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Abstract

The field of discrete dynamical systems is a rich and active field of research
within mathematics, with applications ranging from biology to computer
science, finance, engineering and various others. In this thesis properties
of certain discrete dynamical systems are studied together with number
theoretic properties of the functions defining these systems. The dynamical
systems studied in this thesis are defined by iteration of power series g with
a fixed point at the origin, tangent to the identity, and defined over fields
of prime characteristic p. We are interested in the geometric location of
the periodic points in the open unit disk. Recent results have shown that
there is a connection between the lower ramification numbers of g and the
geometric location of the periodic points in the open unit disk. The lower
ramification numbers of g can be described as the multiplicity of zero as a
fixed point of p-power iterates of g.

Part of this thesis concerns characterizing power series having certain
sequences of ramification numbers. The other part concerns utilizing these
results in order to describe the geometric location of the periodic points
in terms of their distance to the origin. More precisely, we characterize all
2-ramified power series, i.e. power series having ramification numbers of the
form 2(1 + p + · · · + pn). Moreover, we also obtain a lower bound of the
absolute value of the periodic points in the open unit disk of such series.

Mathematics Subject Classification (2010): 37P05, 11S15, 11S82

Key words: ramification numbers, local fields, arithmetic dynamics, peri-
odic points, Nottingham group
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Sammanfattning

Diskreta dynamiska system är ett aktivt forskningsomr̊ade inom matem-
atiken med tillämpningar inom allt fr̊an matematik till biologi, dataveten-
skap, finans, ingenjörsvetenskaper och mycket mer. I avhandlingen studeras
vissa specifika diskreta dynamiska system tillsammans med talteoretiska
egenskaper hos funktionerna som definierar dessa system. De dynamiska
system som studeras i avhandlingen definieras av iterationer av potensserier
g med en fixpunkt i origo, och som tangerar identitetsavbildningen. Syste-
men är definierade över kroppar med positiv karaktäristik p. Vi är specifikt
intresserade att geometriskt beskriva de periodiska punkterna i den öppna
enhetsskivan för dessa system. Nyligen publicerade resultat inom omr̊adet
visar p̊a en koppling mellan absolutbeloppet av periodiska punkter i den
öppna enhetsskivan och underförgreningstalen för dessa potensserier. Kort-
fattat kan underförgreningstalen för g beskrivas som multipliciteten av noll
som en fixpunkt till iterationer av g.

Denna avhandling avser dels att karaktärisera vilka potensserier som
har en given sekvens av underförgreningstal, och dels utnyttja dessa re-
sultat för att geometriskt beskriva de periodiska punkterna. Mer precist,
vi karaktäriserar alla potensserier som har underförgreningstal p̊a formen
2(1 + p+ · · ·+ pn), och finner en undre begränsning till absolutbeloppet av
de periodiska punkterna i den öppna enhetsskivan för s̊adana serier.
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Preface

This thesis consists of an introduction to the subject and two papers:

I. Characterization of 2-ramified power series
J. Nordqvist
Journal of Number Theory, Vol.174, 258–273, 2017.

II. Geometric location of periodic points of 2-ramified power series
K.-O. Lindahl and J. Nordqvist
Preprint https://arxiv.org/abs/1705.08630 (submitted).

The concept, design, and analysis of the results of paper II was a joint
effort between the two authors. Most of the results and writing the first
draft was made by the second author. The remaining parts were done
jointly.
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1 Introduction

This thesis concerns two different yet closely related topics: lower ramifi-
cation numbers of wildly ramified automorphisms, and discrete dynamics
over local fields of prime characteristic p.

Discrete dynamical systems are defined by iterations of a function. The
study of iterated rational functions defined over various arithmetical sets is
often called arithmetic dynamics. This is an active and rich field of research,
see for instance [Sil07,AK09] and references therein.

In this thesis we consider iterations of power series. Given a field k we
are especially interested in iterations of power series g ∈ k[[x]] of the form

g(x) = x+ 〈x2〉. (1.1)

These power series are usually referred to as wildly ramified power series.
Throughout this introduction unless otherwise stated we assume that g is
of the form (1.1).

We are interested in a number theoretic property of these power series,
more precisely its lower ramification numbers. Lower ramification numbers
originate from the study of Galois groups of abelian extensions of local
fields. In the case of cyclic extensions the Galois group is generated by a
single automorphism, which can be represented by a power series. Thus, we
may associate lower ramification numbers with a power series of the form
(1.1). In short: lower ramification numbers for a power series g can, up to
a constant, be defined as the multiplicity of zero as a fixed point of iterates
of g. If the field k is of characteristic zero then the lower ramification
numbers are trivial. However, if k is of positive characteristic then the
ramification numbers are non-trivial. Henceforth we assume that k is of
positive characteristic.

Lower ramification numbers are of interest to study in themselves, and
have previously been studied by Sen [Sen69], Keating [Kea92], Laubie &
Säıne [LS97, LS98], Lubin [Lub95], and many others. However, if adding
some structure to k, for instance introducing an non-trivial absolute value,
then it has been shown in [LRL16a,LRL16b] that there exists a connection
between lower ramification numbers and periodic points of power series with
integer coefficients in discrete dynamical systems over local fields. This
relation was later used by the authors in [LN17] to geometrically locate the
periodic points in the open unit disk for a certain family of power series of
the form (1.1). This connection between lower ramification numbers and
periodic points is one of the main motivations of our work in this thesis.

The order of a nonzero power series is the lowest degree of its nonzero
terms. We denote this by ord(·) and put ord(0) := +∞. More formally for
integers n ≥ 0 we define the lower ramification numbers of a power series g
over a field k of characteristic p to be

in(g) := ord
(
gp

n

(x)/x− 1
)
. (1.2)
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The perhaps most famous theorem in the study of lower ramification num-
bers is Sen’s theorem originating from [Sen69] stating that whenever in(g)
is finite, then

in(g) ≡ in−1(g) (mod pn).

Sen’s theorem gives us information about the possible sequences of ram-
ification numbers. One of the main topics of this thesis is the following:
given a sequence Sn = {ij}nj=0 of ramification numbers we want to charac-
terize power series g having the sequence Sn of ramification numbers. This
is typically attained by computing p-power iterates of g, and finding the
coefficient of its lowest degree term. Information about this coefficient can
later be used to geometrically locate periodic points in the open unit disk
of k.

The results of this thesis can in short be summarized as follows: we
characterize all wildly ramified power series having ramification numbers
of the form 2(1 + p + · · · + pn), so called 2-ramified power series. We also
find an explicit lower bound of the absolute value of the periodic points of
2-ramified power series in the open unit disk.

The following sections provide a theoretical background for the papers
included in this thesis, and in §4 we summarize the results from Paper I and
Paper II. In §2 we introduce the notion of local fields on which we define
our dynamical systems. In the same section we also provide background
to ramification numbers. In §3 we state and discuss results from dynamics
over local fields of prime characteristics, which are central in Paper II.

2



2 Local fields and ramification numbers

2 Local fields and ramification numbers

In this thesis we focus on fields of prime characteristic p. The most typical
example of such is the field of q = pr elements for some integer r > 0. We
denote this by Fq. In the case of r = 1 we simply write Fp. Finite fields have
countless interesting properties, but for much of the intents and purposes
of this thesis, we are interested in fields of prime characteristic on which we
can introduce a non-trivial valuation.

Definition 2.1. An absolute value (or valuation) of a field K is a map
| · | : K 7→ R+ satisfying for all a, b ∈ K the properties

1. |a| = 0 ⇐⇒ a = 0

2. |ab| = |a||b|
3. |a+ b| ≤ |a|+ |b|.

In addition if | · | satisfies the ultrametric triangle inequality

|a+ b| ≤ max{|a|, |b|},

we say that the absolute value of K is non-Archimedean, otherwise Archi-
median.

We say that | · | is trivial if

|a| =
{

0, if a = 0

1, otherwise,

and non-trivial otherwise. A field equipped with an absolute value is called
a valued field. In addition if this absolute value is non-trivial and satis-
fies the ultrametric triangle inequality, then we say that K is ultrametric.
Henceforth we assume that K := (K, | · |) is ultrametric.

The valuation group of K denoted |K×| is the multiplicative subgroup of
R+ such that

|K×| = {|a| : a ∈ K×}.
If |K×| is cyclic then the valuation is called discrete.

The closed unit disk of K, also called its ring of integers, is defined by

OK = {a ∈ K : |a| ≤ 1}.

In addition its open unit disk is defined by

mK = {a ∈ K : |a| < 1}.

For any a ∈ mK and b ∈ OK we have |ab| < 1. Thus mK is an ideal in

OK and more importantly it is maximal, meaning that the factor ring K̃ :=
OK/mK is a field and it is called the residue class field of K. Furthermore,

denote the projection in K̃ of an element a of OK by ã; it is the reduction
of a.
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Moreover, if the valuation is discrete then there exists an element πK ∈ K
such that its absolute value generates the value group, i.e. |K×| = {|πK |n :
n ∈ Z}. This element is called a uniformizer or prime element of K.

The final notion we require in order to define local fields is that of com-
pleteness, and we recall that a field K equipped with an absolute value | · |
is said to be complete with respect to | · | if every Cauchy sequence in K
converges in K.

Definition 2.2. A field K that is complete with respect to a non-trivial
discrete valuation is said to be a local field if it has a finite residue class
field.

From this definition there are essentially two types of local fields K

1. Finite extensions of the p-adic numbers Qp
2. The function field of formal Laurent series k((t)) with coefficients in
k = Fq.

In this thesis we consider local fields of the latter type, often called the equal
characteristic case since char(K) = char(K̃).

Field extensions and ramification numbers

Let L/K be a field extension of degree n of a local field K. It is a well-known
fact that the extension degree factors as n = ef , where e is the ramification
index and f = [l : k] is the residue class degree.

We say that an extension such that e = 1 is unramified and if f = 1 then
the extension is totally ramified. Furthermore, we separate the two cases of
totally ramified extensions into tame and wild extensions. An extensions is
said to be totally tamely ramified if (e, p) = 1 and totally wildly ramified if
p | e.

Further in this section it is convenient to formulate the theory in terms
of the additive valuation instead of the absolute value | · | of K.

Definition 2.3. An additive valuation of a field K is a map v : K 7→
R+ ∪ {∞} satisfying for all a, b ∈ K the properties

1. v(a) =∞ ⇐⇒ a = 0

2. v(ab) = v(a) + v(b)

3. v(a+ b) ≥ min{v(a), v(b)}.
Remark 2.1. We note that for a finite field k and K = k((t)) the order
function serves as an additive valuation on K. Let x ∈ K be of the form

x =

∞∑

j=−n
xjt

j , x−n 6= 0.

Then
v(x) := ord(x) = −n.

4



2 Local fields and ramification numbers

Henceforth, we assume that the valuation v is normalized in the sense
that: v(πK) = 1.

We will proceed by discussing a central topic of this thesis, the notion of
ramification numbers. The theory of ramification numbers originates from
the study of abelian extensions of local fields. Much of the basic theory
regarding this topic is covered in [Ser79,FV02].

Let L/K be a totally ramified Galois extension of a local field K. Denote
by G the Galois group Gal(L/K). Then there exists a descending filtration
Gx on G by

Gx = {σ ∈ G : vL(σ(πL)− πL) ≥ x+ 1}.
Seeing that vL is discrete and normalized we notice that Gx = Gi whenever
i = dxe. Now Gi is called the ith ramification group in the lower numbering,
and integers i such that Gi 6= Gi+1 are called ramification jumps.i

Serre gives the following elementary proposition regarding lower ramifi-
cation jumps.

Proposition 2.1 ( [Ser79], VI, Proposition 11). The integers i ≥ 1 such
that Gi 6= Gi+1 are all congruent to one another mod p, where p is the
residue characteristic of the ground field K.

We will later see that for the case of cyclic extension there are much
stronger results on the relations between ramification jumps.

To each ramification group Gi we can relate a group Gj ⊂ G using the
function φ defined by

φ(x) :=

∫ x

0

dt

(G0 : Gt)
.

The inverse of φ denoted ψ := φ−1 is called the Hasse-Herbrandt function,
which is a piecewise linear, increasing function. We define by Gu := Gψ(u)
and equivalentlyGi = Gφ(i) the upper numbering of the ramification groups.
Note that the subgroups in the lower and upper numbering are the same;
they merely differ by order.

For u such that Gu 6= Gu+ε for all real numbers ε > 0 we say that u
is an upper ramification jump (or break). Perhaps the most famous result
concerning upper ramification breaks is due to Hasse and Arf, the so-called
Hasse-Arf theorem.

Theorem 2.1 (Hasse-Arf theorem). Let L/K be a finite abelian extension
with Galois group G. If u is a jump in the filtration Gu. Then u is an
integer.

Serre [Ser79, IV] gives an example of a non-abelian extension with the
group of quaternions as Galois group, such that the upper ramification
jumps are non-integral.

In the special case that K is of characteristic p and L/K is cyclic then the
Hasse-Arf theorem follows easily by Sen’s theorem. Sen’s theorem concerns

i We note that lower ramification jumps are also referred to as lower ramification breaks
in the literature.
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the lower ramification breaks for a single wildly ramified automorphism of a
local field of characteristic p.ii Henceforth, any wild automorphism will be
described by its power series representation of the form (1.1). Note that for
a cyclic extension generated by 〈σ〉 the lower ramification jumps coincides
with the lower ramification numbers of the power series representation of
σ. Let g denote the power series representing σ, and note that for a non-
negative integer s the order of gs only depends on the p-adic valuation of
s. We recall that the lower ramification numbers of g are defined by

in(g) := ord
(
gp

n

(x)− x
)
− 1.

We also recall from §1 that Sen’s theorem [Sen69] asserts that

in(g) ≡ in−1(g) (mod pn). (2.1)

Thus, for cyclic extensions the congruences in (2.1) are much stronger than
those given in Proposition 2.1. Also, the theorem can be thought of as a
generalization of the Hasse-Arf theorem in the sense that is doesn’t require
the group generated by g to be necessarily finite. There have been several
proofs of Sen’s theorem and its generalizations see e.g. [Lub95,Li96,Lub13,
LRL16a].

Among other things Sen’s theorem tells us that

in(g) ≥ 1 + p+ · · ·+ pn. (2.2)

Thus providing a lower bound for the sequence of lower ramification num-
bers, and for the case of equality in (2.2) we say that the power series g is
minimally ramified. Keating [Kea92] gave a first proof towards character-
izing the potential sequences of ramification numbers. Following his work
Laubie and Säıne [LS97, LS98] gave the following result for the potential
sequences of lower ramification numbers.

Theorem 2.2 ( [LS98], Corollary 1). Let p be a prime and k be a field
of characteristic p. Moreover, let g ∈ k[[x]], be a power series such that
g(0) = 0 and g′(0) = 1. Then the following hold

1. if p | i0(g) then in(g) = i0p
n ∀n ≥ 0.

2. if p - i0(g) and i1(g) < (p2 − p+ 1)i0(g), then

in(g) = i0(g) + (i1(g)− i0(g))
pn − 1

p− 1
∀n ≥ 0.

In particular, if i0(g) = b and i1(g) = b(1 + p) then:

in(g) = b(1 + p+ · · ·+ pn) ∀n ≥ 0. (2.3)
ii We note that the set of wild automorphisms of k((t)) form a group under composition.

Whenever k = Fq this group is known as the Nottingham group of k, denoted N (k). There
have been an increasing interest of the study of this group and one reason for this is that
subgroups of N (k) can be mapped isomorphically to Galois groups of arithmetically
profinite extensions of local fields, using the theory of field of norms. The interested
reader is referred to [dSF00] and reference therein.
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2 Local fields and ramification numbers

This result motivates the following definition.

Definition 2.4. Let k be a field of prime characteristic p, and f ∈ k[[x]].
If the sequence of ramification numbers of f is of the form (2.3), then f is
said to be b-ramified.

Example 2.1. Let k = F5((t)) and f1, f2 ∈ k[[x]] be defined as

f1(x) = x+ x2, f2(x) = x+ x2 + x3.

Then f51 (x)− x = x7 mod 〈x8〉, and f52 (x)− x = 3x12 mod 〈x13〉. Hence,
we have i0(f1) = 1 and i1(f1) = 6 = 1 + p. By Theorem 2.2 f is minimally
ramified. However, for f2 we obtain i0(f2) = 1 and i1(f2) = 11 = 1 + 2p.
Thus, by the same theorem we conclude that in(f2) = 1 + 2(p+ · · ·+ pn).

Characterization of wildly ramified power series

In this section, we will discuss the inverse problem of the potential sequences
of ramification numbers, i.e. given a sequence of ramification numbers, we
want to characterize power series g having a given sequence of ramification
numbers.

We start by illustrating by means of an example that it is easy to find
examples of power series which does not satisfies the conditions of Theorem
2.2.

Example 2.2. Let k = Fp((t)) and q(x) = x+ xp. Then

qp
n

(x) =

pn∑

j=0

(
pn

j

)
xp

i

= x+ xp
pn

,

and we conclude that in(q) = pp
n − 1.

In general it is not easy to find the sequence of ramification numbers. Of
course, given a particular power series, if it satisfies Theorem 2.2 as we saw
in Example 2.1 it suffices to compute its pth iterate. But even to find i1 for
a given series and an arbitrary prime p is not trivial.

For completion we also consider power series of infinite ramification num-
bers. We recall that the ramification number of a power series is infinite if
any of its iterates is the identity. The simplest example of a power series
h ∈ k[[x]] such that its order at some iterate is infinite is

h(x) =
x

1− x, hn(x) =
x

1− nx.

Thus i1(h) = +∞. Given n ≥ 1 a power series f ∈ k[[x]] such that
in−1(f) < +∞, but in(f) = +∞ for some integer n ≥ 1, is said to be
torsion. In addition if n is the smallest integer satisfying this property then
we say that f is a torsion element of period pn.

Klopsch [Klo00] gave a classification of wildly ramified power series with
coefficients in Fq of period p. In order to state the results of Klopsch we
define what Lubin [Lub11] calls m-dispersal.
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Definition 2.5. Let m be an integer prime to p, and u(x) = xy(x) ∈ Fq[[x]].
Then we define m-dispersal as

dspm(u) = (u(xm))1/m = x(y(xm))1/m.

We also note that i0(dspm(u)) = mi0(u). Furthermore, let α ∈ Fq and
put

j1,α(x) :=
x

1− αx = x+ αx2 + α2x3 + · · · ,

also put
jm,α = dsp(j1,mα) = x+ αxm+1 + . . . .

Klopsch theorem asserts that for each m prime to p and every wildly
ramified power series u that is a torsion element of period p, such that
i0(u) = m, there is a unique α ∈ k such that u is conjugate to jm,α.

Lubin [Lub11] later proved this result using a different approach, and also
showed how to find torsion elements of period pn using symbolic computa-
tions.

In the case of finite ramification numbers of power series satisfying the
conditions of Theorem 2.2 there are essentially two interesting cases. We
recall that given the conditions of the second statement of Theorem 2.2 the
potential sequences of ramification numbers of g are

in(g) = b0 + b(p+ · · ·+ pn),

for some integers b0 and b. Thus, the two cases are b0 = b and b0 6= b. In
the latter case not much is known in terms of characterizing power series
having such ramification numbers. Still it is easy to find examples, see e.g.
f2 in Example 2.1.

We are especially interested in characterizing power series in the case of
b0 = b, i.e. b-ramification. The case of b = 2 is the main topic of paper I,
and the result asserts that a wildly ramified power series of the form

g(x) = x


1 +

+∞∑

j=2

ajx
j




is 2-ramified if and only if

3/2a32 + a23 − a2a4 6= 0.

The results are discussed further in §4. Furthermore, analytic proofs of
characterizing b-ramified power series also exists in the case of b = 1 and
b = 3 and can be found in [RL03, Example 3.19], and [KK16, Theorem 1.6]
respectively.

Parabolic power series

In [LRL16a] Lindahl and Rivera-Letelier studies a broader family of power
series than the wildly ramified namely parabolic power series. We say that

8



2 Local fields and ramification numbers

a power series h is parabolic if h(0) = 0 and h′(0) is a root of unity, i.e.
power series of the form

h(x) = γx+ · · · .
Denote by q the order of γ in k. As given by e.g. [LRL16b, Proposition 3.2]
we obtain a lower bound on the lower ramification numbers of hq namely

in(hq) ≥ q(1 + p+ · · ·+ pn).

It is thus meaningful to redefine the concept of minimal ramification from
§2 to say that h is minimally ramified if hq is q-ramified. This illustrates
the close relation between lower ramification numbers of parabolic power
series with multipliers different from 1 and that of wildly ramified power
series, and in fact a characterization of b-ramified power series in general
would provide a characterization of all minimally ramified power series in
terms of the coefficients of its qth iterate.

Example 2.3. The polynomial Q ∈ Fp[x] of the form Q(x) = −x + x2 is
minimally ramified if and only if p 6= 11.

The order of −1 ∈ Fp is 2 and, Q is thus minimally ramified if and only
if its second iterate is 2-ramified. This follows directly from computing the
second iterate of Q and apply the characterization of 2-ramified power series
in paper I.

In proving their result Lindahl and Rivera-Letelier [LRL16a] also provides
a characterization of b-ramifiction for the case of sparse power series of the
form

u(x) = x


1 +

+∞∑

j=1

ajx
jb


 . (2.4)

Then u is b-ramified if and only if

b+ 1

2
ab+1
b − ab−1b a2b 6= 0 (2.5)

In particular x+ xb+1 is b-ramified for all b < p− 1.

9



3 Discrete dynamical systems

A discrete dynamical system on a set X is a function f : X → X. Put
f0 := IdX . For each integer n ≥ 1 we define by fn = fn−1 ◦ f , the n-fold
composition of f with itself.

A point x is called a fixed point of f if f(x) = x. Furthermore, x is said
to be a periodic point of f if fn(x) = x for some positive integer n ≥ 1. In
addition, if n is the smallest integer with this property then n is said to be
the minimal period of x.

Ultrametric dynamics and ramification numbers

Throughout this section let (k, | · |) be an ultrametric field, and let k̃ denote
its residue field. Let f ∈ Ok[[x]] be of the form (1.1) unless otherwise stated.
We focus on discrete dynamics defined over k defined by iterations of f .

Moreover, we are interested in the dynamics on mk, the open unit disk of
k. Particularly, we want to describe the periodic points in mk geometrically.
The first step towards this description is noting that f maps mk to itself
isometrically.

Lemma 3.1. Let k be a field of prime characteristic p and f ∈ Ok[[x]],
such that f(0) = 0 and |f ′(0)| = 1. Then the restriction of f to mk is an
isometry.

This follows from the ultrametricity of k. Furthermore, from the isometric
property we know that all periodic points of the same minimal period will
lie on a sphere of some radius about the origin. Also by the following lemma
we see that all periodic points of f in mk have a minimal period which is a
power of the ground characteristic.

Lemma 3.2 (Lemma 2.1 [LRL16b]). Let p be a prime and k a field of
characteristic p. Moreover, let f ∈ Ok[[x]] such that f(0) = 0 and f ′(0) = 1.
Then the minimal period of each periodic point in mk of f is of the form pn

for some integer n ≥ 0.

The following lemma is a special case of [LRL16a, Lemma 2.4] for the case
of the multiplier being equal to 1, and it gives the geometric description of
the periodic points in terms of their distance to the origin. Also, it illustrates
the relation between the dynamics of f and its lower ramification numbers.
In order to state the lemma, we define the following notion. For a power
series f(x) in Ok[[x]], the Weierstrass degree wideg(f) of f is the order in

k̃[[x]] of the reduction f̃(x) of f(x). Note that if wideg(f) is finite, the
number of zeros of f in mk, counted with multiplicity, is less than or equal
to wideg(f); see for example [Lan02, §VI, Theorem 9.2].

Moreover, for each integer n ≥ 0 the element µn(f) of k is defined as
follows: Put µn(f) := 0 if in(f) = +∞, and otherwise let µn(f) be the
coefficient of xin(f)+1 in the power series fp

n

(x)− x.

10



3 Discrete dynamical systems

Lemma 3.3 (Special case of Lemma 2.4 in [LRL16a]). Let p be a prime
and (k, | · |) an ultrametric field of characteristic p. Moreover, let f(x) be a
wildly ramified power series in Ok[[x]]. Then the following properties hold.

1. Let w0 6= 0 in mk be a fixed point. Then we have

|w0| ≥ |µ0(f)|, (3.1)

with equality if and only if

wideg(f(x)− x) = i0(f) + 2. (3.2)

2. Let n ≥ 1 be an integer and x0 in mk a periodic point of f of minimal
period pn. If in addition in(f) < +∞, then we have

|x0| ≥
∣∣∣∣
µn(f)

µn−1(f)

∣∣∣∣
1

pn

, (3.3)

with equality if and only if

wideg

(
fp

n

(x)− x
fpn−1(x)− x

)
= in(f)− in−1(f) + pn. (3.4)

Moreover, if (3.4) holds, then the cycle containing x0 is the only cycle
of minimal period pn of f in mk, and for every point x′0 in this cycle

|x′0| =
∣∣∣ µn(f)
µn−1(f)

∣∣∣
1

pn

.

Thus, by finding the pnth coefficient of an arbitrary power series f we
obtain a bound on the absolute value of the periodic points. This is the
main topic of paper II, where it is used for the case of f being 2-ramified.
We illustrate this in the upcoming example by providing explicit bounds on
the periodic points in mk for two 2-ramified power series.

Example 3.1. Let k = F7((t)) and h1, h2 ∈ k[[x]] such that h1(x) =
x + tx3 + x4 and h2(x) = x + tx3 + x5. By [Nor17, Theorem 1] both h1
and h2 are 2-ramified, and using that the reduction of h1 and h2 is of the
sparse form in (2.4) and we have by (2.5) that h̃1 is 3-ramified and h̃2 is
4-ramified. Also by [LN17, Theorem 2] we have

µn(h1) = t7
n−2 7n−1

7−1
(
3/2t3 + 1

) 7n−1
7−1 , µn(h2) = t7

n−2 7n−1
7−1

(
3/2t3 − t

) 7n−1
7−1 .

By (3.3) the lower bounds of the absolute values of the periodic points in
mk of h1 and h2 respectively are

∣∣∣∣
µn(h1)

µn−1(h1)

∣∣∣∣
1
7n

:= ε1 = |t|4/7|3/2t3 + 1| 17 ,

and ∣∣∣∣
µn(h2)

µn−1(h2)

∣∣∣∣
1
7n

:= ε2 = |t|4/7|3/2t3 − t| 17 .
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Let Sr(a) denote the sphere about a of radius r. Since h̃1 is 3-ramified that
means that (3.4) holds for h1, and thus for integers n ≥ 1 all its periodic
points of minimal period pn in mk are found on the sphere Sε1(0). On
the contrary for h2, since its reduction is not 3-ramified, (3.3) is a strict
inequality, and the periodic points of minimal period pn in mk are found on
the annulus {x : ε2 < |x| < 1}. This is illustrated in Figure 3.1.

ε1 ε2 10

Figure 3.1: The filled dots represent periodic points of h1, which are con-
centrated on Sε1(0) since the optimality condition of h̃1 being 3-ramified
in Corollary 4.1 is satisfied. Periodic points of h2 are represented as white
dots, and their corresponding absolute values are strictly greater than ε2,
and thus the points are found outside Sε2(0).

12



4 Summary of papers

4 Summary of papers

In this section we summarize the results from the listed papers I, and II.

Paper I: Characterization of 2-ramified power series

We study the problem of characterizing power series having ramification
numbers of the form 2(1 + p+ · · ·+ pn), i.e. power series being 2-ramified.
The main result of this paper is the characterization of all such power series
in terms of its first three significant terms.

Theorem 4.1. Let p be an odd prime and let k be a field of characteristic
p. Let g ∈ k[[x]] be a power series of the form

g(x) = x


1 +

+∞∑

j=1

ajx
j


 .

Then g is 2-ramified if and only if a1 = 0, a2 6= 0 and

3/2a32 + a23 − a2a4 6= 0. (4.1)

Remark 4.1. Put ϕ2(g) := 3/2a32 + a23 − a2a4. We note that ϕ2(g) is
isobaric of equal weight 6.

Remark 4.2. We note that ϕ2(g) also play a role in a characteristic zero
phenomena as well.i Seeing that if u(x) ∈ k[[x]], such that u(0) = 0 and
u′(0) = µ 6= 0, and if u−1 ◦ g ◦ u = h, then ϕ2(h) = µ6ϕ2(g). Hence, ϕ2 is
an invariant for series without constant term.

The result of Theorem 4.1 is obtained by computing the pth iterate of
g, and finding the coefficient of its first significant term. To complete the
results we apply Theorem 2.2, which asserts that it suffices to study the pth
iterate of g to obtain its sequence of ramification numbers.

The technical details of the proof involve solving recurrence relations de-
scribing the coefficients of iterates of g. In general, the order of the mth
iterate of g is constant whenever p - m. Thus, any coefficient is recursively
described by every other coefficient corresponding to terms of lower degrees,
making the computations very complex. This problem is solved by introduc-
ing the recursively defined power series ∆m(x), defined by ∆1(x) := g(x)−x,
and for integers m ≥ 2 we have

∆m(x) := ∆m−1(g(x))−∆m−1(x).

The order of ∆m is strictly increasing with m, meaning that the number of
recursive dependencies for each term in its iterations is constant in contrast
to crude iterations of g. Also, ∆p(x) = gp(x)−x, meaning that it is sufficient
to study ∆m(x) to obtain information about the pth iterate of g.

The remaining challenge lies in finding the reductions modulo p of the
solutions to the difference equations describing the coefficient of ∆p(x).

i I would like to thank the referee of Paper I, who made me aware of this fact.
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Paper II: Geometric location of periodic points of 2-
ramified power series

This paper was written jointly with Karl-Olof Lindahl.
This paper extends the results of Paper I, in the sense that we compute
the pnth iterate of 2-ramified power series, and thus make a self-contained
proof of Theorem 4.1 manifested in the following theorem.

Theorem 4.2. Let p be an odd prime and let k be a field of characteristic
p. Let f ∈ k[[x]] be of the form

f(x) = x


1 +

+∞∑

j=2

ajx
j


 . (4.2)

Furthermore, let n ≥ 1 be an integer, then

d(n) = d :=
pn − 1

p− 1
, ϕ := 3/2a32 + a23 − a2a4.

Let αn, βn and γn be defined as follows

αn = ap
n−2d

2 ϕd, βn =
a3
a2
αn, γn = −

(
3a2
2
− a4
a2

)
αn.

Then

fp
n

(x)− x ≡ αnx2d+1 + βnx
2d+2 + γnx

2d+3 mod 〈x2d+4〉.

The technical part of this proof is mainly the computation of the coef-
ficients of the terms of degree 2p + 4 and 2p + 5 in the pth iterate of f ,
which are required for the inductive hypothesis. This can be compared to
Theorem 4.1 where we only required the coefficient of the term of degree
2p+ 3 in order to obtain the sought results.

Moreover, besides providing us with a self-contained proof of Theorem 4.1,
Theorem 4.2 also provides us with information about the periodic points in
the open unit disk of f . Explicitly, we obtain a lower bound on the absolute
value of the periodic points of minimal period pn.

Theorem 4.3. Let p ≥ 5 be a prime and let k := (k, | · |) be an ultra-
metric field of characteristic p. Let f ∈ k[[x]] be of the form (4.2) Put
λ := ap−32 (3/2a32 + a23 − a2a4). Let n ≥ 1 be an integer and x0 in the open
unit disk be a periodic point of minimal period pn. Then

|x0| ≥ |λ|
1
p . (4.3)

First and foremost we note that λ 6= 0 is equivalent to f being 2-ramified
by Theorem 4.1. Also, we note that in the interesting case of equality in (4.3)
we actually have that for integers n ≥ 1 all the periodic points of minimal
period pn in the open unit disk are concentrated on the same sphere about

14



4 Summary of papers

the origin. Due to Lemma 3.3 we have sufficient conditions on the optimality
of Theorem 4.3, i.e. equality in (4.3). In order to obtain optimality we
are required to put some further restriction of f . This is described in the
Corollary 4.1, where we describe the restriction for optimality in terms of
the reduction of f in k̃[[x]].

Corollary 4.1. Let p ≥ 5 be a prime and let k := (k, | · |) be an ultrametric
field of characteristic p. Let f ∈ k[[x]] be of the form (4.2). Put λ :=

ap−32 (3/2a32 + a23 − a2a4). Furthermore let λ 6= 0, and f̃(x) be 3-ramified.
Then for every integer n ≥ 1 all periodic points of f , of minimal period pn

in the open unit disk of k, are concentrated on the sphere
{
x ∈ k : |x| = |λ| 1p

}
.

The proof of Theorem 4.3 and Corollary 4.1 are direct consequences of
Theorem 4.2 and Lemma 3.3. We also note that the conditions in Corollary
4.1 are only sufficient, and counterexamples of their necessity is provided in
the paper.
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