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Abstract

Since the introduction of Pollard’s ρ method for integer factorisation in 1975
there has been great interest in understanding the dynamics of quadratic maps
over finite fields. One avenue for this, and indeed the heuristic on which Pollard
bases the proof of the method’s efficacy, is the idea that quadratic maps behave
roughly like random maps.

We explore this heuristic from the perspective of comparing the number of
periodic points. We find that empirically random maps appear to model the
number of periodic points of quadratic maps well, and moreover prove that the
number of periodic points of random maps satisfy an interesting asymptotic
behaviour that we have observed experimentally for quadratic maps.
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1 Introduction

In this thesis we concern ourselves primarily with the number of periodic points
of dynamical systems generated by maps over finite sets, commonly fields of
prime p number of elements, which we denote Fp. What we mean by this
dynamical system is that we have some finite set of points S and some map
f : S → S, and for each x ∈ S we repeatedly apply the map f .

We call this repeated application of the map f the iteration of the map, and
we use the notation fn to denote nth application of the map for nonnegative
integers n. More precisely we let f0 be the identity map, and for positive integers
n define fn = f ◦ fn−1.

If a given point x ∈ S has the property that there exists some positive integer
n such that fn(x) = x, then we call this point x a periodic point of f . Moreover
the smallest such n ≥ 1 we call the period of x.

It is important to note that since we always operate over a finite set S, all
points must eventually lead to a periodic point after some amount of iterations,
since there are only a finite number of options for the image of each point. This
means that we can broadly classify the points of S into two categories: points
that are already periodic, and points that are not.

If we pick any point x in the set S and follow along in its so-called orbit
x, f(x), f2(x), . . ., we must therefore eventually find a repetition in this sequence.
The number of steps it takes to see this repetition is called the ρ length of the
point x.

A useful tool for studying these dynamical systems is the so-called functional
graph of the map f . This is the graph with vertex set S, and a directed edge
between a point x ∈ S and another point y ∈ S if and only if f(x) = y. We give
an example of such a graph in Figure 1.1 below.

One important takeaway from this figure, which is true in general, is that
the points that aren’t periodic that are attached to a particular periodic point,
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Figure 1.1: The functional graph of f(x) = x2 + 3 over F11, the field of 11
elements. Periodic points are marked grey and points that are not periodic are
white. Notice how, for example, the ρ length of 2 is 5.
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together with that periodic point, form a tree. With this we mean that any two
vertices in the tree are connected with only one path.

As will become apparent there are two types of maps we are interested in.
First and foremost, quadratic maps on the form x 7→ x2 + c over finite fields
Fp, with c being some constant, in particular c 6= 0,−2. Secondly, and in effort
to understand the former, random maps. By this we mean a map wherein each
point x ∈ S gets assigned an image y ∈ S uniformly at random.

We will discuss particulars of these two cases more thoroughly in Section 2.
At the end of Subsection 2.1 we also delve a little deeper into an interesting
behaviour of the number of periodic points of these quadratic maps that has
been observed experimentally.

In Section 3 we present empirical data in support of using these random
maps as a means of modelling the number of periodic points of these quadratic
maps for c 6= 0,−2.

We then in Section 4 prove that the interesting behaviour of the number of
periodic points of the quadratic maps is true for random maps.

Finally we compare the empirical findings with the theoretical ones and
discuss several future avenues of inquiry in Section 5.
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2 Background

2.1 Quadratic Dynamical Systems

The study of dynamical systems of quadratic maps over finite rings and fields
has been of great interest for the past several decades due to their applications.
They are used in primality tests such as Lucas–Lehmer [Le30] and Miller–Rabin
[Ra80], in pseudo-random number generation methods like BBS [Bl86], and in
integer factorisation methods such as Pollard’s ρ method [Po75] (subsequently
improved by [Br80] by using a more effective cycle finding algorithm). The
study of quadratic dynamical systems over finite fields is part of the larger
fields of algebraic dynamics (see for instance [AK09]) and arithmetic dynamics
(see [Si07]).

Pollard’s ρ algorithm attempts to factor a composite number n by taking
some starting point, commonly x0 = y0 = 2, and then successively computing
xn = f(xn−1) and yn = f(f(yn−1)), for some map f , both modulo n, and
computing d = gcd(xn − yn, n) until this greatest common divisor is different
from 1. When this happens there are two options. If d = n, then the algorithm
has failed to factor n (at least for the given starting point x0 = y0 and the given
map f). If on the other hand d is different from n, then it is a factor of n and
the algorithm has succeeded.

Whilst the above primality tests and pseudo-random number generator use
the quadratic maps x 7→ x2 or x 7→ x2−2, both of which are well-studied and well
understood (see for instance [He94, Gi01, Ro96, VS04]), Pollard cautions in their
original paper that the ρ method should not be used with these. Empirically
the other maps x 7→ x2 + c, with c 6= 0,−2, have been found to be effective in
the algorithm, however it remains an open problem to show that this must be
the case.

For this reason it is of interest to understand the dynamical properties of
these maps x 7→ x2 + c for c 6= 0,−2 in finite fields Fp, p being prime, such as
for example the length of cycles, the average size of components, the average
ρ length, the number of connected components, and the number of periodic
points. We concern ourselves with the latter—the number of periodic points of
x 7→ x2 + c over Fp—which we denote by Tc(p).

For the special cases c = 0 and c = −2 this question has been answered
rigorously by Vasiga & Shallit in [VS04]: T0(p) = ρ+1 and T−2(p) = (ρ+ρ′)/2,
where p− 1 = 2τρ and p+ 1 = 2τ

′
ρ′, with ρ and ρ′ both being odd.

Both of these quantities vary rapidly as p varies, since the divisibility by 2
of p − 1 and p + 1 changes drastically, however they are still far more regular
than for other values of c.

See Figure 2.1 for an illustrative comparison of this. The curious ‘lines’ that
appear in the plots of T0 and T−2 are artefacts of the divisibility of p − 1 and
p+ 1 by 2. The topmost lines are those for which these are only divisible by 2,
the second line from above capture divisibility by 22 = 4, and so on.

Despite this variability in Tc, by instead studying the sum of consecutive
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Figure 2.1: Four plots of Tc(p) for c = −2, 0,−3, 4, for the first one hundred
thousand prime numbers p, demonstrating how wildly they vary for c 6= 0,−2.

values of Tc,

STc(N) =
∑
p≤N

Tc(p),

where the sum extends over primes p, one finds remarkable regularity for c = 0
and c = −2; both ST0(N) and ST−2(N) are asymptotically equal to

N2

6 logN
,

as proved by Chou & Shparlinski in [CS04]. We show plots of ST0(N) and
ST−2(N) as compared to the asymptotic behaviour we know to be true in
Figure 2.2. It is well worth noting how slowly these converge to their asymptotic
behaviour, given how we know that they must approach 1; After one hundred
thousand primes we are still off by a little more than 4%.

As previously observed by us in [St16], it appears as though all other STc(N)
for c 6= 0,−2 share a similar asymptotic behaviour,

k
N3/2

logN
, (2.1)

where k is a constant between 0.8 and 0.9. We exemplify this by plotting
STc(N) and STc(N) log(N)/

√
N (which consequently appears linear) for some

c in Figure 2.3.
Unfortunately the methods employed in [VS04] for c = 0 and c = −2 are

not applicable to these other polynomials. This is because they rely on being
able to write the nth iterate of the map as a sum of some constants each to the
power of 2n. So far there have been no success in doing the same for other c
that we know of.
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Figure 2.2: To the left, ST0(N) and ST−2(N) plotted for the first 100 000 primes
on top of the proven asymptotic behaviour N2/(6 logN), which is the grey line
below. To the right the quotient of these two.

Figure 2.3: Plots of STc(N) paired with STc(N) log(N)/
√
N for c = −4 and

c = 3 for N up to the size of the 100 000th prime number.
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2.2 Random Maps

Due to the difficulty in tackling these other dynamical systems directly, there
is a great desire for another method of attack. One avenue of inquiry that has
provided some insight is to study dynamical systems of random maps on finite
sets instead, because these appear to model certain properties of the quadratic
dynamical systems. Indeed, this is the heuristic Pollard uses in [Po75] to justify
the ρ method. For an extensive account of this comparison of the ρ lengths
of points between random maps and polynomials, see [Mar16], in particular
Section 1, and also [Mac12], wherein random maps with restricted pre-images
are considered. See also [Ko16, Section 4] for additional numerical results sup-
porting this heuristic, wherein the authors primarily compare the number of
components and the size of components.

Finally we refer to [FO90], in particular Section 3 and onward, for an inves-
tigation of various statistics of random maps.

One reason why these random maps are easier to analyse than the quadratic
maps is that we can get a better grasp of the statistics involved. For instance,
and of paramount importance to our investigation:

Proposition 2.1. Let f be a random map on n elements. Then as n→∞ the
number of periodic points of this map divided by

√
n approaches the Rayleigh

distribution with parameter 1, i.e. has the probability density function xe−x
2/2.

One of the main ingredients in the proof of this theorem is a generalisation of
Cayley’s formula for counting trees:

Proposition 2.2. The number of forests comprised of n labelled vertices con-
sisting of k trees such that the vertices 1, 2, 3, . . . , k all belong to distinct trees
is

knn−k−1.

For a particularly beautiful proof of this see [Ta90]. As a historical note we add
that the original formula by Cayley in [Ca89] concerns the special case of k = 1,
i.e. the number of trees on n vertices. The same paper does conclude with the
statement of the generalised result stated above, however makes no mention of
any proof of this.

Proof of Proposition 2.1. This result is [Ba01, Exercise 14.10] and [Mo14, The-
orem 39], whose proof we reformulate in the language of dynamical systems
below for the sake of completeness.

We prove the result in three steps. First we compute the number of maps
on n elements that have exactly k periodic points. Then, using this amount,
we compute the probability that a random map on n elements has k periodic
points. Finally we study this probability in the limit.

For the first part, note that a map having k periodic points means that on
these k points the map acts as a permutation, and there are n!/(n − k)! ways
to choose a permutation on k elements from n elements. If we consider the
functional graph of the map, the remaining n− k elements make up a forest of
k trees with labelled vertices, attached to the k periodic points. By the above
generalisation of Cayley’s formula there are knn−k−1 such forests.
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Thus in all there are
n!

(n− k)!
· knn−k−1

maps on n elements with precisely k periodic points.
Now in total there are nn maps on n elements, since each element has a

choice of n different images, and so the probability that any one map on n
elements has k periodic points, which we will denote pn,k, is

pn,k =

n!
(n−k)! · kn

n−k−1

nn
=

k

nk+1
· n · (n− 1) · . . . · (n− k + 1)

=
k

n

(
1− 1

n

)(
1− 2

n

)
· · ·
(

1− k − 1

n

)
.

We now divide the number of periodic points by
√
n, and consequently also have

to multiply the probabilities by
√
n so as to maintain a total probability of 1.

The question we ask ourselves is this: fixing a nonnegative real number x,
what is the limit of

√
n · pn,k as n and k go to infinity in such a way that k/

√
n

approaches x.
To answer this question we first remark that

√
n · pn,k =

k√
n

(
1− 1

n

)(
1− 2

n

)
· · ·
(

1− k − 1

n

)
,

where we are mostly concerned with the factors in parentheses since the first
factor simply approaches x by construction. Thus in order to study

k−1∏
i=1

(
1− i

n

)
,

we consider its logarithm instead, i.e.

k−1∑
i=1

log
(

1− i

n

)
.

We expand the inner logarithm as an ordinary power series, and since 0 < i/n <
1 this series converges absolutely, meaning that we can switch the order of the
summation:

−
k−1∑
i=1

∞∑
j=1

1

j

( i
n

)j
= −

∞∑
j=1

1

j

k−1∑
i=1

( i
n

)j
. (2.2)

The main trick of Morrison in [Mo14, Theorem 39] is to factor this inner sum
in a particularly useful way, namely

k−1∑
i=1

( i
n

)j
=

1
√
n
j−1

k−1∑
i=1

( i√
n

)j
· 1√

n
.

This is useful because the latter sum is a lower Riemann sum for the integral∫ x
0
tj dt = xj+1/(j + 1), with x = k/

√
n.
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For j = 1 this simply approaches x2/2, whereas when extending the infinite
series in (2.2) over j ≥ 2 we can show that it vanishes. Indeed

∞∑
j=2

1

j

k−1∑
i=1

( i
n

)j
<

∞∑
j=2

1

j(j + 1)

1
√
n
j−1x

j+1 = x2
∞∑
j=2

1

j(j + 1)

( x√
n

)j−1
.

Each term in this series is bounded by (x/
√
n)j−1, and

∞∑
j=2

( x√
n

)j−1
=

x√
n− x

,

which goes to 0 as n approaches infinity.
Therefore in summary log(

√
n · pn,k) approaches log x − x2/2 as n and k

approach infinity in such away that k/
√
n approaches x. Taking exponentials

we therefore have that
√
n · pn,k approaches xe−x

2/2 under the same conditions,
completing the proof of Proposition 2.1.
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3 Empirical Result

The motivation for studying these random maps as a means of modelling the
number of periodic points of fc(x) = x2 + c, for c 6= 0,−2, over Fp is that exper-
imentally these appear close to Rayleigh(1) after normalising by dividing by

√
p

in the same way as we did in Proposition 2.1. In Figure 3.1 we show comparisons
of the histogram of Tc(p)/

√
p and the density function of Rayleigh(1).

We have also observed previously in [St16, Section 3] that for fixed c ∈
{−100,−99, . . . , 99, 100 } \ {−2, 0 } and for the first ten thousand primes p,
Tc(p)/

√
p is very closely matched by a Rayleigh(σ) distribution with parameter

σ between 0.978 and 1.008.
In an effort to refine the analysis of this, we test these measurements of

Tc(p)/
√
p against the null hypothesis that they are specifically Rayleigh(1) dis-

tributed in a Kolmogorov–Smirnov test. The result of this is presented in full
in Table 3.1 overleaf.

When doing so we find that for 168 of the different values of c we get p-
values exceeding 0.10, meaning that we do not reject the hypothesis. For the
remaining 31 values of c, specifically −99, −94, −93, −88, −75, −41, −39, −27,
−26, −21, −15, 13, 17, 19, 22, 27, 28, 30, 33, 41, 42, 44, 47, 51, 53, 61, 62, 70,
73, 74, and 81, the Kolmogorov–Smirnov test produces p-values less than 0.10,
suggesting that they might not be Rayleigh(1) (though it should be noted that
in all cases a Rayleigh distribution with a slightly different parameter fits well).
Note that the values for c used in Figure 3.1 are deliberately chosen to be ones
where the Kolmogorov–Smirnov produces very small p-values, yet we see that
the density is quite similar to that of Rayleigh(1).

With this said, in all of these cases we experience a similar interesting phe-
nomenon to the one observed theoretically for c = 0 and c = −2, namely that
whilst Tc(p) varies widely, the sum STc(N) is far more regular. In all of the
studied cases, i.e. for c in {−100,−99, . . . , 99, 100 } \ {−2, 0 }, STc(N) agrees
with the asymptotic behaviour in (2.1).

We exemplify this in Figure 3.2, wherein we plot the quotient of STc(N) for
some c and N3/2/ logN , and observe that it seemingly approaches a constant.

Figure 3.1: Histograms of Tc(p)/
√
p for c = −99 on the left and c = 81 on the

right, for the first 10 000 primes p. The density function xe−x
2/2 of a Rayleigh(1)

random variable is superimposed on top of these.
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c p-value
−100 0.24667
−99 0.00171
−98 0.48013
−97 0.25994
−96 0.71767
−95 0.78808
−94 0.04928
−93 0.03745
−92 0.87012
−91 0.75115
−90 0.78299
−89 0.15000
−88 0.08349
−87 0.92908
−86 0.67494
−85 0.70592
−84 0.13806
−83 0.62563
−82 0.53535
−81 0.11204
−80 0.87699
−79 0.62994
−78 0.50441
−77 0.38643
−76 0.30513
−75 0.03309
−74 0.53735
−73 0.92549
−72 0.39737
−71 0.31829
−70 0.64284
−69 0.39249
−68 0.42357
−67 0.82739

c p-value
−66 0.50555
−65 0.35710
−64 0.21993
−63 0.11225
−62 0.55562
−61 0.78244
−60 0.50851
−59 0.88005
−58 0.27972
−57 0.51274
−56 0.88290
−55 0.88559
−54 0.35445
−53 0.35095
−52 0.16201
−51 0.75183
−50 0.51626
−49 0.52214
−48 0.74841
−47 0.12760
−46 0.45639
−45 0.13221
−44 0.12069
−43 0.33441
−42 0.79915
−41 0.00600
−40 0.34792
−39 0.01508
−38 0.65001
−37 0.29902
−36 0.87214
−35 0.69805
−34 0.49015
−33 0.14814

c p-value
−32 0.54701
−31 0.17038
−30 0.75557
−29 0.60428
−28 0.12970
−27 0.00660
−26 0.03643
−25 0.13238
−24 0.91493
−23 0.58008
−22 0.40589
−21 0.02603
−20 0.72689
−19 0.87944
−18 0.21746
−17 0.62323
−16 0.15885
−15 0.03747
−14 0.57550
−13 0.80385
−12 0.53218
−11 0.98058
−10 0.68714
−9 0.18451
−8 0.57640
−7 0.91778
−6 0.11341
−5 0.19512
−4 0.32529
−3 0.19606
−1 0.36138

1 0.11307
2 0.72823
3 0.58039

c p-value
4 0.24311
5 0.29664
6 0.57414
7 0.25549
8 0.13497
9 0.23437
10 0.70603
11 0.71087
12 0.74015
13 0.06444
14 0.39141
15 0.92213
16 0.17114
17 0.00682
18 0.97851
19 0.05079
20 0.32617
21 0.44150
22 0.00193
23 0.71774
24 0.97254
25 0.36253
26 0.64941
27 0.03747
28 0.08719
29 0.21190
30 0.04728
31 0.53942
32 0.12368
33 0.06894
34 0.42268
35 0.46368
36 0.41340
37 0.55366

c p-value
38 0.75727
39 0.28157
40 0.58603
41 0.02400
42 0.07157
43 0.10133
44 0.02659
45 0.66123
46 0.55376
47 0.03900
48 0.59149
49 0.28933
50 0.12157
51 0.09713
52 0.50804
53 0.02895
54 0.93542
55 0.75591
56 0.49084
57 0.22732
58 0.29597
59 0.44284
60 0.34755
61 0.06301
62 0.03490
63 0.12891
64 0.21898
65 0.70875
66 0.15255
67 0.45004
68 0.11582
69 0.17672
70 0.06343
71 0.73215

c p-value
72 0.23164
73 0.00485
74 0.08816
75 0.16169
76 0.71225
77 0.18935
78 0.94298
79 0.14752
80 0.18871
81 0.00467
82 0.76129
83 0.67085
84 0.26459
85 0.63888
86 0.55329
87 0.92365
88 0.74408
89 0.39047
90 0.76272
91 0.24733
92 0.13928
93 0.98311
94 0.89315
95 0.41074
96 0.89237
97 0.44352
98 0.16569
99 0.24921
100 0.25614

Table 3.1: The p-values when testing Tc(p)/
√
p for the first ten thousand

primes p against the null hypothesis that they are Rayleigh(1) distributed in a
Kolmogorov–Smirnov test. The values of c for which the p-value is less than
0.10 have been highlighted.
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Figure 3.2: Plots of STc(N) divided by N3/2/ logN for c being −75, −56, 24,
and 73, for N up to the size of the 10 000th prime number. Note that the first
and last plots are for c values that in the Kolmogorov–Smirnov test faired badly.

We produce the same images for a much larger data set, namely for the first
100 000 primes, for the c-values −5,−4,−3,−1, 1, 2, 3, 4, and 5 in Figure 3.3.

Here it is interesting to note how all of these appear to behave quite similar
to one another. We will come back to these in the final section when we discuss
what we expect these to converge toward.

This leads us nicely to the main theoretical contribution of this thesis: We
prove that this conjectured asymptotic behaviour (2.1) for quadratic maps is
true for random maps.
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Figure 3.3: Plots of STc(N) divided by N3/2/ logN for c being −5, −4, −3,
−1, 1, 2, 3, 4, and 5, for N up to the size of the 100 000th prime number.
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4 Main Theoretical Result

Throughout this discussion we will need to find asymptotic expressions for di-
vergent sums, for which we use Euler’s summation formula:

Proposition 4.1 (Euler’s summation formula). If f is continuously differen-
tiable on the interval [a, b], with 0 < a < b, then∑
a<i≤b

f(i) =

∫ b

a

f(t) dt+

∫ b

a

(t− btc)f ′(t) dt+ f(b)(bbc − b)− f(a)(bac − a),

with i ∈ Z.

Proof. See [Ap98, Theorem 3.1].

Our objective, by Proposition 2.1, is therefore to study the random variable√
2Y1 +

√
3Y2 + . . . +

√
pnYn, where by pn we mean the nth prime number,

and where Y1, Y2, . . . , Yn are independent Rayleigh(1) random variables. More
precisely, it turns out that such a random variable has expectation similar to
the asymptotic behaviour observed for quadratic maps:

Theorem 4.2. Let n = π(N) be the number of primes less than or equal to
a positive integer N and let Y1, Y2, . . . , Yn be independent random variables all
with distribution Rayleigh(1). Let

ZN =
√

2Y1 +
√

3Y2 + . . .+
√
pnYn =

∑
pi≤N

√
piYi.

Then the expected value of ZN is

E[ZN ] =

√
π

2

∑
pi≤N

√
pi =

√
2π

3

N3/2

logN
+O

(
N3/2

(logN)3/2

)
. (4.1)

Note that
√

2π/3 ≈ 0.8355.
To prove this we need to find an expression for the sum of the square roots

of consecutive prime numbers.

Theorem 4.3. Let pi denote the ith prime number and let X > 2 be a real
number. Then ∑

2<i≤X

√
pi =

2

3
X3/2

√
logX +O(X3/2).

Proof. As shown by Cesàro in 1894 [Ce94], we have the remarkable approxima-
tion for pi given by

pi
i

= log i+log log i−1+
log log i− 2

log i
− (log log i)2 − 6 log log i+ 11

2(log i)2
+o

(
1

(log i)2

)
.

In particular, pi is asymptotically i log i and hence∑
2<i≤X

√
pi =

∑
2<i≤X

√
i log i+O(X3/2). (4.2)

14



To attack this sum, we write it as an integral using Euler’s summation formula.
Thus taking f(t) =

√
t log t, we have

∑
2<i≤X

√
i log i =

∫ X

2

√
t log t dt+

∫ X

2

(t− btc)f ′(t) dt+

+
√
X logX(bXc −X)−

√
2 log 2(b2c − 2).

We deal with the last three terms of the right-hand side first. The integral
involving f ′(t) is bounded by f(X) =

√
X logX, since 0 ≤ t− btc < 1.

Likewise the penultimate term
√
X logX(bXc−X) is bounded by

√
X logX.

The last term is obviously zero. Accordingly

∑
2<i≤X

√
i log i =

∫ X

2

√
t log t dt+O(

√
X logX). (4.3)

It remains to tackle the first term, which we handle using integration by parts:∫ X

2

√
t
√

log t dt =
2

3
X3/2

√
logX − 2

3
23/2

√
log 2− 1

3

∫ X

2

√
t√

log t
dt.

We show that the remaining integral in the right-hand side is bounded by X3/2

by letting

F (X) = X3/2 and G(X) =
1

3

∫ X

2

√
t√

log t
dt

and taking H(X) = F (X) − G(X). Then by the Fundamental theorem of
calculus

H ′(X) =
3

2

√
X − 1

3

√
X√

logX
=

1

6

√
X · 9 ·

√
logX − 2√
logX

.

Hence H ′(X) is strictly positive for all X ≥ 2 since 9 log 2 > 2. Therefore
H(X) > H(2) = 2

√
2 for all X > 2, whereby F (X) > G(X)+2

√
2. Equivalently

X3/2 >
1

3

∫ X

2

√
t√

log t
dt+ 2

√
2.

In other words
1

3

∫ X

2

√
t√

log t
dt = O(X3/2).

Since O(
√
X logX) is contained in O(X3/2), we have∫ X

2

√
t log t dt =

2

3
X3/2

√
logX +O(X3/2).

Finally, together with (4.2) and (4.3) we obtain∑
2<i≤X

√
pi =

2

3
X3/2

√
logX +O(X3/2).

This completes the proof of Theorem 4.3.
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If instead of extending the sum over the X first primes we choose to sum for
prime numbers not exceeding some bound N , we simply modify the upper bound
of the sum in the previous theorem.

Corollary 4.4. The sum of the square roots of primes less than or equal to N
is ∑

pi≤N

√
pi =

2

3

N3/2

logN
+O

(
N3/2

(logN)3/2

)
.

Proof. We take X = N/ logN in Theorem 4.3, which by the Prime number
theorem is approximately the number of primes less than or equal to N (see e.g.
[Ap98, Chapter 4]).

Therefore we study the sum

∑
pi≤N

√
pi =

∑
2<i≤N/ logN

√
pi +O

(
N3/2

(logN)3/2

)
, (4.4)

where the error term stems from us potentially having too many primes in the
right-hand side, and these primes are of approximately size N logN , which
we take square roots of, and N/ logN is off from π(N) by approximately
N/(logN)2, as per for example [Du98, Theorem 1.10].

Using Theorem 4.3 this second sum is

∑
2<i≤N/ logN

√
pi =

2

3

N3/2

(logN)3/2

√
log

N

logN
+O

(
N3/2

(logN)3/2

)

=
2

3

N3/2

logN

√
1− log logN

logN
+O

(
N3/2

(logN)3/2

)
.

Now since log logN is dominated by logN , |log logN/ logN | < 1 and we can
use the ordinary Taylor series expansion for the square root term. Therefore√

1− log logN

logN
= 1− 1

2

log logN

logN
+O

((
log logN

logN

)2)
and

∑
2<i≤N/ logN

√
pi =

2

3

N3/2

logN
+

1

3

N3/2 log logN

(logN)2
+

+O

(
N3/2(log logN)2

(logN)3

)
+O

(
N3/2

(logN)3/2

)
.

The last three terms can all be combined in the final O term, so finally with
(4.4)

∑
pi≤N

√
pi =

∑
2<i≤N/ logN

√
pi +O

(
N3/2

(logN)3/2

)
=

2

3

N3/2

logN
+O

(
N3/2

(logN)3/2

)
.

This completes the proof of Corollary 4.4.
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The proof of Theorem 4.2 now follows almost directly:

Proof of Theorem 4.2. This follows from the expectation of a Rayleigh(1) ran-
dom variable being

√
π/2 together with the linearity of expecation. The final

equality is just Corollary 4.4.

In the interest of learning more about the distribution of this random variable
ZN we investigate its variance as well. To do this we will need to compute the
sum of primes less than or equal to N .

Theorem 4.5. Let pi denote the ith prime number and let N be a positive
integer. Then the sum of primes less than or equal to N is∑

pi≤N

pi =
N2

2 logN
+O

(
N2

(logN)2

)
.

Proof. For convenience let

s(N) =
∑
pi≤N

pi.

We can express this in terms of the prime-counting function π by

s(N) = Nπ(N)−
N−1∑
i=2

π(i).

This is helpful since π is very well-studied. To see that the above expression for
s(N) holds, consider the difference of consecutive terms in the sum:

s(N)− s(N − 1) = Nπ(N)−
N−1∑
i=2

π(i)− (N − 1)π(N − 1) +

N−2∑
i=2

π(i)

from which we extract the last term of the first sum to get

Nπ(N)− π(N − 1)− (N − 1)π(N − 1)−
N−2∑
i=2

π(i) +

N−2∑
i=2

π(i).

This means that

s(N)− s(N − 1) = Nπ(N)− π(N − 1)(N − 1 + 1) = N(π(N)− π(N − 1)),

which is N precisely when N is prime and 0 otherwise, since when N is prime
the prime-counting function will increase by one and otherwise stay constant.1

Therefore using the Prime number theorem we have

s(N) =
N2

logN
−
N−1∑
i=2

i

log i
+O

(
N2

(logN)2

)
.

1One could also see this expression for s(N) as integrating the Riemann-Stieltjes integral∫N
1 x dπ(x) by parts.
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We handle the remaining sum in the middle using Euler’s summation formula,

N−1∑
i=2

i

log i
=

N∑
i=2

i

log i
− N

logN
=

∫ N

2

t

log t
dt+O

(
N

logN

)

=
N2

2 logN
− 4

2 log 2
+

∫ N

2

t

2(log t)2
dt+O

(
N

logN

)
.

Now we can bound the remaining integral by O(N2/(logN)2) since its derivative
dominates the integrand. Therefore

s(N) =
N2

logN
− N2

2 logN
+O

(
N2

(logN)2

)
=

N2

2 logN
+O

(
N2

(logN)2

)
.

With this we are ready to compute the variance of ZN .

Theorem 4.6. Let ZN be defined as before. Then the variance of ZN is

Var[ZN ] =
4− π

4

N2

logN
+O

(
N2

(logN)2

)
.

Proof. The variance of a Rayleigh(1) random variable is (4− π)/2. Therefore

Var[ZN ] =
∑
pi≤N

√
pi

2 · 4− π
2

=
4− π

2

∑
pi≤N

pi.

Using Theorem 4.5 we get

Var[ZN ] =
4− π

2

N2

2 logN
+O

(
N2

(logN)2

)
=

4− π
4

N2

logN
+O

(
N2

(logN)2

)
.
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5 Discussion

In light of this asymptotic behaviour of random maps, namely from Theorem
4.2 that the sum of the number of periodic points corresponding to STc(N) is
asymptotically √

2π

3

N3/2

logN
,

it is worthwhile to look back and compare with the quadratic maps.
We remind the reader that this asymptotic behaviour looks very much like

the experimental findings in (2.1) and demonstrated in Figure 3.3 for quadratic
maps.

Having said that it might seem strange how STc(N) · log(N)/N3/2 in Fig-
ure 3.3 seem much closer to 0.88 than to

√
2π/3 ≈ 0.836 (which is off by about

5%), however when simulating ZN we see that the same is true here, if we stop
around N = 1 299 709, the one hundred thousandth prime number. We remind
the reader about the same comparison for ST0(N) and ST−2(N) as shown in
Figure 2.2, where we saw deviation of around 4% from the proven asymptotic
behaviour after 100 000 primes.

See Figure 5.1 for simulated examples of this.
Moreover if we simulate ZN for much larger N , namely the one hundred

millionth prime number in Figure 5.2, we observe that ZN · log(N)/N3/2 is
indeed steadily climbing downward, just not particularly fast.

5.1 Further Work

There are several avenues of further research, of varying difficulty.
With regard to the empirical data it would be interesting to compute Tc(p)

for more primes p for the c values considered in order to see if the outliers in
Table 3.1 appear closer to Rayleigh(1) with more data.

It is also certainly possible to compute asymptotic expressions for higher
order moments for the random variable ZN studied here, however since the
error in these expressions contained in the O-term will be greater the higher
order moment is considered, this does not appear exceptionally interesting.

It would be of more interest to either determine the characteristic function
of this random variable or finding its distribution. Both of these appear chal-
lenging, but certainly one could simulate the distribution function based on the
empirical distribution of large amounts of simulated values of ZN in order to
get a sense of what the distribution might be.

Beyond this it would of course be very interesting to prove that Tc(p)/
√
p

is indeed Rayleigh(1) distributed, beyond numerical support, but unfortunately
we don’t know of any avenue toward such a result.
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Figure 5.1: Four independent simulations of ZN for N up to the 100 000th
prime, divided by N3/2/ logN so as to compare with Figure 3.3. Notice how
both appearance and general trend look very similar.

Figure 5.2: One simulation of ZN for N up to 2 038 074 743, the 100 000 000th
prime, divided by N3/2/ logN .
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