which the causal solution
decays at infinity provided that there is no source there.
The other case is scattering from a bounded scatterer in
a stable medium where the causal solution is found by
applying the Silver-Müller radiation condition. How-
ever, for lossless waveguides, radiation conditions are
not applicable for a cut-off mode that carries no active
power; such a mode is causal if it is decaying rather than
growing in the axis of a semi–infinite waveguide.

General criteria for causality in the frequency domain
are given as the Jones’ formulation that covers both the
stable case, distributional solutions in the time domain,
and the convectively unstable case with ultradistribu-
tional solutions. One important part of the Jones’ results
is the vanishing absorption principle, VAP, which means
that the lossless case (real frequencies) is obtained as
the limit of vanishing absorption or positive imaginary
part of the frequency.

A suitable function space with respect to the spatial
variables for a fixed frequency is L2 for E and H for
the lossy case, whereas a weighted space L2

ρ, which
includes un–attenuated waves in the direction of the
waveguide axis, can be used in the lossless case.
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Approximation of dielectric spectroscopy data with Herglotz
functions on the real line and convex optimization

Yevhen Ivanenko∗ Sven Nordebo†

Abstract — This paper describes the ongoing research on ap-
proximation of frequency dielectric spectroscopy measurement
data. The algorithm based on passive approximation, Hilbert
transform and Tikhonov regularization for non-uniformly sam-
pled data is derived. The interpolation and extrapolation prob-
lems with application to the dielectric spectroscopy measurement
data are solved using convex optimization.

1 INTRODUCTION

Dielectric spectroscopy is a technique for measuring the
dielectric response in high-voltage insulation materials.
It is used, e.g., to study the changes in dielectric re-
sponse due to different levels of heat treatment and the
resulting crystallinity of the insulation material. Heat
treatment is a process or a group of processes that is
used to change a physical structure of the material [1, 2].
In this paper, the application is with insulation mate-
rial for high-voltage extruded power cables. Dielectric
spectroscopy measurements can be made with a very
high accuracy over a very large bandwidth at very low
frequencies, such as, e.g., in the frequency range of 1
mHz to 10 Hz, and it is hence a very time-consuming
process.

The aim of this research is to employ passive model-
ing and convex optimization to interpolate and extrapo-
late the measurement data in order to reduce the analy-
sis time and still maintain high accuracy estimation.

2 HERGLOTZ FUNCTIONS AND PERMITTIV-
ITY

2.1 Herglotz functions

A Herglotz function h(ω) is an analytic function with
the property Imh(ω) ≥ 0 for ω ∈ C+ = {ω ∈
C| Imω > 0}. The integral representation of this func-
tion is

h(ω) = b1ω + α+

∫ ∞

−∞

(
1

ξ − ω −
ξ

1 + ξ2

)
dβ(ξ).

(1)
Here, b1 ≥ 0, α ∈ R is a real valued constant and
dβ(ξ) a positive Borel measure so that

∫
R dβ(ξ)/(1 +

ξ2) < ∞. As explained in [3], the Borel measure can
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be expressed as

dβ(ξ) =
1

π
Imh(ξ + i0) dξ

def
=

1

π
Imh(ξ) dξ. (2)

A symmetric Herglotz function is a function that sat-
isfies the requirement

h(ω) = −h∗(−ω∗), (3)

where ω ∈ C+ and dβ(ξ) is an even measure with
dβ(−ξ) = dβ(ξ). The even symmetry of the measure
can also be expressed as

{
Imh(−ξ) = Imh(ξ)
Reh(−ξ) = −Reh(ξ)

(4)

for ξ ∈ R. For symmetric Herglotz functions α = 0,
and (1) can be simplified as

h(ω) = b1ω +
1

π

∫ ∞

−∞

1

ξ − ω Imh(ξ) dξ, (5)

where ω ∈ C+. By applying the distributional limit

lim
Imω→0+

1

ξ − ω =
1

ξ − ω + iπδ(ξ − ω) (6)

interpreted on the right-hand side as the Cauchy princi-
pal value integral, see [4, 5], the real part of h(ω) can be
expressed in terms of its imaginary part as

Reh(ω) = b1ω +
1

π
−
∫ ∞

−∞

1

ξ − ω Imh(ξ) dξ, (7)

where ω ∈ R.

2.2 The dielectric model

The combined Debye and conductivity model is given
by

ε(ω) = ε∞ + εr(ω) + i
σ

ωε0
, (8)

where ε∞ > 0 is the optical response, εr(ω) = (εs −
ε∞)/(1 − iωτ) → 0 as ω → ∞ the regular part of the
Debye model, εs > 0 the static response for ω = 0,
τ > 0 the relaxation coefficient and σ the conductivity.

The Herglotz function based on a general dielectric
response is given by

h(ω) = ωε(ω) = ωε∞ + ωεr(ω) + i
σ

ε0
(9)



with corresponding integral representation for ω ∈ R

h(ω) = ωε∞ +
1

π
−
∫ ∞

−∞

1

ξ − ω Imhr(ξ) dξ

+ i Imhr(ω) + i
σ

ε0
, (10)

where hr(ω) = ωεr(ω) is assumed to be a regular well-
behaved part of h(ω) with a continuously differentiable
imaginary part (measure) Imhr(ξ).

2.3 Measurement data

The measurement data in [1, 2] is made for different
heat-treated annealed, degassed and non-degassed sam-
ples. The degasification process is used to remove
methane and other dissolved gasses to reduce the loss
rate of the insulation material [2].

The target function related to the measurement data
is

f(ω) = ωεM(ω), (11)

where εM(ω) is the measured dielectric response [2].

3 DISCRETIZATION

Let ω denote the frequency variable on the real line,
ω ∈ R and h(ω) the analytic continuation of the ap-
proximating Herglotz function which is assumed to be
regular in a neighbourhood of C+ ∪ Ω.

A discretization of the positive and symmetric mea-
sure Imhr(ω) on the real line is defined by the piece-
wise linear approximation

Imhr(ω) =
N∑

n=1

xn [pn(ω) + pn(−ω)] . (12)

Here, xn ≥ 0 are real valued and non-negative parame-
ters, pn(ω) = p(ω−ωn, an, bn) are the triangular basis
functions, where an = ωn+1 − ωn, bn = ωn − ωn−1

and

p(ω, a, b) =





1− ω

a
, 0 ≤ ω ≤ a,

1 +
ω

b
, −b ≤ ω ≤ 0,

(13)

see Figure 1.
The real part Reh(ω) is given by (7) and yields the

following linear form

Reh(ω) = ωε∞ +

N∑

n=1

xn [p̂n(ω)− p̂n(−ω)] . (14)

Here, b1 = ε∞ ≥ 0, xn ≥ 0 are non-negative opti-

mization variables and p̂n(ω) =
1

π
−
∫ ∞

−∞

1

ξ − ωpn(ξ) dξ

is the negative Hilbert transform of the triangular pulse
function given by

p̂(ω, a, b) =
1

π
−
∫ ∞

−∞

1

ξ − ωp(ξ, a, b) dξ

=
1

π

(
ω ln |ω|
a

+
ω ln |ω|

b
− (ω − a)

a
ln |ω − a|

− (ω + b)

b
ln |ω + b|

)
, (15)

with
p̂(0, a, b) = (ln a− ln b)/π, (16)

p̂(a, a, b) =
1

π

(
1 +

a

b

)
ln

a

a+ b
(17)

and

p̂(−b, a, b) =
1

π

(
1 +

b

a

)
ln
a+ b

b
, (18)

see Figure 1.
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Figure 1: Illustration of triangular pulse function
p(ω, a, b) and its negative Hilbert transform p̂(ω, a, b).

4 CONVEX OPTIMIZATION

Consider the following optimization problem

minimize ‖h(ξ)− f(ξ)‖Ω

subject to

∫

Ω1

∣∣∣∣
∂

∂ξ
Imhr(ξ) dξ

∣∣∣∣
2

≤ b,

Imhr(ξ) ≥ 0,

(19)

where the support domain Ω1 is a closed and bounded
subset of R and Ω ⊂ Ω1 the approximation domain that
defines the norm ‖ · ‖Ω. The first constraint corresponds
to a Tikhonov regularization scheme and b the upper
Tikhonov bound. The integral can be approximated
based on a non-uniform sampling and represented as a
quadratic form as described in in [6, 7].

A resulting complex valued approximating Herglotz
function on the real line is given by hr(ω) = {−H +
iI} Imhr(ω), where H is the Hilbert transform and
I the identity operator. By employing a finite dimen-
sional representation (12) together with (19) a convex



optimization problem is obtained which can be solved
using CVX [8] and Matlab.

The disciplined convex programming in Matlab [8]
for the approximation problem with Tikhonov regular-
ization is given as follows

A = H + 1i ∗ I
cvx begin

variable x(N)

minimize(norm(A ∗ x + c− f, Inf))

subject to

quad form(x, T) <= b

x >= 0

cvx end

where N is the number of variables, c a constant vector,
A an N × N matrix representing the Hilbert transform
H and an identity operator I , f an N × 1 vector rep-
resenting the function to be approximated and the L∞

norm has been chosen.

5 NUMERICAL STUDIES

5.1 Synthetic data

To investigate the efficiency of the approximation algo-
rithm proposed above, let us consider the problem (19),
where the objective is to approximate a genetrated syn-
thetic data based on two Debye models and represented
by the function

ε(ω) = ε1(ω) + ε2(ω) + i
σ

ωε0
, (20)

where the approximation is based on a passive dielectric
material with f(ω) = ωε(ω).

The implementation of the approximation algorithm
(19) is illustrated in Figure 2. The synthetic data has
been generated for εs1 = 1.5, ε∞1 = 0.5, τ1 = 10,
εs2 = 2.5, ε∞2 = 0.5, τ2 = 0.1 and σ = 0.1 fS/m. The
frequency vector is sampled non-uniformly and one of
the measurement points contains a 10% error. In Fig-
ure 2c, the solid line illustrates Tikhonov regulariza-
tion L-curve and ‘*’ indicates the optimal point. Fig-
ures 2a-b illustrate the approximation results at the opti-
mal point ‘*’ and at the point where the L-curve reaches
0, respectively, see Figure 2c. Here, the blue and red
lines correspond to real and imaginary parts of permit-
tivity, respectively, the dashed lines to the known di-
electric response, ‘*’ and ‘o’ the measurements and ap-
proximation results, respectively. Hence, in this exam-
ple, there is an extrapolation of three frequency points at
low frequencies and three frequency points at high fre-
quencies outside the measurement interval, and there is
an interpolation of every second frequency point inside
the measurement interval.

2

�4 �2 0 2 4
0

1

2

3

4

Frequency log f

a) Extrapol., Interpol. Re{✏}, Im{✏}

Re{✏} meas.
Re{✏} true
Re{✏} appr.
Im{✏} meas.
Im{✏} true
Im{✏} appr.

�4 �2 0 2 4
0

2

4

6

Frequency log f

b) Extrapol., Interpol. Re{✏}, Im{✏}

Re{✏} meas.
Re{✏} true
Re{✏} appr.
Im{✏} meas.
Im{✏} true
Im{✏} appr.

6 8 10 12 14 16
0

0.1

0.2

0.3

Tikhonov bound b

M
o
d
el

er
ro

r
"

c) L-curve (b, ")

Figure 2: Interpolation and extrapolation of the gener-
ated synthetic data.

It is illustrated that the algorithm (19) based on pas-
sive approximation with Tikhonov regularization works
efficiently in solving interpolation and extrapolation
problems. The example also shows that it does not al-
low to indicate the presence of a single measurement
error: the measurement with a 10% error has been per-
fectly fitted.

5.2 Measurement data

Consider again the problem (19), where the objective is
to approximate frequency dielectric spectroscopy mea-
surement data εM(ω) [2], where the approximation is
based on a passive material with h(ω) = ωε(ω). In
comparison to the problem described above, the infor-
mation about the optical response ε∞ and conductivity
σ is unknown.

The approximation problem can now be rewritten as

minimize ‖h(ξ)− f(ξ)‖Ω

subject to

∫

Ω1

∣∣∣∣
∂

∂ξ
Imhr(ξ) dξ

∣∣∣∣
2

≤ b,

Imhr(ξ) ≥ 0,

ε∞ ≥ 1,

σ ≥ 0.

(21)

The implementation of the algorithm with applica-
tion to the measured dielectric response εM(ω) of the
non-degassed material samples after 16-hour heat treat-
ment is illustrated in Figure 3. In Figure 3c, the solid
line corresponds to the Tikhonov regularization L-curve
and ‘*’ indicates the optimal point. Figures 3a-b il-
lustrate the approximation results of the measured di-
electric response at the optimal regularization point, see
Figure 3c. Here, the blue and red lines correspond to the



real and imaginary parts of permittivity, respectively,
the diamond-dashed lines and ‘*’ to original and dec-
imated measurement data and the circle-dotted lines to
the approximation results. In this example, two data
points of the original data at low and high frequencies
are set as unknown, respectively, and the remain data is
decimated by a factor of 2. Hence, the problem contains
an interpolation of every second frequency point inside
the remaining measurement interval, and extrapolation
of two frequency points at low and high frequencies, re-
spectively, outside the interval.
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Figure 3: Interpolation and extrapolation of the dielec-
tric spectroscopy measurement data for non-degassed
samples with 16-hour heat treatment [2].

It is interesting to note that the algorithm (21) works
efficiently in such application: the approximation re-
sults fit the decimated data and interpolation and extrap-
olation results do not deviate from the original measure-
ment data so much except for the outermost points. The
estimation results of the optical response and material
conductivity for measurement data of different material
samples are collected in the Table 1.

εM(ω) ε · 103 ε̂∞ σ̂ (fS/m)
Annealed, 0 h 1.1 2.2283 0.7766
Non-degassed,
16 h

1.4 2.2282 1.065

Degassed, 16 h 1.2 2.2283 0.2942

Table 1: Results of interpolation and extrapolation of dielec-
tric spectroscopy measurement data εM(ω) for different types
of material samples and time of their heat treatment. The first
and the last two points of measurement data has been set as un-
known. The decimation of the remaining data has been made
by a factor of 2. ε corresponds to the approximation error,
ε̂∞ the estimated optical response of permittivity and σ̂ the
estimated conductivity of insulation material.

6 SUMMARY

The algorithm for passive approximation of dielectric
spectroscopy measurement data based on convex opti-
mization, Hilbert transform and Tikhonov regulariza-
tion is developed. The results above demonstrate that
the passive approximation with Tikhonov regulariza-
tion is efficient in solving interpolation and extrapola-
tion problems for the non-uniformly sampled data with
well-known synthetic data, as well as with frequency
dielectric spectroscopy measurement data. Future work
will include a study of the related estimation accuracy
based on the Cramér-Rao lower bound.
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Abstract. A passive approximation problem is formulated where the target function
is an arbitrary complex valued continuous function defined on an approximation
domain consisting of a closed interval of the real axis. The approximating function
is any Herglotz function with a generating measure that is absolutely continuous with
Hölder continuous density in an arbitrary neighborhood of the approximation domain.
The norm used is induced by any of the standard Lp-norms where 1 ≤ p ≤ ∞. The
problem of interest is to study the convergence properties of simple Herglotz functions
where the generating measures are given by finite B-spline expansions, and where
the real part of the approximating functions are obtained via the Hilbert transform.
In practice, such approximations are readily obtained as the solution to a finite-
dimensional convex optimization problem. A constructive convergence proof is given
in the case with linear B-splines, which is valid for all Lp-norms with 1 ≤ p ≤ ∞. A
number of useful analytical expressions are provided regarding general B-splines and
their Hilbert transforms. A typical physical application example is given regarding the
passive approximation of a linear system having metamaterial characteristics. Finally,
the flexibility of the optimization approach is illustrated with an example concerning
the estimation of dielectric material parameters based on given dispersion data.

1. Introduction

The basic assumption of passivity assigned to a time-translational invariant linear system
implies many important physical constraints, one of the most fundamental property
being causality [1]. It is well known that causality by itself limits the response of a
linear system via the associated Kramers-Kronig relations, see e.g., [2–5]. However,
it is important to note that the additional assumption of passivity may imply severe
bandwidth limitations which are not present if the system is merely assumed to be causal.
Bandwidth limitations on passive systems can be derived based on the theory of Herglotz
functions, where the complex variable is playing the role of the angular frequency used
with the analytical Fourier transform. In particular, sum rules (or moment relations)
can be used to derive physical bounds on passive systems that can be useful in a variety
of electromagnetic applications, see e.g., [6]. A classical example is with the bounds
that were derived by Fano [7] on broadband matching based on lossless networks. More
recently, sum rules has been used to derive physical bounds in applications such as with
radar absorbers [8], high-impedance surfaces [9], passive metamaterials [10], broadband
quasi-static cloaking [11], antennas and scattering (extinction cross section, absorption
efficiency, reflection coefficients, optical theorem and sum rules for periodic structures,
etc.) see e.g., [12, 13]. Several other limitations have also been derived based on general
Herglotz function theory, such as with the speed-of-light limitations in passive linear
media described in [14].

The application of sum rules to obtain bandwidth limitations on a physical system
relies on the existence of certain moment relations [15] as well as the presence of some
partial knowledge [6], or even measurements [16], regarding the parameters of the low-
and/or high-frequency asymptotic expansions of the corresponding Herglotz function.
These parameters are typically related to the static and/or the optical responses of
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a material, or a structure. However, there are also many circumstances where sum
rules do not apply, typically in situations when there are losses involved that inhibits
the necessary asymptotic expansions. A simple example is with a metal backed radar
absorber when the metal is not perfectly conducting, see e.g., [17]. Another more
general example is with the passive approximation of an arbitrary continuous function,
such as the frequency response of some desired non-passive linear system over a given
finite bandwidth. A typical physical application example for this problem formulation
is with the passive approximation of a linear system having metamaterial characteristics
defined over a fixed finite bandwidth, see e.g., [10, 17, 18]. In a very special case, when
the target function is the negative of some Herglotz function with a given high-frequency
asymptote, a sum rule can be used to derive a lower bound on the approximation error
in the max-norm. However, in more general situations the sum rules do not apply,
and an alternative is to employ a passive approximation formulation based on convex
optimization to study the realizability of the desired system at hand [17]. Here, a
finite B-spline is used to represent the generating measure and the Hilbert transform
is employed to generate the corresponding real part of the approximating Herglotz
function.

The convex optimization approach has a great advantage in the flexibility with
which auxiliary convex constraints can be added [17], and the numerical efficiency with
which it can be implemented [19]. This means that the approach is also well suited
for many other practical situations where a passive approximation is desirable, such
as with the identification of a passive dispersion model based on finite measurement
data, see e.g., [20]. It should be noted that many other alternative approaches and
algorithms exist concerning passive approximation such as e.g., with rational function
approximation and vector fitting, see e.g., [21]. Different numerical approximation
methods usually have their pros and cons in different circumstances. In comparison
to rational approximation, the advantage of the convex optimization approach is the
absence of spurious local minima, and its ability to model a larger class of passive
systems. The drawback is that some situations may require a very large bandwidth to
achieve sufficient approximation accuracy, which in turn may render the optimization
problem numerically ill-posed with an excessive number of degrees of freedom.

The purpose of the present paper is two-fold: First to give a precise meaning
to the convex optimization approach by providing a rigorous mathematical framework
concerning the general infinite-dimensional passive approximation problem at hand, and
to provide a relevant convergence proof concerning the finite-dimensional counterpart.
Secondly, it is the aim of this paper to provide detailed information and results
regarding the general B-splines and their Hilbert transforms to be used in the passive
approximation formulation.
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2. General properties of Herglotz functions

2.1. The generating measure

In the following, a complex number z ∈ C will be written z = x + iy with x, y ∈ R. A
Herglotz function h(z) is an analytic function with the property that ={h(z)} ≥ 0 for
z ∈ C+ = {z ∈ C|={z} > 0}. It can be shown that h(z) is a Herglotz function if and
only if it can be represented as

h(z) = b1z + c+

∫ ∞

−∞

1 + ξz

ξ − z dµ(ξ), (1)

where b1 ≥ 0, c ∈ R and µ is a finite positive Borel measure, see e.g., [2, 15, 22–24]. It
is also useful to introduce the positive Borel measure β with dβ(ξ) = (1 + ξ2)dµ(ξ) so
that

h(z) = b1z + c+

∫ ∞

−∞

(
1

ξ − z −
ξ

1 + ξ2

)
dβ(ξ), (2)

where
∫
R dβ(ξ)/(1 + ξ2) < ∞. In (1) and (2), the constant b1 is given by b1 =

limz→̂∞ h(z)/z where z→̂∞ means that |z| → ∞ in the Stolz cone ϕ ≤ arg z ≤ π − ϕ
for any ϕ ∈ (0, π/2]. The constant c is given by c = <{h(i)}. The positive measure β is
uniquely determined by the Herglotz function h(z) from the Stieltjes inversion formula

β ((x1, x2)) +
1

2
β(x1) +

1

2
β(x2) = lim

y→0+

1

π

∫ x2

x1

={h(ξ + iy)}dξ, (3)

including the possibility of having point masses at any xi ∈ R, see [23, 24].
The following theorem further characterizes the connection between the generating

measure and the imaginary part of the Herglotz function, and it is stated here without
proof, see e.g., [23], p. 7.

Theorem 2.1 The following two limits are equivalent in the sense that the existence
of one limit implies the existence of the other,

f(x) = lim
ε→0+

β((x− ε, x+ ε))

2ε
, (4)

g(x) = lim
y→0+

1

π
={h(x+ iy)}, (5)

and f(x) = g(x). Furthermore, if the limit g(x) exists as a bounded function at all points
x of an interval (x1, x2), then the measure β is absolutely continuous on that interval
and the density is given by β′(x) = g(x) almost everywhere. In this case, one may also
adopt the simplified notation dβ(x) = β′(x)dx = 1

π
={h(x+ i0)}dx, see also [2, 24]. �

Symmetric Herglotz functions satisfy the symmetry requirement h(z) = −h(−z∗)∗
where z ∈ C+ and β is an even measure. In this case, (2) can be simplified as

h(z) = b1z +

∫ ∞

−∞

1

ξ − zdβ(ξ), (6)

where z ∈ C+, and the integral is a Cauchy principal value (symmetric limit at infinity).
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2.2. Asymptotic properties and sum rules

Herglotz functions have the general asymptotic behavior h(z) = a−1z
−1 +o(z−1) as z→̂0

and where a−1 ≤ 0, and h(z) = b1z + o(z) as z→̂∞ and where b1 ≥ 0, see e.g., [6, 15].
Suppose now that the small and large argument asymptotic expansions of a symmetric
Herglotz function h(z) are given by

h(z) =

{
a−1z

−1 + a1z + . . .+ a2N0−1z
2N0−1 + o(z2N0−1) as z→̂0,

b1z + b−1z
−1 + . . .+ b1−2N∞z

1−2N∞ + o(z1−2N∞) as z→̂∞,
(7)

where all the expansion coefficients are assumed to be real valued, N0 and N∞ are
non-negative integers (or possibly infinity) and where 1 − N∞ ≤ N0. In this case, it is
possible to show that the following integral identities (sum rules) hold

2

π

∫ ∞

0+

={h(x)}
x2k

dx
def
= lim

ε→0+
lim
y→0+

2

π

∫ 1/ε

ε

={h(x+ iy)}
x2k

dx = a2k−1−b2k−1,(8)

for k = 1−N∞, . . . , N0, see e.g., [6, 15].

2.3. Partial continuity on the real axis

The boundary values of Herglotz functions on the real axis can generally be interpreted in
the sense of tempered distributions, see e.g., [1, 22]. However, in the present application
concerning passive approximation of functions that are known to be continuous on finite
segments of the real line, it is adequate to consider the following statements regarding
their partial continuity on the real axis.

Theorem 2.2 Let h(z) be a Herglotz function with measure β as defined in (1) and
(2), and let Ω ∈ R be a closed interval (or a finite union of closed intervals) on the real
axis. Suppose that h(z) can be extended to a continuous function on C+∪Ω, and let the
restriction of h(z) to Ω be denoted h(x). Then the measure β is absolutely continuous
on Ω with continuous density (Radon-Nikodým derivative) given by

β′(x) =
1

π
={h(x)}, x ∈ Ω. (9)

The real part of h(x) can furthermore be represented by

<{h(x)} = b1x+ c+−
∫

R

(
1

ξ − x −
ξ

1 + ξ2

)
dβ(ξ), (10)

where x ∈ int(Ω), and where the integral is a Cauchy principal value integral. �

Proof: To prove the first statement regarding (9), it is noted that the assumptions
of the theorem imply that the limit function g(x) = 1

π
={h(x+ i0)} defined in (5) exists

as a uniformly continuous function on Ω. The function g(x) is therefore bounded on Ω,
and from Theorem 2.1 follows that β′(x) ≡ g(x) on Ω.

Formally, the second statement regarding (10) follows directly from the
representation (2) by applying the distributional limit

lim
y→0+

1

ξ − z = P
1

ξ − x + iπδ(ξ − x), (11)
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where P 1
ξ−x denotes the Cauchy principal value integral (cf., the Hilbert transform), see

e.g., [2, 3, 22]. It is noted that the relationship (10) is valid in the sense of distributions in
a much wider setting (concerning causality) than what is considered here, see e.g., [2, 3,
22]. Here, the left hand side of (10) refers to the corresponding distribution restricted to
the interval(s) int(Ω), where it can be identified with the uniformly continuous function
<{h(x)}. �

Example 2.1 It is noted that the converse of the first statement in Theorem 2.2 is not
true. A simple example is given by the function

β′(x) =




− 1

lnx
x ∈ (0, a],

0 elsewhere,
(12)

which is a continuous function on Ω = [−a, a] where 0 < a < 1. This function approaches
zero at x = 0+ slower than any positive power xα, where α > 0, and hence the Cauchy
principal value integral does not exist at x = 0, see also [25], p. 97. �

3. Passive approximation

3.1. Hölder continuity

Hölder continuity is the adequate property to avoid the difficulties implied by the
Example 2.1. A real or complex valued function f(x) defined on the closed interval
Ω is uniformly Hölder continuous with Hölder exponent 0 < α < 1 if there exists a
constant C such that

|f(x)− f(y)| ≤ C |x− y|α , (13)

for all x, y ∈ Ω. The corresponding linear space C0,α(Ω) of Hölder continuous functions
is a Banach space with norm

‖f‖α = max
x∈Ω
|f(x)|+ sup

x,y∈Ω,x 6=y

|f(x)− f(y)|
|x− y|α , (14)

see [25], pp. 94-104. A smaller Hölder exponent implies a larger space, so that
C0,α(Ω) ⊂ C0,α′

(Ω) where α′ < α. Note that the example function in (12) is not
Hölder continuous on Ω = [−a, a].

Theorem 3.1 Let Ω1 ⊂ Ω2 be closed subsets of R. Define the finite Hilbert transform
operator H by

Hf(x) = −
∫

Ω1

(
1

ξ − x −
ξ

1 + ξ2

)
f(ξ)dξ, (15)

with x ∈ Ω2. Then the operator H : C0,α(Ω1)→ C0,α(Ω2) is a bounded operator. �

Proof: To prove this theorem, it is noted that the singular part of the operator in
(15) can be treated in the same way as the Cauchy integral operator in Theorem 7.6
and Corollary 7.7 on pp. 101-102 in [25].

�
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Definition 3.1 A B-spline of order m ≥ 2 consists of piecewise polynomial functions
of order m−1, i.e., linear, quadratic, cubic, etc., and which are defined by m+1 distinct
knots, or break-points, as defined in [26], see also Section 4.2 below. �

Theorem 3.2 Let 0 < α < 1, m = 2 and let Ω be a closed and bounded subset of R.
The linear space of 2nd order (linear) B-splines defined on Ω is dense in C0,α(Ω) in the
topology induced by the C0,α′

(Ω)-norm where 0 < α′ < α.
�

Proof: The proof is carried out by constructing a linear B-spline that converges
according to the statement in the theorem. Consider the interval Ω = [0, |Ω|], and let
f(x) ∈ C0,α(Ω) where 0 < α < 1, so that |f(x)− f(y)| ≤ C|x− y|α for all x, y ∈ Ω. Let
0 < α′ < α. Define




xk = k
|Ω|
N

k = 0, . . . , N,

fk = f(xk) k = 0, . . . , N,

Ik = [xk−1, xk) k = 1, . . . , N,

fN(x) =
N

|Ω| (fk − fk−1) (x− xk) + fk x ∈ Ik,

(16)

where N is the number of subintervals Ik and fN(x) the linear B-spline. Due to the
uniform continuity of f(x), it is readily seen that fN(x) → f(x) in max-norm. Hence,
it is only necessary to consider the second part of the definition (14). The proof is now
divided into three cases as follows.

First, let |x − y| < |Ω|
N

and x, y ∈ Ik. The following upper bound can then be
established

sup
|x−y|< |Ω|

N
,x 6=y

|f(x)− fN(x)− (f(y)− fN(y))|
|x− y|α′

≤ sup
|f(x)− f(y)|+ |fN(x)− fN(y)|

|x− y|α′

≤ sup
C |x− y|α + N

|Ω| |fk − fk−1| |x− y|
|x− y|α′

≤ sup
C |x− y|α + N

|Ω|C
(
|Ω|
N

)α
|x− y|

|x− y|α′

= sup

{
C |x− y|α−α′

+ C

( |Ω|
N

)α−1

|x− y|1−α′

}

≤
{
C

( |Ω|
N

)α−α′

+ C

( |Ω|
N

)α−1( |Ω|
N

)1−α′}
= 2C

( |Ω|
N

)α−α′

. (17)
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Next, consider the case when |x− y| < |Ω|
N
, x ∈ Ik and y ∈ Ik+1. Write





fN(x) =
N

|Ω| (fk − fk−1) (x− xk) + fk x ∈ Ik,

fN(y) =
N

|Ω| (fk+1 − fk) (y − xk) + fk y ∈ Ik+1,

(18)

and observe that |x−xk| < |x− y| and |y−xk| < |x− y|. A similar estimation as above
yields

sup
|x−y|< |Ω|

N
,x 6=y

|f(x)− fN(x)− (f(y)− fN(y))|
|x− y|α′ ≤ 3C

( |Ω|
N

)α−α′

. (19)

Finally, consider the case when |x− y| ≥ |Ω|
N
, x ∈ Ik and y ∈ Il, k 6= l. Write





fN(x) =
N

|Ω| (fk − fk−1) (x− xk) + fk x ∈ Ik,

fN(y) =
N

|Ω| (fl − fl−1) (y − xl) + fl y ∈ Il,
(20)

and observe that |x − xk| ≤ |Ω|
N

and |y − xl| ≤ |Ω|
N
. The following upper bound is then

obtained

sup
|x−y|≥ |Ω|

N
,x 6=y

|f(x)− fN(x)− (f(y)− fN(y))|
|x− y|α′

≤ sup
|f(x)− fk|+ |f(y)− fl|+ N

|Ω| |fk − fk−1| |x− xk|+ N
|Ω| |fl − fl−1| |y − xl|

|x− y|α′

≤ sup
C |x− xk|α + C |y − xl|α + N

|Ω|C
(
|Ω|
N

)α
|x− xk|+ N

|Ω|C
(
|Ω|
N

)α
|y − xl|

|x− y|α′

≤ sup
C
(
|Ω|
N

)α
+ C

(
|Ω|
N

)α
+ N
|Ω|C

(
|Ω|
N

)α |Ω|
N

+ N
|Ω|C

(
|Ω|
N

)α |Ω|
N

|x− y|α′

= 4C

( |Ω|
N

)α−α′

. (21)

The right hand side in the three cases (17), (19) and (21) all converge to zero as N →∞,
which establishes the theorem. �

3.2. Topology for Herglotz functions partially continuous on the real axis

Let Ω ⊂ R denote a closed interval (or a finite union of closed intervals) on the real
axis and let C(Ω) denote the Banach space consisting of all complex valued continuous
functions defined on Ω. The Banach space C(Ω) is equipped with the usual max-norm
denoted ‖ · ‖∞. Consider also the Lp(Ω)-spaces with norm

‖f‖p =

(∫

Ω

|f(x)|pdx
)1/p

, (22)
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and where 1 ≤ p < ∞, cf., [27]. Further, the L∞(Ω)-spaces are defined by using the
essential supremum norm [27], here also denoted as ‖·‖∞. Note that ‖f‖p ≤ ‖f‖∞|Ω|1/p,
where |Ω| is the length of the interval Ω. The following inclusions are now valid
C0,α(Ω) ⊂ C0,α′

(Ω) ⊂ C(Ω) ⊂ L∞(Ω) ⊂ Lp(Ω) ⊂ L1(Ω) where 0 < α′ < α < 1

and 1 ≤ p ≤ ∞.

Definition 3.2 Let Sp(Ω) denote the subspace of C(Ω) consisting of all complex valued
continuous functions f(x) ∈ C(Ω) such that f(x) is the restriction of a function f(z)

analytic on C+ and continuous on C+ ∪ O where O is an arbitrary neighborhood of Ω,
i.e., Ω ⊂ O ⊂ R where O is an open set, and O is the closure of O in R. The space
Sp(Ω) is equipped with the norm induced by the norm on Lp(Ω), where 1 ≤ p ≤ ∞. �

Theorem 3.3 Each function f(x) ∈ Sp(Ω) corresponds uniquely to a function f(z)

analytic on C+ and continuous on C+ ∪ Ω. �

Proof: To prove Theorem 3.3, it is first shown that f(x) ≡ 0 ⇔ f(z) ≡ 0 where
f(x) ∈ Sp(Ω) and f(z) the corresponding function analytic on C+ and continuous on
C+ ∪ Ω. To prove the “only if” part of this statement, assume that f(x) ≡ 0 on Ω.
Then it follows from the Schwarz reflection principle [28–30] that the function f(z) can
be extended analytically to the cut plane C \ (R \ Ω). Since the zeros of a nontrivial
analytic function can not accumulate inside the domain of analyticity [28], it follows
that f(z) ≡ 0 on C+ ∪ Ω. Assume now that there are two functions f1(z) and f2(z)

analytic on C+ and continuous on C+ ∪Ω sharing the same restriction f1(x) ≡ f2(x) on
Ω. Then f1(z) − f2(z) has the restriction f1(x) − f2(x) ≡ 0 on Ω yielding the desired
result f1(z)− f2(z) ≡ 0 on C+ ∪ Ω. �

Definition 3.3 Let V α,p(Ω) ⊂ Sp(Ω), 0 < α < 1, 1 ≤ p ≤ ∞, denote the convex
cone consisting of all complex valued continuous functions h(x) ∈ Sp(Ω) such that
h(x) is the restriction of a Herglotz function h(z) where the corresponding measure β
is absolutely continuous on O with density β′(x) ∈ C0,α(O) and where O ⊃ Ω is an
arbitrary neighborhood of Ω. �

Definition 3.4 Let V p
m(Ω) ⊂ V α,p(Ω), m ≥ 2, 1 ≤ p ≤ ∞, 0 < α < 1, denote the

convex cone consisting of all complex valued continuous functions h(x) ∈ V α,p(Ω) such
that h(x) is the restriction of a Herglotz function h(z) where the corresponding measure
β is absolutely continuous on R and where the density β′(x) is a finite positive expansion
of mth order B-splines. �

The main result of this section is formulated in the following theorem.

Theorem 3.4 The convex cone V p
m(Ω) with m = 2 (linear B-splines) is dense in

V α,p(Ω), i.e., V p
m(Ω) = V α,p(Ω) in the topology induced by the norm on Lp(Ω), and

where 0 < α < 1, 1 ≤ p ≤ ∞. �

Proof: We pick an h(x) ∈ V α,p(Ω), and we aim to show that there exists a sequence
of functions hn(x) ∈ V p

m(Ω) such that ‖hn(x) − h(x)‖p → 0 as n → ∞. Assume that
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b1 = 0 and c = 0, since these parameters can be trivially included in the B-spline
representation.

From Theorem 2.2 follows that any h(x) ∈ V α,p(Ω) can be represented as

h(x) =

∫

R\O

(
1

ξ − x −
ξ

1 + ξ2

)
dβ1(ξ) (23)

+−
∫

O

(
1

ξ − x −
ξ

1 + ξ2

)
β′2(ξ)dξ + iπβ′2(x),

where x ∈ Ω ⊂ O ⊂ R and where the corresponding measure β is divided into two parts
β1 and β2 supported on R\O and O, respectively, and where β2 is absolutely continuous
on O with density β′2(x) ∈ C0,α(O). From now on, the arbitrary set O is fixed.

Similarly, any hn(x) ∈ V p
m(Ω) can be represented as

hn(x) =

∫

R\O

(
1

ξ − x −
ξ

1 + ξ2

)
dβ1n(ξ) (24)

+−
∫

O

(
1

ξ − x −
ξ

1 + ξ2

)
β′2n(ξ)dξ + iπβ′2n(x),

where x ∈ Ω ⊂ O ⊂ R and where the corresponding measure βn is divided into two parts
β1n and β2n supported on R \ O and O, respectively. Note that both β1n and β2n have
finite support and have uniformly Hölder continuous densities β′1n(x) and β′2n(x) that
are expanded in mth order B-splines as positive, continuous and piece-wise polynomial
functions.

Let r be a positive parameter and let Rr = (−r, r) ⊂ R. Choose r sufficiently large
so that Rr ⊃ O and Rr ⊃ supp{β1n}. The error ‖hn(x)− h(x)‖p is now estimated as

‖hn(x)− h(x)‖p (25)

≤
∥∥∥∥
∫

R\Rr

(
1 + ξx

ξ − x

)
dβ1(ξ)

1 + ξ2

∥∥∥∥
p

(26)

+

∥∥∥∥
∫

Rr\O

(
1

ξ − x −
ξ

1 + ξ2

)
(dβ1n(ξ)− dβ1(ξ))

∥∥∥∥
p

(27)

+

∥∥∥∥−
∫

O

(
1

ξ − x −
ξ

1 + ξ2

)
(β′2n(ξ)− β′2(ξ)) dξ

∥∥∥∥
p

(28)

+ ‖iπ (β′2n(x)− β′2(x))‖p , (29)

where x ∈ Ω ⊂ O ⊂ R. In the following, we will make repeated use of the inclusions
C0,α(Ω) ⊂ C0,α′

(Ω) ⊂ C(Ω) ⊂ L∞(Ω) ⊂ Lp(Ω) where 0 < α′ < α < 1 and 1 ≤ p ≤ ∞.

(i) For the term in (26), the convergence property of the measure
∫
R dβ1(ξ)/(1 + ξ2) <

∞ implies that this term can be made arbitrarily small by choosing r sufficiently
large.

(ii) For the term in (27), it is noted that a cutoff function ψ(ξ) can be chosen such that
ψ(ξ) ≡ 1 in a neighborhood of I = Rr \O and φx(ξ) = 1

ξ−xψ(ξ) is a test function in
C∞0 (R). The term − ξ

1+ξ2 is not so problematic since it does not depend on x, and
it can be treated similarly later. Note also that inf |ξ − x| > 0 for (ξ, x) ∈ I × Ω.
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Now, chose a function g(ξ) ∈ C0
0(K), g(ξ) ≥ 0,

∫
K
g(ξ)dξ = 1 and gn(ξ) = ng(nξ)

where K ⊂ R is a compact set such that limn→∞ supp{gn(ξ)} = {0}. Let β1

denote also the zero-order distribution corresponding to the positive measure β1,
and define the distribution βc

1n = β1∗gn(ξ) corresponding to the continuous function
βc′

1n(ξ) ∈ C0(R). The following distributional relation is now obtained

〈βc
1n − β1, φx(ξ)〉 = 〈β1, gn(ξ) ∗ φx(ξ)− φx(ξ)〉. (30)

The relation (30) can be evaluated as
∫

I

dβ1(ξ)

[∫

R
ng(nu)φx(ξ − u)du− φx(ξ)

]

=

∫

I

dβ1(ξ)

[∫

K

g(τ) [φx(ξ − τ/n)− φx(ξ)] dτ

]

=

∫

I

dβ1(ξ)

[∫

K

g(τ)
τ/n

(ξ − x)(ξ − τ/n− x)
dτ

]
, (31)

where we have employed that ψ(ξ) ≡ 1 on I and ψ(ξ − τ/n) ≡ 1 on I when
n is sufficiently large. Without loss of generality, it can now be assumed that
x0 ≤ x ≤ x1 < ξ ∈ I, and it follows from (30) and (31) that

|〈βc
1n − β1, φx(ξ)〉| =

∣∣∣∣
∫

I

dβ1(ξ)

[∫

K

g(τ)
τ/n

(ξ − x)(ξ − τ/n− x)
dτ

]∣∣∣∣

≤
∫

I

dβ1(ξ)

[∫

K

g(τ)
|τ/n|

(ξ − x1)(ξ − τ/n− x1)
dτ

]
, (32)

for all x ∈ Ω. Since the right hand side can be made arbitrarily small as n → ∞,
this shows that the convergence is uniform.
Next, consider the B-spline approximation β1n of βc

1n on Rr \ O and estimate

|〈β1n − βc
1n, φx(ξ)〉| ≤ sup

ξ∈Rr\O
|β′1n(ξ)− βc′

1n(ξ)|M
∫

Rr\O
dξ, (33)

where M is the supremum of |φx(ξ)| over (ξ, x) ∈ I × Ω. Since the B-spline
expansions are dense in C0

0(R) in the max-norm, it follows that the error on the
left hand side of (33) can be made arbitrarily small uniformly over x ∈ Ω. Finally,
by employing the triangle inequality

|〈β1n − β1, φx(ξ)〉| ≤ |〈β1n − βc
1n, φx(ξ)〉|+ |〈βc

1n − β1, φx(ξ)〉| , (34)

and exploiting that the convergence is uniform over x ∈ Ω, it is concluded that
the term (27) converges in max-norm, and hence converges also in Lp-norm for
1 ≤ p ≤ ∞.

(iii) For the final terms in (28) and (29), it is first noted that the space of B-splines
is dense in C0,α(O) in the topology induced by the C0,α′

(O)-norm where α′ < α,
see Theorem 3.2. Hence, there exists a sequence of B-spline expansions β′2n(x) that
converges to β′2(x) in the C0,α′

(O)-norm, and which establishes the convergence of
the final term in (29). Convergence of the term in (28) follows from the boundedness
of the Hilbert transform operator H : C0,α′

(O) → C0,α′
(Ω), see Theorem 3.1. The

proof is illustrated in Figure 1.
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f ∈ C0,α(Ω) ⊂ C0,α′
(Ω) ⊂ C(Ω) ⊂ L∞(Ω) ⊂ Lp(Ω) ⊂ L1(Ω)

?
∃‖H‖

∃fn → f

?
∃‖H‖

Hfn → Hf

?
@‖H‖

?
@‖H‖

?
∃‖H‖

?
@‖H‖

Hf ∈ C0,α(Ω) ⊂ C0,α′
(Ω) ⊂ C(Ω) ⊂ L∞(Ω) ⊂ Lp(Ω) ⊂ L1(Ω)

Figure 1. Illustration of Hilbert transform convergence. Here, f is a function in a
Hölder space C0,α(Ω), fn denotes a sequence of linear B-spline expansions on Ω where
Ω is a closed subset of R, 0 < α′ < α < 1, and 1 ≤ p ≤ ∞.

�

3.3. The approximation problem

Definition 3.5 Let F (x) ∈ C(Ω) and consider the problem to approximate F (x) based
on the set of Herglotz functions h(z) that are uniquely defined by their restrictions
h(x) ∈ V α,p(Ω), 0 < α < 1, 1 ≤ p ≤ ∞, see Definition 3.3. The greatest lower bound
on the approximation error is defined by

d = inf
h∈V α,p(Ω)

‖h(x)− F (x)‖p = inf
h∈V pm(Ω)

‖h(x)− F (x)‖p, (35)

where the second equality is due to the fact that V p
m(Ω) is dense in V α,p(Ω) in the

topology induced by the norm on Lp(Ω), and where 0 < α < 1, 1 ≤ p ≤ ∞, see
Theorem 3.4. Note that d is independent of α, 0 < α < 1. �

Note that in general, a best approximation achieving this bound does not exist. In
practice, the problem (35) is approached by using numerical algorithms solving finite
dimensional approximations problems based on the convex cone V p

m,N(Ω) based on N

basis functions. In this case, a best approximation always exists achieving the bound
dN = infhN∈V pm,N (Ω) ‖hN(x)−F (x)‖p and dN → d as N →∞. For the finite dimensional
approximation problems, the best approximation is unique when 1 < p < ∞ and the
Lp-norms are strictly convex.

3.3.1. Approximation in the max-norm In the case with the max-norm (or the L∞-
norm), there is an interesting class of problems for which there exists non-trivial lower
bounds on the distance d defined in Definition 3.5. The following is a simple extension
of the results given in [10] regarding the approximation of metamaterials. Suppose
that F (x) = −h0(x) is the negative of a Herglotz function h0(z) which can be extended
continuously to C+∪O, and which has the large argument asymptotics h0(z) = b0

1z+o(z)

as z→̂∞. It can then be shown that the following non-trivial lower bound holds

‖h(x)− F (x)‖∞ ≥ (b1 + b0
1)

1

2
|Ω|, (36)
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for all h(x) ∈ V α,∞(Ω) such that h(z) = b1z+o(z) as z→̂∞, and where |Ω| is the length
of the interval Ω. A simple example is with F (x) = −Cx where C > 0 and where
d ≥ C 1

2
|Ω|. A proof of (36) is given in Appendix A.

4. Convex optimization with B-splines

4.1. Convex optimization formulation

Let Ω ∈ R denote a closed interval on the real axis defining the approximation domain
as described in Section 3 above. Consider the representation (6) of a symmetric Herglotz
function h(z) with extension h(x) ∈ V p

m(Ω), m ≥ 2, 1 ≤ p ≤ ∞ according to Definition
3.4. The function h(x) can then be represented by ={h(x)} = πβ′(x) as

={h(x)} =
N∑

n=1

wn [pn(x) + pn(−x)] , (37)

and

<{h(x)} = b1x+
N∑

n=1

wn [p̂n(x)− p̂n(−x)] , (38)

where x ∈ Ω ⊂ R, pn(x) are the B-spline functions of fixed polynomial order m − 1,
b1 ≥ 0 and wn ≥ 0 the corresponding optimization variables for n = 1, . . . , N , and
where p̂n(x) is the (negative) Hilbert transform [3] of the B-spline functions. Note that
the expansions in (37) and (38) are expressed under the assumption that the imaginary
part ={h(x)} is a symmetric function. The convex optimization problem related to (35)
can now be formulated as

minimize ‖h(x)− F (x)‖p
subject to wn ≥ 0, n = 1, . . . , N,

b1 ≥ 0.

(39)

It is finally noted that the uniform continuity of all functions involved implies that
the solution to (39) can be approximated within an arbitrary accuracy by discretizing the
approximation domain Ω using only a finite number of sample points. The corresponding
numerical problem (39) can now be solved efficiently by using the CVX Matlab software
for disciplined convex programming [19]. The convex optimization formulation (39)
offers a great advantage in the flexibility in which additional or alternative convex
constraints and formulations can be implemented, see also [17, 18]. Examples include
the application of sum rule constraints as described in Section 4.3 below, a priori known
point masses, and alternative norms such as lp norms for p = 1, 2 . . ., including p =∞,
etc.

4.2. B-splines and their Hilbert transforms

The normalized B-spline N0,m(x) of order m ≥ 2 consists of piecewise polynomial
functions of order m− 1, and is defined for x0 ≤ x < xm where x0 < x1 < · · · < xm are
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called knots, or break-points. The B-spline N0,m(x) is uniquely defined by the formulas

Ni,1(x) =

{
1 xi ≤ x < xi+1

0 otherwise
, (40)

where i = 0, 1, . . . ,m− 1 and

Ni,k(x) =
x− xi

xi+k−1 − xi
Ni,k−1(x) +

xi+k − x
xi+k − xi+1

Ni+1,k−1(x), (41)

where k = 2, . . . ,m and i = 0, . . . ,m−k and which is defined for xi ≤ x < xi+k, cf., [26].
The B-spline N0,m(x) is a strictly positive function in the interval x0 < x < xm

and is defined to be zero elsewhere. The function N0,m(x) is m− 2 times continuously
differentiable and have piecewise constant derivatives of order m−1 with discontinuities
at the knots [26]. Let the pulse function pn(x) in (37) be defined by a B-spline function
N0,m(x) where the knots are given by a sequence of m + 1 points in the discretized
domain Ω. The (negative) Hilbert transform of the B-spline pulse function pn(x) is
defined by

p̂n(x) =
1

π
−
∫ ∞

−∞

1

ξ − xpn(ξ)dξ, (42)

where x ∈ Ω ⊂ R and the integral is a Cauchy principal value integral. The result
is most conveniently obtained by first calculating the corresponding Herglotz function
hn(z) for z ∈ C+. A repeated integration by parts yields the following explicit formula
for m ≥ 2

hn(z) =
1

π

∫ ∞

−∞

1

ξ − z pn(ξ)dξ

= (−1)m−1 1

π

m−1∑

i=0

p(m−1)
n (xi+)

[
(xi+1 − z)m−1(ln(xi+1 − z)− Cm)

(m− 1)!

−(xi − z)m−1(ln(xi − z)− Cm)

(m− 1)!

]
, (43)

where the constant Cm is given recursively by

Cm = Cm−1 +
1

m− 1
, (44)

and where C1 = 0. Hence, the sequence {C2, C3, C4, . . .} = {1, 3/2, 11/6, . . .}
corresponds to linear, quadratic and cubic B-splines, etc. It is observed that the result
in (43) can be obtained by employing the following formula

dm

dζm
ζm−1

(m− 1)!
(ln ζ − Cm) =

1

ζ
, (45)

which can be proved by induction for m ≥ 2 and where Cm is given by (44). In (43), the
terms p(m−1)

n (xi+) denote the right-discontinuities of the (m − 1)th derivative of pn(x)

at the knots xi. The discontinuity behavior of the linear, quadratic and cubic B-splines
are summarized in Appendix B. Note that the Herglotz function hn(z) given by (43)
can be extended to a continuous function on the whole of C+ ∪R since the polynomial
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zeros cancel the logarithmic singularities at the knots xi, where i = 0, 1, . . . ,m and
m ≥ 2. The (negative) Hilbert transform in (42) is then obtained by taking the real
part of (43) for x ∈ R, i.e., by replacing ln(xi− z) for ln |xi− x|. It is finally noted that
all B-splines are uniformly Hölder continuous with exponent α = 1, cf., the definition
in (13), and hence any B-spline function of order m ≥ 2 belongs to the space C0,α(Ω)

with 0 < α < 1.
In Figure 2 are illustrated linear, quadratic and cubic B-splines over an interval

x = [−1, 4], and their Hilbert transforms. Here, the dashed lines correspond to B-spline
functions of order m = 2, m = 3 and m = 4 with circles indicating their respective
knots xl ∈ {0, 0.5, 1}, xq ∈ {0, 0.33, 0.67, 1} and xc ∈ {0, 0.25, 0.5, 0.75, 1}, and the solid
lines the corresponding Hilbert transforms.

0 2 4
−0.5

0

0.5

1

x

<h
(x

),
=h

(x
)

a) Linear B-spline

p̂l(x)

pl(x)

0 2 4
−0.5

0

0.5

1

x

<h
(x

),
=h

(x
)

b) Quadratic B-spline

p̂q(x)

pq(x)

0 2 4
−0.5

0

0.5

1

x

<h
(x

),
=h

(x
)

c) Cubic B-spline

p̂c(x)

pc(x)

Figure 2. Illustration of linear, quadratic and cubic B-spline basis functions, pl(x),
pq(x) and pc(x), their knots xl, xq and xc, and corresponding (negative) Hilbert
transforms p̂l(x), p̂q(x) and p̂c(x), respectively.

4.3. Sum rules

When there is a priori information available regarding the asymptotic properties of
the system to be approximated, the sum rules (8) can sometimes be used as convex
constraints to supplement (39). Hence, the following problem may be considered

minimize ‖h(x)− F (x)‖p
subject to wn ≥ 0, n = 1, . . . , N,

b1 ≥ 0,
2

π

∫ ∞

0+

={h(ξ)}
ξ2k

dξ = a2k−1 − b2k−1,

(46)

where h(x) is represented as in (37) and (38), and a2k−1 and b2k−1 are defined in Section
2.2. The last equality can be interchanged for an inequality depending on the nature of
the a priori information.

Another situation is when the large argument asymptotic coefficient b2k−1 is a priori
known or estimated, and it is required to estimate the corresponding small argument
asymptotic coefficient a2k−1 based on the solution to (39). In this case, the estimated
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coefficient a2k−1 can be calculated from

a2k−1 = b2k−1 +
2

π

∫ ∞

0+

={h(ξ)}
ξ2k

dξ = b2k−1 +
2

π

N∑

n=1

wn

∫ ∞

0+

pn(ξ)

ξ2k
dξ, (47)

where the last equality is due to the finite dimensional approximation (37). Explicit
formulas for the last integral can be readily obtained, similarly as in Section 4.2, and as
examplifed in Section 5.2 below.

5. Numerical Examples

In the following application examples, the corresponding Herglotz functions h(z) are
analytic Fourier transforms with the variable x = <{z} playing the role of angular
frequency in units rad/s. Two numerical examples are considered dealing with the
approximation of a permittivity function ε(x) of a dielectric material, and where the
adequate Herglotz function is given by h(z) = zε(z), see e.g., [10]. The first example is
related to the approximation and passive realization of lossy metamaterials over a given
finite frequency bandwidth [10]. In the second example, passive approximation and
optimization are applied to identify a dispersion model that fits the dielectric response
of high-voltage insulation material [20].

5.1. Metamaterials

Consider a dielectric metamaterial with a constant, real-valued and negative target
permittivity εt < 0 to be approximated over an interval Ω, and where F (x) = xεt,
h0(z) = −F (z) and hence b0

1 = −εt. The resulting physical bound can be obtained from
(A.6), and is given by

‖ε(x)− εt‖∞ ≥
(ε∞ − εt)1

2
B

1 + B
2

, (48)

where ε(x) is the permittivity function of the approximating passive dielectric material,
h(z) = zε(z) the corresponding Herglotz function, b1 = ε∞ the assumed high-frequency
permittivity of the metamaterial, Ω = ω0[1− B

2
, 1+ B

2
] the approximation interval where

ω0 is the center frequency and B the relative bandwidth with 0 < B < 2, cf., [10].
Following the derivation given in Appendix A, it is noted that the resulting bound

given in [10] and (48) is not valid in the case when the target permittivity εt has an
imaginary part so that εt = <{εt}+ i={εt} with ={εt} > 0. However, a straightforward
application of the triangle inequality

|ε(x)−<{εt}| = |ε(x)− εt + i={εt}| ≤ |ε(x)− εt|+ ={εt}, (49)

yields the following bound that is useful when =εt is small

‖ε(x)− εt‖∞ ≥ max

{
(ε∞ −<{εt})1

2
B

1 + B
2

−={εt}, 0
}
. (50)
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In the following numerical example, a dielectric metamaterial is considered with
a constant, complex valued target permittivity εt where <{εt} < 0 and ={εt} > 0,
and which is constrained to have a prescribed instantaneous response ε∞. A physical
application for this formulation is with the optimal plasmonic resonances in lossy
surrounding media defined in [18]. The convex optimization formulation for this problem
is

minimize ‖ε(x)− εt‖∞
subject to wn ≥ 0, n = 1, . . . , N,

−a−1 ≥ 0,

(51)

where the approximating Herglotz function h(x) = xε(x) is given by

h(x) =
a−1

x
+ h1(x), (52)

where h1(x) is represented as in (37) and (38) with b1 = ε∞, and −a−1 is the amplitude
of an assumed point mass at x = 0. In the numerical implementation, ω0 = 1 and N
basis functions are used over the bandwidth [1 − 2B, 1 + 2B]. The sample density to
evaluate the norms is ∆x = 4B/1000.

In Figures 3a-b is illustrated an optimized passive realization ε(x) using N =

500 linear B-splines, and where the lossy metamaterial is represented by the target
permittivity εt = −1 + i0.05. Here, the relative frequency bandwidths are B = 0.1,
B = 0.2 and B = 0.3 and the corresponding results are plotted as solid, dashed and
dash-dotted lines, respectively, and the dotted lines correspond to the target permittvity
εt.

0.8 0.9 1 1.1 1.2
−2

−1.5

−1

−0.5

0

Normalized frequency x/ω0

<{
ε}

a) Real part of ε(x)

<{ε}, B = 0.1

<{ε}, B = 0.2

<{ε}, B = 0.3

<{εt}
0.8 0.9 1 1.1 1.2
0

0.1

0.2

0.3

Normalized frequency x/ω0

={
ε}

b) Imaginary part of ε(x)

={ε}, B = 0.1

={ε}, B = 0.2

={ε}, B = 0.3

={εt}

Figure 3. Optimized passive realization of a lossy metamaterial where the target
permittivity is εt = −1 + i0.05, and the approximation interval Ω = ω0[1− B

2 , 1 + B
2 ].

In Figure 4a is illustrated the relation between the approximation error E =

‖ε(x) − εt‖∞ and the imaginary part of the target permittivity ={εt}, and where
<{εt} = −1 is fixed. In Figure 4b is illustrated the relation between the approximation
error E and the number of basis functions N in the case where εt = −1 + i0.05. The
solid and dashed lines correspond to the approximation results (CVX) in (51) and the
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a) Approximation error vs. ={εt}
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b) Approximation error vs. N
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Figure 4. Approximation error E plotted as a function of a) the imaginary part of
the target dielectric permittivity ={εt}, where <{εt} = −1 is fixed and N = 500, and
b) the number of basis functions N , where εt = −1 + i0.05. Solid and dashed lines are
plotted in the order of decreasing bandwidth B (large bandwidth ∼ large error).

(Sum rule) lower bounds (50), respectively. Note that the approximation error increases
with increasing relative bandwidth B. It is seen that the CVX solutions converge well
for N > 200, but they do not achieve the corresponding lower bounds. Hence, it should
be noted that the bounds in (48) and (50) are not tight, but they become tighter as the
bandwidth B decreases.

5.2. Dispersion modeling of dielectric spectroscopy data

As an engineering application example, we consider the problem to estimate the
conductivity parameter of high-voltage insulation materials based on its dielectric
response in the range of very low frequencies. To measure such responses, a dielectric
spectroscopy measurement technique has been developed [31, 32] and the Havriliak-
Negami (HN) model [33, 34] is commonly used to identify the conductivity parameter.
However, the HN-models only constitute a certain subclass of dispersion models which
have been chosen on empirical grounds. Moreover, to identify the parameters of the
HN-model, one must in general solve a non-convex optimization problem which requires
an exhaustive global search, and which becomes particularly cumbersome if several
resonances are involved. In contrast, the modeling based on B-splines and their Hilbert
transforms provides a general passive dispersion model, and a convex optimization
problem that can be solved efficiently using e.g., the CVXMatlab software for disciplined
convex programming [19].

Here, the dielectric spectroscopy data is simulated by using the following Havriliak-
Negami (HN) model

εHN(x) = ε∞ +
∆ε

(1 + (−ixτ)α)β
+ i

σHN

xε0
, (53)

where ∆ε = εs − ε∞ > 0 and where εs > 0 and ε∞ ≥ 1 are the static and the
instantaneous dielectric responses, respectively, the parameters α, β ∈ (0, 1], τ > 0
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the relaxation coefficient, σHN > 0 the static conductivity and ε0 the permittivity of
free space. In the numerical example below, the HN-model has been generated with
ε∞ = 2.227, ∆ε = 0.0267, α = 0.68, β = 0.5, τ = 59.99 and σHN = 8.9616 · 10−2 fS/m

based on a global optimization with respect to some given measurement data. Here,
frequency f (in units Hz) is defined by x = 2πf and the approximation domain is given
by Ω = 2π[fL, fU] where fL and fU are the corresponding lower and upper frequency
limits, respectively.

The convex optimization formulation for this problem is given by
minimize ‖ε(x)− εHN(x)‖2

subject to wn ≥ 0, n = 1, . . . , N,

ε∞ ≥ 1,

σ ≥ 0,

(54)

where the approximating Herglotz function h(x) = xε(x) is given by

h(x) = h1(x) + i
σ

ε0
, (55)

and where h1(x) is represented as in (37) and (38) with b1 = ε∞. Parameters estimated
by using (54) will be denoted σ̂ and ε̂∞, etc.

The low-frequency behaviour of the passive material is estimated using the
expression (47) based on the sum rule (8) for k = 1

ε̂s = ε̂∞ +
2

π

∫ ∞

0+

={h(ξ)}
ξ2

dξ = ε̂∞ +
2

π
(−1)m

N∑

n=1

wn

n+m/2−1∑

i=n−m/2
p(m−1)
n (ξi+)

×
[ξm−2

i+1 (ln ξi+1 − Cm−1)

(m− 2)!
− ξm−2

i (ln ξi − Cm−1)

(m− 2)!

]
, (56)

where a1 = ε̂s and b1 = ε̂∞ are the estimated static and instantaneous responses,
respectively, m is the order of the B-splines used and Cm is defined in (44).

As an example, the objective here is to determine sufficient frequency bandwidth
based on the lower frequency limit fL to reach some predetermined relative error on the
estimation of conductivity σ. The upper limit fU = 10 Hz is fixed, and the approximation
domain is non-uniformly sampled with a logarithmic step ∆ log f = 1/3. After the
optimization (54), the error norm E = ‖ε(x)− εHN(x)‖2 as well as the interpolated and
extrapolated parameter ε(x) = h(x)/x are evaluated on a grid that is ten times denser
than the one used for optimization (∆ log f = 1/30).

In Figures 5a-b are illustrated interpolation and extrapolation of the generated
dielectric spectroscopy data. Here, the solid lines correspond to the target data
generated via the HN model (53), and the dashed lines correspond to interpolation and
extrapolation based on optimized cubic B-spline approximation (54) on Ω = [fL, fU],
where fL ∈ {1, 2.2, 10}mHz and fU = 10 Hz. The lower and upper bounds of the
approximation domain are illustrated via the vertical dotted and dash-dotted lines,
respectively.

The investigation on the sufficient frequency bandwidth for an accurate estimation
of conductivity σ is illustrated in Figures 6a-b. The Figure 6a shows the approximation
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Figure 5. Interpolation and extrapolation of the generated dielectric spectroscopy
data. Dashed and dotted lines are plotted in the order of increasing the bandwidth
parameter fL where the approximation domain is Ω = [fL...10] Hz.

error E and Figure 6b the relative error of the conductivity estimate σ̂, and the solid
and the dash-dotted lines correspond to cubic and linear B-spline approximations,
respectively. It can be concluded, e.g., that an accurate estimation of σHN within 1%

error requires that fL < 0.03 mHz. It is also seen that the approximation based on cubic
B-splines can provide a more accurate solution in comparison to the linear B-splines in
this example.

6. Summary and conclusions

In this paper, a rigorous mathematical framework for passive approximation has been
given together with several useful results concerning general B-splines and their Hilbert
transforms. The objective is to approximate an arbitrary continuous function defined
on an interval of the real line (the approximation domain), based on the set of Herglotz
functions that have Hölder continuous density in an arbitrary neighborhood of the
approximation domain. The norm used is induced by any of the standard Lp-norms
where 1 ≤ p ≤ ∞. It is proved that the greatest lower bound on the error norm can
be approached within arbitrary accuracy by using a finite linear B-spline expansion
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Figure 6. a) Approximation error E as a function of the lower frequency limit fL.
b) Relative error on the estimation of conductivity σ̂. The approximation domain is
Ω = [fL...10] Hz.

as a generating measure and a Hilbert transform to yield the approximating Herglotz
function. Two numerical examples are given to illustrate the theory.
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Appendix A. Derivation of a non-trivial lower bound

To prove (36), the technique described in [10] is followed based on a composition using
the auxiliary Herglotz function h∆(z), defined by the square pulse with p∆(x) = 1

for |x| ≤ ∆, and its associated sum rules. The auxiliary Herglotz function and its
asymptotics are given by

h∆(z) =
1

π

∫ ∆

−∆

1

ξ − zdξ =
1

π
ln
z −∆

z + ∆
=





i + o(1) as z→̂0,

−2∆

πz
+ o(z−1) as z→̂∞,

(A.1)

where ={h∆(z)} ≥ 1
2
for |z| ≤ ∆ and ={z} ≥ 0.

Next, the composite Herglotz function h1(z) is defined by

h1(z) = h∆(h(z) + h0(z)), (A.2)

where h(z) + h0(z) = (b1 + b0
1)z + o(z) as z→̂∞, yielding the asymptotics

h1(z) =





o(z−1) as z→̂0,

−2∆

π(b1 + b0
1)
z−1 + o(z−1) as z→̂∞.

(A.3)

The sum rule (8) for k = 0 is given by
2

π

∫ ∞

0+

={h1(ξ)}dξ = a−1 − b−1 =
2∆

π(b1 + b0
1)
. (A.4)
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Let ∆ = supx∈Ω |h(x) + h0(x)|, then the following integral inequalities follow
1

π
|Ω| ≤ 2

π

∫

Ω

={h1(ξ)}︸ ︷︷ ︸
≥ 1

2

dξ ≤ 2

π

∫ ∞

0+

={h1(ξ)}dξ =
2 supx∈Ω |h(x) + h0(x)|

π(b1 + b0
1)

,(A.5)

or

‖h(x) + h0(x)‖∞ ≥ (b1 + b0
1)

1

2
|Ω|, (A.6)

where |Ω| =
∫

Ω
dξ.

Appendix B. Explicit formulas for linear, quadratic and cubic B-splines

The discontinuity behavior of linear B-splines N0,2(x) with knot values N0,2(x1) = 1 and
N0,2(x0) = N0,2(x2) = 0, is given by

N
(1)
0,2 (x0+) =

1

x1 − x0

, (B.1)

N
(1)
0,2 (x1+) = − 1

x2 − x1

. (B.2)

The discontinuity behavior of quadratic B-splines N0,3(x) with knot values
N0,3(x1) = (x1−x0)/(x2−x0), N0,3(x2) = (x3−x2)/(x3−x1) andN0,3(x0) = N0,3(x3) = 0,
is given by

N
(2)
0,3 (x0+) =

2

(x2 − x0)(x1 − x0)
, (B.3)

N
(2)
0,3 (x1+) = − 2

(x2 − x0)(x2 − x1)
− 2

(x3 − x1)(x2 − x1)
, (B.4)

N
(2)
0,3 (x2+) =

2

(x3 − x1)(x3 − x2)
. (B.5)

The discontinuity behavior of cubic B-splines N0,4(x) with knot values

N0,4(x1) =
(x1 − x0)2

(x3 − x0)(x2 − x0)
, (B.6)

N0,4(x2) =
(x2 − x0)(x3 − x2)

(x3 − x0)(x3 − x1)
+

(x4 − x2)(x2 − x1)

(x4 − x1)(x3 − x1)
, (B.7)

N0,4(x3) =
(x4 − x3)2

(x4 − x1)(x4 − x2)
, (B.8)

and N0,4(x0) = N0,4(x4) = 0, is given by

N
(3)
0,4 (x0+) =

6

(x3 − x0)(x2 − x0)(x1 − x0)
, (B.9)

N
(3)
0,4 (x1+) = − 6

(x3 − x0)(x2 − x0)(x2 − x1)

− 6

(x3 − x0)(x3 − x1)(x2 − x1)
− 6

(x4 − x1)(x3 − x1)(x2 − x1)
, (B.10)
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N
(3)
0,4 (x2+) =

6

(x3 − x0)(x3 − x1)(x3 − x2)

+
6

(x4 − x1)(x3 − x1)(x3 − x2)
+

6

(x4 − x1)(x4 − x2)(x3 − x2)
, (B.11)

N
(3)
0,4 (x3+) = − 6

(x4 − x1)(x4 − x2)(x4 − x3)
. (B.12)
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