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Abstract

The main body of this thesis describes how to calculate scanning tunneling
microscopy (STM) images from first-principles methods. The theory is based
on localized orbital density functional theory (DFT), whose limitations for
large-vacuum STM models are resolved by propagating localized-basis wave
functions close to the surface into the vacuum region in real space. A finite
difference approximation is used to define the vacuum Hamiltonian, from
which accurate vacuum wave functions are calculated using equations based
on standard single-particle Green’s function techniques, and ultimately used
to compute the conductance. By averaging over the lateral reciprocal space,
the theory is compared to a series of high-quality experiments in the low-
bias limit, concerning copper surfaces with adsorbed carbon monoxide (CO)
species and adsorbate atoms, scanned by pure and CO-functionalized copper
tips. The theory compares well to the experiments, and allows for further
insights into the elastic tunneling regime.

A second significant project in this thesis concerns first-principles cal-
culations of a simple chemical reaction of a hydroxyl (oxygen-deuterium)
monomer adsorbed on a copper surface. The reaction mechanism is provided
by tunneling electrons that, via a finite electron-vibration coupling, trigger
the deuterium atom to flip between two nearly identical configurational states
along a frustrated rotational motion. The theory suggests that the reaction
primarily occurs via nuclear tunneling for the deuterium atom through the
estimated reaction barrier, and that over-barrier ladder climbing processes
are unlikely.
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Sammanfattning

Huvuddelen i den här avhandlingen beskriver en teoretisk model för beräkn-
ing av sveptunnelmikroskop-bilder (STM). Teorin baseras på täthetsfunk-
tionalteori (DFT) som använder lokaliserade basorbitaler, vilka endast är
väldefinierade nära atomerna. Vågfunktionerna längre bort från atomerna
beräknas genom att propagera vågfunktionerna nära atomerna ut i vakuum-
regionen genom att använda rumskoordinater, istället för den lokala basen
i DFT. Finita differens-approximationen används för att definiera vakuum-
Hamiltonianen, ur vilken vågfunktionerna beräknas med Green’s-funktioner
i en-partikelfallet. Dessa vågfunktioner används därefter för att beräkna den
elektriska ledningsförmågan hos systemet. Efter att ett medelvärde av led-
ningsförmågan i reciproka rummet har beräknats, kan teorin jämföras med
ett antal högkvalitativa experiment som är utförda vid låg spänning. De olika
undersökta systemen gäller kolmonoxidmolekyler (CO) och adsorbatatomer
som fäster på en kopparyta. Dessa adsorbat skannas med både rena och CO-
terminerade kopparspetsar. Teorin och experimenten stämmer väl överens,
vilket bidrar till en fördjupad förståelse för elastisk spridning av tunnlingse-
lektroner.

Ett annat betydande avsnitt i avhandlingen beskriver en teoretisk model
för en enkel kemisk reaktion, där en hydroxylmonomer (syre-deuterium) som
fäster på en kopparyta undersöks. Reaktionsmekanismen utgörs av tunnlingse-
lektroner som, via elektron-vibration-koppling, får deuteriumatomen att för-
flytta sig mellan två nästan identiska tillstånd längs dess frustrerade rota-
tionsmod. Teorin förutsäger att reaktionen främst sker genom tunnling av
deuteriumatomen genom den beräknade reaktionsbarriären, och att multipla
excitationer mellan vibrationstillstånden hela vägen över barriären är osan-
nolik.
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Chapter 1

Introduction

Suppose we had access to an exceedingly fast computer, essentially unlimited
in all possible ways, such as memory, disk space, etc. Next, given that we
had a complete theory of matter, i.e., a complete knowledge of everything
worth to know about large clusters of atoms that build up realistic materials.
Then, in principle, it would be possible to investigate properties of arbitrary
objects to almost infinite precision and perform reliable artificial tests, with-
out manually manufacturing the device in the first place. We would be able
to run all possible experiments and obtain reliable results, regardless if we
were interested in the strength of a car, or the properties of a nanotransistor.

Needless to say, the present technology does not allow for this. The
speed of a computer is loosely speaking proportional to the the number of
transistors that fit on a chip of a definite size, and according to Moore’s
law [1] this number increases exponentially in time. However, as ordinary
transistors are classical objects in the sense that electrons behave as small
electrically charged bullets, the electric current that flows through the small
constrictions in the chip typically follows Ohm’s law [2]. This means that
there is an ultimate size limit of a transistor, of the order of magnitude
comparable to atomic dimensions, where particles, such as electrons, start to
obey the laws of quantum mechanics.

Due to the fundamental difference between classical and quantum me-
chanics, this implies that new methods of managing electron transport through
small devices are required in order to further increase the calculation capa-
bility of computers. This involves a deeper understanding of simple and
complex molecules and other formations, such as tiny pieces of metal, from
first-principles methods, as well as precise manipulation the real-space con-
figurations of atoms, and their inherent properties, such as the spin.

Furthermore, a solid knowledge of matter from fundamental principles it-
self requires high-performing computers, as the applications of first-principles
methods regarding a large number of atoms are computationally expensive.

1



2 1. Introduction

Hence, ever faster computers is a purpose of its own in order for parts of
fundamental physics to evolve; a purpose which is directly a consequence of
physics itself.

With the current knowledge of physics from first-principles methods, it is
today possible to run realistic simulations of several thousands of atoms up
to a descent approximation. Typical computation times may be days, weeks,
or even months, despite clever parallelization processes on a large number of
high-end computer nodes, where each node is associated with a significant
amount of memory. It is therefore easy to understand the motivation of
developing smaller, and thereby more efficient transistors; especially from a
curious physicist’s point of view.

1.1 The scanning tunneling microscope

A valuable instrument, employed to gain further insights into fundamental
properties of matter, is the scanning tunneling microscope (STM), which was
primarily intended to image surfaces of atomic dimensions [3]. The STM op-
erates according to quantum tunneling, which essentially means that there is
a non-zero probability for an electron to pass a potential energy barrier that is
higher than its corresponding kinetic energy. Apart from physical processes,
quantum tunneling also explains many peculiar properties in chemical and
biological systems [4–6].

Theoretical foundations of the STM

By considering an electron quantum mechanically, its properties are embed-
ded within its probability wave function, |ψ〉, which contains the information
of the considered quantum system, e.g., energy, position, spin, etc. Through-
out this work, quantum states in position space at a specific energy will
mainly be of concern, and defined as ψ(r) ≡ 〈r|ψ〉. An illustrative, and
relatively simple example of quantum tunneling, is a plane wave that propa-
gates in free space (V = 0), and hits a rectangular shaped potential barrier,
constrained in one dimension; see Fig. 1.1(a) [7]. By requiring continuity
of the wave function and its derivative at the potential boundaries, an an-
alytical expression for the transmission probability can be obtained. The
one-dimensional plane wave and its corresponding wave number read

ψ(x) = exp(ikxx), (1.1)

and

kx =

√
2m(E − V )

~
, (1.2)

respectively, where V is the height of the rectangular potential energy barrier,
and E the kinetic energy of the electron. If the potential energy barrier is



1.1 The scanning tunneling microscope 3

Vacuum
Tip height

Tip

Substrate

(a) (b)

Figure 1.1: (a) Illustration of an exponentially damped incident plane wave when
passing a classically forbidden (shaded) one-dimensional rectangular shaped poten-
tial barrier. (b) Example of a corresponding three-dimensional STM model, where
the shaded region sketches the classically forbidden region, which will henceforth be
referred to as the vacuum region. The tip height is preferably taken to be the ver-
tical height difference between the outermost tip-apex atom and the surface layer
of the substrate, but will occasionally be defined as the core-core distance between
the most protruding atoms at each side of the vacuum region. More specifically, the
displayed STM model concerns a Cu(111) surface geometry with an adsorbed CO
molecule, and a four-atom pyramidal tip apex; a configuration that will be subject
for further discussion in this thesis.

lower than the kinetic energy (V < E), the wave function oscillates in an
undamped fashion when passing the potential. On the other hand, if V > E,
the wave function decays exponentially due to the purely imaginary wave
number inside the barrier1. The transmitted wave may therefore be denoted
ψt(x) = t exp(ikxx), where T = |t|2 is the transmission coefficient. For this
(and other) system(s), the electrical current can be shown to be proportional
to the electronic probability density of the transmitted wave, jx ∝ |ψt(x)|2, so
that the tunneling current depends exponentially on the width (and height)
of the classically forbidden region, as well as the energy of the electron.

The characteristics of such a simplified model are directly applicable to
qualitatively obtain a rough understanding of realistic STM systems. There-
fore, as the transmission coefficient, and thereby the tunneling current, decays
exponentially as the STM tip is retracted from the surface, the scanning tun-
neling microscope serves as a sensitive tool to observe structures much smaller
than any wavelength of the visible part of the electromagnetic spectrum. A
rough rule of thumb in such devices is that the tunneling current changes
with one order of magnitude when shifting the tip height by one ångström,

1Notice that a non-zero (possibly negative) potential energy barrier will always perturb
the incoming electron wave function and affect its amplitude, compared to the free-electron
case.



4 1. Introduction

so that
I(z) = ke−λz, (1.3)

where k is a proportionality constant, and where the decay constant reads
λ ' 2.3 Å−1, if the tip height, z, is measured in ångström.

STM images

Scanning a sample surface with an STM tip is conventionally performed by
(i) keeping the tip-sample distance constant, or (ii) by using a constant tun-
neling current, where the latter is acquired by varying the tip height during
the lateral scanning. These operation modes typically yield similar STM con-
trasts, which means that a qualitative comparison between an experimental
constant-current STM image, and a calculated constant-height image may be
done.

While the previously described features theoretically provide a qualitative
behaviour of the STM, more advanced methods are required to successfully
reproduce experimental results. For instance, the atomic structure of the
tip, as well as the atomic configuration of its apex, may drastically affect
the tunneling current. That is, the contrast of the STM image is affected,
since a multiple-state atomic species is associated with several wave functions
that decay at different rates in the vacuum region. The STM image there-
fore strongly depends on surface geometries, adsorbate species, adsorption
sites, and tip structures, among other things. For certain adsorbate-, and tip
species, the characteristics in the STM contrast also may depend on the tip
height, besides the normal exponential dependence.

Applications of the STM

Although the scanning tunneling microscope was first intended to provide
atomic resolution images of flat surfaces, its field of use has increased sig-
nificantly during the last few decades, and is nowadays used as a tool for
investigating a wide range of physical phenomena, where a few examples are
listed below:

(i) The strong electric field between the tip and the substrate, allows to
pick up and move atoms, one by one, along the sample surface. This
allows for an exact placing of single atoms on specific atomic sites [8].

(ii) When an atom or a molecule has been placed on a specific adsorption
site of a surface, the STM may be utilized in the elastic regime, i.e.,
for bias voltages that are below any significant vibrational-mode en-
ergy, to investigate the electronic properties of the adsorbed species.
Such an analysis therefore yields an STM image of a specific atom or
molecule. Theoretical examples of constant-height STM images are
given in Fig. 1.2(a), and Fig. 1.2(b).
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(iii) By gradually increasing the bias voltage, characteristic molecular vibra-
tions of an adsorbate molecule may be examined, as well as the vibra-
tional impact on the tunneling current compared to its elastic current.
This feature is frequently revealed by inelastic tunneling spectroscopy
(IETS) [9], where tunneling electrons are responsible for vibrational
excitations of the molecule by means of a finite electron-vibration cou-
pling. An IETS spectrum reveals the vibrational modes as peaks or dips
in the second derivative of the tunneling current as a function of the
bias voltage, d2I(V )/dV 2. This research field has opened up a deeper
understanding of heat transfer from tunneling electrons to molecular
vibrations, and is further discussed in Sec. 3.3, and references therein.
A theoretical example is given in Fig. 1.2(c).

(iv) The STM current can, in a similar fashion, be exploited to induce chem-
ical reactions of adsorbates species on surfaces [10, 11] by exciting vi-
brational modes that are responsible for a displacement of an atom
or molecule. This means that the real-space geometry of an adsorbed
molecule can be manipulated, and that a molecule therefore may op-
erate as an atomic switch, highly controlled by tuning the bias voltage
and (or) the tunneling current by shifting the tip height. The poten-
tial barrier that separates the different stable geometries is often large
compared to the vibrational modes, which means, for relatively low bias
voltages, that nuclear tunneling is necessary in order for the switching
process to occur.

(v) When placing a molecule on an insulating surface, the STM may be
used to image molecular orbitals [12, 13]. For such systems, the STM
current exhibits a sharp signal at certain bias voltages, referred to as
the HOMO/LUMO [highest (lowest) occupied (unoccupied) molecular
orbital] levels, which may reveal relatively distinct characteristics in the
observed STM contrast.

(vi) An STMmay also be used in the high conductance regime, where the tip
and substrate are interconnected in various ways, e.g, by a metallic wire
or a biological molecule, to investigate their electrical, and vibrational
properties.

In Fig. 1.2, two of the items in the previous list are theoretically demon-
strated, where Fig. 1.2(a) and Fig. 1.2(b) are calculated by the forthcoming
theoretical STM model. In Fig. 1.2(a) a constant-height STM calculation of
a copper adsorbate atom (Cu adatom) adsorbed on a Cu(111) surface reveals
an unsurprising conductance peak above the adatom. On the other hand, in
Fig. 1.2(b), where a CO molecule is subjected to the same tip scanning, the
conductance exhibits the striking feature of a conductance dip when the po-
sition of the tip apex is in lateral vicinity of the CO molecule. The tip height
(defined in Fig. 1.1) is the same in both cases, and it is, among other things,
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Figure 1.2: Figure (a) shows a calculated constant-height STM image for a Cu
adatom adsorbed on a Cu(111) surface, including its cross-section conductance.
In (b) a similar calculation concerns a CO adsorbate molecule, and (c) displays
a calculated IETS of the CO molecule, where two of its characteristic vibrational
modes are revealed as peaks (dips for negative bias voltages) in the spectrum.

concluded that the CO molecule is one order of magnitude less conductive
than the adatom, even though the oxygen atom extends approximately one
ångström further than the adatom. In Fig. 1.2(c) a calculated IETS is shown,
which reveals the impact of two characteristic vibrational modes of the CO
molecule to the tunneling current. These results agree well with experiments,
and will be further examined in this thesis.

1.2 Outline of the thesis

The work in this thesis is basically separated in two relatively distinct parts,
though both involve numerical implementations that are motivated by ex-
perimental results performed with scanning tunneling microscopes. The first
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project concerns Chap. 5 and Paper I, and required approximately 1.5 year
to finish. The second project, covered in the remaining three years, is con-
sidered to be the characterization of the thesis, and regards Chap. 6, Paper
II, Paper IV, and Paper V.

Chapter 2 is aimed to briefly touch upon some basic concepts in finding
the electronic structure of a many-electron system by means of the den-
sity functional theory (DFT). The theory and the equations are well estab-
lished, and here restated and discussed without proofs. The characteristics
of the Siesta implementation of density functional theory is discussed. This
prewritten computer code is heavily used in this thesis. An illustrative ex-
ample of a radially symmetric problem (isolated atoms) that relates to this
chapter is given in Appendix A, which briefly describes a self-written DFT
code in order to gain further insights to electronic-structure calculations.

In Chap. 3 some concepts of single-particle electron transport in nanos-
tructures are described. The powerful Green’s-function formalism is de-
scribed in detail, and the necessary equations, used in the forthcoming STM
modeling, are derived and discussed. A brief introduction to inelastic elec-
tron transport in nanostructures, i.e., the impact of nuclear vibrations to the
conductance, closes the chapter.

The numerical implementation of the equations outlined in Chap. 3 are
described in Chap. 4, which ultimately allows to solve a general quantum-
transport problem with high computational efficiency. The outlined theory
is exemplified in two-dimensions, which particularly treats a two-dimensional
electron gas in GaAs-manufactured quantum point contacts. The impor-
tance of k-point sampling at the quantum-transport level is demonstrated
and discussed within this example.

In Chap. 5, heat transfer from tunneling electrons, responsible for induc-
ing a rotational motion of a hydroxyl species on a copper surface, is examined
with a developed first-principles method, based on equations given in its pre-
ceding chapters. This chapter serves, to some extent, as a summary and a
complement to Paper I.

Chapter 6 is considered to be the main project of the thesis, which
describes our method of how to calculate STM images from first-principles
methods. The theory heavily relies on the equations outlined in Chap. 2,
Chap. 3, and Chap. 4, and ultimately results in a nearly quantitative agree-
ment between calculated constant-height STM images and state-of-the-art
experiments for a series of systems. This chapter presents numerous details,
which are incorporated in Paper II, Paper IV, and Paper V.

Certain parts of the thesis are reused and rewritten from my Licentiate
thesis [14]. Furthermore, some parts in the main text are similar to the
content in the papers that are attached in the end of the thesis.





Chapter 2

Density functional theory

Electrons are responsible for many properties that characterize bulk mate-
rials, as well as individual molecules or atoms. For instance, the electrical
conductivity of a copper wire, the bonding length of a carbon monoxide
molecule, and the emission spectrum of hydrogen are all features that origi-
nate from the electron’s properties.

The Schrödinger equation [15] describes the time evolution of a non-
relativistic quantum state for a single electron, which can be solved exactly
in rare cases, and numerically with almost arbitrary precision for most other
systems. However, when considering a many-electron system, such as a bulk
metal or a molecule, the electron-electron interaction is a rather troublesome
problem to address. Many approximation methods for solving many-electron
problems exist, and are used depending on the nature of the problem.

Over the last few decades the density functional theory (DFT) has grown
immensely popular, when performing calculations for many-electron systems
from first-principles methods. One of its main approximations is the use of
an exchange-correlation functional (further discussed below) which, if it had
been known, would yield the exact solution to a many-electron problem. How-
ever, depending on the problem, computations for thousands of atoms using
cleverly designed exchange-correlation functionals, can offer impressively ac-
curate comparisons to experiments. This means that first-principles methods
in physics have not only entered chemistry, but also biology, as rather large
biological molecules nowadays are possible to investigate theoretically.

The outline of this chapter is to give a brief introduction regarding the de-
termination of the electronic structure from DFT, and relate this to the many
applications of nanoscale systems. Further details regarding the concepts of
DFT can, for instance, be found in Refs. [16–19].

9
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2.1 General concepts of DFT

Density functional theory is a method used to describe interacting electrons
by means of their corresponding probability density, instead of a many-
electron wave function. The Hohenberg-Kohn theorems [20] state that there
is a one-to-one correspondence between the ground state density and the
total potential of a system, and that minimization of the energy functional
corresponds to the ground state of the system.

A stationary electronic state that contains N electrons is described by its
many-electron wave function, Ψ(x1, ...,xN ), where xi contains the involved
degrees of freedom, e.g., nuclear and electronic coordinates, and spin. Con-
sidering the real-space representation of the wave function, the action of the
Hamiltonian on this state reads1

ĤΨ =
[
T̂+V̂ +Û

]
Ψ =

[ N∑

i

(
− 1

2∇2
i + V (ri)

)
+

N∑

i<j

U(ri, rj)

]
Ψ = EΨ, (2.1)

where T̂ is the kinetic energy operator, V̂ is the external potential (e.g., the
Coulomb potential), and Û is the interaction potential between the electrons.
Hence, DFT aims to describe the many-electron problem (with Û) as a single-
electron problem (without Û). Given that the many-electron wave function
is normalized, its corresponding probability density is expressed as

n(r) = N

N∏

i=2

∫
d3ri |Ψ(r, r2, ..., rN )|2 . (2.2)

On the other hand, for a given ground state density, n0(r), it is possible to
determine the ground state wave function, Ψ0(r), which implies that Ψ(r) is
a unique functional of n0(r), i.e.,

Ψ0(r) ≡ Ψ[n0(r)]. (2.3)

Hence, the N -electron problem of 3N variables, is reduced to a problem
that involves only three variables, accounting for the real-space ground state
density. The concepts of ordinary quantum mechanics can then be used to
define expectation values of observables, in similarity to the single-electron
formalism. In particular, the ground state energy turns out to be important,
and found by

E0 = E[n0(r)] = 〈Ψ[n0(r)]|T̂ + V̂ + Û |Ψ[n0(r)]〉. (2.4)

1Hartree units, ~ = me = e2 = 4πε0 = 1, are used throughout this chapter.
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2.1.1 The Kohn-Sham equations
By utilizing the previously introduced concepts, it can be shown that the
many-electron problem may be solved by the single-electron Kohn-Sham (KS)
equations [21], which read

[
− 1

2∇2 + Veff(r)
]
φi(r) = εiφi(r), (2.5)

where φi(r), 1 ≤ i ≤ N , are the eigenvectors that correspond to the N lowest
eigenvalues of the Kohn-Sham Hamiltonian. These eigenvectors provide the
ground state density for the N -electron system by

n(r) =

N∑

i=1

|φi(r)|2 . (2.6)

The Kohn-Sham equations contain the total potential for the system, which
can be separated as

Veff(r) = Vext(r) + VH[n(r)] + Vxc[n(r)]. (2.7)

The first term in Eq. (2.7) is the external potential, generated by the Coulomb
potential of the involved nuclei of the system. The second term is the Hartree
potential, which is generated by the electronic density, and defined as

VH(r) =

∫
dr′

n(r′)
|r− r′| . (2.8)

Finally, Vxc is the exchange-correlation potential, and is formally defined as
the functional derivative of the exchange-correlation energy,

Vxc(r) =
δExc[n(r)]

δn(r)
. (2.9)

The exchange-correlation energy consists of two parts, where the exchange
energy relates to the Pauli principle [22] (saying that two fermions cannot
coexist in the same quantum state) and the self-interaction by the Hartree
term, whereas the correlation energy is the remaining energy difference to the
interacting electron energy. If an exact exchange-correlation functional had
been accessible, the many-electron problem had been exactly solvable. As
no such exists (yet) for a general problem, approximations to this potential
must be applied.

The simplest approximate exchange-correlation functional is perhaps the
local density approximation (LDA), available by utilizing the Thomas-Fermi
model [23, 24], to obtain the exact exchange energy of a uniform electron
gas, i.e., a constant electron density. The exchange-correlation energy func-
tional of the density hence depends on the coordinate where the functional
is evaluated, i.e.,

ELDA
xc [n(r)] =

∫
dr εxc[n(r)]n(r), (2.10)
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Guess initial density, ni

Solve
[
− 1

2∇2 + Veff

]
φ = εφ

Obtain new density, ni+1

⇒ new VH & Vxc

‖ni+1 − ni‖ < ε ?

Yes

Problem solved in i SCF steps

Mix & redefine:
ni = αni + (1− α)ni+1

No

Repeat calculation

Figure 2.1: The basic idea of a self-consistent field procedure, used to iteratively
obtain an approximate electron density and ground state energy of a many-electron
problem, where ε is a predefined convergence criterion.

and may be applied for systems where the density is slowly varying. As
LDA does not distinguish between the two spin directions of the electron, a
natural extension to LDA is the local spin density approximation (LSDA),
in which the total density is separated in its spin-up [n↑(r)], and spin-down
[n↓(r)] part. The LSDA exchange-correlation functional is therefore similarly
defined as

ELSDA
xc [n↓(r), n↑(r)] =

∫
dr εxc[n↓(r), n↑(r)]n(r). (2.11)

The exchange-correlation energy density can be obtained to high accuracy
by quantum Monte Carlo estimations of jellium [25]. Extensions to local
density approximations that also take the gradient of the density into consid-
eration, are referred to as generalized gradient approximations (GGA) [26].
For further details regarding the previous discussion; see Refs. [27, 28].

Self-consistent field procedure and geometry optimization

In order to solve the Kohn-Sham equations, the Hartree potential needs to be
specified, which depends on the electron density; see Eq. (2.8). However, the
electronic density requires knowledge about the single-electron wave func-
tions, and to find these, the Kohn-Sham equations need to be solved. In
order to break this circular argument, the problem is solved iteratively by
a self-consistent field (SCF) procedure. The working scheme of finding the
electron density essentially proceeds as described in Fig. 2.1. The starting
point is to make an appropriate guess of the (initial) density, ni=0, of the
considered many-electron system, whereafter the Kohn-Sham equations are
solved to generate a new Hartree-, and exchange-correlation potential, which
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ultimately results in a new (final) density, ni+1, where i refers to the number
of iteration steps that have been performed. If the difference between the
initial and final densities, ‖ni+1 − ni‖, is significant, a new calculation must
be done with a different density which may be composed of a mix of the two
previous densities. Such a density can be described by a simple linear mixing,
where the new density is redefined according to ni ≡ αni+(1−α)ni+1, where
0 < α < 1. By mixing old densities partly prevents the Kohn-Sham eigenval-
ues to oscillate in the SCF loop, so that the norm of the difference between
the initial and final densities gradually decreases for each iteration step. For
large systems, each such step takes a significant amount of computation time,
which means that a reduction of the number of such steps is desirable. Such
a reduction may be offered by, for instance, making a clever guess of the
initial density, or by mixing the initial and final densities in a more advanced
manner, e.g., by mixing a larger number of previously calculated densities.

The SCF cycle runs until the difference between the initial and final densi-
ties is below a predefined convergence criterion, i.e., ‖ni+1 − ni‖ < ε, where-
after the electron density and the ground state energy are accurately de-
scribed for a specific real-space configuration of the atoms. However, as the
initial real-space geometry of the nuclei is generally inaccurate, this means
that some of the atoms should experience a significant force with respect to
their surrounding atoms. This force may be deduced from the calculated
electronic structure, so that the atomic positions are slightly rearranged in
the end of the calculation. This is followed by a new SCF cycle, which results
in new forces and a new atomic arrangement. These steps continue until all
the forces are below a predefined minimum force. Such a calculation is re-
ferred to as a geometry optimization, which is of fundamental importance
when modeling realistic systems.

2.2 The Siesta code

The Siesta (Spanish Initiative for Electronic Simulation of Thousands of
Atoms) [29] implementation of density functional theory, is one of many
available comprehensive many-nuclei DFT codes, and thoroughly optimized
to find the electronic structure for large atom clusters. Siesta is exclusively
used for the DFT calculations in this thesis, and below some of its main
features are briefly discussed.

Pseudopotential method

Siesta utilizes pseudopotentials, which means that only valence electrons
outside a certain radius from the nuclei are used in the calculations, whereas
the electrons close to the nuclei are excluded, as they are typically chemi-
cally inert. Hence, the impact of the these electrons is ignored, and their
presence is described by an effective potential inside the pseudopotential
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(a) (b)

Figure 2.2: (a) Example of a supercell for a non-periodic system, where a CO
molecule is adsorbed on a top site of a Cu(111) surface, including a large tunneling
gap. Figure (b) shows the same supercell copied in each spatial direction.

cutoff radius, rvps. This approximation should be done such that it does
not significantly change, e.g., the relaxed geometry, or the bonding lengths
between the atoms, although the electronic structure will always be badly
described inside rvps. The pseudopotentials in the forthcoming calculations
are generated using the Troullier-Martins parametrization [30].

Periodic boundary conditions and k-point sampling

When Siesta solves the Kohn-Sham equations for a specific supercell, peri-
odic boundary conditions (PBCs) are imposed in all spatial directions. Peri-
odic boundary conditions are, by obvious reasons, most conveniently applied
for perfectly periodic systems, e.g., atomic crystals, but may also suit cal-
culations for non-periodic supercells, as long as the supercell is sufficiently
large. For instance, PBCs may conveniently be used when modeling a typical
STM supercell (Fig. 2.2) which requires that the supercell is large enough,
so that the adsorbed molecule does not interact with its equivalents in the
adjacent lateral cells. As a consequence of the periodicity between adjacent
supercells, the Bloch theorem [31] may be applied. This theorem states that
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the electronic wave function can be expressed as

ψn,k(r) = un,k(r)eik·r, (2.12)

where un,k(r) is a function with the same periodicity as the lattice2, k is a
reciprocal lattice vector that belongs to the first Brillouin zone, and n is the
band index. For instance, the electron density for periodic systems may be
expressed as an integral over k and sum over bands,

n(r) =
∑

n

∫
dk |ψn,k(r)|2 . (2.13)

where the integration limits concern the first Brillouin zone. In practice, such
integrals need to be reformulated as sums over a discrete set of k points.
Therefore, the number of discrete k points in the corresponding sum must
be chosen sufficiently large to ensure convergence in reciprocal space. The
number of required k points is inversely proportional to the real-space exten-
sion of the supercell, but this number also depends on the band structure.
Since the real-space extension of the supercell in the lateral plane often is
small compared to the length in the remaining space dimension (Fig. 2.2),
k-point sampling in the lateral plane is in general necessary, whereas no such
sampling is needed in the remaining dimension. However, for very large su-
percells, the Γ-point approximation, i.e., k = 0, might serve as an adequate
approximation. For noble metals, such as copper, a rule of thumb is that
nkiai ' 30 Å, to achieve convergence, where nki is the number of ki points
along the ith dimension, and ai is the real-space reach of the unit cell in this
direction [32]. However, this rule does not necessary hold when considering
the transmission probability in the forthcoming STM model, as such an anal-
ysis regards sampling the residual part of the exponentially decaying wave
functions. The transmission probability may therefore be rapidly varying in
k space due to atomic, or molecular resonances, which means that a denser k
grid must be used in such an analysis. As an example, it is deduced that the
previous product, nkiai, needs to be at least 150 Å in order to achieve conver-
gence for the transmission probability when calculating STM images with the
developed method in Chap. 6. The choice of k grid should therefore always
be deduced by performing convergence tests. In the Siesta implementation,
the k-point sampling is based on the Monkhorst-Pack method [33], which es-
sentially means that the k points are homogeneously distributed in the first
Brillouin zone.

Localized basis set

Another characteristic of Siesta is that it uses atom-centered bases [34,
35]. For instance, the description of an isolated copper atom typically needs

2That is, u(r) = u(r + R), where R is a translation vector between the unit cells.
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approximately ten localized-basis functions, owing to the previously discussed
pseudopotential approximation. As the ultimate aim by solving the Kohn-
Sham equations is to find their eigenvectors and eigenvalues, the solution is
to expand the eigenvectors in terms of a known basis,

φi(r) =
∑

m

cmifm(r). (2.14)

The basis functions fm(r) are spatially localized and identically zero outside
a specific radius, Rorb. Regarding the computational effort, the number of
basis functions per atom, and the range of the orbitals, are important as-
pects. The radial part of a basis orbital is further discussed in an example
given in Appendix A, utilizing a simple exchange-correlation functional, as
well as taking all electrons into consideration. However, in the Siesta im-
plementation, these are calculated with the pseudopotential method, and so-
phisticated exchange-correlation functionals, e.g., the PBE-GGA functional
[36]. This exchange-correlation functional is used in all DFT calculations
throughout this thesis. Multiplying the radial part by appropriate spherical
harmonics (which are expressed in terms of ordinary functions), generates an
approximate basis function. Since the spherical harmonics do not depend on
the atomic species, the radial part of a specific atom is the degree of freedom
to elaborate with, upon finding an appropriate basis set used in a realistic
system. When utilizing a multiple-ζ basis, there are various orbitals with
the same angular momentum. While the orbitals are all strictly confined in
space, the various radial ζ orbitals generally have different radial range. A fi-
nite range basis set assures that orbital overlaps only occur for atoms that are
close to each other. These overlaps form the overlap matrix, Smn = 〈fm|fn〉,
which participates in the generalized eigenvalue problem,

∑

n

(
Hmn − εiSmn

)
· cni = 0, (2.15)

where cni = S−1
nm〈fn|φi〉 after projection with 〈fn| on both sides of Eq. (2.14)

together with the definition of the overlap matrix [37]. The solutions to
Eq. (2.15) therefore give the desired Kohn-Sham orbitals. Such tight-binding-
like features will provide useful in the forthcoming discussion regarding elec-
tron transport through the system, e.g., the transmission probability through
the vacuum region.

Real-space quantities

Apart from various localized-basis quantities, Siesta also uses some quanti-
ties evaluated in real space, such as the charge density, ρ(r), and the total
DFT potential, Vtot(r). Both these quantities turn out to be useful later
in this thesis. The real-space description for the density and the potential
implies that a cutoff energy for the real-space integration needs to be chosen
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before starting a Siesta calculation. The coarseness of the real-space grid
relates to a cutoff energy, which is inversely proportional to the lattice con-
stant squared, i.e., Ec ∝ 1/a2. A typical real-space grid, concerned in the
forthcoming calculations, uses a lattice constant of approximately 0.25 bohr
(0.13 Å), which corresponds to a 200 Ry mesh-cutoff energy in the DFT
calculation. The real-space meshes are further discussed in Chap. 6, and
explicitly visualized in Fig. 6.6.

2.3 Forces and atomic vibrations from DFT

In order to obtain specific vibrational frequencies of adsorbate molecules,
atomic chains, or other structures, and ultimately reveal the vibrational im-
pact on the STM current, the forces acting on each atom firstly need to be
calculated. For small atomic displacements, there is a linear dependence be-
tween the displacement and the force, so that the coupling between individual
atoms may be viewed as small springs, in analogy to classical mechanics. In
this limit, the potential energy surface is formed by a harmonic oscillator
potential, so that, loosely speaking, the second derivative of the total DFT
energy is proportional to the force constant, which in turn is proportional to
the square of the vibrational frequency.

In order to calculate the force constants, a geometry optimized Siesta su-
percell is required. The force constants of the considered dynamical region is
therefore calculated by a small displacement for each atom in all space direc-
tions, whereafter a force constant matrix, K, is constructed, which contains
the elements

Kiα,jβ =
∂2E(R)

∂Riα∂Rjβ

∣∣∣∣
R=Req

, (2.16)

where i and j denote the atomic species, and α and β the displacement di-
rections (±∆x,±∆y,±∆z), i.e., R = [Ri] = [[Riα]]. The force constant
matrix is normalized with respect to the masses of the involved atomic
species, so that its mass-scaled counterpart, W, contains the elements Wij =
Kij/

√
MiMj . This results in an standard eigenvalue problem,

(
ω2
λ1−W

)
vλ = 0, (2.17)

from which the eigendisplacement, vλ, of the vibrational mode λ is calculated,
as well as its corresponding vibrational frequency ωλ. This analysis is outlined
in the Inelastica module [38], built on top of the Siesta code, and is therein
further developed to investigate various inelastic transport properties from
first-principles methods [39].
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2.4 Conclusions

The backbone of this thesis relies on the electronic configuration of various
many-atom systems, and for this purpose the density functional theory turns
out to be valuable. The computationally efficient Siesta implementation of
DFT provides calculations of the electronic properties for large supercells,
which will play a central role when simulating electron transport in realistic
nanoscale systems.



Chapter 3

Electron transport in
nanostructures

In order to properly model the scanning tunneling microscope, the previously
discussed electronic-structure calculation is generally insufficient. While the
orbital overlap between the substrate species and the tip, by exploring the
symmetry of the wave functions, may, at best, qualitatively describe exper-
imental results, little is gained in order to obtain a quantitative agreement,
hence calling for an extension of the previously described electronic-structure
calculations. The supercell approach utilized in Siesta uses periodic bound-
ary conditions in all spatial directions. This implies that, for instance, in-
clusion of a finite bias voltage cannot immediately be handled. The theory
outlined in this chapter retains (or occasionally ignores) the periodicity in the
transverse direction(s), whereas the system is conversely considered infinitely
long in the direction of transport, which implies a continuous energy spectrum
in this direction. This opens up the possibility to calculate various transport
quantities, such as a finite electrical current or the transmission probabil-
ity. Modeling such infinite systems may be utilized by the (non-equilibrium)
Green’s function [(NE)GF] formalism, which turns out to be particularly suit-
able to be incorporated in the Siesta implementation. The theory in this
chapter mainly concerns elastic transport properties, which means that the
atomic nuclei (or mathematical lattice points) have fixed positions in space
and time. Furthermore, equilibrium systems, i.e., a restriction to the low-
bias limit, will characterize the discussion. A brief discussion that regards
non-equilibrium systems, and some of the main equations in the theory of in-
elastic transport, i.e., how nuclear vibrations affect an electric current at the
nanoscale, closes the chapter. Some further details are given in Appendix B.
When there is no possibility of confusion, operators (matrices) will typically
be capitalized. Arguments, such as energy or position, of various quantities

19
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will also often be omitted for the sake of readability. Rydberg atomic units1
are used henceforth.

3.1 Green’s function formalism

Before attacking the desired problem of treating quantum transport at the
nanoscale, some preliminaries are needed. For simplicity, a one-dimensional
analysis is initially considered, whereas extensions to higher dimensions fol-
low from the same ideas. Further reading on this subject can be found in
Refs. [40–45].

3.1.1 Preliminaries: Why using Green’s functions?
Below follows some useful properties that originate from the use of Green’s
functions, where a final motivating example is discussed, which serves as the
main argument for making further use of the formalism in quantum transport
theory.

(i) Solving inhomogeneous ordinary differential equations

Green’s functions2 were first introduced to solve inhomogeneous differential
equations of the form

Lψ(x) = f(x), (3.1)

where L is a linear differential operator. The Green’s function of such a
differential equation is defined as

LxG(x, x′) = δ(x− x′), (3.2)

where the superscript indicates that L acts on x, and not x′. Once G(x, x′)
is found, the solution to Eq. (3.1) reads

ψ(x) =

∫
dx′G(x, x′)f(x′), (3.3)

which is readily verified upon operating with Lx on both sides.

(ii) Green’s function as a wave propagator

When solving the time-dependent Schrödinger equation, i∂tψ = Hψ, one
finds that the time evolution of the state ψ(x, 0) is given by

ψ(x, t) = e−iHtψ(x, 0). (3.4)
1~ = 2me = e2/2 = 1. For instance, the Hamiltonian becomes H = −∇2 + V , and the

one-dimensional free-particle dispersion relation reads E(kx) = k2x.
2Some authors call them Green functions in consistency with other equations, functions,

or diagrams named after their inventors.
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From this equation one conventionally defines the time-evolution operator,

U(t) ≡ e−iHt, (3.5)

which may be used to form the following Green’s functions,
{
G(t) = −iθ(t)U(t)

G†(t) = +iθ(−t)U(t),
(3.6)

where G(†) is the retarded (advanced) Green’s function, and θ(t) is the Heav-
iside step function, which is unity for positive arguments, and zero else.

Since time-independent problems are of main concern in this work, G(t) is
Fourier transformed from time- to frequency domain, so that G(E) is found3.
However, by making use of G(t) as it stands, gives a Fourier transform that
does not converge. In order to circumvent this problem, an infinitesimal
imaginary part is conventionally added to the energy, so that E = E ± iη,
where the sign of η determines the causality of the solution. The retarded
Green’s function, G(E), must therefore use a a positive imaginary part in
order for the complex exponential to act as a damping term. This solution
corresponds to an outgoing wave from a unit excitation. Conversely, the
advanced Green’s function, G†(t), requires addition of a negative imaginary
part in order to be able to obtainG†(E). This solution represents an incoming
wave, and the advanced Green’s function takes the role of being the source
of the excitation. The resulting operator equation (see Appendix B) for the
Green’s function reads

(E −H)G(E) = I, (3.7)
where η is set to zero, as it is understood that the retarded Green’s function
is concerned. This will almost exclusively be the case throughout this work.
In position basis this equation reads (see Appendix B)

(
E −H(x)

)
G(x, x′, E) = δ(x− x′). (3.8)

It is directly verified that the Green’s function (omitting the energy-variable
argument), G(x, x′), equals the wave function obtained from the Schrödinger
equation, ψ(x, t), with a delta-function source term, f(x) = δ(x− x0), which
may be viewed as a unit excitation at point x0. Hence, the inhomogeneous
Schrödinger equation [Eq. (3.1)] reads

(E −H)ψ(x) = δ(x− x0). (3.9)

The previous integral equation [Eq. (3.3)] hence becomes

ψ(x) =

∫
dx′G(x, x′)δ(x′ − x0) = G(x, x0). (3.10)

This means that, provided there is a unit excitation at x = x0, the wave func-
tion, ψ(x), equals the Green’s function, G(x, x0), for all x. This is demon-
strated in an example below.

3Notice that G(E) = G(ω) in Rydberg units.
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Figure 3.1: Left panel (a) shows free-space propagation from a point source at
x = 0, with inclusion of the real and imaginary parts of the Green’s functions for
the system. The energy is set to 0.5 Ry. Right panel (b) shows propagation with
inclusion of a rectangular scattering potential. The energy is here set to 5.0 Ry,
whereas the rectangular potential is 3.0 bohr wide and 6.0 Ry high. Solid black
(gray) is the real (imaginary) part. The x-axis is discretized in 400 steps with
lattice constant ax = 0.05 bohr. The computation time is negligible (tCPU � 1 s).

(iii) Example of wave propagation in one dimension

Although nothing has yet been said about how to calculate Green’s functions
for infinite systems, an example of two such systems, each having analytical
solutions, will be given here in order to demonstrate its usefulness. The
Green’s function of the specific system will therefore simply be used without
further comments at the moment, as this is the main task of the rest of this
chapter.

Figure 3.1(a) illustrates a free-space (V = 0) propagation, whereas (b)
shows a particle that scatters off by a rectangular potential barrier. In both
cases the wave can be thought of entering the considered region from a large
(semi-infinite) one-dimensional reservoir attached to the left boundary, or,
formally equivalent, is created by a unit excitation at this boundary. Both
these examples have analytical solutions. The one-dimensional free-space
Green’s function reads G(x, x′, E) = − i

2k exp(ik|x− x′|), where k =
√
E [44,

46]. The energy is set to 0.5 Ry in Fig. 3.1(a), so that the corresponding
wavelength reads λ = 2π/

√
E ' 9 bohr, in agreement with the figure. The

transmission probability through a rectangular potential barrier, Fig. 3.1(b),
may be found by a plane-wave ansatz, upon requiring continuity of the wave
function and its derivative everywhere, whereafter the incident and transmit-
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−∞ Lead 1 +∞Device
region, d Lead 2(a)

(b)

Figure 3.2: (a) Schematic illustration of a conventional system partitioning. (b)
An example of a system partitioning of a realistic STM model, which is exemplified
by a Cu(111) surface geometry, which repeats itself every third layer. Three such
layers therefore form the electrode supercell, which are repeated in the direction of
transport to form the infinite periodic leads, required by the formalism described
in the text.

ted amplitudes relate to the transmission probability. As the amplitude of
the wave function of the considered region, i.e., on both sides of the barrier,
is contained within the Green’s function, it is natural to conclude that the
Green’s function contains information regarding the transmission probabil-
ity, T = |ψL|2/|ψR|2, of a scattering region. Without further details, it is
concluded that agreement is achieved also in Fig. 3.1(b) when comparing to
analytical solutions. Notice that the wave functions in the figure equal the
first row (or column) of its corresponding Green’s function.

3.1.2 System partitioning and self-energies

As previously demonstrated, a Green’s function of a specific system should
be useful when considering transport properties, such as the transmission
probability, in a nanoscale systems. If H denotes the Hamiltonian operator
of the full system, and the energy, E, is assumed to be a continuous variable4,
the transport properties of the system, in principle, are deduced from the
(matrix) inversion,

G(E) = (E + iη −H)
−1
, (3.11)

as soon as the problem has been discretized. However, for systems that are
infinitely extended in the direction of transport, such a matrix inversion is
impossible. Even if the Hamiltonian could be truncated, the problem is still

4The infinite size of the system suggests that there must be a continuum of allowed
energies.
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numerically problematic, due to the great computational cost of inverting
large matrices.

These problems are conventionally addressed by partitioning the full prob-
lem into a lead-device-lead system, where the leads are considered semi-
infinitely extended along the direction of transport, as illustrated in Fig. 3.2.
Even though an arbitrary number of leads may be considered, the following
theory treats two leads, as the forthcoming STM simulations involve only two
contacts attached to each side of a scattering region. The system then effec-
tively becomes open in the direction of transport, and bounded in transverse
direction, using hard- or periodic boundary conditions (PBCs), as well as
implementing k-point sampling along the surface plane on top of the PBCs.
As will later be demonstrated, the partition turns out to be well-suited (and
necessary) for computing transport quantities, such as transmission coeffi-
cients and wave functions in a realistic STM model. The partitioning of the
infinite system may mathematically be expressed by the matrix equation



E −H1 −τ1 0

−τ †1 E −Hd −τ †2
0 −τ2 E −H2





G1 G1d G12

Gd1 Gd Gd2

G21 G2d G2


 =



I 0 0
0 I 0
0 0 I


 ,

(3.12)
where it is implied that no direct coupling terms, τ , exist directly between
the two leads. Notice that the matrix H1(2) is (semi-) infinite dimensional,
whereas the Hamiltonian of the device region, Hd, is finite-dimensional.
Choosing the second column and solving for the device Green’s function gives

Gd = (E −Hd − Σ1 − Σ2)
−1
, (3.13)

where
Σ1(2) ≡ τ †1(2)g1(2)τ1(2) (3.14)

is referred to as the self-energy (further discussed below), which takes care
of the effects of the semi-infinite lead 1 (2), and where

g1(2) = (E −H1(2))
−1 (3.15)

is the Green’s function of lead 1(2). Since the Hamiltonian of an infinite
lead, H1(2), is still infinite-dimensional, it seems that there are still infinite-
dimensional matrices that must be handled, so that the former matrix-
inversion problem seems to persist. But, as will be discussed further be-
low, a numerical implementation of the system typically concerns a nearest-
neighbour coupling of the slices, which means that the only part of the Green’s
functions of the leads that need to be calculated are the Green’s functions
of the intersection surfaces to the central device, i.e., the surface Green’s
functions. Hence, the effects of the infinite leads are described by the surface
Green’s functions, concerning only the finite-dimensional contacting surface
of the device region. The surface Green’s functions are typically matrices
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with reasonable sizes, which can be calculated relatively fast. This is further
discussed in some detail in Appendix B.1.

The self-energies may be calculated in various ways. For instance, they
are easily found analytically for one-dimensional leads (see Sec. 4.1), which
is also possible in higher dimensions, due to the homogeneity of the leads
[46, 47]. However, they may also be calculated iteratively, by exploiting the
periodicity of the leads, which is further discussed in Sec. 4.1.4.

Having access to the surface Green’s functions, and thereby the self-
energies of the contacts, it is customary to define an effective Hamiltonian
for the device region,

Heff = Hd + Σ1 + Σ2, (3.16)

so that the effects of the infinite leads are folded onto the device region by
appropriate addition of the self-energies to the device Hamiltonian. As the
self-energies contain finite complex elements, hence making the previous iη
term unimportant, the effective Hamiltonian is not hermitian, i.e., it has
complex eigenvalues. This introduces a damping term in the complex eigen-
vectors, which means that probability is not conserved in the device region,
as expected due to the finite coupling strength between the leads and the
device region. For instance the time evolution of an arbitrary initial state
that is completely localized at the device region, results in a decay of proba-
bility, |ψd(r, t)|2, i.e., the wave leaks into the contacts as time passes. This is
analogous to the ever increasing standard deviation of an initially localized
gaussian spatial probability density distribution in time, where the global
normalization, |ψ(r, t)|2, is constant in time, whereas the probability of find-
ing the particle at some finite region, |ψd(r, t)|2, varies in time.

3.1.3 The spectral function

A quantity that proves to be particularly useful in this work is the spectral
function, A(E), whose definition reads

A(E) = i
(
G(E)−G†(E)

)
. (3.17)

That is, A(E) relates to the imaginary part of the Green’s function of the
system. The trace of the spectral function yields the density of states, and,
upon projection by position eigenstates, i.e.,

〈r|A(E)|r′〉 ≡ A(E, r, r′), (3.18)

the diagonal elements, A(E, r, r), offer the local density of states at energy
E, which will be further clarified below. These quantities can be observed in
STM experiments.
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Infinite systems

For systems that are infinitely long in the direction of transport, and has a
finite transverse size, each solution to the Schrödinger equation is associated
with a continuous quantum number, E′, and a band index, n. This means
that the eigenfunction expansion of the full Green’s function reads [48]

G(E) =

∫
dE′

∑

n

|Ψn(E′)〉〈Ψn(E′)|
E + iη − E′ . (3.19)

Here the primed energy variable, E′, should be thought of as the disper-
sion relation associated with each band, n, so that E′ = εn(k). Using this
expansion of the Green’s function results in the spectral function,

A(E) = lim
η→0

i
(
G(E)−G†(E)

)
=

∫
dE′ 2π

∑

n

δ(E − E′)|Ψn(E′)〉〈Ψn(E′)|

= 2π
∑

n

|Ψn(E)〉〈Ψn(E)|. (3.20)

This means A(E) has the role of a spectral projector, so that certain eigen-
vectors, |Ψn(εk)〉, at energy E are sorted out by A(E) when acting on the
full (infinite-dimensional) Hilbert space of the considered system.

In particular, the spectral function of an isolated lead turns out to be
important in this work. As will be described below, diagonalization of the
partial (surface) spectral function of lead α, aα = i(gα − g†α) [Eq. (3.15)],
yields a complete set of orthogonal (transverse) eigenvectors, but only N
non-zero eigenvalues, where N determines the number of propagating modes
in the lead. Propagation of these totally reflected modes may afterwards be
performed by making further use of the Green’s function formalism, which
will be further discussed below. This methodology is of fundamental impor-
tance in this work, since the forthcoming STM model, Chap. 6, uses the
wave functions close to the surface of the substrate (tip) slab, which after-
wards are propagated in real space. The electron charge density of the device
region, and the transmission coefficient of a Bloch electron that originates
from one of the leads that passes the device region, may then be calculated
without knowledge of the device Green’s function.

Finite systems

The spectral function for a finite subsystem, i.e., the device region, is found
upon utilizing a projection operator, Pd, so that the device spectral function
reads Ad = PdAPd. The matrix structure of the right-hand side of this
equation is (

0 0 0
0 1 0
0 0 0

)(
� � �
� � �
� � �

)(
0 0 0
0 1 0
0 0 0

)
=
(

�
�

�

)
, (3.21)
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so that the device part of the full spectral function is traced out by the
subspace identity matrices which are used as projection operators. The device
spectral function may be more appreciated when evaluated as

Ad = i
(
Gd −G†d

)
= GdΓ1G

†
d +GdΓ2G

†
d, (3.22)

where Γ1(2) is the broadening of contact 1 (2), which relates to the imaginary
part of the self-energies by Γ1(2) = i(Σ1(2)−Σ†1(2)). Hence, it is seen that if the
self-energies have large imaginary parts, which true if the coupling between
the leads and device region is strong, the spectral function, and thereby the
electronic density, is relatively large at the device region. For instance, one
may consider the device spectral function [Eq. (3.22)] in the weak-coupling
limit (recall Σ1(2) = τ †1(2)g1(2)τ1(2)),

lim
τ1(2)→0+

Σ1(2) = 0+ + i0+ ⇒ Heff = Hd. (3.23)

Hence, the self-energies fade out, and the anti-hermitian part of the effective
Hamiltonian tends to zero so that the isolated device Hamiltonian is retained.
In this case the device spectral function is expanded similarly as was done
in Eq. (3.20), but without the energy integral, due to the discrete energy
spectrum of a finite system,

Ad = 2π
∑

k

δ(E − εk)|Ψd,k〉〈Ψd,k|. (3.24)

In contrast to Eq. (3.20), the considered Hilbert space is finite-dimensional (if
the problem is discretized), and spanned by the (finite) device Hamiltonian,
Hd, such that (εk + i0+ − Hd)|Ψd,k〉 = 0 and 〈Ψd,k|Ψd,k〉 = 1. For such a
system, electronic transport is only possible at energies that coincide with
the resonance levels for the isolated device region. At these (discrete) levels,
the device Green’s function, Gd = (εk + i0+ − Hd)

−1, blows up due to the
singularities of the denominator. Since the density of states [proportional to
Im(Gd)] also blows up at these energies, this opens up for electronic states
to participate in a tunneling current, referred to as resonant quantum tun-
neling [49]. Equivalently, the density of states is sharply centered around the
eigenenergies of the isolated system. A realistic example of such a weakly
coupled system is a molecule that is adsorbed on an insulating surface, so
that the resonance levels of the molecule become well defined. Scanning the
molecule by an STM tip may then reveal relatively sharp molecular orbitals
in a constant-height STM image by tuning the bias voltage close to the elec-
tronic resonance levels of the molecule; in particular the highest occupied
(lowest unoccupied) molecular orbital (HOMO/LUMO) level [13].

3.1.4 Device Green’s function as wave propagator
In this section an equation of fundamental importance will be derived and
discussed by utilizing the device Green’s function as a wave propagator, which
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Lead 1 Device Lead 2

|ψ1,1〉 |ψ1,2〉 |ψ1,3〉

Lead 1 Device Σ2 Lead 2

V1

Totally reflected modes from a1 = 2π
∑

n |ψ1,n〉〈ψ1,n|

(a)

(b)

Figure 3.3: (a) Schematic figure of a decoupled infinitely long system, where
lead 1 (which extends to −∞) is separated from the (device+lead 2) region (which
extends to +∞), where a few totally reflected Bloch states are visualized at the
rightmost boundary of a two-dimensional flat-potential lead. (b) The same system
as in (a), where lead 1 is attached to the (device+lead 2) region by the coupling
term V1, and where the folding of lead 2 onto the device region is visualized, by
introducing the self-energy of the left-boundary surface Green’s function of lead 2,
g2.

has similarities to the introductory example in this chapter. The equation in
question is by no means a new theoretical result, and its derivation follows
a standard approach [50]. However, both the ability to implement and solve
the equation with high numerical efficiency, turn out to be crucial parts in
the STM simulation theory outlined in Chap. 6.

In Fig. 3.3 a typical lead-device system is visualized. Figure 3.3(a) shows
the system where lead 1 is decoupled from the rest, where a few totally re-
flected Bloch states are shown for educational reasons, whereas Figure 3.3(b)
shows the same system upon attaching lead 1 to the device region by the cou-
pling term V1. Furthermore, the effects of lead 2 are folded onto the device
region by means of the self-energy, Σ2.

By attaching lead 1 to the device region, the totally reflected waves of
the isolated lead 1 [Fig. 3.3(a)] affect the whole system by means of the per-
turbation induced by the coupling term V1. The Hamiltonian of the infinite
system may then be expressed as

H = H1 + V1 +Hd + V2 +H2, (3.25)

or in matrix form,


H1 τ1 0

τ †1 Hd τ2
0 τ †2 H2


 =



H1 0 0
0 0 0
0 0 0


+




0 τ1 0

τ †1 0 0
0 0 0


+ · · · , (3.26)
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which explicitly points out which subspace each object belongs to. The re-
sponse of the system hence creates a wave function that fills the whole sys-
tem, which is denoted |ψ̃〉. The total wave function therefore reads |ψ〉 =

|ψ1,n〉+ |ψ̃〉, where n is the mode index, as there may be several bands in the
contact that cross the Fermi energy. The corresponding Schrödinger equation
therefore yields

H|ψ〉 = E|ψ〉 (3.27)
(
H1 + V1 +Hd + V2 +H2

)(
|ψ1,n〉+ |ψ̃〉

)
= E

(
|ψ1,n〉+ |ψ̃〉

)
(3.28)

V1|ψ1,n〉+H|ψ̃〉 = E|ψ̃〉 (3.29)

|ψ̃〉 = GV1|ψ1,n〉 (3.30)

where G = (E + iη − H)−1 is the full Green’s function [Eq. (3.12)], after
re-introducing the small imaginary part of the energy. The response wave
function in the different regions can now be found by

|ψ̃〉 =



|ψ̃1,n〉
|ψ̃d〉
|ψ̃2,m〉


 =



G1 G1d G12

Gd1 Gd Gd2

G21 G2d G2






0 τ1 0

τ †1 0 0
0 0 0





|ψ1,n〉

0
0


 , (3.31)

from which the device wave function in terms of the device Green’s function
becomes (introducing a new notation, |ψfrom1

d,n 〉 ≡ |ψ̃d〉),

|ψfrom1
d,n 〉 = Gdτ

†
1 |ψ1,n〉, (3.32)

where Gd = (E−Hd−Σ1−Σ2)−1, and where the superscript ”from 1” clarifies
that mode n originates from lead 1.

Next, suppose that the wave function of the full system is known, and
we wish to propagate the modes at the (lead 1-device) contacting surface.
The full wave function in lead 1, after joining the two regions by V1, i.e.,
the reflected and transmitted wave, is denoted |ψ↔1 〉 = |ψ̃1,n〉 + |ψ1,n〉, and
is therefore used as a boundary condition at the (lead 1-device) intersec-
tion. This might sound completely redundant, since the very same device
modes will be found again, but the purpose of this calculation will be clear
in Chap. 6, in vicinity of Eq. (6.19). Proceeding as previously (now omit-
ting mode index n), the full Hamiltonian [Eq. (3.25)] operates at the state
|ψ〉 = |ψ↔1 〉+ |ψd+2〉, where the latter ket refers to the wave function at the
device region when connected to lead 2. One finds

(H1 + V1 +Hd + V2 +H2)(|ψ̃1〉+ |ψd+2〉) = E(|ψ↔1 〉+ |ψd+2〉) (3.33)

⇒ |ψd+2〉 = (E −Hd − Σ2)
−1
V1|ψ↔1 〉. (3.34)

where the folding of the infinite lead 2 onto the device region, Hd+V2 +H2 ≡
Hd + Σ2, is exploited.
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The totally reflected modes in lead 1, |ψ1,n〉, are computed by diagonal-
ization of the partial spectral function, a1 = i(g1 − g†1), so that [48]

|ψ1,n〉 =

√
λn
2π
|ψ̃1,n〉, 〈ψ̃1,n|ψ̃1,m〉 = δnm, (3.35)

where |ψ̃1,n〉 is the nth normalized eigenvector of a1, and λn its eigenvalue.
The number of propagating modes through the lead equals the number of
energy bands at energy E [see Fig. 4.5(a)], or, equivalently, the number of
non-vanishing eigenvalues of a1. For instance, the totally reflected trans-
verse eigenvectors at the right boundary of lead 1 are identical to the one-
dimensional particle-in-a-box wave functions (real-valued sine waves) if the
contact is flat (zero potential) and two-dimensional, subjected to hard bound-
ary conditions along the transverse direction. In practice, Eq. (3.32) is slightly
rewritten as a linear system of equations,

G−1
d |ψfrom1

d,n 〉 = τ †1 |ψ1,n〉, (3.36)

so that the numerically expensive matrix inversion for finding Gd is avoided.
This equation is particularly important in this work, and will be further
discussed in Chap. 6. Once the modes are found, the real-space charge
density at the device region is trivially computed by

ρfrom1
d =

∑

n

|ψfrom1
d,n |2. (3.37)

Manipulating Eq. (3.36) further gives

2π
∑

n

|ψfrom1
d,n 〉〈ψfrom1

d,n | = Gdτ
†2π

∑

n

|ψ1,n〉〈ψ1,n|τG†d ⇔ (3.38)

A1 = GdΓ1G
†
d, (3.39)

where Γ1 = τ †a1τ is used5. Upon comparing to Eq. (3.37), it is evident
that the device-region charge density (from lead 1) is given by the diago-
nal elements of the device-region spectral function, which is formed by the
scattering states from lead 1, i.e.,

ρfrom1
d = (2π)−1diag(A1). (3.40)

This can also be realized by expanding the retarded Green’s function in eigen-
basis.

5since iτ†(g1 − g†1)τ = i(Σ1 − Σ†1) = Γ1.
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3.1.5 Transmission probability
In 1957 Rolf Landauer proposed a formula [51] that relates the transmission
probability to the conductance of a nano-sized system6,

G = G0

∑

n

Tn, (3.41)

where G0 = e2/(π~) ≈ 77.5 (µΩ)−1 is the conductance quantum, and Tn
is the transmission probability for the nth mode. If each mode is transmit-
ted perfectly, Eq. (3.41) says that the conductance increases stepwise, and
thereby becomes quantized in steps of the conductance quantum, which in
1988 was experimentally confirmed in a GaAs-type quantum point contact by
van Wees et al. [52], and, independently, by Wharam et al. [53]. For further
reading; see Refs. [46, 54, 55].

The Landauer formula may be derived from the non-equilibrium Green’s
function formalism [50], so that the current that passes a nanoscale con-
striction (device region) relates to the scattering properties of the conductor,
which is taken care of by the previously discussed device Green’s function, Gd.
Equivalently, the wave functions of the system (Fig. 3.3) relate to the trans-
mission probability, by an expression that is similar to the Fermi’s golden
rule [56, 57],

Ttot = (2π)2
∑

n,m

∣∣〈ψfrom1
d,n |τ †|ψ2,m〉

∣∣2 , (3.42)

where τ † couples the nth ”initial” state, i.e., the previously computed7 〈ψfrom1
d,n |,

to themth totally reflected ”final” state, |ψ2,m〉 of lead 2. By expansion of the
square in Eq. (3.42), combined with usage of some of the previously defined
quantities, one finds

Ttot = (2π)2
∑

n,m

〈ψfrom1
d,n |τ †|ψ2,m〉〈ψ2,m|τ |ψfrom1

d,n 〉

= 2π
∑

n

〈ψfrom1
d,n |τ †a2τ |ψfrom1

d,n 〉

= 2π
∑

n

〈ψfrom1
d,n |Γ2|ψfrom1

d,n 〉

= Tr
[
A1Γ2

]

= Tr
[
GdΓ1G

†
dΓ2

]
, (3.43)

where the last line displays one of the familiar expressions for the transmission
coefficient in the Green’s function formalism. Using Eq. (3.43) as it stands,

6Originally, Landauer suggested the formula G = G0t/(1− t).
7Notice that Fermi’s golden rule uses two decoupled states which are connected by a

small perturbation, whereas 〈ψfrom1
d,n | is calculated for the connected system, which means

that there are no restrictions on the coupling strength, τ†, in Eq. (3.42).
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|ψ2,m〉

τ †

Figure 3.4: An example of a totally reflected Bloch wave, |ψ2,m〉, that, via τ†, cou-
ples to a scattered wave at the device region, |ψfrom1

d,n 〉, where |ψfrom1
d,1 | and Re[ψ2,2]

are plotted. The wave function at the device region, including an unusual scatter-
ing potential (whose symbols are assigned with a large potential), is computed at a
domain of 600× 1800 lattice points (ax = ay = 1.0 bohr, and energy E = 0.4 Ry)
under exposure of a constant homogeneous magnetic field, Bz = 0.01 Ry. |ψ2,m〉
is plotted at a smaller region and lower energy in order to make the wave pat-
tern more clear. The transmission coefficient for the system may be obtained by a
combination of all propagating wave functions at the device region, and all totally
reflected wave functions in lead 2. The necessary numerical details for performing
calculations of such systems are given in Sec. 4.2.

requires a numerically difficult matrix inversion since Gd must be calculated,
which means that the dimensions of the device region must be held relatively
small. However, upon considering the transmission probability, the full de-
vice Green’s function contains a lot of unnecessary elements, and therefore
recursive Green’s functions (RGF) are often suitable for large systems. The
matrix structure inside the square brackets of Eq. (3.43) is readily found to
be (

� � �
� � �
� � �

)(
�

�
�

)(
� � �
� � �
� � �

)(
�

�
�

)
=
(

� � �
�
�

)
, (3.44)

so that the trace of this matrix only involves a subspace of the same dimen-
sions as the Hamiltonian of a single slice in the system. The main idea of
the RGF method is therefore to cut the device region into such slices, where
the desired (slice) Green’s functions are obtained by means of the Dyson
equation. This is further discussed in Appendix B.1. This procedure has
been utilized in a many physical transport problems, involving localized ba-
sis orbitals [58], graphene nanoribbons [59], and quantum point contacts [60].
Related methods, based on the transfer matrix method [61], offer a similar
calculation efficiency as the RGF method.

A different method, and most relevant to the work in this thesis, is
Bardeen’s approximation to tunneling [62], which offers the transmission
(tunneling) probability for systems with large vacuum gaps. This formula
relies on accurately calculated wave functions for arbitrary adsorbate (tip)
species, in analogy to the previous discussion. Furthermore, since Eq. (3.42),
by definition, works for arbitrary scattering potentials, this expression has
proved to exactly reproduce the results obtained with the Bardeen formula.
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3.2 Electron transport in realistic systems

By using a nearest-neighbour finite difference approximation, or the finite el-
ement method, the Green’s function formalism can be incorporated to solve
a typical quantum transport problem, as will be demonstrated in Chap. 4.
Due to the localized basis set used in Siesta, the previously described for-
malism turns out to be well adapted to be implemented in this framework,
as no direct coupling exists between the electrodes, as long as these are sepa-
rated by a sufficiently large central device region. This means that transport
properties such as propagating waves, transmission probability and electrical
current through, e.g., molecules, gold chains or scanning tunneling probes,
becomes feasible from parameter free calculations.

Such an extension has been developed on top of the Siesta code, and
is known as the TranSiesta module [63], which is frequently used in the
work in this thesis. A TranSiesta calculation offer the electronic density
using open boundaries in the transport direction, i.e., along ẑ, from the DFT
Hamiltonian utilizing the previously described Green’s function formalism.
In contrast to an ordinary Siesta calculation where periodic boundary con-
ditions are used also in ẑ, an external bias voltage, applied over the device
region, is possible in TranSiesta. However, in this work, bias-voltage de-
pendence is not included, i.e., only quantities in equilibrium are extracted
from such calculations.

While TranSiesta enables calculation of non-equilibrium properties ac-
curately for a range of realistic systems, such as atomic or molecular chains,
and high-conductance STM systems, the situation becomes problematic when
the vacuum gap for a STM supercell approaches the maximum diameter of
the range of the basis orbitals. An example is the CO/Cu(111) system dis-
cussed previously, which is assumed to have a tip-oxygen separation of several
ångström. In this case there might still be a significant orbital overlap when
the tip is placed straight above the CO molecule. Hence the conductance is
expected to be non-zero, and possibly rather well-defined in this case. How-
ever, upon shifting the tip laterally away from the molecule, the orbital over-
lap decreases, due to a larger tip-substrate distance, and may be identically
zero, if the vacuum gap is large enough, and if the predefined range of the
radial part of the basis functions is too small. This is visualized in Fig. 6.1,
and discussed further in Chap. 6. In principle, the range of the orbitals can
be set arbitrarily, although a considerable increment of this range is com-
putationally expensive, and may interfere with the localized-basis properties
exploited in the theoretical foundation of these DFT programs. For instance,
the electrode calculation needs a relatively short radius for the basis orbitals
that build up the electrode supercell, since the overlap between adjacent such
slabs must be vanishingly small for physically acceptable solutions [37]. To
overcome this drawback the Green’s function formalism is further extended
in Chap. 6, so that accurate vacuum wave functions can be obtained.
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3.3 Vibrational signatures in the current

The previously discussed elastic transport properties of a tunneling junction
give access to the transmission of a scattering region when all atomic nu-
clei retain their fixed equilibrium positions. However, upon modulating the
bias voltage, i.e., shifting the electrochemical potential between the leads, the
tunneling electrons typically give rise to excitations of vibrational modes of
individual atoms, as well as larger molecules or atomic chains. This implies
the existence of an interaction between the electronic structure of the system,
and the vibrations of the dynamic atoms that are exposed to the tunneling
current. Such an interaction is referred to as electron-phonon (e-ph) cou-
pling. The excitations typically affect the conductance of the system, which
is revealed in an I(V ) figure [Fig. 3.5] where the change in conductance es-
sentially depends on the strength of the e-ph coupling. Below follows a brief
summary of some of the established equations involved in first-principles in-
elastic transport theory. A detailed description is given in Ref. [38].

As in the previous derivation of the transmission coefficient, a similar
golden-rule-like equation may be used to describe vibrational excitation rates,
where the e-ph coupling participates in the coupling (perturbation) between
an initial and final state,

wi→f =
2π

~
|Tif |2 δ(Ei − Ef ), (3.45)

where T is the transition matrix, T = M +MGM , c.f., Eq. (B.31), and M is
the e-ph coupling matrix, which will be briefly discussed below. The involved
inelastic emission scattering rate for a vibrational mode λ at a specific bias
voltage, V , and temperature, T , reads

γλem =
~ωλ

[
cosh

(
eV

kBT
− 1
)]

coth
( ~ωλ

2kBT

)
− eV sinh

(
eV

kBT

)

π~
[
cosh

( ~ωλ
kBT

)
− cosh

(
eV

kBT

)] Tr
[
MλALM

λAR
]
,

(3.46)
where AL(R) is the spectral function for the left (right) lead. The fraction in
Eq. (3.46), may advantageously be vastly simplified in the low-temperature
limit (or, at least, when kBT � ~ωλ) as

lim
kBT→0

~ωλ
[
cosh

(
eV

kBT
− 1
)]

coth
( ~ωλ

2kBT

)
− eV sinh

(
eV

kBT

)

π~
[
cosh

( ~ωλ
kBT

)
− cosh

(
eV

kBT

)] (3.47)

=
|eV | − ~ωλ

π~
θ(|eV | − ~ωλ), (3.48)

where θ is the Heaviside step function. Another important scattering process
is the electron-hole pair damping rate, which reads

γλe−h =
ωλ
π

Tr
[
MλAMλA

]
, (3.49)
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which describes the inverse lifetime for an excited state of a vibrational mode
λ. As described previously, the spectral function is defined as A = i(G −
G†), whereas the device-region spectral function from lead α reads Aα =
GΓαG

†, which contains the non-interacting retarded device Green’s function
in a lowest-order expansion in the self-consistent Born approximation for
many-body NEGF’s at Fermi energy εF, i.e., G = GRd (εF).

The e-ph coupling is found by expanding the bare electronic Hamiltonian
to linear order,

Ĥe ≈ Ĥ0
e +

∑

Iµ

∂Ĥe

∂QIµ

∣∣∣∣
Q=0

QIµ, (3.50)

where I is the index of the dynamic nuclei, and µ the spatial direction.
By using the position representation when quantizing a harmonic oscilla-
tor, x =

√
~/(2mω)(a + a†), the computed eigendisplacements, vλ, and the

corresponding vibrational frequencies, ωλ, may be incorporated in the disc-
placement variable as

QIµ = vλIµ

√
~

2MIωλ

(
aλ + a†λ

)
. (3.51)

The e-ph coupling matrix elements of mode λ may then be identified as

Mλ
ij =

∑

Iµ

〈ϕi|
∂Ĥe

∂QIµ
|ϕj〉vλIµ

√
~

2MIωλ
. (3.52)

As stated previously, these formulas are derived and thoroughly discussed in
Ref. [38], which is a tutorial to a Siesta extension referred to as Inelas-
tica, developed by Frederiksen et al. This DFT module treats, among other
things, molecular vibrations and their impact on the elastic tunneling current
from first-principles methods. As signatures of molecular vibrations can be
revealed experimentally by scanning tunneling microscopy in a (conductance
normalized) d2I/dV 2 curve, referred to as inelastic tunneling spectroscopy
(IETS) [64–66], Inelastica provides quantitative comparison between the-
ory and experiments.

A schematic illustration of how the e-ph coupling may affect the I(V )
characteristics is shown in Fig. 3.5. The dI/dV curve reveals a change in
the conductance, which is induced by a vibrational excitation, while the cor-
responding d2I/dV 2 curve may be used for direct observation of the main
vibrational excitations that are responsible for the conductance changes. In
Fig. 3.5 only one vibrational mode, here chosen to be ~ω = 45 meV, is con-
sidered, while in general many modes are involved in a specific bias window.
In Chap. 5 the partial spectral functions (matrices) and the desired e-ph
matrix are extracted from Inelastica, which enables to compute inelastic
scattering rates.
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Figure 3.5: Schematic illustration of influence from a vibrational mode, λ, to
the elastic current through a nanoscale constriction. The inelastic current (a) and
its first (b) and second (c) derivative with respect to bias voltage are shown in
arbitrary units, at some finite temperature (kBT � ~ωλ). In order to observe a
more pronounced change in the I(V ) figure it is customary to subtract a background
current, which the (rescaled) dashed line in (a) shows.

Inelastica is extensively used in various calculations in this thesis. For
instance, this code is utilized for calculation of the e-ph coupling, and the elec-
tronic spectral functions, when computing inelastic scattering rates in Paper
I. This software is further used for calculation of the IETS spectra in Paper
III. A final application of Inelastica concerns calculation of localized-basis
wave functions, which are used in the forthcoming STM theory. The latter
calculation is performed in the low-bias regime, which means that nuclear
vibrations are not considered at all.

In order to perform a typical Inelastica calculation, e.g., an IETS, de-
mands a relaxed geometry, followed by a force-constant calculation, and de-
termination of the overlap matrix, which allow to compute the vibrational
energies. In parallel with the latter three calculations a TranSiesta calcu-
lation is done. Thereafter, some quantities from the TranSiesta calculation
are used to determine the self-energies of the electrodes, as well as the de-
vice Green’s function, followed by incorporation of the vibrational quantities,
which ultimately reveal the wished inelastic transport quantities. The elas-
tic wave-function calculations only require a TranSiesta calculation of the
relaxed supercell.

3.4 Conclusions

The powerful Green’s function formalism is nowadays a cornerstone in vari-
ous models regarding quantum transport, and will be particularly useful in
the forthcoming STM model. By reformulation of the conventional equations
outlined in this chapter, the wave functions and the transmission probability
can be efficiently obtained without actually calculating the device Green’s
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function. This feature is crucial for very large systems (matrices), when con-
sidering discretized real-space problems that are transformed from localized-
basis DFT calculations. Furthermore, the Green’s function formalism turns
out to be particularly useful for implementation of transport properties when
working with localized basis sets. The TranSiesta module, built on top of
the Siesta code, provides transport properties of nanoscale junctions us-
ing such a basis. Its limitations for large vacuum regions will henceforth be
subject to further discussion.





Chapter 4

Numerical implementation

A general quantum transport problem needs to be solved numerically, since
analytical solutions only exist in some rare cases. Hence, the operators in-
volved in the problem must reformulated as matrices, which in this chapter
will be discussed and derived by means of a nearest-neighbour finite differ-
ence approximation in one-, two-, and three-dimensional space. As periodic
boundary conditions, with inclusion of Brillouin-zone sampling in the trans-
verse direction, is a standard DFT approach, as well as in the forthcoming
STM simulation, these topics will be carefully addressed in this chapter. Be-
fore considering three-dimensional problems, examples in two dimensions will
be given, from which the extension to three dimensions follows relatively easy.
Rydberg atomic units are used throughout this chapter, so that, for instance,
a general Hamiltonian is rescaled according to H = −∇2 + V (r).

4.1 Finite-difference method

The finite difference method aims to approximate the derivative of a function,
ψ(x), defined at a discretized x-axis, such that

dψ(x)

dx
≈ ψ(x+ ax)− ψ(x)

ax
, (4.1)

where ax is a finite step size between adjacent lattice points on the x-axis.
Upon discretizing a one-dimensional real-space strip of length Lx into Nx
equal pieces, ~x = [x1, x2, ..., xi, ..., xN ], where ax = Lx/Nx is the lattice
constant, one may generally write the action of the momentum operator at
point xi as

〈xi|pxi = −i∂xi〈xi| = lim
ax→0

−i
〈xi+1| − 〈xi−1|

2ax
, (4.2)

where the central-difference quotient assures that the momentum-operator
matrix is hermitian. To simplify the forthcoming discussion, the momentum

39
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operator here acts to the left, as can be done for Hermitian operators. The
action of the momentum operator squared, i.e., the kinetic energy operator
in the Hamiltonian, may be expressed as

〈xi|p2
xi = −∂2

xi〈xi| = lim
ax→0

−τx〈xi+1|+ 2τx〈xi| − τ †x〈xi−1|, (4.3)

where τ (†)
x = a−2

x [~2/(2ma2
x) in SI units]. By letting ax be finite hence yields

a nearest-neighbour finite difference (FD) approximation1, which is used to
a large extent in this work. The action of an electrostatic scalar potential,
V (x), at point xi is simply

〈xi|Vxi = Vxi〈xi|. (4.4)

Since ψ(~x) ≡ 〈~x|ψ〉, the desired discrete Schrödinger equation becomes

Hψ(~x) = EIψ(~x), (4.5)

where I is an (Nx×Nx) identity matrix, and H is the (Nx×Nx) Hamiltonian
matrix. In the continuum limit, the left-hand side may be written

H〈x|ψ〉 =

∫
dx′ 〈x|H|x′〉〈x′|ψ〉, (4.6)

which in the FD approximation, for each j, becomes

Hψ(xj) =

Nx∑

i=1

〈xj |Hj |xi〉ψ(xi), (4.7)

from which the matrix elements of the Hamiltonian are obtained as

Hij = 〈xj |Hj |xi〉 = Hj〈xj |xi〉 (4.8)

= −τx〈xj+1|xi〉+ (2τx + Vxj )〈xj |xi〉 − τ †x〈xj−1|xi〉. (4.9)

Since 〈xj |xi〉 = δij in a discrete position basis, the first row of H, i.e., H1j ,
only has the non-zero elements H11 = 2τx + Vx1

, and H12 = −τx, whereas
the second row has the non-zero elements H21 = −τx, H22 = 2τx + Vx2

,
and H23 = −τx. Running through all the discrete x coordinates, the one-
dimensional finite difference Hamiltonian is seen to take the form of a tridiag-
onal matrix with the diagonal 2τx+V (~x), and off-diagonal terms −τ (†)

x . This
matrix is explicitly visualized in Fig. 4.1(a). The off-diagonal elements that
arise from the definition of the nearest-neighbour approximation of the Lapla-
cian are frequently referred to as the coupling between nearest-neighbour lat-
tice points, and may therefore occasionally be considered as a perturbation
to a non-interacting system. This approach will be addressed in the discus-
sion of the discrete Green’s function implementation, when comparing to the
definitions given in Chap. 3.

1This method is sometimes called the tight-binding method, where the name refers to
nearest-neighbour interaction between atomic orbitals. Since nearest neighbours in the
present context has nothing to do with atomic orbitals, the terminology finite difference
will typically be used.
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Validity of the finite difference approximation

To explore the conditions for which the finite difference approximation is
appropriate, one may derive the free-particle dispersion relation in one di-
mension by means of the Bloch theorem, since the lattice is periodic. The
wave function may then be expressed as

ψ(x) = eikxxu(x), (4.10)

where u(x) is a function that is periodic with the lattice constant ax. By
paying attention to the nth lattice site, xn = nax, and exploiting the periodic
property of u(x), i.e., u(xn) = u(xn−1) = u(xn+1), one obtains

Hψ(xn) = τxe
ikxaxn

[
2− eikxax − e−ikxax

]
u(xn) = Eeikxaxnu(xn). (4.11)

The finite-difference dispersion relation in the continuum limit is finally re-
covered by a series expansion of cos(kxax) as

E(kx) = lim
kxax→0

2τx
[
1− cos(kxax)

]
= k2

x. (4.12)

Hence, for any predefined lattice constant, the energy should correspond
to a wavelength much longer than the lattice constant, i.e., kxax � 2π, in
order to have a fairly parabolic dispersion relation, and thereby a trustworthy
approximate solution; see Fig. 4.5(a).

Discrete one-dimensional Green’s functions

In order to generate the matrix version of the device Green’s function,

Gd = (EI−Hd −Σ1 −Σ2)
−1
, (4.13)

it is necessary to obtain the self-energies, which are defined as

Σ1(2) = τ †1(2)

(
EI−H1(2)

)−1
τ1(2), (4.14)

where τ1(2) describes the coupling between the device Hamiltonian and the
infinite-lead Hamiltonian H1(2). However, in the present nearest-neighbour
approximation, the only non-zero element in the self-energy occur in the
rightmost lattice point of the infinite lead. This is clarified by the following
matrix structure for Σ1,

τ †1 G1τ1 =



· · · 0 −τ∗x
· · · 0 0

...
...

...






G1

11 · · · G1
1m

...
. . .

...
G1
Nx1 · · · G1

Nxm







...
...

...
0 0 · · ·
−τx 0 · · ·




=



τ∗xgsτx 0 · · ·

0 0 · · ·
...

...
. . .


 = Σ1, (4.15)
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where gs ≡ G1
Nxm

is the surface Green’s function of lead 1, and where the
dimensions of this matrix equals the dimensions of the device-Hamiltonian
matrix, (Nx ×Nx). Notice that gs is a complex number for one-dimensional
systems. Due to the infinite length of the lead, the index m is infinite. The
same calculation for Σ2 gives a similar matrix, but with the only non-zero
element on the opposite side of the diagonal. This surface Green’s function
(see Sec. B.1 for further details) is in one dimension obtained analytically,

gs =
(
E − 2τx − |τx|2gs

)−1 ⇒ gs =
E − 2τx ±

√
E2 − 4Eτx

2|τx|2
. (4.16)

By varying E, for any predefined lattice constant ax (which fixes the coupling
strength τx = a−2

x ), the surface Green’s function is a complex number with a
finite imaginary part, within the bandwidth of gs. As discussed in Chap. 3,
this means that the effective Hamiltonian of the considered system, Heff =
Hd+Σ1 +Σ2, is non-Hermitian, and that probability is not conserved at the
device region, as expected by the presence of the leads. Upon defining the
previous matrices, one-dimensional transport properties can be analyzed for
arbitrary scattering potentials.

4.1.1 Simulations in higher dimensions
In analogy with the previous matrix formulation of the one-dimensional
Schrödinger equation, higher-dimensional finite-difference Hamiltonians fol-
low straightforwardly. Due to the conceptual similarity between implemen-
tation in two and three dimensions, the main focus will henceforth be on
two dimensions when considering additional complications associated with
higher-dimensional lattices.

A two-dimensional domain is, similarly to the one-dimensional lattice,
defined by a Lx × Ly area with lattice points ~r = [(x1, y1), ..., (xNx , yNy )],
where ax = Lx/Nx and ay = Ly/Ny. The kinetic energy term, −∇2 =
−(∂2

x+∂2
y), for the orthogonal cartesian coordinate system hence reads [using

short-hand notation xi(yj) = i(j)]

−(∂2
i + ∂2

j )〈i, j| ≈
[
− τx〈i+ 1, j| − τy〈i, j + 1|+ (2τx + 2τy + Vi,j)〈i, j|
− τx〈i− 1, j| − τy〈i, j − 1|

]
. (4.17)

The matrix elements of the Hamiltonian are found by projecting the previ-
ous expression with |k, l〉, and one finds, upon running through all indices,
that the two-dimensional finite difference Hamiltonian is a five-banded sparse
matrix. Notice that when the unit vectors that span the two-dimensional do-
main are non-orthogonal, the kinetic energy operator needs to be modified,
and more bands occur in its discrete matrix version. This is further dis-
cussed in Sec. 4.1.2. The extension to three dimensions follows from the
same procedure, and the Hamiltonian is therefore straightforwardly derived
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x̂
ax

∂2
xfi≈(fi+1−2fi+fi−1)/a

2
x

τ†x τx

xi

H1D =




ε1 −τx 0 0 0 0

−τ†x ε2 −τx 0 0 0

0 −τ†x ε3 −τx 0 0

0 0 −τ†x ε4 −τx 0

0 0 0 −τ†x ε5 −τx
0 0 0 0 −τ†x ε6




εα=2τx+Vi τx=1/a2x

x̂

ŷ

ax

ay

(xi,yj)

τ†x

τy

∇2gij≈(gi+1,j+gi−1,j−2gij)/a2x
+(gi,j+1+gi,j−1−2gij)/a2y

H2D =

(
ε1 τy 0

τ†y ε2 τy

0 τ†y ε3

)

εβ =




ε′1 −τx 0 0 0 0

−τ†x ε′2 −τx 0 0 0

0 −τ†x ε′3 −τx 0 0

0 0 −τ†x ε′4 −τx 0

0 0 0 −τ†x ε′5 −τx
0 0 0 0 −τ†x ε′6




τy=−τyI6×6

ε′α=2(τx+τy)+Vij

(a) One dimension (b) Two dimensions (c) Three dimensions

Three (6× 3) 2D layers
separated by az

H3D =

(
ε′1 τz 0

τ†z ε
′
2 τz

0 τ†z ε
′
3

)
τz=−τzI18×18

ε′γ =

(
ε′′1 τy 0

τ†y ε
′′
2 τy

0 τ†y ε
′′
3

)

ε′′β =




ε′′1 −τx 0 0 0 0

−τ†x ε′′2 −τx 0 0 0

0 −τ†x ε′′3 −τx 0 0

0 0 −τ†x ε′′4 −τx 0

0 0 0 −τ†x ε′′5 −τx
0 0 0 0 −τ†x ε′′6




ε′′α=2(τx+τy+τz)+Vijk

Figure 4.1: Hamiltonians of (a) one-, (b) two-, and (c) three-dimensional domains
discretized in the nearest-neighbour finite difference approximation scheme. In (c)
a crystal of three of the layers shown in (b) are stacked straight above each other,
with an inter-layer separation az. Notice that periodic boundary conditions and
phase factors originating from sampling in reciprocal space are not included here.

from the apparent symmetry of its one-, and two-dimensional counterparts.
The described matrix versions of the previous operators are further clarified
in Fig. 4.1, where the extension to three dimensions evidently yields a similar
matrix structure as the low-dimensional Hamiltonians.

4.1.2 Non-orthogonal coordinate axes

The previous discussion regarding the discrete Laplace operator in two di-
mensions assumes that the unit vectors that span the considered plane are
orthogonal. However, a two-dimensional domain is generally spanned by non-
orthogonal unit vectors; see Fig. 4.2. Such skew coordinate systems occur
frequently in different symmetries in crystals of atoms, e.g., a copper slab,
which crystallizes in FCC. This symmetry means that, when considering a
copper surface with Miller indices (111), the unit vectors that span the lateral
plane has an angle of 60◦ between each other; see Fig. 4.2(b). This surface
is thoroughly investigated in the forthcoming STM model, which means that
the present transformation is important in order to properly define the Hamil-
tonian of such a system. The required linear coordinate transformation for



44 4. Numerical implementation

(a)

(i− 1, j) (i, j) (i+ 1, j)

(i− 1, j + 1) (i, j + 1) (i+ 1, j + 1)

(i− 1, j − 1) (i, j − 1) (i+ 1, j − 1)

(b)

(i, j) (i+ 1, j)(i− 1, j)

(i− 1, j + 1) (i, j + 1) (i+ 1, j + 1)

(i− 1, j − 1) (i, j − 1) (i+ 1, j − 1)

Figure 4.2: (a) An ordinary orthogonal cartesian real-space mesh where the basis
vectors coincide with the x- and y axes. (b) A non-orthogonal coordinate system
in the x-y plane, with basis vectors a1, and a2, which is visualized for an angle
θ = 60◦ between the basis vectors. The dashed lines indicate the sites for which the
lattice site (i, j) couples to in a nearest-neighbour finite difference approximation
of the Laplacian.

skew surface geometries may then be expressed as
(
a1

a2

)
=

(
1 0

cos θ sin θ

)(
x
y

)
, (4.18)

which means that all lattice points along the y-axis are tilted towards the
x-axis by an angle θ. Inversion of Eq. (4.18) gives the x- and y-coordinates,
and their corresponding partial derivatives, in the new coordinate system, a1

and a2, so that
(
x
y

)
=

(
1 0

− cot θ csc θ

)(
a1

a2

)
⇒

{
∂2
x = ∂2

a1

∂2
y = (− cot θ ∂a1 + csc θ ∂a2)

2
.

(4.19)
For the special case when θ = 60◦, one obtains

∂2
x + ∂2

y = 4
3

(
∂2
a1 + ∂2

a2 − ∂a1∂a2
)
. (4.20)

The mix derivative means that a coupling exists between, e.g., point (i, j)↔
(i−1, j−1), in contrast to the orthogonal grid, where no such coupling exists;
see Fig. 4.2. The corresponding energy-momentum relation therefore reads

E(k) = 4
3

(
k2
a1 + k2

a2 − ka1ka2
)
. (4.21)

4.1.3 Magnetic field in a two-dimensional system
Given a magnetic field distribution by the magnetic vector potential, A, the
hopping parameters change as (temporarily returning to SI units)

τ̃x(y) = τx(y)e
−i e~

∫
d`·A, (4.22)
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which is referred to as a Peierls substitution [67]. There is a freedom in
choosing a gauge for the vector potential, and in a typical two-dimensional
transport problem, given the field B = Bẑ = Bz, it is convenient to choose
the so-called Landau gauge, A = [−Bzy, 0, 0], so that the accommodated
phase in the exponential in Eq. (4.22), upon skipping between the nth and
(n+ 1)th unit cell along the x-axis, becomes

e

~

∫ ax(n+1)

axn

dxBzy = 2π
e

h
Bzaxay(m− 1), (4.23)

where index m refers to the mth lattice point in transverse direction. This
means that the βth subspace along the diagonal of the Hamiltonian, εβ in
Fig. 4.1(b), remains unaltered under exposure of a magnetic field, while the
mth diagonal element of the inter-slice coupling matrix, τy, in Fig. 4.1 (τx
here), along the x coordinate becomes

τ̃mx = τxe
2πi(m−1)Φ/Φ0 , m ∈ [1, ..., Ny], (4.24)

where Φ = Bzaxay is the magnetic flux through one lattice cell, and Φ0 = h/e
(=
√

2π in Rydberg units) is the magnetic flux quantum. Hence, the coupling
between adjacent slices along the x coordinate is the diagonal matrix

τ̃x = τxdiag(1, eiϕ, e2iϕ, ...), ϕ = 2πΦ/Φ0, (4.25)

where τ̃x has dimensions Ny ×Ny. The described choice of gauge conserves
translational invariance along the x-axis, which is a necessary property in
the Green’s function formalism. Magnetic fields are not considered in this
work, apart from the example given in Fig. 3.4. However, the simplicity when
incorporating a magnetic field within the finite difference approximation is
worth to note. For further reading on this subject; see Refs. [60, 68, 69].

4.1.4 Calculating discrete Green’s functions

Similarly to the one-dimensional case, a two-dimensional device Green’s func-
tion may be obtained as soon as the discrete Hamiltonian is defined and the
self-energies are calculated. However, in two dimensions the contacting sur-
face between the device region and the leads extends in the lateral direction
(perpendicular to the direction of transport), which means that the coupling
between different slices contain a subspace which is a matrix. This results
in a surface Green’s function which takes the form of an (Ny ×Ny) matrix,
where Ny is the number of lattice points along the transverse direction. The
calculation of the surface Green’s function [c.f., Eq. (4.16)] therefore becomes
a matrix equation,

gs =
[
EI−Hs − τ †xgsτx

]−1
, (4.26)
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Guess initial gs (= gi)

Solve gi+1 =
[
EI−Hs − τ †xgiτx

]−1

Obtain new gs (= gi+1)

‖gi+1 − gi‖ < ε ?

Yes

Problem solved

Mix & redefine:
gi = αgi + (1− α)gi+1

No

Repeat calculation

Figure 4.3: Iterative procedure for obtaining surface Green’s functions of the
leads, where ε is a predefined convergence criterion.

where Hs is the Hamiltonian of the one-dimensional slice that couples to the
lead. This expression does not allow for a closed expression of gs, which there-
fore requires a different approach to solve. It is still possible to find a solution
analytically [47], but here another standard approach will be described.

Below is presented an ordinary iterative method, used to self-consistently
obtain the surface Green’s function (matrix), gs. This working scheme re-
minds to a large extent of the SCF procedure (Fig. 2.1), used in DFT to
obtain an accurate electronic ground state density. Again, one starts by
making a sufficient guess of the solution, gi. Initially, it is important that
some quantity contain complex elements in order for the SCF cycle to con-
verge, since otherwise the surface Green’s function will remain purely real,
and the SCF cycle will oscillate in an undamped fashion. A suitable choice
of the initial surface Green’s function may be gi = [(E+ iη)I−Hs]

−1, η > 0,
where Hs is the Hamiltonian of the lead-device surface slice, or any slice in
the lead, since the leads are periodic. A new surface Green’s function may
then be found by

gi+1 =
[
EI−Hs − τ †xgiτx

]−1
. (4.27)

The initial and final surface Green’s functions are thereafter mixed, which
means that gi is redefined as

gi = αgi + (1− α)gi+1, 0 < α < 1, (4.28)

and reused in Eq. (4.27). By repeating these steps until ‖gi+1 − gi‖ < ε,
where ε is the convergence criterion, solves the problem. Once the SCF cycle
has converged, the self-energy for the considered lead reads Σ = τ †xgsτx.
For a given transverse unit cell, the computation time of gs depends on the
magnitude of ε and the mixing constant α, while it is rather insensitive to
the choice of the initial Green’s function. Actually, by letting α be a complex
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number, α = eiβ , may significantly reduce the number of iteration steps, as
this further suppresses the oscillatory behaviour of the norm ‖gi+1 − gi‖.

When the self-energy matrices have been calculated, they are added to
the device Hamiltonian at the subspaces belonging to each corner along its
diagonal, in analogy with the one-dimensional case outlined in Eq. (4.15).
Further details regarding the self-energies are given in Appendix B.1.

Calculation of Green’s functions

Having access to the discrete Hamiltonian of the system, as well as the self-
energies of the contacts, opens up the possibility for calculating various trans-
port quantities. For instance, the Green’s function of the device region, Gd,
is readily computed as

Gd = (EI−Hd −Σ1 −Σ2)−1, (4.29)

where Σ1,2 are submatrices localized at the corners of an otherwise empty
matrix. Notice that the self-energies are complex with significant imaginary
parts, implying that the iη-factor becomes irrelevant. As discussed previously,
this matrix inversion is numerically expensive already in two dimensions, as
the number of lattice points rapidly increases with the dimensions of the
device region. This numerical drawback evidently becomes even worse in
three dimensions. The wave functions at the device region, and the associated
transmission probability, may therefore be efficiently calculated by alternative
equations; see Eq. (3.36) and Eq. (3.42).

4.2 Two-dimensional examples

Before considering a three-dimensional STM simulation, it might be instruc-
tive to implement the previously described theory in two dimensions. The
currently most recognized example of such devices is perhaps graphene [70–
72], which is a two-dimensional hexagonal carbon lattice. Another physical
example, which is highly controllable from an experimental point of view, is
a quantum point contact-like nanotransistor, manufactured by GaAs junc-
tions [52, 73–76]. The dimensionality of the latter device (which physically
is three-dimensional) is achieved by joining GaAs and AlxGa1−xAs, which
results in an abrupt band bending that gives a potential well with quantized
energy levels along the third dimension [77]. For a sufficient compound of the
alloy, e.g., Al0.35Ga0.65As, one single energy level lies below the Fermi level
of the heterostructure, which means that the electrons are constrained in the
remaining two dimensions; see Ref. [78] for further details. As an aside in
this context, three-dimensional quantum point contacts may be established
by atomic wires [79]. However, such point-like conductors will not be further
discussed here.
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The benefits of considering a two-dimensional system as a starting point,
are that two-dimensional leads in general have multiple energy levels2 (in
contrast to a typical one-dimensional problem), and the intuitive visualization
of the wave functions and thereby the electron charge density. The first
example concerns the previously mentioned two-dimensional electron gas,
by utilizing a finite difference approximation to discretize the system. In
Appendix C, a brief discussion regarding a hexagonal graphene nanoribbon
is implemented by the conceptually related tight-binding method.

4.2.1 Two-dimensional electron gas

A quantum-point-contact-like nanotransistor may be modeled by considering
an electron that is spatially located along an infinitely long two-dimensional
region of finite width, Ly, discretized in Ny equal pieces so that Ly = Nyay,
where the direction of propagation is assumed along the x coordinate. Due
to the finite width of the strip, the electron initially is subjected to Dirich-
let boundary conditions in the transverse direction, i.e., ψ(x, y) = 0 for
y /∈ [0, Ly], which is a typical approach when simulating such systems. Open
boundary conditions are therefore implied along the x-direction, where the
device region is, at the moment, just a small finite cutout of the infinitely
long strip, so that an electron that arrives on the left side of the device region
is transmitted perfectly, and escapes out in lead 2 without reflection. The
length of the device region is Lx = Nxax, where ax is the lattice constant, and
Nx the number of lattice point in this direction. Implementation of periodic
boundary conditions, as well as inclusion of k-point sampling in transverse
direction, is demonstrated in the next section. The present problem has in-
tuitive solutions, and thereby serves as an appropriate introductory example
used as a first test of the previously outlined numerical methods in which the
Green’s function formalism is incorporated.

Transmission probability from propagating waves

The nth separated real-space projected wave function at the discretized de-
vice region originating from lead 1 at lattice point (xi, yj), i(j) ∈ [1, Nx(y)],
hence must have the form

ψfrom1
d,n (xi, yj) = eikxxiϕn(yj), (4.30)

where kx =
√
Ex is a continuous quantum number due to the infinitely long

leads, and ϕn(~y) is the nth bound state in transverse direction. The number
of such bound states that participate in the transport through the system
depends on the energy, E, and the transverse length of the system. As
discussed in Chap. 3, the totally reflected modes in lead 1, ψ1,n(~y), are

2That is, there might be a number of bands in the leads that cross the Fermi energy.
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Figure 4.4: Illustration of the surface slices of the leads that are in contact with
the device region, and the totally reflected waves at the boundaries of the leads,
ψ1,n(~y), and ψ2,m(~y), as well as a propagating mode, ψfrom1

d,n , at the device region
which originates from lead 1.

computed by diagonalization of the partial spectral function of lead 1, a1 =
i(g1−g†1), where g1 is the surface Green’s function of lead 1. The nth totally
reflected real-space projected mode in lead 1 hence reads

ψ1,n(~y) =

√
λn
2π
ψ̃1,n(~y), (4.31)

where ψ̃1,n(~y) is the nth space-normalized eigenvector of a1, and λn its eigen-
value. Notice that ψfrom1

d,n [Eq. (4.30)] is an (Nx ×Ny) matrix when reshap-
ing it to its two-dimensional domain, whereas ψ1,n(~y) is a vector with Ny
elements; see Fig. 4.4. For the zero-potential leads considered here, the nor-
malized eigenvectors of a1 equal the space-normalized wave functions of the
familiar particle-in-a-box problem, which are real-valued sine waves. The
wave functions at the device region are computed by attaching the device re-
gion to lead 1, whereafter the totally reflected modes are propagated into the
device region by algebraically solving the sparse linear system of equations,
Eq. (3.36),

[EI−Hd −Σ1 −Σ2] · ~ψfrom1
d,n = τ †x · ~ψ1,n, (4.32)

where the right-hand-side quantities are extended, so that the matrix multi-
plication gives an empty vector of with NxNy elements, apart, of course, from
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the first Ny entries3. Here, ~ψfrom1
d,n is a vector of length NxNy, whereas ψfrom1

d,n

is an (Nx×Ny) matrix upon reshaping the vector ~ψfrom1
d,n to the correct lattice

sites of the device region; see Fig. 4.4. By returning to the original equations
that define the present implementation of the Green’s function formalism
[see Eq. (3.1) or Eq. (3.9)], one notices that the right-hand side of Eq. (4.32)
has the role of a perturbation, or the source of the subsequent wave-function
propagation. Having access to the wave functions at the device region, the
transmission probability, Eq. (3.42), is computed by

Ttot = (2π)2
∑

n,m

∣∣∣ψfrom1
d,n

∗
(Nx, ~y) · τ †x · ψ2,m(~y)

∣∣∣
2

, (4.33)

where ψ2,m(~y) is the mth totally reflected mode in lead 2 and thereby equal
to ψ1,m(~y) due to the discrete translational invariance of the whole system.
This is of course also the case if the two leads are identical. Since only
nearest-neighbour slices interact, the transmission probability, Tnm, between
state n and m, only depends on the wave function at rightmost slice of the
device region, i.e., slice Nx, and the leftmost slice in lead 2, as clarified in
Eq. (4.33), and readily seen in Fig. 4.4. The coupling matrix in Eq. (4.33)
reads τ †x = −τxI, where τx = a−2

x contains the lattice constant, ax, between
the slices in the direction of transport. Hence, once the wave functions are
known, the transmission coefficient for the device region may be calculated
immediately.

In the ballistic regime, i.e., for a device region without scattering impuri-
ties, each transmitted mode gives unit transmission, indicating that all modes
carry the same current. In all essentials, the previous wave-function calcula-
tion can be applied to three-dimensional models, e.g., when calculating wave
functions from DFT, which will be further discussed in Chap. 6.

Band structure

The band structure of the contact is found by exploiting the Bloch condition
to the Hamiltonian for a slice in one of the leads, and determines the number
of modes that participate in the transport through the device part at a certain
energy, as well as the relation between the energy and momentum. It is
determined by the eigenvalues of the expression

− τxe−2πikx + Hy − τ †xe2πikx , (4.34)

where τx = −a−2
x I, and Hy is given by case (a) in Eq. (4.35), and kx runs

from −1/2 to +1/2 in order to cover the first Brillouin zone; see Eq. (4.36).
Equation (4.34) is nothing but the matrix version of the one-dimensional FD

3The same is, for instance, valid for the self-energies, who live on subspaces of di-
mensions (Ny × Ny) at the opposite corners of the diagonal of a null-matrix with same
dimensions as Hd, i.e., (NxNy ×NxNy); see Eq. (3.44).
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Figure 4.5: (a) Band structure of the left (or right) contact, where the horizontal
dashed line denotes the selected (Fermi) energy for this system. (b) Transmission
coefficients when varying the energy. (c) Numerical real-space probability density
for a translationally invariant two-dimensional device region of 100 × 100 bohr at
energy E = 0.03 Ry [the cross in (b)], where bright (dark) means high (low) density.
(d) Cross-section density along the dashed line in (c).

dispersion relation; see Eqs. (4.10)-(4.12). Therefore, for each band, there is a
cosine-like dispersion relation, where the energy separation between adjacent
bands equals the difference between the corresponding adjacent eigenvalues
(at any ky point) of the matrix in Eq. (4.34). The dispersion relation is nearly
parabolic far from the Brillouin zone edges in a finite difference framework,
i.e., for sufficiently small energies and (or) lattice constants. Notice that the
familiar parabolic dispersion relation is only valid for the flat-potential leads
considered here, whereas the band structure for leads that are composed of
atomic crystals are in general much more complicated.

Results

Figure 4.5 summarizes some important results computed for a device region
consisting of Nx ×Ny = 100× 100 lattice points, where the lattice constant
is set to ax = ay = 1.0 bohr, at Fermi energy EF = 0.03 Ry. The absence



52 4. Numerical implementation

of scattering impurities at the device region means that each mode belong-
ing to an energy band that lies below the predefined (Fermi) energy, E, is
perfectly transmitted between the leads. That is, the transmission coefficient
versus energy increases stepwise when increasing the energy, and equals the
number of conducting channels, whereas the modes associated with higher
energy bands decay exponentially in the leads. Equivalently, the number of
propagating modes equals the number of non-zero eigenvalues of the partial
spectral function.

This presented method offers high computational efficiency when calcu-
lating propagating modes that evolve in arbitrary scattering regions. The
CPU time for the calculations in this system is measured in seconds on a
personal computer, which therefore allows for significantly larger systems to
be considered. Using iterative solvers, or by LU factorizing G−1

d , systems in-
volving matrices with dimensions > (1 M×1 M) can easily be handled4. With
suitably chosen computation parameters, a two-dimensional electron gas in
a GaAs heterojunction can be modeled at devices of sizes 10 µm, i.e., at the
upper limit of the mesoscopic regime. This can be compared by calculation
of the inverse, Gd = [EI−Hd −Σ1 −Σ2]

−1, which rapidly becomes numer-
ically slow if the matrix size exceeds (10 k× 10 k). The described method is
especially important in the forthcoming three-dimensional STM image sim-
ulations, where the dimensions of all matrices gain an extra factor of Nz,
i.e., the number of lattice points in the third dimension. For such systems
Hamiltonians of dimensions (0.5 M × 0.5 M) are typically concerned, where,
in total, approximately 104 mode calculations are required in order to ob-
tain a satisfying agreement with experiment. As an aside, inclusion of a
homogeneous magnetic field in a two-dimensional system is painless with the
described method (see Fig. 3.4), and the Aharonov-Bohm interference effect
[80, 81] can be studied carefully for large rings.

4.2.2 k-point sampling in two-dimensional systems

Depending on the type of a specific transport problem under consideration,
various boundary conditions may be appropriate. Modeling large systems
may in principle be done by utilizing the previously described hard BCs,
as boundary effects gradually fade out for very large systems. Equivalently,
the energy levels of the transverse modes eventually form a continuum as the
transverse length approaches infinity. Manifestly, such an approach is numer-
ically impossible, and to circumvent this problem of modeling large systems,
periodic boundary conditions with inclusion of Brillouin-zone sampling of the
lateral unit cell is a superior technique regarding the calculation efficiency.

The present discussion on the different boundary conditions again con-

4The demonstrative example shown in Fig. 3.4 concerns matrices with dimensions (1 M×
1 M), where the CPU time is five minutes on a personal computer. Calculations for systems
with dimensions (4 M× 4 M) have, on the same personal computer, proven to be possible.



4.2 Two-dimensional examples 53

cerns a two-dimensional domain (BCs along the y direction), but may be
straightforwardly extended to three dimensions, where the boundary condi-
tions concern the two lateral dimensions (BCs along x and y). Figure 4.6
shows three different approaches where different boundary conditions are
used. The first one, Fig. 4.6(a), discussed previously, illustrates hard bound-
ary conditions, meaning that the wave function vanishes at the transverse
boundaries. The transverse solutions hence are simple sine waves. In Fig. 4.6(b)
it is assumed that adjacent two-dimensional strips are coupled to each other
so that the wave function is equal at each boundary. If the strip has a trans-
verse extent according to y ∈ [0, Ly], then ψ(−Ly) = ψ(0) = ψ(+Ly), etc.
Equivalently, the strip can be thought of being rolled up to a cylinder, c.f.,
carbon nanotubes (CNTs). The final, and most general case, Fig. 4.6(c), is
when considering adjacent slices with a border-crossing wave function with
the only requirement that it shall be continuous and smooth upon crossing
the boundary to the adjacent cell, i.e., it picks up a phase factor, e2πiky , so
that ψ(±Ly) = e±2πikyψ(0), etc.

Inclusion of PBCs and k sampling in the FD Hamiltonian

The finite-difference Hamiltonians of the transverse slices must hence be mod-
ified according to Eq. (4.35), where six transverse lattice points are considered
as an example. Notice that the x- and y-direction, by obvious reasons, are in-
terchanged compared to Fig. 4.1. The Hamiltonians for the various boundary
conditions are

Hŷ =




ε1 −τy 0 0 0 −τ̃y
−τ †y ε2 −τy 0 0 0
0 −τ †y ε3 −τy 0 0
0 0 −τ †y ε4 −τy 0
0 0 0 −τ †y ε5 −τy
−τ̃ †y 0 0 0 −τ †y ε6



, τ̃y =





(a) Hard BCs: 0

(b) PBCs: τy

(c) ky sampling: τye
2πiky ,

(4.35)
where εα = 2(τx + τy) + Vij , and τx(y) = a−2

x(y). The coupling strength
in x-direction, i.e., along the direction of transport, is unaffected by the
different BCs in the transverse direction, and equals τx = −τxI, where I is
an (Ny × Ny) identity matrix, where Ny is the number of lattice points in
transverse direction.

Clearly, by solving the Schrödinger equation in transverse direction for
systems (a) and (b) gives quantized energy levels, and the group velocities in
these cases do not have a component along the y-coordinate, i.e., ~v = (vx, 0).
When comparing the transmission calculations for hard BCs and PBCs, one
notices that the transmission makes twice as large jumps when PBCs are
implemented. This is understood from the band structure of the contact,
where all bands are doubly degenerate, except for the bottom band. That
is, upon diagonalizing the Hamiltonian of a slice in the contact, there are
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two eigenvectors out of phase but with same wavelength at each energy. The
bottom-band wave function has eigenvalue 0, saying that the transmission
starts at unity, as shown in Fig. 4.6(b)(i). Notice further the apparent dif-
ference in propagation angles with simple PBCs, e.g., the second and third
image of Fig. 4.6(b)(iii), despite that these BCs do not imply momentum in
transverse direction. However, the energy bands that correspond to these
images are degenerate, which means that the different momenta average to
point solely along the direction of transport. The same argument applies to
higher bands.

Extending the PBCs by means of sampling the first Brillouin zone (1BZ)
of the surface, over a discrete set of transverse ky points, means that a larger
set of wave functions is obtained for each energy, where the difference in
propagation angles between adjacent ky points is inversely proportional to
the number of ky points. This is formally equivalent to the same calculation
of a wider strip, which is just another formulation of the familiar relation
between real- and reciprocal space in solid state physics, k ∝ a−1 [82]. In the
continuum limit, i.e., when averaging the transmission at a specific energy
over infinitely many ky points, a continuum of allowed velocities, and energy
bands, are formed by the Bloch states in the leads, which means that the
quantization of transmission becomes completely washed out.

A Γ-point calculation refers to the single ky point, ky = 0 [k = (0, 0) for
a two-dimensional surface], which is precisely what is done upon assuming
ordinary PBCs, Fig. 4.6(b). Calculation in the Γ point only, might be suf-
ficient for certain purposes, but normally requires a larger surface, which is
numerically much more expensive than utilizing sampling of the transverse
Brillouin zone. The ky points are considered to be homogeneously distributed
out in reciprocal space by a ky mesh defined by

ky = 1
2

(
2ik−1
Nky

− 1
)
, ik ∈ [1, 2, ..., Nky ], (4.36)

where Nky is the number of ky points. The idea of such homogeneous ky
grids was first provided by Monkhorst and Pack [33], and is used through-
out this work. Hence an odd number of ky points means that the Γ point
is included. Notice that a new self-energy calculation is required for each
ky point, as each ky value gives a different surface-slice Hamiltonian, which
contains the ky-dependent phase factors stated in Eq. (4.35). Hence, ky av-
eraged transmission calculations scale linearly with the number of ky points.
The extension to three dimensions follows from the same methodology, where
sampling in the lateral surface plane, i.e., in the two transverse directions,
k = (kx, ky), needs to be implemented in order to performing averaging in
reciprocal space for the transmission probability along the z-coordinate.
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Figure 4.6: (a) Two-dimensional infinitely long strip with hard BCs in transverse
direction. (b) The strip in (a) copied in transverse direction with nearest-neighbour
interaction between the strips, so that identical wave functions are obtained at each
strip. Figure (c) extends from (b) in the sense that the waves pick up a phase in
adjacent strips. Each strip is here assumed to be Ly = 100 bohr wide. Figure (a)(i)
shows the transmission versus energy for hard transverse boundaries, (b)(i) PBCs,
and (c)(i) PBCs including 10 ky points in transverse direction. 200 energy points
are used in (a-c)(i). Figures (a-c)(ii) use a wider energy range, with the other
parameters unchanged, whereas figures (a-c)(iii) show propagating wave functions
(real part) at energy 0.03 Ry for a 100×100 bohr device region utilizing the different
BCs. The wave functions in (c)(iii) are computed at some of the ky points at the
10-point grid used in the ky-point averaged transmission figures, and demonstrate
the ky-dependent propagation angles.
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4.3 Conclusions

Despite its simplicity, the nearest-neighbour finite difference approximation
turns out to be a handy tool when numerical solutions to partial differential
equations are examined. The Green’s function formalism suits well to be
implemented in such a framework, and thereby in electron transport through
a scattering region, due to the localized character of the coupling terms. The
banded nature of the sparse Hamiltonian matrix allows efficient handling
of large systems, which will be necessary when considering the forthcoming
three-dimensional (STM) systems. Furthermore, incorporation of periodic
boundary conditions, and sampling of the transverse Brillouin zone to simu-
late larger transverse unit cells, is straightforward within this approximation.



Chapter 5

Vibrationally assisted
tunneling

This chapter is aimed to describe a method where configurational changes of
a simple adsorbate molecule, induced by tunneling electrons from an STM
probe, is computed from first-principles calculations. The theoretical inves-
tigation is based on an experiment [10] where a hydroxyl molecule, OH(D),
adsorbed on a Cu(110) bridge site (see Fig. 5.2) subjects to a rapid back-
and-forth flip motion between two (almost) equivalent configurational states,
despite that the bias voltage is well below the estimated reaction barrier. As
will be examined below, this proves to be mainly a quantum tunneling effect,
either by direct tunneling between the two configurational ground states, or
by vibrationally mediated tunneling after excitation of the frustrated rota-
tional mode of the hydroxyl species, while ladder climbing all the way over the
reaction barrier is proved to be an unlikely reaction process. The system un-
der consideration in this work has previously been theoretically investigated
by considering direct ground state tunneling between the two configurational
states [83]. The hydroxyl dimer, i.e., two OH(D) molecules, adsorbed on ad-
jacent bridge sites at the same Cu(110) surface [10], has further been subject
to theoretical investigations regarding the coupling between the vibrational
modes and tunneling electrons [84–86] by utilizing the Inelastica module
to account for first-principles calculations of the lifetime, and emission rates
of the vibrational modes.

5.1 Theoretical framework

The main problem is to find bias-, and (or) current dependent transition
rates between different vibrational states, by combining the electronic and
vibrational wave functions, which form vibronic states. For small nuclear

57
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displacements, the force increases linearly with the distance, so that the po-
tential energy is well approximated by a harmonic function. In perfectly
harmonic potentials, a vibrational transition can only occur between adja-
cent vibrational eigenstates, while multiple transitions are only possible if the
potential exhibit an anharmonic profile. The potential for the present sys-
tem, is concluded to be well described by a quartic-function shaped double
well potential [Fig. 5.2(c)], which is further discussed below. As this potential
is harmonic only for small oscillations, i.e., near the bottom of the potential
wells, multiple vibrational excitations may occur, though with much smaller
probability than between adjacent states. However, they may play a vital
role, as a two-step ladder-climbing1 process is also unlikely, as the electron-
hole pair damping rate is large. That is, the lifetime of the vibrational mode
is short, owing to the strong electronic coupling between the molecule and Cu
surface. A second transition path is tunneling through the reaction barrier,
which is also a rather unlikely process. However, due to the large number
of tunneling electrons that pass the molecule per unit time (O(1010)@1nA),
excitations between all these vibrational states starts a competition between
different transition paths, and a high left-to-right transition rate can be ob-
served after all. This competition may be resolved by a conventional rate
equation, which is further discussed below.

The main ideas, used to compute the individual transition rates between
different vibrational states, originate from the briefly described theory in
Sec. 3.3. The inelastic scattering rates are computed by means of the T-
matrix, where the electron-phonon coupling, Ĥe−ph, is regarded as a pertur-
bation to the bare electronic Hamiltonian, Ĥ0

e , i.e.,

Ĥ = Ĥ0
e + Ĥe−ph. (5.1)

The e-ph coupling is computed by a lowest order series expansion of Ĥ0
e

around the equilibrium geometry, so that the perturbation reads

Ĥe−ph = M̃x̂ =
∑

α,β

Mαβc
†
αcβ(a† + a), (5.2)

where x̂ is the vibration-coordinate operator, which, in the harmonic approx-
imation, is associated with the creation (destruction) operator a† (a), and
where

M =

√
~

2mωλ
M̃ (5.3)

is the normal e-ph interaction matrix of vibrational mode λ. The contin-
uum of electronic scattering states, |ψα〉, where the index α is composed of
the energy, Eαe , and an integer for the band index, are scattering states for

1That is, a single excitation to the first excited state, quickly followed by another single
excitation from the first to the second excited state.



5.1 Theoretical framework 59

O

D

|φL1 〉

|φL2 〉

|φR3 〉

Cu-tip
apex

Tunneling
electron

Vibrational
mode (rotz)

Figure 5.1: Illustration of the rotational motion of a hydrogen (deuterium) be-
tween two configurational states, induced by tunneling electrons, together with its
slightly asymmetric double well potential energy surface, where a few vibrational
eigenfunctions are shown.

the infinite electrode-device-electrode system, Ĥ0
e . The scattering states are

further divided into states that originate from the substrate-, and tip side
of the vacuum region [48]. In this case, the interaction and electronic states
are calculated by DFT using the NEGF formalism. A direct product of the
electronic and vibrational one particle states,

|Ψi,α〉 = |ψα〉 ⊗ |φi〉, (5.4)

is formed, with the total energy

Ei,α = Eαe + Eiph. (5.5)

The transition rates wα→βi→f from an initial (i vibrational and α electronic
states) to a final (f , β) state is computed by exploiting the T-matrix approach
(i, α 6= f, β),

wα→βi→f =
4π

~
|〈Ψf,β |T|Ψi,α〉|2 δ(Ei,α − Ef,β), (5.6)

where T = M+MGM (the factor 2 from spin). By means of the NEGF for-
malism, the transition rate in the Born approximation, T ≈M, reformulates
as

wa→bi→f (Eae ) =
1

π~
Tr
[
M̃AbM̃Aa

]
︸ ︷︷ ︸

electronic part

|〈φf |x̂|φi〉|2︸ ︷︷ ︸
vibrational part

, (5.7)
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summed over α ∈ a and β ∈ b, where the spectral functions are assumed
to be energy independent close to the Fermi energy, i.e., ~ω � EF. The
scattering rate, wa→bi→f (Eae ), thus provides the rate of scattering between initial
(i) and final (f) vibrational states involving electrons in initial (final) states
originating from lead a (b) at energy Eae (Ebe = Eae − ∆Eph from energy
conservation).

Integrating the energy resolved scattering rates over energy, by introduc-
ing the Fermi-functions (fa,b) of the electrons in the leads to account for the
Pauli principle, gives the scattering rate

Γa→bi→f ≈
1

π~
Tr
[
M̃AaM̃Ab

]
|〈φf |x̂|φi〉|2

eV −∆Eph

1 + exp
[
− eV−∆Eph

kBT

] , (5.8)

where the applied bias, eV = µb − µa, is given by the difference in chemical
potentials for the contacts, and T is the temperature.

For a given transition between vibrational states (i → f), four rates are
obtained with respect to the the origin and destination (a→ b) of the electron
participating in the process. Damping of the vibrational system (∆Eph < 0)
occurs for all four terms although for STM this electron-hole pair damping is
usually largest for the substrate-substrate term, since the electronic coupling
is larger for a metallic substrate; see Eq. (3.49). Excitation of the vibrational
system (∆Eph > 0) only occurs for the tip-substrate term with the correct
bias (at kBT � ∆Eph), as expected from the Pauli principle.

5.1.1 Potential energy surface

The reaction barrier is estimated by computing the total energy of the super-
cell, while varying the deuterium and oxygen along the reaction coordinate,
x̂, where all atoms are held fixed and the shifted atom is allowed to relax
perpendicular to the surface normal (along the z-coordinate). The reaction
barrier, here calculated by Siesta, is found to be approximately 160 meV, in
agreement with previous studies using the codes (i) State [87] (Ref. [10], 140
meV), (ii) Vasp [88] (Ref. [83], 166 meV), and (iii) Castep [89] (Ref. [83],
155 meV). As the displacement of the oxygen has been proven to be small
between the two configurational states of the deuterium atom, the oxygen
atom is assumed to be stationary during the reaction. Hence the problem is
reduced to one dimension, where the reaction barrier is well approximated
by a quartic function, which is demonstrated in Fig. 5.2. The actual height
of the reaction barrier is reduced by approximately 50 meV when allowing
two of the surface layers to relax. This was confirmed by computing the total
energy of a the system when the OD bonding angle was perpendicular to the
surface normal, while relaxing the molecule along the z-coordinate, and the
two top layers of the substrate. Relaxation of more substrate layers might
reduce the barrier height further, but this has not been investigated. The
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Figure 5.2: (a) Relaxed geometry of the high conductance geometry state of an
OD molecule adsorbed on a bridge site of a Cu(110) surface. (b) Potential energy
surface as a function of x position of the oxygen and deuterium atoms. Every pixel
in (b) corresponds to a DFT calculation with displaced oxygen and deuterium
(along the x-coordinate) fixed in the lateral plane, while the height of the two
adsorbate atoms is allowed to relax. From every such calculation the total energy
is extracted. (c) Potential energy barrier for the rotational hydrogen motion, by
keeping the oxygen atom fixed, where the horizontal black lines are the vibrational
energies of the double well. The dots corresponds to the white arrow in (b), i.e., the
potential energy barrier along the reaction coordinate. The solid line is a quartic
function used to approximate the double well potential in a numerical simulation.

quartic potential is nearly harmonic close to the two minima, whereafter the
harmonicity is reduced when approaching the height of the reaction barrier.

To compare with previous results it is therefore useful to consider the har-
monic approximation where, by symmetry, only transitions differing by one
harmonic quanta are allowed in Eq. (5.8). However, the slight anharmonicity
of each well in the quartic potential opens up the possibility of multi-phonon
transitions, though typically with a significantly smaller probability. The pre-
sented theory can also be extended to include higher order transitions which
might be important in order to describe energy transfer between vibrational
states.
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5.1.2 Numerical implementation of vibrational states

The vibrational states and energies of the quartic potential are found by
solving the one-dimensional Schrödinger equation for the deuterium nucleus
numerically in an ordinary finite-difference approximation, as described in
Sec. 4.1. If the energy of the two minima coincide, the eigenvectors are
delocalized in the system, forming symmetric and anti-symmetric doublets
[90]. However, by introducing an asymmetry between the wells, the spatial
eigenstates localize to a specific side of the reaction barrier. Despite a reaction
barrier of 160 meV, a 1.0 meV asymmetry makes the ground state solutions
almost completely localized. The asymmetry is confirmed to have its physical
origin by the presence of the tip. Lowering the tip closer to the molecule yields
a larger asymmetry, which has been deduced by a series of DFT calculations
involving a range of different tip heights. A small asymmetry means a larger
overlap between the vibrational wave functions between the wells, resulting
in a faster back and forth flipping. Despite the possibility to compute the
asymmetry, we use this energy difference as a free parameter in order to make
comparisons to the experiment. The asymmetry is henceforth set to 2.0 meV.

5.1.3 Reaction rates from time-dependent occupations

By using the electron-phonon coupling for the rotational mode, all individual
vibronic (vibrational+electronic) transition rates in the system are obtained
with Eq. (5.8). Upon using a conventional rate equation,

d

dt
~n(t) = Γ · ~n(t), (5.9)

where the matrix elements Γij =
∑
a,b Γa→bi→j and Γii = −∑i 6=j Γij , the

steady-state occupations at a certain bias voltage can be deduced. By re-
stricting the analysis to consideration of vibrational wave functions with fre-
quencies corresponding to energies (~ω) that are smaller than the reaction
barrier, gives four states in each well; see Fig. 5.2(c). The occupation vector
therefore reads

~n = [n1, n2, n3, n4︸ ︷︷ ︸
nH

, n5, n6, n7, n8︸ ︷︷ ︸
nL

], (5.10)

where nH(L) denote the high (low) conductance occupations. From the oc-
cupations the time average of the current takes the simple form [84],

I(V ) = G0V
(
nH(V )TH + nL(V )TL

)
, (5.11)

where TH(L) is the transmission probability for the high (low) conductance
state, and G0 = e2/(π~) is the spin-degenerate conductance quantum.

In order to compute the reaction rate and pathway, a source is artificially
introduced in the initial vibrational state (left ground state), while probability
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is removed when arriving to the final state (right ground state). The leakage
is simulated by magnifying the last diagonal element of Γ, Γff = −∑f 6=i Γif ,
by several orders of magnitude. This implies that nearly everything that ar-
rives to the final state leaves the system, and a unidirectional left to right
reaction pathway is obtained. Injecting one particle per second in L0, i.e.,
injection rate ~Rin = [1, 0, 0, ...], hence gives the slightly modified rate equa-
tion,

Γ̃ · ~n(t) + ~Rin =
d

dt
~n(t), (5.12)

where Γ̃ is the modified rate matrix. As an approximation, the solution in
the long time limit is used, i.e., d

dt~n(t) = 0, which results in the equilibrium
occupations

~n = −Γ̃−1 · ~Rin. (5.13)

The reaction rate is finally computed as the ratio of the injection rate into
L0 and its corresponding equilibrium occupation,

R(I, V ) = ~Rin
0 /~n0. (5.14)

The non-equilibrium rate matrix and occupations are further used to obtain
a unidirectional reaction path matrix, calculated by Γ̃ij · ~nj/~n0, where the
diagonal elements are set to zero by hand in order to exclude transitions
within the same vibrational state. This means that the theory provides a
physical picture of the bias dependent tunneling current and its derivatives,
as well as the reaction pathway and occupations.

5.2 Results

One of the most important result in the present theory is that reaction path-
ways can be calculated, and intuitively be visualized in a potential landscape
which includes vibrational energies and arrows. Hence, this might provide
further insights of simple chemical reactions on surfaces. Another important
result is that calculation of the inelastic current is possible. This provides an
IETS spectrum by means of Eq. (5.11), which can be compared to experi-
ments.

The most likely reaction path can be deduced from the modified rate
equation described above. These are displayed in Fig. 5.3 at three different
bias voltages.

(i) Figure 5.3(a) shows the reaction path at a bias voltage well below the
energy required to excite a single vibrational quantum. This means
that ladder climbing is impossible at this bias voltage, which means
that the only possible pathway is by direct tunneling between the left
and right vibrational ground state.
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Figure 5.3: Potential energy surface for the OD rotational mode including log-
10 scaled transition rates [s−1], and reaction paths at 5 nA tunneling current at
various bias voltages, illustrating the importance of ladder climbing and multi-
phonon emission processes. A lower bound cutoff (30 s−1) is used to highlight the
important paths.

(ii) The reaction pathways in Fig. 5.3(b) is computed at a bias voltage
well above the excitation energy and well below any multiple excita-
tion energy. The computations suggest that the ground state tunneling
probability (|φL0 〉 → |φR0 〉), and the tunneling probability between the
two first excited states on each side of the barrier (|φL1 〉 → |φR1 〉), are ap-
proximately equal at this bias. Upon comparing the vibrational states
|φL0 〉 and |φL1 〉, one finds that the steady-state occupation probability is
much smaller for the latter state, by approximately a factor of 103, due
to the large damping rate of the vibrations. However, the tunneling
probability is significantly enhanced as the barrier is both lower and
narrower in the latter case, resulting in approximately equal reaction
path.

(iii) In Fig. 5.3(c) the bias voltage exceeds the energy of a double excitation.
Due to the anharmonicity of the potential, a double excitation, |φL0 〉 →
|φL2 〉, is possible in a single jump, despite that the vibrational overlap
is significantly smaller than in a single excitation. Evidently, a double
excitation, followed by tunneling and damping in the right well, is a
likely pathway at this bias voltage. However, caution is recommended
at such bias voltages, as the T-matrix is only expanded to lowest order
in the theory. Expansion to second order will further pronounce the
|φL2 〉 → |φR2 〉 pathway, but this is not included in this presentation.

Figure 5.4 shows theoretical results which are directly compared to the ex-
perimental findings. The tunneling current versus bias voltage [Figure 5.4(a)]
is computed by Eq. (5.11), where an arbitrary background current is sub-
tracted to fit the low bias current, similarly as is typically done in exper-
iments. The IETS, i.e., the conductance normalized d2I/dV 2 data (in ar-
bitrary units) exhibits clear similarities between theory and the experiment
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Figure 5.4: (a) Computed (black) and experimental (gray) I(V ) curve character-
istics, where a background current is subtracted, similarly as in normal experimen-
tal procedures. (b) Computed (black) and experimental (gray) IETS in arbitrary
units. (c) Bias dependent fractional occupation of the high conductance configu-
ration, from which the low bias occupation is adjusted by the asymmetry of the
quartic potential well. The experimental data is shown as dots with associated
error bars. Caution is recommended with respect to the shaded regions (outside
±70 mV), as only the lowest order in T-matrix is considered.

[Figure 5.4(b)], indicating that the excitation of one vibrational quanta of the
frustrated rotational mode (~ω = 42 ± 2 meV) enhances the reaction rate.
This is also observed in the fractional occupation of the high conductance
state as the bias voltage increases [Figure 5.4(c)]. It should be noted that the
IETS considered here originates from the large difference in conductance be-
tween the high- and low conductance configurations, whereas a conventional
IETS, caused by the inelastic scattering of the electrons, is in general much
weaker.

5.3 Conclusions

The presented developed theory provides calculation of the tunneling-electron-
induced reaction pathways and reaction rates for adsorbates on surfaces using
first-principles methods. For the hydroxyl species on a Cu(110) surface, the
reaction rate of the back-and-forth flipping motion is well described by the
method while also giving insights into the reaction pathways. The large
electron-hole-pair damping rate quenches ladder climbing and makes multi-
phonon transitions pronounced in a differential conductance plot at large
biases. This crossover underlines the influence of the anharmonicity of the
underlying potential energy surface.





Chapter 6

STM images

The main purpose of the second project in this thesis is to compute STM
images from first-principles methods, which resolves the limitations associ-
ated with the strictly localized basis orbitals used in Siesta, TranSiesta
and Inelastica, when considering vacuum regions that are larger than the
diameter of the atomic orbitals; see Fig. 6.1. In principle, constant-height
STM images are accessible directly from localized-basis DFT calculations.
However, there are some serious drawbacks of such calculations:

(i) They would be very time consuming as the tunneling for each tip posi-
tion needs a separate DFT calculation.

(ii) For physically acceptable solutions, the lateral tip-apex shift should
only be changed between atomic lattice sites due to the periodic bound-
ary conditions used in DFT, which put constraints on the number of dif-
ferent tip positions, meaning that only a several of tenths tip positions
are possible. This number depends on the lateral size of the supercell,
and would therefore result in low-resolution STM images. This means
that variations in the tunneling conductance smaller than the distance
between two adjacent Cu(111) adsorption sites (approximately 2.5 Å)
in the STM contrast are absent.

(iii) The perhaps most important point is that for large vacuum regions the
basis orbitals and, thereby, the computed charge density are poorly (or
not at all) described far away from the atoms, due to the limited range
of the basis orbitals.

The last item in the list may be checked upon computing the transmission
coefficient directly from DFT for an adsorbate that exhibits a conductance dip
over the molecule. An example of such a system is a CO molecule adsorbed
on a Cu(111) surface, scanned by a pure single-atom Cu tip. Upon comparing
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the conductance, for a fairly large vacuum gap1, when the tip apex is placed
right above the CO molecule, followed by a calculation where tip is laterally
shifted away one or more atomic sites, DFT calculations deduce a larger
conductance over the molecule compared to over the clean copper surface,
which is in striking contrast to experiments. In principle, it is possible to
extend the radial range of the surface atoms of each side of the vacuum
region, which might result in an accurate transmission coefficient also for
a significant vacuum region, at the expense of the computational efficiency.
However, the drawbacks listed previously still call for a more efficient method.
The CO molecule has further been subject to numerous experiments [91–97],
as well as several theoretical investigations [98–103], and has a central role
also in the development of the STM modeling outlined in this chapter.

The origin of the conductance dip observed when the CO molecule is
adsorbed on a top site of a Cu(111) surface is discussed in detail in Paper
II, where the calculation of the wave functions is restricted to the Γ point.
The (of that time) computational burden also limits the lateral size of the
supercell to 4× 4 Cu atoms; see Fig. 2.2. In Paper IV the natural extension
of including k-point sampling in the lateral plane is implemented, as well
as a significantly improved computational efficiency2. The increased compu-
tational efficiency allows for a larger lateral size of the supercell, which is
increased to 6× 6 Cu atoms. Both k-point sampling and a larger Cu surface
have proven to be necessary in order to achieve a satisfying agreement to
experiments. The theoretical results in Paper IV compare nearly quantita-
tively to well-characterized experiments for five different systems involving
CO molecules and Cu adatoms, as well as CO-functionalized tips. In addi-
tion, a relatively dense k mesh (11× 11 k points) turns out to be necessary
for some of the systems. It is also concluded that Γ-point calculations give,
at best, a qualitative description of the STM contrast.

It should be noted that, for the time being, the forthcoming calculations
are performed with the (almost) largest possible lateral supercell, and a large
number of k points, exploiting numerous high-end nodes at the new Aurora
supercomputer cluster [provided by the Swedish National Infrastructure for
Computing (SNIC) at Lunarc]. Yet, for some of the considered systems, these
settings seem to be minimal for obtaining satisfying results.

6.1 Theoretical framework

The theory as a whole consists of a series of important points that will be
discussed in detail below. A brief overview of the important parts is given
by the following list:

1That is, at least 5 Å between the very Cu-tip apex atom and the oxygen atom.
2Some details regarding k-point sampling is given in a two-dimensional example,

Sec. 4.2.2, whose theoretical concepts may be directly extended to the present three-
dimensional case.
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(i) The expression for the tunneling probability requires accurate wave
functions in the deep vacuum region.

(ii) The wave functions may be calculated by localized-basis DFT. However,
these are only accurate close to the atoms.

(iii) The system is discretized in a nearest-neighbour finite-difference ap-
proximation, so that the Hamiltonian matrix contains the discrete Lapla-
cian and the total potential from DFT.

(iv) The localized-basis wave functions are converted to real-space grid, and
used as boundary conditions at a charge-density isosurface close to the
atoms at each side of the vacuum region.

(v) The real-space vacuum wave functions are computed by utilizing the FD
Hamiltonian in a Dyson-like equation implemented in Python [104].

(vi) The wave functions from the tip- and substrate slabs are calculated
separately. However, the DFT supercell contains both the tip- and the
substrate part. The separation is performed by simulating a vacuum in
the total DFT potential, which requires a large vacuum gap.

(vii) Simulation of the tip scanning is efficiently performed by means of the
fast Fourier transform, provided that the vacuum region is large enough.

(viii) The previous items, (i)-(vii), are repeated for a sufficient number of k
points and finally averaged, so that accurate k-converged STM images
can be obtained, and be compared to experiments.

These points will be thoroughly discussed below.

6.1.1 Bardeen’s approximation and alternatives
There exists many useful methods to resolve the contrast of an STM exper-
iment. The perhaps simplest model is the Tersoff-Hamann [105], relating
the STM contrast to the local density of states (LDOS) of the substrate
slab evaluated at the position of a non-functionalized (s-wave) STM tip.
This method has provided a clear understanding of many experiments [102].
The Tersoff-Hamann approximation may be derived from the more general
Bardeen’s approximation [62] when considering a tip that carries all the cur-
rent via a spherically symmetric (s-wave) tip wave function [106]. However,
the Bardeen’s approximation may also be used when modeling multiple-state
STM tips. For instance, when considering a CO-functionalized tip, whose
p-wave character in the lateral plane plays a significant role, the Bardeen
method has proven to yield satisfying agreement to experiments [98–100,
103, 107]. Such systems may also be modeled by utilizing the Chen’s deriva-
tive rule [108–110], or Landauer-based Green’s function methods [111, 112],
which also account for multiple-tip-state effects.
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Figure 6.1: Cartoon of the CO/Cu(111) STM system, which highlights the main
issue with strictly localized orbitals from Siesta, where transmission and tunneling
current are poorly, or not at all, described for sufficiently large vacuum regions.
Shaded regions demonstrate the finite radial range of the basis orbitals.

In this work, the tunneling probability is primarily calculated by means
of the Bardeen’s approximation, which may be derived using time-dependent
perturbation theory by a formalism similar to the Fermi’s golden rule [62,
113], alternatively non-equilibrium Green’s function theory [114, 115]. The
tunneling current, for a specific k point (k), is expressed as

I =
2πe

~
∑

t,s

[f(εt)− f(εs)]
∣∣Mk

ts

∣∣2 δ(εt − εs + eV ), (6.1)

where f(εt,s) are the Fermi-Dirac functions, εt,s the energy levels of tip and
substrate relative respective chemical potential, and V the applied bias volt-
age. The matrix element, Mk

ts, couples a tip wave function, ϕkt (r), to a
substrate wave function, ϕks(r), by the expression

Mk
ts = − ~2

2m

∫

S

dS
[
ϕkt
∗
(r)∇ϕks(r)− ϕks(r)∇ϕkt

∗
(r)
]
, (6.2)

where the integral is evaluated on a surface, S, in the vacuum region. The
calculations are considered at equilibrium, which means that changes of the
electronic structure by means of an applied bias voltage are not considered
in this work. Therefore, the tip- and substrate wave functions at the Fermi
energy are needed in the formula. Henceforth, when referring to the tunneling
current in the small bias limit, it is simply assumed that I = GV , where
G = G0T

k
tot, where G0 = e2/(π~) is the conductance quantum, and T ktot is

the transmission probability for the considered k point,

T ktot = 4π2
∑

t,s

|Mk
ts|2. (6.3)

Notice that the sum in Eq. (6.3) runs over all tip-substrate wave-function
combinations (henceforth denoted tip-sub combinations), which means ap-
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proximately 103 combinations for each k point for the systems considered
below. Furthermore, the sum is limited to the states at the Fermi energy,
so that the integration over energy has already been carried out to remove
the delta functions that are sometimes included in the formalism [106]. Since
the integration surface is placed far from either the tip or substrate, the low
electron density, in addition to the use of finite-range basis orbitals in Siesta,
the wave functions are poorly described in the vacuum region. In contrast,
the wave functions close to the atomic nuclei can be accurately and efficiently
calculated by Siesta. STM images can thus be calculated by propagating the
accurate Siesta wave functions (close to the nuclei) into the vacuum region
as will be described below.

As an alternative to the Bardeen’s approximation, one may use an equiv-
alent formula that originates from the ordinary Green’s function formalism.
As will be discussed below, wave functions are calculated on an equidis-
tant discrete lattice utilizing a simple nearest-neighbour finite difference (FD)
scheme. In this approximation, the coupling strength operator (matrix), τz,
between individual lattice planes along the direction of transport simply is a
diagonal matrix3, such that τz = a−2

z I (Rydberg atomic units), where az is
the distance between the lattice planes in real space [see Fig. 4.1(c)]. Due to
such a constant coupling strength, one may use the ordinary Green’s function
formalism to provide an accurate description of transmission probability, that
gives the same result as the Bardeen formula. The transmission coefficient
for all tip-sub combinations in a specific k point may then be expressed as

T ktot = 4π2
∑

t,s

∣∣〈ϕks |τ †z |ϕ̃kt 〉
∣∣2, (6.4)

which can be derived from the more familiar expression for the transmis-
sion coefficient in the Green’s function formalism (henceforth omitting the
superscript k), Tr

[
GdΓtG

†
dΓs
]
, using the broadening of the electronic states

from the tip side, Γt = τ †zatτz, where at = 2π
∑
t |ϕ̃t〉〈ϕ̃t| is the partial spec-

tral function expressed via totally reflected tip wave functions, |ϕ̃t〉. For a
detailed derivation of Eq. (6.4); see Sec. 3.1.5. This means that the trans-
mission coefficient of a general transport problem is proportional to the sum
of the squares of the overlap of all tip-sub combinations, due to the utilized
FD approximation for the wave functions.

Upon using the Bardeen’s approximation the integration surface where
the wave functions are evaluated is considered to be a separation plane, S, in
vicinity of the middle of the vacuum gap. The total DFT potential further
away from this slice is modeled as the average of the potential at S (further
discussed below). The wave functions from the substrate, ϕs(r), and the tip,
ϕt(r), are then computed equivalently, but separately from each side of the
vacuum region so that the tip atoms and the substrate-adsorbate species are

3In contrast to localized-basis calculations, where the coupling strength depends on the
tip position, which therefore varies when laterally scanning the tip over the substrate.



72 6. STM images

τ 12 τ z

×
Max. DFT
potential

Sρiso

ρ(r) < ρisoρ(r) > ρiso

Region 1

Region 2

Figure 6.2: Propagation of the wave functions into region 2 is performed by
matching the real-space projected localized-basis wave functions, ψn(r), from region
1 on the electron charge density isosurface, ρ(r) = ρiso, and solving for region 2
using a finite difference real-space grid. To the right of the separation plane, S,
the potential is the average of the potential at S, in order to simulate a constant
vacuum potential further away from the surface. The self-energy, ΣR, describes
a semi-infinite continuation of the opposite side of the vacuum region, which has
proven to have a vanishingly small impact on the results for the large-vacuum
systems considered in this work. In the Bardeen formula, this methodology is
applied separately for the wave functions originating from both sides of the vacuum
region.

treated on the same footing. In Eq. (6.4), the substrate wave functions are
computed similarly, meaning that they are identical to the wave functions
used in the Bardeen formula. However, the tip wave functions in Eq. (6.4),
ϕ̃t(r), are totally reflected at the separation plane. These wave functions are
therefore computed by introducing an impenetrable barrier at the separation
plane when propagating the wave functions from the tip side. The totally
reflected tip wave functions are therefore identical to the normally propa-
gated ones apart from the amplitude, which depends on the lattice constant,
az. This subtle difference in calculation of the wave functions enables usage
of Eq. (6.4) instead of the Bardeen formula, and the methods give identical
results with same memory consumption in the same CPU time. However,
calculation of the derivatives of the wave functions (needed in Bardeen’s ap-
proximation) is not necessary in Eq. (6.4), and the latter formula provides
shorter and simpler derivations upon considering a forthcoming unitary trans-
formation of the wave functions on the separation plane.

Finally, by considering non-functionalized STM tips, e.g., a single-atom
Cu tip, which almost exclusively carries the current via an s-type lateral
wave function, the previously mentioned Tersoff-Hamann approximation [105]
may be used to qualitatively obtain accurate STM contrasts for arbitrary
adsorbate species. This is acquired by the local density of states from the
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substrate side at the height of the assumed s-wave tip, i.e.,

I ∝ ρs =
∑

s

|ϕs(r)|2. (6.5)

The qualitative STM contrast, upon comparing the Bardeen’s approximation
using a single-atom Cu tip, to the Tersoff-Hamann method, is demonstrated
in Paper II.

6.1.2 Calculation of vacuum wave functions

Many of the approximation methods (some of them discussed above), used
for calculation of the tunneling probability in realistic systems, require wave
functions that are accurate in the vacuum region. The ability of accurately
calculating these is therefore of fundamental importance.

The essence of this section is to propagate the wave functions, calculated
in localized basis, from a curvy boundary (where the charge density is con-
stant) close to the atoms of the substrate and the tip. This is possible, since
outside the range of the pseudopotentials, the Kohn-Sham orbitals, computed
by Siesta4, obey, at a specified energy, a Schrödinger-like equation with a
local potential. This makes it conceptually straightforward to propagate a
known wave function from a specified surface into the vacuum region.

Siesta- and TranSiesta calculations

Initially, the geometry of the supercell is set up, and upon defining the
boundary conditions, the relaxed geometry is obtained by converging the
density matrix when iteratively solving the Kohn-Sham equations with pe-
riodic boundary conditions in all directions. In the calculations below, ge-
ometry relaxation normally concerns the two top layers of the substrate, the
adsorbates, and the tip structure. This is the numerically most expensive
part of the whole STM calculation (> 10 CPU days for the systems under
consideration), unless the initialization of the atomic positions is exceedingly
good.

When the geometry is optimized, an electronic-structure calculation is
performed for the smaller electrode supercells5. The electrode calculation is a
normal non-relaxed Siesta calculation, and the electrode slabs are thereafter
attached to the Siesta supercell. This allows to calculate the electronic
properties for an infinite system (non-periodic along the transport direction)
by means of the periodic leads, and this is performed with the TranSiesta
module. From such a calculation, the electron-charge density, ρ(r), and the

4The Siesta method solves the Kohn-Sham equations using norm conserving pseudopo-
tentials and a localized basis set.

5For the Cu(111) surface geometry such a slab consists of three atomic layers, which
defines the periodicity of the semi-infinite electrodes.
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total DFT potential, Vtot(r), are accessible in real space, which provide useful
in the present context. The computation time for a TranSiesta calculation
is comparable to the geometry optimization calculation, i.e., for the systems
considered here > 10 CPU days if no convergence issues arise.

Localized-basis wave functions as boundary conditions

When the previous standard calculations are finished, the individual localized-
basis wave functions originating from respective side of the vacuum region
need to be calculated. As discussed above, the wave functions far away from
the atoms, i.e., at a distance r ≥ Rorb away from a specific atomic nucleus,
where Rorb is the radial range of its electronic atomic orbital, are poorly, or
not at all, described in real space. However, when considering systems with
large vacuum gaps, such as the present STM systems, these wave functions
may properly serve as boundary conditions at a surface close to the atoms at
each side of the vacuum region. This boundary is provided to be a surface
where the electron density is constant. The wave functions in the present
calculation are therefore essentially the correct solutions inside region 1 (and
a bit into region 2) in Fig. 6.2.

The calculation of the localized-basis wave functions essentially proceeds
as discussed in Sec. 3.1 and Sec. 4.2 (see Ref. [48] for further details). As
a starting point, the Kohn-Sham Hamiltonian for the device region and the
electrode supercells are extracted from the TranSiesta calculation. These
quantities are used to calculate the self-energies of the semi-infinite electrodes
that are attached to the device region. This is followed by calculation of
the device Green’s function, Gd = (E −Hd − Σs − Σt)

−1 in localized basis.
The device Green’s function is, for computational efficiency, preferably folded
onto a smaller device region than considered in the TranSiesta calculation,
and typically concerns only one substrate-, and one tip layer, as well as the
intermediate atomic species. This choice is further discussed below, and
visualized in Fig. 6.8. Having access to the device Green’s function, and the
broadening, Γs(t) = i(Σs(t) − Σ†s(t)), the spectral function of the substrate
(tip) side is conventionally computed by

As(t) = GdΓs(t)G
†
d. (6.6)

The wave functions at the Fermi energy are found in local basis by diago-
nalizing the partial spectral function [48], i.e., the spectral function of the
substrate (tip) side,

As(t) =
∑

n

|ψ̃n〉λn〈ψ̃n|, (6.7)

and the corresponding eigenvectors give the required wave functions when
properly normalized,

|ψn〉 =

√
λn
2π
|ψ̃n〉, (6.8)
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where |ψn〉 is the nth energy-normalized wave function in localized basis, orig-
inating from a specific side (substrate or tip) of the vacuum region. Although
the device region can be arbitrarily extended in the transport direction, only
approximately 30 eigenvalues (λn) are non-zero. This number essentially de-
pends on the lateral size of the supercell, which in the following examples is
typically spanned by 6× 6 Cu atoms.

Any unitary transformation of a wave function in the vacuum region,
e.g., a sign flip or rotation, does not affect the physical observables, e.g., the
calculated STM image. Minute numerical details may for instance result in
real-space wave functions that has opposite signs for similar adsorbates, as
well as p-like wave functions that are rotated in the lateral plane about their
symmetry axes. Unitary transformations of the wave functions in the vacuum
gap are discussed in the end of this chapter, as appropriate such transforma-
tions may offer a more intuitive understanding of the STM contrast.

An important note is that the wave functions, |ψn〉, are neither basis
orbitals nor current eigenfunctions. They are formed by incoming Bloch
states in the semi-infinite electrodes, which are almost totally reflected for
STM systems. The number of wave functions is therefore determined by
the number of Bloch states in the leads at the Fermi energy. Owing to the
finite transmission probability, the wave functions consist of a real and an
imaginary part, where the real part is dominant (approximately by a factor
104) due to nearly totally reflected wave functions. Arbitrary phase factors,
gained from numerical details, may then be divided away, to obtain nearly
real-valued wave functions (in the Γ point). In the forthcoming discussion
the real part is typically concerned when visualizing the wave functions.

The calculated localized-basis wave functions are finally transformed to
real space, by expansion in linear combinations of atomic orbitals, with a
(vacuum) basis function for atom α, that reads

〈r|α, nlm〉 = fα,nlm(r) = fα,nl(r)Ylm(θ, φ), (6.9)

where Ylm(θ, φ) are the spherical harmonics for the orbital angular momen-
tum, l, and magnetic quantum number, m, and where fα,nl(r) is the finite-
range radial wave function, n being the multiple basis index with same angu-
lar momentum, but with differing radial range (multiple-ζ polarization). The
ith real-space wave function is therefore obtained similarly as in Eq. (2.14),

〈r|ψi〉 = ψi(r) =
∑

j

cij 〈r|α, nlm〉︸ ︷︷ ︸
fj(r)

, (6.10)

where the expansion coefficients, cij , are the obtained (complex) amplitudes
associated with its respective atomic orbital, calculated from the diagonaliza-
tion of the partial spectral function above. All these coefficients are therefore
non-zero, but, since fα,nl(r) is exactly zero if r > Rorb, the projection to real
space may result in an identically vanishing wave function, ψi(r) = 0, outside
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the range of any basis orbital. Due to the large vacuum regions considered
in this work, a direct use of the wave functions ψi(r) results in an identically
vanishing transmission amplitude, at least when the tip is laterally shifted
away from the adsorbate molecule. This problem is suggested to be resolved
as follows below.

Finite-difference Hamiltonian for the full system

Having access to the previously discussed localized-basis wave functions,
ψn(r), these may be improved far away from the atoms (i.e., in region 2,
Fig. 6.2), by making further use of the Green’s function formalism. The
implementation in this work concerns the finite difference method used to
discretize the device Hamiltonian.

For the special case of an orthogonal cartesian coordinate system, the ma-
trix structure for the FD Hamiltonian in the lateral plane, including periodic
boundary conditions and phase factors, is found to be

Hxy =




Hx Hy 0 · · · Hye
2πiky

H†y Hx Hy 0
0 H†y Hx Hy

... 0 H†y Hx
. . .

H†ye
−2πiky

. . . . . .



, (6.11)

where

Hx =




ε0 −τx 0 · · · −τxe2πikx

−τ †x ε0 −τx 0
0 −τ †x ε0 −τx
... 0 −τ †x ε0

. . .

−τ †xe−2πikx
. . . . . .



, (6.12)

and Hy = −τyI, where τx(y) = a−2
x(y). The diagonal consists of the onsite

elements ε0 = 2τx + 2τy + V (x, y), where V (x, y), at the moment, is a two-
dimensional potential.

For a non-orthogonal coordinate system in the lateral plane, the previous
Hamiltonian needs to be modified according to the coordinate transformation
outlined in Sec. 4.1.2. For the special case of 60◦ between the unit vectors
that span the lateral atomic lattice, which is exclusively used in this work
owing to the geometry of the Cu(111) surface, the Laplacian transforms as6

∂2
x + ∂2

y = 4
3 (∂2

a1 + ∂2
a2 − ∂a1∂a2). (6.13)

6The phase factors will henceforth be denoted by x- and y indices, despite the non-
orthogonal coordinate axes.
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The mix derivative in this equation results in additional bands in its discrete
counterpart. This means that the matrix structure, shown in Eq. (6.11), is
transformed to

Hxy =
4

3




Hx Hy 0 · · · H̃ye
2πiky

H†y Hx Hy 0
0 H†y Hx Hy

... 0 H†y Hx
. . .

H̃†ye
−2πiky

. . . . . .



, (6.14)

where the off-diagonal [PBC] subspaces explicitly read

Hy [H̃y] =




− 1
a2y

1
4axay

0 · · · − e[−]2πikx

4axay

− 1
4axay

− 1
a2y

1
4axay

0

0 − 1
4axay

− 1
a2y

1
4axay

... 0 − 1
4axay

− 1
a2y

. . .

e[−]−2πikx

4axay

. . . . . .




, (6.15)

respectively. Notice the sign flip of the phase factors in x-direction between
Hy and H̃y. The factor of four in the denominator of the off-diagonal ele-
ments in the latter matrix originates from the mix derivatives, where each is
approximated by a central-difference quotient to assure Hermiticity, e.g.,

dψ(x)

dx
≈ ψ(x+ ax)− ψ(x− ax)

2ax
. (6.16)

Ultimately, the extension to three dimensions follows straightforwardly as

H =




H̃xy τz
τ †z H̃xy τz

τ †z H̃xy
. . .

. . . . . .



, (6.17)

where the coupling between the surface planes reads τz = −a−2
z I, and where

H̃xy is similar to the previous Hxy, but contains the onsite elements ε0 =
2(τx + τy + τz) + Vtot(r), where Vtot(r) is the total DFT potential calculated
in real space by TranSiesta, when properly flattened and cut out, to fit the
correct positions in the diagonal of the FD Hamiltonian.

Since the Cu(111) surface geometry is exclusively concerned in the pre-
sented STM method, the Hamiltonian in Eq. (6.17) is the same one as used in
the forthcoming equations, and this is therefore a 23-banded sparse matrix.
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Figure 6.3: (a) The total DFT potential, which is exemplified for the CO/Cu(111)
substrate with a pure Cu tip for a 6 × 6 Cu atom lateral unit cell. The potential
is taken along the straight line (piercing the C, O, and the Cu tip-apex atom)
indicated in the geometry figure. (b) The modified substrate- and tip potentials
used in the Bardeen approximation, where the position of the separation plane, S,
is marked. Figure (c) shows the same substrate potential as in (b), whereas the
modeling of the impenetrable barrier at the separation plane for the tip potential is
included, in order to utilize Eq. (6.4) for the tunneling conductance. The tip height
for this system is 9 Å, which can also be deduced from the potential drops of the
oxygen and the Cu tip apex at each side of the vacuum region.

However, the numerical implementation allows for arbitrary angles between
the lateral unit vectors, so that general surface geometries can be examined
without further modifications.

The phase factors indicated in some of the previous matrices contain the
concerned k points, i.e., (kx, ky), that turns out to be essential for the theory.
This presented way of including phase factors in the Hamiltonian means that
a specific calculated wave function differs by such a phase when skipping
between adjacent lateral unit cells, so that the wave function is continuous
and differentiable over the cell boundaries.

Simulating isolated tip- and substrate slabs

The DFT supercell contains both the tip- and substrate slabs, situated far
enough from each other to have a negligible influence on each other. The
forthcoming calculations concern to find the wave functions independently
from each side. Therefore, the total DFT potential, Vtot(r), preferably is
modified to simulate the true vacuum further away from the atoms from
each side. To remove the opposite-side potential, the real-space grid slice
(i.e., a plane in the lateral direction) that contains the maximum value of
the total DFT potential is located, whereafter the total potential further
away from this plane is set to the average value of Vtot(r) at that height
above the substrate; see Fig. 6.3(c). In order to use this modified DFT
potential, a sufficiently large vacuum gap is required in order to capture
the work function properly. This is further clarified in Fig. 6.3, where the



6.1 Theoretical framework 79

(a) (b) (c) (d)

rvps

Rorb

Figure 6.4: Different cutoff electron densities for a four-atom pyramidal Cu tip
attached to a 4× 4 Cu surface, where the different values of ρiso are (a) 10−1, (b)
10−2, (c) 10−3, and (d) 10−4 [bohr−3Ry−1], and demonstrate the elements that lie
inside the charge-density isosurface. In (d) the radii of the Cu pseudopotential, and
the range of its longest localized Cu orbital are shown, which are rvps ≈ 1 Å, and
Rorb ≈ 4.5 Å, respectively. The density cutoff visualized in (c) is exclusively used
in the STM modeling. The real-space mesh cutoff energy in the figures is 200 Ry.

separation plane evidently is significantly closer to the adsorbate molecule
compared to the Cu tip apex. However, by shifting the separation plane
closer to the tip by approximately 1.5 Å, so that it is placed approximately
in the middle of the vacuum region, has proven to have a vanishing impact
on the calculated conductance. It is therefore concluded that the separation
plane can be placed arbitrarily in the vacuum region as long as it is well
separated from both the protruding tip- and the substrate species.

Propagation from a curved isosurface

When the boundary conditions, ψn(r), are computed, and after defining the
finite-difference Hamiltonian, H, for the system, a charge density isosurface
needs to be specified, where the real-space charge density, ρ(r), is extracted
from the TranSiesta calculation. The value of the charge density at the
isosurface needs to be chosen by hand. Therefore, this is the only free pa-
rameter that occurs in this simulation, and in Fig. 6.4 this choice is justified.
However, varying the density cutoff reasonably only has a small impact on
the final results. At this surface, the localized-basis wave functions close to
the surface, and the calculated real-space wave functions, are matched. This
means that the isosurface should lie well outside the radii of the pseudopoten-
tials (rvps), but also well inside the maximum radii of the finite-range orbitals
(Rorb).

Manifestly, the charge-density isosurface is exclusively curved due to pro-
truding tip structures and adsorbed molecules. As will be clear below, it
is therefore necessary to reorder the matrix elements of the finite-difference
device Hamiltonian in order to utilize the present theory.

Upon considering calculation of the wave functions from one side, its full
device region is split up into subspaces, i.e., region 1 and 2 in Fig. 6.2, which
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means that the Hamiltonian can be redefined as

H̃ =

(
H1 τ12

τ †12 H2

)
, (6.18)

where H1 and H2 are the Hamiltonians of region 1, and region 2, respectively
(see Fig. 6.2), and τ (†)

12 describes the coupling between these regions. The
separation of the full Hamiltonian is performed by reordering of the Hamilto-
nian matrix elements with respect to the charge density, so that H1 contains
elements where the charge density is larger than the isosurface value, i.e.,
ρ1(r) > ρiso. Equivalently, H2 contains elements where ρ2(r) < ρiso. The ma-
trix elements of τ (†)

12 are therefore various off-diagonal elements that originate
from the discrete Laplacian. The matrix structure of Eq. (6.18) is clarified in
Fig. 6.5, where the reordering of the matrix elements in the full Hamiltonian
results a complicated matrix structure in vicinity of the intersection of the
four submatrices, i.e., close to the isosurface.

Calculation of the vacuum wave functions

At this point, the Hamiltonian of the vacuum region (region 2), H2, the
boundary conditions, i.e., the real-space projected localized-basis wave func-
tions at the isosurface, ψn(r), and the coupling between region 1 and region
2, τ (†)

12 , are all known quantities, which provide useful in the final step of the
wave propagation below.

By means of the discussed and derived equations in Chap. 3 (Sec. 3.1.4),
the wave functions at the isosurface, ψn(r), relate to the real-space propa-
gated wave functions, ϕn(r), in the vacuum region as

ϕn(r) = G2 · τ †12 · ψn(r), (6.19)

where G2 = (εFI−H2 −ΣR)−1 is the isolated Green’s function of the vac-
uum region (region 2, Fig. 6.2), connected to a semi-inifinite continuation on
the right-hand side by the self-energy ΣR. The Hamiltonian, H2, contains
the FD Laplacian of region 2 and its total DFT potential with the modified
vacuum part away from the separation plane S; see Fig. 6.3(b). Further-
more, calculation of the self-energy on the vacuum boundary, ΣR, can safely
be omitted if the vacuum region is large, since the propagated modes vanish
exponentially fast in the vacuum, i.e., the wave functions are close to to-
tally reflected by the vacuum potential. Inclusion of the vacuum self-energy
has therefore been proven unnecessary as long as the device region is large
enough, and will be omitted in the following. Rearranging Eq. (6.19), the
wave functions in the vacuum region, ϕn(r), are found by solving the linear
system of equations,

(εFI−H2) · ϕn(r) = τ †12 · ψn(r). (6.20)
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Figure 6.5: The top panel demonstrates a discretized region sliced into two subre-
gions by a flat cross section, i.e., a flat isosurface, where (a) shows the matrix struc-
ture of the full discrete Hamiltonian, divided into its respective submatrices, and (b)
and (c) show zooms in vicinity of the intersection of the submatrices, which clearly
demonstrate the expected banded feature, originating from a nearest-neighbour fi-
nite difference discretization. The bottom panel shows a curved isosurface counter-
part, where the zooms, (e) and (f), exhibit a more complicated, non-banded matrix
structure in vicinity of the intersection surface. The latter system is demonstrated
for the charge density distribution of a four-atom pyramidal Cu tip attached to a
4× 4 Cu(111) surface, here displayed at a very coarse real-space grid resolution for
clarity, corresponding to a 12.5 Ry mesh cutoff in TranSiesta. All matrices are
plotted with the same image resolution.

As discussed in the previous chapters, calculation of vacuum wave functions,
ϕn(r), by means of solving the system of linear equations is much less de-
manding than performing a matrix inversion to obtain G2, allowing for very
large systems to be considered.

Since the localized-basis wave functions, used as boundary conditions be-
low, are converted to the same real-space grid as predefined in the TranSi-
esta calculation, this also sets the dimensions of the FD Hamiltonian, and
thereby the propagated wave functions. A 200 Ry real-space mesh cutoff
in TranSiesta (which has proven to be enough for the DFT calculations),
results in FD Hamiltonians with dimensions of approximately (2 M × 2 M)
for the systems considered below. However, upon downsampling the grid, by
doubling the size of the real-space lattice constants in the lateral plane (corre-
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200 Ry 50 Ry 12.5 Ry

(a) (b) (c)

10.3 Å

Figure 6.6: Illustration of the coarseness of the differently sampled real-space
grids, where (a) demonstrates the predefined TranSiesta mesh cutoff energy, 200
Ry, corresponding to a lattice constant 0.13 Å. In (b) [(c)] the coarseness is doubled
[fourfold], corresponding to a 50 [12.5] Ry mesh cutoff with lattice constant 0.26
[0.52] Å, where the lateral cell size is 10.3 × 10.3 Å (Cu-Cu distance 2.57 Å).
All figures show the elements inside a predefined isosurface (ρ1 > ρiso = 10−3

[bohr−3Ry−1]) for the four-atom pyramidal Cu tip attached to a 4 × 4 Cu(111)
surface. In the STM implementation the coarseness is doubled in the lateral plane,
and unchanged in the direction of transport.

sponding to 50 Ry in DFT), has proven not compromising with the quality of
the calculated tunneling probability. This reflects that the propagated wave
functions are relatively smooth, and slowly varying in the vacuum region.
The sampling is performed by interpolation of the discrete wave function
and the DFT potential of a certain lateral plane slice, so that a continuous
function is obtained. This function can afterwards be described on a discrete
grid with arbitrary lattice constants. This procedure runs through all the
slices in transport direction. Due to the gradients in the Bardeen formula,
the sampling along the z-coordinate is omitted. The discrete Hamiltonians
in the following STM simulation therefore (after sampling) have dimensions
of approximately (0.5 M×0.5 M). A visualization of different real-space grids
is demonstrated in Fig. 6.6, where the smaller 4 × 4 lateral Cu surface unit
cell is used, which concerns a four-atom pyramidal tip structure.

Evidently, the Hamiltonian of region 1, H1, is not needed in the mode
propagation [Eq. (6.20)] indicating that more surface layers may be used
when calculating the localized-basis wave functions without affecting the cal-
culation efficiency in the present STM calculation. However, including more
Cu layers have proven not to affect the resulting STM image, and the defined
scattering region exclusively includes a single Cu layer at each side of the
vacuum region, as well as the adsorbate and the protruding tip atoms. Nev-
ertheless, the Hamiltonian of region 2, H2, is large, and difficult to handle by
an ordinary algebraic linear-system-of-equation solver. By using cleverly de-
signed solution methods for sparse matrices, by means of iterative solvers7 for

7Convergence tests have been performed for smaller systems to assure negligible differ-
ences to the algebraic solutions.



6.1 Theoretical framework 83

the linear system of equations in Python, a single wave-function propagation
may be performed in approximately five seconds, for a (0.5 M×0.5 M) Hamil-
tonian on a single node. The wave-function propagation is the bottleneck of
the computer code, which means that the ability to efficiently solve the lin-
ear system of equations, Eq. (6.20), is crucial for the theory to work properly
when modeling realistic systems. Notice that for the systems considered in
this work, there are approximately n = 30 wave functions from each side of
the vacuum region, which need to be calculated for each of the approximately
100 k points, saying that approximately 104 wave-function calculations need
to be performed. This results in a typical calculation time for the combined
localized-basis- and propagated wave functions of approximately one CPU
day.

Simulation of the tip scanning

When the wave functions have been computed at the separation plane, the
Bardeen formula, or Eq. (6.4), may be used to calculate the tunneling con-
ductance at the predefined tip position in the DFT calculation. Shifting the
tip over the substrate may then be modeled by a two-dimensional convolution
in the lateral plane,

Mk
ts(R) = − ~2

2m

∫

S

dS
[
ϕkt
∗
(r + R)∇ϕks(r)− ϕks(r)∇ϕkt

∗
(r + R)

]
, (6.21)

which is performed efficiently using fast Fourier transforms (FFT) [98, 107].
For an arbitrary k point, care must be taken with respect to the phase of the
wave functions, since shifting the tip wave function by a translation vector
R, means that a part of this wave enters the adjacent lateral unit cell. This
is resolved by copying the substrate wave function up onto a four times larger
surface, for which the appropriate phase factors are multiplied. The domain
of the tip wave function is enlarged similarly, where it is enough to keep the
tip wave function in the considered k point at one of the smaller rhombs.
This is further clarified in Fig. 6.7.

This tip-scanning simulation demands that the vacuum region is suffi-
ciently large, so that the wave functions from the substrate are unaffected
by the tip potential, and vice versa. This means that the tip height, i.e., the
core-core difference between the outermost atoms at each side of the vacuum,
must be at least 5 Å. In most simulations in this work, this distance is more
than 7 Å.

Sampling in the lateral reciprocal space

While large lateral supercell dimensions, in principle, provide accurate Γ-
point calculations, the computational effort is inaccessible, calling for sam-
pling of the surface Brillouin zone in the present context. Therefore, the



84 6. STM images

ϕΓ
s (r)

ϕΓ
t (r)

R

ϕks(r) ϕks(r)e
2πikx

ϕks(r)e
2πiky ϕks(r)e

2πi(kx+ky)

R

ϕkt (r)

(a) (b)

Figure 6.7: (a) Description of how a substrate wave function, ϕs(r), is conven-
tionally scanned by a tip wave function, ϕt(r), in the Γ point, where R denotes
the scanning direction. (b) Description of the tip scanning for a non-zero k point,
where the substrate wave functions are copied and multiplied by its correct phase
factor in the adjacent lateral unit cells. The only non-zero part of the tip wave
function is the dark rhomb. Notice that (b) is equivalent to (a) in the Γ point.

previous calculation steps are repeated for a series of k points that properly
cover the surface Brillouin zone, and finally averaged to obtain a k converged
STM image. The k points are homogeneously distributed in the lateral re-
ciprocal space, where an odd number of k points include the Γ point. Due to
the efficiency of the presented method, symmetry considerations in k space
have not yet been incorporated in the theory.

6.1.3 Unitary transformation of the wave functions

The previous section stepwise describes our method of calculating STM im-
ages. However, a simple interpretation of the calculated results has not yet
been discussed. Due to the numerous tip-sub combinations together with a
large number of k points might obscure the intuitive understanding of an
STM image. It will be evident below that the vast majority of the tip-sub
combinations in each k point gives a negligible transmission, and there might
also be several wave functions with the same symmetry, e.g., several similar
lateral s-type wave functions. In order to reduce the number such combi-
nations, and bundle up wave functions with similar symmetries, a unitary
transformation of the wave functions on the separation plane is performed.

The main idea is to maximize 〈ϕis|ϕjs〉 on the separation plane (and simi-
larly for the tip wave functions), so that the important wave functions from
each side of the vacuum region become ordered by their amplitude, which
in turn is nearly proportional to their importance as tunneling channels.
Maximization with respect to the conductance, i.e., |〈ϕis|τz|ϕ̃jt 〉|2, may be
appropriate when considering a fixed tip position, where each tip-sub com-
bination gives a single-valued conductance. However, since we consider a tip
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Siesta
- Geometry optimization of supercell

- > 10 CPU days

TranSiesta

- Add electrode supercells to relaxed Siesta supercell

- Calculation of Hd, Vtot(r), and ρ(r)

- > 10 CPU days

Inelastica

- Calculation of Γs(t), and Gd

- Use As(t) = GdΓs(t)G
†
d =

∑
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- Calculation of wave functions, |ψn〉 =
√
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2π |ψ̃n〉
- Transformation to real space, |ψn〉 → ψn(r)

- < 12 CPU hours

STM

- Use ψn(r) as BC’s at surface where ρ(r) = ρiso

- Define FD Hamiltonian, H = −∇2 + Vtot(r)

- Reorder H and use H2 in region where ρ(r) < ρiso

- Solve (εFI−H2)ϕn(r) = τ †
12ψn(r)

- Repeat for opposite-side slab

- Use ϕn(r) for conductance calculation

- Simulate tip scanning with FFT

- Repeat for all k-points, followed by averaging

- < 12 CPU hours

Figure 6.8: Brief summary of the working scheme which ultimately results in
STM images with the presented method.

scanning over the whole substrate, the former maximization clearly seems
more relevant in the present context.

Henceforth, the wave functions obtained from a Γ-point STM calculation
will be discussed, which means that the k averaged STM image should exhibit
qualitative similarities with the Γ-point calculation. Furthermore, away from
the Γ point, the wave functions exhibit a delocalized feature due to the non-
zero transverse electron momentum, which may complicate further analysis
of wave functions with a familiar lateral symmetry, e.g., s- or p-type wave
functions.

The aim is to obtain a set of wave functions at the separation plane such
that each of these is expressed as a linear combination of the propagated
wave functions. The ith desired wave function, |χi〉, should therefore have
the form

|χi〉 =

n∑

j=1

cij |ϕj〉, (6.22)
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subjected to the the constraint for the expansion coefficients,
n∑

j=1

|cij |2 = 1, (6.23)

where n is the number of considered wave functions from each side (the
number of bands that cross the Fermi energy). For the considered 6 × 6
surface, this means approximately 30 wave functions from each side.

The full set of linear combinations of the substrate wave functions there-
fore reads

|~χs〉 = Us |~ϕs〉, (6.24)

where |~ϕs〉 = [|ϕ1
s〉, |ϕ2

s〉, ..., |ϕnss 〉] are the ordinary propagated wave functions
at the separation plane, |~χs〉 are the (yet unknown) unitary transformed wave
functions, and Us = [[cijs ]] is the unitary transformation matrix for the sub-
strate wave functions. The cijs ’s are obtained upon maximizing the integral
(sum) 〈ϕis|ϕjs〉 at the separation plane, subjected to the constraint [Eq. (6.23)]
for j ∈ [1, ns], using the standard technique of Lagrange multipliers [116, 117]
within the principal component analysis [118, 119]. This maximization as-
sures that wave functions of the same lateral symmetry, i.e., highly correlated
variables, are collected and thereby reduces the dimensionality of the prob-
lem. This means that a smaller subset of wave functions are needed in the
transmission matrix to obtain an accurate description of the STM image.

Expanding the transformed wave function in the basis of propagated wave
functions [Eq. (6.22)] followed by differentiation with respect to the expansion
coefficient cis

∗, the method of Lagrange multipliers yields

∂

∂cis
∗

[∑

ij

〈ϕis|cis
∗
cjs|ϕjs〉 − λjs

(∑

i

cis
∗
cjs − 1

)]
= 0, (6.25)

which reformulates to an ordinary eigenvalue problem, which is solved for
each j. The problem therefore reads

(Ss − λjs) · ~c js = 0, (6.26)

where Ss ≡ [[〈ϕis|ϕjs〉]] is the matrix containing all overlap integrals between
individual wave functions. Notice that the eigenvectors ~c js = [c1js , c

2j
s , ..., c

nsj
s ]

fulfil the constraint [Eq. (6.23)] when normalized to unity. The hermiticity
of Ss yields orthogonal eigenvectors, ~c α∗s · ~c βs = δαβ , which gives the neces-
sary property of a unitary transformation operator, U†sUs = I. The desired
expansion coefficients, cijs , and thereby Us, are therefore directly obtained
by diagonalization of Ss [Eq. (6.26)] which results in a trivial numerical im-
plementation. This procedure is performed similarly for the totally reflected
wave functions from the tip side, so that a different transformation matrix
is obtained for these wave functions, i.e., in general Ut 6= Us, unless the
substrate and tip slabs are identical.
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A necessary feature of this method is that the sum of the overlaps of
all tip-sub combinations squared [Eq. (6.4)] is invariant under the unitary
transformation [Eq. (6.22)]. This property may be proved as follows,

∑

ij

∣∣〈χjt |χis〉
∣∣2 =

∑

ij

〈χjt |χis〉〈χis|χjt 〉 (6.27)

=
∑

j

〈χjt |
∑

i

[∑

k

ciks |ϕks〉
∑

k′

〈ϕk′s |cik
′

s

∗
]
|χjt 〉 (6.28)

=
∑

j

〈χjt |
[∑

ikk′

cik
′

s

∗
ciks |ϕks〉〈ϕk

′
s |
]
|χjt 〉 (6.29)

=
∑

j

〈χjt |
[∑

k

|ϕks〉〈ϕks |
]
|χjt 〉 =

∑

jk

∣∣〈χjt |ϕks〉
∣∣2, (6.30)

where the orthogonality, ~c α∗s · ~c βs = δαβ , is exploited in Eq. (6.29), so that
the mix terms vanish. The same procedure applied to the unitary trans-
formed tip wave functions, |χjt 〉, completes the proof. This shows that the
total transmission [Eq. (6.4)] for a specific k point remains invariant under
a unitary transformation, and ultimately that the k averaged transmission
coefficient is unaffected by such a transformation.

6.1.4 General computational details
The Siesta [29] DFT code is used for geometry optimization on a slab con-
sisting of eight Cu layers of, where each layer has 6 × 6 Cu atoms with a
nearest-neighbour distance of 2.57 Å. The lateral cell dimensions is therefore
15.4×15.4 Å. This size corresponds to a maximal tip-substrate distance that
can be used in the calculation to avoid large influences of the next lateral unit
cell. However, there also exists a minimal tip-substrate distance due to the
approximation that the states of the substrate are unaffected by the poten-
tial from the tip and vice versa. The tip-substrate distance is defined as the
vertical distance between the outermost tip apex atom and the top Cu sur-
face layer of the substrate. The minimum distance for the systems considered
here is approximately 8 Å. In the calculations presented below a tip-substrate
distance of 12.0 (10.1) Å is used for the clean Cu tip (CO-functionalized tip).

The Siesta calculations are performed using the PBE GGA functional
[36], DZP (SZP) basis set for C, O (Cu) atoms, a 200 Ry real space mesh
cutoff and 4×4 k-points. The Cu atoms at the substrate surface, and the tip,
have longer radial range (by approximately 1 Å) compared to the Cu atoms
in the bulk/electrodes, which have 4.3 Å range. This assures that adsor-
bates that protrude much from the surface, e.g., CO/adatom/Cu(111), give
accurate STM images, due to the contribution from the Cu surface beneath
the adsorbate. The STM tip is represented by a pyramidal tip consisting
of four Cu atoms on the underside of the Cu surface of the tip slab. When
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the molecule and the two substrate layers are relaxed (forces less than 0.04
eV/Å), nine additional Cu(111) layers (three at the bottom of the substrate
and six above the tip slab) are added, and the localized-basis wave functions
are calculated from TranSiesta [63] and Inelastica [38].

The real-space grid coarseness from the TranSiesta is doubled in the
lateral plane, while unchanged in the transport direction. The down-sampled
grid consists of 60 × 60 points in the surface plane, and approximately 150
points along the transport direction, which means that the Hamiltonian has
dimensions of approximately 0.5 M× 0.5 M. All calculations are done with a
6×6 surface layer, where 11×11 k points are used, which has proven enough
for k-point convergence of all systems.

6.2 Results

The presented results of the described theory primarily concern comparison to
experiments for five different systems, where three different adsorbate species
(Cu adatom, CO molecule, and a CO molecule on top of a Cu adatom) are
scanned by a pure Cu tip consisting of a four-atom pyramidal tip structure.
Two of the adsorbate species (Cu adatom, and CO) concern scanning by the
same tip terminated by a CO molecule. Since the experiments are performed
at a constant height, i.e., the vertical distance between the tip apex atom and
the Cu surface, the calculations are done in the same way. This means that,
in order to have a negligible interaction between the substrate and the tip,
the calculated conductances are a few orders of magnitude smaller than what
is observed in the experiments. Direct comparison are therefore performed
by a simple scaling of the calculated conductances. This is legitimate, since
the characteristics of the STM contrast, as well as the ratio between the
minimal and maximum conductance has proven to, both experimentally and
theoretically, depend weakly on the tip height (tunneling current). However,
there is one exception to this statement for the systems considered below;
the CO molecule scanned by a CO-terminated tip. This system is subject to
a significant p-p wave-function interaction, as well as tilting of the molecules
for smaller tip heights, which will be further discussed below.

Convergence of the STM images in reciprocal space is also discussed, as
well as the characteristic exponential decay of the STM tunneling current
when retracting the tip. A detailed analysis of the STM contrast in terms of
unitary transformed wave functions closes the chapter.

The presented experimental results are performed by Okabayashi et al.,
and a detailed description of the experimental techniques can be found in
Paper IV.
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Figure 6.9: Demonstration of the convergence of conductance with respect to the
number of k points in the lateral plane. These calculations are performed for the
smaller 4 × 4 Cu(111) surface, which allows for a larger number of k points. For
this particular system, a small lateral unit cell, as well as a small number of k
points are enough to be compared to experiments. Individual color scaling [where
bright (dark) means high (low) conductance] is adopted for each image in order to
highlight the characteristics of the important k points.

6.2.1 Convergence in lateral reciprocal space

A crucial point from a theoretical point of view is that convergence in re-
ciprocal space is achieved for the considered system. In this section, such a
convergence is demonstrated by examining STM images for different k points,
by concerning the CO molecule adsorbed on a Cu(111) surface scanned by a
four-atom pyramidal Cu tip for each k point; see Fig. 6.9. To speed up the
calculations for such a system, layers consisting of 4 × 4 Cu atoms are used
here, since also this smaller lateral unit cell has proven to agree well to exper-
iment with a sufficient number of k points8. Furthermore, the tip-substrate
distance is decreased compared to the results below (approximately 9.5 Å),
while keeping the remaining parameters unchanged. This tip height is still
large enough to have a negligible interaction between the substrate- and tip
wave functions. As shown in Fig. 6.9, there is a significant difference between
the Γ-point calculation and the k averaged results, both in the magnitude
of the tunneling conductance and the min/max ratio of the conductance.
However, for this system the Γ-point image yields a qualitative similarity to
the experiment, which might not always be true9. For the present system,

8Other systems (adatom, and CO/adatom scanned by a Cu tip, and adatom scanned
by a CO tip) demands the larger 6× 6 surface in order to compare well to experiment.

9An example of this behaviour is the CO at the Cu(111) surface scanned by a CO
terminated tip, which is further discussed below.
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the cross-section conductance is almost converged already for 5× 5 k points.
However, other systems (shown below) demand a larger number of k-points
to obtain convergence.

6.2.2 Theoretical and experimental STM images
This section describes the most important results in this thesis, where a com-
parison between theoretical and experimental STM images is done for pure
and CO-terminated Cu tips. The experimental set-point tunneling current
is It = 1.7 pA at bias voltage −1.0 (−10) V for the pure (CO-terminated)
Cu tip, and some of the calculated results are scaled with respect to this set
point.

Pure Cu tip

In Fig. 6.10, theoretical and experimental results are shown for three different
adsorbates at a Cu(111) surface that are scanned by a four-atom pyramidal
STM tip. Direct comparison to the experiments, where a set-point current
1.7 pA at bias voltage −1.0 mV is used throughout, is done by multiplying
the theoretical images by a scaling factor, which is approximately 103 for
these systems.

The first STM system, concerning an adsorbate of a Cu adatom [Fig. 6.10(a)]
reveals a simple peak in the STM contrast, where the theoretical max/min
ratio is 5.2, which should be compared to the slightly lower experimental
max/min ratio, which is 3.6. Despite this slight discrepancy, the STM con-
trast, and the shape of the cross-section currents agree well between theory
and experiments.

For the CO adsorbate [Fig. 6.10(b)] a radially symmetric dip is observed
over the molecule, where the theoretical (experimental) min/max ratio is 0.46
(0.37). Roughly speaking, the current dip originates from a large contribution
from the Cu(111) surface, which will be further discussed below.

When a CO molecule is adsorbed on a Cu adatom [Fig. 6.10(c)], the CO is
raised approximately 2 Å above the Cu(111) surface. Hence, the contribution
from the Cu(111) surface diminishes, and a peak is observed both in the
calculated, and experimental results. However, the insulating behaviour of
the CO molecule reveals itself in a shallow current depression that surrounds
the central peak. The theoretical (experimental) min/max ratio is 0.17 (0.27),
i.e., the same slight discrepancy as for the Cu adatom.

Comparing the adatom and the CO molecule, it is concluded that the
CO molecule is one order of magnitude less conductive than the adatom
[experimentally (theoretically) 0.10 (0.09)]. Even when the CO molecule is
raised by approximately 2 Å above the Cu(111) substrate when attached to
an adatom[Fig. 6.10(c)], the CO is less conductive than the bare adatom
[Fig. 6.10(a)], which is confirmed confirmed both theoretically and experi-
mentally. Such a direct comparison is explicitly visualized in Fig. 6.11.
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Figure 6.10: STM Cu-tip scanning of adsorbates (a) adatom, (b) CO, and (c)
CO/adatom. In panel (i) the calculated STM images are shown, whereas panel
(ii) displays respective cross-section conductance. In panel (iii) comparison to ex-
periments is done by multiplication of appropriate scaling factors to acquire for
the experimental set-point current when the tip is placed over the Cu substrate,
which is 1.7 pA at −1.0 mV bias voltage. The scaling factors are therefore approx-
imately 103 for the three systems here. The tip height in the calculations is 12.1 Å
throughout.

Even though the theory reproduces the experimental results well, there
are some differences in respect of the min/max ratios. Although these ratios
only depend weakly on the tip height, the results would agree even better
using smaller tip heights for some of the systems. The theoretically large tip
height is set by the most protruding adsorbate species, i.e., a CO attached to
an adatom, while retaining a negligible substrate-tip interaction. Therefore,
for less protruding adsorbates, smaller tip heights may be used and still have
a negligible substrate-tip interaction. For instance, it has been confirmed
that the max/min (min/max) ratio for the adatom (CO molecule) is slightly
lower, so that the discrepancies decreases. Furthermore, it seems likely that
the tip heights may be better modeled by using an even larger lateral unit cell,
as the presented converged results concern a 6×6 Cu(111) surface. However,
using larger lateral supercells is, for computational reasons, not possible at
the moment.
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Figure 6.11: Side-by-side comparison between (a) calculated and (b) experimental
cross-section profiles of three adsorbates scanned by a pure Cu tip. The theoretical
cross sections are scaled so that the current over the substrate equals the exper-
imental set-point current, which is 1.7 pA. The scaling is here slightly changed
compared to the theoretical cross sections in Fig. 6.10(iii)

CO-terminated tip

The corresponding results for a CO-terminated four-atom Cu tip, using the
same computational parameters as for the Cu tip, are visualized in Fig. 6.12
and Fig. 6.13.

Scanning the adatom by a CO tip, again reveals a conductance peak,
with a slightly different characteristics compared to scanning by a pure Cu
tip, and the theoretical (experimental) min/max ratio is 0.31 (0.17).

The CO molecule scanned by a CO tip exhibits a conductance dip, which
is observed both in the calculation and in the experiment. However, a tiny
peak in the surrounding dip is observed in the experiment. This seems to
originate from p-wave interaction between the tip and the molecule, and this
effect is further pronounced when lowering the tip. Notice that the theoretical
results are scaled by a approximately a factor 103, which means that a 3 Å
larger tip height is used in the calculations. We have confirmed this feature by
calculations, where the p-wave interaction increases gradually when lowering
the tip. Another explanation to the gradually increasing central structure,
confirmed by atomic force microscopy (see details in Paper IV), is that the
protruding molecules are tilted when the tip sweeps over the adsorbate atom
for smaller tip heights. This is further discussed below. For the present
system settings, the theoretical (experimental) min/max ratio is 0.43 (0.46).

Comparing the conductance over the adatom and the CO molecule, it is
again concluded that the CO molecule exhibits an insulating behaviour. Both
theory and experiments suggest that the CO-tip calculations yields a conduc-
tance over the CO molecule that is approximately one order of magnitude
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Figure 6.12: STM images obtained with a CO-terminated four-atom Cu tip of
adsorbates (a) adatom, and (b) CO, with similar information as in Fig. 6.10. The
comparisons to experiments in panel (iii) are acquired by by multiplying by scaling
factors that are approximately 103, which correspond to the experimental tunneling
current, which is obtained at 1.7 pA at −10 mV bias voltage for both systems. The
tip height in the calculations is 10.0 Å throughout.

smaller than over the adatom.
As in the case with the Cu tip, the results are expected to be even better

by using a larger lateral supercell. As the CO-tip systems have proven to be
relatively sensitive to numerical details compared to the pure Cu tip, it also
seems likely that using even longer Cu surface orbitals, or extending the tip
slab in transport direction by additional Cu layers, may further diminish the
discrepancy between the theory and experiments.

Qualitative analysis of the STM contrast

All details of the previously calculated STM images are embedded within the
propagated wave functions acquired at the separation plane in the vacuum
region. All wave functions from one side of the vacuum region are combined
with all wave functions from the opposing side, so that the transmission
probability, using the Bardeen formula or Eq. (6.4), is obtained for all possible
tip-sub combinations, which fill the transmission matrix for the calculations
in the considered k point. In this work, the elements of the transmission
matrix are calculated as the total transmission of the corresponding STM
calculation for the considered tip-sub combination, including the tip scanning
by FFT. An example of such a transmission matrix is shown in Fig. 6.17(c).
The sum of all these calculations gives the STM image of the considered k
point. Below, the various STM images are essentially discussed in terms of s-
and p waves from both sides of the vacuum region in the Γ point. The wave
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Figure 6.13: Side-by-side comparison between (a) calculated and (b) experimen-
tal cross-section profiles for a Cu adatom and a CO molecule scanned by a CO-
terminated Cu tip. A similar scaling as described in Fig. 6.11 is employed.

functions are classified from their symmetry in the lateral plane, meaning
that apparent s waves are not distinguished from possible pz waves, whereas
the lateral p waves are considered to be px-, or its 90◦-rotated py wave.

The fact that there are approximately 103 tip-sub combinations for each of
the approximately 102 k points clearly obscures any quantitative explanation
of the STM images10. However, a qualitative discussion may typically be
elucidated by considering the most prominent tip-sub combination in the Γ
point. A prominent such a combination corresponds to an element in the
transmission matrix that is relatively large compared to other combinations.
Besides the familiar symmetry of a specific adsorbate or tip atom, the present
theory also contains information of the electronic structure that originates
from the Cu(111) surface, which is important for the analysis. Below follows
a discussion for the STM images with the pure Cu tip. The discussion regards
the relevant wave functions in Fig. 6.14.

CO: The substrate-side wave function included in the most conducting
tip-sub combination for the CO molecule scanned by a Cu tip is an s-like wave
function which exhibits a striking sign change, so that the extremum of the
peak has opposite sign compared to a relatively large constant value of the
wave function further away from the molecule, i.e., above the Cu(111) surface.
Since the tip-apex atom of the Cu tip is lowered compared to the underside
Cu(111) surface of the tip slab, owing to the three-atom base of the pyramidal
tip structure, the symmetry of the tip wave functions are essentially described
by the wave functions of the very tip-apex Cu atom. Therefore, for such a
tip-sub combination, i.e., an s-s combination, a conductance dip is observed

10Examples of a full set of wave functions in the Γ point are given in Fig. 6.17, and in
Paper II.
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Figure 6.14: Illustration of some characteristic wave functions propagated in the
Γ point from the substrate- and the tip slab, which are used to qualitatively discuss
the calculated STM images. The wave functions are evaluated at the separation
plane, S, for different systems, but are, in all essentials, the same in respect to the
relative amplitude between the s- and p waves, as well as the sign change for some
of the wave functions. Only one of the doubly degenerate lateral p waves are shown.
The wave functions are laterally shifted to the center in the plots.

over the CO molecule, which qualitatively explains the STM contrast for this
system. Even though the CO exhibits lateral p waves with relatively large
amplitudes, their contribution to the STM contrast is small due to the fact
that the overlap between an s wave (even function) from the tip, and a lateral
p wave (odd function) from the molecule is vanishingly small when the tip
is placed laterally above the molecule, due to the symmetry of these wave
functions.

Adatom: The most prominent tunneling channel in the Γ point for the
adatom scanned by the Cu tip is again an s-s combination, which qualita-
tively gives a conductance peak over the adatom. As in the case with the CO
molecule, the s wave of the adatom also has a sign change. However, here the
relative difference between the positive peak and the negative surface contri-
bution is much smaller than for the s wave of the CO molecule. This results
in a small current depression that surrounds the central peak, also when tak-
ing the complete set of wave-function combinations into consideration in the
Γ point. This feature diminishes when averaging over all k points, so that a
solid peak is obtained for this system.

CO/adatom: When the CO molecule is elevated from the surface (by
approximately 2 Å) when attached to the adatom, the wave-function calcu-
lation results in a single-signed s wave, as well as prominent lateral p waves.
When this adsorbate is scanned by a Cu tip a central peak is observed. How-
ever, a Γ-point calculation is not able to deduce the current depression that
surrounds the central peak, which is taken care of by averaging in reciprocal
space.

A similar analysis for the STM images with the CO-terminated Cu tip
follows below.

Adatom: The qualitative STM contrast for the adatom scanned by a CO
tip follows directly from the previous arguments, where a peak is observed,
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primarily due to an s-wave interaction between the substrate and the tip.
CO: The CO molecule scanned by the CO tip, on the other hand, re-

veals a narrow peak in the Γ point, when taking all tip-sub combinations
into consideration. This is the only system for which a qualitative agreement
to the experiment is not possible in the Γ point. This is also the only system
that has prominent lateral p waves from both the protruding substrate- and
tip species. By considering only the s-s interaction a dip is again retained,
whereas inclusion of the p-p interaction results in a peak. As previously men-
tioned, the experimental STM image for this system exhibit a tiny peak in
the bottom of the dip. This peak seems to become more significant when
approaching the tip to the molecule, which, according to our understand-
ing, has two explanations. (i) The oxygen-oxygen interaction becomes more
significant when scanning the CO tip closer to the CO substrate, which re-
sults in a bending of the molecules when performing the tip scanning. Such
perturbations are revealed by significant signals in AFM measurements. (ii)
The previously mentioned p-p interaction may also be partly responsible for
the small peak, since the p waves decay faster in the vacuum region than
s waves. This can be understood from the fact that s waves, which have
lower energy in the lateral plane, has a larger proportion of its energy left for
propagation along the direction perpendicular to the surface, i.e., out in the
vacuum region, compared to the lateral p waves, which have higher energy in
the lateral plane. Therefore, the p waves decay faster in the vacuum region,
which enhances the p-p interaction for smaller tip heights, which results in
an increased height of the central peak. This feature has been confirmed by
calculations.

Evidently, a pure Cu tip and its CO-terminated ditto, exhibit differ-
ent characteristics in the STM contrast when scanning the same adsorbate
species, which is primarily due to the significant p character of the CO tip.
However, by considering a pure Cu tip alone, the importance of the atomic
configuration of the tip should not be underestimated. It is clear from both
experimental and theoretical results, that lowering the very tip-apex Cu atom
by one Cu layer, as is done by means of the three-atom pyramid base, has a
significant impact on the STM image. For instance, if the four-atom pyramid
tip would have been replaced by single Cu atom, i.e., an adatom, the STM
image of the CO/adatom adsorbate scanned by a Cu tip [Fig. 6.10(c)] and
the adatom scanned by a CO tip [Fig. 6.12(a)] would have been exactly the
same. According to the presented results, this is clearly not the case. An-
other example is that a calculation for the CO adsorbate scanned by such a
Cu tip still results in a solid dip, as observed by using the pyramid tip, though
much shallower, i.e., the min/max ratio is significantly larger. Other related
calculations have given the present theory confidence enough to confirm the
atomic configuration of such atomically engineered STM tips.

From an experimental point of view the precise atomic configuration of the
tip may be deduced by AFM, where the minima observed in the frequency-
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shift image correspond to the atoms composing the tip apex [120, 121]. Such
measurements are done in the experiments discussed in this work. This means
that the metallic part of the STM tip in these experiments evidently consists
of a pyramidal STM tip with a single-atom tip apex.

A final note regarding the presented qualitative analysis is that the contri-
bution from the Cu surface generally is poorly described by such a simplified
approach. That is, the min/max ratio may be very different when comparing
to the total Γ-point image, and thereby also to the k converged image. This is
the case also for the calculated conductance of a single such a tip-sub combi-
nation, which generally differs much from the more exact calculations. Nev-
ertheless, a rough understanding of the STM contrast is frequently achieved
by the presented analysis.

6.2.3 Exponential decay of tunneling conductance

The theory is further able to suggest the rate of decay of tunneling current
in the vacuum region, and estimate the tip height for which the experimental
set-point conductance (the conductance quantum) is achieved.

The previously discussed CO-sub/Cu-tip system, Fig. 6.10(b), is used to
perform a series of calculations at different tip-heights. Each of these calcu-
lations is therefore a complete STM calculation, with the settings described
above, except for the range of the Cu surface atoms, which are not extended
here, i.e., they have a maximal range of 4.3 Å, since the range does not
have an impact of the results for the present system. A linear regression of
the data points is thereafter performed when plotting the logarithm of the
conductance as a function of the tip height; see Fig. 6.15.

The exponential decay of the conductance, e−2κz, shows the same be-
haviour over the substrate and molecule, and reveals the decay factor κ =
1.14 (1.17) Å−1 over the molecule (surface). These values are consistent with
the experimental results (Okabayashi et al.) of κ ' 1.0 Å−1 for both over
molecule and substrate. The linear regression yields a κ that corresponds
to a work function11 of approximately 5.0 eV, in agreement with previous
calculations (5.3 eV) [122] and experimental results (5.0 eV) [123]. Notice
that e2κ×1Å ≈ 10, which means that the conductance decreases by one order
of magnitude when the tip is raised by one ångström. By extrapolating the
decay rate above the Cu substrate to smaller tip-substrate distances, the con-
ductance ultimately reaches the conductance quantum at z0 = 4.4 Å over the
substrate, which corresponds to 1.35 Å above the O atom. The position z0

is experimentally adopted as the origin of the vertical position for the force
measurements [120, 124, 125]. Notice that the present extrapolation does
not account for any displacements of the tip-apex atom and substrate atoms
beneath the tip, which clearly occurs when the tip is close to the Cu surface.

11The exponential decay should relate to the work function, W , far away from the
substrate by κ =

√
2mW/~.
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Figure 6.15: Exponential decay of tunneling conductance computed precisely
over the molecule (gray dots) and over the Cu surface (black dots), where the data
points associated with a specific tip height concern a complete STM calculation,
i.e., nine separate calculations. The decay factors, both over the molecule and the
surface, reveal a change of conductance by one order of magnitude per ångström,
in agreement to experiments. z0 is the tip height where the conductance equals the
conductance quantum, G0 = e2/(π~).

This effect therefore results in an experimental I-V curve that deviate from
the exponential dependence close to the substrate [126].

6.2.4 Intuitive interpretation of the STM contrast

This section aims to enhance the understanding of the STM contrast, by
means of the previously outlined unitary transformation for the wave func-
tions at the separation plane; see Sec. 6.1.3. For this purpose, two CO
molecules adsorbed on adjacent top sites of a Cu(111) surface (CO dimer),
will be investigated below.

STM image for a CO dimer

Scanning a Cu(111)-adsorbed CO dimer reveals a bright spot centered in a
slightly elongated surrounding dip, in constant-current mode by an s-wave
tip [94]. A similar feature is also experimentally observed for multiple CO
monomers on a Cu(211) surface [127]. Furthermore, the CO dimer exhibits
slightly tilted bonding angles of the C-O bonding axes, as the oxygen atoms
push apart, which has an evident effect of the conductance perpendicular to
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Figure 6.16: The left panel shows the relaxed geometry of two CO molecules ad-
sorbed on adjacent top sites of a Cu(111) surface, as well as the four-atom pyramid
Cu(111) tip, whose apex consists of a single Cu atom. (a) shows the Γ-point STM
image, and (b) shows the cross-section conductance along the dashed white line in
(a). (c) and (d) are the k-averaged counterparts sampled at an 11× 11 k grid.

the surface [128]. This should be compared to the previously investigated CO
monomer, which prefers to stand straight upright when adsorbed on a top
site of a Cu(111) surface, i.e., the C-O bonding axis is perpendicular to the
surface. Furthermore, the CO molecule exhibits a solid radially symmetric
conductance dip when scanned by a pure Cu tip.

The experimental results for the CO dimer are theoretically confirmed
[Fig. 6.16(c)] in constant-height mode, when scanning the molecule by a four-
atom pyramidal Cu tip at oxygen-tip distance 7.5 Å (i.e., tip height 10.5 Å),
when averaging over a relatively dense (11 × 11) k grid. The CO bonding
length is 1.17 Å, and the tilt angles of the C-O bonding axes deviate (6.6±
0.5)◦ from standing perpendicular to the Cu(111) surface, in agreement to
previous studies [129]. It is noticed that the calculated STM image for this
system is relatively sensitive to the tip height, compared to other investigated
systems. By lowering the tip by 1.5 Å, the central bright spot becomes more
pronounced, whereas elevating the tip by 1.5 Å, lowers the central bright
spot. This feature is therefore evidently similar to the CO molecule scanned
by a CO tip.

As for most other studied systems studied in this thesis, also the CO
dimer exhibits a qualitative similarity between a Γ-point STM calculation
[Fig. 6.16(a)] when comparing to its k averaged STM image [Fig. 6.16(c)],
which allows to restrict the forthcoming wave function analysis to the Γ
point. The main difference between a Γ-point-, and k averaged calculation
is an overall increment of the conductance, as well as a larger contribution
from the Cu-substrate surface atoms, when performing averaging in reciprocal
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Figure 6.17: Upper panel shows (a) the normally propagated substrate wave
functions for the CO dimer, and (b) the tip wave functions of a pure four-atom
pyramid Cu tip (real part only). (c) shows a logarithmically scaled transmission
matrix that highlights the important tip-sub combinations, normalized so that the
total transmission is unity, and where elements with values below 10−3 are omitted.
The bottom panel shows the corresponding results after performing the unitary
transformation of the wave functions in (a) and (b). The plot range is individual
for each set of wave functions, and clipped so that the maximum amplitude wave
function lies outside the range, in order to enhance the evident feature/symmetry
of the less significant wave functions, e.g., the p waves from the tip.

space.

Unitary transformation of the vacuum wave functions

Each k-point STM image is a result of approximately 1000 individual tip-sub
combinations used in Eq. (6.4). The significance of these combinations to
the STM contrast may be examined directly from the propagated wave func-
tions. However, a unitary transformation of these wave functions, performed
according to the described theory in Sec. 6.1.3, yields a more transparent
understanding of the STM contrast.
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In Fig. 6.17(a) and Fig. 6.17(b) the real part12 of the real-space wave
functions from the substrate and the tip are shown, which are directly prop-
agated from localized-basis DFT calculations. The ordering of these wave
functions is determined by the magnitude of the eigenvalues of the partial
spectral functions of the semi-infinite leads [48], i.e., the eigenvalues are pro-
portional to the local density of states in the leads. However, the magnitude
of such an eigenvalue is not related to the amplitude of the corresponding
wave function in the vacuum region, and thereby not related to the transmis-
sion probability for a specific tip-sub combination. This feature is evident in
Fig. 6.17(a) and Fig. 6.17(b). In addition, unnecessary many waves functions
with similar symmetry in the lateral plane are obtained, which is here clearly
observed for the single-atom Cu tip [Fig. 6.17(b)], where numeruous s- and
p-type wave functions are observed.

A unitary transformation of these wave functions gives an ordering that
approximately becomes proportional to the maximum amplitude of the wave
function, which in turn deduces their significance in the tunneling probabil-
ity for a specific tip-sub combination. This is visualized in Fig. 6.17(d) and
Fig. 6.17(e), and clearly seen in the transmission matrix, Fig. 6.17(f), where
large transmission coefficients are observed primarily for the low-number wave
functions from each side. Furthermore, wave functions with the same sym-
metry in the lateral plane are merged into a single wave function with the
same symmetry.

As in the case of a single CO molecule adsorbed on a Cu(111) surface
described above, the non-zero amplitude of significant substrate wave func-
tions away from the molecule is crucial to explain the conductance dip over
the molecule. That is, if a wave function over the substrate has a significant
(constant) value that yields a large conductance even when the tip is laterally
placed far away from the molecule, this might give a conductance dip over
the molecule, as in the case with the CO monomer on the Cu(111) surface.
This sign change in the amplitude is evident also for the present CO dimer
upon noticing the non-zero amplitude of the first two unitary transformed
substrate wave functions [Fig. 6.17(d), wave function 0 and 1], which, by in-
terference, gives rise to a large current also when the tip is not centered over
the molecule. This feature is the main reason to the slightly elongated con-
ductance dip in the STM image [Fig. 6.16(c)], whereas its central bright spot
is assigned to the large amplitude centered in the first unitary transformed
wave function of the substrate [Fig. 6.17(d), wave function 0].

Reducing the number of tunneling channels

Another important characteristic of a unitary transformation of the wave
functions, is that it enables to decrease the number of necessary tip-sub
combinations that must be included to recover the STM contrast, as a conse-

12The imaginary part is negligible in the Γ point for large vacuum gaps.
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(b) Unitary transformation
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Figure 6.18: Illustration of the reduction of the number of tip-sub combinations
by means of a unitary transformation. The top panel (a) shows (i) [(ii)] the nor-
mally propagated wave function combinations (black squares) needed to give an
STM image with total conductance that is 99% [90%] of the Γ-point STM image,
and (iii) shows the cross-section conductance when using these combinations. The
bottom panel (b) shows the corresponding results after the unitary transformation
is performed. The dashed line in (b)(iii) displays the cross-section conductance
when using only two tunneling channels; the tip wave function ϕ0

t (r), combined
with the substrate wave functions ϕ0

s(r) and ϕ1
s(r).

quence of the ordering by the amplitude in the vacuum gap for wave functions
of the same symmetry. This is demonstrated in Fig. 6.18.

The Γ-point STM image (using all tip-sub combinations) is compared to
an STM image, where a much smaller number of wave functions are included.
This is acquired by introducing a cutoff conductance, so that, upon defining
X%-accuracy, where a predefined cutoff value gives X% of the total current
of the Γ-point STM image. For instance, when using the usual propagated
wave functions [Fig. 6.17(a) and Fig. 6.17(b)], 152 tip-sub combinations [14%
out of the 1089 (= 33 × 33) combinations], are needed in order to obtain a
99% accuracy. Achieving the same accuracy with the unitary transformed
wave functions [Fig. 6.17(d) and Fig. 6.17(e)] only requires 26 combinations
(2.3% out of 1089 channels). In the latter case, the majority of the current is
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carried by one single s-type tip wave function, as expected by a single-atom
Cu tip.

Reducing the number of channels further (by increment of the cutoff
conductance), by compromising slightly with the quality of the STM image
[Fig. 6.18(b) and Fig. 6.18(e)] shows the same tendency, where the current is
solely carried via the Cu-tip s wave. Notice that such a calculation results in
an STM contrast that could equivalently be obtained by the Tersoff-Hamann
approximation [105], due to the pure s-wave character of the tip. By us-
ing an even larger cutoff, so that only two tip-sub combinations are used
[tip wave function 0 (s type), Fig. 6.17(e), and substrate wave functions 0
and 1, Fig. 6.17(d)], may reproduce the Γ-point STM image qualitatively,
so that the origin of the STM contrast is easy to interpret; see dashed line
in Fig. 6.18(f). However, the latter calculation only gives a 59% accuracy,
which originates from significantly less contribution from the Cu surface. The
qualitative STM contrast of the CO dimer is however not possible to obtain
using a single substrate wave function, as was done for the previous systems,
which might depend on the more complicated molecular orbitals for the CO
dimer.

In summary, a unitary transformation of the wave functions at the sep-
aration plane may closely retain a Γ-point STM image by using a heavily
reduced number of tip-substrate wave function combinations. Such an ap-
proach increases the intuitive understanding of the STM contrast, as wave
functions of a specific lateral symmetry are bundled up, compared to the
normally propagated wave functions. For instance, this allows for a detailed
discussion of the significance of s-, and p-type wave functions from the STM
tip, when scanning arbitrary molecules.

6.3 Conclusions

The content in this chapter aims to describe a first-principles method used to
calculate constant-height STM images in the low-bias limit. Accurate real-
space wave functions in the deep vacuum region are provided from standard
localized-basis wave functions, which are transformed to real space, and prop-
agated in the vacuum region by means of a finite difference approximation
for the vacuum Hamiltonian. The importance of k-point sampling, as well
as a large lateral unit cell, have proven to be necessary for many systems in
order to compare well to the presented state-of-the-art experiments. The the-
ory provides a nearly quantitative comparison to experiments, where the full
atomic structure of the tip is taken into account. The theory further confirms
that the tunneling current increases (decreases) by one order of magnitude
when lowering (raising) the STM tip vertically by one ångström, when con-
sidering a Cu system. A qualitative interpretation of the STM contrast, for
most of the considered adsorbates, is acquired by a single tip-substrate wave
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function combination in the Γ point, whereas a more precise interpretation
may be obtained by a unitary transformation of the wave functions at the
separation plane. Finally, an alternative formula to describe the tunneling
conductance is presented, which has its origin in the ordinary Green’s func-
tions formalism in real space, and provides identical results when comparing
to the Bardeen’s approximation to tunneling.



Chapter 7

Outlook

The work presented in this thesis covers approximately three years of full-time
research. The remaining time has covered departmental work (0.5 years),
studying of advanced courses (1 year), and parental leave (0.5 years).

A continuation of the initial project regarding vibrationally assisted tun-
neling was initiated, regarding, instead of a single-molecule adsorbate (OD
monomer), an OD dimer, where different vibrational modes of the adsorbate
are thought of interacting, which seems to be an important ingredient for the
flipping rate. That is, an OD stretch mode (perpendicular to the reaction
coordinate) couples to a rotational mode (along the reaction coordinate),
which means that higher-order terms need to be considered in the transition
matrix. Since there are numerous rotation-vibrational modes with energies
below the lowest stretch mode of the adsorbate, the expressions, which re-
quires a thorough expansion of the transition matrix, rapidly became unman-
ageable. Therefore, it was decided that this work should be stopped, and left
for possible future research. However, we believe that, at least in principle,
the outlined theory in this project should be able to resolve the flipping rate
for more complicated adsorbates from first-principle calculations.

The second project, regarding first-principles calculations of STM images,
is nevertheless considered as the characteristics of this thesis, and the main
part of the time has been spent working with this. We believe that we
have a well-functioning theory that is capable to calculate STM images for
arbitrary adsorbates and tip structures in the low-bias limit. Despite the
ridiculously large number of wave functions that need to be calculated, the
STM-image calculations are relatively cheap from a computational point of
view. However, the intuitive interpretation of the STM contrast in terms of
individual wave-function combinations should still be able to be improved,
and moved away from the Γ point. That is, a calculated STM image may
perhaps be interpreted by a much smaller number of wave functions, also for
arbitrary k points.

105



106 7. Outlook

Another extension to the developed STM model is to include bias-voltage
dependence, which in many cases is necessary in order to make a comparison
to experiments, as the bias voltage strongly affects the STM contrast for
certain systems. For instance, such an extension would enable calculation
of a dI/dV profile for systems with different chemical potentials between
the substrate- and tip side of the vacuum region with similar computational
efficiency.



Appendix A

DFT example: Isolated
atoms

The content in this section describes a short-term project which was initiated
in the very beginning of my graduate studies in order to learn the basic
principles of DFT. The method describes how to obtain estimates of the
ground state energy of the elements in the periodic table, and enables a
quantitative comparison between experimental [130] and calculated ionization
energies of the 20 first elements. Furthermore, it provides an efficient method
to generate radial wave functions, used in localized-basis (many-nuclei) DFT
frameworks, e.g., in the Siesta implementation. The forthcoming results are
computed by our implementation of the outlined theory. Similar theories and
developed softwares essentially provide similar results [32, 131, 132]. Further
details regarding the numerical method used in this section can be found in
Ref. [14] and references therein.

The Schrödinger equation for isolated atoms

An isolated atom is defined by a single positively charged point-like nucleus
surrounded by several (negatively charged) electrons, in complete absence
of any other atoms, molecules and external fields. Analytical solutions only
exist in rare cases, such as for hydrogen-like atoms, i.e., when an arbitrary
nucleus is surrounded by a single electron. For two-electron systems, such as
the helium atom, perturbative approaches, e.g., the variational method with
clever designed trial wave functions, and inclusion of spin-orbit coupling, may
reproduce experimental observations with impressive accuracy [7, 133]. How-
ever, such ordinary perturbative approaches rapidly become computationally
troublesome when the number of electrons increases. In such cases, DFT may
serve as a computationally cheap numerical alternative; in particular when
considering the total electronic energy of a neutral, or positively (negatively)
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charged atom, as well as its atomic orbitals.
An important feature of an isolated atom is that its Coulomb potential,

generated by its nucleus, is spherically symmetric. This feature allows to
reduce the three-dimensional problem to one dimension by considering only
the radial part of the wave functions. In a numerical approximation this is of
fundamental importance in order to obtain accurate results, as discretization
of a three-dimensional space rapidly yields unmanageable large matrices for
ever finer grid, which sets heavy constraints for the CPU time of the diago-
nalization process of the Hamiltonian, despite its sparse nature. The radial
part of the Schrödinger equation can be expressed as

− 1

2

d

dr

[
r2 d

dr
Rn`(r)

]
+

[
r2V (r) +

`(`− 1)

2

]
Rn`(r) = Er2Rn`(r), (A.1)

where n (`) is the principal (orbital) quantum number. The substitution Pn` =
rRn` yields

− 1

2

d2

dr2
Pn`(r) +

[
V (r) +

`(`− 1)

2r2

]
Pn`(r) = EPn`, (A.2)

and the density reads

n(r) =
|Rn`|2
4πr2

. (A.3)

Equation (A.2) can be discretized on a finite-range grid, i.e., in a box of a
certain size, as the matrix structure naturally sets hard boundaries at the end
points when solving such eigenvalue problems numerically. Dirichlet bound-
ary conditions are therefore implicitly used, which means that the calculated
wave functions exactly vanish outside the box, i.e., P (0) = P (rmax) = 0.
Appropriate, and fairly straightforward, approximation methods are either
a uniform grid, defined by the finite difference approximation discussed in
Chap. 4, or a non-uniform grid, which is preferably implemented by means
of the finite element method (FEM). In the present problem formulation, a
FEM grid turns out to be particularly useful, as there typically are several
orbitals that are tightly bound to the nucleus, meaning that they are fairly
localized, and rapidly varying for small r, while they further away from the
nucleus decay exponentially, and thereby become smoother and more slowly
varying. The grid therefore has to be dense close to the nucleus and sparser
further away, which is one of the major strengths of the finite-element imple-
mentation.

Estimation of the FEM parameters

The radial grid consists of 350 grid lattice points, which have lattice constants
that increase exponentially away from the nucleus, where the radial range is
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set to 100 bohr. Upon specifying a minimum grid value, rmin = 10−4 bohr,
the exponentially increasing grid is defined as

g(r) = rmin exp(βr), β = N−1 log(rmax/rmin), (A.4)

whereafter r = 0 is added to the grid [131]. Triangular basis functions are
used to describe a general function on this grid (see Ref. [14]).

The parameters involved in the model are chosen upon consideration of
efficiency and accuracy by comparing the analytical hydrogen radial wave
function, R10(r), with the same one obtained from diagonalization of the
FEM Hamiltonian. In Fig. A.1 the corresponding exact radial probability
density, P10(r) = 4πr2|R10(r)|2, is compared to the numerical calculation,
which evidently agree well. The lowest eigenvalue is E0 = −0.4999347 Ha,
which should be compared to the exact1 value, −0.500... Ha (≈ −13.61 eV),
i.e., a relative difference of approximately 0.1%. The CPU time for the diag-
onalization is negligible (tCPU � 1 s). Of course, a finer grid systematically
reduces the relative difference, and obtaining a relative difference of approxi-
mately 10 ppm the calculation takes a few CPU seconds. Notice that a DFT
calculation for hydrogen is unnecessary, as this is a one-electron problem; in
fact, such a calculation yields a worse numerical approximation. The previ-
ous hydrogen-1s calculation is shown solely to demonstrate the accuracy and
efficiency regarding the diagonalization of the FEM Hamiltonian. A calcu-
lation for a uniform grid may also give similar efficiency/accuracy as shown
above. The strength of the FEM computation is that it, in the same calcu-
lation, also covers orbitals at a larger distance from the nucleus, e.g., more
delocalized states such as 2s-, 3s-, and 3p orbitals, for which a uniform grid
gives a worse approximation due to the fact that a smaller box must be used
in order to maintain the accuracy-efficiency ratio for calculation of the deep
core states, where a dense grid is necessary.

Improvement of the Hartree potential

A drawback of the numerical finite radial range, i.e., a box with hard bound-
aries, is that the Hartree potential, computed by the radial Poisson equation,

∇2
rVH(r) = −4πn(r), (A.5)

exactly vanishes at the boundaries of the box. This means that the Hartree
potential, which should decay as r−1 far away from the nucleus, is badly
described over the whole box; especially in vicinity of the boundaries. In order
to overcome this problem, it is customary to define an appropriate density
that yields an analytical solution to Poisson equation [134]. A suitable such

1That is, with the same simplifying assumptions, such as a stationary nucleus, non-
relativistic electrons, etc. The true value therefore differs slightly from −0.500... Ha.
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Figure A.1: (a) Analytical and numerical 1s radial probability density, P10(r).
(b) Difference between the curves in (a), ∆P10 = P exact

10 − P num
10 . (c) Logarithmic

scaled relative absolute difference. This difference increases towards the far side of
the box due to the sensitivity of the numerical wave-function amplitudes at such
low-density regions. Computation parameters are given in the text.

charge-density distribution is the Gaussian

n′ =
exp(−r2)

π3/2
, (A.6)

for which the analytical Hartree potential reads

VH =
Erf(r)

r
. (A.7)

This function converges to the Coulomb potential far away from the nucleus,
as the error function quickly converges to unity, which is expected by any
smooth charge-density distribution viewed from a distant point. By solving
the Poisson equation with the difference between the numerical and exact
densities, ñ = n− n′, and ultimately adding the analytical Hartree potential
to the latter solution, a well-described Hartree potential is obtained.

This computational trick enables to significantly reduce the box size, as
VH(r) is described by several order of magnitudes better throughout the
considered region. By implementing Eq. (A.2) into the Kohn-Sham equa-
tions, Eq. (2.5), involving the Hartree potential and the L(S)DA exchange-
correlation potential [27, 28], the electron density and the ground state energy
can be obtained for a number of elements. Heavy elements, such as mercury
or gold, need a relativistic treatment by means of the Dirac equation [135],
as the core electrons move at a significant fraction of the speed of light.
However, the relativistic correction for the core electrons cancel to a certain
extent, upon considering ionization energies, and descent results are actu-
ally obtained also for these elements in the present non-relativistic approach,
although these elements are not included in Fig. A.2.
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Figure A.2: Ionization energies of the 20 first elements in the periodic table, com-
puted by using LDA (red) and LSDA (blue) exchange-correlation functionals when
implementing the radial SE in the Kohn-Sham equations in a FEM discretization
scheme. The black data points are the experimental values.

Comparison to experiments

A comparison to experiments is here demonstrated by the ionization energies
of the 20 first elements in the periodic table. The ionization energy for a
certain atom is obtained by computing the total energy of a neutral atom,
followed by a similar calculation when removing one electron, i.e.,

Eion = ENe=Ztot − ENe=Z−1
tot , (A.8)

where Z is the atomic number, and Ne is the number of electrons. The
LDA/LSDA ionization energies are demonstrated in Fig. A.2 and compared
to the experimental data [130]. Here the ionization energy for hydrogen is
computed by the described DFT method, despite the existence of an exact
solution.

Although the L(S)DA exchange-correlation functionals, which are exact
only in systems where the electron density is constant, seems rather scarce for
the considered problem, surprisingly accurate ionization energies are obtained
for isolated atoms; especially by using the LSDA functional. As expected,
the LDA functional misses the dip when the p-orbitals start to fill up with
opposite spin electrons according to one of Hund’s rules [136]. The good
correspondence might rely on the fact that a neutral atom is chemically sim-
ilar to its ionized counterpart. Hence the inherent DFT errors originating
from the exchange-correlation functional of the two calculations tend to can-
cel out, and accurate ionization energies can be obtained. A different choice
of modeling parameters may improve the results further. For instance, by
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choosing a finer discrete grid with a possibly different non-uniform grid spac-
ing, may further reduce the numerical error. However, the DFT calculation
can never converge to the exact solution (in this and most other systems) due
to the inherent errors originating from the approximate exchange-correlation
functionals.

The total computation time for all calculations involved in Fig. A.2 is
approximately ten minutes on an ordinary personal computer. This exam-
ple gives a hint of the applicability and efficiency of density functional the-
ory. Furthermore, these calculations enable to obtain accurate radial wave
functions, which is crucial when considering large clusters of atoms in more
advanced implementations of DFT.



Appendix B

Green’s functions - some
details

In this section, further details are given regarding some details of the equa-
tions in the Green’s function formalism, discussed in Chap. 3.

From time- to energy domain by Fourier transformation

The infinitesimally small imaginary part that is conventionally added to the
energy variable plays an important role when transforming from time- to
energy domain. This slight modification means that the Fourier transform of
the retarded Green’s function, G(t) = −iθ(t)e−iHt, may be directly calculated
by the following steps:

G(E) =

∫ ∞

−∞
dt ei(E+iη)tG(t) (B.1)

= −i
∫ ∞

0

dt ei(E+iη)te−iHt (B.2)

= −i

∫ ∞

0

dt ei(E+iη)t
∑

i

e−iεit|ϕi〉〈ϕi| (B.3)

= −i
∑

i

|ϕi〉〈ϕi|
∫ ∞

0

dt ei(E+iη−εi)t (B.4)

=
∑

i

|ϕi〉〈ϕi|
E + iη − εi

. (B.5)

By setting η = 0 yields the familiar operator equation,

(E −H)G(E) = I, (B.6)

where I is the identity operator.
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Transformation to position basis

The right hand side of Eq. (B.6) in position basis reads

〈x|I|x′〉 = I〈x|x′〉 = δ(x− x′), (B.7)

whereas the left hand side reformulates as

〈x|(E −H)G(E)|x′〉 = E〈x|G(E)|x′〉 − 〈x|HG(E)|x′〉 (B.8)

= E〈x|G(E)|x′〉 −
∫

dx′′ 〈x|H|x′′〉〈x′′|G(E)|x′〉 (B.9)

= E〈x|G(E)|x′〉 −
∫

dx′′Hδ(x− x′′)〈x′′|G(E)|x′〉 (B.10)

= E〈x|G(E)|x′〉 −H(x)〈x|G(E)|x′〉, (B.11)

where it is used that 〈x|H|x′〉 = 〈x| − ∂2
x + V (x)|x′〉 = (−∂2

x + V (x))〈x|x′〉 =
(−∂2

x+V (x))δ(x−x′). Hence, the operator equation for the real-space Green’s
function reads (

E −H(x)
)
G(x, x′, E) = δ(x− x′). (B.12)

As an aside, one may consider the object 〈x|H projected onto a state
|ψ〉, where H = −∂2

x + V (x). Using the completeness relation for position
eigenstates, one finds

〈x|H|ψ〉 =

∫
dx′ 〈x|H|x′〉〈x′|ψ〉 (B.13)

=

∫
dx′Hδ(x− x′)ψ(x′) (B.14)

= Hψ(x), (B.15)

which shows that
〈x|H = (−∂2

x + V (x))〈x|. (B.16)

Further details regarding these derivations can be found in Ref. [44].

The transition matrix

By making use of the retarded non-interacting (bare) Green’s function of
some known system,

G0 = (E + iη −H0)
−1
, (B.17)

and by introducing a small perturbation V , such that the full Hamiltonian is
the sum of the unperturbed Hamiltonian and the perturbation, H = H0 +V ,
means that the retarded interacting (dressed) Green’s function reads

G = (E + iη −H0 − V )
−1
. (B.18)
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Hence, one may express the perturbation as

V = G−1
0 −G−1, (B.19)

where G, by further manipulations, reformulates in terms of the G0 and V
as

G0V G = G0

(
G−1

0 −G−1
)
G = G−G0 ⇔ (B.20)

G = G0 +G0V G, (B.21)

where Eq. (B.21) is referred to as the Dyson equation [137]. Upon operating
with H = H0 + V on the state |ψ〉 = |ψ0〉 + |ψ1〉, and using that H0|ψ0〉 =
E|ψ0〉, one obtains (occasionally omitting iη)

H|ψ〉 = E|ψ〉 (B.22)
(
H0 + V

)(
|ψ0〉+ |ψ1〉

)
= E

(
|ψ0〉+ |ψ1〉

)
(B.23)

H0|ψ1〉+ V |ψ0〉+ V |ψ1〉 = E|ψ1〉 (B.24)
(
E −H0 − V

)
|ψ1〉 = V |ψ0〉, (B.25)

so that two expressions of the scattered wave, |ψ1〉, are revealed. The first
one manifestly reads

|ψ1〉 = GV |ψ0〉, (B.26)

and the second is found by rearrangement according to
(
E −H0

)
|ψ1〉 = V

(
|ψ0〉+ |ψ1〉

)
= V |ψ〉, (B.27)

so that the scattered wave function takes the form

|ψ1〉 = G0V |ψ〉. (B.28)

The full wave function may therefore be expressed in two ways,

|ψ〉 = |ψ0〉+ |ψ1〉 =

{
|ψ0〉+GV |ψ0〉
|ψ0〉+G0V |ψ〉,

(B.29)

where the latter is referred to as the Lippmann-Schwinger equation [138].
Further straightforward manipulations of the previous equations yield

V |ψ〉 =
(
V + V GV

)
|ψ0〉, (B.30)

where the expression in the brackets is the T-matrix (or transition operator),

T ≡ V + V GV. (B.31)

According to the Dyson equation, G = G0 + G0V G, the T-matrix can be
expanded as

T = V + V G0

(
V + V G0V + V G0V G0V + ...

)
, (B.32)



116 B. Green’s functions - some details

which is equivalent to the Born series,

T =

∞∑

n=1

V
(
G0V

)n−1
. (B.33)

The Born series, expanded to lowest order, i.e., T ≈ V , is closely related
to the (first-order) Born approximation [139], which is briefly discussed in
Sec. 3.3. The lowest-order expansion of the T-matrix also plays a central
role in Chap. 5, where vibrational excitations of an adsorbate molecule are
triggered by tunneling electrons from an STM tip.

B.1 Recursive Green’s functions and
self-energies

This section is aimed to gain further insights in the self-energy description
of periodic leads. They are computed by means of the Dyson equation, and
does implicitly use arguments based on recursive Green’s function (RGF)
methods. The following equations are naturally extended to compute the
transmission coefficient of a more general scattering region, which, in the end
of the calculation, couples to the opposite lead.

Periodic leads: self-energies

G0
11 G0

22 G0
33

Attach 1 and 2

by V =
(

0 τ
τ† 0

)

G22 G0
33

Attach 2 and 3

G33

Continue until

‖|Gii −Gi−1,i−1‖| < ε

G0 G

Figure B.1: Finding a surface Green’s function with the recursive Green’s function
algorithm by means of the Dyson equation.

Below is considered a two-dimensional region, infinite and periodic along the
transport direction. In such a system it is relatively easy to understand the
idea of the RGF method. The isolated Green’s function for the slice at the
left boundary (at x = −∞) then reads G0

11 = (E −H11)−1, where E is the
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energy, and H11 is the Hamiltonian of this slice. By adding another slice,
which couples to the first one by V defined above, allows to separate the
system, and express the inverse of the full Green’s function of the coupled
system as

G−1 =

(
(G0

11)−1 −τ
−τ † (G0

22)−1

)
=

(
(G0

11)−1 0
0 (G0

22)−1

)

︸ ︷︷ ︸
(G0)−1

+

(
0 −τ
−τ † 0

)

︸ ︷︷ ︸
−V

,

(B.34)
where G0 is the non-interacting Green’s function for the decoupled system.
By means of such a separation, the Dyson equation is readily obtained,

G =
(
(G0)−1 − V

)−1
= G0 +G0V G, (B.35)

where
G =

(
G11 G12

G21 G22

)
, (B.36)

and
G0 =

(
G0

11 0
0 G0

22

)
, (B.37)

respectively. Plugging G and G0 into Eq. (B.35) one finds

G22 = G0
22 +G0

22τ
†G0

11τG22, (B.38)

where G22 is the desired Green’s function of the second slice for the connected
system; see Fig. B.1. This is preferably rewritten according to the Dyson
equation as

G22 =
(
E −H22 − τ †G0

11τ
)−1

. (B.39)
Continuing by adding a third slice gives

G33 =
(
E −H33 − τ †G22τ

)−1
, (B.40)

where G22 now takes the role as the Green’s function of the isolated system,
i.e, the Green’s function of the second slice when coupled to slice 1. At this
point, isolation means that the joint system, i.e., slice 1+2, is decoupled from
slice 3; see Fig. B.1. The periodicity means that the Hamiltonians of all the
individual slices are identical, saying that also Gii must be translationally
invariant far away from the left boundary of the lead. This means that in
order to find the surface Green’s function, i.e., Gii at the slice where the lead
attaches to the device region, the equation to solve simply reads

gs =
(
E −Hs − τ †gsτ

)−1
, (B.41)

where gs is the surface Green’s function, and Hs is the Hamiltonian of this
rightmost slice of the lead (which couples to the scattering region). This
relates to the self-energy by Σ1 = τ †gsτ , which fully takes the effects of
the infinite lead into account. Equation (B.41) can be solved iteratively, as
explained in the main text.
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RGF algorithm for arbitrary scattering regions

The previous methodology may be used to obtain the transmission coeffi-
cient of a scattering region that contains an arbitrary potential. By writing
out some of the submatrices in Eq. (3.43) one finds that the transmission
coefficient may be expressed as

T = Tr
[
G1nΓ1G

†
1nΓ2

]
, (B.42)

which means that only G1n out of the full device Green’s function is needed1.
Upon using Eqs. (B.35)-(B.37), one finds

{
G12 = G0

11τG22

G22 =
(
E −H22 − τ †G0

11τ
)−1

.
(B.43)

Renumbering the objects so that the slice numbers at the device region are
such that i ∈ [1, n], and using that the first slice of the device region couples
to lead 1, for which G0

00 ≡ gs, gives the initialization
{
G01 = gsτG11

G11 =
(
E −H11 − τ †gsτ

)−1
.

(B.44)

Continuing through the device region, and assuming the existence of electro-
static scatterers such that Hii 6= Hi+1,i+1, G0n may be found by

G0n = G0,n−1τ
(
E −Hnn − τ †Gn−1,n−1τ

)−1
. (B.45)

Finally, the device region is attached to lead 2, so that the desired Green’s
function reads

G0,n+1 = G0nτ
(
E −Hn+1,n+1 − τ †gsτ − τ †Gnnτ

)−1
, (B.46)

where the surface Green’s function of lead 2, gs, is assumed to be the same
as the left one. By extending the device region one slice into the leads at
each side, Eq. (B.46) is plugged into Eq. (B.42), so that the transmission
coefficient is found.

By implementing this technique one needs to perform n (m×m)-matrix
inversions instead of doing one (nm× nm) matrix inversion, where m is the
number of lattice points along the transverse direction. Hence, the CPU time
for this algorithm scales as tCPU ∝ nm3, compared to the direct inversion
time, tCPU ∝ (nm)3, i.e., a gain of a factor n2. However, by solving the
linear system of equations, Eq. (3.36), and using Eq. (3.42) for the transmis-
sion, may actually, by using efficient solvers, be even faster than the RGF
algorithm.

1Notice that Γ1 and Γ2 here live on a different subspace compared to Eq. (3.43)



Appendix C

Tight-binding method for
graphene

This section is aimed to give a short (and vastly simplified) discussion regard-
ing the well-established tight-binding implementation of a graphene nanorib-
bon [140]. The purpose of this discussion is to (i) highlight the similarities
between the finite-difference approximation and the tight-binding method,
and (ii) demonstrate the importance of using Brillouin-zone sampling in the
transverse direction when modeling large systems using a relatively small
transverse unit cell.

Graphene is a two-dimensional crystal of carbon atoms forming a hexago-
nal (honeycomb) lattice [Fig. C.1(a)], which exhibits extraordinary electronic
properties [141]. The chemical bonds are due to sp2 orbitals, which are re-
sponsible for the hexagonal structure of the system. The the remaining pz
orbital, associated with each carbon atom, is responsible for the conductiv-
ity, and builds a minimal basis set upon modeling the full system. Further-
more, only nearest-neighbour interaction between different atoms is consid-
ered, which, to some extent, turns out to appropriately describe some of the
peculiar electronic properties of graphene. The hopping element in this con-
text relates to the τx(y) in the finite difference approximation, and is here
denoted similarly. As the atomic positions are fixed, the hopping elements
are fixed as well, in contrast to the FD model, where the lattice constant ax(y)

tunes the coupling strength. In pristine graphene, the valence- and conduc-
tion bands are half filled, meaning that the onsite energy (Fermi level) is zero.
The matrix elements of the tight-binding Hamiltonian are therefore similarly
found as

Hij = 〈ϕi(~r)|H|ϕj(~r)〉 ⇒
{
ε0 = 〈ϕi(~r)|H|ϕi(~r)〉
τx(y) = −〈ϕi(~r)|H|ϕi(~r + ~Rα)〉, (C.1)
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H1 H2

H =

(
Huc τx 0

τ†x Huc τx

0 τ†x Huc

)

Huc =
(

H1 τx′
τ†
x′ H2

)

τx =
(

0 0
τx′′ 0

)

H1 = H2 =




0 τy 0 0 0 τ̃y
τ∗y 0 τy 0 0 0

0 τ∗y 0 τy 0 0

0 0 τ∗y 0 τy 0

0 0 0 τ∗y 0 τy

τ̃∗y 0 0 0 τ∗y 0



τx′ =



τx 0 0 0 0 0
0 0 0 0 0 0
0 0 τx 0 0 0
0 0 0 0 0 0
0 0 0 0 τx 0
0 0 0 0 0 0




τx′′ =




0 0 0 0 0 0
0 τx 0 0 0 0
0 0 0 0 0 0
0 0 0 τx 0 0
0 0 0 0 0 0
0 0 0 0 0 τx


 τx = τy ≈ −3 eV

τ̃y = τye
2πiky

0 = 06×6

(a) (b)

Figure C.1: (a) Honeycomb lattice of an (6×12)-atom armchair graphene nanorib-
bon (aGNR), where the name relates to the geometry of the edges along the x-
coordinate. The deformed honeycomb lattice in (b) is used to intuitively build the
matrix structure of its tight-binding Hamiltonian. Notice the difference between
the coupling between the slices within the unit cell, τx′ , and the coupling between
the unit cells, τx.

where (by symmetry) τx = τy ≈ −3 eV denotes the coupling strength, ε0 = 0

is the onsite energy, and |~Rα| ≈ 1.42 Å is the bonding length between the
atoms, where ~Rα points to each of the three nearest atoms. These parame-
ters may be obtained from a high-quality first-principles calculation, or from
experiments upon, e.g., minimizing the difference between band structures
[142]. Hence the orbitals do not even have to be defined in the present tight-
binding model.

Figure C.2(a) shows the band structure of an armchair nanoribbon where
PBCs are imposed in transverse direction (along the y-axis). Therefore, in
the Γ point, this is a carbon nanotube (CNT). The transmission profile of
such a CNT is shown in Fig. C.2(b), where the transmission skips at each
band transition. The transmission in this case is always an even number
due to doubly degenerate bands, which is (of course) invisible in Fig. C.2(a).
However, by using an ever increasing number of transverse ky points, the
considered flat carbon sheet effectively becomes very large, and a continuum
limit of the transmission versus energy may be obtained. This is shown in
Fig. C.2(c), where it is deduced that the transmission, and thereby conduc-
tance, increases linearly with the applied bias voltage in absence of any scat-
tering impurities, such as imperfections in the lattice, lattice vibrations, and
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Figure C.2: (a) Band structure of an aGNR, using an Nx ×Ny = 30 × 54 atom
system [see Fig. C.1(b)], and where periodic boundary conditions are imposed in
transverse direction. (b) Transmission versus energy in the Γ point using 201 energy
points. (c) Transmission coefficient versus energy for the same system using 101
energy points, as well as 101 ky points used to sample the surface Brillouin zone.
The CPU time is a few hours for (c), but may be significantly reduced by a better
self-energy algorithm, which is, by far, the most expensive part of this calculation.

magnetic impurities. This can be compared to Fig. 4.6(c)(ii), where the ap-
parent continuum limit displays a square-root dependence between the trans-
mission and energy. Both the low-energy linear dispersion relation and the
ky-averaged transmission profile suggest that electrons in graphene behave as
they were massless, which calls for a relativistic description of the electron,
by means of the Dirac equation [135]. Therefore, devices like graphene have
recently opened up the possibility to investigate properties, which tradition-
ally require ultra-relativistic high-energy physics, in the low-energy limit of
nanoscale systems.
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