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Abstract 
Perez, Miguel (2018). A teacher-centred design system to integrate digital 
technologies in secondary mathematics classrooms , Linnaeus University Dissertations 
No 324/2018, ISBN: 978-91-88761-68-2 (print), 978-91-88761-69-9 (pdf). 
Written in English. 
Despite efforts made by teachers and researchers, studies show that digital 
technologies have not improved conditions for teaching and learning 
mathematics to the degree expected by stakeholders inside as well as outside the 
school system.  
In this research, the problem of the integration of digital technologies is 
addressed through the perspective of design. It sets out to explore the conditions 
where educational design researchers may succeed in producing valuable and 
sustainable contributions to teacher change. The design approach developed 
and used for this purpose is Agile Educational Design (AED). It shares many 
of the common features of other design methodologies within the field; 
however, the AED approach is an explicit systems approach to design based on 
the Singerian philosophy of design. Rather than focus on ready-made products 
or other resources such as curriculum material, professional development or 
design principles, the focus is on processes and supporting teachers’ 
operationalisation of theoretical principles to achieve change. It is argued that 
all phases of the design process need to be considered from a research 
perspective. The developmental phases cannot be treated as uncomplicated 
inputs that only serve as a ‘design base’ for research activities. 
The Anthropological Theory of the Didactic is used as an overall theoretical 
framework to describe all aspects of the design process and to analyse the 
empirical data which consists of three design cycles related to three different 
ways of interacting with teachers. The design cycles were carried out in various 
settings, including different schools (secondary level) and with different teachers 
and different learning objectives. The dynamic geometry software GeoGebra 
was used in all three cycles.  
The results highlight some of the internal and external constraints that hinder 
teachers from integrating digital technologies in an effective way to support 
students learning mathematics. Digital technologies introduce important 
epistemological changes in the mathematical content that may explain some of 
the teachers’ difficulties in exploiting the full potential of digital technologies. 
However, giving teachers the responsibility for orchestrating lessons in 
accordance with theoretical principles provided by a researcher showed 
promising results regarding achieving sustainable changes in teachers’ practices.  
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Sammanfattning på svenska 
Trots ansträngningar från lärare och forskare, visar studier att digital teknik 
inte har förbättrat förutsättningarna för undervisning och lärande av matematik 
i den utsträckning som förväntats av aktörer såväl inom som utanför 
skolsystemet. 

I den här forskningen belyses problemet med integreringen av digital 
teknik ur ett designperspektiv. Syftet är att utforska förutsättningar där 
designforskare inom skolan kan lyckas med att skapa värdefulla och hållbara 
bidrag till lärares utveckling. Den designmetodologi som har utvecklats och 
som har använts för detta ändamål är Agile Educational Design (AED). Den 
delar många av de karaktärsdrag som återfinns hos andra designmetodologier 
inom forskningsfältet. Tillvägagångssättet i AED utgår emellertid explicit från 
ett systemperspektiv, baserat på Singers designfilosofi. I stället för att fokusera 
på färdiga produkter eller andra resurser, såsom undervisningsmaterial, 
kompetensutveckling eller designprinciper, läggs i AED fokus på processer 
och på att stödja lärarnas tillämpning av teoretiska principer för att skapa 
förändringar. Den här studien argumenterar för att alla faser i designprocessen 
måste beaktas ur ett forskningsperspektiv. Utvecklingsfaserna kan inte 
behandlas som okomplicerad indata som kan användas som en ”designbas” för 
forskningsaktiviteter. 

Den didaktiska teorin Anthropological Theory of the Didactics, har använts 
som en övergripande teoretisk ram för att beskriva alla aspekter av 
designprocessen, och även för att analysera empiriska data som består av tre 
designcykler, relaterade till tre olika sätt att interagera med lärare. Cyklerna 
genomfördes i olika kontexter, vilket inkluderade olika skolor 
(högstadiet/gymnasiet), olika lärare och olika lärandemål. Det dynamiska 
geometriprogrammet GeoGebra användes i alla tre cyklerna. 

Resultaten belyser några av de interna och externa begränsningarna som 
hindrar lärare från att integrera digital teknik på ett effektivt sätt för att stödja 
elevers lärande i matematik. Digital teknik skapar viktiga epistemologiska 
förändringar i det matematiska innehållet, vilket kan förklara några av lärarnas 
svårigheter att utnyttja den digitala teknologins fulla potential. Lovande 
resultat vad gäller hållbara förändringar i lärarnas praktik uppnåddes, när 
lärare gavs ansvaret för att orkestrera lektioner i enlighet med teoretiska 
principer föreslagna av en forskare. 
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Preface 
This doctoral dissertation is about design in mathematics education and 
represents a five-year mission to explore, let’s say, ‘better’ questions to old 
problems. Although this is not a work of fiction, I begin by introducing the 
reader to the main characters involved – the researcher and the designer – and 
their responsibilities. 
 
One of the many activities of a researcher is to attempt to reverse the elusive 
nature of things, both in terms of material and ideas. With the help of 
documentation and reflection, a researcher can retrospectively give an account 
of the events, decisions and evidence that support whatever he or she proposes 
to be the results of a journey into design practice and scientific inquiry. Of 
course, reversing the process must be done with great care. Since Kant, we 
have known that there are always many possible perspectives of a story to 
consider, especially when people are involved, and this may lead to lack of 
agreement on how to reverse the process. However, different interpretations 
and descriptions of events can be used and a focus placed on different aspects 
of a story. Some researchers prefer to focus on individuals, groups of people, 
or some other unit of analysis; however, as we know and also according to 
Kant, there is no outside guarantor that the restoration of a series of events will 
ever give a ‘true’ image of the events that can be distal both in time and space. 
In this sense, the search for an objective truth may seem like a futile quest, as 
all forms of interpretation mean being involved in subjective processes. In 
other words, to be scientifically ‘objective’ is in fact a subjective willingness 
of the researcher, and this scientific attitude is saturated with values. 
 
Perhaps this is why ‘all the king's horses and all the king's men could not put 
Humpty together again’. Researchers try to restore Humpty Dumpty – 
figuratively, of course – after his fall from the wall, to a shape that does him 
justice. The scientific way of accomplishing this is by explaining it as an act of 
restoration that comes in many shapes. Traditionally, a mathematical 
demonstration (deduction) is sometimes considered to offer the most powerful 
form of explanation, but it is only the synthesis of an argumentative process 
meant to be restored by the readers. In the human sciences, explanation is 
often both an individual enterprise and a matter of consensus, as in, the 
researcher puts the pieces together to his or her best ability, but only if others 
have had the ‘same’ experience as the researcher will the researcher’s story or 
claims be considered as adequate, objective, and thus, scientific. In this 
process, not only can we disagree about different approaches or how the 
process of reversion should be done, but also, thanks to philosophy, we can 
disagree about who or what Humpty Dumpty actually is (ontology) and what 
can be said that is worth knowing about him (epistemology). Although 
disagreement can seem unpleasant from an outsider’s perspective, it is in fact 
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what researchers do – in an analytical way. It is natural and necessary. It may 
hinder the researcher from becoming a romantic Prometheus, chained for 
perpetuity to his own ideas, from which he initially tried to free him or herself 
(thus becoming free from bias).  
 
However, when a designer is involved, there is a twist to the story. A twist that 
is important to highlight because it does not align with the objectivist criteria 
of the researcher acting as a detached observer like a fly on the wall – 
unaffected by its own thoughts and the thoughts of others. In fact, and on the 
contrary, the designer is very much an intentional creature. The designer 
believes that she, however heroic or arrogant as this may sound, can change or 
improve some small parts of reality. To continue with the metaphor, imagine 
that it was the designer who constructed Humpty Dumpty in the first place. 
Imagine that it was the designer that put him on the wall. Imagine also that the 
designer knew a priori, or at least hypothesised, about the fall simply because 
Humpty Dumpty was meant to fall. You could say that Humpty Dumpty was 
designed to fall. As such, it was not a natural phenomenon that was witnessed 
because people artificially created parts of the scene, for other people and for a 
purpose. With this in mind, when watching the designer putting the pieces 
back together, perhaps we also need to know why Humpty Dumpty was meant 
to fall in the first place. 
 
Explaining why Humpty Dumpty was designed to fall may be difficult 
because that particular part of the process may require the researcher to 
involve subjective judgements that can be difficult to make conscious, 
document and verify. Although uncertainty may seem problematic from a 
research perspective, successful design depends on the designer’s ability to 
make use of experiences, intuition and other informal types of knowledge. 
Lakatos (1922–1974) suggested that the essence of mathematical knowledge 
lies in what mathematicians do, in their actions, and not solely in the products, 
as in, the lemmas, propositions and conjectures that mathematicians produce. 
Such a perspective can easily be adopted in design as well, but not without 
consequences. Describing products is easier than describing processes, and 
describing processes is easier than describing a designer. Nevertheless, if 
design knowledge resides in both products, processes and designers, all three 
need to be warranted. One of the great challenges of this work has been to 
describe processes rather than products and to synthesise the roles of the 
designer and the researcher. 
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However, when a designer is involved, there is a twist to the story. A twist that 
is important to highlight because it does not align with the objectivist criteria 
of the researcher acting as a detached observer like a fly on the wall – 
unaffected by its own thoughts and the thoughts of others. In fact, and on the 
contrary, the designer is very much an intentional creature. The designer 
believes that she, however heroic or arrogant as this may sound, can change or 
improve some small parts of reality. To continue with the metaphor, imagine 
that it was the designer who constructed Humpty Dumpty in the first place. 
Imagine that it was the designer that put him on the wall. Imagine also that the 
designer knew a priori, or at least hypothesised, about the fall simply because 
Humpty Dumpty was meant to fall. You could say that Humpty Dumpty was 
designed to fall. As such, it was not a natural phenomenon that was witnessed 
because people artificially created parts of the scene, for other people and for a 
purpose. With this in mind, when watching the designer putting the pieces 
back together, perhaps we also need to know why Humpty Dumpty was meant 
to fall in the first place. 
 
Explaining why Humpty Dumpty was designed to fall may be difficult 
because that particular part of the process may require the researcher to 
involve subjective judgements that can be difficult to make conscious, 
document and verify. Although uncertainty may seem problematic from a 
research perspective, successful design depends on the designer’s ability to 
make use of experiences, intuition and other informal types of knowledge. 
Lakatos (1922–1974) suggested that the essence of mathematical knowledge 
lies in what mathematicians do, in their actions, and not solely in the products, 
as in, the lemmas, propositions and conjectures that mathematicians produce. 
Such a perspective can easily be adopted in design as well, but not without 
consequences. Describing products is easier than describing processes, and 
describing processes is easier than describing a designer. Nevertheless, if 
design knowledge resides in both products, processes and designers, all three 
need to be warranted. One of the great challenges of this work has been to 
describe processes rather than products and to synthesise the roles of the 
designer and the researcher. 
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Chapter 1: Introduction and overall 
theoretical framework 

‘To boldly go where no man has gone before’ 
– James T. Kirk 

1.1 Digital technologies and teacher change 
Since the introduction of digital technologies in education, there has been an 
enthusiastic and long-standing expectation from society and government that 
the integration of digital technologies in educational settings will improve the 
conditions for teaching and learning mathematics. Whether intentional or 
unintentional, this expectation may also be sustained by research that, for 
example, expresses that ‘the potential for technologies to transform 
mathematics education is well established’ (Hoyles, Noss, Vahey & 
Roschelle, 2013, p. 1057) or that digital technologies ‘have changed what is 
taught, learned and assessed in mathematics’ (Young, 2017, p. 20). The 
integration of digital technologies is expected to create, or at least have the 
potential to create, changes in mathematics teachers’ practices in terms of the 
teaching/learning process (Hennessy, Ruthven & Brindley, 2005) as well as in 
content and context (Kaput & Roschelle, 2013). However, some researchers 
also explicitly acknowledge the complexity of such undertaking (see 
Lagrange, Artigue, Laborde & Trouche 2003; Monaghan, 2004). As Lagrange 
(2004) stresses, the integration of digital technologies has proved to be more 
difficult than initially anticipated. Despite more than twenty years of research 
and development, the difficulties associated with the integration of digital 
technologies in teachers’ everyday practices are still an unresolved issue. 
 
Although previous research on the integration of digital technologies has 
provided substantial evidence that there is a potential for digital technologies 
to transform mathematics education, the impact on students’ experiences of 
learning mathematics has failed to meet the expectations by different 
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& Noss, 2015; Pepin, Gueudet & Trouche, 2017). As Van den Akker and 
Nieveen (2017) explain: 
 

A crucial challenge for more successful innovation in education is to 
build bridges and more interaction between many levels, factors and 
actors. One of the most promising strategies is to strive after more 
frequent and direct interaction between teachers, developers and 
teachers in educational design, development and research activities. 
(Van den Akker & Nieveen, 2017, p.76) 

 
Traditionally, educational design research, including the French tradition of 
Didactic Engineering (Artigue, 2009), focuses on product or resource 
development (concrete or conceptual) in a broad sense, including the proposal 
of sequences of instructional processes. The word ‘product’ or ‘resource’ is 
used here in a wide sense to include artefacts such as curriculum material, 
digital technologies, teaching sequences, local instruction theories and others. 
In this dominant tradition of product design, Lesh and Sriraman (2005) and 
Prediger, Gravemeijer and Confrey (2015) identify two lines of research: 
design research from a curriculum perspective and design research from 
learning design perspective. In design from a curriculum perspective, the 
focus is on developing one of several ready-made products or other resources 
such as teaching artefacts, professional development and design principles 
(e.g. Arzarello & Manzone, [2017]; McKenney, Nieveen & Van den Akker, 
[2006]; Venturini & Sinclair, [2017]). In design from the learning design 
perspective, the focus is on theories or paradigm cases that are used to inform 
researchers and teachers (e.g. Gravemeijer & Cobb, [2006]; Joubert, [2017]; 
Stephan, [2015]). Although the field has provided valuable insight into the 
complexity of integrating digital technologies in education, we are all aware of 
the continuous difficulties concerning the dissemination of research results. 
Several authors agree that the field is in need of a complementary line of 
educational design research that explicitly focuses on processes of teacher 
change and on the design of dissemination activities of design products in 
order to overcome the research–practice divide (Cobb & Jackson, 2015; C. 
Hoyles et al., 2013; Maaß & Artigue, 2013; Penuel, Fishman, Cheng & 
Sabelli, 2011). 
 
Teacher change 
Research concerning teacher change, teacher learning and professional 
development seeks to understand under what conditions, why, and how 
teachers learn (Opfer & Pedder, 2011). In regard to the integration of digital 
technologies in education, Lawless and Pellegrino (2007) argue that 
‘successful professional development has typically been judged by measuring 
participants’ satisfaction with the experience and their assessments regarding 
its usefulness in their work’ (p. 579). Furthermore, these authors claim that a 
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stakeholders inside as well as outside of the school system. For example, a 
report made by OECD concludes that ‘the real contributions ICT [information 
and communication technologies] can make to teaching and learning have yet 
to be fully realised and exploited’ (OECD, 2015, p. 15). Researchers who 
conduct meta-analyses concerning the impact of digital technologies draw 
similar conclusions. In general, applications of digital technologies only seem 
to produce modest positive effects on students’ learning outcomes (Cheung & 
Slavin, 2013; Young, 2017). Consequently, it seems that, despite the 
investments made in terms of professional development and the efforts that 
teachers put into learning about new tools, they may still be missing out on 
exploiting the full potential of digital technologies regarding the support of 
learning processes. One concern is that although internal and external barriers 
appear to be less prominent today and teachers are both open to innovation 
and willing to use digital technologies, they nevertheless tend to use digital 
technologies to sustain their current practices instead of beneficially 
transforming the instruction (Brown, 2017; Cuban, Kirkpatrick & Peck, 2001; 
Ertmer, 2005; Hennessy, Ruthven & Brindley, 2005; Joubert, 2017; 
Monaghan, 2001; Trigueros, Lozano & Sandoval, 2014). 
 
Research on digital technologies in education has traditionally focused on 
studying the relation between students, the digital tool and the content. In 
more recent research, the focus is also on studying teachers and their 
professional development (see Clark-Wilson, Aldon, et al., 2014). 
Frameworks or models that were used to analyse students and their work with 
mathematics supported by digital technologies have been adapted for this new 
purpose. For example, from the Instrumental Approach (Trouche, 2004), 
Drijvers and colleagues use the notion of instrumental orchestration to 
describe different orchestrations that teachers use when teaching with digital 
technologies (Drijvers, Doorman, Boon, Reed & Gravemeijer, 2010). Another 
frequently used framework that also focuses on teachers is the framework of 
Technological Pedagogical Content Knowledge (TPACK) (Koehler & Mishra, 
2008). This framework expands the notion of pedagogical content knowledge 
(Shulman, 1986) to include technologies. A final example is the Replace-
Amplify-Transform-framework (Hughes, 2005) that is used for examining 
teachers’ use of digital technologies in the classroom (see Trigueros, Lozano 
& Sandoval, 2014). Together with many others, these examples highlight the 
growing concern with the professional development of teachers as one 
important way of achieving the goal of using digital technologies for 
improving the quality of student learning. 
 
Educational design research 
Additionally, in educational design, researchers have identified the need for 
more encompassing approaches in which the roles of teachers and other actors 
are more clearly considered (Cobb, Jackson, Smith & Henrick, 2017; Hoyles 
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soft systems. We can add to this list of pioneers Kenneth Boulding (1910–
1993) in General Systems Theory, Kurt Lewin (1890–1947), Chris Argyris 
(1923–2013) and Donald Schön (1930–1997) in Learning Systems (Reynolds 
& Hollwell, 2010). 
 
In general, the consequences of a systems approach include that a single cause 
may not be assumed. Interconnections cannot be ignored. Any apparent 
shortcomings of individuals need to be considered in relation to the situation 
in order to understand how a situation arose and the factors that led to the 
undesirable outcome rather than blaming individuals. Instead of focusing on 
products (e.g. teaching artefacts) as outcomes, the emphasis should be on ‘the 
process by which beneficial change might best occur’ (Reynolds & Hollwell, 
2010, p.6). The systems approach to social problems deliberately attempts to 
avoid the trap of reductionism – assuming a narrow view of the situation – as 
well as dogmatism – working with a single unquestioned perspective (Ackoff, 
1974; Churchman, 1971; Von Bertalanffy, 1972). 
 
Systems thinking in design in mathematics education 
Some approaches used in mathematics education research can be associated 
with systems thinking by historical reasons. For example, the Theory of 
Didactical Situations (TDS) developed in the 1970s by Guy Brousseau (1997) 
was, from the beginning, based on a systemic perspective. In this theory, the 
didactic system – formed by the student, the teacher, a piece of knowledge and 
a milieu – is used as main unit of analysis. Furthermore, the conditions for a 
particular use of mathematical knowledge are considered a system called 
situation. A particular category of situations is the didactical situation in 
which a teacher acts on a system composed of a student and an a-didactical 
milieu (the elements of the system) with the intention to modify or to help the 
student acquire new knowledge. Based on this theory, the notion of Didactic 
Engineering was developed during the 1980s and can be regarded as a design 
methodology closely related to the (artificial) generation and study of didactic 
phenomena (Artigue, 2009). The Anthropological Theory of the Didactic 
(Chevallard, 1992), which appears in continuity with the project initiated by 
the Theory of Didactical Situations, proposes another type of systemic 
conceptualisation based on the notion of institution. Another example of a 
system-based perspective is the Action Research approach, which emerged 
from the work of Kurt Lewin, one of the aforementioned pioneers in systems 
thinking. Action Research exists in different versions in education as well as 
in other research fields (Checkland & Holwell, 2007). In this approach, it is 
often the teachers themselves who perform research on their own practices in 
order to develop useful knowledge (e.g. Jaworski, [1998]).  
 
The language of systems may also be found in the writings of researchers 
working in other traditions that do not have the same historical background as 
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significant problem is that we do not know enough about what teachers 
supposedly learn from professional development on digital technologies or 
how it actually changes their practices. We only know what teachers 
supposedly think about professional development. From a general perspective 
on teacher learning, Opfer and Pedder (2011) argue that much of the 
disappointing results that may be found in research on teacher learning stems 
from simplistic conceptualisations of teacher professional learning, including 
the view that effective professional development will improve the instructional 
practices of teachers, thus resulting in improved student learning. Instead, they 
argue that learning is a continuous process that involves the interaction and 
intersection of knowledge, beliefs, practices and experiences. These elements 
constitute what they call ‘the teacher’s learning orientation system’. 
Furthermore, teachers are both enabled and constrained by the schools 
learning orientation system through the school’s norms, structures and 
practices. Thus, teacher learning needs to be investigated from a broader 
perspective: 

 
To understand and explain why and how teachers learn, we must 
consider how a teacher’s individual learning orientation system 
interacts with the school’s learning orientation system and how both 
of these systems together affect the activities (and features of 
activities) in which teachers participate and then are reciprocally 
affected by the changes that occur from participation in these 
activities. (Opfer & Pedder, 2011, p. 393–394) 

 
Conceptualising teacher learning as a complex system implies that elements of 
the system cannot be understood independently: ‘Any attempt to understand 
teachers’ professional learning at only a subsystem level must be understood 
as partial, incomplete, and biased’ (ibid., p.381). One consequence of adopting 
a systems perspective on teacher change is that the provider of the 
professional development also needs to be considered as a part of the learning 
system. 
 
Systems thinking 
Since the 1950s, systems thinking has developed into several traditions and 
established methodologies that can be grouped into ‘hard systems’, ‘soft 
systems’, and ‘critical systems’ (for an exposition, see Reynolds & Hollwell 
[2010]). One of the pioneers in systems thinking was the biologist and founder 
of General Systems Theory, Ludwig von Bertalanffy (1901–1972). According 
to Von Bertalanffy, one tenet in defining the basic system problem was based 
on the Aristotelean quotation, ‘The whole is more than the sum of its parts’. 
Other pioneers in systems thinking include C. West Churchman (1913–2004) 
and Russell Ackoff (1919–2009), who are considered two of the most 
influential authors in the development of systems thinking within the field of 
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Therefore, the overall methodological question in this work – What design 
strategies may be efficient for supporting teachers in developing sustainable 
teaching practices supported by digital technologies? 
 
Developing design strategies for this purpose includes several considerations 
on the various levels of the system (micro, meso and macro). For example, at a 
micro level, the researcher needs to address issues close to the individuals of 
the system, the teachers and students. At a meso level, the relationships 
between different communities need to be addressed. In particular, the 
researcher needs to comply with the demands of the scientific community and 
at the same time understand the demands of the practice (simplified as the 
rigour vs. relevance dilemma). However, it is not necessarily clear what the 
latter actually implies for the researcher in terms of use of theories and 
methodologies. This is an issue about the relation between research activities 
(which belongs to the realm of research) and design activities (which can be 
interpreted as belonging to the realm of practical work) that the researcher 
wants to establish through design. At a macro level, the researcher needs to 
consider the role of the different institutions that participate in teaching and 
learning processes and how these affect the different actors of the educational 
system.  
 
The contribution of this study to the field of technologies in mathematics 
education includes the proposal of a teacher-centred systems approach to the 
problem of research relevance and sustainability. This approach is mainly 
situated on the micro level, where it has a closeness to the teachers and their 
students. It is based on the idea of the ethical design of systems developed by 
C. West Churchman (1968a, 1968b, 1971), which belongs to a tradition of 
systems thinking usually referred to as ‘soft systems’. Although Churchman 
still remains one of the most influential design philosophers in a variety of 
fields such as information systems, systems research, software development, 
business research, healthcare, operational research, management research, 
agriculture, etc., his work on the design of inquiring systems seems not as well 
known among researchers within mathematics education. However, some 
exceptions can be found; for example, Steiner (1985) quotes Churchman when 
discussing his view on mathematics education as a science. One of his 
concluding points is that the field needs to develop ‘a comprehensive view of 
mathematics education comprising research, development, and practice by 
means of a systems approach’ (p. 16). A more extensive account of 
Churchman’s ideas and implications for research in mathematics education is 
provided by Lester (2005) and Lester and Wiliam (2002). These authors use 
Churchman as the basis for discussing fundamental questions concerning the 
theories, methodologies and goals of research within mathematics education. 
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the two examples given. For example, within the tradition of design 
experiments, Cobb, Confrey, diSessa, Lehrer and Schauble (2003) use the 
metaphor of an ecology to emphasise the complexity of educational problems 
whereby changing one aspect may lead to perturbations in others. However, in 
this case as well as others (e.g. Brown, [1992]; McKenney & Reeves, [2012]), 
the main purpose for using the language of systems seems to be to argue for 
the need to conduct research in real-world classroom settings or/and to 
emphasise the complexity of educational problems rather than to explore the 
contribution of a systems-thinking perspective.  
 
The problem of integrating digital technologies in education has shown to 
unfold a complex social problem with several actors and multiple conflicting 
perspectives (Salavati, 2016). Thus, in this thesis, it is assumed that adopting a 
systems approach might be helpful in order to improve the situation of 
disappointing results related to the integration of digital technologies. From a 
general perspective, a systems approach to teacher change and the problem of 
the integration of digital technologies would begin with the representation of 
the problem. Instead of speaking of complicated problems, the language of 
systems is about complex situations. One crucial difference between 
complicated problems and complex situations is the extent of uncertainty. 
While with complicated problems, the solution is something that can be 
roughly known, as the answer to a complex situation is often interdependent 
on several factors and different perspectives of the situation (Reynolds & 
Hollwell, 2010). The task is therefore more about improving the situation 
rather than finding general solutions. 

1.2 Aims of this study 
To address the problem of the integration of digital technologies in teachers’ 
practices, we need to learn more about the conditions in which design 
researchers succeed in producing valuable and sustainable contributions to 
teacher change. As Cobb and Jackson (2015) explain: 
 

To this point, the number of studies that have investigated teachers’ 
learning is relatively small, and the development of design research 
methods for investigating organizational learning at the school and 
system level is still in its infancy. As we have noted, the research 
base on which to draw when formulating dissemination designs is 
currently very thin. (p.1036) 

 
Taking into account the previous considerations regarding digital technologies 
and teacher change, the overall aim of this study is to address the problem of 
the integration of digital technologies through the perspective of design. 
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the integration of digital technologies through the perspective of design. 



 

9 

used within the research programme of the Anthropological Theory of the 
Didactic (Chevallard, 1992, 2006).  

 
The same theoretical foundation used by Arzarello et al. (2014), the 
anthropological theory of the didactic (ATD), is utilised in this research to 
take both the researcher and the institutional dimensions into account when 
studying teacher change. However, in this research, this is carried out from a 
design perspective. Therefore, this thesis incorporates the AED approach 
within the ATD and uses a different language to describe features or processes 
close to those studied by Arzarello et al. (2014). 

 
To summarise, the design approach used in this thesis is original work that has 
a different focus in comparison to traditional approaches in educational design 
research. Instead of following the product design, it focuses on process design 
from a systems perspective. This issue will be addressed further in chapter 2.  
 
In the next section, the concept of design as used in this thesis will be 
presented followed by the overall theoretical framework. 

1.3 Introducing design research 
What is the difference between a designer and a researcher? Perhaps it is not 
only the designer who designs and it is not only the researcher who conducts 
research, but rather that both of them engage in both design-like and research-
like activities. If this is the case, it is reasonable to think that they may have 
different attitudes towards – or perhaps it is better expressed as that they may 
pay selective attention to the demands of the two activities. In addition to the 
designer and the researcher, there is a third character who, through educational 
design research, enters the scene to complicate the plot – the educational 
designer/researcher. Perhaps like a certain film by Sergio Leone which also 
had three colourful characters but with no further resemblance, the characters 
considered in this thesis are the educational designer/researcher, the designer, 
and the researcher.  
 
In this work, the educational designer/researcher assumes the other two roles 
as well. Throughout this thesis, the reader will find that I alternate by 
sometimes referring to the researcher, and at other times, refer to the designer. 
It is not my aim to confuse the reader; on the contrary, I believe that it may be 
helpful to sometimes to speak as if they were two separate persons. This may 
be helpful in illuminating different aspects of the interconnected roles of the 
designer and the researcher that come together through educational design 
research. The aim is to emphasise that sometimes there are (at least) two 
perspectives of a story being told. When both roles overlap considerably, you 
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This research proposes a design approach called Agile Educational Design 
(AED). The adjective, agile, is used here to stress the necessity of the 
educational design researcher to be adaptive and responsive to emerging 
issues of the design process. Other researchers outside mathematics education 
have also used ‘agile’ in a similar way also in connection to Churchman’s 
methodological ideas. A new name is also useful in order to distinguish the 
AED approach from the dominant product design tradition in mathematics 
education. As we will see in chapter 2, the word design in this thesis is 
associated with change rather than with products. 
 
The AED approach shares many of the features of other design methodologies 
used in the field of educational design research, but it also differs from at least 
two perspectives. To begin, the AED approach is an explicit systems approach 
to design based on the Singerian philosophy of design (Churchman, 1971). In 
this sense, the AED approach aligns well with the claim that teacher change 
needs to be studied from a complex systems perspective (Opfer & Pedder, 
2011). Secondly, in general, educational design research (EDR) within 
mathematics education tends to focus on the controlled development and 
evaluation of teaching artefacts. Although teachers may be involved in 
different ways within the family of EDR, the ‘normal’ way of doing design 
research is letting the researcher (or a research team) assume responsibility of 
students’ learning processes (Cobb & Gravemeijer, 2008). The researchers 
focused on analysing empirical outcomes by utilising predefined theoretical 
frameworks, with a focus on describing and evaluating the learning effects of 
the implemented activity. In comparison, the AED approach suggests a shift of 
attention from the researcher towards the participating teachers by supporting 
their operationalisation of theoretical principles for the purpose of studying 
teacher change.  

 
In this thesis, the complexity of teacher learning is approached from a similar 
perspective as in the work by Arzarello et al. (2014). In their line of research, 
Arzarello and colleagues focused on analysing teacher education programmes 
and the role that institutions play in the school context. The notion of meta-
didactical transposition (Arzarello et al., 2014) is used to reflect on teachers’ 
learning and the emerging practice of teachers and researchers within the 
process of teacher education. In this model, teachers and researchers are 
involved in a dialectical interaction between the two communities that they 
represent (practice and research). This interaction results in a shared set of 
practical and theoretical knowledge that eventually leads to new knowledge 
within the two communities. The notion of meta-didactical transposition was 
developed from the notion of didactic transposition (Chevallard & Bosch, 
2014) that originally was used to model how pieces of knowledge enter and 
‘live’ within institutions. The didactic transposition is one of the key concepts 
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Two approaches that may be positioned near but nevertheless beside the EDR 
family are the Action Research (AR) approach and the Didactic Engineering 
(DE) approach, which both have a similar legacy from systems thinking. 
However, they address the problems of education from two different 
perspectives. While the former has a clear focus on the development of 
practice in which teachers have a clear role, the latter is more of a research 
methodology than a methodology for development. In the DE approach, which 
is based on the Theory of Didactical Situation, the focus is on controlled 
interventions where the teacher is given a limited role in the implementation 
of designed teaching sequences (Artigue, 2009). In this sense, the AR 
approach is more focused on the practice-oriented goal of EDR and the DE is 
more focused on the research-oriented goal of EDR.  

 
A common way to describe EDR is in terms of Pasteur’s quadrant (Barab, 
2014; McKenney & Reeves, 2012; Prediger, Gravemeijer, & Confrey, 2015). 
It distinguishes between three different orientations of scientific research 
(Figure 1, adapted from Stokes, 1997, p. 73). 
 
 

  
Figure 1. Pasteur’s quadrant. 

 
The upper-left cell reflects research that is conducted without much (if any) 
consideration of its application. Niels Bohr and his work with the atomic 
model is appropriate for this category, as the category reflects the quest for 
knowledge for its own purpose. However, even if utility is not considered, the 
history of technology tells us that technological innovations can be made 
possible on the basis of such an orientation. Take, for example, the work of 
George Boole – his work with abstract algebra (Boolean algebra) back in 1854 
is embedded in the modern smartphones of today. In other words, even 
abstract bodies of knowledge may eventually be used in service of utility long 
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can thus speak of the educational design researcher. In a sense, this character 
must be the hero of the story because he or she is the one who must bear the 
burden of the other two. 

1.3.1 The relation between research and practice in education 
The relation between research and practice is a long-lasting problem not solely 
in education. In 1900, John Dewey had already expressed his thoughts about 
the relation between psychology and social sciences, in particular, as it relates 
to education. At the time, Dewey argued for the need for a special linking 
science between the theory and the practical work, a kind of middleman that 
can do the work of taking hold of psychological methods and conclusions and 
re-organise the results into advice and rules for action (Dewey, 1900, p. 109). 
Dewey argued for a discipline that lies between theory and practical work, 
much like, for example, how engineering lies between physics and the 
practical workers in the mills or how scientific medicine lies between natural 
science and the physician. But as Dewey stressed, the analogy itself is not 
sufficient to convince that a linking science would be a solution: 
 

We must find some specific reason in the principles of the teacher’s 
own activities for believing that psychology – the ability to 
transform a living personality into an objective mechanism for the 
time being – is not merely an incidental help, but an organic 
necessity. (Dewey, 1900, p. 112) 

 
Within the field of mathematics education, the desire to increase the practical 
relevance of research has, during the last decades, produced a family of 
methodologies with similar characteristics to address this issue. Different 
terms, such as ‘developmental research’ (Freudenthal, 1991), ‘design 
experiments’ (Brown, 1992; Cobb et al., 2003), ‘design-based research’ (The 
Design-Based Research Collective, 2003), ‘design research’ (Collins, Joseph 
& Bielaczyc, 2004), ‘educational design research’ (Van den Akker, 
Gravemeijer, McKenney & Nieveen, 2006), ‘task design’ (Burkhardt & Swan, 
2013) to mention some, are used to distinguish these emergent and often 
interdisciplinary approaches from more traditional approaches. In this thesis, 
the term, ‘Educational Design Research’ (EDR), is used to refer to this family 
of approaches that explicitly shares a twofold goal. The goal of EDR is not 
only about addressing real-life problems in classrooms and in teachers’ 
everyday practices, but also it is about contributing to theory and our 
understanding of the processes involved (Barab, 2014; Cobb et al., 2003; 
Collins et al., 2004; Lesh & Sriraman, 2005; McKenney & Reeves, 2012; 
Plomp, 2013). Thus, some authors have put design forth as a form of scientific 
inquiry with the potential to overcome the gap between research and practice, 
drawing them together (Lesh & Sriraman, 2005; Van den Akker et al., 2006). 
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1.3.2 The designer as a researcher – a dual commitment 
By adopting the twofold goal of contributing to both theory and practice, EDR 
has the ambition of belonging to research that seeks both fundamental 
understanding and considerations of use. But how can educational research 
matter? How can it matter to the practice? To begin with, in education as well 
as in general, for a research activity considered to be scientific, the following 
principles are proposed to be met (Shavelson & Towne, 2002):  
 
The research must 
  
Pose significant questions that can be investigated empirically 

• Link research to relevant theory 
• Use methods that permit direct investigation of the question 
• Provide a coherent and explicit chain of reasoning 
• Replicate and generalise across studies 
• Disclose research to encourage professional scrutiny and critique 

 
Furthermore, when applying these principles to education, ‘attention to 
context is especially critical for understanding the extent to which theories and 
findings may generalize to other times, places, and populations’ (Shavelson & 
Towne, 2002, p. 5). 
 
Based on these or other principles, various degrees of partnership with the 
practice can be pursued. Some approaches may require a weak connection 
whereas others may require full partnership. Educational design research is 
described as interventionist and practice-oriented (Cobb et al., 2003). As such, 
educational design research belongs to the approaches that operate in close 
proximity to its object of study rather than to those approaches where the 
researcher’s participation is minimal. However, even if attention to context is 
necessary, it is not clear what principles must be met in order for a scientific 
research activity to also be considered to have a practical and sustainable 
impact on education, schools, teachers or students. In Pasteur’s case, the 
practical impact of his work was clearly discernible. Pasteur applied 
knowledge about microbes on recurrent problems from various fields – 
problems such as rabies, fermentation and so on. An impact was achieved by 
the introduction of new and general rules of action that more or less solved the 
problems. In education, the situation is, if not more complex, then at least 
different: ‘No conclusion of scientific research can be converted into an 
immediate rule of educational art. For there is no educational practice 
whatever which is not highly complex; that is to say, which does not contain 
many other conditions and factors than are included in the scientific finding’ 
(Dewey, 1929, p. 19). Thus, in education, we can neither expect a practical 
impact to be in the same discernible form as it was for Pasteur nor can we 
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after its invention. For Vannevar Bush, who coined the term ‘basic research’, 
this was the ideal situation – the separation of the pure from the applied. In his 
view, scientists should pursue basic research wherever it may lead, as such 
research is the source of all technological improvement (Bush, 1945). This 
paradigm, which is rooted in Platonic and Aristotelian philosophy, became the 
leading policy in the post-war decades (Churchman, 1968a; Stokes, 1997).  
 
Thomas Edison and his work on commercialising electric lighting is placed in 
the cell on lower-right side representing pure applied research. This type of 
research is guided by immediately applied goals without much consideration 
of general understanding. However, like the previous case, history reveals that 
many of the structures and processes explored by basic research were in fact 
due to advances in technology. Therefore, although not as widely recognised, 
research with this orientation has long been a source of fundamental 
understanding (Stokes, 1997).  
 
In the 1960s, with the emerging notions of applied research and experimental 
development, there was an opening for the possibility that pure research could 
also have practical goals. However, these notions did not change the 
prevailing linear model of science flowing into technology, but rather they 
simply represented different stages in this process where the pure and applied 
remained separate. Technology was still seen as the result of basic research 
converted into products and processes by applied research (Stokes, 1997). 
However, all research does not fit into these two categories of research in 
terms of being either basic or applied. This was the case with Louis Pasteur 
(1822–1895), the father of microbiology. Pasteur’s goals were to understand 
and control the microbiological processes he discovered, and he successfully 
combined the quest for understanding and considerations of use. Pasteur’s 
quadrant (the upper-right cell) represents a dimension of research where rigour 
and practical relevance do not necessarily stand in contrast.   
 
Stokes’ two-dimensional model may dissolve the apparent conflict between 
different research aims, i.e. research that is primarily is concerned with 
theorising practice and research that aim for the development of the same. 
However, this view does not change the fundamental linear structure, where 
practice is expected to develop through the dissemination of research-based 
products, as illustrated in the case of Pasteur. In fact, the problematic 
relationship between research activities, developmental activities and the 
dissemination of research results in institutional settings is not considered in 
the example of Pasteur. The research–practice divide in education, may not be 
satisfactorily addressed by using Pasteur’s example unless contextual and 
institutional factors are included.  
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case with educational designers. These designers work in dynamic and even 
chaotic environments that cannot be fully controlled in the way that laboratory 
settings are controlled (Berliner, 2002; Collins et al., 2004; Dewey, 1929). 
Design is conducted in authentic settings and often influenced by many 
variables. In such circumstances, we cannot expect all the variables to be 
identified correctly or even controlled. Therefore, ‘there is no reason to expect 
that the decomposition of the complete design into functional components will 
be unique. In important instances there may exist alternative feasible 
decompositions of radically different kinds’ (Simon, 1996, p. 128). In other 
words, replicating the entire dynamics of a particular research scene with 
researchers, teachers and students, in many cases, would simply not be 
possible.  
 
The positivist idea of quality has a long tradition within the natural sciences. 
Its value and importance for science can hardly be questioned. However, what 
can be questioned is whether its concepts of validity and reliability are 
adequate to judge quality in the human sciences and in design as well (Guba, 
1981; Simon, 1996, van Gigch, 1991). In particular, when speaking of 
research conducted close to practice, the issue of relevance to practice needs to 
be more explicitly articulated in the discussions of quality (Coburn, 2003). 
Rigorous research that also aims for relevance requires the systematic 
documentation of the research process as a whole and not solely on outcomes. 
This includes how stakeholders such as students and teachers interact to 
change and adapt interventions to ‘fit’ their dynamic local contexts (Gutiérrez 
& Penuel, 2014). 
 
The problem that designers and other researchers face is that there is no 
consensus about the alternatives. According to Morse, Barrett, Mayan, Olson 
and Spiers (2008), there is no consensus about what criteria to use to evaluate 
quality in the human sciences in general. Some researchers argue that the 
concepts of validity and reliability must be replaced with other criteria that 
align better with the culture of human sciences, more specifically, within the 
interpretivist or naturalistic paradigm. Instead, they propose alternative 
concepts such as transferability and dependability (Guba & Lincoln, 1982). 
What can perhaps be agreed upon is that the lack of agreement on the 
terminology used by researchers even within the same field is problematic, as 
the variety of conceptualisations may open up for misunderstandings. For 
example, the notion of validity comes in many shapes, such as in content 
validity, criterion-related validity, construct validity, internal validity, external 
validity, face validity and ecological validity, to name but a few (Cohen, 
Manion & Morrison, 2013). Therefore, a third perspective is that the human 
sciences should return to the terminology used by mainstream science, as the 
concepts of validity and reliability are overarching constructs not necessarily 
dependent on the scientific paradigm (Morse et al., 2008).  
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expect that new rules of action are able to be implemented homogenously 
without considering the specifics of the context.  
 
There are several ways to think about how to contribute to practice. One is to 
act from the outside – to observe and give general recommendations after the 
research process is completed. A second way is to act from within – to include 
in the research process the recommendations proposed and monitor how 
teachers and students react to them. In this latter case, the interaction between 
the teacher and researcher becomes a part of the research methodology. 
However, before choosing a strategy, we must recall that, in general, 
practitioners seldom alter their practice on the basis of research findings, at 
least not to the degree that researches may expect (e.g. Barquero & Bosch, 
[2015]; Collins et al., [2004]; Drijvers, Doorman, Boon, Reed & Gravemeijer, 
[2010]; Richardson, [1990]). This suggests that we are still looking for 
principles for linking theory and practical work in such way that we may have 
opportunities for improvement of practice as well as theoretical advancement. 

1.3.3 Implications on rigour and relevance  
To evaluate the rigour and quality of scientific work, the concepts of validity 
and reliability are often used. These concepts have a positivist origin in 
quantitative and experimental methods and refer to standards that researchers 
can use to reduce any potential methodological errors. Validity rests on 
reliability, which in turn is more or less associated with replicability, i.e. if 
results are to be considered as significant, it must be possible for others to 
reproduce the same conditions and report the same results as a logical 
consequence of the research process. For researchers concerned with 
educational design, the criterion of replicability is problematic to achieve 
because the relationship between the process and its outcomes, methodology, 
is different in design.  
 
Firstly, it is vital that the research process of scientists is precise and adequate 
so that whatever appears as the result of such a process can be considered 
objective and thus ‘true’. Relevance is not a primary issue, and the research 
process is not directed towards specific outcomes. Instead, outcomes are 
consequences of the scientific process, a process that normally has 
predetermined trajectories. In other words, whether the results are relevant or 
not to the practice is a pending issue. In design, the process and outcomes 
(means and ends) are intervened because design is intentional. Designers 
develop and use good processes for realising desired outcomes. Relevance (for 
practice) is therefore a primary issue, and the design process can take many 
different trajectories (Nelson & Stolterman, 2012). 
 
Secondly, the idea of objectivity may lead to considering only variables that 
are less problematic than others (Churchman, 1968a). Typically, this is not the 
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uncertain and dependent on subjective judgement. Phronesis is iterative, and 
shifts aim when necessary. If we believe that there is no such thing as a one 
best practice, we cannot build a practice based on episteme alone. Pluralism, 
rather than dogmatism, seems necessary in order for research to have an 
educational impact. Therefore, a necessary step is to reorganise these different 
mindsets in order to bridge over the supremacy of episteme and the classical 
separation of research as being either rigorous or relevant. In fact, what we 
have is something that will be referred to in later chapters as Hegelian drama – 
a conflict between two antagonists, scientific rigour and relevance to practice. 

1.3.4 Introducing design practice 
The contemporary use of the word ‘design’ in different contexts is problematic 
because of all the different meaning people and researchers may place into the 
word. The word ‘design’ can be used both as a noun and a verb. As a noun, it 
refers to the artefacts that are created by the designer for some purpose. The 
word ‘design’ can also, more generally, refer to a family of methodologies. As 
a verb, it may refer to the process where these artefacts come into play. This is 
what I refer to as the ‘design process’. Design can also refer to the intent – the 
goals or expectations that the designer has on the process, the outcomes and 
the stakeholders involved. The following sentence borrowed from Heskett 
(2005) illustrates the shift in meaning when using the word ‘design’: 

 

 
 
This section aims to give an overview of the different meanings of the word 
‘design’, including the ethical aspect of design practices. 
 
Designing for change 
Design has attracted interest from a variety of disciplines such as architecture, 
engineering, product development, art, nursing, education and so on. This 
diversity may explain why design has become a word used in many areas and 
with many different meanings (Heskett, 2005; Lawson, 2006). As Latour 
(2009) points out, the range of things that nowadays can be designed is far 
wider than before. The contemporary use of the word design has become 
indistinguishable from other activities such as planning, selecting, altering, 
constructing and tinkering. Mobile phones are designed, as well as public 
spaces and research. Today, you do not only plan or build objects but also 
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The fact that there are competing approaches to judge quality within the 
research community may be considered problematic, but the search for one 
common standard, one set of criteria to be implemented across all qualitative 
research, can from another perspective also be considered inappropriate 
(Cohen & Crabtree, 2008). In any case, it is not the task of the designer to 
solve a philosophical dispute. Rather, the designer’s way of thinking is to 
consider the contributions of different, and sometimes even conflicting, 
perspectives. In this view, instead of a pure alignment to one philosophical 
stance, the designer’s attitude is to draw from different resources to build a 
readiness for a crafty approach to wicked (complex) problems (Churchman, 
1971; Kincheloe, 2001). From this perspective, it is important for the designer 
to reflect about the ethical, practical and theoretical consequences of the 
different sources that he or she may draw from and how to evaluate research 
by using appropriate criteria consistent with the researcher’s theoretical and 
methodological framework (Cohen & Crabtree, 2008).  
 
The challenge is to find guidance for making decisions about what the 
designer believes are the right means for the desired ends (Churchman, 1971; 
Dewey, 1929). Existing guidelines may perhaps serve as a foundation to avoid 
obvious methodological mistakes, but they cannot be used as a prescription for 
how to make good research. As Seale (1999) expresses it:  

 
A major threat to quality is in fact the idea that research must be 
carried out under the burden of fulfilling some philosophical or 
methodological scheme. Practicing social researchers can learn to do 
good work from a variety of examples, done within different 
“moments,” without needing to resolve methodological disputes 
before beginning their work. (p. 471f.)  

 
By adopting this perspective, the design process could perhaps progress in a 
modelling fashion, as in, a kind of theoretical modelling process where 
decisions are based on informed and ethical considerations rather than a 
necessity of proper execution of research techniques relative to some 
predetermined criteria. However, in such a theoretical modelling approach, the 
designer’s decision-making process must be made as transparent as possible in 
order to allow the rationales that underlie the design process to be critiqued by 
the scientific community. 
 
The twofold quest of educational design is an ambitious quest that includes 
linking two cultures that focus on different epistemologies (McIntyre, 2005). 
Supposedly, in research, the emphasis is on epistemic knowledge, as in, 
formal knowledge that is universal, certain and value-free. Practitioners may 
be more concerned with phronesis, as in, practical knowledge that is local, 
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The designer as an engineer or architect  
To design means to be involved in goal-seeking, or teleological, behaviour 
that aims at creating change, such as improving something or making 
something more usable or more sustainable, but without the idea of the 
existence of a final end (Bereiter, 2002; Churchman, 1971; Simon, 1996). 
Creating change is a process that assumes that something exists first as a given 
even if the situation or the task may be unclear from the beginning. The 
designer is often the one who initiates and brings change into the situation by 
introducing artefacts developed to attain goals. The artefact refers to the 
object, material or abstract, that becomes a tool for an originally intended 
purpose or for a new purpose in the hands of a user (Trouche, 2004). 
Moreover, these artefacts represent not only the designer’s novel answer to 
how to create change but also the designer’s subjective way of framing the 
situation. This duality is inherent because, for complex situations, the designer 
will most likely need to have an initial idea about a possible solution in order 
to develop a broad understanding of what may appear as the problem (Cobb et 
al., 2003; Horst & Melvin, 1973; Lawson, 2006). 
 
Artefacts that address well-defined problems may be developed by sequential 
implementations of predetermined frameworks or models. This way of solving 
problems, also known as the ‘waterfall model’ (Royce, 1970), is illustrative of 
the kind of strategies that engineers are trained in (Happold, 1986). The 
waterfall model is efficient in the sense that it makes the problem-solving 
process predictable because inputs, procedures, and consequently, outputs are 
more or less well controlled. This is a problem-oriented approach where the 
focus is on systematically discovering the ‘rule’ behind the problem by the 
process of analysis, as in, by dividing the problem into simpler parts. Once the 
problem is properly analysed, the solution follows (Ackoff, 1974; Cross, 
2006). However, this strategy assumes that the problem can be isolated and 
recognised when a solution is reached. In complex situations, such as social 
arrangements where values are innately involved, this may not be the case. 
Instead, it may be impossible to analyse the problem in full because all the 
information is not available to the designer. In this situation, it cannot be 
guaranteed that a correct solution can be found simply because it may not exist 
at all or only exist as a trade-off between several diverging goals. These kinds 
of complex situations or ‘messes’ (Ackoff, 1974) may require the use of more 
flexible and adaptive strategies, where the formulation and a potential solution 
of the problem are identified gradually. Instead of focusing on analysing the 
problem, the limitations of the problem may be identified by proposing a 
series of solutions that are evaluated until an acceptable one is found. Of 
course, the designer knows that such results are not decisive. It is merely the 
best that can be offered under the current conditions. Such solutions can also 
be improved or even replaced as the understanding of the problem develops. 
These types of solutions are thus tentative in nature. 
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design them as if to say that you are not just considering certain aspects such 
as inherent properties or function but also the object’s symbolic aspects. The 
contemporary use of the word design has the connotation of ‘careful’, 
‘skillful’, ‘humble’ or ‘tentative’. It is also associated with the words, ‘art’ and 
‘craft’ (ibid.).  
 
But if we want to go beyond the fashionable use of the word, what could be 
said about design? What might design be? Etymologically, design can be 
derived from the prefix de- and the Latin verb signare, which means to mark 
out or to sign. The prefix de- is used in a constructive sense of bringing things 
together (e.g. the material and the aesthetic, the function and the form). Its 
Greek equivalent is associated with words such as ‘incompleteness’, 
‘likelihood’ and ‘expectation’. Tracing the Greek etymological context 
further, design may be said to be about change, but the Greeks associated the 
notion of design with the past and an unconscious state of memory (Terzidis, 
2007), which is in fact quite the opposite of the contemporary use of the word. 
In our western culture, design is more associated with innovation or future 
opportunities than with any association with the past (ibid).  
 
The contemporary use of the word ‘design’ may provide an initial sense of 
what design might be, but the concept of design keeps expanding, and there is 
no single definition of design that could cover the range of ideas and methods 
used by such a wide range of disciplines (Buchanan, 1992; McKenney & 
Reeves, 2012). The reason for this expansion may lie in the nature of the so-
called wicked problems that designers often attempt to deal with (Horst & 
Melvin, 1973). These wicked problems do not easily confine themselves to 
any attempt to outline a universal theory of design. Instead they persist to the 
point that solutions may not be considered as complete but rather accepted as 
‘good enough’ often for some practical purpose. This means that different 
conceptualisations of design may be needed to address different tasks in 
different situations. But even if it is impossible to conceptualise design 
uniformly, the pragmatic roots of design as expressed by design philosophers 
like Dewey and others are evident. Designers tend to reject sharp distinctions 
between science and craft, thinking and doing, and theory and practice. 
Instead, they seek to explore ‘concrete integrations of knowledge that will 
combine theory with practice for new productive purposes’ (Buchanan, 1992, 
p. 6). In this sense, design is a tertium quid – a third way – a form of inquiry 
that reintegrates thought and action (pragmatism) and theory and practice 
(Nelson & Stolterman, 2012).  
 
To conclude, design can be understood as not only concerned with future 
opportunities but also with solving problems. It is concerned with how things 
ought to be rather than how they are (Churchman, 1971; Latour, 2009; Simon, 
1996). 
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development (see Figure 2: Gravemeijer, 2004, p. 112). This is also referred to 
as the prospective and reflective faces of educational design (Cobb et al., 
2003). 

 

 
Figure 2. The intervened relation between understanding and development 
experiments. 

 
In mathematics education, the design process usually includes three phases 
that are dynamic and can appear nested or recursively throughout the design 
process. For example, these phases could be referred to as planning, 
implementation and evaluation. The completion of these phases constitutes 
one formal design cycle. In planning, the designer aims for a broad 
understanding of the situation. This phase may include activities such as 
literature reviews, subject matter content analysis, the negotiation of goals 
with stakeholders, prototyping, and so on. The next phase, implementation, 
includes the activities that the designer engages in together with the teachers 
and/or students. It may include theoretically underpinned activities related to 
teachers’ professional development as well as teaching–learning activities 
supported by digital technologies or other resources. In this situation, the word 
‘implementation’ is not used in the sense of the enforcement of new rules of 
action, but rather it is about the exploration of ideas and the potential 
outcomes of these ideas. In the last phase, evaluation, the designer attempts to 
understand the outcomes of an intervention in order to decide how proceed in 
the next cycle. The different phases require the designer to work at different 
levels where the selection and use of knowledge resources is for the purpose 
of managing different aspects of the design process. Thus, in each phase of the 
design process, models, frameworks, experience and other resources may be 
used in different ways. In the planning phase, knowledge resources are used to 
inform the designer’s action ‘before-the-fact’ (Argyris, 1996). In the 
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Understanding the nature of the problem through potential solutions instead of 
analysing the problem is illustrative of the types of strategies that architects 
use (Lawson, 2006). In a solution-oriented strategy, the designer is interested 
in the behaviour of the solution in its environment. Therefore, much of the 
complexity of the situation is preserved. Maintaining the complexity comes at 
a price that scientists who are used to working in more laboratory-like settings 
would perhaps not accept. The designer knows that each step the he or she 
makes has the power to create a new intended or unintended situation with 
new emerging goals that the designer needs to consider and decide whether to 
embrace or to discard. The dynamics of the situation may force the designer to 
constantly form a new understanding of the situation and decide how to make 
new tactical moves in order keep moving forward, to change, to enhance 
(Schön, 1983; Simon, 1996). This aspect of design is what Schön refers to as 
‘reflecting in action’ – the designers conversation with the situation. 
According to Schön, it is the process of reflection-in-action that comes into 
play when the designer is artfully dealing with ‘situations of uncertainty, 
instability, uniqueness and value conflict’ (Schön, 1983, p. 50).  
 
If the former strategy is illustrated by the engineer’s training in control, then 
the latter strategy corresponds to the architect’s training in aesthetic 
conscience (Happold, 1986). It is difficult for the designer to know what to do, 
when to do it and why he or she should do it because there are seldom 
standard procedures and tools ready to be used to address complex problems. 
To be successful, the designer needs to consider, on one hand, rigour and 
technicality, and on the other hand, relevance and social responsibility. To use 
another metaphor, the former may be portrayed as the way of the engineer and 
the latter as the way of the architect. However, the purpose of such 
characterisations is not to contribute to simplified and false dichotomies 
between the two domains but to highlight two important aspects that the 
designer needs to consider that are not in opposition. In fact, the engineer and 
the architect are quite similar in their concern of social responsibilities, ethical 
practice and context (Kroes, Vermaas, Light & Moore, 2008). 

 
The iterative nature of educational design 
For designers, developing artefacts is central to the design process. In 
educational settings, it may be artefacts such as ideas, theoretical frameworks, 
pedagogical approaches, classroom norms, teaching arrangements, digital 
technologies and others. As already discussed, in the design process, the 
designer may need to keep searching for alternative ways of framing the 
problem as the process unfolds. In other words, even if the designer follows a 
predetermined plan, he or she also must be prepared to revise and take 
alternative pathways. Thus, in order to develop educational artefacts as 
potential solutions to educational problems, the designer often engages in a 
design process that includes the two intervened activities of understanding and 
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development (see Figure 2: Gravemeijer, 2004, p. 112). This is also referred to 
as the prospective and reflective faces of educational design (Cobb et al., 
2003). 

 

 
Figure 2. The intervened relation between understanding and development 
experiments. 
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results and produce scientific publications or should he follow his goal of 
contributing to the practice? 
 
Of course, different designers may address these kinds of issues differently 
depending on the research context and his or her personal disposition. 
Therefore, design ethics is more about learning about the ethical dilemmas of 
design rather than following prescriptive rules about the right thing to do. Still, 
throughout the entire design process, the designer needs to decide what action 
to take. Even if decisions are not necessarily right or wrong, they may be good 
or bad for the stakeholders (Horst & Melvin, 1973; Latour, 2009). Involving 
teachers serves to monitor the design process and may also increase the 
possibility that people other than the researcher will also consider the design a 
good design. In other words, to reach some degree of success, the designer 
needs to consider rigour and technicality, on one hand, and relevance and 
social responsibility on the other hand as two interconnected aspects of design. 
 
To summarise, design ethics focuses on ethical issues beyond informed 
consent and anonymity. It relates to the way the decision-making process is 
organised and how different tasks are divided between different actors. A 
second aspect concerns the role of stakeholders in the design process and the 
way in which they are included or even excluded (Devon & van de Poel, 
2004). A third aspect relates to the artefacts that are developed through design 
and used for specific purposes, as in, supporting change or improvement in 
social contexts. This means that the social values and social consequences of 
the use of artefacts are also connected to issues of validity (Messick, 1987).  

 
The researcher as a designer  
Thus far, design has been described as a goal-oriented process that involves 
making considerations on the many interconnected aspects of design (see 
Figure 3).  

 

   
Figure 3. The many aspects of design. 
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implementation phase, data is usually constructed in order to detect possible 
errors in relation to the designer’s goals. The collected data is therefore 
primarily used to monitor the design process. In the last phase, evaluation, 
analytical frameworks may be used to describe and explain the phenomena 
‘after-the-fact’ (ibid.). However, the key point is that the evaluation has to be 
done with the purpose of informing the continued process, as in, the planning 
of the next design cycle. Eventually, the designer will reach some point of 
saturation where a design solution becomes accepted. In mathematics 
education, design solutions or outcomes may refer to results such as teaching 
units (Wittman, 1998), empirically validated didactical situations (Artigue, 
2009), local instruction theories (Gravemeijer, 2004), empirically grounded 
learning arrangements (Barzel, Leuders, Prediger & Hußmann, 2013), 
technology-based curricula (Clarke & Dede, 2009) or learning activities 
supported by digital technologies (Sollervall, 2012; Sollervall & Milrad, 
2015).  

 
Design ethics 
The twofold desire to contribute to both research and practice makes design 
fundamentally different compared to evaluative research that is primarily 
concerned with explaining and predicting a phenomenon that is already there 
to observe. Ultimately, designers also seek to explain, but their work includes 
a preceding stage where the phenomenon is shaped. In this stage, the designer 
takes a risk. It is the designer’s own way of framing the problem that is the 
driving force behind the design. Decisions will naturally reflect the designer’s 
own interpretation of the situation. But every decision the designer makes, 
either to act or simply to observe, has the power to leave marks that could 
affect those involved in unexpected ways, for better or for worse. The designer 
can therefore never absolve himself from the consequences of design 
(Churchman, 1971). This is especially the case when the designer is dealing 
with educational problems that in many cases cannot be clearly defined in 
advance because they are imbedded in complex social systems (Berliner, 
2002; Lesh & Sriraman, 2005). This is why the goal-seeking behaviour and 
the pursuit of ‘ideals’ necessarily involves an ethical dimension about the kind 
of results or knowledge the designer may produce (Churchman, 1971; Latour, 
2009). Knowledge cannot be separated from the actions that produced the 
knowledge, and the solutions and activities produced within a design project 
must be ethically and practically acceptable (Churchman, 1971). For this 
reason, the twofold goal of design researchers to contribute to both practice 
and theory may result in difficult ethical decisions. For example, no matter 
how valuable practical results may be to teachers and students, others may still 
not consider them (rightfully) as a theoretical contribution. So how should 
practical contributions to solving real-life practical problems in schools, in 
classrooms, for teachers or even for individual students be valued? A conflict 
may arise – should the designer prioritise his goal of producing theoretical 
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implementation phase, data is usually constructed in order to detect possible 
errors in relation to the designer’s goals. The collected data is therefore 
primarily used to monitor the design process. In the last phase, evaluation, 
analytical frameworks may be used to describe and explain the phenomena 
‘after-the-fact’ (ibid.). However, the key point is that the evaluation has to be 
done with the purpose of informing the continued process, as in, the planning 
of the next design cycle. Eventually, the designer will reach some point of 
saturation where a design solution becomes accepted. In mathematics 
education, design solutions or outcomes may refer to results such as teaching 
units (Wittman, 1998), empirically validated didactical situations (Artigue, 
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learning arrangements (Barzel, Leuders, Prediger & Hußmann, 2013), 
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supported by digital technologies (Sollervall, 2012; Sollervall & Milrad, 
2015).  
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chosen path, a theory of design would need to permit both episteme and 
phronesis to be considered essential components of the research process even 
if this means allowing, in a controlled way, some subjectivity into the equation 
(i.e. the designer’s own phronesis). However, the educational design 
researcher, in the roles of both researcher and designer, would still need to 
explain in what way his or her theory of design would allow him or her to 
meet the requirements from both science and practice.  
 
The purpose of the following section is to provide a common ground for 
research activities and design activities that aim for both theoretical 
advancements and improvement of practice.   

1.4 Overall theoretical framework  
What has only been addressed implicitly thus far is the concept of knowledge. 
As the history of science tells us, the concept of knowledge is a very 
complicated matter, and there are many schools of thought that give different 
perspectives to the basic question, What is knowledge? In this chapter, the aim 
is to provide an explicit account of the concept of knowledge as it is addressed 
in this thesis to study both processes of designing and the products of those 
processes. In the following sections, the notion of didactic transposition of 
knowledge and the related notion of praxeology will be presented. These 
notions are two of the main concepts within the research programme of the 
Anthropological Theory of the Didactic (ATD). 
 
The ATD provides an overarching theoretical perspective from which certain 
features are highlighted in this thesis. The main purpose of this chapter is to:  

• Specify the nature of the object of study 

• Motivate the need to emancipate design research from established 
institutional viewpoints 

• Highlight institutional aspects of didactic phenomena (the system’s 
environment) 

• Develop a common language to describe all the different aspects of 
the design process, including the twofold desire of educational design 
to contribute both to practice and research 

Thus, the ATD is used to connect the two roles of the educational design 
researcher – that of a researcher and that of a designer.  

1.4.1 The didactic transposition of knowledge 
The didactic transposition theory is one of the central concepts within the 
research programme of the Anthropological Theory of the Didactic (ATD). It 
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The researcher and the designer are often the very same person (or a group of 
persons). However, as mentioned, it may sometimes be convenient to speak of 
them as though they are two separate persons in order to recognise the kind of 
considerations that need to be made on the many interconnected aspects of 
design (Figure 3).  
 
As these aspects may relate in different ways to the researcher and to the 
designer, they can sometimes be contrasted with each other. For example, 
while the researcher is expected to meet scientific demands from research 
communities, the designer is expected to meet pragmatic demands in practice. 
The researcher is expected to be rigorous and the designer is expected to be 
creative. In particular, the designer is involved in creative processes that 
strongly depend on subjective judgements. These judgements are established 
in proven knowledge about the domain of investigation, in this case, 
mathematics education. In other words, while the designer needs to be 
immersed in the social context, the researcher has a different role. He or she is 
expected to provide a rational explanation for the judgements made. Thus, in 
order to put things into perspective, the researcher may need to momentarily 
detach himself or herself from the very source of creativity that the designer 
draws from.  
 
Another dilemma relates to the nature of the designed solutions. While the 
researcher may require the solution to be innovative with a high degree of 
complexity, practitioners may prefer a simple solution that works and is easy 
to implement. However, such conflicts may in fact be productive: ‘Creative 
design arises when there is a conflict to be solved between the designer’s high-
level problem, and the client’s standards for an acceptable or useful solution’ 
(Cross, 2006, p.72). 
 
Nevertheless, not knowing or having a good idea of how to balance multiple 
demands may result in neither being met. In fact, it has been questioned if 
whether the skills that are required of the researcher and designer may overlap 
to an acceptable extent (Boote, 2010; Dede, 2004).  
 
It seems that there is no easy way out. What needs to be done is to establish a 
common ground for the researcher and the designer, where potential disputes 
between them could be resolved in order to move forward. Such common 
ground could also be useful for making sense of what is being done not only to 
oneself but to others as well.  

 
A common ground could perhaps be established by a ‘theory’ of design. 
However, in this chapter, I have argued that the confidence in episteme, as the 
sole source for achieving results, is less within the culture of design science 
than it may be within positivist science. Thus, in order to continue on the 
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taught knowledge. However, this is not entirely the isolated task of the 
teacher. He or she is also influenced by different cultural factors within the 
school as well as social factors related to the classroom. In the final step, what 
the students end up learning may be different than the teacher’s intention.  
 
The arrows in Figure 4 that go from right to left indicate that the transposition 
of knowledge is a two-way process where the performance of each step may 
also influence the preceding step. For example, the difference between the 
intended and actual learning of students may motivate the teacher to reflect on 
how knowledge is taught in her own classroom and to consult the curriculum 
(knowledge to be taught) in order to investigate alternative interpretations. At 
a macro or societal level, results from international comparison tests may 
motivate curriculum designers to development new curricula and thus change 
the knowledge to be taught. Such change in the educational system may in 
turn influence what scholars think is important to study and even re-elaborate 
some parts of the scholarly knowledge accordingly.  
 
It is important to stress that the transposition process is not necessarily a 
process of deterioration. Transpositive work may in fact help to improve the 
organisation of knowledge by highlighting its different aspects and thus 
making it more understandable. In this sense, the transposition from scholarly 
knowledge to learnt knowledge may contribute to the development of 
scholarly knowledge (Chevallard & Bosch, 2014).  
 
To summarise, the transposition of knowledge is a process of change, of de-
constructing knowledge and rebuilding different elements of knowledge into a 
more or less integrated whole with the aim of establishing it as ‘teachable 
knowledge’ while trying to keep its character and function (Bosch & Gascón, 
2006).   

1.4.2 Knowledge as praxeologies 
Within the ATD, the notion of praxeology is used for modelling the 
transformation of knowledge in any kind of institution, schools in particular. 
In the case of mathematics, a praxeology can be described as a ‘general 
epistemological model of mathematical knowledge where mathematics is seen 
as a human activity of study of types of problems’ (Barbé, Bosch, Espinoza & 
Gascón, 2005, p 236). The notion of praxeology can be used to analyse not 
only mathematical practices but also, in general, any human action in such a 
way that the theoretical and practical dimension of their actions are not 
separated (Bosch & Gascón, 2006). In this sense, the notion of praxeology 
supports the pragmatist epistemology of the designer: knowledge resides in 
users. It can be connected to a human activity or used as potential to perform a 
certain task (Churchman, 1971). 
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relates to the ‘transformations an object or a body of knowledge undergoes 
from the moment it is produced, put into use, selected and designed to be 
taught, until it is actually taught in a given educational institution’ (Chevallard 
& Bosch, 2014, p. 170). Mathematics (or any other subject) that is taught at 
school is something that originates from what is called scientific or scholarly 
knowledge. Despite possible exceptions, this knowledge may not necessarily 
have been produced with the purpose of being taught to others but rather to be 
used within the same institution (Chevallard, 1988), for instance, to organise 
and produce additional knowledge – both theoretical and practical.  
 
Therefore, what is taught and learnt at schools and even universities is 
different from the scholarly knowledge produced and used by researchers 
(Winsløw & Madsen, 2008). The difference is not so much at the level of facts 
or information as it is at the level of how pieces of scholarly knowledge are 
selected and reorganised to become ‘teachable’ in a different context. To be 
teachable, the pieces of knowledge need to be perceived as meaningful and 
useful within the educational institution where this piece of knowledge is 
being taught. The transposition process consists of the four following 
interacting steps or states: scholarly knowledge, knowledge to be taught, 
taught knowledge, and learnt knowledge (Figure 4).  

 

 
Figure 4. The didactic transposition of knowledge.  

 
There are many actors within the educational system and beyond (teachers, 
researchers, politicians, the public, organisations, authorities, etc.) that 
influence the selection of what becomes knowledge to be taught. Knowledge 
to be taught originates from scholarly knowledge and is believed to be 
important or in some way valuable to the educational system. The 
transposition from scholarly knowledge to knowledge to be taught is therefore 
a long and highly complex process influenced by many cultural factors within 
the society.  
 
As soon as knowledge enters the educational system and becomes established 
as knowledge to be taught, local actors with a more explicit didactic intent 
continue the process. Actors such as teachers interpret and decide how the 
knowledge to be taught eventually unfolds within their own classrooms as 
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taught knowledge. However, this is not entirely the isolated task of the 
teacher. He or she is also influenced by different cultural factors within the 
school as well as social factors related to the classroom. In the final step, what 
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relates to the ‘transformations an object or a body of knowledge undergoes 
from the moment it is produced, put into use, selected and designed to be 
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Figure 4. The didactic transposition of knowledge.  
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The logos block of the praxeology does not guarantee an adequate description 
or justification of the praxis. Misconceptions may still exist, but this would 
merely suggest an underdeveloped logos block. Furthermore, praxeologies are 
relative to the institutions where they are created and may appear in more or 
less organised forms. According to their complexity, praxeologies can be 
categorised in point, local, regional or global praxeologies. For example, in 
mathematics, a point praxeology is generated by a unique type of problem and 
is often associated with a specific technique to handle it. The integration of 
several point praxeologies with a common technology generates a local 
praxeology. Coordinating, integrating or linking several local praxeologies 
within a common theory can define a regional praxeology. Finally, a global 
praxeology may be generated by connecting several regional praxeologies 
(Rodríguez, Bosch & Gascón, 2008).  
 
The notions of type of tasks, technique, technology and theory are interrelated 
and cannot always be clearly separated. This is especially the case between 
technology and theory, as they refer to functions rather than objects 
(Chevallard, Bosch & Kim, 2015). Thus, in many cases, it is sufficient to use 
the term ‘technological–theoretical’ or simply ‘theory’ to refer to any of the 
elements of the logos block without necessarily making a clear distinction 
between technology and theory. In the following sections, the word ‘theory’ 
will be used in the praxeological sense without necessarily distinguishing 
between technology and theory. 

1.4.3 Didactic systems 
A system can be seen as a set of related elements (Churchman, 1968b). 
Elements can be concepts, objects, subjects or a combination of these. 
Language is an example of a conceptual system. A falling apple under the 
influence of gravity is an example of a physical system where concepts and 
objects are connected through the laws of Newtonian mechanics. Systems are 
also made up of other systems which are called subsystems. Thus, one 
problem for the researcher is when to stop decomposing systems into smaller 
ones that are still significant to study, or in other words, to know the size of 
the largest system that needs to be considered.  
 
A system that intrinsically involves human beings can be called an 
anthropological system (Chevallard, 1988). An anthropological system may 
also be a teleological system, meaning a system that pursues goals, like a 
soccer team that trains for an upcoming game or like a teacher who wants a 
group of students to learn something. Didactic systems are systems that 
involve persons with a didactic intent. These systems are anthropological as 
well as teleological: they consist of subjects that pursue goals, which in this 
case, is defined by the learning objectives. 
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To further elaborate, a body of knowledge – a praxeology – is characterised by 
its types of tasks, techniques, technology and theory. For example, a 
mathematician may have a task of a certain type that he or she may want to 
address by taking some kind of action, for example, to create some change in 
the current situation. The means used by the mathematician to address the task 
are called the techniques of the praxeology. For each type of task there are at 
least one associated technique – even if it can sometimes be underdeveloped. 
The techniques represent, in a wide sense, what is done. Choosing to do 
nothing is also considered an action, as it also determines the course of events. 
In other words, not knowing how to act when faced with an unfamiliar task 
does not suggest the absence of a technique but rather indicates how well 
developed and adequate the available techniques are for the specific type of 
task.  
 
These two elements, the type of task and the technique, define the practical 
dimension of knowledge, the ‘know-how’, which is also referred to as the 
praxis block of the praxeology (see Table 1).  

 
 

Praxis Logos 
Type of task Technology 
Technique Theory 

Table 1. The conceptualisation of knowledge as a praxeology. 

 
A second dimension of human action is the meaning that humans attribute to 
their actions. Human practices rarely exist without a discursive environment 
that can describe, explain and justify what is done (Chevallard, 2007). This is 
the second aspect of knowledge, the logos block of the praxeology, which is a 
discourse structured on two levels with the purpose of justifying the praxis 
(Table 1).  
 
The first level of the logos is the technology, which refers directly to the 
technique by providing a justifying discourse (‘logos’ about the technique). 
The second level, theory, provides a more general discourse that serves as an 
explanation and justification of the technology itself (Chevallard, 2007). It 
may be a framework of more or less explicit notions, properties and relations 
to organise and generate new technologies, techniques and types of tasks 
(Barbé et al., 2005). For the mathematician, the logos block of the praxeology 
gives answers to questions such as how? and why? a particular technique 
works with respect to a specific type of task. It also provides elements to 
describe or delimit the type of tasks and the scope of the technique. 
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In other words, both the didactic praxeologies and the mathematical 
praxeologies that teachers make available to students are conditioned and 
constrained by a hierarchy of institutional levels that run from a macro level 
such as society, school and pedagogy to a micro level, such as specific 
constraints arising from the nature of knowledge to be taught and from the 
resources that are available to the teacher (Barbé et al., 2005; Bosch & 
Gascón, 2006). Thus, to understand the didactic system and what affects the 
teachers’ practices, the praxeologies must be analysed in a wider perspective 
considering different didactical restrictions originating from the knowledge to 
be taught, the teacher, the learner and the institution wherein these activities 
take place. However, at this point, a critical distinction must be made. The 
designer’s task is not only to understand the system in order to describe it, but 
also to re-design some aspects of it. As already described, the designer as an 
engineer or as an architect may use different strategies for this purpose. In 
some strategies it is the evaluation of the provisional solutions that is given 
high priority rather than the analysis of the problem (Cross, 2006).  

1.4.4 Introducing the notion of design praxeology 
The notion of design praxeology refers to the activities assumed by the 
designer for creating change in a didactic system. As with any praxeology, it 
consists of a praxis block with design tasks and techniques as well as a logos 
block with design technology and theory. Similar to the mathematician, the 
designer acts purposeful to improve or to bring change into a situation by 
using different means or techniques to achieve different goals (i.e. the 
designer’s type of tasks). Goals may relate to a mathematical praxeology 
and/or a didactic praxeology, for example, if the designer wants to develop an 
innovative learning activity to support specific learning objectives. Goals may 
also be connected to the design praxeology itself, for example, if the designer 
wants to develop strategies for dissemination or for the scale-up of innovation. 
Furthermore, compared to many mathematical problems, the problems of 
design are often wicked or complex in the sense that they are dynamic and 
often not well defined. They may also change during the different phases of 
the design process as the understanding of the didactic system develops.  
 
To illustrate further, let us assume that the goal of the designer is to improve 
the teaching of algebra at the secondary school level. Without any further 
details of what this actually could mean, this could be perceived as too 
overwhelming for the unfortunate designer who has been given this task. 
However, as Desmond Tutu once explained metaphorically, the only way to 
eat an elephant is to take a bite at a time. The point to make is that an 
additional task of the designer is to structure the design praxeology into 
smaller manageable praxeologies with appropriate tasks or goals that could in 
turn support more general goals. The different levels in which design goals 
operate will be elaborated upon in later chapters.  
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Didactic systems are not restricted to formal learning spaces such as 
classrooms, but rather learning may appear in informal learning spaces that are 
found throughout society today, for example, at the dinner table, on the 
Internet and so forth (Chevallard, 1988). The didactic systems that are mainly 
considered here are those that exist in formal settings, for example, in 
institutions such as schools. However, in the case of the interaction between 
designers and teachers, more informal and labile didactic systems will be 
formed around a given instructional proposal or an element of it. 
 
Furthermore, different praxeologies exist within a didactic system. In addition 
to mathematical praxeologies, there are also didactic praxeologies. The word 
‘didactic’ refers to any action induced by someone, often a teacher, with the 
intention to help a learner study something. As with all praxeologies, the 
didactic praxeology includes a praxis block and a logos block which includes 
a didactic task/technique in the former and a didactic technology/theory in the 
latter. A didactic type of task could be how to organise mathematics 
instruction in order to re-create an appropriate mathematical praxeology in a 
specific classroom context. Depending on different aspects related to the 
teacher, namely, the learner and the knowledge to be taught, there are different 
didactic techniques to approach this type of didactic task. The logos block of 
the didactic praxeology would then serve as means to describe and justify the 
teaching and learning practices in the considered institution (Rodríguez et al., 
2008). 
 
The didactic praxeology not only includes the teacher’s and students’ practices 
in the classroom but also other related activities outside the classroom, for 
example, related activities that teachers engage in before and after teaching by 
herself or together with colleagues. This may be activities such as selecting 
and preparing the curriculum content to teach or to reflect on particular 
learning outcomes after a lesson.  
An important aspect of the didactic system is the social context or the 
environment in which the praxeologies emerge. The didactic system has an 
environment shaped by people, and that, to some extent, changes with every 
individual that enters, leaves or moves from one level to another. It is within 
these institutions that human knowledge exists:  
 

Didactical and mathematical praxeologies and their development 
cannot be understood fully without considering broader contexts 
than those in which they directly occur. That is because they are 
codetermined (i.e., determined in their mutual interaction) by a 
whole hierarchy of institutional levels that successively condition 
and constrain each other. (Artigue & Winsløw, 2010) 
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questions: In the role of a designer, hypotheses and research questions are 
used to support the ongoing design process, and in the role of a researcher, 
hypotheses and research questions are used to (scientifically) link parts of the 
design process to the scientific study of the didactic system.  
 
The logos block of the design praxeology includes a technological–theoretical 
(or, in short, theoretical) discourse that allows the designer to describe and 
motivate the research approach (methodology) and the designer’s goal-seeking 
actions (types of tasks and techniques). It includes the assumptions of the 
designer as well as a justification and validation of the activities in relation to 
the phenomena and goals that the designer decides to pursue. During the 
design process, the designer develops a theoretical discourse with a focus on 
justifying or hypothesising in the first two phases and with a focus on 
explaining or confirming (the hypotheses) in the evaluation phase. The first 
two phases of the design process mark an important distinction between 
educational design research and other descriptive research approaches. 
 
When a project is completed, additional theoretical work may be pursued for 
the purpose of making the design process more explicit. For example, research 
papers are written with the goal of communicating to other designers who are 
faced with similar problems (Churchman, 1971).  
 
Eventually, the question of good and bad design will arise, either initiated by 
the researcher himself or by others. However, good or bad design are elusive 
concepts that cannot be determined by evaluating the goals themselves but 
rather by evaluating the means taken by a designer to achieve these goals 
(Churchman, 1971), as in, the designer’s techniques (methodology).  

 
Furthermore, the designer has to consider how possible decisions may affect 
the end users themselves rather than being restricted to only considering issues 
related to teaching and learning (Churchman, 1971; Messick, 1987). Such 
considerations may involve negotiating different and even conflicting goals 
that are assessed in regard to their didactical and ethical implications. For 
example, the designer could be faced with a choice between designing for 
what the users need (according to the designer’s opinion) or designing for 
what the users want. The designer needs to be sensitive to the emergence of 
ethical issues in the design process and be ready to make adjustments for the 
purpose of improving the didactical and ethical conditions for teachers and 
students. 

1.4.5 Overlapping praxeologies 
Research is a human activity as well, and thus, we could speak of a research 
praxeology with a praxis block and a logos block (Artigue, Bosch & Gascón, 
2011). To do research means to engage in tasks such as writing literature 
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As described earlier, the design process is often a cyclic process. The design 
praxeology is therefore an evolving entity, usually built up in recurrent cycles 
consisting of different phases that can be referred to as the ‘planning phase’, 
the ‘implementation phase’ and the ‘evaluation phase’.  
 
In the planning phase, the designer meets the design praxeology through at 
least one of its goals although it may not necessarily be clear what needs to be 
done from the beginning. For the designer, it may be a first encounter with a 
design praxeology or it may be a situation where the designer chooses to 
explore other goals and new techniques. As already described, the nature of 
the design goal may limit the designer’s possibilities to make a complete 
analysis of the situation.  
 
Next, in the implementation phase, ideas, hypotheses, techniques, artefacts, et 
cetera are tested, improved or developed further. In this phase, the foundation 
is laid for the designer’s developing understanding of the situation. The design 
cycle is then completed by an evaluation phase where technological–
theoretical issues are raised in order to explain and justify the design tasks and 
the design techniques. A challenge for the designer is to provide an account of 
the many tacit aspects that are associated with the skills of the designer 
(Schön, 1983). When a new understanding is formed, the next cycle may be 
initiated with the purpose of improving or developing new goals, artefacts and 
techniques. The cyclic process then continues until some saturation is reached, 
meaning a point in time when the designer decides that an acceptable solution 
has been achieved.  
  
To summarise, the two elements, design tasks and design techniques, define 
the praxis block of the design praxeology. The praxis block captures what the 
designer does – the designer’s actions. It includes the use of different 
strategies for the development of artefacts or for managing the design process. 
The different strategies for development, as illustrated by the aforementioned 
metaphor of the engineer and the architect, are examples of the techniques the 
designer may use for the purpose of creating change.  
 
Different methods for collecting or constructing data are examples of 
techniques that are also associated with research in general. Any phase of the 
design process may involve the use of hypotheses and research questions. 
However, although the designer’s hypotheses and research questions are part 
of the design praxeology, they are not necessarily the same as the task of the 
design praxeology as a whole. Rather, it is the generation of hypotheses and 
research questions that can be considered as a design task (one of many). If we 
momentarily think about the researcher and the designer as separate 
characters, the following could be said about hypotheses and research 
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constructed according to certain techniques supporting the research praxis 
(RP) of the research praxeology. In other words, there is a formal structure to 
follow, and why it must be in this particular way is explained by the research 
logos (RL) of the research praxeology. In other words, what appears as a 
design logos (DL) from the designer’s perspective could be interpreted as a 
research praxis (RP) from the researcher’s perspective. In this sense, there is 
an overlap between the two praxeologies (Figure 5). 
 
A similar situation of overlapping praxeologies can be illustrated by a 
mathematical (or, in fact, didactic) example. For example, at one level, 
students may be required to solve the quadratic equation 𝑎𝑎𝑥𝑥! + 𝑏𝑏𝑏𝑏 + 𝑐𝑐 = 0 
for some given constants a, b and c by using the quadratic formula. The 
quadratic formula may have been made feasible for the students perhaps by 
some kind of formal or informal proof. In this way, the student has a task (the 
equation), a technique (the formula) and also a logos block (the proof) used to 
justify the technique. When students progress in their studies, they may return 
to this ‘same’ mathematical content; but now, the students may also be 
required to formally prove the quadratic formula by themselves. In other 
words, what was part of the logos block in the first case is now part of the 
praxis block in this second, more comprehensive, praxeology. The students are 
also now required to make a proof of the formula and not simply apply it to 
quadratic equations. The task of proving the formula that was initially the task 
for someone else (e.g. the teacher) has become a task for the students. In other 
words, the proof that was part of the logos in the first case is now part of the 
praxis in the second case. 

1.4.6 Opportunities for research and design 
A praxeology is a model for human activity that is relative to the institution 
where the activity takes place. This follows from the assumption of the ATD 
that practices and knowledge arise and change in institutional settings along 
with the persons who enter these institutions: 
 

Persons are the makers of institutions, which in turn are the makers 
of persons. Generally, however, institutions come before those 
persons – their ‘subjects’ – thanks to whom they will continue to 
exist and change. (Chevallard, 2007, p. 132)  

 
The opportunities for design and research are therefore part of the conditions 
and constraints of the design praxeology. In general, constraints may be 
related to issues within the research community and how research is locally 
organised and funded. It also has to do with the possibility for the researcher 
to relocate resources in order to be able to seize opportunities for research that 
may suddenly appear. In the current context, an initial research idea may 
originate from the researcher himself or from the local research community 
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reviews, constructing data, analysing data, presenting results and so on. Each 
of these tasks can be carried out in different ways by means of different 
techniques outlined by a methodology. The methodology may be embedded in 
a theoretical framework, a research paradigm or something else with the 
function to justify what is done. The primary aim of the researcher is to 
contribute to the development of the research praxeology, but this must be 
done in such way that the contribution ‘fits’ the current structure of the 
research praxeology. To summarise, the educational design researcher thus 
has, in the role of designer and researcher, four praxeologies to consider: 

 
• Mathematical praxeologies 
• Didactic praxeologies (teachers and students) 
• Design praxeologies 
• Research praxeologies 

 
Two of these, the mathematical and didactic praxeologies, emerge from within 
the didactic system. To momentarily simplify the discussion, we could think 
of the didactic system as the object of study of the research praxeology and the 
target of change of the design praxeology. In this sense, the research 
praxeology and the design praxeology are both connected to the didactic 
system and overlap in certain aspects (Figure 5).  
 
 

 
Figure 5. Overlapping praxeologies. 

 
The design praxeology has a design praxis (DP) that influences the didactic 
system. It also has a design logos (DL) that is used to justify the design praxis 
(DP). However, constructing a design logos (DL) is something that the 
educational researcher cannot do only on the basis of his or her own personal 
preferences or beliefs without considering external conditions and constraints, 
at least not in the role as a researcher. The design logos (DL) needs to be 
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causes, and may even set up more difficult because more obscure 
and subtle complications when it is applied. (Dewey, 1936, p.44–45) 

 
But this does not mean that we can totally disregard the point made by our 
objectivist friend. The ability to detach from institutional established 
viewpoints is desirable from the point of view of the research praxeology as 
well as the design praxeology. This is in order to meet scientific standards and 
to be as rigorous as possible – as the researcher would say. To bring new 
perspectives and find good solutions to recurrent problems – as the designer 
would say, if following the example of Pasteur.  
 
It seems that there is no escape. The scientific ambition to distance us from the 
object of study has to be negotiated against the designer’s desire to achieve 
relevance for practice. This apparent conflict of interest should be regarded as 
a natural consequence of attempting to narrow the gap between research and 
practice. To move forward on the issue of detachment, we see that guidance 
can be found in another notion provided by the ATD – the notion of the 
epistemological reference model: 
 

For this purpose, the notion of epistemological reference model has 
become central to the theory: we must explicitly state a model of the 
knowledge and practice…. for which we study the transposition. 
(Winsløw, 2011) 

 
To stress that, in this case, there are several praxeologies that need to be 
considered, the reference epistemological model will from now on be referred 
to as ‘reference praxeological model’ (RPM).  
 
For the researcher who seeks to understand the system in order to describe it, 
the reference praxeological model (Figure 6) outlines the researcher’s 
mathematical as well as didactic reference point from which praxeological 
analyses of the transposition process can be made. By developing an RPM, the 
researcher takes on an ‘external’ position, detached from the mathematical and 
didactic praxeologies that are given from the ‘inside’ of the didactic system 
(Bosch & Gascón, 2006).  
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that includes researchers from both mathematics education and media 
technology. It can also originate from external sources, such as schools, 
organisations or even individual teachers seeking opportunities for 
collaboration. Depending on the situation, the projects may be established in 
agreement and cooperation with the school’s central administration, the school 
principals or only the teachers. Other constraints are closer to the design 
process and the designer’s work. These constraints may relate to factors such 
as theoretical perspective, methodology, the artefacts used, the learning 
objectives and the type of learning activities being developed.  
 
These examples illustrate the different kinds of institutional conditions and 
constraints that are present and influence not only the design praxeology but, 
in fact, also any praxeology that evolves in any institutional setting. The 
design praxeology needs to take into account and consider its own institutional 
constraints as well as the intersecting institutional constraints associated with 
teaching and learning processes in schools. 

1.4.7 Reference praxeological model 
Through educational design research, the designer participates in transpositive 
work and consequently becomes an actor within the didactic system. From an 
objectivist perspective, this may not be acceptable. The objectivist researcher 
would perhaps argue that the designer is putting scientific objectivity at risk. 
However, the designer may respond that there are several reasons to challenge 
such a view. First, it may be argued that any human activity, including 
research, is ‘tainted’ by subjectivity, as the decisions and actions of the 
individuals that participate in the activity are influenced by their values and 
beliefs (their Weltanschauung) (Bahm, 1971). Second, it could be argued that 
the nature of the problems of design belongs to a different paradigm that calls 
for interaction between the researcher and the object of study, in this case, the 
actors of the didactic system, meaning teachers in particular: 
 

The indispensable necessity is that there be some kind of vital 
current flowing between the field worker and the research worker. 
Without this flow, the latter is not able to judge the real scope of the 
problem to which he addresses himself. He will not know enough of 
the conditions under which the particular problem presents itself in 
school to control his inquiry, not be able to judge whether the 
resources of other sciences at his command enable him to deal with 
it effectively. Nor will he understand enough of the concrete 
situations under which his finally preferred solution is to be applied 
to know whether it is a real or an artificial and arbitrary solution. If 
it is the latter, it may succeed in dealing with the more obvious 
difficulties of a situation, the external symptoms, but fail to hit basic 
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praxeologies are involved in the educational design process? And what 
are the interactions between these praxeologies and how they reflect the 
change promoted by the design technique?   

 
Q3: What are the main components of the design technique that can explain 

its successes and failures according to the system approach? 

1.6 Chapter outline 
In chapter 2, we continue with the philosophical foundation or the logos of the 
design praxeology. This chapter can be understood as the methodological 
section of this thesis as it serves to link philosophy and research practice. In 
this chapter the Singerian design philosophy (Churchman, 1971) has a central 
role as the design theory of the design praxeology. It is presented in the light 
of four other inquiry traditions basic to Western philosophy named after the 
philosophers Leibnitz, Locke, Kant and Hegel. Furthermore, the systems 
approach used in this thesis, the Agile Educational Design approach (AED), is 
described.  
 
In chapter 3, the empirical data is presented, which includes three 
interventions conducted in three different contexts. These interventions are, at 
the same time, three design cycles related to three different methods of 
collaboration between the educational design researcher and the teachers 
involved. All phases of the design process will be considered. In this chapter 
the reader will find additional theoretical concepts introduced. These are 
concepts used by the designer to address emerging issues in the different 
phases of the design process.  
 
In chapter 4, a retrospective analysis is made of the three cycles. The notion of 
praxeologies is used to analyse the design process. Finally, in chapter 5 the 
research questions are revisited. Also, conclusions are presented and the 
implications are discussed. The chapter concludes with discussions of quality 
and research ethics. 
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Figure 6. The detached position of the researcher. 

 
For the designer who seeks to understand the system in order to re-design it, 
the RPM includes an additional component – the design praxeology. In the 
very same way that any other praxeology may be scrutinised so too is the 
design praxeology. In other words, to create an RPM for design, the 
educational design researcher may need to question not only the epistemology 
of the didactic system (Barbé et al., 2005) but also his or her own 
institutionalised point of view, as in, his or her own philosophy of design (with 
the research praxeology taken as a given). 

1.5 Research questions 
To recap, the aim of this study is to address the problem of the integration of 
digital technologies in teachers’ practices. Thus, an overarching question of 
this thesis is – What design strategies may be efficient for supporting teachers 
in developing sustainable teaching practices supported by digital 
technologies? This question can be expanded to the following research 
questions: 
 
Q1: What design technique to integrate digital technologies in teaching 

practices can be proposed by using a systems approach and what are its 
specificities and outcomes? 

 
Q2:  How can we describe and analyse the proposed design technique to better 

understand the obtained outcomes? In particular, what type of 
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begins with elementary concepts or inputs which are clearly defined. This set 
of simple inputs (units) implies a unique fact net that is generated and stored. 
However, the fact net is not clearly defined from the beginning (Churchman, 
1971). The task of the designer is to unfold the essence and content of this fact 
net. 

 
The storehouse is a set of fact nets, gradually expanding sets of 
contingent truth interlinked by appropriate relationships. But the real 
meaning of this storehouse is the underlying principle of 
convergence to the absolutely true and unique fact net. (Churchman, 
1971, p. 95) 

 
The scientific enterprise of the Leibnizian designer is therefore to create a 
‘storehouse of knowledge’ with the ability to provide the theoretical 
explanations for a range of phenomena within the system. The Leibnizian 
designer believes in the similarity of all systems – that they have essential 
characteristics and similar functions although they may operate at different 
levels of authority. When an argument cannot be solved at one level, a 
‘higher’ level can step in with the ability to settle the dispute. Furthermore, 
according to the Leibnizian designer, all systems can be analysed into a set of 
simple systems that cannot be reduced any further because they are without 
parts (Churchman, 1971).  
 
The Leibnizian designer works with a closed inquiry system that does not 
accept external inputs. Instead, knowledge is created within the system by 
deduction. The guarantor of ‘truth’ of the fact nets is the internal consistency 
of the process that is based on formal logic or another formal analytic method. 
Therefore, the design problem is to identify the simplest origin that is assumed 
to be true and of which the following statements can be based on without 
distortion (Churchman, 1971). Euclidean geometry can be considered the 
archetype of this inquiry system. 
 
The idea of an axiomatic system may seem straightforward, but, as illustrated 
by Russell’s paradox, the consequences may still be difficult to grasp even 
with a very small number of basic axioms. Russell found the paradox in the 
work of Cantor in set theory and involves one ‘simple’ statement about a set R 
that is defined as 𝑅𝑅 = 𝑥𝑥 𝑥𝑥 ∉ 𝑥𝑥 . The definition yields that 𝑅𝑅 ∈ 𝑅𝑅 implies 
𝑅𝑅 ∉ 𝑅𝑅 (and vice versa). The paradox is also known as the ‘barber paradox’ 
and can be illustrated as following: The barber is the ‘one who shaves all 
those, and those only, who do not shave themselves’. The question to 
contemplate is whether or not the barber shaves himself. There is no solution 
because, the barber is defined in such way that he both shaves himself and 
does not shave himself.  
 

 

40 

Chapter 2: Foundations of design and 
design methodology 

‘Learning by head, hand and heart’ 
– Johann Heinrich Pestalozzi 

The purpose of this section is to outline a philosophical base from which a 
design methodology can be developed. Using the language of the ATD, this 
chapter serves as part of a praxeological reference model, which means it will 
put the design praxeology that the designer introduces to the didactic system 
into perspective. The notion of inquiry is used here in a broad sense to refer to 
the activities that the designer engages in to produce knowledge for different 
purposes. As stated, the purpose of the educational designer is to improve or 
create change in the didactic system. As a researcher, the purpose is to 
contribute to some aspect of the current design praxeology or research 
praxeology. Therefore, an inquiry system is a structure with certain assertions 
that the designer may decide to follow. 

2.1 Design philosophy 
Churchman (1971) identified five traditions of inquiry central to Western 
philosophy that he named after five philosophers: Leibniz, Locke, Kant, Hegel 
and Singer. They provide approaches on how the design task is 
conceptualised. In the following sections, an exposition of their philosophical 
ideas, as interpreted by Churchman (1971), will be presented. This section will 
conclude with the philosophical underpinning of this thesis – the Singerian 
philosophy – which will be further operationalised in the following section.  

2.1.1 The Leibnizian designer 
Leibnizian designers believe that learning starts from simple things first, and 
then moves on to more complex matters. The Leibnizian inquiry system 
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begins with elementary concepts or inputs which are clearly defined. This set 
of simple inputs (units) implies a unique fact net that is generated and stored. 
However, the fact net is not clearly defined from the beginning (Churchman, 
1971). The task of the designer is to unfold the essence and content of this fact 
net. 
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The Lockean designer relies on the agreement of the community to make 
generalisations. As a consequence, the a priori framework influences the kinds 
of generalisations that can be made. This raises the question – How does the 
framework of the designer grow, and in what direction? In such design, there 
is an imminent danger that ‘the future will have to imitate the past in a very 
strong isomorphic sense, or else the Lockean inquirer will lose its 
meaningfulness’ (Churchman, 1971, p. 110). Furthermore, a problem that the 
Lockean designer does not seem to address is whether or not the process of 
collecting data can be taken as separate from the rest of the inquiry process 
(ibid.).   
 
What can be said is that as long as there is agreement, the system works fine. 
The problem arises when the system is incapable of recognising the inputs or 
when there is disagreement. 

 
The major difficulty with a Lockean approach is that, because 
observations are regarded as evidence, it is necessary for all 
observers to agree on what they have observed. But, because what 
we observe is based on the (perhaps personal) theories we have, 
different people will observe different things, even in the same 
classroom. (Lester, 2005, p. 462) 

 
For the Lockean designer, any disagreement must be resolved by the 
agreement of the entire community. For the inquiring system to be successful, 
there must be complete consensus about the inputs and the labelling process. 
Thus, in this inquiry system, there can be only one way of viewing the world 
(Churchman, 1971).  
 
The Delphi method is an application of Lockean thinking used in design 
studies (e.g. Akkerman, Bronkhorst & Zitter, 2013). In this method, a panel of 
experts are given a number of questions for assessment. The results are 
processed and returned to the panel again. The experts then have the 
opportunity to change their assessments after taking in the viewpoints of the 
other experts. The purpose is to reach consensus. 

2.1.3 The Kantian designer 
According to Kant, in order for the inquiry system to be able to receive inputs, 
there must exist a priori science that provide the axioms of the inquiry system. 
The axioms of the inquiry system are a form of intuition that shapes the 
experience of the designer from which knowledge is constructed. Thus, the 
Kantian designer believes that generalisation cannot take place only by means 
of empirical deduction through a labelling process, as presumed by the 
Lockean designer. Thus, the Kantian designer seeks to combine the Leibnizian 
and the Lockean systems (Churchman, 1971). The Kantian system contains 
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In defence of the Leibnizian system, you could say that even if the system 
produced an anomaly, the system would be able to recognise the contradiction 
and avoid it. However, as we know since Gödel presented his theorem of 
incompleteness, even in a perfectly logical and axiomatic system, there will 
always exist some truth that cannot be proven within the same system.  
 
The Leibnizian system is particularly well suited to handle well-structured 
problems of which analytical formulations with solutions exist (van Gigch, 
1991). In this sense, the designer utilises analytical processes to learn about 
the nature of the problem in order to present a solution that is logically 
justified. But what can be considered the strength of the Leibnizian approach 
in some situations may be considered a weakness in other situations: 
 

Although there are occasions in educational research when such 
methods might be appropriate, they usually are not sufficient. In 
fact, typically the educational research community requires some 
sort of evidence from the situation under study (usually called 
empirical data). (Lester, 2005, p. 462) 

 
The shortcoming of Leibnizian inquiry is that it does not account for the 
empirical data of the situation studied. This is something that the Lockean 
designer does, which is the topic of the next section. 

2.1.2 The Lockean designer 
The Lockean designer allows empirical input external to the system. Given 
that our senses sometimes deceive us, the designer needs to seek observations 
that are ‘pure’. These observations are processed, in the sense that they are 
attributed some basic properties from a list of properties constructed and 
maintained by a Lockean community. The list, called ‘simplest sensations’, is 
made up of the five senses: seeing, hearing, touching, smelling and tasting 
(Churchman, 1971).  
 
In the continued process, the Lockean designer labels compounds that are put 
together by the Boolean operators ‘and’, ‘or’ and ‘not’. In this way, labels are 
attached to observations and these labelled observations are shared with a 
community of Lockean inquirers to determine if there is consensus or 
disagreement. The guarantor (of truth) of the Lockean system relies on a 
community of observers who strongly agree about what they observe. In other 
words, Lockean designers depend on a priori frameworks that are accepted in 
the community and can thus be used for ‘pattern recognition’ of the inputs, the 
empirical data received through sensations. Thus, they interpret and use inputs 
inductively to develop their understanding of a perceived phenomenon 
(Churchman, 1971).  
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determine if the description of a situation made by an inquirer is ‘objective’. A 
designer that claims objectivity is expected to provide a rich account of not 
only what she intends to do but also to present findings in a way that is open 
for scientific scrutiny (Churchman, 1971). In the ideal, this means that any 
other colleague must be able to observe exactly that the designer has been 
doing so that the colleague may replicate the findings. Thus, objectivity is 
connected with observation. This observing colleague can then, based on her 
own set of criteria, comment on whether she believes that the inquirer has had 
an objective experience or not. But now the problem of objectivity seems to be 
recursive. Who observes the colleague when she inquires on the inquirers 
activities? As Churchman (1971) puts it, ‘That a subject is having an objective 
experience is a subjective experience of the observing mind’. (p. 158). We 
have already seen how the Lockean community approaches this problem by 
relying on the consensual judgement of the many to guarantee objectivity.  
 
The solution proposed by the Hegelian designer is dialectical. It is a ‘drama’ 
based on conflicts. It involves three characters, represented by the thesis, the 
antithesis, and the synthesis (see Figure 7). The latter is also the guarantor of 
the system.  
 
 

 
Figure 7. The Hegelian conflict involving three characters. 

 
The drama begins when the inquirer, in her strong conviction, shows that there 
is a worldview, a Weltanschauung, in which the thesis is supported by the 
data: 

 
The designer undertakes to construct a “case” for a point of view, in 
effect a defense of a thesis “A.” The design of the case for A 
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both a priori theoretical components (as in the Leibnizian system) and a 
posteriori empirical components (as in the Lockean system). 
 
The Kantian designer assumes that there are multiple ways to analyse a 
problem. In this way, the Kantian designer avoids the Lockean problem of 
disagreement but introduces another, namely, the problem of representation. 
Data is received by the a priori system and then forwarded to the generalising 
system. The a priori system forms data but does not include the assumptions 
made when transferring data to the generalising system. If the generalising 
system accepts the data, it proceeds by applying several models to process the 
data. The generalising system then determines if the output is satisfactory in 
relation to some predetermined criteria. The Kantian system has the a priori 
ability to judge whether the models applied to the data provide a solution to 
the problem. The Kantian system is therefore in control of all of its procedures 
except of the elementary input structure (Churchman, 1971).  
 
To continue, the Kantian designer permits that there can be more than only 
one a priori science, but how can the designer validate the choice of a priori 
science (the transcendental conditions)? In this sense, it seems reasonable that 
the Kantian designer needs to choose the a priori system wisely because there 
are two important aspects of problem solving at stake. One is about searching 
for the pathway from the ‘given’ to the solution. The other aspect is about 
representing the given in such way that the path will be easy to find. A second 
problem is for the designer is to understand how the a priori system influences 
the designer’s possibilities to decide on generalisations (Churchman, 1971).  

 
An important feature of the Kantian approach from a design perspective is its 
ability to give alternative interpretations of events to choose from: 
 

For less well-structured questions, or where different people are 
likely to disagree what precisely is the problem, a Kantian inquiry 
system is more appropriate. This involves the deliberate framing of 
multiple alternative perspectives, on both theory and data… (Lester, 
2005, p. 462) 

 
Thus, from the Kantian perspective, there are multiple ways to view the world. 
While the Kantian designer regards multiple perspectives as complementary, 
the Hegelian designer considers different perspectives on the basis of 
confrontation. Each thesis is confronted by a counter-thesis showing an 
opposite view of the problem.  

2.1.4 The Hegelian designer 
To understand the Hegelian designer, we must first dwell on the meaning of 
objectivity. The problem that the Hegelian designer sets to address is how to 
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Teleology is thus fundamental in the Hegelian system. A matter of fact does 
not say anything about the world in itself unless it makes sense or makes a 
difference in the current Weltanschauung (in this sense, the Hegelian system 
has features associated with pragmatism). Design research that is concerned 
with the improvement of practice needs to make a difference to practice within 
the Weltanschauung of the practice. In other words, the designer who has the 
ambition to contribute to the practice must be prepared to answer the 
dialogical question, so what? posed by the practice.  
 
The Hegelian system provides a more elaborated perspective on the rigour 
versus relevance conflict outlined in the previous chapter. For the Hegelian 
designer, conflict is necessary, but the relation between the two antagonists – 
 rigour and relevance – is problematic. Scientific rigour belongs to the 
Weltanschauung of research, and relevance for practice belongs to the 
Weltanschauung of practice. The Hegelian educational designer constructs an 
antithesis in opposition to the thesis of practice with the ambition to contribute 
to practice. In order to address the conflict between rigour and relevance 
(antithesis and thesis), the designer needs to assume the role of the third 
character. The designer has to assume a third Weltanschauung that may differ 
from the Weltanschauung of practice as well as the Weltanschauung of 
research. The designer, in her new role as observer of the conflict, does not 
speak directly to the other two Weltanschauungen (practice and research). 
Consequently, even if the synthesis resolves the conflict, it may not be 
approved by either of the communities of research and practice (see Figure 8). 
This issue is not explicitly addressed in the Hegelian system. The synthesis 
may not conform to the formal requirements for research and may not be 
understood by practice or accepted by practice.  

 
 

 
Figure 8. The Hegelian perspective on the rigour versus relevance conflict. 
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constructs a Weltanschauung in such way that the wealth of 
“information” in the inquirer’s data bank is interpreted by means of 
the Weltanschauung to support the thesis A over all other 
possibilities. (Churchman, 1971, p.171) 

 
The second character, who is the observer of the first character, looks at the 
thesis and asks, So what? This observer investigates whether there might be a 
different conviction equally qualified. In a quest to overthrow the thesis, the 
observer develops a different thesis (thesis B) – an antithesis – based on even 
the same data but on another Weltanschauung compared to thesis A. Although 
the antithesis is in opposition to the original thesis, it is not in contradiction, 
rather it is ‘its deadliest enemy’ (Churchman, 1971, p.172). Now, when the 
conflict is established, the third and final observing character enters to observe 
the opposition. This observer applies the same opposing attitude as the second 
character did, but now it is directed towards the conflict itself – the conflict 
between the thesis and the antithesis. This third character adopts a view of the 
situation that enables synthesising the opposing views and making a 
judgement on the thesis/antithesis conflict. This third character does not rely 
on diplomacy but rather creates a Weltanschauung in which the conflict is 
understandable but not critical: It merely provides one aspect of reality. By 
adopting a worldview in which the conflict can be observed ‘objectively’, the 
third character creates the origin of the conviction of the synthesis. The 
synthesis becomes a new thesis that may be observed and subject to new 
opposition (Churchman, 1971). 
 
In the construction of the thesis and antithesis, the system is active in the 
process of receiving information. In this sense, purpose or teleology is present 
in the Hegelian system. Information is considered as input data only if it is 
embedded within the proper Weltanschauung of the observer. The meaning of 
this can be illustrated with an everyday example. If a researcher wants to 
travel to attend a conference, a travel agency may tell her that she can choose 
between four means of transportation. In addition, the travel agency provides 
the researcher with data such as the schedule and cost of each alternative. By 
comparing the different alternatives, the researcher may decide on the 
alternative that requires minimal time and cost because, for her, convenience 
may not relevant in this case. Therefore, the information given to her was 
appropriate because it coincided with her purposes, her Weltanschauung. 
However, a colleague attending the same conference may prioritise 
convenience over cost instead. Perhaps this colleague is considering travelling 
a day in advance because the conference starts early in the morning. The 
colleague would thus not consider the data provided by the travel agency as 
sufficient because it does not include the possibility of travelling one day in 
advance. Therefore, this colleague may need additional data before making the 
choice of transportation.  
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neither in the Hegelian nor the Singerian system is such Lockean consensus 
taken as a signal to stop probing:  

 
The spirit of the Hegelian inquiring system on which Singer built his 
theory of inquiry says that when all is going well, and data and 
hypothesis are mutually compatible, that is the time to rock the boat, 
upset the apple cart, encourage revolution and dissent. … This is the 
only way to reality: whenever we are confident that we have grasped 
reality, then begins the new adventure to reveal our illusion and put 
us back in the black forest. (Churchman, 1971, p.199) 

 
In this sense, the Singerian designer seems to be in a constant mood of 
questioning the world, or in a constant struggle ‘not to find solutions but to 
create new problems, or one might say, new and ‘better’ problems’ 
(Churchman, 1971, p. 254). If we return to the conflict between rigour and 
relevance, the Singerian designer’s answer would be not to try to resolve the 
philosophical dispute but, on the contrary, try to intensify it (ibid.). 
 
For the Singerian designer, there is no final end. Thus, the indicative mood of 
science does not provide an appropriate language for the Singerian designer 
who instead wishes to express uncertainty: 
 

The “is to be taken” is a self-imposed imperative of the community. 
Taken in the context of the whole Singerian theory of inquiry and 
progress, the imperative has the status of an ethical judgment. That 
is, the community judges that to accept its instruction is to bring 
about a suitable tactic or strategy in the grand teleological scheme. 
The acceptance may lead to social actions outside of inquiry, or to 
new kinds of inquiry, or whatever. Part of the community's 
judgment is concerned with the appropriateness of these actions 
from an ethical point of view. Hence, the linguistic puzzle which 
bothered some empiricists – how the inquiring system can pass 
linguistically from “is” statements to “ought” statements – is no 
puzzle at all in the Singerian inquirer: the inquiring system speaks 
exclusively in the “ought,” the “is” being only a convenient façon de 
parler when one wants to block out uncertainty in the discourse. 
(Churchman, 1971, p. 202) 

 
For the Singerian designer, ethical judgements are essential and fully 
incorporated in every decision. The problem is to make explicit the ethical 
judgements that are made and to understand the consequences of such 
judgements from the perspective of science, practice, ethics and so on (Lester, 
2005). In this sense, the Singerian designer addresses the Hegelian conflict 
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In the following section we will see how the Singerian designer begins to 
examine this Hegelian relation with possible conflicting Weltanschauungen.  

2.1.5 The Singerian designer 
In Churchman’s (1971) own words, ‘The Singerian inquiring system is above 
all teleological, a grand teleology with an ethical base’ (p. 200). A difference 
between the Singerian system and the Leibnizian, Lockean, Kantian and 
Hegelian systems is that what each of them take as the starting point of their 
inquiring systems, that which no longer requires explanation, the Singerian 
designer takes as an object of further study. In this way, the Singerian designer 
avoids strong a priori commitments like in the other systems. Therefore, the 
Singerian designer will allow for ‘sweeping in’ variables or methods from any 
discipline or any other inquiring system if that can help the designer to control 
its procedures. In the next section, these resources will be referred to as 
‘teleological components’. The result of adopting a Singerian design 
philosophy is that facts and laws are not considered as absolute truth. Rather, 
they are approximations that require continuous validation in an endless 
process.1 
 
For the Singerian designer, knowledge is created not only to satisfy curiosity 
but also to be useful. This demand for usefulness requires the ability to choose 
the appropriate means for one’s desired ends. By using a system of 
measurement (taken in a wide sense), the designer continuously monitors the 
whole system in order to see if the measuring system is performing 
acceptably. Progress is achieved by a continuous refinement of the measuring 
system (Churchman, 1971). Progress is therefore viewed as dialectical and in 
terms of conflict. If there is no conflict between means and ends, there is no 
reason to change and thus no progress. 

 
To develop a measuring system, two initial decisions must be made – the unit 
and the standard. The unit and the standard are used by the measuring system 
to make readings or evaluations of empirical data. A Hegelian conflict may 
arise if the evaluations made by a second measuring system do not agree with 
the evaluations (readings) made by the first system. In this case, the designer 
may conclude that the system is not performing properly. To resolve this kind 
of disagreement, the Singerian designer relies on the existence of a third 
measuring system, a standard within a Lockean community for measurement 
that has the ability to measure with a ‘higher’ accuracy. The standard, taken in 
a general sense, ‘consists of a set of operations which will resolve any 
disagreement arising in the community’ (Churchman, 1971, p. 188). However, 

                                                        
1 These characteristics can be related to the scientific method as conducted by Popper (1960/1985) in 
‘piecemeal social engineering’.  



 

49 

neither in the Hegelian nor the Singerian system is such Lockean consensus 
taken as a signal to stop probing:  

 
The spirit of the Hegelian inquiring system on which Singer built his 
theory of inquiry says that when all is going well, and data and 
hypothesis are mutually compatible, that is the time to rock the boat, 
upset the apple cart, encourage revolution and dissent. … This is the 
only way to reality: whenever we are confident that we have grasped 
reality, then begins the new adventure to reveal our illusion and put 
us back in the black forest. (Churchman, 1971, p.199) 

 
In this sense, the Singerian designer seems to be in a constant mood of 
questioning the world, or in a constant struggle ‘not to find solutions but to 
create new problems, or one might say, new and ‘better’ problems’ 
(Churchman, 1971, p. 254). If we return to the conflict between rigour and 
relevance, the Singerian designer’s answer would be not to try to resolve the 
philosophical dispute but, on the contrary, try to intensify it (ibid.). 
 
For the Singerian designer, there is no final end. Thus, the indicative mood of 
science does not provide an appropriate language for the Singerian designer 
who instead wishes to express uncertainty: 
 

The “is to be taken” is a self-imposed imperative of the community. 
Taken in the context of the whole Singerian theory of inquiry and 
progress, the imperative has the status of an ethical judgment. That 
is, the community judges that to accept its instruction is to bring 
about a suitable tactic or strategy in the grand teleological scheme. 
The acceptance may lead to social actions outside of inquiry, or to 
new kinds of inquiry, or whatever. Part of the community's 
judgment is concerned with the appropriateness of these actions 
from an ethical point of view. Hence, the linguistic puzzle which 
bothered some empiricists – how the inquiring system can pass 
linguistically from “is” statements to “ought” statements – is no 
puzzle at all in the Singerian inquirer: the inquiring system speaks 
exclusively in the “ought,” the “is” being only a convenient façon de 
parler when one wants to block out uncertainty in the discourse. 
(Churchman, 1971, p. 202) 

 
For the Singerian designer, ethical judgements are essential and fully 
incorporated in every decision. The problem is to make explicit the ethical 
judgements that are made and to understand the consequences of such 
judgements from the perspective of science, practice, ethics and so on (Lester, 
2005). In this sense, the Singerian designer addresses the Hegelian conflict 

 

48 

In the following section we will see how the Singerian designer begins to 
examine this Hegelian relation with possible conflicting Weltanschauungen.  

2.1.5 The Singerian designer 
In Churchman’s (1971) own words, ‘The Singerian inquiring system is above 
all teleological, a grand teleology with an ethical base’ (p. 200). A difference 
between the Singerian system and the Leibnizian, Lockean, Kantian and 
Hegelian systems is that what each of them take as the starting point of their 
inquiring systems, that which no longer requires explanation, the Singerian 
designer takes as an object of further study. In this way, the Singerian designer 
avoids strong a priori commitments like in the other systems. Therefore, the 
Singerian designer will allow for ‘sweeping in’ variables or methods from any 
discipline or any other inquiring system if that can help the designer to control 
its procedures. In the next section, these resources will be referred to as 
‘teleological components’. The result of adopting a Singerian design 
philosophy is that facts and laws are not considered as absolute truth. Rather, 
they are approximations that require continuous validation in an endless 
process.1 
 
For the Singerian designer, knowledge is created not only to satisfy curiosity 
but also to be useful. This demand for usefulness requires the ability to choose 
the appropriate means for one’s desired ends. By using a system of 
measurement (taken in a wide sense), the designer continuously monitors the 
whole system in order to see if the measuring system is performing 
acceptably. Progress is achieved by a continuous refinement of the measuring 
system (Churchman, 1971). Progress is therefore viewed as dialectical and in 
terms of conflict. If there is no conflict between means and ends, there is no 
reason to change and thus no progress. 

 
To develop a measuring system, two initial decisions must be made – the unit 
and the standard. The unit and the standard are used by the measuring system 
to make readings or evaluations of empirical data. A Hegelian conflict may 
arise if the evaluations made by a second measuring system do not agree with 
the evaluations (readings) made by the first system. In this case, the designer 
may conclude that the system is not performing properly. To resolve this kind 
of disagreement, the Singerian designer relies on the existence of a third 
measuring system, a standard within a Lockean community for measurement 
that has the ability to measure with a ‘higher’ accuracy. The standard, taken in 
a general sense, ‘consists of a set of operations which will resolve any 
disagreement arising in the community’ (Churchman, 1971, p. 188). However, 

                                                        
1 These characteristics can be related to the scientific method as conducted by Popper (1960/1985) in 
‘piecemeal social engineering’.  



 

51 

Approaching the whole system requires that the designer is able to see the 
whole. Although the designer attempts to climb to the top of the situation, with 
the ambition to look down on the whole, the designer remains a component of 
the system (Bosch, 2015; Churchman, 1968b). Instead, the designer can 
decide on the largest and the smallest set of components that must be 
considered. Of course, the decision has to be done with care – the designer 
knows that concentrating on only a few aspects of the system, he or she may 
develop a too narrow view of the situation, which in turn may lead to 
problems of sub-optimisation (Churchman, 1968a). Still, given the resources 
available, this may be the best that can be achieved in the current situation. In 
other words, even if the designer acknowledges the importance of considering 
the whole system, the design process must be simplified despite the risks 
involved in doing so. The designer assumes temporal separability, and this 
assumption allows the designer to temporarily concentrate on a limited 
number of aspects in order to improve different subsystems incrementally (in 
steps that the decision-makers and clients can understand) (Churchman, 1971). 
This is a principle of adaptive behaviour (ibid, p.65).  
 
There are different ways to define a system, and ultimately, a design choice 
must be made. However, when assuming a systems approach to design, the 
following nine conditions are deemed necessary when conceptualising S as a 
system (Churchman, 1971, p. 43): 
 

1. S is teleological. 
2. S has a measure of performance. 
3. There exists a client whose interests (values) are served by S in such a 

manner that the higher the measure of performance, the better the 
interests are served, and more generally, the client is the standard of 
the measure of performance. 

4. S has teleological components which co-produce the measure of 
performance of S. 

5. S has an environment (defined either teleologically or 
ateleologically), which also co-produces the measure of performance 
of S. 

6. There exists a decision-maker who – via his resources – can produce 
changes in the measures of performance of S’s components and hence 
changes in the measure of performance of S. 

7. There exists a designer who conceptualises the nature of S in such a 
manner that the designer's concepts potentially produce actions in the 
decision-maker, and thus, changes in the measures of S’s components, 
and furthermore, changes in measure of performance of S. 

8. The designer's intention is to change S so as to maximise S’s value to 
the client. 
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between scientific rigour and relevance for practice through ethical 
considerations (see also ‘design ethics’ in section 1.3.4). 

 
The Singerian inquiring system is the more comprehensive of the five systems 
presented in this section (Leibnizian, Lockean, Kantian, Hegelian and 
Singerian). In this thesis, it is used as a philosophical foundation for linking 
theory and practical work for the purpose of improving practice as well as 
theoretical advancement.  
 
In the next section, we continue outlining the structure of the Singerian inquiry 
system. 

2.2 A systems approach to design 
To recall, a system consists of a set of parts coordinated to accomplish a set of 
goals (Churchman, 1968b). By taking a systems approach to design, human 
activity is acknowledged as interconnected and interrelated. However, 
approaching the whole system, with all its vagueness and uncertainties, is not 
an easy task, and the designer can have different attitudes towards the whole.  
 
For a Leibnizian (reductionist) inquirer, the whole must be explained in terms 
of its constituting parts or units. From this perspective, the scientist believes 
that improvement can be achieved more or less in isolation from the rest of the 
system, and parts of the system can only be designed with prior knowledge of 
the whole system. In that sense, the rationalist scientist (i.e. the Leibnizian 
inquirer) believes that all systems are essentially the same (Churchman, 1971). 
Both pure and applied scientists may assume this position, specifically, to 
discover a piece of truth by concentrating on the precise and specific and 
without disturbing the whole (Churchman, 1968a).  
 
A perspective that goes beyond reductionist thinking is embodied by the 
notion of emergence that is used to indicate that the whole is, if not greater, 
than at least different than the sum of its parts:  

 
Nature is not merely a collection of organic and inorganic elements 
or compounds, possessing attendant qualities and attributes, which 
exist in isolation. Nor is humanity merely a collection of individuals 
in isolated proximity to one another. Everything in the real world is 
connected to everything else with varying levels of criticality and 
intensity of connections. These connections produce qualities and 
attributes at multiple levels of resolution and emergence. (Nelson & 
Stolterman, 2012, p. 75) 
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that the designer can do about it, then ‘it’ is part of the environment 
(Churchman, 1968b). 
 
Conditions 3, 6, 7, 8 and 9 address the agency of the system. To create change 
through design, there must be a purposive individual who can produce 
alternatives that can potentially lead to his or her objectives (Churchman, 
1971; Nelson & Stolterman, 2012). This must be someone with the ‘ability to 
imagine that-which-does-not-yet-exist to make it appear in concrete form as a 
new, purposeful addition to the real world’ (Nelson & Stolterman, 2012, p. 
12). 
 
To set the stage, we can imagine three such characters: the client, the decision-
maker and the designer. In this casting, the client is the one whose desires 
should be served by the system and who can be described in terms of his or 
her objectives or goals. The client’s interest in these goals can be described by 
a ‘trade-off’ principle that tells us about the priority of different possible 
futures. The designer’s responsibility is to imagine the client’s goals, but as 
the designer’s resources are limited, the client cannot expect to have it all. 
Instead, all the designer can do is to provide close approximations to these 
idealistic desires (Churchman, 1971).  
 
While the designer and the client need to share the same value structure, the 
client and the decision-maker do not necessarily do so. The decision-maker 
character has a different role because he controls the resources within the 
environment. By this, he is part of creating the real design. The relationship 
between these three characters becomes even more intricate when realising 
that, in real life, ‘both client and decision maker are highly complex entities, 
made up of interacting forces’ (Churchman, 1971, p. 48). In addition, it is 
possible that all three characters reside in one person.  
 
In the following section, the nine conditions presented previously will be 
further investigated in order to formulate a design methodology based on the 
Singerian philosophy of design that can be used for aligning relevance with 
practice and theoretical ambitions.  

2.2.1 Teleological systems 
A graphic interpretation of the nine conditions is provided in Figure 9. The 
illustration shows the system from the designer’s perspective and is elaborated 
in the text following the figure. 
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9. S is ‘stable’ with respect to the designer, in the sense that there is a 
built-in guarantee that the designer's intention is ultimately realisable. 

 
The first condition suggests that the system is functional and that the actors of 
the system have objectives to achieve. The system’s objectives can be divided 
into a central objective and into sub-objectives, which are required in order to 
accomplish the central objective.  
 
To know whether the system is behaving in accordance with the system’s 
objectives, the designer needs to clarify the objectives by developing specific 
measures of performance for the whole system. The measure of performance 
(condition 2) is, so to speak, a score which is based on any empirical 
information that tells how well or bad the system is performing. To illustrate, 
we can use students studying for a test as an example. For some of the 
students, the stated objective of studying could be to learn and to get high 
grades. However, we can imagine a situation where students pursue high 
grades at the expense of the kind of lifelong learning skills that the teacher 
wants the students to develop. In this case, although the stated objectives of 
the students may be to learn and get high grades, the ‘real’ measure of 
performance is the grade (Churchman, 1968b).  
 
Conditions 4 and 5 address the system’s separability. The system has 
teleological components (e.g. from the ‘sweep-in’ process) that include the 
resources and activities of the system. These components form one or several 
sub-systems that support the achieving of the system’s objectives. 
Furthermore, the sub-systems require a measure of performance to judge if the 
components contribute to the system’s performance. If not, the components 
may be adjusted or replaced by design efforts. The ideal is that if the measure 
of performance of the teleological components increases so too should the 
measure of performance of the whole system (Churchman, 1968b).  
 
The system has also an environment (condition 5) that consists of things and 
people that the system has little influence over, but, however, does influence 
over the measure of performance of the system. The environment provides the 
constraints that influence the system at different levels of codetermination. For 
example, institutional constraints related to how learning is organised in 
classrooms, schools and countries. It is difficult to determine the system’s 
environment. As the understanding of the system evolves, the manager of the 
system needs to systematically review whether the environment remains 
accurately defined or whether there are aspects that were initially believed to 
be out of control but are no longer considered as such. The environment is 
what is taken as situated outside the system and beyond the influence of the 
system but is often a matter of where the designer focuses his attention. If 
‘something’ matters relative to the designer’s objectives, but there is nothing 
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system could be interpreted as a subsystem, as in, a teleological component 
(Figure 9) of the designer’s teleological system.  
 
The educational designer may share the didactic intent towards the students, 
but her efforts may not necessarily focus on the students. The designer may 
choose to address any actor of the didactic system (e.g. teachers) or to address 
any step of the didactic transposition. By including the didactic system as a 
teleological component, the students may remain as clients also within the 
teleological system of the designer. However, the teleological system must 
also be designed so it can serve the researcher as a client, as in, the researcher 
herself and her ambition to contribute to scientific knowledge. In this sense, 
the designer may interpret the situation not only as if there were two 
connected systems but also two clients, in particular, the students and the 
researcher (Figure 10). Although teachers may not be explicitly considered as 
clients, they nevertheless have important roles in the teleological system, for 
example, as actors in the didactic system – in particular, the teaching system.  

 
 

  
Figure 10. The two interconnected systems and their respective actors and 
clients. 

 
Furthermore, each system has an environment (condition 5, p. 51) that the 
designer needs to understand and consider, as it provides conditions and 
institutional constraints which affect the system. In the case of educational 
design, the institutional constraints originate from the didactic system (the 
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Figure 9. The nine conditions illustrated. 

 
In line with Churchman (1971), the designer is placed in the centre of 
attention. It is the designer who decides on the boundaries of the teleological 
system. The designer engages in design efforts, particularly in transpositive 
work, for the purpose of bringing change to an existing didactic system. The 
didactic system is also a teleological system concerned with learning. It 
includes teachers and students, and although learning in the didactic system is 
not restricted to students, it is the students that are the main targets of the 
didactic intent. In this sense, the didactic system serves the students, meaning 
that the students can be conceived of as the clients of the didactic system.  
 
In this situation, the educational designer may choose to consider two systems, 
a didactic system, originally independent of the educational designer, and a 
teleological system that includes the design praxeology of the designer (see 
also section 2.1.4). However, from the designer’s perspective, the didactic 
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system could be interpreted as a subsystem, as in, a teleological component 
(Figure 9) of the designer’s teleological system.  
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even be asserted that ends are only means brought to full interaction 
and integration. The other side of this truth is that means are 
fractional parts of ends. … When means and ends are viewed as if 
they were separate, and to be dealt with by different persons who are 
concerned with independent provinces, there is imminent danger of 
two bad results. (Dewey, 1929, p. 59) 

 

2.2.2.1 Designed-for results and accidental results 
In design, the theoretical understanding that is developed during specific 
phases of the design process is often redirected towards the praxis block of the 
very same design praxeology (i.e. for enhancing the designer’s actions, or 
towards a didactic/mathematical praxeology), for instance, by providing 
teachers and students with resources to create change in their own practices. 
Therefore, if the designer succeeds in achieving goals in regard to the didactic 
system, the results will not be random, but rather, designed for. This means 
that the developmental phases of the design process are critical because they 
shape the object of study. In fact, the developmental phases can be considered 
as ‘process data’ (Langley, 1999) constructed by the designer as part of the a 
priori analysis that precedes classroom realisation. For this reason, when you 
design for change, it is reasonable to treat the entire process or the whole 
design praxeology as scientific work that needs to be accounted for. 
Considering the developmental phases of the design process merely as a 
‘research background’ or as a ‘design base’ for research activities suggests 
that the developmental phases are treated as uncomplicated inputs which, as in 
the Lockean tradition, may be taken as givens, and consequently, are not open 
to scientific critique. 
 
To conclude, at least two kinds of results with implications for the didactic 
system can be identified – those that were designed for and those that 
appeared as side effects usually identified when engaging in theoretical work 
‘after-the-fact’ (Figure 11). While the former (designed-for results) suggest 
how change may be created in a specific context, the latter (accidental results) 
can, at most, only indicate a potential even if both kinds of results may be 
based on common design principles. In both cases, the results may address 
either the didactic/mathematical praxeology (related to the teachers’ and 
students’ practices) or/and the design praxeology itself (the designer’s actions, 
method and methodology). Accidental results can either be ignored or become 
intended results in the continued design process depending on their perceived 
contribution to the design goals in the teleological system. In this sense, the 
design process may reach a level of saturation when accidental results have 
been minimised and designed-for results confirmed.  
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school), the practices of teachers and students (the teaching system), and the 
designer’s own research practice (the design praxeology).  
The conceptualisation of the aforementioned didactic system is the one used in 
this thesis. In this conceptualisation, the didactic system is considered as part 
of the teleological system in such way that the didactic system preserves its 
natural function even when embedded within the larger system of the 
designer. An alternative way is to conceptualise the didactic system as part of 
the environment of the teleological system. In this latter case, students are no 
longer clients unless the designer and the teleological system take over the 
didactic intent. However, this means shortcutting the teachers’ natural role 
within the teaching system. 

 
In the following sections, we continue by elaborating on the purpose of the 
teleological system, the goals of the designer and the measure of performance. 
Thereafter, we continue with the relationship between the designer, the 
decision-maker and the client. Finally, we will discuss condition 7 (p. 51), 
which focuses on the designer’s concepts (lower left in Figure 9) and how they 
can be organised and utilised to support the design process. 

2.2.2 The twofold goal of the educational design researcher  
Most social science research, including EDR, aims at describing, explaining 
and even predicting phenomena in educational settings. Results may be 
produced with high ecological validity and with high relevance for students’ 
and teachers’ practices (didactic praxeologies). However, a difference is that 
design has, unlike descriptive social science research, the explicit goal of 
informing others on how to create relevance for practice (Argyris, 1996). In 
descriptive research traditions, the relevance for practice is often an ‘after-the-
fact’ construction which is not accounted for in the research process. This does 
not mean that these results are less valuable but rather that they have the 
character of being somewhat circumstantial or accidental. In fact, it could be 
argued that the more accidental the results, the more objective they can be 
considered to be (i.e. accidentality as the guarantor of objectivity). It is 
possible to be content with accidental results (the what?) and let the how? be 
the task of someone else. However, being content with results in this manner 
separates the how? from the what? as in, the means from the ends. Such 
results are only hypothetical and therefore philosophical in nature. They 
provide structure but must be investigated, tested and modified if our ambition 
is to treat them as scientific results (Dewey, 1929). Thus, an important 
difference is that for a designer, describing, explaining and even predicting are 
in the service of creating change – a process where means and ends are 
intertwined.  
 

In reality, ends that are incapable of realization are ends only in 
name. Ends must be framed in the light of available means. It may 
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conclude that most students seem to be able to create the intended 
mathematical praxeology as expected when working with the activity. The 
designer may therefore find that saturation is achieved with respect to this 
aspect, the intended mathematical praxeology.  
 
In addition, the teaching activity itself could be related to designed-for results 
regarding a didactic praxeology. For example, instead of using the learning 
activity, the intended mathematical praxeology could instead have been 
introduced to the students by means of lecturing. This may have been the 
preferred didactic technique of the teacher, but now the teacher, with the 
support of the designer, used the activity provided by the designer. In this 
way, the teacher and the students participated differently in the creation of the 
intended mathematical praxeology. Furthermore, for the teachers, the 
introduced didactic technique included not only a different way of organising 
the process of study (praxis) but also the theoretical underpinnings, such as 
didactic or mathematical principles, embedded in the activity and how these 
principles relate to the specific learning objectives (logos).  
 
Eventually, the designer may find that, once again, saturation is achieved, but 
this time with respect to the didactic technique, for instance, when the current 
teacher is able to use the activity in a predictable and satisfactorily way with 
the students. In other words, in addition to introducing elements of a 
mathematical praxeology, the designer has also introduced elements of a 
didactic praxeology into the didactic system. Consequently, the designed-for 
results do not only relate to a mathematical praxeology but also to a didactic 
praxeology.   
 
At the level of research (the design praxeology), we may have the following 
situation. Previously, the designer attempted to introduce a mathematical 
praxeology and its related didactic praxeology into a didactic system in a 
similar way as in the current case. By engaging in several design projects, the 
designer’s experience and skills as designer develops, as the designer adapts 
the means and ends according to each situation. Through these design efforts, 
the designer may have developed different design techniques for different 
purposes and used them previously with varying levels of success. Eventually, 
the designer is able to create some (hopefully) valuable changes in a didactic 
system and also develop a theoretical and practical understanding of the 
process of change. In this case, in order to decide whether or not saturation is 
achieved in respect to the design praxeology, the designer needs to determine 
if, or to what extent, the goals of contributing to practice and research have 
been achieved. 
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Figure 11. Results regarding the didactic system as either designed-for or 
accidental. 

 
The twofold goal of the educational design researcher to contribute to both 
research and practice suggests that the he or she may expect results regarding 
three praxeologies: 

 
• Mathematical praxeologies 
• Didactic praxeologies (teachers and students) 
• Design praxeologies 

 
For example, the designer may have designed a teaching activity that could be 
used by teachers to support students in constructing a certain mathematical 
praxeology. The intention of the designer is to provide a teaching activity in 
order to introduce elements of a mathematical praxeology to a didactic system. 
It may be a new technique that the students could use to solve a set of familiar 
tasks or it could be a new technology which could provide a different 
justification of a technique that students are learning to use. After a number of 
design iterations (design, implement, evaluate), the designer may eventually 
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Saturation regarding the mathematical praxeology may be achieved relatively 
quickly within a group of students (depending on the skills of the designer). 
However, the issue of changing didactic praxeologies and achieving results 
regarding the design praxeology may be more complicated. Furthermore, the 
local constraints of a single case study may limit the kind of generalisations 
across different contexts that often are associated with scientific theory, 
particularly in the natural sciences. In fact, the process of generalisation in the 
human sciences is necessarily different compared to the natural sciences 
(Berliner, 2002). To use a praxeological perspective, research in the human 
sciences, including educational design, produces more or less local bodies of 
knowledge that are not necessarily stable across contexts. However, these 
local praxeologies may be integrated in a more general body of knowledge – a 
regional design praxeology consisting of design principles (i.e. general 
techniques or a collection of techniques) that may apply to a larger set of 
situations with similar set of goals and organised through a common 
theoretical discourse (logos). Therefore, expecting results too soon may not be 
reasonable, and at the same time, there are also no guarantees that the designer 
will achieve any substantial local or general results in the long run. In this 
situation, the designer may be criticised for being in a chronic state of ‘work in 
progress’. However, for the Singerian designer, even if this may be true, it is 
not a problem. Although the designer may achieve some level of saturation, 
such achievements are not final ends (Churchman, 1971). In the systems 
approach to design, saturation regarding designed-for results can always be 
revised and viewed from a different perspective. From this view, there are no 
natural endings to the process. This places high demands on the ability of the 
Singerian designer ability to manage the goals of the design praxeology and to 
decide when it is time to stop. In turn, this requires sensitivity towards the two 
Weltanschauungen of practice and research in order for the processes and 
results of design to be understood and accepted by the two communities – 
research and practice. 

2.2.3 Goals and measure of performance 
The systems approach outlined in this chapter includes considerations on not 
only the goals of the teleological system but also the goals that are set for the 
teleological components of the system (see Figure 9). In this sense, the 
designer’s goals operate at different levels and may be carried out by different 
subsystems or teleological components. Some of the system goals need to be 
made explicit and shared among the different actors of the system in order to 
establish a community that can collaborate effectively. Other goals can remain 
more implicit and be based on individual preferences. On one side of the 
spectrum, we have the overarching goal, more specifically, the mission of the 
educational design researcher, to contribute to both research and practice. On 
the other side, we have operational goals that individuals are responsible for, 
as in, who does what and when? (but not necessarily why?). In between these 
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2.2.2.2 Design impact 
The previous example illustrates how the educational design researcher, in 
order to have some impact on both research and practice, may need to 
consider the three interconnected praxeologies. From a praxeological 
perspective, praxis and logos are always present in all human activity – they 
cannot be separated. Consequently, the twofold goal of the educational design 
researcher to contribute to both research and practice can be interpreted in the 
following way (Figure 12). Practical impact may refer to both the impact on 
the praxis block of the design praxeology (in short research) as well as the 
praxis blocks of the praxeologies (mathematical and didactic) related to the 
didactic system (practice). In other words, doing design research has the 
purpose of developing the researchers design skills as well as the skills of the 
teacher and students. Theoretical impact may refer to the theoretical 
understanding (logos) of the design praxeology as well as to praxeologies of 
the didactic system. 
 
 

 
Figure 12. The twofold goal of the designer from a praxeological perspective.  

 
Furthermore, designed-for results regarding one praxeology may to affect the 
development of other praxeologies. For example, technological results related 
to a didactic praxeology from one case study might motivate the creation of 
new design goals and new design techniques thus producing new 
technological results in the design praxeology. 
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themselves and consequently be prepared to make a change of plans 
(Churchman, 1968b; Cross, 2006). 

2.2.4 The designer, the client and the decision-maker 
We can imagine that the designer’s interaction with the client and the 
decision-maker can take different forms. Based on the categorisation by 
Nelson and Stolterman (2012), these are the five roles of the designer we 
consider: the designer as artist, as expert, as facilitator, as provider, and as 
designer in service. The first four roles have individual merits and 
shortcomings that the fifth role, designer in service, attempts to exploit by 
assuming different roles during the design process. We proceed by presenting 
the four basic roles. Later in this section, we elaborate on the fifth role, 
designer in service.  
 

• Designer as artist: In this role, the designer acts as the sole owner of 
the design process. The client has little or no influence other than 
providing the designer with a relevant context. Furthermore, the 
designer as artist may not even be very interested in the desires or 
needs of the client. In this situation, the designer acts in a fashion 
more or less sufficient unto himself. The design solution is based on 
the designer’s own judgements as an instance of artistic expression.  

• Designer as expert: In this role, the client is not given the possibility 
to contribute to the design process. Although the client’s goals may be 
considered, the designer is the one with predetermined insights and 
design solutions. No customised interactions with the client are 
needed, as the client merely acts on behalf of the initiatives presented 
to him/her.  

• Designer as facilitator: When the designer acts as facilitator, the 
client is expected to decide what goals should be pursued and what 
should be done. The designer acts merely to organise and to support 
the design process and does not contribute with new perspectives or 
new ideas.  

• Designer as provider: In this role, the designer refrains from 
participating in the design process. As a provider, the designer acts 
only as an instrument by answering questions from an intentional 
client. In this case, the designer does not contribute intentionally to 
any part of the design process.  
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two extremes, we find the levels that are suitable for portraying goals from 
designer’s perspective, as a coordinator of human and scientific resources – as 
a system’s manager. These levels of goals that reside between the mission and 
the operational goals can be referred to as objectives, strategies and tactics 
(e.g. Ackoff [1990]).  
 
The strategic goals reside at the highest level of management and thus affect 
the whole system. The strategies reveal the designer’s position in relation to 
the objectives and can be illustrated as the road that the designer will take to 
reach a certain destination (i.e. achieve the objectives). Research questions 
usually refer to this level. Furthermore, the tactical goals should support 
achieving the strategic goals. If well chosen, they outline the details of how 
the designer will proceed in the design process. Compared to the other levels, 
the objectives are more stable but still need to be specific and measurable. The 
designer needs to advance from vaguely stated objectives of the whole system 
to specific measures of performance of the whole system. In this sense, the 
measure of performance is intrinsically connected to the system objectives. 
However, the performance of the whole system may not be possible to analyse 
in terms of the performance of its components:  
 

…when each part of a system performs as well as possible relative 
to the criteria applied to it, the system as a whole seldom performs 
as well as possible relative to the criteria applied to it. This follows 
from the fact that the sum of the criteria applied to performance of 
the parts is seldom equal to the criteria applied to that of the whole. 
(Ackoff, 1974, p. 14) 

 
The performance of the whole system is therefore dependent on how well the 
components of the system fit and work together and not solely on how well 
the components perform independently. In the ideal, the measure of 
performance of the didactic system and the measure of performance of the 
teleological system are supportive of each other. Whether this can be achieved 
or not is, in some sense, at the core of the relevance versus rigour conflict. In 
addition, the performance of the whole system is dependent on the system’s 
environment (Ackoff, 1974; Churchman, 1971).  
 
The designer must ensure that the system is running in accordance with the 
goals. If not, the designer must find the reason for this divergence from the 
goals and decide what to do. If the teleological components of the system do 
not function as planned by the designer, the designer may nevertheless decide 
not to interfere or to revise the plan accordingly. In other words, the designer 
in the role as the manager of the system needs not only to examine whether 
plans are being carried out as expected but also to evaluate the plans 
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themselves and consequently be prepared to make a change of plans 
(Churchman, 1968b; Cross, 2006). 
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experience and ‘real’ knowledge in the design process. The client decides 
what goals to pursue for the purpose of achieving results with relevance for 
local practices. In this case, solutions reside within the current environment 
represented by the client. The designer’s primary role is to facilitate any effort 
that the client suggests. The designer addresses issues of relevance and utility 
by giving the client authority to control goals and processes. In other words, 
the client is made responsible for strategic decision-making. 
 
In the role of designer as provider, the client assumes total control over goals 
and processes. The designer provides support only when asked and in well-
defined and limited issues (i.e. technical and scientific support). The designer 
relies on the client to know how to use the knowledge and tools that the 
designer has provided. Also, in this case, relevance seems to be secured, as the 
client is made responsible for deciding on both strategies and tactics.  
 
Both the designer as artist and the designer as provider (represented in Figure 
13 as two extremes) require only minimal interaction between the designer 
and the client. This minimal interaction may cause difficulties for the designer 
to develop sufficient understanding for making informed ethical design 
judgements, as the designer works in isolation with limited interaction with 
the client and other actors of the environment.  
 
Furthermore, on one hand, the designer in the role of the designer as artist 
does not make the assurance that the knowledge produced can be understood 
or be used by a specific client for his or her purposes a priority. On the other 
hand, in the role of the designer as provider, the designer does not have 
insight in the client’s design process and cannot be expected to judge if the 
solutions are generalisable beyond the immediate environment. In both cases, 
the knowledge produced is either the property of the designer or of the client. 
Each role focuses on esoteric knowledge rather than exoteric knowledge. In 
other words, the roles of the artist and the provider are self-serving rather than 
other-serving (Nelson & Stolterman, 2012). Thus, if dissemination is regarded 
as an important value of design (Churchman, 1971), it may be lost with little 
chance of recovery.   
 
In comparison, the role of designer as an expert or a facilitator may appear 
more appealing, as the control of goals and processes are shared between the 
designer and the client. However, the expert and the facilitator face other 
difficulties.  
 
The designer in the role of the designer as expert merely ‘accesses the voice’ 
of the client and does not pay sufficient attention to the client’s needs. And the 
designer as expert could be accused of acting in a superior way that could 
cause a conflict between the values of the expert and the values of the 
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In the roles of designer as artist and designer as expert, the designer is also 
the decision-maker. In comparison, in the roles of designer as facilitator and 
designer as provider, the client acts as the decision-maker. The following 
summary (Figure 13) can be made about the control over goals and processes 
in relation to this characterisation.  

 
 

 
Figure 13. The relation between the designer and the client. 

 
In the role of designer as artist, the designer controls both the goals and the 
design process. Even if the designer and potential clients may share similar 
goals, we can assume that they are viewed from different perspectives, at least 
if we assume that the designer and the client are not the same person. There is 
no active match-making between the designer and a client. Any potential 
relevance or utility for a client would be due to the experience and skills of the 
designer to produce such results. In the worst case, relevance for practice 
would be more or less accidental or only due to chance.  
 
In the role of designer as expert, the designer helps the client in the way that 
the designer believes is the most effective or worthwhile. The designer finds 
the mandate to do so from the effort that the designer has put into analysing 
the context and the design problem as well as the scientific knowledge that the 
designer brings into the situation. However, this is, by the very nature of 
helping, a one-sided relationship (Nelson & Stolterman, 2012). Furthermore, if 
the problem is correctly analysed according the designer’s methods, the 
conclusions and solutions cannot be regarded as incorrect. If the designer 
should fail to produce any useful and relevant outcomes, it could be blamed on 
interfering variables or on shortcomings in the client’s implementation. If it is 
the latter, then the immediate solution could be to educate the client so he or 
she will become more proficient regarding the operationalisation of the 
designer’s proposal. 
 
In the role of designer as facilitator, the designer considers the perspective of 
the client. The designer allows the client to make use of his or her wide 
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the artist, the expert, the facilitator or the provider to better understand and 
deal with a situation – to rock the boat, so to speak, but not in a harmful way. 
Rather, it is done carefully with the intention of negotiating and developing a 
mutual understanding of the design objectives and emerging issues in the 
design process. The tactic of merely asking what the client wants may not be 
sufficient, as it cannot always be expected that the client will know what he or 
she exactly wants or is capable of expressing it explicitly. Furthermore, ‘… 
the statement of needs and wants is often confused and frequently wrong, 
simply because statements of wants and needs serve so many different 
purposes for the individual’ (Churchman, 1968b, p. 181). Instead, the designer 
may act like the expert or the artist and introduce artefacts or other 
arrangements and, by getting his client to react to them, form a preliminary 
understanding of how well the design proposal fits in the environment.  
 
Which roles are relevant to assume in order to satisfy a design goal is the 
responsibility of the designer to decide in collaboration with the other actors 
of the teleological system. The designer and the other actors of the system 
may bring their own perspectives into their partnerships. In this sense they are 
equal partners, but as their access to social and or scientific resources may be 
different, they cannot always be expected to contribute in the same way.  

 
For the remainder of this chapter, the elaboration of the nine conditions will 
continue with a focus on condition 7 – the role of concepts. 

2.2.5 Concepts and their functions 
Concepts are fundamental for humans to partition the world into classes, 
facilitate perception and store information (Borghi, 2005; Smith, 1989). The 
classical view of the nature of concepts emphasises the properties that 
comprise a concept (Smith, 1989). Many concepts that belong to axiomatic 
structures in mathematics or other technical fields conform to this view. For 
example, in mathematics, concepts are usually defined without redundancy. 
Mathematicians work hard to find the smallest set of properties to define 
concepts such as a line, a triangle, etc. Sometimes different definitions of the 
same concept exist that not only may be based on different sets of properties 
but also may lead to divergent consequences; that is, the chosen definition 
may impose a unique epistemological structure.  
 
Some concepts may not be easily defined. This is in fact the case with many of 
the everyday concepts that we use. For example, ask a person to define a cat, 
and the person will probably end up with a set of properties that are 
characteristic of cats but not necessarily required. For example, most cats have 
tails but even a tail-less animal could be considered a cat if it has enough 
characteristics. Even if the tail is characteristic of a cat, we can interpret the 
requirements holistically and allow some flexibility in the definition of the 
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stakeholders involved. If the designer as expert fails to produce results that the 
client understands, he or she may be criticised for using an insensitive top-
down approach that does not account for the specifics of the situation.  
 
The designer as facilitator also faces other problems. Unlike the designer as 
expert, the facilitator does not contribute with new perspectives because he 
relies on the judgement of the client to know what to do. The facilitator’s may 
suggest design strategies based on the client’s request. The client is 
responsible for risk-taking regarding design tactics and design solutions. 
Nevertheless, along with all the other characters, the designer as facilitator is 
responsible for how design activities may affect others; however, the 
facilitator does not engage in redirecting the client’s actions. The designer as 
facilitator believes that no matter what happens, he or she should not interfere. 
Therefore, if something goes wrong, the facilitator could be accused of being, 
although presumably scientific objective, socially irresponsible. Furthermore, 
as no new inputs are introduced, the facilitator accepts the client’s formulation 
of the situation. But the client’s intuition may be misleading: The solution that 
the client implements may come at the expense of other goals that the client is 
not aware of and also not prepared to sacrifice.  
 
The passiveness of the designer as facilitator may worsen the situation for the 
client. The facilitator chooses to accept the client’s perspective and does not 
engage in analysing the consequences of the client’s design solution. This 
approach may risk contributing to the establishment of a recurring problem 
instead of engaging in resolving the problem and improving the design 
solution. The client is fully responsible for evaluating the design solution and 
its consequences. 
 
In summary, none of these power relations between the designer and client are 
fully satisfactory from a Singerian design point of view, but nevertheless, they 
should not be discarded so easily. Thus far, we have examined four out of five 
possible roles of the designer. The last role is the designer in service. This role 
represents an intricate relationship where both the designer and the client are 
engaged dynamically in the design process. This relationship involves 
switching the four previous roles. In this sense, it is a balanced relationship 
between the designer and the client but still with the tensions of the other 
roles. The role of designer in service does not mean unconditionally accepting 
either proposed problem formulations or any initial ideas for solutions, as 
presented by the client or by other ‘experts’ of the environment (Nelson & 
Stolterman, 2012).  
 
The designer in service switches carefully between the four roles, purposively 
and intentionally rather than by decree. For some specific purposes or in some 
phases of the design process, the designer may momentarily assume the role of 
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researcher, and its constituent concepts are often formal and explicitly 
connected. They are concepts originating from researchers’ intellectual work 
and may be referred to as scientific or non-sense concepts (Figure 14) because 
they do not originate from the current experience of the objects of study, in 
our case, the didactic system. 
 
In contrast, concepts originating from the practice may be referred to as 
practical or common sense concepts (Figure 14). These are concepts that are 
shared by the practice and reflect the insider’s point of view (Blumer, 1931; 
Bosch, 2015). They are informal, and the connection between them is more or 
less implicit, if connected at all. A pattern based on common sense concepts 
can form a practical framework that directly speaks to the problems of practice 
as formulated by the practice itself. However, the common sense concepts are 
not required to be as rigorously defined as scientific concepts. The orientation 
of research based on practical frameworks is often to solve a practical 
problem. As a tool, the practical framework is accessible to the different 
stakeholders involved and not solely to the researcher (Eisenhart, 1991). 
However, due to the ambiguity of the concepts, the stakeholders and any 
outsider may interpret the results with some variation. 
 
A third type of framework, which may be suitable for supporting design 
activities, is the conceptual framework. Such a structure may be based both on 
episteme and phronesis, as in, based on formal theories as well as different 
aspects of practitioner knowledge. The conceptual framework represents a 
theoretical modelling process that ‘is directed toward solving problems (or 
making decisions) that lie outside the theories themselves’ (Lester, 2005, p 
460). In fact, this has already been described as the ‘sweep-in’ process of the 
Singerian designer. In this sweep-in process, concepts are either created or 
handpicked from a variety of possible sources for specific purposes into a 
tentative bricolage by a process of synthesis. Although the concepts may exist 
a priori, the designer assigns connections between them during the design 
process. Concepts that are not found to satisfy performance criteria may be 
modified or even replaced by other concepts. Consequently, a conceptual 
framework may change as new ideas and new understandings are developed. 
The concepts forming a conceptual framework are therefore tentative. Some of 
the concepts may be involved in a transpositive process of becoming 
‘sensible’, meaning a linking or a match-making process of the non-sense and 
the common sense in order to accommodate both the insider’s and the 
outsider’s perspective (see Figure 14), or, as the Hegelian designer would 
prefer to say, to assume a third Weltanschauung which may speak to the 
Weltanschauung of practice and to the opposing Weltanschauung of research. 
Sensible concepts may become accepted as such through agreement among 
the participants. In this sense, the participants form a Lockean community, 
with representatives from both research and practice who assume a third 
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concept. Even if we may not be able to define the concept precisely, we can 
still interact appropriately with an instance of the concept because our ability 
to recognise it as belonging to a specific category. This is an important role of 
our use of concepts. Concepts support our interaction with the environment. 
We may even choose to approach a specific concept by focusing on its 
functions rather than its characteristics (Borghi, 2005; Smith, 1989).  
 
Without concepts, we would be forced to have a word for each entity we want 
to refer to. Concepts allow us to make use of past experience in new 
situations. Even if two situations could never be exactly the same, we can still 
know how to interact and even draw inferences based on our interpretation of 
the environment. In this view, cognitive processes are deeply rooted in our 
interaction with the world presupposing a close relation among perception, 
action and cognition (Wilson, 2002). In other words, for humans, the ability to 
interact with the environment is dependent on the functional properties of 
concepts, as in, what they allow us to do in certain situations. Such a 
possibility for interaction is also known as an affordance and can be viewed as 
a perceiver’s ways of interacting with the environment (Gibson, 1986).  
 
According to Blumer (1931), the concepts of the researchers provide at least 
three affordances relevant for scientific procedures. First, it may be used to 
introduce a new orientation or point of view. Second, it may serve as a tool or 
as means of interacting with the environment, and lastly, it makes possible 
deductive reasoning, and therefore, the anticipation of new experience. In the 
next section, the role of concepts will be investigated further from the 
perspective of the Singerian designer. 

2.2.6 Theoretical, practical and conceptual frameworks  
To elaborate on the functions of concepts in design, we first need to explore 
different ways of organising concepts. In research, concepts are usually 
organised in patterns such as theoretical frameworks, practical frameworks 
and conceptual frameworks (Eisenhart, 1991; Lester, 2005). Each of these 
patterns differs in terms of their origin of concepts, their range of concepts and 
their linkage between concepts.  
 
Theoretical frameworks are a priori structures often used as an interface to 
observe and analyse empirical data for the purpose of understanding the 
empirical world from a specific perspective. Data and findings may also be 
used to support, extend or modify the framework according to the procedures 
outlined by the theory itself (Lester, 2005). On one hand, theoretical 
frameworks are often not accessible to the practice onto which they are 
applied (Lester, 2005). On the other hand, they provide a coherent foundation 
for knowledge production for researchers working on similar research 
problems (Lester, 2005). A theoretical framework is therefore the tool of the 
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researcher, and its constituent concepts are often formal and explicitly 
connected. They are concepts originating from researchers’ intellectual work 
and may be referred to as scientific or non-sense concepts (Figure 14) because 
they do not originate from the current experience of the objects of study, in 
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… even when problem goals and constraints are known or defined, 
they are not sacrosanct, and designers exercise the freedom to 
change goals and constraints, as understanding of the problem 
develops and definition of the solution proceeds. (Cross, 2006, p.78) 

 
An important feature of the conceptual framework for design is the role of 
research questions. In general, research questions are required to be distinct, 
theoretically grounded and empirically investigable to be considered as 
scientific. While a research process based on a theoretical framework 
functions as the linkage between research questions and their answers, the 
design process based on a conceptual framework utilises research questions 
primarily to support the ongoing design process. Thus, the research questions 
in design research have a slightly different character: They reflect certain parts 
of the design process rather than being representatives of the whole research 
agenda. 
 
Furthermore, in the theoretical framework tradition, a research question should 
also be a genuine question in the sense that there should be no predetermined 
answer. In comparison, the conceptual framework approach allows the 
research question to be formulated as working hypotheses that are used by the 
designer in the research process to understand the design situation (Buchanan, 
1992). In some situations, in order to get an advantage over a problematic 
situation, the designer is inclined to take the initiative, to make the first move, 
to draw first blood. For this purpose the designer may introduce artefacts, new 
ideas or new rules of action to the system. This is often the case in the 
beginning of the design process or when a new design cycle is initiated. In 
these situations, the designer cannot be oblivious to what is proposed and 
introduced. Also, the designer must have good reasons and believe that what 
he or she is doing is the ‘right’ thing to do. Although the rationale behind the 
designer’s initiatives may be formulated as research questions, they function, 
at least initially, more as working ideas or research hypotheses that are 
continuously challenged, evaluated and modified.  
 
When utilising conceptual frameworks for design, it is the designer’s 
preliminary understanding of the situation that initiates the design process. 
The designer utilises the conceptual framework to systematise the design 
activities. The conceptual framework functions as part of the reference 
praxeological model (RPM) that the designer develops in order to underpin the 
design praxeology. A summary of the discussion thus far about the differences 
between the three types of frameworks is provided here (Table 2).  
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Weltanschauung. This Lockean community may then agree on a Singerian 
standard (the sensible concepts) to solve any disagreement in the community.  
 
 

 
Figure 14. The relation between non-sense concepts, common sense concepts 
and sensible concepts. 

 

2.2.7 Conceptual framework for design 
The three different frameworks differ in terms of research orientation, starting 
points, commitment, the nature of concepts used and utility. Nevertheless, in 
educational design research, it is possible to use any of the three types of 
frameworks. However, they support different types of design processes.  
 
For educational design researchers who rely on theoretical frameworks, the 
concepts, goals and research questions tend to be settled once and for all in the 
beginning of the design process by the researcher (as in designer as expert). 
By introducing non-sense concepts to the practice, perception can be boosted 
in specific predetermined directions. In comparison, the common sense 
concepts in a practical framework support an open design process that allow 
the stakeholders to take into account all the aspects of the situation that they 
consider relevant to the issues at hand.  
 
The conceptual framework makes use of a variety of non-sense concepts that 
are selected to fit the situation and whose functions are adapted by the 
connections that are created between them. For the educational design 
researcher relying on conceptual frameworks, like the Singerian designer, 
everything (or almost everything) is permanently tentative (Lester, 2005).  
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2006). In this case, instead of taking the problem apart (analysis), the problem 
is viewed as part of a larger problem (the systems approach).  
 

The problems we select for solution and the way we formulate them 
depends more on our philosophy and world view than on our 
science and technology. How we go about solving them obviously 
depends on our science and technology, but our ability to use them 
effectively also depends on our philosophy and world view. These, 
in turn, depend on the concepts and ideas we use and how we use 
them to organize our perceptions of the world. Fundamental changes 
in these organizing concepts and ideas and the way they are used 
move societies from one age to another. (Ackoff, 1974, p 8) 

 
In fact, this is an alternative way of depicting the bricoleur. Here, the bricoleur 
may represent a Singerian designer employing an adaptive and flexible 
approach (Churchman, 1971). This is a balanced approach where theory has a 
guiding rather than a determining role. Thus, an important role of the 
conceptual framework is to justify and direct action. The bricolage can be both 
theoretical and methodological. The Singerian designer may create a 
conceptual framework by surveying the terrain for concepts (non-sense or 
common sense) from a wide variety of fields with the right potential for the 
specific situation. Of course, with the proviso that, if the situation requires it, 
other concepts may be needed and old ones forsaken. In fact, the idea that 
bricolage is necessary to address any problem of education is not a new one: 
 

Recognition of the variety of sciences that must be focused when 
solving any educational problem tends to breadth of view and more 
serious and prolonged effort at balance of the variety of factors 
which enter into even the simplest problems of teaching and 
administration. (Dewey, 1929, p. 50) 

 
The conceptual framework is the preferable choice for the Singerian designer 
to utilise for organising his or her concepts. Conceptual frameworks support 
adaptive behaviour, which is needed when addressing complex situations. 
Thus, they are suitable to utilise in realistic and interdisciplinary situations 
where the nature of problems typically calls for the designer to draw on a 
range of theories.  
 
In the next section, we continue outlining the details of the design praxeology. 
The next chapter provides a description of the design technology of the design 
praxeology – a technology referred to as agile educational design (AED). 
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Table 2. A comparison of the three different types of frameworks. 
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Building a conceptual framework for design can thus be interpreted as the 
‘sweep-in’ process that the Singerian designer employs in order to authorise 
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process can be compared with the ‘bricolage’ metaphor – a metaphor which is 
sometimes misunderstood (Kincheloe, 2001). For some people, the bricoleur 
may connote a handyman that uses whatever tool is available in the nearby 
surroundings, whether it is a common sense or non-sense concept is of little 
concern as long as (any) results are achieved. In this view, the bricoleur is 
depicted as an artist following any path that comes into his mind. This way of 
working is contrasted with the engineer, the designer as expert, that uses 
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produce desired results (through the process of analysis). However, as 
previously argued, wicked problems, unlike mathematical problems, do not 
have an underlying ‘rule’ waiting to be discovered. Thus, all the required 
information may not be available to the problem solver. Consequently, in 
some situations, you cannot be certain that the correct solution will (ever) be 
found (Cross, 2006; Lawsson, 2006). In these situations, a solution-focused 
strategy may be preferable to a problem-focused one (Cross, 2006; Lawsson, 
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2.3.1 Involving teachers as agents of change 
The Singerian designer advances by measuring and controlling the research 
process in such way that the changes or improvements that are accomplished 
will be accepted within the Weltanschauung of the practice. One of the main 
issues that any educational design designer needs to decide is whether or not 
to involve teachers in the design process, and if they do, to what extent. 
Teacher participation can mean different things. For example, from the 
perspective of designer as expert, teacher participation could suggest that the 
designer is merely accessing the voice of the teachers. Although there may be 
some aspects of the design process where such a strategy would be sufficient, 
it is questionable if this sole strategy can be used effectively throughout the 
design process, especially if the aim is to create scientific results that consider 
the different needs and demands of different stakeholders. In addition, the 
educational design designer needs to decide whether or not to assume the 
didactic intent of the teachers regarding the students. In this respect, the AED 
approach differs from many other educational design approaches, as one of the 
characterising features of the AED approach is that it involves teachers in their 
natural roles as teachers (i.e. as designers and decision-makers within their 
own classrooms): 
 

For these teachers are the ones in direct contact with pupils and 
hence the ones through whom the results of scientific findings 
finally reach students. They are the channels through which the 
consequences of educational theory come into the lives of those at 
school. I suspect that if these teachers are mainly channels of 
reception and transmission, the conclusions of science will be badly 
deflected and distorted before they get into the minds of pupils. 
(Dewey, 1929, p. 47) 

 
The importance of involving different stakeholders such as teachers in the 
design process is also stressed by other teacher-centred design methodologies 
that aim to develop ‘innovations that “fit” into real classroom contexts’ 
(Penuel et al., 2007). Teachers’ participation is regarded as a key factor when 
addressing teachers’ sense of ownership and the issue of sustainability of 
educational innovations (Sollervall & Milrad, 2012).  
 
In the AED approach, the teachers are expected to be active participants and 
contributors to reforms. In the Swedish context, this is a natural choice which 
is supported by the Swedish educational system. Swedish teachers have 
allocated time for continuous professional development and are encouraged to 
take part in research. For example, the curriculum for upper-secondary school 
states that ‘Teachers should … in their teaching, take account of the results of 
developments within the subject area and also relevant pedagogical and other 
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2.3 The proposal of Agile Educational Design  
While the previous section focuses on the design theory of the design 
praxeology, the aim of this section is to provide a description of the design 
technology of the design praxeology.  
 
The agile educational design (AED) approach is based on the Singerian 
inquiry system and can be described as a systems approach to design:  

 
… systems approaches start with the situation, with its complexity 
and uncertainty, where an acknowledged part of the problem is to 
establish and agree what the problem is, and where there will rarely 
be a single ‘right’ resolution. So the language of systems is about 
problem-situation rather than problem, and of resolution (improving 
the situation) rather than solution (solving the problem). (Reynolds 
& Holwell, 2010, p. 8) 

 
As previously argued, the researcher in the role of designer becomes involved 
in transpositive work. In the AED approach, the focus is on the second and 
third steps of the transposition of knowledge (see Figure 15). Consequently, 
the designer becomes an actor within the didactic system that is the object of 
the researcher’s study. For this reason, all phases of the design process are 
addressed from a research perspective including the phase where interventions 
are created by involving the designer’s subjective judgements. Such subjective 
judgements influence the creation and development of conceptual frameworks 
that may be adapted in the design process for the purpose of achieving specific 
educational goals. The designer can either choose to treat some of these 
decisions and actions as scientific non-issues by taking certain aspects for 
granted (for example, a personal choice of theoretical perspective and research 
questions) or, as in the AED approach, embrace and attempt to control the 
influence of subjectivity by scrutinising a wide range of issues in the process 
of research. 
 
 

  
Figure 15. The designer involved in transpositive work in the AED approach. 
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2.3 The proposal of Agile Educational Design  
While the previous section focuses on the design theory of the design 
praxeology, the aim of this section is to provide a description of the design 
technology of the design praxeology.  
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educational goals. The designer can either choose to treat some of these 
decisions and actions as scientific non-issues by taking certain aspects for 
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influence of subjectivity by scrutinising a wide range of issues in the process 
of research. 
 
 

  
Figure 15. The designer involved in transpositive work in the AED approach. 
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the latter case, the designer needs to inform the teachers about the conceptual 
framework and its underpinning principles for teaching that the designed 
activity is based on. The learning activities utilised in AED are designed 
according to a set of scientific principles selected by the designer for the 
purpose of providing specific learning opportunities for the students. These 
principles may be didactical (e.g. mathematical representation) or 
psychological (e.g. related to social interaction or communication patterns), 
and it is the teacher who decides how to implement them during the 
orchestrated activity. 
 
In the AED approach, the designer negotiates and communicates with the 
teachers about the theoretical design principles as well as their didactical and 
ethical implications. The designer has to either convince the teachers of the 
usefulness of the principles or be prepared to make new suggestions if the 
principles are rejected. The teachers then invite the designer to comment on 
their interpretations and suggestions. At this stage, the designer should be 
prepared to have these adjusted or even rejected if they do not align with 
principles that the teachers and the designer have agreed on. Considering that 
the available resources in terms of allocated time and so on may be limited, 
the teachers cannot be fully involved in every phase of the design process. 
However, the designer does not purposefully withhold any information from 
the teachers that is vital for them to implement the teaching activities with 
their students.  
 
To succeed as a manager of human resources, a mutual trust regarding the 
participants’ complementary roles in the design process must be developed 
between the designer and the teachers in order to allow the negotiations of 
goals and the division of different tasks to happen (Akkerman, Bronkhorst & 
Zitter, 2013). Developing such a trust involves addressing teachers’ values 
regarding what they consider to be good for their students in general and for 
subject-specific development. In this sense, the AED approach requires a deep 
understanding of the teachers’ practices. 

2.3.3 Learning from surprises  
Failure to pursue design goals can be caused by both external and internal 
constraints including the lack of ability, lack of proper training, lack of 
method or the poor understanding of the design process or poor understanding 
of the situation (Friedman, 2003). By using iterative and incremental 
strategies, the designer can form a continuous understanding of the situation 
and ultimately find guidance on how to act within the constraints. 
Nevertheless, there are no guarantees for success, and whether or not the 
designer manages to accomplish anything in relation to both theory and 
practice will most likely rest on the designer’s ability to develop a systematic 
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research…’ (Skolverket, 2013, p.9). However, although the current national 
context supports the methodological choice to involve teachers, it is at the 
same time a choice that increases the complexity of the situation. Working in 
close collaboration with teachers is a challenging task, and the designer needs 
to be sensitive to the cultural implication of the current situation and meet the 
varying competences and needs of individual teachers. Also, as the teachers 
invest their time in a project, there must something within the project that 
appeals to them – something they find worthwhile in order to remain 
committed to the project. Thus, the designer needs to attend to issues 
regarding the stakeholders’ interests. Failing to do so will result in the client, 
the designer and the decision-maker not being able to work towards a common 
goal.  
 
Furthermore, the amount of time that in-service teachers can dedicate to 
participation in the design process is often a limited resource especially if no 
particular arrangements are made to allocate resources for the teachers to 
participate during their regular working hours. The educational design 
researcher needs to be very careful in deciding how and to what extent the 
teachers are involved. For example, some of the projects which lay the 
foundation for this thesis were conducted with few resources and limited time 
for preparation and limited time for teachers to participate (no extra time was 
allocated for the teachers). Furthermore, the teachers’ working conditions 
require them to constantly choose between competing tasks, as teachers have 
many responsibilities that must be attended to. Teachers find themselves 
facing new demands and changes, which may lead to an intensification of their 
work and to difficulties such as ‘a chronic and persistent sense of work 
overload’ (Ballet, Kelchtermans & Loughran, 2006, p. 210) – more has to be 
done in the same time or even in less time than before. Under these conditions, 
the teachers may experience the design process as an additional chore that 
imposes on their regular work. To manage such situations, the designer needs 
to be able to adapt the design process so that it ‘fits’ the teachers’ daily work 
and the school’s ‘timetable’. This includes estimating the minimum amount of 
time or duties that is required from the teachers in order to achieve the design 
goals. On one hand, the designer may strive for efficiency and to minimise the 
efforts required from the designer and the teachers; however, on the other 
hand, the designer needs to be aware that sustainable change cannot be forced. 
Change is a gradual and difficult process that requires both time and effort 
from the teachers (Guskey, 2002).  

2.3.2 Division of responsibilities 
In the ongoing design process, the designer needs to decide on how to divide 
the duties and responsibilities between the designer and the teachers. In some 
projects, the designer may prepare a detailed teaching activity, while in other 
projects, the teachers may be involved as designers of the activity instead. In 
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situations. In the AED approach, the designer connects empirical data with 
various existing theoretical resources that are chosen by the designer in 
retrospect and used to generate additional empirical data. Thus, the design 
process is adapted to emerging issues in an iterative, incremental and adaptive 
process. The theoretical resources may be theoretical frameworks, concepts, 
ideas, and/or models that are merged into coherent conceptual frameworks, 
which hereafter will be referred to as ‘adaptive conceptual frameworks’ to 
emphasise the tentative nature of these frameworks. The adaptive conceptual 
frameworks are also teleological components of the teleological system 
described in section 2.2.1. 
 
The workflow of the formal stages of a design cycle is illustrated in Figure 16.  
 
 

  
Figure 16. A framework for each phase of the design cycle. 

 
Each design cycle has three phases beginning with a planning phase and 
followed by an implementation phase. The cycle is completed with an 
evaluation of the outcomes in the evaluation phase. Although the teachers may 
be involved in all phases, it is the implementation phase in particular where 
the teachers’ expertise as professionals is required. 
 
Three different frameworks are distinguished depending on their role in the 
design process and the different phases:  

 
• Conceptual framework for professional development (CFPD)  
• Conceptual framework for development (CFD) 
• Conceptual framework for understanding (CFU)  

 
Given that both the CFD and CFU focus on the design process, they naturally 
share similarities. However, the CFPD should be seen as a separate framework 
for organising and supporting the teachers’ professional development.  
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and comprehensive understanding by coordinating different knowledge 
resources from a variety of domains to manage the design process.  
 
When designing a teaching activity, its hypothesised contributions to teaching 
practices (mathematical and didactic praxeology) are prioritised. In the design 
of the teaching activities, the designer makes use of underpinning theories for 
the sole purpose of enhancing the educational quality of the activity. The 
research objectives in a specific case study are either formulated in a neutral 
manner or else allow the adaptation of the underpinning theories. This is to 
ensure that there is a possible exit when the theoretical ambitions come in 
conflict with the designer’s attempts to achieve relevance for practice. 
Outcomes from the implemented activity are analysed and assessed by their 
educational value or in regard to the design process itself. The reflective 
analysis focuses on analysing observed outcomes that either match 
hypothesised outcomes from the prospective analysis or can be regarded as 
surprising outcomes. These surprising outcomes can have favourable 
didactical implications or simply relate to didactic failure. In the first case, the 
designer may attempt to embed this outcome in subsequent design cycles. In 
the second case, the designer has to adapt the activity and perhaps also the 
underpinning theories to avoid a similar failure in the next cycle. In both 
cases, the process of dealing with surprising outcomes may lead to accidental 
results or designed-for results of high educational value. The apparent 
shortcoming of not being able to hypothesise specific outcomes in a 
prospective analysis may be regarded as a productive failure; however, from a 
Singerian point of view, the conflict between means and ends are in fact 
necessary for progress. For instance, when one conflict is resolved, others 
might appear and so on in an endless process of refinement (Churchman, 
1971). In this sense, the conflict between means and ends not only contributes 
to improving the teaching activity but also supports the development of the 
designer’s adaptive expertise. 

2.3.4 Adaptive conceptual frameworks 
The limitations originating from different sources create a need for the 
designer to develop specific strategies for coping with changing conditions not 
only from one project to another but also within a project. In such 
circumstances, rigid planning in order to make the design process predictable 
may not only be unnecessary work but also is unsatisfactory from a design 
perspective (Churchman, 1971), as it may restrict the designers’ possibilities 
to adapt to the evolving situation. 
 
The Singerian design philosophy embraces change by allowing 
methodological flexibility and a plurality of theories. The sweep-in process of 
the designer, carried out to control the procedures of design, can be 
understood as a theoretical modelling process ready to be used in complex 
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the design process. The designer is responsible for selecting and combining 
theoretical elements that he or she finds appropriate for treating emerging 
design issues. These theoretical elements are then proposed to the teachers as 
underlying design principles. The theoretical elements may be scientific 
concepts, theoretical frameworks, models, or ideas that are merged into a 
coherent conceptual framework. Thus, the research process may not follow a 
predetermined trajectory. The use of conceptual frameworks supports the 
designer’s adaptive behaviour and allows the designer to initiate actions for 
the purpose of improving relevance for practice. In this sense, the AED 
approach invites the designers’ subjective judgements as an essential creative 
feature in the research process. However, inviting flexibility and subjectivity 
can obscure the rationale for the research process thus making it harder to 
understand and follow. For this reason, the designer needs to attend carefully 
to quality issues, particularly regarding the control and transparency of the 
research process. The designer should attempt to rationalise the decisions by 
approaching the decision-making process from a scientific perspective. The 
decisions regarding theoretical principles and design features are validated a 
posteriori by examining their effects on the outcomes. The validation concerns 
not only the research process but also the designers who are responsible for 
framing and shaping the process. 

2.3.6 The features of agile educational design 
The main characteristics of this methodology:  
 

1) The systematic use of conceptual frameworks  
2) Allowing theoretical adaptation in the design process  
3) Inviting designers’ and teachers’ subjective judgements into the 

design process 
4) Supporting teacher agency by inviting teachers to negotiate design 

principles and giving them full responsibility for orchestrating 
teaching activities  

 
By using the adjective ‘agile’, three important principles of this approach are 
highlighted. To begin with, the Singerian design philosophy on which AED is 
based requires adaptive behaviour. In other words, swiftly responding to 
changing circumstances is considered to be more important than following a 
pre-determined plan. Secondly, in order to deal with a high degree of 
complexity, the designer relies on collaborative work with stakeholders such 
as teachers, and also on iterative and incremental development at the strategic 
levels. To be agile, the designer needs to be both flexible and able to adapt. 
This means that at the tactical level of management the designer need to be 
prepared to compromise (flexibility) and be able to make changes (to adapt) at 
certain points in the design process. 
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2.3.4.1 Conceptual framework for professional development 
The conceptual framework for professional development (CFPD) is a 
methodological framework utilised by the designer to plan the interventions 
involving the teachers (and students), and to operationalise the current 
understanding of the design task before engaging in a design cycle. The 
purpose of the CFPD is to scaffold the teachers’ participation in the design 
process from at least two perspectives. One perspective relates to the role of 
teachers to provide expertise and inform the design process. The interaction 
between the designer and the teachers is needed in order to obtain usability by 
taking into account the educational needs and the teachers’ everyday work 
practices. The other perspective relates to the methodology of EDR (including 
AED) that is at the same time a process of professional development for the 
teachers involved (Boote, 2010; Penuel et al., 2007). The CFPD outlines how 
the teachers are planned to be involved in the design praxeology.  

2.3.4.2 Conceptual framework for development 
The conceptual framework for development (CFD) is created by the designer 
and utilised by both the designer and the teachers but for different purposes. 
The designer utilises the CFD to describe and justify the different activities 
involving the teachers and their students. In this sense, the CFD outlines the 
didactic and/or mathematical praxeologies that are introduced into the didactic 
system by the designer. The teachers meet these praxeologies embedded in 
different artefacts (theoretical principles, digital technologies, learning 
activities, etc.) that the teachers interpret and unfold with their students. As 
previously mentioned, it is the teachers who are responsible for interpreting 
and implementing the CFD in their own classrooms. The didactical 
phenomenon that emerges in the implementation phase is then evaluated in the 
next phase.  

2.3.4.3 Conceptual framework for understanding 
Finally, in the last phase, the designer uses the conceptual framework for 
understanding (CFU) to evaluate the outcomes of the implementation phase. 
This framework consists of theoretical components that the designer uses to 
understand the outcomes of an intervention and to plan the next design cycle. 
If an additional cycle is underway, then the evaluation must be done in such 
way that the next cycle can be informed. Any revision that the designer 
decides to make may address any part of the teleological system, including the 
adaptive conceptual frameworks.  

2.3.5 Control and transparency 
AED allows the underpinning theoretical principles to be re-examined and 
adapted in the design process. Instead of relying on predefined theoretical 
frameworks, the designer uses conceptual frameworks that are adapted during 
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Each step is necessary for setting the stage for the following step in a logical 
and growing process. Regulated change is effective for well-defined 
organisational changes but often fail when the rules of action are wrongly 
designed and when the people involved resist change (Van de Ven & Sun, 
2011).  
 
The second basic model, regulated change, views change as a sequence of 
predetermined stages and activities that are regulated by sources outside the 
institution where change is supposed to occur. The sequence is therefore a 
prescribed process with one clear trajectory from initiation to termination. 
Each step is necessary for setting the stage for the following step in a logical 
and growing process. Regulated change is effective for well-defined 
organisational changes but often fail when the rules of action are wrongly 
designed and when the people involved resist change (Van de Ven & Sun, 
2011).  
 
When resistance to change is a fact and this kind of breakdown occurs, the 
designer may use two kinds of strategies. One strategy involves correcting the 
people involved, the products, or the processes that have prevented the change 
from unfolding as expected by the designer. This strategy assumes that the 
proposed solution is appropriate and that the activities that deviate from the 
designer’s model are problems that need to be solved. However, correcting 
people is a complicated matter. The second strategy involves revising the 
designer’s own models to better fit the current process of change unfolding in 
the situation (Van de Ven & Sun, 2011). The latter strategy requires that the 
designer is able to detach from a priori solutions ideas and concepts and that 
alternative courses of action are available and accepted by the designer. For 
this reason, this research was initiated with a minimal set of a priori decision.   

2.4.1 In vivo analysis  
In the Didactic Engineering tradition, the a priori analysis usually plays a 
referential role in the analysis of didactical phenomena (e.g. Artigue, [1992]). 
It should be noted that, in this case, the design of new teaching sequences is 
related to a previously identified didactical phenomena that is the focus of the 
study. The researcher makes an a priori analysis based on an epistemological 
analysis of the mathematical content at stake (mathematical reference model) 
along with didactical issues such as assumptions about what students know 
about the content selected and the possible ways that they may interact with 
this content (didactic reference model). After the experimentation, the 
researcher provides an a posteriori analysis of classroom implementation 
(Artigue, 2009) that is especially focused on the elements of the considered 
didactical phenomena. This may lead to modification of the teaching 
sequences and of the a priori analysis so that it will correspond better with 
what can be expected. By utilising the a priori analysis in this way, the focus is 
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2.4 Research Methods 
In the product design tradition, design artefacts such as teaching materials and 
models are handed over to practitioners for implementation. Although 
professional development is provided to the teachers, this strategy has not 
proven to be effective enough in terms of realising the potential of designed 
products to improve mathematics instruction (Cobb et al., 2017). In order to 
progress, designers may need to be more explicit in including the problem of 
resistance to change in their strategies: 
 

Should the designer of systems include resistance to change in his 
design? To fail to do so seems to leave out the most important 
aspect of the problem. But how to include resistance to change is not 
at all easy to see. Often the redesigner of a system – like an 
industrial firm – would be wise if instead of first asking what’s 
wrong, or what changes would create the greatest cost savings, he 
asked himself what can be changed, and how? It takes only one or 
two days of work in many federal agencies to learn about practices 
that are unnecessarily time consuming; it takes several month of 
frustration to learn that this information about the system is useless 
because the obvious changes can’t or won’t occur. (Churchman, 
1971, p. 14) 

 
According to Van de Ven and Sun (2011), there are four basic models of 
organisational change: Planned change, regulated change, conflictive change 
(Hegelian dialectics) and competitive change (Darwinian evolution). The first 
two are relevant for the continued discussion: Planned change, which includes 
the Singerian approach, and regulated change, which can be interpreted as the 
dominant model used within the product design tradition.  
 
Approaches using the planned change model are teleological approaches. 
Change is viewed as a repetitive sequence that includes goal-setting, 
implementation, evaluation and adaptation. The sequence is an emergent, 
socially constructed entity that is dependent on the meanings assigned by the 
people within the institution who are involved in the change process. The 
trajectory of development that will be followed cannot be specified at the 
beginning of the process. Failure is imminent when participants cannot reach 
consensus on a goal or when there is no common standard (a measure of 
performance) for judging change (Van de Ven & Sun, 2011).   
 
The second basic model, regulated change, views change as a sequence of 
predetermined stages and activities that are regulated by sources outside the 
institution where change is supposed to occur. The sequence is therefore a 
prescribed process with one clear trajectory from initiation to termination. 
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Each step is necessary for setting the stage for the following step in a logical 
and growing process. Regulated change is effective for well-defined 
organisational changes but often fail when the rules of action are wrongly 
designed and when the people involved resist change (Van de Ven & Sun, 
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Figure 17. The a priori analysis from the perspective of the design 
praxeology. 

 
When the design process is terminated, an additional a posteriori analysis of 
the whole design process can be made. However, from the point of view of the 
research praxeology, there is no a priori analysis in the beginning of the 
process that can be connected to the a posteriori analysis made at the very end 
of the process. Of course, this does not mean that there is no a priori analysis 
but rather that the a priori analysis is embedded in the process itself and does 
not appear in the beginning of the process in the shape that may be expected 
by the regulated change approach. It can therefore not play the same 
referential role in the analysis of didactical phenomena, in this case, the 
emerging design praxeology, as in, the regulated change approach. Instead, 
from the perspective of the research praxeology, we may refer to the 
embedded a priori analysis as an evolving analysis, an ‘in vivo’ analysis 
(Figure 18). The in vivo analysis is something that is made during the process 
and can be more or less explicit. It functions as a goal-directed, systematic 
reflection-in-action (Schön, 1983) that allows the designer to adapt the process 
to the emerging needs.  
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on the description of the didactical phenomena considered. Therefore, 
theorisation is based on what happened before the teaching sequence, during 
the teaching, and after the teaching sequence. 
 
In the AED approach, the object of the a priori analysis is the design process 
itself, which is mainly related to the interaction with the teachers, not the 
mathematical activity that is implemented with students (design of a process, 
not a product). However, the interaction with the teachers includes a 
mathematical activity, and thus the a priori analysis of this mathematical 
activity. The implemented teaching sequences are therefore only one of many 
sources that may be relevant for theorising about the process of change. 
Furthermore, while the designer is mainly responsible for the a priori analysis 
relating to the interaction with the teachers, both the designer and the teachers 
may contribute to the a priori analysis relating to the mathematical activity.  
 
Although, in reality, it may be difficult to say with certainty when one phase 
of the design process stops and the next begins, we will allow ourselves to 
make such a simplification in order to clarify the role of the a priori analysis in 
the current design praxeology. There are two ‘events’ that the a priori analysis 
of the design praxeology is based on. The word ‘event’ is taken here in a wide 
sense and will be further clarified in the next section. The first event is the 
designer’s experiences, preferences, meetings with teachers, et cetera that are 
prior to the initiation of the first design cycle (a priori events). The second 
event is the planning phase, which is the first of three phases of the design 
cycle. The implementation phase includes the different activities that the 
designer has planned for the teachers and their students inside as well as 
outside the classroom. In the evaluation phase, the designer makes an a 
posteriori analysis and the experiences from the first cycle are fed into the next 
cycle. In this sense, the first cycle becomes an a priori event in relation to the 
second cycle. This second a priori event, together with the planning phase in 
the second cycle, becomes a second, accumulated a priori analysis of the 
second cycle and so on until the design process is terminated (see Figure 17). 
The role and character of the a priori analysis in a planned change approach 
can therefore be very different from the regulated change approach. While the 
very first a priori analysis made in the beginning of the design process may be 
quite limited in scope and depth, the final a priori analysis of the process can 
draw from a rich source of contextual data, both theoretical and empirical. 
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Although the designer may try to document process data as thoroughly as 
possible, process data often involves different units of analysis with 
ambiguous boundaries. Their significance may change as the process 
develops. Also, the perceived significance of certain previous events may 
change as new, more recent events are generated, while others may grow in 
significance later. In this sense and as Langley (1999) also observes, process 
data is therefore often temporally bound, diverse and vary in terms of 
precision, duration and relevance. Each completed design cycle may itself be 
considered as process data which influences the designer’s understanding of 
the design situation, and thus, the decisions made for the next cycle. Even if a 
single design cycle may not produce seemingly relevant outputs or products, it 
may still be significant as process data and may contribute to present the 
design process in greater detail and in a temporal and contextual manner. 
 
The analysis of process data requires some form of conceptualising the events 
and finding patterns among them. As the design process develops, more 
process data becomes available to the designer, which the designer cumulates 
and uses to support the design process. The adaptive conceptual frameworks 
used by the designer during the ongoing process to plan, implement and 
evaluate a cycle can therefore be considered as process data that reflect the 
designer’s attempt to justify and make explicit the choices made by the 
designer. In other words, process data may include additional theorising used 
by the researcher in the role of designer.  
 
To summarise, the presentation in chapter 2 does not include the didactic and 
mathematical praxeologies that are introduced into the didactic system. The a 
priori analysis of mathematical and didactic praxeologies will be included in 
the descriptions of the tentative design solutions that are introduced in the 
practice, in particular the artefacts created and utilised by the designer to 
support the process of change. The artefacts that the designer decides to 
introduce into the didactic system should be regarded as prototypes that, if 
accepted by the didactic system, may still require additional adaptation by the 
different actors of the system to become functional by some measure. In this 
sense, the a priori analyses utilised in this research do not represent an ideal 
solution to the design situation. The question, What can be changed? is very 
much an empirical question. Thus we are not searching the optimal conditions 
but modify the conditions to see their scope, effects and resistances in order to 
better understand them. If we are to use the same analogy as in previous 
chapters, then this choice reflects the preferred strategy of the architect rather 
than that of the engineer. It is a strategy that designers use to learn about 
problems by trying to solve them (Lawson, 2006). 

 
The strategy used in the a posteriori analysis will focus on highlighting the 
relationships, connections and interdependencies in the phenomenon of 
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Figure 18. In vivo analysis from the perspective of the research praxeology. 

 

2.4.2 Process data 
The notion of ‘process data’ is introduced by Langley (1999) and used here to 
highlight the kind of data involved in the design process. As already 
described, the a priori analysis regarding the design process relies on 
accumulated data in the form of a series of past ‘events’ and theories or 
hypotheses about future ‘events’. It is these events that are referred to as 
process data.  
 
Process data in the form of past events largely consists of stories of people 
doing or saying things at a certain time and the choices made by these people 
that are judged by the designer as relevant for the design task. In comparison, 
theories regarding future events are based on disciplined imagination rather 
than perception (Weick, 1989) and are used to produce new events and so 
forth until some saturation is reached. These hypotheses are generated by the 
designer and appear as transcendental conditions (Meillassoux, 2008) which 
are immersed in the design process and influenced by the designers’ subjective 
interpretations of the events. They occur as conscious cognitive activities in 
the mind of the designer (Bandura, 2001), and as mental sense-making 
processes that are often stimulated by social meaning-making activities 
(Langley, 1999). Much of the process data in design research is therefore 
transcendental rather than empirical and thus difficult to document.   
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meaning, paraphrasing was used when the transcripts required extensive 
editing or lengthy explanations. For example, in some of the dialogue 
sequences, the teachers’ use of nonverbal communication was significant, and 
therefore, the researchers decided to paraphrase instead. The material was then 
translated from Swedish into English with a focus on conceptual equivalence. 
In the last step, the original recordings in Swedish were listened to and 
compared with the English transcripts. The English translation was then 
adjusted when necessary.  
 
In the transcripts presented in the next chapter, the following symbols are 
used: 
… Short pause or hesitation 
/…/ Short sequence omitted 
(…) Longer sequence omitted 
[  ] Researchers’ comments 
 
In the next chapter the design praxeology is presented. Parts of the empirical 
data have been published and presented at various conferences (Perez, 2012a, 
2012b, 2014, 2015, 2017).  
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interest. In addition, the notion of praxeologies will be used to conceptualise 
the process data.  

2.4.3 Empirical data 
In this research, the empirical data originates from three design cycles related 
to three different projects carried out in Sweden. Although teaching activities 
were designed and also re-designed in some of the cycles, the main purpose 
was to explore different configuration or different possible ways of involving 
teachers in the design process. For this reason, the design cycles were carried 
out in different settings, including different schools (secondary level), 
different teachers and with different learning objectives. Changing teachers 
was necessary in order to evaluate the changes made in the design praxeology, 
as in, the changes in the way the designer interacted with the teachers. 
Changing learning objectives was an adaptation to meet the requirements of 
the different projects that the teachers were involved in. The dynamic 
geometry software GeoGebra was used in all three cycles.  
 
In the three design cycles different methods, such as audio/video recordings, 
field notes and interviews were used for the purpose of documenting process 
data and supporting the designer’s decision-making process. In summary, 
process data included the following:  
 
Cycle 1: 

• Meetings with the teachers (field notes and audio recordings) 
• Classroom implementation (video recordings) 
• Students’ reflections after the lessons (questionnaire) 
• Teachers’ reflection after the lessons (questionnaire / interview) 

 
Cycle 2: 

• Meetings with the teachers (field notes and audio recordings) 
• Classroom implementation (video recordings). 

 
Cycle 3: 

• Meetings with the teachers (field notes and audio recordings) 
• Classroom implementation (video recordings). 

 
Recordings from meetings with teachers (audio recordings) and classroom 
implementations (video recordings) were transcribed or paraphrased and then 
translated into English by the researcher. This process included several steps. 
First, the recordings were listened to in order to refresh the researcher’s 
memory about the content. Next, the recordings were transcribed and either 
edited or paraphrased to ensure readability. The editing of the transcripts 
included omitting repeated words or repeated sentences and omitting or 
replacing non-lexical conversational utterances, et cetera. Also, to preserve 
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Cycle 1: First encounter 
The first cycle, named ‘First encounter’, can be understood as the researcher’s 
first encounter with one of the type of tasks of the design praxeology. This 
intervention was made possible when a local lower-secondary school invited a 
group of researchers from media technology and mathematics education to 
participate in an ongoing project at their school (MoDig Matte). This cycle 
initially involved three teachers from a lower-secondary school. However, due 
to changes in working conditions for one of the teachers, only two of the 
teachers participated for the entire duration of the project. A fourth teacher 
joined the team at a later stage but was not included in the analysis because 
this teacher did not participate in all the design team meetings. The teachers 
participated during their ordinary working hours. Incidents outside the 
researcher’s control, such as illness, workload, et cetera, delayed the process. 
Occasional meetings were held during a period of approximately two years. 
 
Cycle 2: A new hope 
In the second cycle, ‘A new hope’, the researcher carried out technological 
work in order to improve the techniques of the design praxeology. The school 
was involved in an ongoing project (Mathivation) with an external project 
leader who regularly visited the school. The aim of the ongoing project was to 
increase students’ motivation to engage with challenging and creative 
mathematics activities by targeting students’ self-efficacy. The school 
administration and the project leader invited our department to participate. 
 
Initially, several co-workers from the department were involved in the project. 
Our participation was originally planned to last for one semester and to 
encompass approximately 30 hours of physically meeting with the teachers. 
However, almost halfway through the project, we were informed by the 
Headmaster of the school that our Head of Department had suddenly cancelled 
our participation with immediate effect and with no rational explanation. The 
school had invested in planning an entire semester in order to create suitable 
conditions for the teachers to participate. Nevertheless, in this situation and 
with the support of the school, the researcher decided to continue the 
collaboration alone. In total, this intervention lasted two semesters with 
regular weekly physical meetings with three teachers.   
 
Cycle 3: Final cut 
In this cycle, ‘Final cut’, the researcher created a professional development 
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Chapter 3: The design praxeology 

‘In God we trust, all others must bring data’ 
– W. Edwards Deming 

In this chapter, the three cycles of the design praxeology are presented. Each 
cycle corresponds to three projects carried out in three different settings and 
included different schools, different teachers and different learning objectives. 
GeoGebra was used in all three cycles. 

3.1 Overview of the interventions 
The first two cycles were already part of ongoing projects at the schools 
involved. The third project was initiated by the researcher in collaboration 
with the local education authority. An overall view of the three projects is 
provided in Table 3 and briefly presented below. 
 
 

 
Table 3. Overview of the three design cycles of the design praxeology. 

 
 

CYCLE PROJECT TEACHERS SCHOOL YEAR

1 Ongoing school project 
(MoDig Matte) 2 Lower secondary 

(grades 7–9)
Autumn 2011– 
Spring 2013

2 Ongoing school project 
(Mathivation) 3 Lower secondary 

(grades 7–9)
Autumn 2013– 
Spring 2014

3 Project initiated by the 
researcher 7

Several secondary 
schools (grades 7–9 
and 10–12)

Autumn 2014– 
Autumn 2015
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Cycle 1: First encounter 
The first cycle, named ‘First encounter’, can be understood as the researcher’s 
first encounter with one of the type of tasks of the design praxeology. This 
intervention was made possible when a local lower-secondary school invited a 
group of researchers from media technology and mathematics education to 
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The IRE sequence  
The IRE sequence (Initiate–Reply–Evaluate) (Figure 19) describes a typical 
routine for teacher-initiated instructional communication (Chi, 1996; 
Leinhardt, Weidman, & Hammond, 1987; Mehan, 1979; Schoenfeld, 2010; 
Shavelson & Stern, 1981).   
 

 

 
Figure 19. The IRE sequence for instructional communication. 

 
In its most basic form, the sequence is initiated by the teacher by posing a 
question that he or she already knows the answer to. The student replies, and 
the teacher evaluates by using phrases such as ‘That’s fine’, ‘Hmm’ or by 
simply giving a gesture to confirm that the answer is correct. Next, the teacher 
may continue with the routine by posing a new question or by presenting the 
next problem. When the teacher does not receive the expected reply, the 
teacher may employ other strategies in an extended exchange pattern. This 
may happen when students do not answer at all, give incomplete answers or 
reply incorrectly. For example, if the response from the student is not what the 
teacher anticipated, the teacher may continue by calling on other students until 
the correct answer is given by a student (Leinhardt et al., 1987). Other 
strategies include repeating or simplifying elicitations (Mehan, 1979). 
 
The notion of low-level and high-level evaluation 
Some evaluations may be called low-level evaluation because they tend to 
engage students in a discourse where the attention is basically on the routine 
itself and on the teacher’s pre-planned agenda of questions (Nystrand & 
Gamoran, 1991). For example, the strategy of simplifying the complexity of a 
question by decomposing it into smaller parts is sometimes taken to the 
extreme, where the content disappears completely and the students are no 
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projects. Despite this, the project began with the support of the local education 
authority. A small management group consisting of one teacher, a 
representative from the local administration, and the researcher was formed to 
negotiate the goals of the project and to do the necessary planning. The 
researcher was responsible for developing the content of the project. Other 
practical issues, such as deciding the times and locations and liaising with 
schools and participating teachers, were the responsibility of the other 
members of the management group. This project was therefore established 
with teachers, Headmasters and people working in the local education 
authority.  

 
This cycle included mathematics teachers from lower-secondary schools, 
upper-secondary schools and one university teacher. At most, there were 
eleven teachers, but for varying reasons, some teachers did not participate in 
all the meetings. For example, a group of two teachers from one school 
participated in the first meeting but announced that they would not be able to 
continue, as they were also involved in the national professional development 
programme. In total, seven teachers participated in all meetings and completed 
the project. These teachers were both lower- and upper-secondary teachers. 

3.2 Theoretical concepts used with the teachers 
In this section, the different theoretical notions used with the teachers will be 
presented. This includes the notion of high-level evaluation and low-level 
evaluation (Nystrand & Gamoran, 1991), which is related IRE sequence 
(Mehan, 1979), the ICAP-framework (Chi, 2009), and the notion of 
praxeology. These theoretical notions form a theoretical triad that was selected 
by the researcher in order to address certain emerging design issues in the first 
cycle and used with the teachers in the second and third cycle. These 
theoretical notions have their origin in different domains. The notion of high-
level evaluation and low-level evaluation is from language learning. The 
ICAP-framework is from educational psychology. Finally, the notion of 
praxeology is from the ATD in mathematics education. The notion of IRE 
may be found in several research fields within education. 
 
In addition, the theory of self-regulated learning (e.g. Pintrich, 2000) will be 
presented. This notion was only presented to the teachers in the second cycle. 
The theory self-regulated learning is from educational psychology. 

3.2.1 Three interconnected theoretical elements 
The theoretical triad presented in this section was used with the teachers in 
cycle 2 and cycle 3. The details of how the theoretical triad was used are 
presented later.  
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The ICAP framework 
Additional support, but from the perspective of the students, can be found in 
the ICAP framework (Interactive–Constructive–Active–Passive) of Chi 
(2009). According to this framework, students can be engaged overtly as 
either passive, active, constructive or interactive when learning. 
 
Being active can be described as doing something (often physical) while 
learning. It includes activities such as copying the solution from the board, 
pointing to what one is reading or solving, manipulating or measuring, and 
practicing or rehearsing definitions. These actions are observable overt actions 
that do not guarantee that students are actually engaged with the learning 
material. Of course, students can participate in these kinds of activities 
unfocused or while having their thoughts elsewhere, but according to Chi 
(2009), by doing these activities, students are more likely to become more 
engaged with the learning materials than by not doing them (p. 77).  
 
Being constructive includes being active, with the addition that the learner is 
producing some additional outputs that go beyond, and are not explicitly 
presented in, the learning materials. Being constructive is therefore defined by 
the content of the outputs that must be meaningful or relevant. There are many 
overt constructive activities that are more likely to generate new information 
or ideas, but nevertheless, it is not the activity per se that defines a 
constructive activity but rather the nature of the produced outputs. Students 
are being constructive when, for example, drawing a concept map, taking 
notes, self-explaining, posing problems, asking questions, providing 
justifications, formulating hypotheses, comparing and contrasting, reflecting, 
monitoring and engaging in other self-regulation activities. These activities are 
regarded as valued forms of mathematical activities (Walshaw & Anthony, 
2008).   
 
Although being interactive can refer to several overt activities, both verbal and 
physical, the focus of the taxonomy proposed by Chi (2009) is on ‘dialoguing’ 
as overt interacting activities. Just as being constructive depends on the 
produced output, so too does being interactive depends on the pattern of the 
dialogue. It is important to remember that some patterns are not interactive at 
all, even if two persons are taking turns in conversation. To be interactive, 
both partners have to make substantive contributions on the same topic or 
concept and also consider each other's contributions.   
 
Students can be interactive with peers or with an expert, for example a teacher. 
In this case, the teacher often leads and controls the conversation in, for 
instance, an extended IRE sequence. At the same time, these activities are 
constructive because the produced outputs in terms of students’ responses are 
substantive and meaningful.  
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longer expected to provide any answers but rather repeat already available 
information (Mehan, 1979). In other cases, the teacher may eventually 
misinterpret student responses in favour of the teacher’s own expectations of 
an acceptable reply (This is similar to what Brousseau (1997) calls the 
‘Topaze effect’). Teachers who evaluate students’ replies by a simple ‘right’ 
or ‘wrong’ may also be classified as low-level evaluation, as the routine is 
primarily used to control limited aspects of knowledge among students. In 
these examples, the teachers use students’ responses to continue with the 
routine, and by that, ensure the flow of the lesson (Nystrand & Gamoran, 
1991).  
 
Discourses that are dominated by low-level evaluations are likely to engage 
students procedurally in the learning process. In contrast, students may be 
engaged in a more substantial exchange. This is more likely to happen when 
teachers, for example, use follow-up questions, ask for clarification, or give 
hints in order to stimulate students’ thinking. Sometimes, the teacher decides 
to ‘play dumb’ by pretending not to know what is correct or incorrect and then 
asking the students to explain. Students are thus invited by the teacher to 
discuss the topic more extensively (Leinhardt et al., 1987). When using high-
level evaluations, the course of action may be co-determined by the interaction 
between different actors in the classroom. In this case, the teacher builds on 
the substance of what the students say, even if the dialogues tend to proceed 
according to a pattern (ibid.). Thus, the evaluation of students’ replies is more 
or less made a joint enterprise and a shared responsibility in the classroom 
(Figure 20). 

 
 

  
Figure 20. Teacher and student sharing the responsibility for evaluation. 
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Figure 20. Teacher and student sharing the responsibility for evaluation. 
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3.2.2 Self-regulated learning 
Self-regulated learning can be described as a constructive process whereby 
learners (individuals) set goals for their learning and then attempt to monitor, 
control, and regulate their cognition, motivation, and behaviour, guided and 
constrained by their goals and the contextual features in the environment 
(Pintrich, 2000, p. 452). In order to regulate, learners need to gather 
information about internal and external processes (to monitor), but they also 
need the means to make necessary adjustments to these processes (to control). 
In this sense, regulation requires both monitoring and control (ibid.).  
 
Pintrich (2000) proposes that cognition, motivation, behaviour and context are 
areas for regulation in four phases:  

 
• Forethought, planning and activation 
• Monitoring 
• Control 
• Reaction and reflection 

 
The main areas for regulation during forethought, planning and activation are 
cognitive and motivational processes. Cognitions that can be self-regulated are 
target goal-setting and the activation of both relevant prior content knowledge 
and metacognitive knowledge. Although setting goals (task-specific) is often 
done before efforts to solve a task, it is possible that goal-setting and 
adjustments may occur at any point depending on monitoring, control and 
reflection processes. This shows that self-regulatory processes are dynamic 
and may overlap and interact (Pintrich, 2000). 
 
Activation of prior knowledge can happen automatically without conscious 
control but is often activated by students by, for example, prompting and 
posing self-questions such as ‘What do I know about this?’ (ibid.). The 
activation of metacognitive knowledge also includes the activation of 
knowledge relating to procedures and strategies that are useful for learning, 
for example, knowledge about a specific feature in a task that makes it easier 
or more difficult to solve, strategies for memorising, planning, note-taking, 
problem solving, et cetera. In the case of mathematics problem-solving, 
selecting appropriate representation and strategies is necessary not only for 
solving a problem but also can be useful for enhancing performance by aiding 
cognition and other motivational processes. For example, students who 
actively chose to use a specific strategy are more likely to attribute failure to a 
bad strategy choice rather than low ability (Zimmerman, 2000). 
 
Motivational processes during forethought, planning and activation include, 
for example, goal orientation (reasons for engaging with a task) and self-
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In the IRE sequence, the teacher initiates a dialogue by posing a question, then 
the students respond and the teacher evaluates. Depending on how this 
evaluation act is orchestrated, the students may be engaged in different 
activities that could be characterised by the nature of the students’ responses 
and whether the outputs are produced individually or jointly.  
 
Students being passive or active correspond to what Nystrand and Gamoran 
(1991) refer to as procedural engagement and the use of low-level evaluation. 
Students being constructive or interactive correspond to substantial 
engagement and high-level evaluation. Furthermore, Nystrand and Gamorand 
(1991) as well as Chi (2009) and Menekse, Stump, Krause and Chi, (2013) 
provide evidence that being interactive/constructive is better than being 
passive/active in terms of students’ learning outcomes. These two frameworks 
can therefore be related to each other (Figure 21). The ICAP framework 
provides a more elaborated categorisation of students’ overt behaviour when 
learning compared to Nystrand and Gamoran (1991). 
 

 

 
Figure 21. The proposed correspondence between the notion of low-level and 
high-level evaluation and the ICAP framework.  

 
Praxis and logos 
The final theoretical tool used explicitly with the teachers in the second and 
third cycle is the notion of praxis and logos. To recap, these are two 
inseparable aspects of a praxeology. In short, praxis represents the ‘know-
how’ while logos provides a discourse with the purpose of describing and 
justifying the praxis. The IRE sequence has two parts, initiation and 
evaluation, that are mainly controlled by the teacher and may be attributed to a 
didactical technique that teachers use to support a teaching–learning exchange. 
As we will see in chapter three, low-level evaluations, especially those that 
only focus on right and wrong, tend to be unsupportive of the creation of a 
comprehensive mathematical praxeology with a well-developed logos 
discourse. In contrast, high-level evaluations stimulate mathematically 
valuable activities that more likely to support discussions about how and why 
‘things’ work as they do and the connection between them. 

Students: Inteteractive/Constructive Passive/Active
Stimulates

Teacher: High-level	evaluation Low-level	evaluation
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that could be a threat to the self and one’s wellbeing or self-esteem. Rather 
than putting effort into cognitive control to overcome a difficulty, students 
might engage in activities with the goal of protecting their ego (Boekaerts & 
Niemivirta, 2000). Thus, the failure to accomplish a task could be a matter of 
imbalance between conflicting goals rather than the result of poor self-
regulatory skills.  
 
Reaction and reflection involve judgements and the self-evaluation of one’s 
performance of the task when compared with a standard, a goal, or some other 
criteria and accompanying attributions to the outcomes (Pintrich, 2000). 
Adaptive attributions concern whether a failure is considered to be due to 
one’s limited ability or to poor strategy use or low effort. These attributions 
are important because people avoid courses of action that result in negative 
affect. Attributing failure to a lack of ability may lead to dissatisfaction and 
withdrawal from further efforts (Zimmerman & Campillo, 2003). The 
potential changes in, for example, motivational beliefs followed by the 
reaction and reflection phase fall back into phase one and become the new 
entry level that students bring with them to the next task (Pintrich, 2000).  
 
To summarise, self-regulated learning emphasises the relationship between the 
self and the environment and suggests that self-regulation may be developed 
through social interaction with teachers and peers (Meyer & Turner, 2002; 
Pintrich, 2000; Zimmerman, 2000). Teachers and students may initially co-
regulate, but the strive for student autonomy is an explicit goal of most 
definitions of self-regulated learning (Butler, 2002). However, activities such 
as planning, regulation and evaluation are not always considered mathematical 
tasks by teachers but rather what has to be done in order to organise the 
process of study (Rodríguez et al., 2008). Thus, a gradual shift of 
responsibility of regulatory processes from teacher to students is a key aspect 
in mathematics, as many regulatory processes may be considered part of a 
mathematics activity (Rodríguez et al., 2008; Schoenfeld, 1992). Furthermore, 
the use of specific strategies instead of unstructured discovery to solve 
problems is a capability that students can learn effectively in order to enhance 
their problem-solving skills (Zimmerman & Campillo, 2003). 
 
Teachers may provide students with opportunities to participate in regulatory 
processes by modelling or by providing scaffolds that could be characterised 
by teachers’ use of instructional, communicative exchange routines and the 
use of high- and low-level evaluation to purposefully support different aspects 
of self-regulation. For example, low-level evaluation could support monitoring 
processes by allowing teachers and students to focus on whether a specific 
part of a solution is right or wrong. However, in contrast, a discourse that is 
characterised by teachers asking already-known questions, evaluating 
students’ replies as right or wrong (and other low-level evaluation) is, in 
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efficacy beliefs, such as remaining positive about one’s abilities when faced 
with setbacks. Students who have, for example, a process goal orientation (or 
mastery goal, i.e. focusing on increasing competence) instead of outcome goal 
orientation (or performance goal, i.e. focusing on demonstrating competence) 
are more likely to sustain motivation and higher achievement when faced with 
a challenge (Grant & Dweck, 2003; Pintrich, 2000). These motivational 
processes reflect beliefs about personal competence and value and are 
therefore predictors of persistence and effort during problem-solving. 
Furthermore, as students aim to increase their ability (mastery goal) rather 
than validate their ability compared to others (performance goal), they (may) 
develop greater self-efficacy and intrinsic interest in the topic (Zimmerman, 
2000).  
 
During the monitoring phase, students become aware of various aspects of 
their own performance and the outcomes. Students may also become aware of 
how their motivation, affect and contextual conditions (task, classroom) have 
changed during performance and how much effort one spends on the task. A 
form of cognitive monitoring is judgements of learning (JLO), which involves 
beliefs about what one knows and what one does not understand and how well 
different things are learned for future performance (Pintrich, 2000). 
Monitoring cognition can be done actively by students by asking self-
questions but may also happen more unconciously, for example, when 
students suddenly become aware that they do not understand or that they are 
reading too quickly given the text and their goals. In this sense, judgements of 
learning are more dynamic and process-oriented than metacognitive 
knowledge (Pintrich, 2000).  
 
During the control phase, students try to adapt and change cognition, 
motivation, behaviour and context based on the information about the current 
progress towards a goal. One central aspect of cognitive control is the 
selection of various strategies related to cognitions such as memorising, 
learning, perception, reasoning, and problem-solving. As Pintrich (2000) 
points out, it is the decision of whether to use a specific strategy or not or 
when to stop and use another strategy that is metacognitive in nature even if 
the different strategies themselves can be considered more cognitive than 
metacognitive. 
 
Motivational control includes different stategies for changing or controlling 
motivation and affect to complete a task that might be considered boring or 
difficult; for example, students may promise themselves extrinsic rewards or 
increase self-efficacy through positive self-talk (Pintrich, 2000). The need for 
control is often prompted by, for example, a failure in strategy use, but the 
control of motivation and affect and other areas of regulation is not always 
directed towards learning goals but rather can be to prevent negative outcomes 
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Figure 22. Snapshot of the application implemented in GeoGebra. 

 
The researcher’s design of the application in GeoGebra 
Based on the interpretation of multiplication as a calculation of the area of 
rectangular shapes (rows times columns), the application affords the 
transformation between geometric and numeric representation. The first part 
of the application displays three numeric expressions in total and a set of three 
rectangular shaped figures formed by small unit squares (see Table 4).  
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3·(2+2+2) 
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general, less conducive to self-regulation (Meyer & Turner, 2002). In other 
words, the use of high-level evaluation stimulates students to be constructive 
and interactive, which coincides with self-regulation, but this does not exclude 
the use of low-level evaluation to support specific self-regulatory processes. 
 
In this section, the theoretical concepts used with the teachers have been 
presented. In the next section, we continue with the design proposals used in 
the first and second cycles.   

3.3 Artefacts of the design praxeology 
The main artefacts included in the design praxeology are the following: 

 
• An application in GeoGebra for geometric algebra. 
• A problem-solving activity supported by GeoGebra. 

 
The application in GeoGebra for geometric algebra was used in the first cycle. 
The problem-solving activity supported by GeoGebra was used in the second 
design cycle and also in the third cycle but for a different purpose in the third 
cycle.  
 
Each of these artefacts, including their theoretical underpinnings, will be 
presented in the following sections. However, the circumstances and 
motivation for why these artefacts were developed will be presented later 
along with the presentation of the empirical data from the three cycles. 

3.3.1 An application for geometric algebra with GeoGebra 
This application was used in the first cycle. The researcher developed the 
application based on the assumption that working with different mathematical 
representations can develop students’ understanding of the distributive law. 
With this application, the researcher wanted to encourage students and 
teachers to engage in discussing the geometric interpretation of multiplication 
and different representation of the distributive law, by re-arranging predefined 
rectangles in GeoGebra.  
 
The application was intended to inspire the teachers to develop a teaching 
activity related to the distributive law and according to their own preferences 
and needs. However, as we will se in chapter 3, the teachers decided to use the 
application with the same kind of orchestration used by the researcher when 
presenting the application to the teachers.  
 
A snapshot of the application is provided in Figure 22.  



 

101 

 
Figure 22. Snapshot of the application implemented in GeoGebra. 

 
The researcher’s design of the application in GeoGebra 
Based on the interpretation of multiplication as a calculation of the area of 
rectangular shapes (rows times columns), the application affords the 
transformation between geometric and numeric representation. The first part 
of the application displays three numeric expressions in total and a set of three 
rectangular shaped figures formed by small unit squares (see Table 4).  
 

 
Geometric representation Conversion  Numeric representation 

 

 

3·2 + 3·2 + 3·2 

 

 

3·(2+2+2) 

 

100 

general, less conducive to self-regulation (Meyer & Turner, 2002). In other 
words, the use of high-level evaluation stimulates students to be constructive 
and interactive, which coincides with self-regulation, but this does not exclude 
the use of low-level evaluation to support specific self-regulatory processes. 
 
In this section, the theoretical concepts used with the teachers have been 
presented. In the next section, we continue with the design proposals used in 
the first and second cycles.   

3.3 Artefacts of the design praxeology 
The main artefacts included in the design praxeology are the following: 

 
• An application in GeoGebra for geometric algebra. 
• A problem-solving activity supported by GeoGebra. 

 
The application in GeoGebra for geometric algebra was used in the first cycle. 
The problem-solving activity supported by GeoGebra was used in the second 
design cycle and also in the third cycle but for a different purpose in the third 
cycle.  
 
Each of these artefacts, including their theoretical underpinnings, will be 
presented in the following sections. However, the circumstances and 
motivation for why these artefacts were developed will be presented later 
along with the presentation of the empirical data from the three cycles. 

3.3.1 An application for geometric algebra with GeoGebra 
This application was used in the first cycle. The researcher developed the 
application based on the assumption that working with different mathematical 
representations can develop students’ understanding of the distributive law. 
With this application, the researcher wanted to encourage students and 
teachers to engage in discussing the geometric interpretation of multiplication 
and different representation of the distributive law, by re-arranging predefined 
rectangles in GeoGebra.  
 
The application was intended to inspire the teachers to develop a teaching 
activity related to the distributive law and according to their own preferences 
and needs. However, as we will se in chapter 3, the teachers decided to use the 
application with the same kind of orchestration used by the researcher when 
presenting the application to the teachers.  
 
A snapshot of the application is provided in Figure 22.  



 

103 

use the geometric representation to visually justify that each numeric 
expression presented in the application is equal. Thus, the application affords 
the teacher to make use of the geometric representation to justify treatments 
made in the numeric representation. 

 
The application in GeoGebra provides affordances for treatments and 
conversions focusing on the geometric representation. These are the two forms 
of transformation of representation that characterise a mathematics activity 
(Duval, 2006). Treatments are manipulations within the same register, such as 
numeric or algebraic operations. Conversions are transformations from one 
register to another without changing the objects being denoted, for example, 
when using coordinates (numeric representation) associated with a function to 
represent the function graphically. Working with two or more representations 
may provide opportunities for students to develop a more developed 
mathematical praxeology, as different representations may carry 
complementary information on the same mathematical concept. Thus, the 
teacher may use one representation to support the interpretation of the second. 
This kind of elaboration may also support students to distinguish between the 
concept and the representation of the concept (Duval, 2006). 

3.3.2 A problem-solving activity supported by GeoGebra  
This activity had a central role in the second cycle and was also used in the 
third cycle but for a different purpose. It is implemented in GeoGebra and 
includes consideration on how to orchestrate the activity. The focus of the 
activity is not necessarily on introducing new mathematical concepts but 
rather on allowing students to participate in a structured problem-solving 
process and engaging them in mathematical activities such as posing 
questions, making guesses, hypothesising, reasoning and proving. The activity 
is based on the ICAP framework (Chi, 2009) and on the theory of self-
regulated learning. This problem-solving activity allows the teacher and 
students to co-regulate during a problem-solving process related to a specific 
geometric problem. The researcher selected the problem that he believed had 
the potential to be developed into a teaching activity supported by GeoGebra 
and that could conform to the constraints and purpose of the ongoing project at 
the current school. 
 
The researcher’s design of the problem-solving activity in GeoGebra 
The activity is organised in two sections: an introduction and a geometric 
problem. The purpose of the introduction is to scaffold for the geometric 
problem by introducing some ideas (heuristics), concepts, and the mathematics 
content that may be used to solve the geometric problem. In the introduction, 
it is the mainly the teacher who models how to propose, evaluate and improve 
ideas or hypotheses. In the second part, the geometric problem, the students 
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2·6 + 2·3 

Table 4. The first part of the application implemented in GeoGebra. 

 
In GeoGebra it is possible to hide figures and expressions by using 
checkboxes. This feature may be used in order to limit the amount of visual 
information displayed to the students. 
 
In the second part of the application (Table 5) the numeric expressions 
connects directly to the distributive law as it usually is presented: 𝑎𝑎 𝑏𝑏 + 𝑐𝑐 =
𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎. 
 

Geometric representation Conversion  Numeric representation 

 

 

3·4 + 3·2 

 

 

3·(4+2) 

Table 5. The second part of the application implemented in GeoGebra. 

 
The application allows the justification of the treatment of numeric expression 
(right column) to be based on the geometric representation (left column) as 
different forms of grouping. The arrows indicate a possible workflow as 
imagined by the researcher, but there are numerous alternatives of how to 
orchestrate the interplay between representations. Other preferences are easily 
implemented due to the dynamics of the software. 
 
Furthermore, the application supports the evaluation and comparison of all the 
numeric expressions in the application, as every set of figures has the same 
number of small unit squares (18 in total). Once the teacher has decided how 
to establish the connection between the two representations, the teacher may 
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To this activity the researcher constructed a manuscript for the teachers (see 
Appendix I). In the manuscript, the activity is divided into 19 segments that 
describe the workflow in the problem-solving process as understood by the 
researcher. The introduction includes 7 segments and the geometric problem 
includes 12 segments. The segmentation of the lesson in Table 6 follows the 
same segmentation as in the manuscript. 
 
In Table 6, the different segments are presented along with the theoretical 
elements used for the design (i.e. the ICAP framework and the theory of self-
regulated learning). The table gives an overview of how the ICAP framework 
and the theory of self-regulation was intended to come into play when students 
engage in the problem-solving activity. The shadings indicate parts of the 
lesson where students are mainly expected to be passive/active. Otherwise, 
students are expected to be constructive/interactive. 

 
Section 1: Introduction 
In the first segment the students are presented with the following construct in 
GeoGebra (Figure 23): 
 

 
Figure 23. The geometric construct used in the introduction. 

 
The dynamics of the software allows the connecting of the two triangles (blue 
and red) by the two vertexes on the upper horizontal line. By moving any of 
the vertexes along the line, both triangles change their shapes accordingly. 
This dynamic property is explained and demonstrated by the teacher to the 
students. In relation to this figure, the following topics are discussed briefly: 

 
• What can you measure on the triangles? 
• How does one think like a problem solver?  

 
In segment 2 students are shown triangles starting with a red triangle (only), 
then a blue triangle (only) and finally both triangles simultaneously (Figure 
24):  
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and the teacher engage in a similar but more comprehensive process compared 
to the introduction.  
 

  Description Aspects of self-regulation 

In
tr

od
uc

tio
n 

1 Introduce heuristics. Scan for 
prior knowledge (Figure 23) 

Activation of content 
knowledge 

2 Posing hypothesis: the teacher 
makes a statement about the area 
of two triangles (Figure 24) 

Activation of general 
problem solving strategies 
(heuristics) 

3 Students propose techniques for 
evaluating the statement 

Planning, activation of 
content knowledge 

4 Use the techniques to evaluate 
(the statement) 

Monitor (students and 
teacher) 

5 Generalising: Students develop a 
more general hypothesis 

Control 

6 Empirical evaluation supported 
by GeoGebra 

Monitor 

7 Conclusion    

G
eo

m
et

ri
c 

pr
ob

le
m

 

8 Introduction of the construct in 
GeoGebra 

Activation of general 
problem solving strategies 

9 Student formulate potential 
problems to solve (Figure 25) 

Goal setting (students) 

10 Teacher makes a first ‘bad’ guess, 
students evaluate and make their 
own guesses (Figure 26) 

Activation (teacher), 
monitor and control 
(students) 

11 Discussion about the strategies 
students may have used to guess 

Reflection 

12 Develop and discuss different 
techniques for controlling the 
guesses 

Monitor, control and 
reflection 

13 Use the techniques to evaluate the 
guesses (Figure 27) 

Monitor 

14 Modify the initial guesses Control 
15 Discussion about generalising  Reflection 
16 Formulate a general hypothesis  Control 
17 Use GeoGebra to evaluate 

(Figure 28) 
Monitor, reflection 

18 ‘Prove’ by geometric or algebraic 
reasoning 

  

19 Review of the process, 
institutionalisation 

Reflection 

Table 6. The different segments of the problem-solving activity. 
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mathematical questions related to the rectangle (segment 9). There are, of 
course, several questions of varying degrees of difficulty that can be posed. 
One possible question is where to position the point so that the size of the two 
areas coincide. It is this question that the teacher and the students are 
suggested to explore. 
 
To initiate the heuristic process, the teacher makes a ‘bad’ guess based on 
visual perception that the students are invited to evaluate (segment 10). 
Moving the point M to a preferred spot makes the guess. By making a bad 
guess and motivate by saying that ‘they look as if they are the same’, the need 
for additional strategies other than visual perception is highlighted. This may 
also signal that there might be several solutions. In the next step, students are 
encouraged to make better guesses than the teacher. The students’ guesses are 
documented by using GeoGebra to place a point within the rectangle that is 
labelled with their names (Figure 26). 
 
 

 
Figure 26. Using labels to document students’ initial guesses. 

 
In segments 11 and 12, the focus is on discussing the possible strategies used 
by peers and on developing their own strategies for finding solutions. Students 
draw their own rectangular figures on graph paper and discuss strategies with 
each other. The purpose of using graph paper is to support students to discover 
and use the strategy of counting and comparing the number of unit squares in 
each rectangle in order to find additional solutions.  
 
Continuing to segments 13–15, once the strategy of comparing areas by 
counting squares is proposed, a built-in grid in GeoGebra is used to apply the 
strategy and evaluate/improve the guesses made by the student in the previous 
step (Figure 27). 
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Figure 24. The sequence of triangles used to compare areas. 

 
Based on the discussion in segment 1, the teacher suggests that the sizes of the 
areas of the red and blue triangles are the same. The remaining segments in the 
introduction are devoted to exploring this statement. In segment 3, the strategy 
of counting squares in order to compare areas is highlighted. Segment 4 
includes work with paper and pencil and the comparison of the techniques. The 
students are given a paper with a copy of the blue triangle that they use to 
calculate the area of the blue triangle while the teacher calculates the area of 
the red triangle. In segment 5, a hypothesis about the area of the triangles is 
developed and then empirically validated by using GeoGebra to calculate the 
area (segment 5). This introduction serves as a scaffold for the students to 
formulate and explore a geometric problem in the next section. 

 
Section 2: The geometric problem 
The implementation of geometric problem in GeoGebra is illustrated below 
(Figure 25). Inside the larger rectangle, a point (denoted M) connects two 
smaller rectangles (blue and red) and by moving the point inside the larger 
rectangle, the area of the two smaller rectangles changes dynamically.  
 
 

 
Figure 25. The geometric problem. 

 
The teacher introduces the students to the context of the geometric problem by 
using the dynamic affordances of GeoGebra (segment 8). Moving on to the 
next segment, the purpose is to give the student an opportunity to formulate 
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mathematical questions related to the rectangle (segment 9). There are, of 
course, several questions of varying degrees of difficulty that can be posed. 
One possible question is where to position the point so that the size of the two 
areas coincide. It is this question that the teacher and the students are 
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Moving the point M to a preferred spot makes the guess. By making a bad 
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labelled with their names (Figure 26). 
 
 

 
Figure 26. Using labels to document students’ initial guesses. 
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rectangle. The reason is because one of the sides in each rectangle changes 
and the others remain the same. The point M' can therefore not be a solution. 
As any point outside the diagonal can be reached in this way, there cannot be 
any solutions outside the diagonal.  
 
In an algebraic solution, we can first assume that the height of the large 
rectangle is 𝑎𝑎 and the width is 𝑏𝑏 and the point M has the coordinates (𝑥𝑥, 𝑦𝑦). 
The area of the blue rectangle can be expressed as 𝑥𝑥(𝑎𝑎 − 𝑦𝑦) and the red 
rectangle as 𝑦𝑦(𝑏𝑏 − 𝑥𝑥). As the two coloured areas should be the same, we need 
to solve the equality 𝑥𝑥(𝑎𝑎 − 𝑦𝑦) = 𝑦𝑦(𝑏𝑏 − 𝑥𝑥). The solution to the problem is the 
straight line 𝑦𝑦 = 𝑎𝑎𝑎𝑎/𝑏𝑏, which is also the diagonal of the rectangle. 

 
The role of GeoGebra 
To summarize, once the question is posed, the teacher guides the students 
through the remaining part that basically consists of the following five steps:  

• Making initial ‘guesses’ (random or based on symmetrical properties) 
• Refining the initial guesses and making new ones (‘guessing’ 

systematically in order to find a pattern) 
• Finding a pattern and hypothesising that there are an infinite number 

of solutions that could be represented by a straight line (diagonal) 
• Evaluating the hypothesis 
• Proving the hypothesis  

 
The dynamic affordances are used to support students’ initial guesses (Figure 
26). A built-in grid in GeoGebra provides affordances for comparing areas by 
counting the number of unit squares within each rectangle. Thereby, additional 
solutions may be found (Figure 27). Once a pattern is discovered and a 
hypothesis formulated, the computational affordances are used to evaluate the 
hypothesis. In GeoGebra, areas can easily be calculated and dynamically 
updated as the rectangles are manipulated (Figure 28). To complete the 
evaluation process, the hypothesis can be proven by deductive reasoning 
(geometrically or/and algebraically). 
 
In this activity, the students are not required to use GeoGebra by themselves 
because the focus is not on the students learning how to use GeoGebra as a 
tool for solving problems but rather on involving students in a problem-
solving process supported by GeoGebra. For this reason, the computational 
affordances (i.e. the dynamic calculation of the areas) are used as ‘empirical 
validation’ once the students have proposed the solution. Thus, the 
computational affordances are not proposed to be used for searching for 
solutions to the geometric problem, but rather to simply check them. However, 
these affordances in GeoGebra have created some difficulties for the teachers, 
as we will see in the experimentations of cycle 2. 
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Figure 27. Using a built-in grid to evaluate students’ guesses.  

 
In segment 16–17, students hypothesise that the solutions form a straight line, 
and GeoGebra is used to dynamically evaluate the proposed solutions. 
GeoGebra supports drawing a diagonal line and connecting the point M to the 
line so it can ‘travel’ along the diagonal. In addition, areas can easily be 
calculated and dynamically updated as the rectangles are manipulated (Figure 
28). 
 

 
Figure 28. Using the computational affordances to evaluate students’ guesses. 

 
To complete the evaluation process (segment 18) the hypothesis is proven by 
deductive reasoning (geometrically or/and algebraically). 
 
A possible way to reason geometrically is the following: The diagonal divides 
the large rectangle into several triangles and by comparing the areas of these 
triangles it becomes clear that points on the diagonal are solutions. It is also 
clear that moving the point M horizontally or vertically away from the 
diagonal to a new point M' will increase the area of one of the coloured 
rectangles and at the same time decrease the area of the other coloured 
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estimating the height of the building. Towards the end of the follow-up, the 
teachers seemed to be more concerned about the practical issues relating to the 
management of the smartphones than the actual didactical issues of the 
activity. When asked during the follow-up, the teachers confirmed that their 
main concern was with practical issues and that they felt confident on their 
ability to orchestrate the indoor discussion with the students. 
 
Later, a meeting was held with three of the mathematics teachers from the 
school (and a researcher) where the prospects of developing new activities 
supported by technologies was discussed. The teachers expressed their 
concerns about their students’ inability to make sense of the distributive law, 
and the group agreed that it would be interesting to participate in the design of 
an activity supported by digital technologies focusing on algebra and the 
distributive law. Thus, a design team was formed consisting of the three 
teachers and the researcher. 
 
In this particular situation, the choice of learning objectives that the teachers 
expressed was surprising to the researcher because the teachers had also 
completed the ‘height-estimating’ activity and participated in the follow-up 
where the possibility to highlight the distributive law had been discussed. 
Using the activity with that particular focus would therefore not require any 
modifications of the activity itself but may require the teacher to orchestrate 
the activity so that the distributive law would be visible from the students self-
generated strategies.  
 
Although all three teachers had participated in the activity supported by 
smartphones, none of the teachers seemed to perceive this affordance. The 
continued discussions with the teachers revealed that the teachers’ 
explanations of the distributive law relied on a procedure, illustrated by 
arrows, of how to manipulate different variables. The teacher expressed that, 
for them, the didactical problem was how to get students to accept and 
remember the procedure. None of the teachers seemed to have considered the 
possibility of using geometry to model the distributive law. This could 
explain, at least partially, why the teachers did not make the connection 
between the learning activity that they had competed on a previous occasion 
and the self-expressed desire to develop innovative learning activities with the 
goal of enhancing students’ understanding of the distributive law. 
 
The integration of digital technologies in mathematics teaching relies on the 
teachers’ ability to adapt technologies to different situations and towards 
different didactical goals. However, in this case, due to the technological 
complexity of the task, the affordances related to the distributive law provided 
by the height-estimating activity were not easy to perceive by the teachers. 
The way that the activity was introduced to the teacher did not sufficiently 
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3.4 Cycle 1: First encounter 
In the following sections, the two teachers who participated throughout the 
entire cycle will be referred to as ‘Teacher A’ and ‘Teacher B’. 

3.4.1 A priori event: The rise of a teaching need  
The teachers who participated in this first cycle worked in a lower-secondary 
school that had received funding from the National Agency of Education in 
Sweden to explore how digital technology tools could enhance the learning of 
mathematics in their school. Initially, a research group consisting of 
researchers from different areas, such as media technology and mathematics 
education, was invited to the school to demonstrate and inspire the 
mathematics teachers on how to use digital technologies to enhance the 
students’ learning of mathematics. 
 
During one of these events, the teachers were shown, and also participated in, 
several learning activities for mathematics instruction in lower-secondary 
school. At this event, one specific learning activity, which the teachers 
completed by themselves, was designed to enhance the students’ 
communication and collaboration skills and to generate general problem-
solving strategies when estimating the height of different buildings located 
near the school (Sollervall, Otero, Milrad, Johansson & Vogel, 2012). 
Furthermore, in this activity, smartphones with specific software installed, 
were used as a bridge between formal (classrooms) and informal (outdoor) 
learning spaces. After completing the activity, the teacher participated in a 
follow-up session led by one of the researchers responsible for the event. 
During this follow-up, a discussion arose concerning both practical and 
didactical issues related to the specific height-estimation activity. The 
practical issues included the management of the smartphones and the 
transition between different physical places (i.e. going from indoor to outdoor 
settings). The didactical issues included discussions on how to use the 
students’ outdoor experiences and self-generated artefacts (e.g. photos, audio 
recordings of discussions between students and other data supported by the 
smartphones) to orchestrate a subsequent meaningful mathematical discussion 
inside the regular classroom. Connecting between the students’ actions 
outdoors and the intended mathematical content is not necessarily a 
straightforward task. It depends on the quality of the students’ artefacts as well 
as on the teachers’ ability to orchestrate this remaining part of the activity 
performed indoors. 
The teachers used different strategies to estimate the height of the buildings, 
and in the follow-up, the researcher used these different strategies to reason 
about possible ways of sectioning the façade of the building in order to 
estimate the total height of each building. In this discussion, the distributive 
law was highlighted as representing two different ways of thinking when 
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Figure 29. The structure of the teachers’ professional development in the first 
cycle. 

 
The application was developed for two purposes, one with respect to the 
teachers and the other with respect to the students. With respect to the 
teachers, the researcher wanted to use the application to see how they 
perceived and made use of the affordances for representation and 
communication provided by the application in ‘live’ settings. Here, the 
researcher primarily wanted to evaluate the efforts of providing competence 
development in terms of mathematical representation.  
 
The researcher provided the application, but considerations on how to use the 
application with students was intended to be made with the teachers in the 
following implementation phase. The teachers were responsible for the final 
decision on how to implement it with the students. The reason for using 
GeoGebra was to comply with the requirements of the ongoing project to 
explore new digital technologies for teaching and learning mathematics, and 
the researcher believed that this software could be useful for teachers and 
students at the current level.   

3.4.3 Implementation phase  
The proposal of the application in GeoGebra to the teachers 
The researcher presented the application to the teachers in a second meeting. 
The teachers had never used GeoGebra before and they became interested in 
both the software in general and in the specific application designed by the 
researcher. In fact, they wanted immediate access to the application in order to 
use it as soon as possible with their students. The researcher demonstrated the 
application by giving an example of how to orchestrate the interplay between 
representations. However, the researcher was careful to point out that the 
demonstration was just one example of how to use the application, and the 
teachers were invited to modify the application in any way they preferred. In 
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support the teachers’ understanding of the activity in this respect. This 
suggested that the configuration used for introducing the height-estimating 
activity to the teachers was ineffective. Therefore, the question is – what could 
have been done differently? In this sense, the larger problem was not only the 
design of a new learning activity per se but also how to support the teachers’ 
general understanding of the designed activities. The researcher decided to 
extend the configuration by more clearly supporting the teachers’ professional 
development. With this initial understanding, the researcher initiated the first 
of three design cycles.  

3.4.2 Planning phase 
To recap, the common goal of the design team was to design a teaching 
activity supported by digital technologies and to address the difficulties 
mentioned by the teachers about ‘the students’ understanding of the 
distributive law’. However, regarding content knowledge, the teachers did not 
recognise geometric representations of the distributive law. In other words, 
learning about how geometric representations can support algebraic thinking 
was a potential design problem targeting both the teachers and their students. 
 
The structure of the teachers’ professional development 
The structure of the teachers’ professional development was developed by 
comparing two frameworks based on the notion of pedagogical content 
knowledge (Shulman, 1986) and by focusing on common principles related to 
the use of digital technologies to support students in the process of learning 
mathematics: TPCK (Koehler & Mischra, 2008) and MKT (Ball, Thames & 
Phelps, 2008). In this literature on teacher knowledge, what appeared as a 
minimal knowledge requirement when speaking of the integration of digital 
technologies, was the ability to consider the didactical value of different 
representations provided by digital technologies. Based on these 
complementary frameworks, the researcher decided to address the teachers’ 
understanding of the affordances for representation and communication before 
continuing with the main task – the design of learning activities supported by 
digital technologies.  
 
An illustration of the teachers’ professional development is provided in Figure 
29. The researcher decided to develop an application implemented in 
GeoGebra (see section 3.3.1) that was used by the researcher to introduce the 
geometric representation as a didactic resource to the teachers. The application 
focuses on the transformation of representations (Duval, 2006) but only 
implicitly on the distributive law. A more elaborated description of the 
theoretical underpinnings of the application is given in section 3.3.1. 
 
 



 

113 

 
Figure 29. The structure of the teachers’ professional development in the first 
cycle. 

 
The application was developed for two purposes, one with respect to the 
teachers and the other with respect to the students. With respect to the 
teachers, the researcher wanted to use the application to see how they 
perceived and made use of the affordances for representation and 
communication provided by the application in ‘live’ settings. Here, the 
researcher primarily wanted to evaluate the efforts of providing competence 
development in terms of mathematical representation.  
 
The researcher provided the application, but considerations on how to use the 
application with students was intended to be made with the teachers in the 
following implementation phase. The teachers were responsible for the final 
decision on how to implement it with the students. The reason for using 
GeoGebra was to comply with the requirements of the ongoing project to 
explore new digital technologies for teaching and learning mathematics, and 
the researcher believed that this software could be useful for teachers and 
students at the current level.   

3.4.3 Implementation phase  
The proposal of the application in GeoGebra to the teachers 
The researcher presented the application to the teachers in a second meeting. 
The teachers had never used GeoGebra before and they became interested in 
both the software in general and in the specific application designed by the 
researcher. In fact, they wanted immediate access to the application in order to 
use it as soon as possible with their students. The researcher demonstrated the 
application by giving an example of how to orchestrate the interplay between 
representations. However, the researcher was careful to point out that the 
demonstration was just one example of how to use the application, and the 
teachers were invited to modify the application in any way they preferred. In 

 

112 

support the teachers’ understanding of the activity in this respect. This 
suggested that the configuration used for introducing the height-estimating 
activity to the teachers was ineffective. Therefore, the question is – what could 
have been done differently? In this sense, the larger problem was not only the 
design of a new learning activity per se but also how to support the teachers’ 
general understanding of the designed activities. The researcher decided to 
extend the configuration by more clearly supporting the teachers’ professional 
development. With this initial understanding, the researcher initiated the first 
of three design cycles.  

3.4.2 Planning phase 
To recap, the common goal of the design team was to design a teaching 
activity supported by digital technologies and to address the difficulties 
mentioned by the teachers about ‘the students’ understanding of the 
distributive law’. However, regarding content knowledge, the teachers did not 
recognise geometric representations of the distributive law. In other words, 
learning about how geometric representations can support algebraic thinking 
was a potential design problem targeting both the teachers and their students. 
 
The structure of the teachers’ professional development 
The structure of the teachers’ professional development was developed by 
comparing two frameworks based on the notion of pedagogical content 
knowledge (Shulman, 1986) and by focusing on common principles related to 
the use of digital technologies to support students in the process of learning 
mathematics: TPCK (Koehler & Mischra, 2008) and MKT (Ball, Thames & 
Phelps, 2008). In this literature on teacher knowledge, what appeared as a 
minimal knowledge requirement when speaking of the integration of digital 
technologies, was the ability to consider the didactical value of different 
representations provided by digital technologies. Based on these 
complementary frameworks, the researcher decided to address the teachers’ 
understanding of the affordances for representation and communication before 
continuing with the main task – the design of learning activities supported by 
digital technologies.  
 
An illustration of the teachers’ professional development is provided in Figure 
29. The researcher decided to develop an application implemented in 
GeoGebra (see section 3.3.1) that was used by the researcher to introduce the 
geometric representation as a didactic resource to the teachers. The application 
focuses on the transformation of representations (Duval, 2006) but only 
implicitly on the distributive law. A more elaborated description of the 
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some possibilities because they probably will not think of using 
brackets – and then you can give them exercises such as these 
[the application]. 

 
The first set of rectangular shapes in the application is made from 18 small 
unit squares. It is this number that the teacher is referring to. Next, the 
researcher encourages the teachers to think about the role of the application 
within a lesson: 
 
Researcher: What does a lesson look like? What do you do at the 

beginning, in the middle, [and] how do you conclude? What is 
your role [the teacher]? What is the role of students? 

 
In this discussion, the teachers seemed to agree on that the teacher could use 
the application as a demonstration tool and that it was better to wait before 
allowing students to use the software on their own. One of the other teachers 
(referred to only as ‘Teacher’) explains:  
 
Teacher:  Show the application, guide, show examples, and give 

instructions to the students about what to do… then a more 
open task. They need to get clear instructions. 

 
A second issue that was briefly discussed was the interplay between 
representations and which conversions to make, from geometric to numeric or 
vice versa: 

 
Teacher:  Depending on which group you have, the figure is easier. 
Teacher B:  In fact, they need to know how to write an expression from a 

figure, is it not that what we are aiming for? 
Teacher: Both, and… 
Teacher B:  That’s true. It’s quite advanced, [as it is] difficult to draw a 

picture from an expression. 
Teacher:  I would probably have started with the picture, counted the 

squares and see where it landed. 
 

In this discussion, the researcher took the opportunity to emphasise, once 
again, that the application may be used in different ways by students and not 
necessarily in the same way that it was presented to them. The researcher 
offered the teachers the possibility to adapt the application according to their 
needs. After this meeting the teachers that were part of the design team 
proceeded as planned and used the application with their students. 
 
In the following section, the lessons enacted by the two teachers that were part 
of the design team will be presented. The names of the students are fictitious. 
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this meeting, the researcher also offered assistance in making any kind of 
modifications to the application. After the demonstration there was a 
discussion related to pedagogical issues about different ways to use the 
activity. The researcher also showed the teachers some additional application 
of geometric algebra, not explicitly included in the application. For example, 
the researcher showed how to use rectangular shapes to illustrate and support 
multiplication by decomposing the numbers and using the extended 
distributive law. The teachers were also shown how to model the distributive 
law as well as other basic algebraic identities. 
 
During this meeting, the teachers seemed to adopt the mathematical ideas used 
in the application, and they came to realise the didactic potential of 
interpreting and representing algebraic laws geometrically. This was clearly a 
new insight for them, and they soon recognised the limitations of the 
explanations that they normally use which are exclusively based on 
instructions of how to manipulate algebraic expressions. The teachers were not 
given any details of how to create conditions for using the application in a 
teaching activity. Instead, the teachers were encouraged to use the application 
according to their own individual needs.  
 
Although the teachers were enthusiastic about using the application, several 
months passed without the teachers actually using it. This is why a third 
meeting was arranged, upon the request from the teachers. In the meeting, the 
application was demonstrated once again, but this time, other mathematics 
teachers from the school were also invited to participate. After the 
demonstration in the third meeting, some of the other teachers also seemed to 
appreciate the ideas used in the application. One of the teachers said, ‘The idea 
of representing the commutative law graphically, that’s good’. The 
demonstration was followed by a discussion about all the different ways one 
can use the application and the possibilities to orchestrate the interplay 
between the various representations and the dynamic affordances (dragging 
mode, show/hide figures) supported by the application. During the discussion, 
the researcher presented the possibility of only using the ideas contained 
within the application without actually using the GeoGebra application itself, 
but one of the teachers commented that it would be more fun to use the tool 
but then you need to learn how to use it yourself.  
 
Discussions about orchestration 
When discussing how to use the application, one of the teachers, Teacher A, 
suggested the following:  
 
Teacher A:  You could start the lesson by asking, ‘How can you form the 

number 18? In how many different ways?’ First, you can see 
how they [the students] think. The students will certainly miss 
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some possibilities because they probably will not think of using 
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figure?’ To one of the students, she repeats the instruction while ‘drawing’ a 
rectangular shape in the air. The students write their answers on a piece of 
paper and then hold them in the air for the teacher to see. The teacher then 
confirms whether the answers are correct or not. Next, the teacher asks one of 
the students to explain how he solved the task.  
 
Next, the teacher presents the second task. She asks the students to ‘illustrate’ 
the expression 62–32 that she writes on the whiteboard. After approaching 
some students, she repeats the instructions and emphasises that she wants the 
students to draw a figure (the students probably started calculating the numeric 
expression). A moment later, the teacher tries to clarify further:  
 
Teacher A:  You should draw a figure where the answer is, or the area is, as 

much as the answer is here [pointing at the expression 6! − 3! 
on the whiteboard].  

 
The students are given a moment to think, and afterwards, the teacher 
encourages them to think of the expressions as squares: 
 
Teacher A:  If we think in the same way as we did here [pointing at the 

expression 3!], as in, in terms of squares, how big should this 
square be? [pointing at 6!] … Which are the sides?  

Student:  6. 
Teacher A:  Then you could draw it like… now I have 1-2-3-4-5, 6 times 6 

like this. Then we remove a square that has which sides? … 
How big are the sides of this square [pointing at 3!]? 

Student:  3. 
 
In this discussion, the expression was interpreted as one larger square (6!) and 
a second smaller square (3!) that needed to be removed from the first one. The 
teacher used a grid projected on the whiteboard to draw the figures. The 
teacher assumed responsibility for interpreting the expression and for drawing 
a figure associated with the numeric expression (see Figure 31). The students 
were only asked to interpret the size of the sides of the squares. 
 
 

 
 

Figure 31. The second task presented to the students. 
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The lesson by Teacher A was implemented in a group of 16 students in grade 
9, and the lesson by Teacher B was implemented in a group of 22 students in 
grade 7.  

3.4.3.1 Implementation by Teacher A  
After attending to some practical issues, the teacher starts the lesson by 
explaining to the students that she sometimes tries to illustrate how to connect 
algebra with geometry. The teacher initiates a short discussion where she 
wants the students to make suggestions on different things that they associate 
with geometry. The teacher asks, “What is geometry?” 
 
Teacher A:  What is geometry? /…/ 
Student:  Different shapes! 
Teacher A: For example? 
 
The students were able to name some geometric shapes, and the teacher 
continued by discussing how to categorise the different shapes: ‘Those that 
can be drawn on a plane or paper and those that also have height.’  
 
Next, the teacher initiates a discussion about algebra: ‘Algebra is very much 
about using letters’. She reminds the students about a task that they had on a 
recent test. The task was to calculate the length of the side of a square if the 
area is 36 cm2. The teacher continues by drawing a square on the whiteboard 
and making some calculations associated with the square (Figure 30). 
 
 

 
 

Figure 30. The calculations made by the teacher in the introduction. 

 
After this introduction, the teacher continued with following task:  
 
Teacher A:  I want you to draw 3 to the power of 2.  
The students start working, and a moment later, the teacher clarifies the 
instructions by asking, ‘How could you illustrate this number by means of a 
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After this introduction, the teacher continued with following task:  
 
Teacher A:  I want you to draw 3 to the power of 2.  
The students start working, and a moment later, the teacher clarifies the 
instructions by asking, ‘How could you illustrate this number by means of a 
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look like this, one side is two and the other side is… x, right? 
Because, in this case, the area is equal to 2x. Could you now be 
so kind as to write the perimeter … if one side of the rectangle 
is two and the other is x, what would the perimeter look like? 
 

In this sequence, the teacher drew a rectangular shape on the whiteboard. As 
before, the teacher had a grid projected on the whiteboard. With the grid as 
reference, the height of the rectangular shape is approximately two squares 
and the length five squares (see Figure 32). The students were asked to write 
an expression of both area and perimeter. Although the students were 
somewhat hesitant to answer, the teacher’s actions conveyed that she expected 
all her students to know how to do this. 
 
 

 
Figure 32. The illustration of the expression 2x. 

  
When addressing the next task (i.e. 3x) the teacher drew another rectangular 
shape that had practically the same size as the previous rectangular shape. In 
this case, students were only asked to give an expression of the perimeter. 
 
Next, the teacher wanted the students to interpret 2∙3𝑥𝑥 and 4𝑥𝑥! and to find as 
many different solutions as possible. The students continued by working with 
the tasks individually. Afterwards, some of the solutions were presented on the 
whiteboard (Figure 33 and Figure 34). To the first expression, 2∙3𝑥𝑥, one of the 
students proposed the cuboid as a solution. The other solutions were proposed 
and drawn by the teacher. For the second expression, 4𝑥𝑥!, the students 
approached the whiteboard to present their solutions. 
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The teacher continues: 
 
Teacher A:  In which different ways could you write this area? [the shaded 

parts of the larger square] … has anyone any suggestions?  
 (…) 
Student: 3/4, that is what remains. 
Teacher A:  Yes, maybe you can say that… 3/4 out of what? What is the 

whole? 
Student:  4/4. 
Teacher A:  Yes, but I am thinking about the area. What was the size of the 

area from the beginning? ... The big square. What was the 
area? 

Student:  36. 
Teacher A:  Exactly, so you could write it like 3/4 of 36, or maybe you 

know this area – how big is this one [pointing to the smaller 
square]?  

Student: 9. 
Teacher A:  9, or 3 times 3, and how many squares like this one are 

remaining? 
Student:  3.  
Teacher A:  3, then isn’t it possible to write the area as 3 times 3 to the 

power of 2?  
Student:  I wrote 3 times 3 times 3! 
Students:  That is 27. 
Teacher A:  How much is this one [the teacher writes 3 ∙ 3! on the 

whiteboard]? /…/ if we want to write it as a power? There we 
have 3 to the power of 1. If we have multiplication, what do we 
do?  

Student:  Add. 
Teacher A:  Add. That is 3 to the power of 3. How much is 3 to the power 

of 3, Ben? 
Ben:  27. 
Teacher A:  27, exactly.  
After this sequence, the teacher continues by giving the students two new 
tasks. First, the students are asked to interpret 2x, and afterwards, they are 
asked to interpret 3x: 
 
Teacher A:  Now we will do a new exercise /…/ 2x! Can someone draw this 

as a figure of any kind? That is, a figure that has the area 2x. 
What could that look like?  

 (…) 
And we know that the area is the length times the width. So, in 
this case, what is the length and what is the width? /…/ it could 
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look like this, one side is two and the other side is… x, right? 
Because, in this case, the area is equal to 2x. Could you now be 
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The teacher continues: 
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Teacher A:  27, exactly.  
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as a figure of any kind? That is, a figure that has the area 2x. 
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And we know that the area is the length times the width. So, in 
this case, what is the length and what is the width? /…/ it could 
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probably made by the researcher when demonstrating the application to the 
teachers and inadvertently not reset before sending the application to the 
teacher.  
 
 

 
Figure 35. The numeric expressions and rectangular shapes in GeoGebra 
displayed to the students.  

 
The teacher continues the lesson: 
 
Teacher A:  /…/ is there anyone who can explain to me what these numbers 

and these pictures mean? /…/ The first one, 3 times 2 plus 3 
times 2 plus 3 times 2 plus. What is this? Is it associated with 
any figure? 

 (…) 
Student:  They are associated with those up there, because 3 times 2 is 6.  
 
The teacher writes the dimension of the rectangular shapes (Figure 36) and 
continues: 
 
Teacher A:  What would happen to the area if you were to move them 

together to get one whole figure? What would be the length 
and what would be the width of the figure? 

Student: 2 times 9. 
Teacher A:  So, you could also say that it can be 2 times 9, or? /…/  

Can you write it this way? [Pointing to the expression 
3∙(2+2+2)] And why? /…/ 

Student:  2 plus 2 plus 2 will be 6 and then [inaudible]. 
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Figure 33. Solutions related to the expression 2 ∙ 3𝑥𝑥. 

 
 

 
Figure 34. Solutions related to the expression 4𝑥𝑥!. 

 
Introducing the application in GeoGebra 
After these tasks, the teacher introduced GeoGebra to the students. The 
teacher did not use the possibility to hide the rectangular shapes or the 
numeric expressions. This means that everything was displayed at once 
(Figure 35). Also, in the application, the first three figures were rotated 90 
degrees compared to the original orientation (see Figure 22). This was 
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[referring to the researcher] do with these? What was he 
thinking when he wrote this [pointing at the expression]? 

Student:  Still exactly the same. 
Teacher A:  Yes, but he has done something to them, maybe he has moved 

them a little. What does the figure look like [pointing at the 
numeric expression]? … You see that this could be the width 
[points at the 2], this is the length [points at the 6]. The width, 
the length [points at the factors in the second term]. The width 
is 2, the length is 6. What has he done with the figures then? 

Student:  He has put them together and divided it into two figures. 
Teacher A:  Exactly, these two have been moved together so that the length 

becomes 6. Then the first area becomes 2 times 6. Does 
everybody follow? 

Students:  Yes. 
Teacher A:  Then we have one left, which is 2 times 3. If all three figures 

are side by side, what do we have? The area? 
Student:  2 times 9 
Teacher A: Okay, 2 times 9. Okay! Can you look at these two as well? Can 

anyone explain to me this first expression? [The expression 
3∙4+3∙2] 

Student:  It is the two figures together. 
Teacher A:  Hmm /…/ If you move these two together, what will be the 

new expression? /…/ If you move these two figures together 
what will… 

Student:  3 and 6. 
Teacher A:  3 and 6, right. And then you can write it like this [pointing at 3 

(4 + 2)]. How did he think about this then? 
 (…) 
Student:  That 4 plus 2 becomes 6 and… [inaudible] 
Teacher A:  Then you see again… if we look at this one and then on this 

one [pointing to the two expressions], what is it possible to do? 
/…/ You know that these two are the same thing because we 
just said that they have the same area, but… what is it that you 
extract from this [pointing at the expression 3∙4 + 3∙2]? … 
What is present both there and there [pointing to the terms]? 
/…/  

Student: 3.  
Teacher A: So, therefore, you can put the 3 here, and then in the brackets 

you write the 2’s that are left there. I think this will require 
some more exercise. 

 
After this sequence, the students are given some final tasks where they are 
asked to ‘write the area in as many different ways as possible’ and to use 
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Figure 36. The dimensions of the rectangular shapes. 

 
As the orientation of the three rectangles had been altered, aligning the three 
rectangles side by side resulted in a 2-by-9 rectangle instead of a 3-by-6 
rectangle which could be associated with the expression 3∙(2+2+2) in a more 
straightforward way. The problem for the teacher was therefore how to 
connect the 2-by-9 rectangle with the numeric expression 3∙(2+2+2). 
 
The teacher continues: 
 
Teacher A:  Okay, do you notice something there [pointing alternately on 

the first two expressions in the application] if you look at the 
two forms? What has actually been done? 

Student:  You just inserted the twos inside brackets. 
Teacher A:  You can say that you have picked up the threes from here, and 

put them in front of the brackets and then kept what? 
Student:  The twos. 
Teacher A:  Can you write this in any other way? Can you write this 

[pointing at 3∙2 + 3∙2 + 3∙2] like this [pointing at 
3∙(2 + 2 + 2)] but with other numbers? If we were to put the 2 
first, how would it look then? /…/ If you think that here we 
have a 3, here we have a 3, and here we have a 3, then you can 
write it as 3 times, and then 2 plus 2 plus 2. But what if I put 
the 2 in front? 

Student:  3 plus 3 plus 3. 
Teacher A:  Is this correct? [The teacher writes 2∙ 3 + 3 + 3  on the 

whiteboard] 
Student:  Yes! 
 
In this sequence, the teacher motivates that 3∙ 2 + 2 + 2 =2∙ 3 + 3 + 3  by 
explaining how to manipulate the numbers in the expression 3∙2 + 3∙2 + 3∙2.  
 
Teacher A: If you think of this [pointing at 2∙6 + 2∙3] … could anyone 

explain this to me? What does the figure look like? What did M 
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[referring to the researcher] do with these? What was he 
thinking when he wrote this [pointing at the expression]? 

Student:  Still exactly the same. 
Teacher A:  Yes, but he has done something to them, maybe he has moved 

them a little. What does the figure look like [pointing at the 
numeric expression]? … You see that this could be the width 
[points at the 2], this is the length [points at the 6]. The width, 
the length [points at the factors in the second term]. The width 
is 2, the length is 6. What has he done with the figures then? 

Student:  He has put them together and divided it into two figures. 
Teacher A:  Exactly, these two have been moved together so that the length 

becomes 6. Then the first area becomes 2 times 6. Does 
everybody follow? 

Students:  Yes. 
Teacher A:  Then we have one left, which is 2 times 3. If all three figures 

are side by side, what do we have? The area? 
Student:  2 times 9 
Teacher A: Okay, 2 times 9. Okay! Can you look at these two as well? Can 

anyone explain to me this first expression? [The expression 
3∙4+3∙2] 

Student:  It is the two figures together. 
Teacher A:  Hmm /…/ If you move these two together, what will be the 

new expression? /…/ If you move these two figures together 
what will… 

Student:  3 and 6. 
Teacher A:  3 and 6, right. And then you can write it like this [pointing at 3 

(4 + 2)]. How did he think about this then? 
 (…) 
Student:  That 4 plus 2 becomes 6 and… [inaudible] 
Teacher A:  Then you see again… if we look at this one and then on this 

one [pointing to the two expressions], what is it possible to do? 
/…/ You know that these two are the same thing because we 
just said that they have the same area, but… what is it that you 
extract from this [pointing at the expression 3∙4 + 3∙2]? … 
What is present both there and there [pointing to the terms]? 
/…/  

Student: 3.  
Teacher A: So, therefore, you can put the 3 here, and then in the brackets 

you write the 2’s that are left there. I think this will require 
some more exercise. 

 
After this sequence, the students are given some final tasks where they are 
asked to ‘write the area in as many different ways as possible’ and to use 
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Figure 36. The dimensions of the rectangular shapes. 

 
As the orientation of the three rectangles had been altered, aligning the three 
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[pointing at 3∙2 + 3∙2 + 3∙2] like this [pointing at 
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have a 3, here we have a 3, and here we have a 3, then you can 
write it as 3 times, and then 2 plus 2 plus 2. But what if I put 
the 2 in front? 

Student:  3 plus 3 plus 3. 
Teacher A:  Is this correct? [The teacher writes 2∙ 3 + 3 + 3  on the 
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Student:  Yes! 
 
In this sequence, the teacher motivates that 3∙ 2 + 2 + 2 =2∙ 3 + 3 + 3  by 
explaining how to manipulate the numbers in the expression 3∙2 + 3∙2 + 3∙2.  
 
Teacher A: If you think of this [pointing at 2∙6 + 2∙3] … could anyone 

explain this to me? What does the figure look like? What did M 
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He asks the students to take a few minutes to think about how to describe 
them. Afterwards, he addresses one of the students: 
 
Teacher B: What do you say Alfred… if you would describe… one of 

these /…/. 
Alfred: [inaudible] a rectangle with 6 squares inside. 
 (…) 
Teacher B:  Yes, can we say something more about the figure? 
Student:  /…/ The height is 3 squares and then the width is 2 squares. 
 
In the continued discussion the students conclude that the three rectangular 
shapes have the same area and the same perimeter but with different colours. 
When it is clearly stated that each rectangle has the dimension 3 times 2, the 
teacher continues: 
 
Teacher B: What if you would mathematically describe all three at the 

same time? 
Student: 3 times 2 and to the power of 3. 
 
The student has given an incorrect answer and the teacher initiates a 
discussion about powers. Eventually, the teacher gets a correct answer from a 
different student: 
 
Student:  It will be 3 times 2 times 3. 
Teacher B:  3 times 2 times 3, do you agree? 
Teacher B:  How many squares are there in total?  
Student:  18. 
 
Next, the teacher shows the expression 3 ∙ 2 + 3 ∙ 2 + 3 ∙ 2 by using the 
checkboxes in the application. 
 
Teacher B:  This is basically what you’ve done… or what we just did, do 

you see it? 3 times 2 plus 3 times 2 plus 3 times 2. It is 3 times 
2, three times, right? Could we find another way to describe it? 
Yes? [Gives the word to a student] 

Aaron:  6 times 3 
Teacher B:  6 times 3… is that correct in the way they are now? 
Student:  No. 
Teacher B:  What can we do so it will be 6 times 3? /…/ How do they need 

to look like if we want them to be 6 times 3… Aaron? 
Aaron:  [inaudible] two in each, three in each. 
Teacher B:  Two in each, three in each… what do you think Timmy?  
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brackets as well (Figure 37). The teacher draws several rectangular shapes and 
the student start working, but it seems that some of the students do not know 
what is expected of them. Next, the teacher asks the students to present their 
answers. In this sequence, the focus is on writing different equivalent numeric 
expressions. The teacher motivates the equivalence by referring to the value of 
the expressions.  
 
 

 
Figure 37. The final tasks of the lesson. 

 
The teacher presents the students’ solutions on the whiteboard and then they 
are given a short break. When they return the students are given an evaluation 
form by the researcher. This ends the lesson enacted by Teacher A.  

3.4.3.2 Implementation by Teacher B 
The teacher begins by showing the three rectangular shapes in the application 
(Figure 38).  
 
 

 
Figure 38. The three rectangular shapes. 
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the student start working, but it seems that some of the students do not know 
what is expected of them. Next, the teacher asks the students to present their 
answers. In this sequence, the focus is on writing different equivalent numeric 
expressions. The teacher motivates the equivalence by referring to the value of 
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The teacher presents the students’ solutions on the whiteboard and then they 
are given a short break. When they return the students are given an evaluation 
form by the researcher. This ends the lesson enacted by Teacher A.  

3.4.3.2 Implementation by Teacher B 
The teacher begins by showing the three rectangular shapes in the application 
(Figure 38).  
 
 

 
Figure 38. The three rectangular shapes. 
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Teacher B:  What did we say about your 9? That was interesting. Let’s 

see… if we put them on top of each other… Is that what you 
mean? [The teacher rearranges the rectangles into a 2-by-9 
rectangle]… then we will get… as Timmy says, 2 and 9 
downward, 2 times 9 that is 18.  

 
The teacher moves the rectangles to their original position and then shows the 
next expression in the application, i.e. 2 ∙ 6 + 2 ∙ 3. 
 
Teacher B:  What does this look like?… 2 times 6 plus 2 times 3. 
 (...) 
Student:  If two [inaudible]. 
Teacher B:  Do you mean in this way [rearranges the rectangles into one 2-

by-6 rectangle and one 2-by-3 triangle]. 
Student:  Yes. 
Teacher: Do you all agree? [hesitant answers from the students] /…/ I 

am probably inclined to agree.  
 
Next, the teacher continues with the second part of the application. Now, the 
teacher shows the second set of rectangular shapes (Figure 39) to the students, 
which are associated with the expressions 3∙4+3∙2 and 3∙(4+2): 

 
 

 
Figure 39. The second set of rectangular shapes in the application. 

Teacher B:  How can we describe these figures?… Vega? 
Vega:  Um, 4 times 3. 
Teacher B:  4 times 3. 
Vega:  Yes, and 2 times 3. 
Teacher B:  4 times 3 and 2 times 3… can you say that with numbers as 

well? 
Student:  I did… 
Teacher B:  Yes, but /…/ if you’re going to put them together? /…/ 
Student:  [inaudible] I don’t get it. 
Teacher B:  I thought, I’m a bit unclear but /... /. 4 times 3, right? 
Student:  Hmm. 
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The student, Timmy, suggests that the rectangles should be moved together. 
The teacher arranges the rectangles side by side and continues: 

 
Teacher B:  /…/ Aaron? Now it’s little better with what you said, 3 [moves 

the cursor in the application from the top left corner to the 
bottom left corner] times 6 [moves the cursor from the bottom 
left corner to the bottom right corner]. 

 
In this sequence, one the students may have interpreted the figures as three 
separate rectangles with six squares in each of them. However, the teacher was 
expecting a different interpretation. The answer 3 times 6 was accepted after 
the rectangles were arranged side by side forming a 3-by-6 rectangle. The 
teacher used the cursor in the application to emphasise that 3 and 6 are 
interpreted as the sides of the rectangle. 
 
Next, the teacher uses the checkboxes in the application to show the second 
expression, i.e. 3∙(2+2+2). The teacher also arranges the three rectangles to 
their original positions before continuing.  
 
Teacher B: Do you understand this one? [The expression 3∙(2+2+2)] … 

three times 2 plus 2 plus 2… how would… yes? [Calls on a 
student] 

Student:  9 times 2… if you put them on top of each other. 
Teacher B:  /…/ We will return to 9 times 2, but what about this one? 

[Points to the expression 3∙(2+2+2)] … three times 
two…yes? 

Student: 3 times 6 [inaudible]. 
Teacher B:  Yes, in the brackets, it’s 6. It’s 3 times 6, so to speak… can you 

get any image of this? [The expression 3∙(2+2+2)] … where 
were we? … 2 plus 2 plus 2, three times /…/. 

Student: [inaudible] two at the bottom. 
Teacher B:  Yes? 
Student:  And if you add them, there will be 2… for each rectangle. 
Teacher B:  Yes… add them. Do you mean this way? [pointing to the 

bottom row of each of the three rectangles] 
Student: Hmm. 
Teacher B: or like this? [pointing to each row in one of the rectangles]  
 
In this discussion, the teacher acknowledges two different interpretations of 
the expression (2+2+2), either as the total width of the three rectangles or as 
the number of squares in each row in one rectangle. 
 
The teacher continues: 
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Teacher B:  What did we say about your 9? That was interesting. Let’s 

see… if we put them on top of each other… Is that what you 
mean? [The teacher rearranges the rectangles into a 2-by-9 
rectangle]… then we will get… as Timmy says, 2 and 9 
downward, 2 times 9 that is 18.  

 
The teacher moves the rectangles to their original position and then shows the 
next expression in the application, i.e. 2 ∙ 6 + 2 ∙ 3. 
 
Teacher B:  What does this look like?… 2 times 6 plus 2 times 3. 
 (...) 
Student:  If two [inaudible]. 
Teacher B:  Do you mean in this way [rearranges the rectangles into one 2-

by-6 rectangle and one 2-by-3 triangle]. 
Student:  Yes. 
Teacher: Do you all agree? [hesitant answers from the students] /…/ I 

am probably inclined to agree.  
 
Next, the teacher continues with the second part of the application. Now, the 
teacher shows the second set of rectangular shapes (Figure 39) to the students, 
which are associated with the expressions 3∙4+3∙2 and 3∙(4+2): 

 
 

 
Figure 39. The second set of rectangular shapes in the application. 

Teacher B:  How can we describe these figures?… Vega? 
Vega:  Um, 4 times 3. 
Teacher B:  4 times 3. 
Vega:  Yes, and 2 times 3. 
Teacher B:  4 times 3 and 2 times 3… can you say that with numbers as 

well? 
Student:  I did… 
Teacher B:  Yes, but /…/ if you’re going to put them together? /…/ 
Student:  [inaudible] I don’t get it. 
Teacher B:  I thought, I’m a bit unclear but /... /. 4 times 3, right? 
Student:  Hmm. 
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The student, Timmy, suggests that the rectangles should be moved together. 
The teacher arranges the rectangles side by side and continues: 

 
Teacher B:  /…/ Aaron? Now it’s little better with what you said, 3 [moves 

the cursor in the application from the top left corner to the 
bottom left corner] times 6 [moves the cursor from the bottom 
left corner to the bottom right corner]. 

 
In this sequence, one the students may have interpreted the figures as three 
separate rectangles with six squares in each of them. However, the teacher was 
expecting a different interpretation. The answer 3 times 6 was accepted after 
the rectangles were arranged side by side forming a 3-by-6 rectangle. The 
teacher used the cursor in the application to emphasise that 3 and 6 are 
interpreted as the sides of the rectangle. 
 
Next, the teacher uses the checkboxes in the application to show the second 
expression, i.e. 3∙(2+2+2). The teacher also arranges the three rectangles to 
their original positions before continuing.  
 
Teacher B: Do you understand this one? [The expression 3∙(2+2+2)] … 

three times 2 plus 2 plus 2… how would… yes? [Calls on a 
student] 

Student:  9 times 2… if you put them on top of each other. 
Teacher B:  /…/ We will return to 9 times 2, but what about this one? 

[Points to the expression 3∙(2+2+2)] … three times 
two…yes? 

Student: 3 times 6 [inaudible]. 
Teacher B:  Yes, in the brackets, it’s 6. It’s 3 times 6, so to speak… can you 

get any image of this? [The expression 3∙(2+2+2)] … where 
were we? … 2 plus 2 plus 2, three times /…/. 

Student: [inaudible] two at the bottom. 
Teacher B:  Yes? 
Student:  And if you add them, there will be 2… for each rectangle. 
Teacher B:  Yes… add them. Do you mean this way? [pointing to the 

bottom row of each of the three rectangles] 
Student: Hmm. 
Teacher B: or like this? [pointing to each row in one of the rectangles]  
 
In this discussion, the teacher acknowledges two different interpretations of 
the expression (2+2+2), either as the total width of the three rectangles or as 
the number of squares in each row in one rectangle. 
 
The teacher continues: 
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Figure 40. Different expression related to the perimeter of one of the 
rectangles in the application. 

 
Teacher B:  If I would… do this, write a 2 and then a bracket, this means 

times 2… [the teacher writes ‘2 (      )’ on the whiteboard]. 
What should I put inside? ... What would you write if you had 
to use /…/ this one? [points at the expression 2∙ 3ö +2∙(2ö)] 

 
While waiting for the students to answer, the teacher puts an addition sign 
inside the brackets. 
 
Student:  3ö plus 2ö 
Teacher B:  3ö plus 2ö [the teacher completes the expression on the 

whiteboard, i.e. writes (3ö + 2ö)].  
 
The teacher explains that the expression can be understood as the perimeter of 
a rectangular shape. After this sequence, the students have a short break. After 
the break, the lesson continues. The teacher begins by showing how the 
expression (𝑎𝑎 + 𝑏𝑏) ∙ (𝑐𝑐 + 𝑑𝑑) can be expanded, both by using geometric 
models and by using a pattern, illustrated by arrows, of how to manipulate the 
variables. The rest of the lesson is devoted to using rectangular shapes to 
support multiplication of different numbers (Figure 41). The teacher and the 
students share the responsibility for modelling the numbers, and the students 
are asked to make the required calculations. With these final tasks, the lesson 
ends. 
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Teacher B.  And the other is… 
Student:  2 times 3 [the teacher writes 4∙3+2∙3 on the whiteboard] 
Teacher B:  2 times 3, yes… what happens if we, this a way to write it 

[pointing at the expression 4∙3+2∙3]. It reminds a lot of… the 
things up there… right? 

 
The teacher approaches the computer and continues: 
 
Teacher B:  I wonder if it should be… [shows the expression 3∙4+3∙2] 

exactly, well okay. It’s in the wrong order /…/ What about 
this? [Shows the expression 3∙(4+2)] 

 
Teacher B:  How can you reason in this case... Felix? 
Felix:  They have put those two together. 
Teacher B:  Okay. 
Felix:  It will be 6 times 3. 
Teacher B:  So, they should be together, you mean. We’ll see if it works. 

/…/ 
Teacher B:  In this way? [The teacher rearranges the rectangles side by 

side] 
Felix:  Yes. 
Teacher B:  In principle, if the number 4 was red, it would have been 

clearer, and the number 2 black, then you could see it… and 
then you get 3, 4 plus 2 is 6, that is 18, right?  

 
Next, teacher uses the first three rectangular shapes in the application (Figure 
38) to give the students some additional tasks. To begin with, the teacher asks 
a student to introduce a variable to denote one of the sides of the squares that 
the rectangular shapes are based on. The student chooses the Swedish letter 
‘ö’. The teacher continues by initiating a discussion about the perimeter of one 
of the rectangles:  
 
Teacher B:  /…/ if we start here, then we travel along this side. First, we 

will have walked 1ö, then we will have walked 2ö… and 3ö…  
 
The teacher continues counting up to 10ö, which is the perimeter of the 
rectangle. The teacher then asks the students about the perimeter: 
 
Teacher B:  How far is it around this? What would you say? 
Student:  10ö 
 
In the continued discussion, several expressions associated with the perimeter 
of the rectangle are written on the whiteboard (Figure 40).   
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Figure 40. Different expression related to the perimeter of one of the 
rectangles in the application. 
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students share the responsibility for modelling the numbers, and the students 
are asked to make the required calculations. With these final tasks, the lesson 
ends. 
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clearer, and the number 2 black, then you could see it… and 
then you get 3, 4 plus 2 is 6, that is 18, right?  
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38) to give the students some additional tasks. To begin with, the teacher asks 
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(A2): /…/ It was fun and exciting but not too simple, which made it 
more fun to work with the tasks.  

 
(A5): We worked with geometry and algebra. I still think that this 
was a very fun Math lesson. I think it is fun that we got the kind of 
tasks where you have to reply fast and discuss afterwards and not 
just sit and solve a bunch of tasks in the book. It is probably very 
important for the teacher that students show engagement, so the 
teacher will know if they think it is fun or not. 

 
(A7): First, we discussed what geometry is about, and then we 
calculated some areas. The teacher wanted us to calculate area in 
different ways when you have different shapes. 

 
(A8): We learned about the interplay between algebra and geometry. 
We were given different tasks to try to solve, and then we reviewed 
each task on the blackboard. 

 
(A10): The teacher wanted us to learn how to write areas in different 
ways. 

 
(A13): We calculated different geometry ‘things’, for example, 
backwards. It was difficult, but with some practice, you will soon 
know how to do it. For me, it was important that I understood what I 
was doing. For my teacher, it was important that we understood this 
so she could have more difficult lessons later. 

 
The second teacher, referred to as Teacher B, held the lesson in a grade 7 class 
with 23 students completing the evaluation form. As before, some of the 
students’ answers are included here. 
Teacher B: 

 
(B3) In this Math lesson, ‘M’ showed us a computer program called 
GeoGebra. With this program, we learned how we could describe 
geometric figures with numbers. We also learned how to calculate, 
e.g. 34 times 61, in a simple way /…/. 

 
(B5): ‘M’ went through different ways to calculate the area of 
different figures, e.g. (a + b)(a + b). We had to calculate the area of 
a rectangle using the various squares that were in the rectangles.  

 
(B13): We had Math. We learned to simplify multiplication and to 
calculate area without numbers. Then we worked with area with 
GeoGebra on the computer. The lesson was important because we 
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Figure 41. Rectangular shapes used to support multiplication. 

 

3.4.3.3 The lessons from the perspective of the teaching system 
The students’ perspectives on the lessons  
After each lesson, the students were given a blank evaluation form with the 
following heading to guide their writings: 

 
A story about a lesson  
(What happened? What did you do? What was important to you? 
What do you believe was important to your teacher?) 

 
The students were instructed to write their opinions and observations about the 
lesson they just had. The first teacher, referred to as Teacher A, held the lesson 
in a grade 9 with 16 students (15 students completed the evaluation form). A 
selection of the students’ answers are presented here to illustrate what some of 
them expressed (the notation e.g. [A1] corresponds to student number 1 of 
Teacher A, etc.). The answers are not random but were selected to provide a 
palette of the students’ answers. 
 
Teacher A (15 students): 

 
(A1): We worked with geometry and algebra as a combination. We 
got tasks that we were supposed to solve in as many different ways 
as possible. 

 



 

131 

(A2): /…/ It was fun and exciting but not too simple, which made it 
more fun to work with the tasks.  

 
(A5): We worked with geometry and algebra. I still think that this 
was a very fun Math lesson. I think it is fun that we got the kind of 
tasks where you have to reply fast and discuss afterwards and not 
just sit and solve a bunch of tasks in the book. It is probably very 
important for the teacher that students show engagement, so the 
teacher will know if they think it is fun or not. 

 
(A7): First, we discussed what geometry is about, and then we 
calculated some areas. The teacher wanted us to calculate area in 
different ways when you have different shapes. 

 
(A8): We learned about the interplay between algebra and geometry. 
We were given different tasks to try to solve, and then we reviewed 
each task on the blackboard. 

 
(A10): The teacher wanted us to learn how to write areas in different 
ways. 

 
(A13): We calculated different geometry ‘things’, for example, 
backwards. It was difficult, but with some practice, you will soon 
know how to do it. For me, it was important that I understood what I 
was doing. For my teacher, it was important that we understood this 
so she could have more difficult lessons later. 

 
The second teacher, referred to as Teacher B, held the lesson in a grade 7 class 
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students’ answers are included here. 
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GeoGebra on the computer. The lesson was important because we 

 

130 

 
 

Figure 41. Rectangular shapes used to support multiplication. 

 

3.4.3.3 The lessons from the perspective of the teaching system 
The students’ perspectives on the lessons  
After each lesson, the students were given a blank evaluation form with the 
following heading to guide their writings: 

 
A story about a lesson  
(What happened? What did you do? What was important to you? 
What do you believe was important to your teacher?) 

 
The students were instructed to write their opinions and observations about the 
lesson they just had. The first teacher, referred to as Teacher A, held the lesson 
in a grade 9 with 16 students (15 students completed the evaluation form). A 
selection of the students’ answers are presented here to illustrate what some of 
them expressed (the notation e.g. [A1] corresponds to student number 1 of 
Teacher A, etc.). The answers are not random but were selected to provide a 
palette of the students’ answers. 
 
Teacher A (15 students): 

 
(A1): We worked with geometry and algebra as a combination. We 
got tasks that we were supposed to solve in as many different ways 
as possible. 
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The third and final set of statements give an idea of what was important in the 
lesson or in general according to the students: 

 
7. It was fun/ it is important to have fun. 
8. It is important to learn/understand. 

 
A summary of the occurrences of the statements identified in the students’ 
answers from the lessons is provided in Table 7. 

 
 

 
 

Table 7. Summary of the students’ evaluation of the lessons. 

 
The largest group comprised students who expressed that the learning 
objective of the lesson was about geometry. A smaller group of students 
explicitly expressed that the lesson was about combining geometry and 
algebra. Two students expressed that the lesson was about algebra, while none 
of the students expressed that the technological tool (i.e. GeoGebra) was the 
focus of the lesson.  

 
The lesson taught by Teacher B was different to that of Teacher A. The 
differences were also reflected in the students’ answers. In the case of Teacher 
B, many students expressed that they worked with combining geometry and 
algebra although none of the students expressed that the lesson was about 
algebra. Furthermore, several students expressed that the lesson was about 
GeoGebra, and the majority expressed that they believe it is important for 
them to learn/understand mathematics. 
 
 
 

Categories Teacher	A Teacher	B Total
1 The	lesson	was	about	geometry 8 7 15
2 The	lesson	was	about	algebra 2 0 2
3 The	lesson	was	about	GeoGebra 0 5 5
4 A	combination	of	algebra	and	geometry 5 11 16

5 Solve	tasks	in	different	ways 7 3 10
6 Work	with	the	connection	between	

geometry	and	algebra 4 0 4

7 It	was	fun/	it	is	important	to	have	fun 7 6 13
8 It	is	important	to	learn/understand 5 18 23
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learned important things. All lessons are important for my teacher 
because it is his job to teach us about math. I think that the lesson 
was more fun than usual. 

 
(B14): /…/ I did not learn that much with the program. It was things 
that we already done before. I learned mostly in the end when ‘M’ 
showed how to calculate a figure with many squares inside. 
 
(B19): We worked with the perimeter of figures, [and] how to 
calculate it if there are only numbers. We divided the figure into 
smaller parts and multiplied the sides of the smaller figures. /…/. I 
learned to calculate the perimeter, even though I only get letters 
[variables] for help. /…/. I think the most important thing for the 
teacher was that we understood that you could simplify difficult 
multiplications by drawing it up. 

 
In general, most of the students could give some written account of how they 
perceived the content of the lessons and how the learning objectives were 
addressed. Many students expressed that it is important to have fun while 
learning mathematics or that it is important to learn or understand 
mathematics. This suggested that the students appreciated the implementation 
of the lesson by their teacher. The students’ evaluations also indicated that 
there were differences in how the students had perceived the purpose of the 
lesson. Some of the students expressed that the lesson was about geometry, 
while others highlighted that is was about connecting geometry and algebra. 
This may suggest some shortcomings in the institutionalisation of the lesson. 
However, differences could be found between the two different groups. For 
example, no students from the first group mentioned GeoGebra, while several 
students in the second group expressed that the lesson was about GeoGebra.  
 
These students’ statements can be organised in three sets that focus on 
different aspects of the enacted lessons. The first set of statements gives an 
idea of what the students perceive to be the learning objectives: 
 

1. The lesson was about geometry.  
2. The lesson was about algebra.  
3. The lesson was about GeoGebra. 
4. A combination of algebra and geometry. 

 
The second set of statements gives an idea of how the goals were addressed 
and how the teacher used the affordances for representation: 

 
5. Solve tasks in different ways. 
6. Work with the connection between geometry and algebra. 
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were unsure about how to proceed with an activity, they tended to rely more 
on the numeric and algebraic representations to maintain the flow of the 
lesson.  
 
Furthermore, the teacher-initiated communication with the students did not 
seem to support a discussion on how and why things work the way they do. 
Occasional misinterpretations of the students’ responses, not acknowledging 
their responses as correct, and not connecting their responses to the available 
representations further contributed to the activity not proceeding as expected 
by the researcher. Both teachers used different interpretations of multiplication 
simultaneously and alternatively without making explicit why, or when, an 
interpretation was preferable in some situations and not in others. This lack of 
explicitness may have contributed to some of the misunderstandings.  
 
These examples indicate that these lessons were a new challenge for the 
teachers. The problems that the teachers had with maintaining the flow of the 
lesson suggest that the use of geometric algebra was a new element in their 
practices. The teachers had implemented a non-trivial change in their 
practices, but this change had not yet been internalised within this short period 
of time.  
 
The researcher found that the students’ evaluations of the lessons compared 
with the teachers’ evaluations of the lessons confirmed that there were 
differences not only between the two lessons but also between the two 
Weltanschauungen, research and practice. The evaluations made by the 
teachers and students did not reflect the researcher’s impressions or 
perspective on the lessons. Some of the differences were more or less evident, 
while others were subtler and not always entirely clear to the researcher. From 
the Singerian design perspective, there was the absence of an explicit measure 
of performance to address this conflict of differing views. The researcher’s 
concern was not the fact that there were differences but that the researcher, at 
that moment, did not have tools to express and communicate these differences 
with the teachers.   
 
Change of theoretical perspective 
In order to describe the differences, the researcher decided to replace the two 
frameworks used in the planning phase with the notion of praxeology, the 
notion of routines, and in particular, the IRE sequence.  
 
With the notion of praxeology, the differences from a mathematics point of 
view between the intended lessons as understood by the researcher and the 
enacted lessons as implemented by the teachers could now be investigated. In 
order to describe the teachers’ overt orchestration of the lessons and, in 
particular, the communication patterns between the teachers and students, the 
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The teachers’ perspectives on the lessons 
The teachers were also given the opportunity to express their opinions about 
the lessons. Teacher B provided a written account based on questions similar 
to those given to the students, and Teacher A provided an oral account.  
 
For Teacher B, the lesson was about trying to get students to ‘describe the 
figures for each other in several different ways and make comparisons with 
the associated numeric expressions’. In short, Teacher B explained that this 
led him to represent the binomial formulas by using a square that was divided 
in different sections and then used it to support multiplication. For this 
teacher, it was important to show that algebra and geometry can be used to 
make calculations by decomposing numbers. The teacher explained that he 
wants the students to be able to do multiplication without using calculators.  
 
Teacher A explained that she was not at all comfortable with managing 
GeoGebra. She further explained that she did not find enough time to prepare 
for the lesson and that she tried to use the software once when she had a few 
spare minutes, but she encountered too many practical problems. 
Nevertheless, she still wants to learn how to operate the program because she 
understands that it has potential. According to the teacher, the lesson was not 
well planned. She knew how she wanted to start the lesson, but not where it 
was going to end up. She also believed that most students understood what she 
did, but that it may not have been in the way that the researcher wanted. 

3.4.4 Evaluation phase 
The two teachers had used GeoGebra in different ways. One teacher (Teacher 
A) used the application as a minor part of the lesson and did not make use of 
the embedded dynamical affordances, thus making GeoGebra redundant. For 
the other teacher (Teacher B), the application had a more central role in the 
lesson and the dynamical affordances were also used. This could explain why 
the students of Teacher A did not mention GeoGebra in their evaluation while 
some of the students of Teacher B did (see Table 7).  
 
The researcher’s impression of the lessons was that the teachers relied on 
improvisation, which at certain times seemed to affect the workflow. For 
example, the teachers had difficulty explaining to the students what to do 
during parts of the lesson that involved activities related to geometric algebra, 
either with or without the use of GeoGebra. The teachers had to repeat or 
reformulate the instructions several times in order for the students to 
understand what was expected from them. In other situations, both the 
students and teachers seemed to be more familiar with the activities proposed 
by the teachers. This was the case when the students engaged in activities such 
as formulating expressions for area and perimeter. In these situations, fewer 
problems appeared, and the workflow became more fluent. When the teachers 
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phase. The teachers’ and students’ perspective on the lessons did not coincide 
with the researcher’s impressions.  
 
There was a need for a different measure of performance that could include 
the researcher’s perspective on the performance of the didactical system. A 
triad of theoretical elements was thus chosen: the notion of praxeology, the 
IRE sequence including the notion of high-level and low-level evaluation, and 
finally, the ICAP framework. One of the researcher’s impressions of the 
enacted lesson was that there was a great atmosphere of caring between the 
teachers and students where learning is important. After the lessons, many 
students expressed that they believe it is important to learn. For this reason, 
the researcher believed that the ICAP framework could be well received by 
the teachers. 
 
The theoretical triad was initially intended to be used by the researcher and the 
teachers involved in the first cycle to recognise existing routines and discuss 
alternative routines that may improve the quality and efficiency of instruction. 
However, these theoretical elements were never used with the teachers in the 
first cycle. Instead, the researcher used the theoretical triad with a group of 
teachers from a different lower-secondary school. In the second cycle, the 
researcher decided to include more elements in the design process. 

3.5.2 Planning phase 
In this cycle, the structure of the teachers’ professional development was more 
carefully underpinned by using two complementary models for teacher 
change. The model for teacher change proposed by Guskey (2002) provided 
an outline and a sense of what to focus on, and the model proposed by Clarke 
and Hollingsworth (2002) was used as a complementary model to design 
feedback to support the teachers’ professional development. According to 
these models, the focus should be on creating improvements in the classroom 
by, for example, introducing new instructional approaches (didactical 
praxeologies), new material or curricula (mathematical praxeologies) or by 
modifying the teachers’ teaching routines (didactic techniques). A challenge is 
that teachers do not easily abandon the teaching routines that they have 
developed in the demanding environment of their own classroom (Drijvers et 
al., 2010; Guskey, 2002). Therefore, in order to become committed to the new 
practices, it is recommended to give teachers opportunities to enact new 
practices in their own classrooms (Clarke & Hollingsworth, 2002; Guskey, 
2002). Several authors agree that the researcher needs to engage the teachers 
in meaningful discussions about how new tools and new pedagogical 
approaches will be used and also provide teachers with routines and other 
resources that may support this new practice (Garet, Porter, Desimone, Birman 
& Yoon, 2001; Gellert, 2008; Guskey, 2002). 
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researcher decided to draw from the notion of routines (Berliner, 2001) with a 
focus on the IRE sequence (Mehan, 1979).  
 
Furthermore, the researcher decided to adopt a different perspective on the 
design process as a process of change for the teachers. Here, the focus was on 
understanding the researcher’s efforts to scaffold for teachers’ participation in 
the design process and the efforts to provide competence development rather 
than focusing on whether or not the teachers had acquired adequate 
knowledge. Although the teachers in the following cycles remained 
responsible for implementing the designed activities, the responsibility for 
creating the appropriate conditions for improving the performance of the 
didactical system was more clearly assumed by the researcher. This meant that 
shortcomings in performance could be more clearly attributed to the 
researcher and his conceptual frameworks than the teachers’ ability to 
interpret and conduct the lessons according to the requirements of the 
researcher. 
 
The researcher came across these new theoretical frameworks in different 
ways. Based on the proposal of another researcher, the researcher began to 
explore if the notion of praxeologies could be helpful to describe the intended 
and enacted lessons from a mathematical perspective. In this way, the 
researcher became familiar with the notions used within the ATD, including 
the notion of didactic transposition. When analysing the teachers’ 
communication patterns with the students, the researcher recalled reading an 
article about a teacher who used similar patterns when teaching. In this article, 
the researcher found the notion of IRE and continued searching the literature 
for related research on teachers and teachers’ professional development. 

3.5 Cycle 2: A new hope  
In the following sections, the teachers involved in this cycle will be referred to 
as ‘Teacher C’, ‘Teacher D’, and ‘Teacher E’.  

3.5.1 A priori events: The rise of a measure of performance 
The change of theoretical perspective in the evaluation phase of the first cycle 
was motivated by the need for a measure of performance of the didactical 
system that could also address the performance of the teleological system. The 
initial measure of performance that was applied on the didactical system by 
the researcher (i.e. the students’ and the teachers’ perspectives on the lessons) 
only provided the ‘insiders’ point of view of the enacted lessons. This initial 
measure of performance was based on common sense concepts from the 
practice but was considered insufficient by the researcher in the evaluation 
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way. With this configuration, the researcher hoped that the teachers would be 
able to take control over the design process and continue by themselves. 
 

 
Figure 42. The structure of the teachers’ professional development. 

 
The three teachers were engaged in an iterative process of enactment and 
reflection regarding the lessons that the teachers were enacting about problem-
solving along with a follow-up discussion where they were provided with 
feedback based on these lessons. In the first iteration, the teachers were to 
enact the lesson within the design team (the teachers and the researcher), and 
then with their own students in the following iterations. The teachers would 
receive immediate feedback after the first iteration, but in the following 
iterations, the feedback would be provided at a separate occasion and based on 
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The teachers’ professional development included lectures, workshops, 
classroom experimentation, and a problem-solving activity. The content of 
these activities will be presented later. This problem-solving activity was 
implemented in GeoGebra and, in contrast to the application used in the first 
cycle, included considerations on how to orchestrate the activity. In this 
teaching activity, the focus is on creating opportunities for students to 
participate in a structured problem-solving process by engaging them in 
mathematical activities such as posing questions, making guesses, 
hypothesising, reasoning and proving (being constructive/interactive). For 
details about the activity, see section 3.3.2. The teaching activity was chosen 
as a standalone activity possible to implement in one lesson. Due to the 
teachers’ summer break, the lesson had to be designed before the school 
administration could select three teachers to participate. Problem-solving 
based on the theory of self-regulated learning was chosen in order to align 
with the purpose of the ongoing project at the school.  
 
Furthermore, in this cycle, the theoretical notions of praxeology, the ICAP 
framework, the IRE sequence, and the notion of high-level and low-level 
evaluation were explicitly used with the three teachers. The notion of self-
regulated learning was also presented to the teachers. However, this notion 
became more implicitly used through the problem-solving activity provided by 
the researcher. The aim was to provide the teachers with didactical resources 
that could support institutionally valued forms of mathematics instruction in 
terms of improved learning gains by focusing on students’ interactive-
constructive processes when participating in a problem-solving process. 
 
An illustration of the teachers’ professional development in the second cycle is 
provided in Figure 42. It is based on the idea of ‘train the trainers’, where 
agency is gradually transferred to the teachers. The researcher only trains a 
small group of teachers or mentors who in turn are responsible for training the 
rest of the teachers. The researcher decided to create two tracks, one general 
track, which all teachers could participate in, and one specific track reserved 
for the three teachers, as in, the trainers who would eventually assume the role 
of mentor for their colleagues (see Figure 42). The general track included a 
demonstration of the lesson in problem solving and two workshops. The topic 
for the first workshop was problem solving, and for the second workshop, it 
was GeoGebra. Due to practical constraints, it was not possible to involve all 
teachers in the same way. With this configuration, the researcher hoped that 
the teachers would be able to take control over the design process and 
continue by themselves. The general track included a demonstration of the 
lesson in problem solving and two workshops. The topic for the first workshop 
was problem solving, and for the second workshop, it was GeoGebra. Due to 
practical constraints, it was not possible to involve all teachers in the same 
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way. With this configuration, the researcher hoped that the teachers would be 
able to take control over the design process and continue by themselves. 
 

 
Figure 42. The structure of the teachers’ professional development. 
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iterations, the feedback would be provided at a separate occasion and based on 
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The teachers’ professional development included lectures, workshops, 
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All mathematics teachers were invited to attend the demonstration of the 
lesson, but only the three teachers that were part of the design team 
participated in the follow-up discussion about the purpose and the underlying 
ideas of the lesson. The researcher began the demonstration by explaining that 
the lesson has two parts: an introduction and a geometric problem. The 
researcher also explained how the lesson connects to the overall aim of the 
ongoing project in the school and that the lesson is about trying to involve 
students in a problem-solving process. Thereafter, the researcher continued 
with demonstrating the lesson. 
 
Summary of the demonstration of the lesson in problem solving  
The researcher initiates the lesson by explaining the first set of triangles in 
GeoGebra (Figure 23). Next, he briefly introduces some common heuristics 
and asks, ‘What do you normally do with triangles?’  

 
The teachers propose measuring different properties of a triangle. The 
researcher then proposes that these different measures can be used to compare 
triangles with each other. The researcher suggests that although the triangles 
in GeoGebra are not identical, they may still have the same area. The 
researcher moves the top vertex of the triangles along the top parallel line to 
change the shapes of the triangles, and by that, create different sets of 
triangles. The researcher explains that a visual comparison of the triangles is 
more difficult with some sets than others. During this sequence, the researcher 
introduces some heuristics by ‘playing’ with the triangles in GeoGebra and 
‘thinking aloud’ about different questions that the dynamics of GeoGebra 
supports. The researcher explains that he wants the teachers to be involved in 
that kind of ‘game’ where you pose questions, explore, test, look for 
symmetries, and pose question such as ‘What would happen if…?’. 
 
Next, the researcher shows the second set of triangles in GeoGebra (Figure 
24). He proposes that the two triangles have the same area and poses a 
question:  
 
Researcher:  What I want you to do is to try to formulate different ways to 

verify this statement. How could you check that they have the 
same size? 

 
One teacher suggests making two rectangles of the triangles and then count 
the number of squares. A second teacher suggests making an equation. A third 
teacher suggests using one of the triangles to see if it can cover the other one. 
After shortly discussing these strategies, the researcher hands out a paper with 
a picture of the blue triangle in GeoGebra (Figure 24). He invites the teachers 
to use the proposed techniques to calculate the area of the blue triangle while 
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the analysis of the video recordings from the enacted lessons. After each 
enactment, the lesson in problem solving was challenged in terms of usability, 
and the teachers were invited to suggest any modifications. The intention was 
to focus on developing the lesson in problem solving in terms of its usability.  

3.5.3 Implementation phase 
An overview of the implementation phase is illustrated in Figure 43. As 
planned, the teachers were provided with different types of scaffolds, such as 
lectures, workshops and also the lesson in problem solving supported by 
GeoGebra. However, the teachers were not able to assume control over the 
design process and continue by involving their colleagues as planned. In other 
words, the teachers did not fully reach the level of autonomy expected by the 
researcher. The final step where the three teachers were supposed to act as 
mentors for their colleagues was therefore not implemented as originally 
planned by the researcher. 
 

 

 
Figure 43. Overview of the implementation phase in the second cycle. 

 
The presentation of process data from this second cycle will be structured 
according to the three steps of the process as illustrated in Figure 43. The 
demonstration of the lesson including the follow-up meeting, the lesson 
enacted in the teacher group (the design team), and the lesson enacted with 
students. The first two steps can be interpreted as part of the a priori analysis 
of the lesson in problem solving conducted together with the teachers. 

3.5.3.1 The demonstration of the lesson and follow-up 
The elements of the theoretical triad were introduced to the teachers by the 
researcher on different occasions. Before the demonstration of the lesson, an 
introductory meeting was held where the researcher presented the project to 
the mathematics teachers. In this meeting, the notion of praxeologies and the 
ICAP framework was briefly introduced.  
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teachers start working, and afterwards, the researcher initiates a whole-class 
discussion.  
 
One teacher suggests using the two diagonals to find the centre. A second 
teacher, Teacher H, proposes the following:  
 
Teacher H:  If you have the diagonal where you can follow [inaudible] with 

the diagonal. 
Researcher:  What do you think about this? That you should follow the 

diagonal? How did he come up with that? /…/ Follow the 
diagonal… Which diagonal?  

 
The discussion continues, and disagreement arises among the teachers about 
the role of the diagonals. The researcher stops the discussion to explain the 
situation: ‘It seems that we have not fully understood what Teacher H was 
saying.’ The researcher asks the teachers to explain how they interpreted what 
Teacher H said earlier, and it became clear that the disagreement was due to a 
misunderstanding. Some teachers focused on finding the centre, while others 
focused on finding additional solutions to the problem.  
 
The researcher continues and asks one of the teachers to explain the strategy 
used by the colleague sitting next to him. This colleague had used the graph 
paper to count squares, and by that, found a solution along the diagonal. Now 
the researcher shifts the teachers’ attention to GeoGebra where a grid is now 
displayed. The grid is used to improve the guesses made in the beginning by 
counting squares. Now it becomes clear that the solutions lie on the diagonal. 
In this sequence, some teachers find it disturbing that the grid in GeoGebra 
seems to show rectangles rather than squares, and there is a discussion about 
whether or not this is important. Some teachers do not agree that the solution 
lies on the diagonal because it does not look like that. Eventually, the 
researcher formulates a hypothesis that the solutions seem to lie on the 
diagonal and draws the diagonal in GeoGebra. Nevertheless, some of the 
teachers are still disturbed by what they argue is a problem, namely, that the 
diagonal does not look like a diagonal (Figure 44). 
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he calculates the area of the red triangle. The teachers report their findings, 
and the results are compared. Next, the researcher places the top vertex of the 
red triangle slightly to the right but still on the parallel line. The researcher 
explains that now some of the strategies will become more difficult to use, for 
example, the strategy of counting squares. Thus, they may need different 
techniques for different situations. 
 
Next, the researcher places the vertex on its original position and asks what 
would happen to the area of the red triangle if its vertex is moved to the right 
side but still on the parallel line. After a brief discussion, the researcher uses 
GeoGebra to calculate the area of the triangle and determine how the area 
changes depending on where the vertex is placed. The researcher concludes 
that the area depends on the base and height of the triangle. 
 
Next, the researcher continues with the geometric problem. He explains how 
the two rectangles (red and blue) in GeoGebra are connected to each other and 
asks, ‘What interesting mathematical questions could you pose to this 
picture?’ The teachers suggest, ‘When is the blue half as big as the red one?’, 
‘When are all fields equally large?’ and ‘On how many places can you find 
there they are equally large?’ 
 
The researcher chooses the questions about when the rectangles are equally 
large and explains that the other questions can be saved for a different 
occasion. Next, the researcher initiates the guessing process by making a ‘bad’ 
guess: 
 
Researcher:  If I place the point [that connects the two coloured rectangles] 

where it is now, the blue area becomes as large as the red area, 
do you agree? 

 
One teacher disagrees because ‘it does not look like that’. The researcher 
challenges that explanation, and then a different teacher provides a different 
explanation based on a comparison of the length of the sides of the rectangles. 
Next, the teachers are invited to use GeoGebra to make their own guesses by 
placing their own points inside the rectangle. One teacher makes a guess by 
placing a point near the centre. The researcher moves the point that connects 
the two rectangles on top of this new guess to show what the areas ‘look like’ 
and asks the teacher if she wants to modify her guess. The teacher then makes 
some adjustments. A second teacher also tries to place a point at the centre. 
Thereafter, the teachers are given graph paper and are instructed to think about 
how the teachers may have reasoned when they made their guesses. Next, the 
teachers are instructed to draw their own rectangles and to use the strategies 
that they believe their colleagues used and to also try to find new strategies. 
The teachers are also instructed to discuss these strategies with each other. The 
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The remainder of the meeting time is devoted to giving examples of different 
ways to adapt the lesson for different purposes or mathematics content. This 
included how to use algebraic methods for finding the solution to the 
geometric problem. 
 
The follow-up meeting after the demonstration by the researcher 
In the follow-up discussion, the details of the lesson were discussed. For 
example, one of the teachers wondered what to do if the students do not pose 
the intended question about the size of the blue and red rectangle: 

 
Teacher C:  I was thinking about when you proceeded and came to the 

problem that the red and blue rectangle should have the same 
size. That was as a suggestion. If we would do this with 
students and no one says it… ‘Yes, but right now, we are going 
to solve this problem’. Do you follow me? 

Researcher:  No, can … 
Teacher C:  You showed a picture and said ‘What questions can you pose 

related to this picture?’ Then someone said, ‘When do the red 
and blue have the same size?’ But what if the students do not 
pose that question? 

Researcher:  If they do not? Yes, what do you do then? 
Teacher C:  Yes, what should you do? Because the rest is dependent on 

that. 
Researcher:  Does anyone have any suggestions? What should you do? 
 
The researcher explains that the purpose of the introduction is to create a 
situation that could be referred to where the students already have been 
encouraged to think about posing questions about size, making comparisons, 
et cetera. A second teacher, Teacher E, joins the discussion by reflecting on 
how they themselves reacted in this part of the lesson when the lesson was 
demonstrated to them: 
 
Teacher E:  Yes, we bought all that, really. We were already on this track, 

so we just went the whole nine yards and did what was 
expected. 

 
The discussions with the teachers also addressed one recurrent topic, an aspect 
of self-regulation which concerns whether it must always be the teacher’s 
responsibility to evaluate the ideas that the students present or if that 
responsibility can sometimes be given to the students. The researcher suggests 
that whether you get a correct answer or an incorrect answer, the evaluation of 
the answer could be made into a common task. It was stressed to the teachers 
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Figure 44. The diagonal in GeoGebra. 

 
Eventually, the discussion finishes, and one of the teachers starts a 
spontaneous discussion about how they reached the conclusion that the 
solutions were on the diagonal.  
 
The researcher then uses GeoGebra to calculate the areas along the diagonal. 
The researcher also stresses that visual perception can be good way to start or 
to support mathematical reasoning, but it cannot be given too much 
importance in relation to the abstract mathematical object being worked with. 
Something else is needed. Visual perception is not enough, and neither is 
GeoGebra. The researcher explains that what he wants to do next is find some 
kind of mathematical argumentation for why the solutions must lie on a 
diagonal. The researcher gives this task to the teachers.  
 
In this work, one teacher presents the idea to compare triangles but does not 
manage to arrive at a clear conclusion. Another teacher continues with the idea 
and presents clearer argumentation. The researcher summarises what the 
teachers have done during the problem-solving process. He explains that they 
formulated the question and how the process evolved from a specific solution 
(the centre) to more general conclusions. The researcher also highlights the 
mathematics content needed for reaching the conclusion. With these final 
comments, the researcher ends the presentation.  
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discussion about whether it really was a straight line or not, or 
if it was bent [an optical illusion caused by the projector].  

Teacher E:  Yes, it is true. That was confusing. 
 
When demonstrating the lesson to the teachers, the projector in the classroom 
caused an optical illusion where the solutions to the geometric problem 
appeared to some teachers to not to be on a diagonal and that the grid in 
GeoGebra was made of rectangles rather than squares. There was 
disagreement with the teacher as to whether this was the case or not and 
whether it was significant or not. It was clear that this issue disturbed some of 
the teachers, and it shifted attention away from the geometric problem. 
 
The researcher initiates a brief discussion about the consequences of relying 
too much on visual perception in relation to abstract mathematical objects. 
Afterwards, one teacher wanted to continue the discussion about whole-class 
discussions: 
 
Teacher C:  If we go back to the discussion, you often have 20-24 students 

in one class. It is difficult to get a good discussion with so 
many. Should you reduce the number? There is always a group 
that just do not get involved, who do not even understand the 
discussion, which may not be [inaudible] discussion, or maybe 
it is those who [inaudible]. How meaningful is such a 
discussion? Should you always discuss in smaller groups, or do 
you understand how I think? 

Researcher:  Everyone may not be able to discuss at the same level, but it 
may not matter. If you succeed in getting the students to 
discuss at their level and still be constructive at their level, then 
you get better learning outcomes. 

 
After a following discussion about issues related to the ICAP framework, one 
of the teacher raises a question about the expectation that they believe exists in 
the classroom concerning the roles of the teacher and the students:  
 
Teacher D:  At the same time, I can imagine that there is an expectation that 

the teacher, even if you have these discussions, everyone still 
expects that after all the discussions, the correct answer will be 
presented. 

Researcher:  Yes. 
Teacher D:  And that it should be delivered by me as a teacher, and if I do 

not, it is like... she does not know how. 
 
In order to bypass existing classroom norms, the researcher suggests 
introducing the lesson as a kind of roleplay where students are expected to ‘act 
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that some parts of the lesson require that the students be given the opportunity 
to evaluate mathematical ideas in this way. 
 
Towards the end of the discussions, the teachers were encouraged to adapt the 
lesson according to their preferences and to be prepared for contingencies as 
they normally do. The researcher stressed that, as well as finding the correct 
answer to the geometric problem, a focus of the lesson is also on the problem-
solving process. The researcher also suggested that, if the situation requires it, 
‘the problem does not need to be fully resolved’. Instead, the teachers were 
invited to take advantage of any emergent situation that they may regard as 
valuable and to pursue it.  

 
Towards the end of the meeting, the teachers were encouraged to make their 
own preparations in order to be able to present the lesson to the design team 
the following week. Furthermore, after this meeting, they were provided with 
a manuscript of the lesson (see Appendix I) and also a video of the 
demonstration. 

3.5.3.2 The lesson enacted in the teacher group  
In the beginning of this session, the discussions relating to the theoretical triad 
(praxeologies, ICAP) continued. In addition, the notion of self-regulation was 
introduced to the teachers.  

 
After discussing these theoretical elements, the researcher changed focus to 
the lesson. The researcher explained that when he demonstrated the lesson, the 
teachers had engaged in interactive processes that the researcher did not want 
to interrupt, but at the same time, he felt compelled to show the entire lesson 
because that was the purpose. The researcher explained that if this happened to 
the teachers, they should not regard a possible incomplete implementation of 
the lesson as a failure:  
 
Researcher:  You do not need to feel that you have to complete the lesson at 

any cost... 
Teacher C:  To the end where [inaudible], that is not the point? 
Researcher:  Not really /... / but at the same time, if we are going to develop 

this lesson further, it would be nice to go through the whole 
lesson. But if not… 

Teacher C:  It is difficult to develop it further. I mean, you have spent many 
hours and put effort… who are we to change anything? 

Researcher:  That may be what we need. I have already found things that I 
would like to change based on what happened here [the 
demonstration]. There are things I would like to discuss with 
you, but it is mostly some minor things. /…/ For example, the 
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discussion about whether it really was a straight line or not, or 
if it was bent [an optical illusion caused by the projector].  

Teacher E:  Yes, it is true. That was confusing. 
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After a following discussion about issues related to the ICAP framework, one 
of the teacher raises a question about the expectation that they believe exists in 
the classroom concerning the roles of the teacher and the students:  
 
Teacher D:  At the same time, I can imagine that there is an expectation that 

the teacher, even if you have these discussions, everyone still 
expects that after all the discussions, the correct answer will be 
presented. 

Researcher:  Yes. 
Teacher D:  And that it should be delivered by me as a teacher, and if I do 

not, it is like... she does not know how. 
 
In order to bypass existing classroom norms, the researcher suggests 
introducing the lesson as a kind of roleplay where students are expected to ‘act 

 

146 

that some parts of the lesson require that the students be given the opportunity 
to evaluate mathematical ideas in this way. 
 
Towards the end of the discussions, the teachers were encouraged to adapt the 
lesson according to their preferences and to be prepared for contingencies as 
they normally do. The researcher stressed that, as well as finding the correct 
answer to the geometric problem, a focus of the lesson is also on the problem-
solving process. The researcher also suggested that, if the situation requires it, 
‘the problem does not need to be fully resolved’. Instead, the teachers were 
invited to take advantage of any emergent situation that they may regard as 
valuable and to pursue it.  

 
Towards the end of the meeting, the teachers were encouraged to make their 
own preparations in order to be able to present the lesson to the design team 
the following week. Furthermore, after this meeting, they were provided with 
a manuscript of the lesson (see Appendix I) and also a video of the 
demonstration. 

3.5.3.2 The lesson enacted in the teacher group  
In the beginning of this session, the discussions relating to the theoretical triad 
(praxeologies, ICAP) continued. In addition, the notion of self-regulation was 
introduced to the teachers.  

 
After discussing these theoretical elements, the researcher changed focus to 
the lesson. The researcher explained that when he demonstrated the lesson, the 
teachers had engaged in interactive processes that the researcher did not want 
to interrupt, but at the same time, he felt compelled to show the entire lesson 
because that was the purpose. The researcher explained that if this happened to 
the teachers, they should not regard a possible incomplete implementation of 
the lesson as a failure:  
 
Researcher:  You do not need to feel that you have to complete the lesson at 

any cost... 
Teacher C:  To the end where [inaudible], that is not the point? 
Researcher:  Not really /... / but at the same time, if we are going to develop 

this lesson further, it would be nice to go through the whole 
lesson. But if not… 

Teacher C:  It is difficult to develop it further. I mean, you have spent many 
hours and put effort… who are we to change anything? 

Researcher:  That may be what we need. I have already found things that I 
would like to change based on what happened here [the 
demonstration]. There are things I would like to discuss with 
you, but it is mostly some minor things. /…/ For example, the 



 

149 

Researcher:  But we can do that later, so you can jump into the lesson as you 
have planned. 

 
With these preparations, the teacher commenced the lesson with the other two 
teachers and the researcher acting as students:  
 
Teacher:  In the picture, you see two parallel lines and then I wonder, 

which geometric figures can you see between these parallel 
lines? 

Student:  A red triangle. 
Teacher:  hmm, do you see anything more? 
Student:  A blue triangle. 
Teacher:  Yes. How many triangles do you see? 
Student:  It depends on what you look at. If you include the white ones, 

there can be four. 
Teacher:  If we stay with the triangles and continue with them, what can 

you measure on a triangle? 
 
Next the ‘students’ suggests different things that can be measured, and after 
this sequence, the teacher continues by introducing some heuristics that a 
mathematician may use: 
 
Teacher:  Now, we will try to think like a mathematician here, but how 

does a mathematician think? A mathematician thinks, Have I 
seen this problem before? If so, then you may pose questions 
such as, ‘Do these have the same size?’, ‘Is there any way to 
test if they are equally large?’, ‘Can I simplify the problem?’, 
‘Is there any connection between the triangles, some symmetry, 
perhaps?’ And the goal of this is that we will try to learn with 
the intellect to understand eh... how… well, now I don’t know 
what to say. 

 
The teacher struggles with this part of the lesson but manages to get back on 
track. When reaching a certain step (segment 5, see section 3.3.2), the teacher 
is supposed to use the dynamics of GeoGebra to manipulate one of the 
triangles by moving the top vertex to reshape the triangle while maintaining 
the base and the height. In this sequence, the teacher asks questions such as 
‘How is the area affected if we move along the parallel lines? What happens… 
with the area?’ During this sequence, the teachers and the researcher also take 
the opportunity discuss some issues related to how to manage GeoGebra. The 
teacher finishes the introduction section of the lesson by concluding that it 
seems reasonable that triangles with the same base and height have the same 
area. 
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as mathematicians’. The researcher explains that it is the mathematician’s 
responsibility to determine what is right or wrong – he or she has no teacher 
and no answer key in a book to rely on. The students may help each other, and 
the task of the teacher could be to scaffold that kind of collaborative work.  
 
One of the teachers describes how she, earlier in the day, talked about operator 
precedence in a grade 7 class. She explains that, in some cases, the teacher 
needs to tell the students how it works and that it is not sustainable if students 
are allowed to develop their own individual ways of doing things: 
 
Teacher C:  Some things in mathematics we have decided how to do. The 

order of operations is such a thing. We have decided to write it 
in this way: first, I should multiply. And that is something that 
is decided and the students may think something else... /…/ 

Researcher:  Sure. 
 (…) 
Teacher C:  Then I have to say when something is wrong, or? 
Researchers:  Yes 
 (…) 
Teacher C:  I just mean that I have the right answer. 
Researcher:  Yes, in that situation, you have to tell them how it works. 
Teacher C:  But then it will be like… ‘this is the correct answer’. 
Researcher But that was not the right answer. That is... there is no problem 

to solve, it is a structure. 
 
The discussion about the order of precedence continued, and the researcher 
also used the example of different number systems to highlight the kind of 
structures that are used in mathematics. 
 
The presentation made by one of the teachers 
After this initial discussion, one of the teachers (Teacher E) volunteered to 
present the lesson. The teachers did not remember how to use the checkboxes 
to display different figures, so the researcher had to demonstrate this for them 
before continuing with the presentation.  
 
Teacher E:  I do not really know where to start, I am a bit uncertain on /…/. 

I was planning to start straight away by explaining this picture, 
but maybe that is not what you expected and that you want 
more of an introduction and background, but that, I am not well 
prepared on that. 

Researcher:  We can discuss that later. We have talked about it /…/ to frame 
the... 

Teacher E:  Yes, but I have not done that yet. 
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The researcher agrees that this can be problematic: 
 
Researcher:  /…/ I’m aware of that, and that is why we need to practice in 

order automatise as much as possible. It may be helpful to 
know what kinds of questions you can ask to get some time to 
think.   

 
The researcher suggests that one possible way is to invite other students to do 
the evaluation in the IRE sequence. Thus, you may be able to create a 
discussion among the students, while at the same time, create some time for 
the teacher to decide on how to proceed. The discussion continues on how to 
pose questions and evaluate the students’ answers. The researcher takes the 
opportunity to point out to the presenting teacher how, during the lesson, she 
occasionally confirmed that the answers were correct, but she could have 
asked someone else to confirm or to ask the student to motivate her answer. 
The researcher explains that this can be done even if the answer you get is 
correct. The teachers agree, but at the same time, this is a new way of thinking 
for them: 

 
Teacher C: It is like a way of thinking… 
Teacher E: Another way of working… 
Teacher C:  I have tried that in some lessons, but then you fall back so 

easily [inaudible]. 
 
The discussion continues with different ways to invite students to evaluate. 
The researcher stresses that sometimes the teacher, in fact, may need to be the 
one who evaluates: ‘And sometimes you find yourself in a position where you 
do not get the answers that you want… then the teacher needs to explain.’ 
 
One of the teachers initiates a discussion on how to involve low achievers. 
The teacher asks who should evaluate if a student gives an answer that others 
do not understand and whether it is better to ask the student who provided the 
answer instead of inviting those who perhaps do not understand. The 
researcher explains that listening to peers and trying to understand is 
something that all students need to practice. Furthermore, the researcher 
clarifies that there are many different ways to handle different situations in the 
classroom and that they, the teachers, should consider the researcher’s 
opinions merely as suggestions on how to act. From the researcher’s 
perspective, involving the student does not mean that every student must be 
involved in the same way:   
 
Researcher: /…/ Everyone does not have to solve the problem if we turn 

this into a shared task. Everyone may need to feel that they 
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Next, the teacher continues with the geometric problem, which starts with an 
introduction of the rectangle with two smaller coloured rectangles inside 
(segment 8):   
 
Teacher:  If you move around this point, what happens to the two 

rectangles if we compare the two rectangles, the red and the 
blue, with each other? How does the areas change?  

Student:  They may get bigger, and they may get smaller. 
Teacher:  What interesting mathematical questions can we pose in this 

situation? 
 
The students suggest different possible questions, and then the teacher 
continues: 
 
Teacher:  If we continue with finding out if there is any place where they 

have the same size, I would really like someone to approach 
and show at which point they have the same size... a guess! 

Student:  The point you moved? 
Teacher:  The point I moved. Can you put a point where you think that 

they have the same size? 
Student:  I think they have the same size here.  

 
The lesson continues with the two other teachers acting as students and doing 
the tasks that are presented to them by the teacher. The teacher ends the lesson 
without making the concluding step, the review of the lesson. The researcher 
suggests discussing this step later on.  
 
Reflections on the presentation 
The teacher who held the lesson reflected that she struggled when she received 
some answers that she had not expected:  

 
Teacher E:  I get confused when I am not prepared, and she started 

counting triangles, and I was not prepared for that answer. I 
wanted to skip that part instead of, maybe, as you described it, 
digging further and creating discussions. In that case, I just 
wanted to move on. 

 (…) 
Researcher:  Then you skipped some parts. But that’s what can happen. 
Teacher E:  Maybe I forgot a whole page. 
Teacher C: I think it is difficult to have 18 points and to follow them if 

you, at the same time, are supposed to listen to what the 
students are saying. I, rather, have some milestones with things 
that we need to go through. Things that we can expect. If they 
do not say certain things, I need to say it. 
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enacted the lesson within the design team. In the final step, the teachers 
enacted the problem-solving activity with their own students and the teachers 
received feedback based on the video recordings of the lessons. In this section, 
the first iteration will be presented which includes one of the teachers enacting 
the lesson and a meeting where feedback on the lesson was provided.  
 
The lesson enacted by Teacher D 
The teacher starts the lesson by presenting the GeoGebra configuration of the 
two triangles and asking what you can measure on triangles: 
 
Teacher D:  Here you see two triangles, and I wonder, what can you 

measure on triangles? 
 
The students suggest different things including perimeter, area, angles, angular 
sum, and radius. The teacher continues: 

 
Teacher D:  When I look at these two, then I believe that the areas are 

equally large... how could you verify, how could you think 
about, in some way, if these are equally large? How would you 
do to figure this out? 

 
After a brief discussion, the teacher continues by giving the students a paper 
with a picture of one of the triangles in GeoGebra. She asks the students to 
think about how to calculate the area. Afterwards, the teacher initiates a 
whole-class discussion about the strategies the students used to calculate the 
area of the triangle. Next, the teacher uses the dynamics in GeoGebra to move 
the vertex of one of the triangles: 
 
Teacher D:  What will happen to the area of the red triangle if I move this? 

What happens to the area? 
 
The students propose three alternatives – that the area of the red triangle may 
become larger, smaller or stay the same. During this discussion, the teacher 
has some problems managing GeoGebra. For example, when trying to use 
GeoGebra to calculate the areas of the triangles, the teacher calculates the 
length of some of the sides instead. The teacher moves the vertex to a position 
where the areas are the same and eventually manages to calculate the areas. 
However, as the vertex is not positioned exactly on the top parallel line, the 
areas became different (Figure 45). 
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have participated and that they have contributed in some way. 
We have classrooms with many different students, different 
abilities. /.../ It is not a failure if someone does not solve the 
problem. They may still improve. They may still have been 
interactive, still have been constructive, and then they will be 
better prepared for the next time. 

 
The teachers and the researcher continue discussing issues related to self-
regulated learning and the ICAP framework. Next, one of the teachers raises a 
question about students who have a lack of patience and have difficulties to 
concentrate. The teacher is concerned about those students who need extra 
support, those with language difficulties, different types of diagnoses, et 
cetera, and what these students would do in such a lesson. 

 
Teacher C:  I believe that, [given the] seventh graders that I have right now, 

I would not like to have such a lesson in that class. 
Teacher E:  No. 
Teacher C:  For them, in fact… preferably, you just want to say, ‘Phew, sit 

down and... [Interrupted] be quiet and work in the book for 
yourself’. Even if you know it is not the best for them. 

 
Teacher D explains that students nowadays are used to moving around in the 
classroom instead of sitting at their desks. This lesson requires students to pay 
attention, and it takes time to get use to this way of working. The researcher 
stresses that it is important that the teachers raise these issues: 

 
Researcher: Yes, it is somehow… your knowledge, your experiences, that 

must be integrated in this lesson in order to make it usable 
under the current conditions. You have knowledge about your 
own students. I do not. That is why we have to do this together. 

 
The researcher continues by sharing his experiences of in-service teachers 
who, through university courses, are introduced to problem-solving activities 
that they also use with their students. Often, these teachers see positive 
changes, especially among students who are normally not so enthusiastic 
during their lessons.  

 
The remaining time is devoted to discussing some additional issues related to 
the lesson. At the end of the meeting, the teachers decide that each of them 
will use the lesson. 

3.5.3.3 The first iteration of the lesson enacted with students  
To recap, the implementation included three steps. First, the problem-solving 
activity was presented to the teachers. In the next step, one of the teachers 
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Student:  In the middle! 
Teacher:  The middle? 
Student:  Yes! 
 
The teacher places a point in the middle to mark the student’s suggestion. One 
of the students then proposes the following: 
 
Student:  It should work if you say, for example, that there are 14 in that 

direction and 10 in that direction, placing one on 3, then the 
other becomes 7, and then the other is placed on /…/ you need 
to fix for them to be the same. It should work. 

 
Next, a student that we will call Max suggests the following: 
 
Max:  The area of the red and the blue are the same on that line. 
Teacher D:  But where should I place, where do you want me to place...? 

You can come yourselves and place a point. /…/ 
 
The teacher suggests that some students approach and place a point where 
they believe that the areas are equal. Then Max suggests the following: 
 
Max:  The whole line from the left side to the right. You can place it 

on the whole line, so both areas are equal. 
Students:  What? 
Teacher D:  Yes, but… 
Max:  /…/ as you said before, how do you make the areas equal? 
Teacher D:  yes…? 
Max:  /…/ if you would make a line from left… bottom left to the 

edge in the top right. 
Teacher D:  What do you mean? Tell me where to place it then. 
Max:  On the top right! 
 
After approaching some students, the teacher continues by handing out papers 
to the student that they are supposed to use to find additional solutions. The 
students start working by themselves. After a while, the teacher repeats the 
instructions that she wants students to draw new figures and find where the 
rectangles have the same area. 
 
Afterwards, the discussion about whether or not the solutions form on a 
diagonal continues. However, the student that suggested this from the 
beginning (Max) is no longer as sure as before. In the beginning, the student 
said that anywhere on the diagonal should work, but then he changed his 
mind: 
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Figure 45. Comparing the areas of the two triangles. 

 
One student explain that the triangles can have the same size even if the base 
and height are different: 
 
Teacher D:  What about those who have equal areas? 
Student:  /.../ They do not have to have the same base and height, but 

they still have to be the same in the end. But it can also be that, 
for example, the base is 8 and the height is 2, and then it may 
also be that… how much is that… 18… one is 6 and one is 3. 
But it is still the same. /.../ I mean 9. 

 
After this discussion, the teacher concludes that triangles with the same base 
and height have the same area. Next, the teacher continues with the geometric 
problem.  

 
After showing how the rectangles are connected in GeoGebra, the teacher 
poses the following question: 

 
Teacher D:  If you compare the blue and the red rectangle then… what 

about the areas? 
Student:  What do you mean? 
Teacher D:  The red and blue rectangle? 
Student:  I do not see the colours that you have. 
 
The teacher approaches to the whiteboard and points to the rectangles. 
 
Teacher D:  Is there any place here where you can say that the areas are 

equal? On the red and the blue. 
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When enacting the lesson, the teacher experienced several mishaps connected 
to the digital tool. For example, in the classroom, the computer connected to 
the projector was placed in front of the whiteboard on a small stand with the 
screen facing towards the students. This meant that when the teacher used the 
computer she had to turn her back to the students. Furthermore, there was no 
mouse connected to the computer. The teacher had to use the touchpad, which 
complicated the interaction with GeoGebra. Also, the different colours of the 
different geometric shapes were barely visible. In addition, the teacher did not 
remember to use the checkboxes to display the intended triangles in the 
introduction. This made the task of comparing the areas of the triangles more 
difficult than intended for the students. Also, the teacher had problems using 
GeoGebra to make calculations of the different areas. Later, this was identified 
to be a problem with the computer’s touchpad.  

 
Despite the technical problems, the teacher managed to complete the lesson. 
Clearly, the teacher was not pleased with her performance, but nevertheless, 
she could identify some positive aspects. The students seem to be able to 
interact as expected. They were able to suggest strategies, and one of the 
students seemed to have understood that the solutions to the geometric 
problem should be on a diagonal. However, the teacher felt that she could 
have taken care of the student’s answers in a slightly better way.  
 
The researcher agrees but explains to the teacher that when she had trouble 
with the software, her energy was used on trying to think about what to do 
with the program rather than to think about what to do with the students. In 
any case, this was the very first try-out, and now we have valuable experiences 
that we can use to develop the lesson further.  
 
Next, the researcher shows several clips from the enacted lesson to the 
teachers. Episodes from the clip are used to highlight how some of the 
teacher’s actions supported a discussion among the students and how the 
students were constructive when suggesting strategies. The researcher also 
discusses with the teachers how to support interactive behaviour:   
 
Teacher D:  But how can you get them to, what did you say? 
Researcher:  Interactive. 
Teacher D:  Interactive. In a situation… they explain, ‘Now, we should do 

this’, and there is not much to discuss. I think it’s like doing a 
puzzle. That is the way it should be. 

Researcher:  Yes, that is the way it should be done, but why should it be 
done like that? 

Teacher D:  Yes, you can ask that. 
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Teacher D:  They are the same on the line… why do you think that? 
Max:  No idea… on some places, it is not certain if all of them. 
Student:  I thought so too, but then, when I started drawing, it did not 

look right. I tried, and one became 8 and the other became 6. 
 
The teacher continues by discussing how many solutions there might be. 
Afterwards, the teacher tries to use GeoGebra to calculate the areas, but she 
does not succeed. Eventually, the teacher explains that it is a fact that the areas 
of the small rectangles are the same along the diagonal and asks the students 
to explain why. A student gives an explanation that when the height of one 
triangle decreases the height of the other increases, and the same happens with 
the width. After this explanation, the teacher briefly summarises that there are 
many solutions on the diagonal and the reason for this is that the base and the 
height of the triangles are the same.  
 
The teacher ends the lesson by making a brief summary of the different things 
that the students have done during the lesson. The teacher highlights the work 
done by the students of calculating areas, formulating hypotheses, testing and 
discussing with each other. 
 
Feedback on the lesson enacted by Teacher D 
Teacher D was the first to enact the lesson with students (grade 8). The lesson 
was video recorded and analysed by the researcher before meeting the teachers 
for a follow-up discussion. In this third meeting with the teachers, the 
researcher starts the discussion by asking the teacher about the lesson: 

 
Teacher C:  It was a bit tough, I think. I was a bit unaccustomed to being 

videoed. There was some trouble with the technology. Maybe I 
did not know it well enough. I thought that I had, but it did not 
work anyway. 

 
The teacher explains that she does not know the lesson by heart, so she felt 
that she perhaps relied too much on the manuscript. The teacher continues: 
 
Teacher C: I guess I was very tense, I think. But I managed to get the 

students… some of them at least solved it pretty fast. The 
problem, that is. But now, in retrospect, I feel that I did not 
manage that very well. 

Researcher:  Can you give an example? In what way, or why do you have 
that feeling? 

Teacher D:  In the case of Max… I would liked to have... 
Researcher:  Who was Max? 
Teacher D:  It was he who said that all [solutions] must be on a line. 
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Student:  Four triangles! 
 
The discussion continues, and the teacher further explains that there are also 
two parallel lines in GeoGebra. One student, Oscar, wants to make an 
additional contribution: 
 
Oscar:  I had one more. 
Teacher C:  You had one more? 
Oscar:  Nine squares! [the grid in GeoGebra] 
Teacher C:  Nine squares? What are nine squares? 
Oscar:  In the red and blue. 
Teacher C:  In the red and blue, there are nine squares, hmm. 
Oscar:  Yes! 
Student:  No! 
Teacher C:  We will look at another picture.  

 
In this sequence, Oscar made an incorrect statement that there were nine 
squares in the triangles, which a different student reacted upon. The teacher 
continues by showing the red triangle and then the blue triangle and finally 
both at the same time.  
 
Teacher C:  My statement is that these two triangles, the red and the blue, 

are the same. They have the same area. 
Student:  They are the same as they… so if you remove the thing below. 
Teacher C:  If I say that they have the same area, could you verify that in 

some way? 
The students suggest three strategies – using the formula, counting squares, 
and placing the squares on top of each other. Next, the teacher continues by 
handing out the paper with one of the triangles in GeoGebra. The teacher asks 
the student to use the strategies to calculate the area of the blue triangle. After 
a couple minutes, the teacher initiates a whole-class discussion. One of the 
students who has counted squares concludes that there are 10 squares in total. 
The teacher then asks a different student if he understands and can explain 
what the previous student did to reach that conclusion. The student answers 
that “yes, he has counted the squares”. 
 
Next, the strategy of counting squares is presented to the whole class, and the 
teacher uses GeoGebra to calculate the area of the triangle. Thereafter, the 
teacher asks if someone has used the formula. Some students reply that they 
did and that they also got the answer 10. The teacher then asks a different 
student if she could explain how they arrived at that answer. Eventually, the 
strategy of using the formula is also presented to the whole class.  
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The discussion of how support interactive behaviour continues, and 
afterwards, the researcher introduces the notion of high-level and low-level 
evaluation and explains how it is connected to the ICAP framework. Episodes 
from the clip are used to give examples of the high-level evaluations that the 
teacher used. For example, in one episode, the teacher pretended that she did 
not understand what the student was saying. The student then provided a more 
elaborated answer.  
 
The researcher concludes by giving his perspective on the lesson by 
highlighting the different aspects of knowledge, praxis and logos that the 
students engaged with. Furthermore, the researcher highlighted how the 
teacher had provided high-level evaluation and how this supported 
constructive behaviour. The teachers were also given some additional 
materials with examples of the IRE sequence and examples of low-level and 
high-level evaluation. 

 
The remainder of the meeting time was devoted to addressing some of the 
issues that the teacher had with GeoGebra when enacting the lesson. 

3.5.3.4 The following iterations enacted by two teachers 
Two of the teachers enacted the lesson one time each (Teacher D and Teacher 
C). The third teacher (Teacher E) enacted the lesson twice. In this section, the 
lesson enacted by Teacher C and the first lesson by Teacher E will be 
presented. Parts of the second lesson by Teacher E will be presented later and 
in connection with one of the occasions where the teachers received feedback. 

 
The lesson enacted by Teacher C 
The teacher starts by giving a brief introduction where the teacher explains 
that she is involved in a project with the university where the aim is to learn 
how to support students who are learning mathematics. The teacher briefly 
mentions the ICAP framework to the students. The teacher also explains that 
today she wants the students to act as mathematicians. After the introduction, 
the teacher begins with the first part of the lesson. She shows the triangles in 
GeoGebra and continues: 

 
Teacher C:  What problems could you see here that you could try to solve? 

We can say this first, what do you see in the picture? 
Student:  Two triangles! 
Teacher C:  Two triangles... 
Student:  I see a square! 
Teacher C:  ... blue and red, or? Is that what you mean? 
Student:  Yes, they have the tips towards each other. 
Teacher C:  The tip towards each other. What else do you see? 
 (…) 
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After approximately five minutes, the teacher briefly summarises the students’ 
work. The teacher continues by controlling the previous three solutions made 
by the teacher and two students in the same way as before. However, this time, 
GeoGebra is used to calculate the areas of the coloured triangles. 
 
With the support of GeoGebra, the teacher shows that there is a solution in the 
centre and asks the students if this is the only solution. Within the next 
minutes, some other students place additional points in GeoGebra close to the 
diagonal. The teacher controls each solution by moving the point that connects 
the coloured rectangles on top of the proposed solutions. Afterwards, the 
teacher tries, but does not manage to, initiate a discussion about the emerging 
pattern. Instead, a student makes a final ‘guess’. In this case, one of the 
students uses GeoGebra to find a solution by tracking the values of area 
provided by GeoGebra. Other students protest to this way of finding solutions: 
‘You have to put a dot there first.’ The teacher concludes the lesson by 
drawing the diagonal in GeoGebra to show that the points seem to lie on the 
diagonal.  

 
The lesson enacted by Teacher E 
The teacher begins by explaining that the lesson has three parts: an 
introduction, some theory, and then a problem. She explains that the goal is to 
practice thinking like a mathematician and then presents some common 
heuristics, such as asking questions, testing, and simplifying problems.  

 
The teacher presents the two triangles in GeoGebra, and asks: 

 
Teacher E:  What can you measure on triangles? Do you have any 

suggestions? 
 
The students suggest area, perimeter and angles.  
 
Teacher E:  Anything else? 
Student:  Volume! 
Teacher E:  Volume. More suggestions? ... No?  
 
The teacher continues with the second set of triangles and makes a statement 
that the triangles have the same area. She asks the students, ‘How can we 
verify what I am saying? If it is right or wrong?’ 
 
No one replies, and the teacher continues by handing out papers with one of 
the triangles on it. While the students are working, she repeats the statement 
and then asks the students about the area of the blue triangle. During this 
sequence, the students propose measuring the triangle or using the formula for 
area as strategies.  
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Afterwards, the teacher asks the students to calculate the area of the next 
triangle (red triangle) in a similar way as before. In addition, the teacher also 
initiates a brief discussion about which strategy was preferable in this case.  

 
The lesson continues with a discussion about how the area changes when the 
vertex of one of the triangles is moved to a different position. However, in this 
sequence, the area is calculated dynamically by GeoGebra. After a discussion 
where the students concluded that triangles with the same base and height 
have the same area, the teacher continues with the geometric problem. 
Approximately half of the lesson time has passed. 
 
Teacher C:  What do you see in this picture? 
Student:  Chess squares! 
 (…) 
Teacher C:  Oliver? 
Oscar:  I see 4 squares! 
Teacher C:  4 rectangles. 
Oscar: No, it is five actually! 
Teacher C:  Five rectangles. Do you see anything else? 
 
The teacher shows how the coloured rectangles are connected to each other, 
and continues: 
 
Teacher C:  What problems could you propose to solve? What problems 

can you pose to this picture? 
Student:  That the red is smaller than the blue. 
Student:  Why is it white instead of black there in between? 
Student:  Why is the red area bigger than the blue? 
Teacher C:  My question will be like this: Red and blue rectangle... can 

they have the same size? Can they have the same area? 
Students:  Yes! 
Teacher C:  Then, where should I place the point? 
Students:  In the centre! 

 
Two of the students approach the computer to make guesses. They try to place 
their points as close as possible in the centre of the rectangle in GeoGebra. 
The teacher controls the solutions visually by moving the point that connects 
the two rectangles to the proposed solutions. One of the points is closer to the 
middle than the other one and is loudly evaluated by the other students as the 
correct answer. Next, the teacher places a point near the bottom left corner to 
mark her own ‘guess’ to the problem. After these three ‘solutions’, she 
continues by asking the students to make their own rectangles on graph paper 
and to look for additional solutions to the problem. 
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After approximately five minutes, the teacher briefly summarises the students’ 
work. The teacher continues by controlling the previous three solutions made 
by the teacher and two students in the same way as before. However, this time, 
GeoGebra is used to calculate the areas of the coloured triangles. 
 
With the support of GeoGebra, the teacher shows that there is a solution in the 
centre and asks the students if this is the only solution. Within the next 
minutes, some other students place additional points in GeoGebra close to the 
diagonal. The teacher controls each solution by moving the point that connects 
the coloured rectangles on top of the proposed solutions. Afterwards, the 
teacher tries, but does not manage to, initiate a discussion about the emerging 
pattern. Instead, a student makes a final ‘guess’. In this case, one of the 
students uses GeoGebra to find a solution by tracking the values of area 
provided by GeoGebra. Other students protest to this way of finding solutions: 
‘You have to put a dot there first.’ The teacher concludes the lesson by 
drawing the diagonal in GeoGebra to show that the points seem to lie on the 
diagonal.  

 
The lesson enacted by Teacher E 
The teacher begins by explaining that the lesson has three parts: an 
introduction, some theory, and then a problem. She explains that the goal is to 
practice thinking like a mathematician and then presents some common 
heuristics, such as asking questions, testing, and simplifying problems.  

 
The teacher presents the two triangles in GeoGebra, and asks: 

 
Teacher E:  What can you measure on triangles? Do you have any 

suggestions? 
 
The students suggest area, perimeter and angles.  
 
Teacher E:  Anything else? 
Student:  Volume! 
Teacher E:  Volume. More suggestions? ... No?  
 
The teacher continues with the second set of triangles and makes a statement 
that the triangles have the same area. She asks the students, ‘How can we 
verify what I am saying? If it is right or wrong?’ 
 
No one replies, and the teacher continues by handing out papers with one of 
the triangles on it. While the students are working, she repeats the statement 
and then asks the students about the area of the blue triangle. During this 
sequence, the students propose measuring the triangle or using the formula for 
area as strategies.  
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Afterwards, the teacher asks the students to calculate the area of the next 
triangle (red triangle) in a similar way as before. In addition, the teacher also 
initiates a brief discussion about which strategy was preferable in this case.  

 
The lesson continues with a discussion about how the area changes when the 
vertex of one of the triangles is moved to a different position. However, in this 
sequence, the area is calculated dynamically by GeoGebra. After a discussion 
where the students concluded that triangles with the same base and height 
have the same area, the teacher continues with the geometric problem. 
Approximately half of the lesson time has passed. 
 
Teacher C:  What do you see in this picture? 
Student:  Chess squares! 
 (…) 
Teacher C:  Oliver? 
Oscar:  I see 4 squares! 
Teacher C:  4 rectangles. 
Oscar: No, it is five actually! 
Teacher C:  Five rectangles. Do you see anything else? 
 
The teacher shows how the coloured rectangles are connected to each other, 
and continues: 
 
Teacher C:  What problems could you propose to solve? What problems 

can you pose to this picture? 
Student:  That the red is smaller than the blue. 
Student:  Why is it white instead of black there in between? 
Student:  Why is the red area bigger than the blue? 
Teacher C:  My question will be like this: Red and blue rectangle... can 

they have the same size? Can they have the same area? 
Students:  Yes! 
Teacher C:  Then, where should I place the point? 
Students:  In the centre! 

 
Two of the students approach the computer to make guesses. They try to place 
their points as close as possible in the centre of the rectangle in GeoGebra. 
The teacher controls the solutions visually by moving the point that connects 
the two rectangles to the proposed solutions. One of the points is closer to the 
middle than the other one and is loudly evaluated by the other students as the 
correct answer. Next, the teacher places a point near the bottom left corner to 
mark her own ‘guess’ to the problem. After these three ‘solutions’, she 
continues by asking the students to make their own rectangles on graph paper 
and to look for additional solutions to the problem. 
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dynamically calculate the area of the rectangles and to evaluate the proposed 
solutions. 
 
The teacher invites the students to make some additional guesses supported by 
the grid in GeoGebra, but first, she deletes the old guesses and also turns off 
the calculation of the areas in GeoGebra. One student approaches the 
computer and uses GeoGebra to make a guess. However, the student takes the 
initiative to evaluate the guess by switching on the calculation of the area 
again. A few more students make guesses by using GeoGebra while the 
calculation of the area in GeoGebra is still active. This means that these 
students only needed to track the values provided by GeoGebra to find 
solutions. Furthermore, the grid in GeoGebra facilitates this procedure by a 
‘snap-to’ feature that allows you to easily place points on the intersections of 
the grid. 
 
After this sequence, the teacher proposes that there are many solutions on the 
diagonal. She motivates this by using GeoGebra to calculate the areas. Next, 
the teacher continues by asking how the theory related to the triangles can be 
used in this problem and to decide if the rectangles have the same area: 
 
Teacher E:  /…/ we talked about triangles that have the same base and 

height, and therefore, the same area. Can we use this 
knowledge on this problem? 

 
After giving the students some time to think, the teacher continues by 
highlighting that the two pairs of white triangles on each side of the diagonal 
have the same area. However, the teacher does not explicitly mentions that the 
coloured rectangles also need to have the same area. The teacher ends the 
lesson by summarising what the students have done during the lesson. In this 
summary the teacher highlights some the things that the students have worked 
with during the lesson, which included formulating question, guessing 
solutions by placing points in GeoGebra, evaluating these points by using the 
grid and by calculating values of the areas, and generalizing about the 
solutions on the diagonal. The teacher also highlights that they have used 
knowledge about the areas of triangles to address the geometric problem. 

3.5.3.5 Teacher analysing a teaching sequence 
In the beginning of this meeting, the researcher and the teachers discuss 
different options of how to organise the final phase of project where the three 
teachers are supposed to act as mentors to their colleagues. The researcher 
explains his perspective on what is important and gives a summary of the 
theoretical triad (ICAP, high-level and low-level evaluation, praxis/logos) that 
the teachers have worked with.  
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The teacher approaches the whiteboard and calculates the area of the red 
triangle by using the formula. Next, the teacher asks the student what they did 
in order to calculate the area of the blue triangle. One of the students replies 
that he used the formula as well. The teacher concludes that the triangles have 
the same area and continues by asking what happens with the area if the top 
vertex of the red triangle is moved to a different place.  
 
The student suggests different things such as smaller, bigger, broader. The 
teacher writes the answers on the whiteboard and then continues by using 
GeoGebra to calculate the area. The teacher places the vertex on the parallel 
line and asks the students why the area did not change. In the continued 
discussion, the teacher uses GeoGebra to arrive at the conclusion that triangles 
with the same base and height have the same area.  
 
Next, the teacher shows the construct in GeoGebra and asks the following: 
 
Teacher E:  Now I want you to compare the blue rectangle with the red one 

/…/. Could you find any interesting mathematical problem for 
this task? 

 
After some suggestions from the students, such as ‘How much does the area 
differ between the red and the blue?’, the teacher states the following:  
 
Teacher E:  The mathematical question I thought that we should pursue is if 

there is somewhere where these rectangles have the same size. 
 
The teacher continues by placing a point in GeoGebra and explains that this is 
where she believes that the areas of the two rectangles are the same. She 
invites the students to approach the whiteboard to make their own guesses, 
which several students do.   
 
Afterwards, the teacher tries to initiate a discussion about the strategies the 
students used to decide where to place the points. One student replies that he 
only put his point near the others because he did not understand what to do. 
Next, a student places an additional point. The teacher continues by giving the 
students graph paper to work with and instructs the student to make their own 
rectangles in order to find solutions. 
 
After this sequence, the teacher displays the built-in grid in GeoGebra and 
continues by moving the point that connects the two coloured rectangles on 
top of the points that represent the students’ guesses. However, the evaluation 
of the guesses is only made visually and the possibility to count squares is not 
used by the teacher. A moment later, the teacher uses GeoGebra to 
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dynamically calculate the area of the rectangles and to evaluate the proposed 
solutions. 
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students only needed to track the values provided by GeoGebra to find 
solutions. Furthermore, the grid in GeoGebra facilitates this procedure by a 
‘snap-to’ feature that allows you to easily place points on the intersections of 
the grid. 
 
After this sequence, the teacher proposes that there are many solutions on the 
diagonal. She motivates this by using GeoGebra to calculate the areas. Next, 
the teacher continues by asking how the theory related to the triangles can be 
used in this problem and to decide if the rectangles have the same area: 
 
Teacher E:  /…/ we talked about triangles that have the same base and 

height, and therefore, the same area. Can we use this 
knowledge on this problem? 

 
After giving the students some time to think, the teacher continues by 
highlighting that the two pairs of white triangles on each side of the diagonal 
have the same area. However, the teacher does not explicitly mentions that the 
coloured rectangles also need to have the same area. The teacher ends the 
lesson by summarising what the students have done during the lesson. In this 
summary the teacher highlights some the things that the students have worked 
with during the lesson, which included formulating question, guessing 
solutions by placing points in GeoGebra, evaluating these points by using the 
grid and by calculating values of the areas, and generalizing about the 
solutions on the diagonal. The teacher also highlights that they have used 
knowledge about the areas of triangles to address the geometric problem. 

3.5.3.5 Teacher analysing a teaching sequence 
In the beginning of this meeting, the researcher and the teachers discuss 
different options of how to organise the final phase of project where the three 
teachers are supposed to act as mentors to their colleagues. The researcher 
explains his perspective on what is important and gives a summary of the 
theoretical triad (ICAP, high-level and low-level evaluation, praxis/logos) that 
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The teacher approaches the whiteboard and calculates the area of the red 
triangle by using the formula. Next, the teacher asks the student what they did 
in order to calculate the area of the blue triangle. One of the students replies 
that he used the formula as well. The teacher concludes that the triangles have 
the same area and continues by asking what happens with the area if the top 
vertex of the red triangle is moved to a different place.  
 
The student suggests different things such as smaller, bigger, broader. The 
teacher writes the answers on the whiteboard and then continues by using 
GeoGebra to calculate the area. The teacher places the vertex on the parallel 
line and asks the students why the area did not change. In the continued 
discussion, the teacher uses GeoGebra to arrive at the conclusion that triangles 
with the same base and height have the same area.  
 
Next, the teacher shows the construct in GeoGebra and asks the following: 
 
Teacher E:  Now I want you to compare the blue rectangle with the red one 

/…/. Could you find any interesting mathematical problem for 
this task? 

 
After some suggestions from the students, such as ‘How much does the area 
differ between the red and the blue?’, the teacher states the following:  
 
Teacher E:  The mathematical question I thought that we should pursue is if 

there is somewhere where these rectangles have the same size. 
 
The teacher continues by placing a point in GeoGebra and explains that this is 
where she believes that the areas of the two rectangles are the same. She 
invites the students to approach the whiteboard to make their own guesses, 
which several students do.   
 
Afterwards, the teacher tries to initiate a discussion about the strategies the 
students used to decide where to place the points. One student replies that he 
only put his point near the others because he did not understand what to do. 
Next, a student places an additional point. The teacher continues by giving the 
students graph paper to work with and instructs the student to make their own 
rectangles in order to find solutions. 
 
After this sequence, the teacher displays the built-in grid in GeoGebra and 
continues by moving the point that connects the two coloured rectangles on 
top of the points that represent the students’ guesses. However, the evaluation 
of the guesses is only made visually and the possibility to count squares is not 
used by the teacher. A moment later, the teacher uses GeoGebra to 
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The student approaches GeoGebra and starts moving the point that connects 
the two coloured rectangles. At a certain moment, he starts making small 
adjustments. Then a student makes a comment: 
 
Student:  Abdel, you should place a point! You should not cheat… 
Abdel:  What? 
Student:   …by looking at the values! You should place a point! 
 (…) 
Abdel:  Should I place a point? 
Teacher E:  Place a point where [inaudible]. 
 
The student eventually decides where to place his point. Next, the teacher 
instructs the students to evaluate the guess by using GeoGebra as before. 
Judging from the students’ reaction, this guess seems to be quite close to the 
diagonal. A second student approaches and places an additional point that he 
evaluates with the help of GeoGebra. In this case, the guess is not very close. 
He then moves the connecting point to a different place, and suddenly, he 
finds a solution. 
 
The teachers’ analysis 
The teachers begin their analysis by discussing the purpose of this part of the 
lesson. The teachers conclude that, in this sequence, the students are supposed 
to make guesses in order to find a pattern that can lead to the hypothesis that 
the solutions are located on the diagonal. 
 
The first question on the template is about the kinds of questions that are 
posed (initiate). This is only briefly discussed, and one of the teachers 
continues with the next question in the template: 
 
Teacher C:  Reply, what happens, what do the students say? Are the 

students being passive/active or constructive/interactive? 
[reading from the template] 

Teacher D:  They are not passive. 
Teacher C:  No, they are not. 
Teacher D:  They keep doing things, but the question is what they learn 

maybe. 
Teacher C:  But those who are in front could be constructive in some way. 

But then I do not know if they are listening to each other so 
that they are being interactive /…/ 

Researcher:  Pointing is being active. 
Teacher D:  That is enough? 
Researcher:  Yes, using the body to either note or point, to mobilise in any 

way is enough. Then you are being active /…/ 
Teacher D:  But in that sense they are very active, everyone /…/ 
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The researcher asks the teachers about their opinion so far and if this project 
has helped them in some way: 
 
Teacher C:  I think more about how I can make students to be constructive 

or this other thing about what kind of questions I pose, what I 
do with the answers, also in general and not only in this lesson. 
Because it [the lesson] has almost faded away, it was a long 
time ago. But about these discussions, that we need to keep 
them going.  
(…) 

Researcher:  Do you think the tools have been useful? You say you have 
started to reflect more, to use this to… 

Teacher C:  hmm… 
Researcher:  …reflect on what happens in the classroom on other occasions? 
Teacher C:  Yes, I do. But also, that you can… about the ICAP, I have told 

my students about what research has to say about how you 
learn, and then they think… okay! They [students] also want an 
efficient way [to learn]. And then you can also point out that 
now we are doing this task because ‘I want you to be 
interactive. Now, I want you to talk to each other and explain 
to each other’. You can show that there is a purpose behind the 
tasks that you give them. 

 
The discussion about the next step of the project continues. The teachers 
explain that they have already presented the theories to the colleagues and 
that, next week, they are going to make a presentation for the whole school.  
 
The teaching sequence 
After these discussions, the researcher continues by showing some clips from 
the second time Teacher E enacted the lesson. The researcher has prepared a 
template with some questions that the researcher wants the teachers to use 
when analysing the lessons. The first clip starts 37 minutes into the video and 
shows a sequence where the students just have made their guesses by placing 
points in GeoGebra where they believe that the area of the red and blue 
rectangle are equally large. In this sequence, the teacher decides to evaluate 
the students’ guesses by using GeoGebra to calculate the areas of the 
rectangles: 
 
Teacher E:  Now listen, have we found all the solutions? 
Student:  No, Abdel has one! 
Teacher E:  Abdel could you please place your solution as well? 
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The student approaches GeoGebra and starts moving the point that connects 
the two coloured rectangles. At a certain moment, he starts making small 
adjustments. Then a student makes a comment: 
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Abdel:  Should I place a point? 
Teacher E:  Place a point where [inaudible]. 
 
The student eventually decides where to place his point. Next, the teacher 
instructs the students to evaluate the guess by using GeoGebra as before. 
Judging from the students’ reaction, this guess seems to be quite close to the 
diagonal. A second student approaches and places an additional point that he 
evaluates with the help of GeoGebra. In this case, the guess is not very close. 
He then moves the connecting point to a different place, and suddenly, he 
finds a solution. 
 
The teachers’ analysis 
The teachers begin their analysis by discussing the purpose of this part of the 
lesson. The teachers conclude that, in this sequence, the students are supposed 
to make guesses in order to find a pattern that can lead to the hypothesis that 
the solutions are located on the diagonal. 
 
The first question on the template is about the kinds of questions that are 
posed (initiate). This is only briefly discussed, and one of the teachers 
continues with the next question in the template: 
 
Teacher C:  Reply, what happens, what do the students say? Are the 

students being passive/active or constructive/interactive? 
[reading from the template] 

Teacher D:  They are not passive. 
Teacher C:  No, they are not. 
Teacher D:  They keep doing things, but the question is what they learn 

maybe. 
Teacher C:  But those who are in front could be constructive in some way. 

But then I do not know if they are listening to each other so 
that they are being interactive /…/ 

Researcher:  Pointing is being active. 
Teacher D:  That is enough? 
Researcher:  Yes, using the body to either note or point, to mobilise in any 

way is enough. Then you are being active /…/ 
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The researcher asks the teachers about their opinion so far and if this project 
has helped them in some way: 
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or this other thing about what kind of questions I pose, what I 
do with the answers, also in general and not only in this lesson. 
Because it [the lesson] has almost faded away, it was a long 
time ago. But about these discussions, that we need to keep 
them going.  
(…) 

Researcher:  Do you think the tools have been useful? You say you have 
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Teacher C:  hmm… 
Researcher:  …reflect on what happens in the classroom on other occasions? 
Teacher C:  Yes, I do. But also, that you can… about the ICAP, I have told 

my students about what research has to say about how you 
learn, and then they think… okay! They [students] also want an 
efficient way [to learn]. And then you can also point out that 
now we are doing this task because ‘I want you to be 
interactive. Now, I want you to talk to each other and explain 
to each other’. You can show that there is a purpose behind the 
tasks that you give them. 

 
The discussion about the next step of the project continues. The teachers 
explain that they have already presented the theories to the colleagues and 
that, next week, they are going to make a presentation for the whole school.  
 
The teaching sequence 
After these discussions, the researcher continues by showing some clips from 
the second time Teacher E enacted the lesson. The researcher has prepared a 
template with some questions that the researcher wants the teachers to use 
when analysing the lessons. The first clip starts 37 minutes into the video and 
shows a sequence where the students just have made their guesses by placing 
points in GeoGebra where they believe that the area of the red and blue 
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Teacher E:  Now listen, have we found all the solutions? 
Student:  No, Abdel has one! 
Teacher E:  Abdel could you please place your solution as well? 
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Researcher:  Yes? 
Teacher E:  What is the evaluation, is it the software that evaluates or? 

What will be the next step when they do not find the pattern, 
and they do not see the diagonal, what do you do then? 

Teacher C:  Maybe you can pose that question, ‘Is there any pattern?’ 
 
The researcher tries to get the teacher to think about the evaluation in the IRE: 
 
Researcher:  Can we find any evaluation in this? /.../ 
Teacher E:  But it is the software that does the evaluation, GeoGebra… 
Teacher C:  It must be... 
Teacher E:  ... that shows the values [inaudible]. 
Teacher C:  That must be a low-level, when you only get a number, it is 

just right or wrong. Nothing else, or? 
Researcher:  How is the software used in this case? 
Teacher E:  We investigated the points to see. 
Researcher:  ... if they had not been there [the values], what could we have 

expected from the students if they had not seen the values? /.../  
 
The researcher shows the sequence again when a student says, ‘You should 
not cheat by looking at the values. You should place a point’. 
 
Researcher:  What about this student, if he does not see the values compared 

to if he sees the values. 
 
The teachers explain that by showing the values in GeoGebra, it became clear 
to the students that there were many solutions. 

 
Researcher:  Are the students active? Passive? Constructive? Interactive? 
Teacher D:  They are not passive anyway. 
Teacher C:  At least active. /... / but if you see the values, yes, you do not 

need to think so much by yourself if you only follow them /…/ 
 
The researcher reminds them of the difference between being constructive and 
interactive. 
 
Teacher E:  Then they are interactive because they are all talking over each 

other. 
Teacher C:  But simply talking does not mean that they are interactive.  
Teacher E:  That is right! 
Teacher C:  They need to listen to each other as well. 
Teacher E:  You are quite right. 
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Teacher E:  You do not see how many are active! 
Teacher C:  You do not see everyone, but the ones you see and those in the 

front. 
Teacher E:  And those who are heard! 
Researcher:  You can almost see the picture in front of you of what they are 

doing by listening to what they say /…/ 
Teacher C:  Hmm. And then evaluate: identify the use of high- or low-level 

evaluation. How does this affect students’ participation 
(passive/active or constructive/interactive) and the continuation 
of the lesson? [reading from the template]. 

Teacher D:  But if we go back, are they constructive? We can see that they 
are active. 

Teacher C:  The one who is in the front and places a point, he must be 
constructive, right? I mean he makes that. It is not given from 
the beginning.  

Teacher D:  No. 
Teacher C:  And it is not just out of the blue. 
Teacher D:  Yes, they have been thinking 
 (...) 
Teacher D:  Because they construct the points, but then, I think that they are 

constructive. I expect them to... [interrupted]. 
Teacher C:  They do not need to have the correct answer in order to be 

constructive? 
Researcher:  No. 
Teacher C:  So, you can come up with wrong ideas. 
Researcher:  Yes. 
Teacher D:  That is how you should see it? 
 (…) 
 
The researcher explains that placing points in GeoGebra could mean being 
constructive because there are no points there from the beginning. However, 
students’ actions must be assessed in relation to the content that you want 
student to learn. If the student is making conscious attempts, then it is 
relevant. One of the teachers, Teacher D, confirms that this is an issue that she 
had thought about. The researcher continues: 

 
Researcher:  /…/ it must be relevant to what one wants to achieve. And here, 

I really do not know. You cannot know just by looking at the 
student. He may be making conscious guesses or maybe it is 
just random, so sometimes, it is not possible to decide. But we 
can say that they are at least active and that we have given 
them the opportunity to be constructive. This is very important. 
/.../  

Teacher E:  But what about the IRE in this sequence? 
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Teacher C:  The one who is in the front and places a point, he must be 
constructive, right? I mean he makes that. It is not given from 
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Teacher C:  And it is not just out of the blue. 
Teacher D:  Yes, they have been thinking 
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Teacher D:  Because they construct the points, but then, I think that they are 

constructive. I expect them to... [interrupted]. 
Teacher C:  They do not need to have the correct answer in order to be 
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Researcher:  No. 
Teacher C:  So, you can come up with wrong ideas. 
Researcher:  Yes. 
Teacher D:  That is how you should see it? 
 (…) 
 
The researcher explains that placing points in GeoGebra could mean being 
constructive because there are no points there from the beginning. However, 
students’ actions must be assessed in relation to the content that you want 
student to learn. If the student is making conscious attempts, then it is 
relevant. One of the teachers, Teacher D, confirms that this is an issue that she 
had thought about. The researcher continues: 

 
Researcher:  /…/ it must be relevant to what one wants to achieve. And here, 

I really do not know. You cannot know just by looking at the 
student. He may be making conscious guesses or maybe it is 
just random, so sometimes, it is not possible to decide. But we 
can say that they are at least active and that we have given 
them the opportunity to be constructive. This is very important. 
/.../  

Teacher E:  But what about the IRE in this sequence? 
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3.5.4 Evaluation phase 
In this phase, the researcher introduced the notion of instrumental genesis 
from the instrumental approach (Trouche, 2004). A tenet of the instrumental 
approach is the fundamental distinction between an artefact and an instrument. 
The artefact refers to the object, material or abstract, that is used as a tool. The 
instrument refers both to the object and to the techniques and the thinking that 
the user develops while using the tool in order to make the tool a functional 
extension of the body. The instrument is built from the artefact in a complex 
process called instrumental genesis which is dependent on both the users’ 
praxeologies and the properties of the tool (Trouche, 2004). The researcher 
used the notion of instrumental genesis to place a focus on two parallel and 
interrelated processes of instrumental genesis. One process related to the 
instrumental genesis of GeoGebra, of which the teachers had no previous 
experience in using. The other process related to the instrumental genesis of 
the theoretical concepts used with the teachers 

 
During this cycle, the researcher experienced some difficulties related to the 
theories introduced to the teachers (i.e. the theoretical triad and the notion of 
self-regulated learning). For example, in the ICAP framework, the words 
passive, active, constructive and interactive are given specific meanings that 
are different from the everyday use of the words. Initially, the teachers found 
it difficult to separate between students being interested or motivated and 
students being active. Between students ‘not doing anything’ and being 
passive. The researcher used video sequences from the implemented lessons to 
address these issues. The implemented lessons showed an increased but also 
misguided use of high-level evaluation. When high-level evaluation was 
overused, the flow of the lesson was disrupted which sometimes resulted in 
other less important aspects being thoroughly discussed at the expense of more 
central issues.  
 
Transferring responsibility to the student to evaluate mathematical ideas was 
an issue that was often discussed with the teachers. The teachers tried to 
change their techniques and to provide high-level evaluation more often. 
However, their efforts sometimes resulted in situations where the teacher 
avoided all forms of explicit evaluation, even when the students’ responses 
were obviously incorrect. This indicates that the teachers struggled to find a 
balance between providing low-level and high-level evaluations to the 
students. 
 
Furthermore, the teachers were introduced to the notion of self-regulated 
learning in connection to the workshop on problem solving. However, the 
researcher decided that the theoretical triad was a sufficient challenge for the 
teachers. In the continued process, the notion of self-regulated learning was 
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The researcher stresses that talking to each other does not necessarily mean 
that the students are being interactive. The researcher explains that the level of 
motivation is high, which is a good thing, but that the students are only being 
active due to the fact that the software was used to provide low-level 
evaluation. They did not have the possibility to think about and discuss the 
validity of their proposed solution. Finding a solution by tracking the values is 
qualitatively different from finding a solution without that help. The 
researcher highlights how one of the students makes a comment about 
cheating when using GeoGebra to calculate the areas. 
 
Teacher C:  But the issue of students being motivated, can they be passive 

but still motivated? 
Researchers:  Yes! 

 
The researcher explains that the framework focuses on overt behaviour and 
that motivation is not part of the framework. He also explains that this feature 
was supposed to be used at the end to control the proposed solutions, but in 
this case, it was used a bit too soon in the lesson. One of the teachers, Teacher 
D, reflects that this way of thinking applies to all sorts of materials that you 
give to students: 

 
Teacher D:  It is not just here /…/ it really concerns all the material that you 

use, tangible material /…/ you cannot lean back just because 
they are doing practical work. 

 (...)  
Teacher D: Sometimes you give a lab instruction, show where they have 

the materials and they write and work and do their lab, and 
then you ask about the results and they answer and then it is 
finished. But the question is what they got out of the lab... 
having fun for a moment. 

 
The rest of the meeting is used to discuss some additional issues related to the 
theoretical elements. Before the end, Teacher D makes a reflection: 
 
Teacher D:  In fact, you have them [the theories] regardless of whether you 

are doing a flipped classroom or something else. There is 
always a benefit from being able to... 

Teacher E:  Analyse. 
Teacher D:  ... bring it with you. With any kind of passing fashion, this 

will… 
Teacher E:  That’s great! 
Teacher D:  Yes! 
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regular teaching. One of the teachers also said that she had introduced the 
ICAP framework to her students. In other words, the teachers seemed to have 
adopted at least parts of the theoretical triad (the ICAP framework and the 
notion of high-level and low-level evaluation). 
 
Based on these outcomes, the researcher decided to use the theoretical triad 
more strategically in the third cycle.  

3.6 Cycle 3: Final cut  
This intervention included several mathematics teachers. At the most, there 
were eleven teachers, but for different reasons, some teachers did not 
participate in all the meetings. The teachers that participated in at least two of 
the three meetings are the following: 
 
From School A (upper-secondary), four teachers participated: Teacher F, 
Teacher G, Teacher H, and Teacher I. From School B (upper-secondary), one 
teacher participated: Teacher J. From School C (lower-secondary), two 
teachers participated: Teacher K, and Teacher L. From School D (lower-
secondary), one teacher participated: Teacher A. This teacher also participated 
in the first design cycle. 

3.6.1 A priori events 
The theoretical triad consisting in the notions of high-level and low-level 
evaluation, praxeology, and ICAP was originally intended as an analytical tool 
developed to assess certain aspects of teachers’ practices in the first cycle. The 
theories were selected with cautious optimism that these theories could be 
understood, accepted and used by the teachers involved in the first cycle and 
not solely by the researcher. In the second cycle, this triad was introduced to a 
different group of teachers. Cycle 2 became the testbed for the theoretical triad 
and its potential of being accepted by the Weltanschauungen of the practice. In 
the last cycle, it advanced to become the basis of strategic action, which is 
called ‘theoretical seeding’. This was the final test of the theoretical triad as a 
measure of performance that could be accepted and adopted by two the 
communities of research and practice.  

 
In the second cycle, the researcher provided the teachers with a teaching 
activity in problem solving. From the beginning, there was some doubt among 
the teachers if the activity would work in their classroom because the activity 
was different from what they normally did. In the end, the activity was never 
questioned and developed further. The researcher tried to prompt changes, but 
the teachers decided to keep the lesson as it was. Instead, the lesson provided 
the three teachers with common experiences that served as the foundation for 
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therefore only addressed implicitly through the lesson in problem solving and 
through the notion of high-level and low-level evaluation (see section 3.2.2). 
The situation was similar with the notion of praxeologies. This particular part 
of the theoretical triad did not become very visible in the interactions with the 
teachers.  
 
From the beginning, the teachers had some problems managing some of the 
features of GeoGebra, but as the teachers became more accustomed to 
enacting the lesson, this quickly became a minor issue for them. After each 
implementation, the researcher tried to encourage the teachers to challenge the 
problem-solving activity in terms of usability, but the teachers never did. The 
researcher’s initial intention to continue the development of the lesson with 
the teachers was therefore not realised. The teachers had the freedom to 
deviate from the manuscript, if necessary, which they did on several 
occasions. Perhaps with this freedom, the teachers did not feel the need to 
make any changes in the lesson. From the researcher’s perspective, the real 
struggle for the teachers was using GeoGebra to engage the students in the 
process of problem solving without jumping directly to the concluding 
moments. This was especially critical in the second part of the lesson but the 
teachers tended to use the computational affordances to reach the solution of 
the problem instead of stimulating the students’ mathematical thinking when 
searching for the solution. Using GeoGebra to calculate the areas while 
searching for solutions can be interpreted as being active rather than 
constructive because it is not the student who produces the outcomes. The 
student is merely interacting with the information provided by GeoGebra.  

 
One of these particular sequences where students searched for solutions by 
tracking the numeric values provided by GeoGebra was shown to the teachers. 
The teachers were then asked to identify the IRE sequence, identify different 
forms of evaluation, and also, the students’ behaviour. The teachers were able 
to identify the sequence, which extended for several minutes. They were also 
able to recognise how GeoGebra was used to give evaluation by providing 
low-level evaluation in a situation where the students’ interest and attention 
towards the task was relatively high. The teachers were therefore able, to some 
extent, to use the theoretical triad to analyse the implication of the role of 
GeoGebra in relation to how the students were involved in the problem-
solving process.  
 
In this cycle, the design praxeology included a common standard, the 
theoretical triad used by the researcher with the teachers to discuss the 
performance in the classrooms. The triad had been chosen in respect to the 
teachers in the first cycle, but there were several indications that the teachers 
in this cycle appreciated the triad. For example, the teachers reported that they 
had begun applying the notion of high-level and low-level evaluation in their 
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In the final meeting, the teachers are given the possibility to share their 
experiences and to reflect on the process and teaching activities implemented 
with the students.  

3.6.3 Implementation phase 
It was communicated to the teachers that the project would include three 
meetings with the following content:  

 
Meeting 1: Create opportunities for challenging routinised instructional 

behaviour 
Meeting 2: Plan and implement a learning activity 
Meeting 3: Reflect on and share the experience 
 
In addition to the three meetings, the researcher met the teachers from School 
A before the final meeting (meeting 3). The researcher also met Teacher J in 
an additional meeting after the final meeting. This teacher continued with her 
design and made a second implementation that was video recorded. The 
presentation of the teachers’ designed teaching activities will focus on the 
work of Teacher J because more data is available in this case. Not all the 
teachers were able to finish with the design of their teaching activities.  

3.6.3.1 First meeting: Summary of the theoretical seeding 
In the beginning of the first meeting, the teachers were given some questions 
to prompt them to start thinking about what they wanted to change and what 
they believed is possible to change from the different perspectives of the 
didactic relation. After a brief discussion, the researcher continues by 
introducing the notion of routines and how teachers develop routines in order 
to facilitate different activities in the classroom, including classroom 
instructional communication. 
 
After this initial discussion, the researcher continues by presenting the 
theoretical triad to the teachers as three interconnected tools that could be used 
to describe the actions of the teacher, what students do when learning, and the 
mathematical knowledge created in the classroom. He explains that the 
purpose is to develop a common language to describe these different aspects 
of teaching. Next, he continues by introducing the theoretical elements, 
starting with the notion of praxeology and the two blocks, praxis and logos. 
Thereafter, the IRE sequence is introduced, and the researcher gives examples 
of the kinds of strategies that teacher may use within this pattern and how 
students may be involved in the IRE sequence. Finally, the researcher 
introduces the ICAP framework and the notion of high-level and low-level 
evaluation and explains how these elements are interconnected. The researcher 
stresses that high-level and low-level evaluation should not be understood as 
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an emerging teacher community. In this sense, the lesson became somewhat 
sacralised. Therefore, the researcher decided not to provide an activity in the 
third cycle. 

3.6.2 Planning phase 
An overview of the structure of teacher professional development is provided 
in Figure 46. In this phase, the researcher used the ICAP framework for 
deciding the general structure of the teachers’ professional development, 
which included three main meetings: theoretical seeding, design and 
implementation, and evaluation.  
 
 

 
Figure 46. The structure of the teachers’ professional development mode in 
the third cycle. 

 
In the first meeting, the theoretical triad is introduced to the teachers by the 
researcher. To recap, the theoretical triad includes the notion of praxeologies, 
the ICAP framework, and the notion of high-level and low-level evaluation 
within the IRE sequence. Thereafter, the technological tool is introduced with 
the purpose of connecting the theoretical triad with the affordances of the tool 
rather than solely considering the technical aspects of the software. It is this 
specific use of the theoretical triad that is referred to as ‘theoretical seeding’.  
 
In the second meeting, the teachers bring their own ideas to a teaching activity 
supported by GeoGebra. Thus, the teachers are responsible for the 
development and implementation the designed teaching activities based on 
their interpretation of the theoretical triad. In this meeting, the researcher’s 
role is to support the teachers’ ongoing designs and the alignment with the 
theoretical triad.  
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and interactive processes, assuming their students were working with the same 
tasks. The purpose of the researcher was to show how the technological tool 
could be used to support high-level evaluation. The introduction of GeoGebra 
and the corresponding tasks (see Appendix II) were therefore used to further 
contextualise the theoretical triad. 
 
After the introduction of GeoGebra, the teachers were given an example of a 
teaching activity implemented in GeoGebra. The researcher used the same 
problem-solving activity as used in the second cycle.  
 
The meeting concluded with some instructions for the next meeting. The 
teachers were asked to bring ideas for a teaching activity that they could begin 
working on at the next meeting. The researcher explained that it could be a 
lesson or a part of a lesson, in other words, something that they can make use 
of in their regular teaching. Furthermore, the researcher invited the teachers to 
start thinking about the theories introduced in the meeting.  

 
After this meeting, the teachers were provided with materials including a 
diagram of the theoretical triad (see Figure 47).  
 
 

 
Figure 47. Diagram of the theoretical triad. 

 
The researcher drew this diagram during the discussions at the request of the 
teachers to summarise the theoretical triad. The diagram reflected the 
researcher’s view from cycle 1 and cycle 2 that teachers’ use of low-level 
evaluation does not support theoretical discussions in the classroom. The 
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good and bad evaluation. This distinction this was made in order to avoid any 
potential misunderstandings. 
 
The presentation of the theoretical elements is followed by a teaching 
example. The researcher shows a transcript of a dialogue between a student 
and a teacher in order to illustrate the IRE sequence. In this sequence, it is the 
teacher who does all the mathematical reasoning. The teachers are asked to 
identify the IRE sequence and the teacher’s use of high-level and low-level 
evaluation, which they were able to do. The researcher concludes by 
suggesting that, in this situation, although much time is spent on dialoguing, 
the student is not engaging in an effective way.  
 
At this point, almost an hour had passed, and the researcher ended his 
presentation by proposing to the teachers that these theoretical elements could 
be used to plan instruction, to reflect during teaching, and also, afterwards, to 
analyse what happened and analyse the mathematics content covered in the 
teaching sequence.  
 
Next, the researcher initiated a discussion on teacher-initiated questions 
directed at generating ideas compared with knowledge-control questions. The 
teachers continued the discussion and then one of the teachers that was 
involved in the first cycle (Teacher A) proposed the following: 
 
Teacher A:  /…/ one good thing that we do is to get them [the students] to 

hold, to write their answers in their note pads and hold them in 
the air because then you can choose things that are both right 
and wrong and write it on the whiteboard, and they do not 
really see each other answers because they are facing the other 
way [inaudible]. 

 
A second teacher, Teacher J, joins the discussion: 

 
Teacher J:  /…/ So not everyone in the class will see who got the wrong 

answer or the correct answer! 
Teacher A:  The risk is, nevertheless, that you have to determine which are 

the wrong answers, and they will still feel stupid regardless. 
 
This discussion continued for a minute, and the teachers seemed to be very 
considerate about the students’ feelings. Next, the teachers started working 
with GeoGebra and a set of construction tasks on a worksheet prepared by the 
researcher. The researcher guides the teachers on how to do the constructions 
in GeoGebra. During this work, the teachers were introduced to some of the 
features in GeoGebra. The researcher also discussed different kinds of 
initiations (i.e. the I in IRE) and evaluations that could stimulate constructive 
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Figure 47. Diagram of the theoretical triad. 
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good and bad evaluation. This distinction this was made in order to avoid any 
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This discussion continued for a minute, and the teachers seemed to be very 
considerate about the students’ feelings. Next, the teachers started working 
with GeoGebra and a set of construction tasks on a worksheet prepared by the 
researcher. The researcher guides the teachers on how to do the constructions 
in GeoGebra. During this work, the teachers were introduced to some of the 
features in GeoGebra. The researcher also discussed different kinds of 
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students understand that different areas [rectangular shapes] are 
possible. /.../. Then it is not possible for the students to be 
constructive because they fail to grasp this very first thing. But 
by making them draw figures, everyone understood from the 
very beginning that there are actually different possibilities. 

 
A second teacher, Teacher L, explains how his colleagues were curious about 
his participation in this project. He and his colleagues had an informal 
discussion about the IRE sequence in the staff room. He also describes how, 
during the last three years, he has begun to change his pedagogical approach. 
On a regular basis, he gives his students, for example, three tasks that the 
students first try to solve individually, then in pairs, and then after that, in 
groups. The teacher reflects that in this work, it is possible for the students to 
be, if not constructive, then at least more active. 
 
Drawing from his experiences in other subjects, Teacher K comments that he 
believes it is necessary to combine different approaches because all students 
are different: ‘Students are accustomed to a low-level discourse where you get 
an answer from the student, and then you move on.’ He concludes by saying 
that students may need to get used to doing things differently. 
 
A fourth teacher, Teacher F, explains how this has helped her to analyse her 
own teaching: 
 
Teacher F: Before, I planned all my lessons differently without really 

being aware of exactly how, but now it has been clarified for 
me. It allowed me sometimes not to ask... when I have 
passive/active lessons and I demonstrate a method, I sometimes 
really want to make sure that the students are following me in 
every step: ‘So what is this, 2 times 5?’ And it takes such time. 
I do not do that now.  

 
The teacher explains that she has told the students about the ICAP framework 
in order to better communicate her objectives with different lessons and allow 
her students to prepare for the demands of different lessons.  
 
Furthermore, Teacher F reflects on what Teacher G (her colleague) explained 
and how easy it was to make important changes in the classroom: 
 
Teacher F:  When Teacher G came with this task… it was so simple. The 

difference when you skip… letting students draw different 
rectangles, which you do not do, but this is actually the key. It 
is what helps students to understand what is asked in the task, 
and I have thought very much on this afterwards. I mean to 
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teachers were also provided with several examples of learning activities 
implemented in GeoGebra (see Appendix III). The theoretical notions were 
new to the teachers. However, some of the teachers had some experience with 
using GeoGebra. 

3.6.3.2 Second meeting: The design of teaching activities 
The second meeting was held approximately seven weeks after the theoretical 
seeding and was organised in two parts. In the first part, the teachers were 
interviewed (semi-structured group interview) in order to determine whether 
the theoretical seeding had any effect on the teachers. No specific instructions 
were given to the teachers prior to the second meeting in order to capture the 
teachers’ spontaneous responses. The outcome of this interview is presented in 
the following text. 
 
Effects of the theoretical seeding 
One of the teachers, Teacher G, begins the discussion by describing how she, 
a couple of days after the first meeting, conducted a lesson with content that 
she was familiar with. The lesson was based on a classic optimisation problem 
where you want to find the largest area of a rectangular shape when given the 
total length of three of its sides. She describes her previous way of conducting 
the lesson as closed-ended, in the sense that it was she who was responsible 
for taking the first steps towards the solution. She assumed responsibility for 
drawing figures and for formulating an algebraic expression for the area. This 
time, she decided to use a different approach and transfer some of the key 
activities to the students. By doing this, she observed that the students had new 
valuable experiences she had never seen before: 
 
Teacher G:  But now, I started instead with ‘How could the farmer do if he 

had 600 m?’ or whatever. I made the students come forward to 
draw different alternatives. Then we talked about how he [the 
farmer] could reason when choosing one of these [the different 
alternatives]. Then I thought of this /…/ now I am just going to 
try to… and then several different properties of the areas came 
up that they saw in a completely different way compared to 
when I did the same thing in previous lessons. When the lesson 
was over, we even talked about second-degree equations 
having none, one or two solutions. It was great! 

 
The researcher asks the teacher if she can use the notions provided by the tools 
to describe and compare her new way of conducting the lesson: 
 
Teacher G:  Previously, they [students] were passive or active maybe 

because I was in control and I formulated the [mathematical] 
expression rather quickly. But I am not even sure that all 
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and for myself as well because when they become frustrated, I 
lose faith in everything. 

 
The discussion continues on the issue of creating teaching environments 
where making mistakes are considered a natural part of learning mathematics. 
In relation to this, Teacher F is self-critical about her use of questions. She 
explains that she sometimes poses questions only to get students attention.  
 
Teacher I continues by reflecting that it is problematic if you rely too much on 
the textbook because the demands of national tests are more extensive than the 
problems presented in the books that normally focus on procedural 
knowledge.  
 
Teacher H initiates a discussion about how to go about dealing with different 
student generated solutions. He asks what to do differently than just presenting 
them on the whiteboard. The researcher presents some concrete examples on 
constructive and interactive activities such as making comparisons. Teacher H 
then asks who should be responsible for making the comparison, the teacher or 
the students. The researcher replies that it is important to consider what the 
students can contribute with and what the teacher may need to contribute to 
the discussion. He further explains that it is not always possible for a student 
to recognise the significance of their work from a wider mathematical 
perspective in the same way that the teacher may be able to do. It may 
therefore be necessary for the teacher to build a bridge between the activity 
and mathematics content, but the teacher can always invite students to 
participate in this process. 
 
The reason for asking was that Teacher H was recently in a teaching situation 
where he wondered what he could do differently with the students’ solutions. 
The teacher explains that he eventually decided to do it how he usual does it, 
as that way felt safer.  
 
Teacher F agrees that small changes like that of the case of Teacher S could be 
important. Based on Teacher H’s questions, she reflects that she is not used to 
planning the entire lesson: 
 
Teacher F:  ...a lot of focus is put on what I should do in the beginning, but 

then the lesson just flies by. They do their tasks, and then the 
lesson ends. To wrap up at the end /.../ as you said [referring to 
Teacher G], how do you follow up next time? 

 
The researcher agrees that this is difficult and explains that the theoretical 
triad does not address this issue. 
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show the process when I teach, not just tell them to do things, 
but also always to do it myself. 

 
A fifth teacher, Teacher I, joins the discussion: 

 
Teacher I: It’s like Teacher G said, I think more about how I pose 

questions and treat the replies. That is what I have been 
thinking about. Also, I understood that you were quite clear 
about how you are allowed to say that something is wrong. 
You do not always need to take the edge off it… it was only a 
mistake and nothing more…because I have been afraid of 
disheartening someone. 

 
This comment initiated a brief discussion about productive failure. The 
researcher explained that students may feel satisfied by succeeding in a task, 
but satisfaction may not be evidence of effective teaching and learning.  
 
A sixth teacher, Teacher H, continues: 

 
Teacher H:  It’s like Teacher F said, when you ask the question, ‘What is 2 

times 5?’ There is no reason to ask such a question. I mean, if 
you are confident that they know this, why spend time on it? 
And that’s what we do! 

 
Teacher F replies by highlighting what she believes is inherent in their 
teaching culture: 
 
Teacher F:  I think it is related to the desire to... It has to do with the 

teaching culture on the right side [referring to a list made by 
the researcher on the whiteboard]. The students need to 
succeed, and so the demonstrations are carried out step by step. 
We proceed gradually as they succeed with the tasks in the 
book by getting all the answers right. And when we 
demonstrate, it is really important that everyone, like the things 
we have read about in the teaching gap, that it is so important 
that everyone follows you. So, I think that is the reason /…/ I 
want to have them following me and that it why I pose these 
questions. /…/ 

Teacher F:  And it is also inherent [in the school culture] that students 
should not become frustrated. Because if they become 
frustrated, it means that I have made a bad presentation. So, the 
best thing after a presentation is if nobody raises their hand 
because then I have made it so easy... it is so difficult for the 
students to go over to the other side [referring to the picture] 
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lesson. The main change compared to the teacher’s original lesson was to 
separate the student’s work with the content in two steps and to use the 
affordances for multiple representations provided by GeoGebra to connect the 
two perspectives. This allowed the students to compare the two perspectives 
and be constructive. 

 
The teacher continues by explaining that she did not have time to finish the 
second cycle of the lesson but that she finished it on the next lesson. Although 
there were some problems with the implementation, the teacher did not 
believe that the problem was in the design of the activity.  
 
A second teaching activity was designed by Teacher L and Teacher K. 
Teacher L explains that they were very pleased with the outcomes and how the 
students approached the task: 
 
Teacher L: /…/ both me and Teacher K, we wanted to go and call… 

because we did not watch… we have not been in each other’s 
classrooms, [and so] we wanted to call each other afterwards 
/.../ it turned out really good. Unlike your lesson, we were 
really pleased with the outcomes afterwards. We did not 
believe… we did not think that the task was that exciting, but 
we got… the students were really dedicated.  

 (…) 
Researcher:  We talked in the second meeting about this /.../ Students are 

supposed do these different things [in the activity], but why 
should they do it? Did you continue with that thought? /.../ 
What should the work that the students do lead to? I posed that 
question if I remember correctly. 

Teacher L:  We took another direction because it was rather scattered from 
the beginning. We wanted… we were almost looking for the 
program’s merits to use both functions, geometry and 
[inaudible], but after your hint, we more or less removed 
everything to do with geometry and focused instead on 
functions so our reflections afterwards were that we wanted the 
students to get a sense of the straight line, both slope and, i.e. 
the k value and m value [in the Swedish context the equation 
for the straight line is normally given by the equation 
𝑦𝑦 = 𝑘𝑘𝑘𝑘 +𝑚𝑚]. 

 
The teacher continues by presenting the design. He explains that this lesson is 
the third lesson in a sequence of lessons aimed at introducing the concept of 
functions. The first lesson is about the coordination system, in particular, 
knowing how to place points. The second lesson introduced function tables, in 
which the students meet different functions. Here, the students use GeoGebra 
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The design of teaching activities 
In the second part of this meeting, the teachers began with the design of their 
teaching activities. The researcher suggested that the starting point of the 
design could be something from the curriculum. In could also be some feature 
in the software, for example, to explore how gliders can support students 
being constructive/interactive when working with functions. The researcher 
explained that it is better to do something small but feasible rather than do 
something too advanced that never gets implemented. The teachers were also 
asked to consider whether it should be a student-driven or a teacher-driven 
activity and how the teacher and student should interact. Furthermore, the 
teachers were asked to consider whether to solely use GeoGebra or else create 
a blended activity where, for example, paper and pencils are also used. 
Teacher F made a comment about the use of graph paper in the problem-
solving lesson demonstrated at the first meeting by the researcher. She 
explained that she afterwards did something similar and said that she believed 
using GeoGebra could sometimes result in too much trial and error but that 
incorporating paper and pencil helped her students better grasp the problem. 

3.6.3.3 Third meeting: Evaluation 
One of the teachers, Teacher G, starts by sharing her experience of 
implementing her lesson with students. The lesson was about quadratic 
functions:  
 
Teacher G:  We had a good plan, but then I initially made a wrong decision 

because I really wanted – it was about introducing quadratic 
functions, quadratic equations – and then I felt that first 
everyone should be aware of the difference between a function 
and an equation. /…/ But that discussion took up way too much 
time /…/ it was a quarter of an hour before I was even able to 
start with what I had planned and it was only a one-hour lesson 
and the stress that I built up ruined the lesson. I am not sure 
that the students perceived that it was bad, [as] they did not 
know what I had planned, but I knew and Teacher H knew, and 
I became nervous because Teacher H was sitting there as well. 

 
The teacher explains that she was aware of the problem from the beginning 
but nevertheless decided to continue the discussion that she had initiated.  

 
The researcher explains how the teacher’s original lesson was redesigned. The 
lesson had three parts: an introduction, a part where students work with some 
tasks, and a final closing part. The students’ work was divided in two steps. 
First, the students address the content from one perspective (functions) and 
then from a second perspective (geometry). GeoGebra was then used to 
connect these two perspectives with each other in the closing part of the 
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Teacher J:  Students do not know how to complete the square in order to 

solve quadratic equations, and by using GeoGebra, I would like 
to give them some tips on how to complete the square through 
the maximum or minimum point of a quadratic function.  

 
The teacher explains that GeoGebra allows one to find the symmetry line, the 
maximum or minimum value of the function, how the function looks when 
factorised and so on. She tried her lesson with students and got mixed results. 
One problem that she struggles with is how to structure the lesson well. With 
this last report, the meeting ended.  

3.6.3.4 The design by Teacher J 
The researcher and Teacher J meet a couple of days after the third meeting to 
improve Teacher J’s lesson. This meeting lasted just over an hour, and 
afterwards, the teacher made a worksheet based on the discussions with the 
researcher. Later, she implemented the GeoGebra activity with students. In 
this section, some of the discussion from the meeting and the implementation 
of the activity will be presented. 
 
Improving the design  
The meeting begins with the teacher explaining the lesson to the researcher. 
Teacher J has designed a student-driven activity where the instructions for the 
students are written in a spreadsheet and include three sets of tasks. The first 
set of tasks is shown in Figure 48. 
 
 

 
Figure 48. The first set of tasks in the spreadsheet. 

 

182 

to connect points with straight lines in order to get an idea of slope and 
intersections. In lesson three, the students are expected to explain how the 
coefficients k and m in the formula 𝑦𝑦 = 𝑘𝑘𝑘𝑘 +𝑚𝑚 affect the graph of a function. 
 
Teacher L explains that this lesson was also implemented by one of their 
colleagues (not part of this project) who did not have much experience in 
using GeoGebra. This colleague had a similar outcome with highly motivated 
students.  
 
Next, the researcher continues by challenging Teacher L to describe the 
outcomes of the lesson in terms of learning gains. In this discussion, Teacher 
L is eventually able, with the support of the researcher, to propose some ideas 
on how to improve the lesson in terms of the ICAP framework.  
 
The next teacher to present was Teacher I. Her lesson was about inscribed 
angles. She explained that she initially wanted to introduce the theorems to the 
students and then to prove them. This is what she always does, but after our 
additional meeting, she changed her mind. The teacher explained that she was 
sure that the students needed the theorems from the very beginning, but when 
the researcher asked her why this was the case and for what purpose, she had 
changed her mind. Instead, she wanted to try a more exploratory approach 
where the students, with the support of GeoGebra, are guided towards finding 
and formulating the theorems themselves. At this stage, the teacher had not yet 
enacted the lesson. 
 
The meeting continues with the lesson by Teacher F. In this case, the teacher 
had an idea of how to motivate the formula for calculating the area of a 
triangle, but she decided to use parts of the introduction of the lesson in 
problem solving that the researcher had demonstrated in the first meeting. The 
teacher explains how she enacted the lesson, and during this lesson, there was 
a discussion where the group tried to understand the purpose of the lesson. 
The researcher challenges the teachers by posing different follow-up questions 
that require making use of the knowledge about the area of the triangles. For 
example, what would happen to the area if the triangles were changed to 
rectangles instead? From this discussion, the teacher realises that her lesson 
does not have a clear task for the students. She proposes a new idea for the 
lesson: 
 
Teacher F:  Next time, I would do the opposite, actually. I would go from 

what I did before with the proof, and then we would do this 
lesson, and after that, we would do your lesson.   

 
The final teacher to present is Teacher J. She explains that her lesson is about 
connecting quadratic functions and quadratic equations:  
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solution in as few guesses as possible. The teacher explains that this is the 
reason why the spreadsheet has different fields: 
 
Teacher J:  Exactly. For example, in this case, they get the minimum 

points, then they should think about how to move the point 
along the x-axis starting from the minimum point (0,0) /.../ and 
what the function would look like. 

Researcher:  But what happens if the students only use trial and error? 
Teacher J:  They can do that. You cannot keep an eye on everyone to see if 

they are only using trial and error or if they are also thinking. I 
want them to think... 

 
The discussion continues about how to try to make it so that students think and 
not simply use trial and error with GeoGebra. However, the teachers do not 
seem to agree that there is a problem: 
 
Researcher:  Your guess, along with the information you received now 

[from GeoGebra], can you use it somehow to make a much 
better guess without moving the graph? You can move the 
graph, but first you need to have an idea. 

Teacher:  I do not know. My impression is that if they move it in the 
wrong direction, they may start thinking about what happened 
with the function and why it does not look like how it is 
supposed to look. 

Researcher:  Can you ask a question that could somehow stimulate that 
thought? 

Teacher J:  I see! 
 
The discussion continues about what instructions could be given to the 
students both in writing and orally in order to make them think before trying 
anything in GeoGebra. The teacher and the researcher also discuss how a 
workflow might look like. Eventually, there is an agreement: 
 
Teacher J:  I think I understand. I think I wanted to show a little too much. 

By moving left or up, down and so on. 
Researcher:  But it is also important to show that you can do it with the 

software. 
Teacher J:  I will still show that you can move around in any way you 

want. Absolutely! 
 

The teacher continues by describing how she imagines the workflow of the 
lesson. At one point, she reflects that she was confident she had a good idea 
with the lesson but has now has realised the problem: 
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The teacher explains how she introduced GeoGebra and the spreadsheet to the 
students when she implemented the activity. She explains that her students 
were able to discover how to move the function 𝑓𝑓 𝑥𝑥 = 𝑥𝑥! in GeoGebra in 
order to get 𝑓𝑓 𝑥𝑥 = 𝑥𝑥! − 1. According to the teacher, the students received 
important insights as ‘they got an idea of what is changing and how’. The 
researcher continues: 
 
Researcher:  I would like them to document their efforts. 
Teacher J:  That is why I wrote two lines. I made it clear to the students 

that, in the first row, you write your guesses, what you believe. 
For each function, there are two rows. There, you write your 
guess, and there, you write /.../ that you have verified with 
GeoGebra. Do you understand what I mean now? If the student 
believes that in order to achieve the first graph, you need to 
move it to the left, then you write the displacement along the x-
axis, one step to the left. 

Researcher:  Hmm. 
Teacher J:  And no displacement here. And this is the guess. 
Researcher:  Okay. 
Teacher J:  And here, they were supposed to verify with GeoGebra. And 

here, there was no displacement along the x-axis. Instead, it 
was one step downwards. With the help of GeoGebra, they 
finally managed to get it right. 

 
The researcher reminds the teacher about the geometric problem and the part 
where students are supposed to guess where to place the intersection between 
the two rectangles in order for the two areas to become equally large. The 
problem arises if GeoGebra is used to calculate the areas:  
 
Researcher:  The thing is that this does not require very much from the 

student. /…/ You are looking for solutions only by tracking the 
information that the software gives you. It is a completely 
different thing if, to begin with, if you hide these [the values of 
the areas]. It becomes much more difficult.  

Teacher J:  Hmm. 
Researcher:  How do we know that this is a solution? 
Teacher J:  Hmm. 
Researcher:  Then we need to use other strategies. 
Teacher J:  Yes, exactly. 
 
The discussion continues, and the researcher and teacher agree that, in this 
case, it is the software that tells the student what is right or wrong. The 
researcher explains that the students may keep trying until the software says it 
is correct but without students needing to think about how to reach the 
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Figure 49. The instructions given to the students at the beginning of the 
lesson. 

 
The teacher guides the students through the written instructions showing how 
to do the different steps in GeoGebra which are projected on the whiteboard. 
At the end of this introduction, the teacher tells the student to make note of 
how the algebraic expression changes when the graph is moved in GeoGebra. 
 
After this introduction (approximately 12 minutes), the teacher makes sure 
that the algebraic expression is not displayed by telling the students to hide the 
algebra window in GeoGebra on their computers. The students then continue 
with the tasks in their worksheet. The students start working individually as 
the teacher walks around in the classroom to help those students who need it. 
 
The first three tasks in GeoGebra have a similar structure (Figure 50).  
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Teacher J:  I realised that I am making it so that they use GeoGebra to 
investigate whether it is right or wrong. 

Researcher:  Yes, and that is low-level evaluation. 
Teacher J:  Yes, from the beginning. I also reach other levels later, but I 

start by letting them play without thinking [by] moving a graph 
and verifying whether the expression is correct or not. 

 
The discussion continues, but now the focus is on the learning objectives and 
how to distribute responsibilities – how much should the students do and what 
can the teacher do? 
 
Teacher J:  I want to connect… if we take 𝑥𝑥! − 1, you can make many 

things with the function or with the corresponding equation. 
/…/ you can solve the equation plus minus 1, so to speak. You 
can consider it as the difference between two squares /…/ 
Somehow, I want to link these things, because they are simple 
things... if you only give some time for the quadratic form, the 
factored form /…/ the expanded form. It is the same function or 
the same equation, but you get different information depending 
on the form, and I want to help them understand that /…/. 

 
The teacher and researcher continue discussing different issues, such as how 
much content the lesson should cover. During this discussion, the teacher 
suggests that it might be a good idea to hide the algebra window in GeoGebra.  
 
Towards the end of the meeting, the researcher asks the teacher to look at the 
summary of the ICAP framework and to try to use it in the planning, for 
example, to stimulate students into being interactive. 
 
Implementation of the redesigned lesson 
The teacher begins the lesson by explaining to the students that the lesson is 
about quadratic functions and equations. She also explains that she first wants 
the students to become acquainted with some basic features in GeoGebra. 
These are features that the students will need later when working with a set of 
tasks that the teacher has prepared on a worksheet (Figure 49, translated from 
Swedish).  
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The required functions in the three tasks are the following: 𝑔𝑔 𝑥𝑥 = 𝑥𝑥! − 1 
(Figure 50), 𝑔𝑔 𝑥𝑥 = (𝑥𝑥 − 2)! and 𝑔𝑔 𝑥𝑥 = (𝑥𝑥 + 3)! − 4. 
 
In the next task, the students are instructed to solve the equation (𝑥𝑥 + 3)! −
4 = 0 algebraically and to compare the solutions with the graph of 𝑔𝑔(𝑥𝑥) =
(𝑥𝑥 + 3)! − 4 in GeoGebra. The students also need to write 𝑔𝑔 𝑥𝑥  in factored 
form.  
 
The next task is similar to the three first tasks, but now, two students take 
turns to decide on a function 𝑔𝑔(𝑥𝑥) = (𝑥𝑥 + 𝑎𝑎)! − 𝑏𝑏, for some constant a and b, 
that the other student needs to describe in terms of displacement of the 
function 𝑓𝑓 𝑥𝑥 = 𝑥𝑥!.  The students are asked to describe how the constants a 
and b affect the graph of the function and to write their conclusion. 
 
In the last task, the students work individually again. Now, they are given a 
graph to a function 𝑓𝑓 𝑥𝑥  with complex roots (see Figure 51) and asked to 
solve the equation 𝑓𝑓 𝑥𝑥 = 0. The students are also asked to write 𝑓𝑓 𝑥𝑥  in 
factored form. 
 
 

 
Figure 51. A function with complex roots. 

 
In the last part, the students are asked to summarise their work. Here, they are 
asked to write the function 𝑔𝑔 𝑥𝑥 = (𝑥𝑥 + 3)! − 4 in quadratic form, expanded 
form and factored form and explain the information that each form may 
provide. The students are then asked to discuss with peers. Finally, they are 
given some instructions on how to use GeoGebra to show the different forms. 
The teacher guides the students through this final step.  

3.6.4 Evaluation phase 
In cycles 1 and 2, the theoretical triad was developed by the researcher to 
assess certain aspects of teachers’ practice. In this third cycle, it was used 
explicitly as a measure of performance introduced to the teachers through 
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Figure 50. The first of three similar tasks. 

 
In each task, the students are asked to create a specific function by moving the 
graph of the function 𝑓𝑓 𝑥𝑥 = 𝑥𝑥! in GeoGebra. First, the students are asked to 
guess and write what they believe should be the displacement of 𝑓𝑓 𝑥𝑥 = 𝑥𝑥! in 
different directions. Next, the students are asked to graph the required function 
and to compare the two graphs in GeoGebra. If the two graphs do not overlap, 
the students are asked to modify the guess and try one more time. If they still 
do not overlap, the students may ask for help from peers or from the teacher. 
When the two graphs overlap, the students continue with the next task and a 
new function.  
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Furthermore, the researcher was simultaneously involved in the design of six 
teaching activities. The common language (the theoretical triad) that had been 
rapidly established within the group facilitated this work. Design decisions 
were made based on the theoretical triad. For example, based on the ICAP 
framework, Teacher I decided to change her normal way working and instead 
try a more exploratory approach. Instead of giving the students theorems to 
apply, she decided to let the students use GeoGebra to find and formulate the 
theorems themselves. 
 
One concern of the researcher was whether the dual nature of the tool was 
going to be interpreted by the teachers as symbolising good and bad teaching, 
but no such interpretation happened. Instead, there were clear indications that 
the teachers were selective in the way they implemented change in their 
existing practices. These outcomes suggests that the social consequences are 
both supportive of the purpose of theoretical seeding and at the same time 
consistent with the teachers’ values. 
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theoretical seeding. In order to validate this specific use of the theoretical 
triad, the researcher decided to introduce an additional theoretical notion 
commonly used within the field of psychometrics, as in, the notion of 
construct validity. According to Messick (1987), construct validity needs to be 
systematically addressed when any kind of qualitative or quantitative 
summary of performance is made and the results are used for specific 
purposes. Here, what needs to be validated is not the measure itself but rather 
the meaning or interpretation of measuring the results along with the 
implications for action that this meaning encompasses. There are several 
aspects of construct validity (content, substantive, structural, external, 
generalisability, and consequential aspects). In particular, Messick (1987) 
argues that social values and social consequences cannot be ignored in 
considerations of validity, as the appropriateness, meaningfulness, and 
usefulness depend on the social consequences of, in this case, theoretical 
seeding. The value implications and social consequences of theoretical 
seeding may be addressed by studying both the intended outcomes and the 
unintended side effects. The researcher had arranged this by interviewing the 
teachers at the beginning of the second meeting (see section 3.6.3.2). 
 
Some of the outcomes in this cycle were expected (from the experiences of 
cycle 2). Among these expected outcomes were the teachers’ awareness of the 
techniques of their actions and performance with respect to the IRE sequence. 
The teachers were able to use parts of the theoretical triad to analyse their 
current practices and to suggest improvement. A more unexpected outcome 
was the extent of self-initiated classroom experimentation that two of the 
teachers (Teacher F and Teacher G) in particular reported on. Before this 
cycle, the researcher had only some minor evidence of self-initiated classroom 
experimentation, but in this cycle, more data was available.  
 
The experimentation of these two teachers can be summarised as a change in 
responsibilities between the teacher and the students. One of the teachers 
explained that she was usually responsible for activities such as drawing 
figures, but now this responsibility was delegated to the students. For the 
researcher, this was a significant change, as activities such as drawing figures 
are examples of constructive activities and part of solving the mathematical 
tasks that students need to master. The teachers reported that they had started 
encouraging students to draw pictures and reason about their mathematical 
features. Both teachers valued the impact that this transfer of responsibility 
had on their students’ understanding of the task. In addition, for one of the 
teachers, the transfer of responsibilities also included a meta-discussion with 
her students about learning processes (ICAP). In fact, a similar outcome was 
also reported by one of the teachers in the second cycle.  
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4.1.1 Design techniques  
In total, three different techniques where explored by the researcher. These 
techniques are called ‘application seeding’ in cycle 1, ‘activity seeding’ in 
cycle 2, and ‘theoretical seeding’ in cycle 3 (see Table 8).  
 
 
Cycle Design praxeology Didactical praxeology Mathematical praxeology 

1 Application seeding 
(Minimal design) 

Teachers provided with a 
technological element Geometric algebra 

2 
Activity seeding 
(Comprehensive 
design) 

Proposal of a new teaching 
praxis (type of tasks and 
techniques) 

Self-regulated learning and 
problem-solving 

3 Theoretical seeding 
(Distributed design) 

Teachers provided with 
some technological and 
theoretical elements to be 
used for design 

Various, depending on the 
teachers’ preferences 

Table 8. Overview of the praxeological configuration in each cycle. 

 
The first cycle was initiated with a focus on the TPCK framework with the 
purpose of addressing technological, pedagogical, and content knowledge for 
teachers participating in professional development regarding technology-
enhanced mathematical instruction. Initial observations of the teachers led to 
addressing the teachers content knowledge by designing an application 
involving connections between symbolic and diagrammatic representations (in 
terms of rectangles) of the distributive law. What was introduced to the 
teachers was only a small mathematical praxeological element (minimal 
design) that the teachers incorporated in their didactic praxeologies. When the 
outcomes of the enacted lessons did not match the researcher’s expectations, 
the researcher decided to change theoretical perspective. The researcher 
attributed the breakdown to a problem in the configuration rather than to a 
problem in the teaching system.  

 
In the second design cycle, the TPCK framework was placed in the 
background in favour of the theoretical triad that served to address 
mathematics instruction from three different perspectives (content, teacher, 
student). The detail about the use of this theoretical triad will be addressed in 
the next section. The teachers were provided with a complete teaching activity 
(mathematical and didactic praxeology) including the theoretical triad. In 
addition, the teachers’ progress was more carefully planned for, monitored and 
continuously supported compared to the first cycle (comprehensive design). In 
this cycle, mixed outcomes were achieved. The teachers were less able to use 
GeoGebra to support logos-oriented discussions in their lessons; however, 
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Chapter 4: Retrospective analysis 

‘The best laid schemes o' Mice an' Men, gang aft agley’ 
– Robert Burns 

In this chapter we present an analysis of the three cycles taking into account 
the mathematical praxeologies (MaP) and the didactic praxeologies (DiP) 
enacted by the teachers in the lessons. Episodes from the lessons are analysed 
in pairs (MaP, DiP) including both the mathematical and the didactic 
praxeologies. The analysis of the teachers’ and students’ didactic praxeologies 
will include the same theoretical notions as provided to the teachers, as in, the 
notion of low-level/high-level evaluation and the ICAP framework. The 
chapter ends with a global analysis of the design praxeology (DeP) developed 
throughout the three cycles with a focus on the measure of performance. We 
will begin by presenting a summary of the design process including the design 
techniques used in the three cycles and the adaptive conceptual frameworks. 

4.1 Summary of the design process 
In this design praxeology, the researcher explored how to create change by 
introducing praxeological elements to the teaching system. What was explored 
during the three cycles was mainly different ways of interacting with the 
teachers. In accordance with the AED approach, the researcher only interacted 
with the teachers during the three cycles. The teachers were fully responsible 
for orchestrating the teaching activities to support their students’ learning. No 
external support was provided during the implementation of the teaching 
activities. 
 
This section provides a summary of the different design strategies used by the 
researcher and a summary of the adaptive conceptual frameworks that were 
used during the process.   
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4.1.2.1 First encounter 
In this intervention, only certain aspects related to teachers’ participation in 
the design process were taken into consideration (CFPD 1). The common goal 
was to address the students’ understanding of the distributive law and to 
involve digital technologies. The following components were used in the first 
cycle: 

 
CFPD 1: Technological, Pedagogical Content Knowledge (TPCK) and 

Mathematical knowledge for teaching (MKT). 

CFD 1:  Representational theory and geometric algebra. 

CFU 1:  Praxeologies, routines/IRE. 

 
CFPD 1 
The structure of the teachers’ professional development (CFPD 1) was based 
on two complementary frameworks on teacher knowledge: TPCK (Koehler & 
Mischra, 2008) and MKT (Loewenberg Ball, Thames & Phelps, 2008). While 
the TPCK framework focuses on the affordances provided by digital 
technologies and on the integration of digital technologies in different subject 
areas, the MKT framework focuses on teacher knowledge for the teaching of 
mathematics.   
 
CFD 1 
The two frameworks in the CFPD 1 were utilised by the researcher in the CFD 
1 to address the teachers’ understanding of the affordances for representation 
and communication. The researcher provided the teachers with an application 
implemented in the dynamic geometry software GeoGebra (see section 3.3.1) 
which focuses on the transformation of representations (Duval, 2006) related 
to the distributive law. Furthermore, the researcher initiated a discussion with 
the teachers on how to orchestrate the application in a teaching activity with 
students. These theoretical elements were not given explicitly to the teachers. 
Although the researcher designed the application, it was the teachers who 
finally decided how to use the application in a teaching activity with their 
students. 
 
CFU 1 
To address some unexpected outcomes the researcher decided to introduce the 
notion of praxeologies, and the notion of routines (Berliner, 2001), in 
particular, the IRE sequence (Mehan, 1979).  

4.1.2.2 A new hope 
In this cycle, more focused efforts were made to organise and provide 
professional development and to support the teachers’ participation in the 
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they were able to analyse their implementations of the researcher’s lesson with 
respect to aspects of the theoretical triad. A recurrent problem in the 
configuration used in cycles 1 and 2 was the teacher’s reluctance to be critical 
of the application or activity that the researcher had proposed. For this reason, 
the researcher decided not to give teachers a teaching activity in the next 
cycle.  
 
Thus, in cycle 3, the teachers involved were responsible for designing their 
own teaching activities supported by GeoGebra (distributed design). The 
researcher only provided the teachers with the theoretical triad. The third 
design cycle showed promising outcomes particularly in regard to the 
transferability of the theoretical to regular instruction. The teachers 
appreciated the theoretical triad as ‘models of thought’ that could be utilised 
for analysis as well as in the design of mathematical instruction. 

4.1.2 The adaptive conceptual frameworks  
Three different sets of adaptive conceptual frameworks were used, with one 
set for each cycle (Figure 52). To recap, CFPD stands for Conceptual 
Framework for Professional development, CFD stands for Conceptual 
framework for development, and CFU stands for Conceptual Framework for 
Understanding. The researcher used CFPD to scaffold for the teacher 
professional development. The elements used in CFD were given to the 
teacher either explicitly or implicitly through the artefacts or activities that the 
teachers were involved in. Finally, the researcher used CFU to evaluate a 
design cycle and to decide how to initiate the next cycle.  
 
 

  
Figure 52. The adaptive conceptual frameworks throughout the design 
process. 
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between the teachers use of the digital tool and the theoretical notions that the 
researchers had introduced to the teachers. 

4.1.2.3 Final cut 
This was the last intervention and it included teachers from different schools. 
The following components were used in this final cycle: 

 
CFPD 3: ICAP framework 

CFD 3: Praxeologies, ICAP framework, IRE, and the notion of high-level 
and low-level evaluation. 

CFU 3: Construct validity 

 
CFPD 3 
In this cycle, the ICAP framework outlined the teachers’ professional 
development. The researcher used a different approach to teacher change. This 
new strategy or technique is called ‘theoretical seeding’.  
 
CFD 3 
In this cycle, the teachers were not provided with an activity as in the two 
previous cycles. Instead, the teachers were only provided with the theoretical 
triad used in the previous cycle (IRE including high-level and low-level 
evaluation, ICAP, and praxeology). The teachers used this triad to design their 
own customised teaching activities supported by GeoGebra. In total, there 
were six simultaneous collaborative designs, and each one contained different 
learning objectives chosen by the teachers. However, not all teachers 
completed the design of their teaching activities. 
 
CFU 3 
An additional element was introduced in the CFU 3, namely, the notion of 
construct validity (Messick, 1987) that was used to evaluate the social 
consequences of theoretical seeding.  
 
To summarise, the adaptive conceptual frameworks are dynamic resources of 
the design praxeology in a state of continuous revision for the purpose of 
aligning research objectives with pragmatic objectives. In the next section, we 
continue with a praxeological analysis of the mathematical and didactic 
praxeologies in the three cycles.  
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design process (CFPD 2). The teachers were provided with a theoretically 
underpinned problem-solving activity supported by GeoGebra (see section 
3.3.2). Some of the components used by the researcher to evaluate the first 
cycle (i.e. CFU 1) became components used in the planning and the 
implementation phase of the second cycle. The following components were 
used in the second cycle:  
 
CFPD 2: Teacher change and scale-up. 

CFD 2: Praxeologies, ICAP framework (Interactive–Constructive–Active–
Pasive), IRE, the notion of high-level and low-level evaluation, 
Self-regulated learning and problem solving. 

CFU 2: Praxeologies and instrumental genesis. 

 
CFPD 2 
The new CFPD 2 included issues of teacher change (Clarke & Hollingsworth, 
2002; Guskey, 2002) and issues of dissemination or scale-up (Lawless & 
Pelligrino, 2007). In short, this was a more comprehensive approach to the 
teachers’ professional development where the teachers’ progress was 
monitored more carefully.  
 
CFD 2 
By changing the learning objectives to problem solving in the second cycle, 
the role of representations changed as well. Representations were addressed 
indirectly through self-regulated learning, as it is a theory that aligns well with 
the process of problem solving (Pape, Bell, & Yetkin, 2003; Zimmerman & 
Campillo, 2003). However, this theoretical component was, to a large extent, 
embedded in a problem-solving activity provided by the researcher and 
therefore became less explicit to the teachers.  
 
Furthermore, the teachers were also explicitly provided with the notion of 
praxeology and the IRE sequence from CFU 1. In addition, the ICAP 
framework (Chi, 2009) was included in order to model different possible ways 
that the student could participate in the creation of a mathematical praxeology. 
These three theoretical elements were connected to each other by the notion of 
high-level and low-level evaluation (Nystrand & Gamoran, 1991) and were 
used by the researcher along with the teachers as a didactic resource to address 
multiple aspects of the teaching process.  
 
CFU 2 
In the CFU 2 the notion of praxeology was accompanied by the notion of 
instrumental genesis (Trouche, 2004) to describe the role and interplay 
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numbers. Now, area could further be interpreted as the total number of unit 
squares. These two closely related interpretations (technologies) were used by 
the teacher throughout the lesson. 
 
To these tasks, different solutions appeared, such as 3/4 of 36, 3 ∙ 3 ∙ 3!, 33 
and 27. Near the end of this episode, the focus momentarily shifted to a 
different set of type of tasks and techniques:  

• Calculate powers by using the product rules. 
 
DiP 1 
Judging from the students’ questions, this seemed to be a new situation for 
them. The students had difficulties understanding the two initial tasks given to 
them by the teacher. In order to proceed, the teacher repeatedly rephrased 
and/or simplified the instructions given to the students in order to get them to 
start working with the tasks. In this situation, the teacher relied to a large 
extent on low-level evaluation to push the lesson forward. Furthermore, it was 
the teacher who assumed responsibility for interpreting, drawing figures, and 
eventually, also solving the tasks. The students only contributed with minor 
pieces of information or knowledge already available in the teacher’s 
presentation. 
 
Some of the students’ answers (e.g. 3/4 of 36) could also be taken as evidence 
that this was a new situation for them and that the students were unsure of 
what was expected of them. The teacher did most of the mathematical work 
associated with these tasks. Therefore, the opportunities for the students to be 
active rather than passive were limited. Here, the students seemed to be more 
familiar with calculating powers, as they were able to make the calculations 
needed for this task. 
 
MaP 2 
After this episode focus was put on geometric algebra as before. The students 
were asked to engage in the following type of tasks: 

• Create geometric models (in both two and three dimensions) for 
algebraic expressions. 

• Write algebraic expressions of area and perimeter of rectangular 
shapes. 

 
To these algebraic tasks, a third additional technological element appeared in 
the whole class discussion of the students’ answers: the interpretation of 
multiplication as repeated addition. However, this element was not discussed 
explicitly with the students.  
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4.2 Praxeological analysis of ‘First encounter’ 
4.2.1 Elements of the mathematical and didactic praxeology 

4.2.1.1 The design proposal 
In the first cycle, the application that the teachers received from the researcher 
was a technological element presenting a geometrical explanation of the 
distributive law, which the researcher introduced to the teachers’ didactic 
praxeology. To recap, the researcher’s underlying assumption in this 
application is that working with different mathematical representations can 
develop students’ understanding of the distributive law. The researcher’s 
intention was to use the application to provide some ideas or inspiration to 
initiate the development of a full teaching activity with the teachers. Although 
the researcher offered the teachers support in adapting the application to their 
preferences and needs, the teachers nevertheless decided to try the application 
without making any changes and incorporate it in different ways. Rather than 
focus on the justification of the distributive law – which was the initial 
demand of the teachers to the researcher – the teachers decided to organise an 
entire lesson on the use of simple geometric figures to model numeric and 
algebraic expressions. In general, what is taught in these lessons are mainly 
elements of a local mathematical praxeology around the geometric modelling 
of algebraic expressions. 

4.2.1.2 The lesson by Teacher A 
The lesson given by Teacher A can be divided in three parts depending on 
whether or not the teacher used GeoGebra. GeoGebra was only used in the 
second part of the lesson.  
 
MaP 1 
The teacher began the lesson with an introduction. In this introduction the 
teacher introduced a technological element, namely, that squared numbers can 
be interpreted as the area of squares. The associated technique is to draw a 
square and decide its dimensions. In the first part of the lesson the 
mathematical praxeology included the following type of tasks:  

• Create geometric models for quadratic powers.  
• Create and use geometric models to support the subtraction of 

quadratic powers. 
 
In the first task, the students were asked to draw a figure to represent the 
expression 3!. In the second task, the students were asked to model 6! − 3! 
and to use the geometric model to support the subtraction of the squares. With 
the support of the grid that was projected onto the whiteboard, the teacher 
explicitly introduced an additional aspect of the interpretation of squared 
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numbers. Now, area could further be interpreted as the total number of unit 
squares. These two closely related interpretations (technologies) were used by 
the teacher throughout the lesson. 
 
To these tasks, different solutions appeared, such as 3/4 of 36, 3 ∙ 3 ∙ 3!, 33 
and 27. Near the end of this episode, the focus momentarily shifted to a 
different set of type of tasks and techniques:  

• Calculate powers by using the product rules. 
 
DiP 1 
Judging from the students’ questions, this seemed to be a new situation for 
them. The students had difficulties understanding the two initial tasks given to 
them by the teacher. In order to proceed, the teacher repeatedly rephrased 
and/or simplified the instructions given to the students in order to get them to 
start working with the tasks. In this situation, the teacher relied to a large 
extent on low-level evaluation to push the lesson forward. Furthermore, it was 
the teacher who assumed responsibility for interpreting, drawing figures, and 
eventually, also solving the tasks. The students only contributed with minor 
pieces of information or knowledge already available in the teacher’s 
presentation. 
 
Some of the students’ answers (e.g. 3/4 of 36) could also be taken as evidence 
that this was a new situation for them and that the students were unsure of 
what was expected of them. The teacher did most of the mathematical work 
associated with these tasks. Therefore, the opportunities for the students to be 
active rather than passive were limited. Here, the students seemed to be more 
familiar with calculating powers, as they were able to make the calculations 
needed for this task. 
 
MaP 2 
After this episode focus was put on geometric algebra as before. The students 
were asked to engage in the following type of tasks: 

• Create geometric models (in both two and three dimensions) for 
algebraic expressions. 

• Write algebraic expressions of area and perimeter of rectangular 
shapes. 

 
To these algebraic tasks, a third additional technological element appeared in 
the whole class discussion of the students’ answers: the interpretation of 
multiplication as repeated addition. However, this element was not discussed 
explicitly with the students.  
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4.2 Praxeological analysis of ‘First encounter’ 
4.2.1 Elements of the mathematical and didactic praxeology 

4.2.1.1 The design proposal 
In the first cycle, the application that the teachers received from the researcher 
was a technological element presenting a geometrical explanation of the 
distributive law, which the researcher introduced to the teachers’ didactic 
praxeology. To recap, the researcher’s underlying assumption in this 
application is that working with different mathematical representations can 
develop students’ understanding of the distributive law. The researcher’s 
intention was to use the application to provide some ideas or inspiration to 
initiate the development of a full teaching activity with the teachers. Although 
the researcher offered the teachers support in adapting the application to their 
preferences and needs, the teachers nevertheless decided to try the application 
without making any changes and incorporate it in different ways. Rather than 
focus on the justification of the distributive law – which was the initial 
demand of the teachers to the researcher – the teachers decided to organise an 
entire lesson on the use of simple geometric figures to model numeric and 
algebraic expressions. In general, what is taught in these lessons are mainly 
elements of a local mathematical praxeology around the geometric modelling 
of algebraic expressions. 

4.2.1.2 The lesson by Teacher A 
The lesson given by Teacher A can be divided in three parts depending on 
whether or not the teacher used GeoGebra. GeoGebra was only used in the 
second part of the lesson.  
 
MaP 1 
The teacher began the lesson with an introduction. In this introduction the 
teacher introduced a technological element, namely, that squared numbers can 
be interpreted as the area of squares. The associated technique is to draw a 
square and decide its dimensions. In the first part of the lesson the 
mathematical praxeology included the following type of tasks:  

• Create geometric models for quadratic powers.  
• Create and use geometric models to support the subtraction of 

quadratic powers. 
 
In the first task, the students were asked to draw a figure to represent the 
expression 3!. In the second task, the students were asked to model 6! − 3! 
and to use the geometric model to support the subtraction of the squares. With 
the support of the grid that was projected onto the whiteboard, the teacher 
explicitly introduced an additional aspect of the interpretation of squared 
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The teacher guided the students through this episode and assumed main 
responsibility for the mathematical reasoning. Although the teacher interacted 
with the students, the students’ contributions to the discussion were very 
limited in terms of extent and complexity. Thus, the students were not 
stimulated to an extent beyond merely being passive. 
 
After this episode, the teacher returned to the task of rearranging the 
rectangular shapes to match different numeric expressions (the expression 
2∙6+2∙3 in GeoGebra). Now, the students were able to follow the discussion 
and also provide interpretations of the numeric expression based on the 
rearrangement of the geometric shapes. Therefore, here, students were 
therefore given the opportunity to be active and constructive. 

 
MaP 4 
At the end of this part of the lesson, the teacher wanted to connect the 
expression 3∙4+3∙2 with 3∙(4+2). The teacher introduced the technique of 
factorising the expression 3∙4+3∙2 by placing the factor at the beginning 
followed by the remaining terms inside brackets. Thus, new types of tasks and 
techniques were included in the mathematical praxeology: 

• Factorise a numeric expression by following a pattern for how to 
manipulate the expression.  

 
The motivation for this technique was based on the previous discussion about 
how no matter how the rectangles are arranged, the area is the same. The work 
done before of rearranging rectangles was therefore used as a technological 
element to justify the technique of manipulating the expression in order to 
factorise. 
 
DiP 4 
The teacher guided the students through this task, and the students only made 
small contributions to the teacher’s presentation (being passive/active). This 
task ended the part of the lesson where GeoGebra was used. 
 
MaP 5 
The final part of the lesson was similar to the second part. In this case, the 
teacher drew some rectangular shapes on the whiteboard and the students were 
asked to write numeric expressions associated with the rectangular shapes. 
The focus was therefore on the following types of tasks:  

• Create numeric expressions to model rectangular shapes.  

• Make treatments on a numeric expression to match other numeric 
expressions. 
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DiP 2 
In this episode, the teacher managed to create a rich set of geometric figures to 
model the algebraic expression. Initially, it was the teacher who assumed 
responsibility for interpreting the algebraic expression, but this responsibility 
was transferred to the students at the end when working with the expression 
4𝑥𝑥!. In this case, the students were given opportunities to be constructive. 
Furthermore, the task related to area and perimeter seemed to be more familiar 
to the students because, although the students were not sure about the answer, 
the teacher did not provide low-level evaluation in terms of simplifying 
elicitations to the same extent as with some of the previous tasks.  
 
During the work related to these five tasks, the teacher relied on three 
interpretations of multiplication or three mathematical technologies 
interchangeably (see MP 1 and MP 2). However, the distinction between the 
technologies was not made explicit to the students. In fact, no mathematical 
technological elements were discussed or addressed explicitly with the 
students during this part of the lesson.  
 
MaP 3 
In the second part of the lesson, the teachers used the application in GeoGebra. 
In this part of the lesson, the focus was on the following types of tasks: 

• Associate different but equivalent numeric expressions with 
rectangular shapes. 

• Rearrange the rectangular shapes to match different numeric 
expressions. 

• Make treatments on a numeric expression to match other numeric 
expressions by following a pattern of how to manipulate the numeric 
expression. 

 
DiP 3 
The students were able to reply to the first task in this episode. In the second 
task, the teacher encountered a mathematical problem. The teacher tried to 
match the 2-by-9 rectangle with the numeric expression 3·(2+2+2). However, 
the rectangle had been mistakenly rotated. Placing the rectangles on top of 
each other would have solved the issue, but at that moment the teacher did not 
realise this. The teacher was therefore not able to solve the task. Instead the 
teacher escaped from this situation by changing focus from the task of 
connecting rectangular shapes with numeric expression to the third type of 
task in this episode. This task and technique seemed to be more familiar to the 
teacher and the students and thus allowed the teacher to continue with the 
lesson.  
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The teacher guided the students through this episode and assumed main 
responsibility for the mathematical reasoning. Although the teacher interacted 
with the students, the students’ contributions to the discussion were very 
limited in terms of extent and complexity. Thus, the students were not 
stimulated to an extent beyond merely being passive. 
 
After this episode, the teacher returned to the task of rearranging the 
rectangular shapes to match different numeric expressions (the expression 
2∙6+2∙3 in GeoGebra). Now, the students were able to follow the discussion 
and also provide interpretations of the numeric expression based on the 
rearrangement of the geometric shapes. Therefore, here, students were 
therefore given the opportunity to be active and constructive. 

 
MaP 4 
At the end of this part of the lesson, the teacher wanted to connect the 
expression 3∙4+3∙2 with 3∙(4+2). The teacher introduced the technique of 
factorising the expression 3∙4+3∙2 by placing the factor at the beginning 
followed by the remaining terms inside brackets. Thus, new types of tasks and 
techniques were included in the mathematical praxeology: 

• Factorise a numeric expression by following a pattern for how to 
manipulate the expression.  

 
The motivation for this technique was based on the previous discussion about 
how no matter how the rectangles are arranged, the area is the same. The work 
done before of rearranging rectangles was therefore used as a technological 
element to justify the technique of manipulating the expression in order to 
factorise. 
 
DiP 4 
The teacher guided the students through this task, and the students only made 
small contributions to the teacher’s presentation (being passive/active). This 
task ended the part of the lesson where GeoGebra was used. 
 
MaP 5 
The final part of the lesson was similar to the second part. In this case, the 
teacher drew some rectangular shapes on the whiteboard and the students were 
asked to write numeric expressions associated with the rectangular shapes. 
The focus was therefore on the following types of tasks:  

• Create numeric expressions to model rectangular shapes.  

• Make treatments on a numeric expression to match other numeric 
expressions. 
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DiP 2 
In this episode, the teacher managed to create a rich set of geometric figures to 
model the algebraic expression. Initially, it was the teacher who assumed 
responsibility for interpreting the algebraic expression, but this responsibility 
was transferred to the students at the end when working with the expression 
4𝑥𝑥!. In this case, the students were given opportunities to be constructive. 
Furthermore, the task related to area and perimeter seemed to be more familiar 
to the students because, although the students were not sure about the answer, 
the teacher did not provide low-level evaluation in terms of simplifying 
elicitations to the same extent as with some of the previous tasks.  
 
During the work related to these five tasks, the teacher relied on three 
interpretations of multiplication or three mathematical technologies 
interchangeably (see MP 1 and MP 2). However, the distinction between the 
technologies was not made explicit to the students. In fact, no mathematical 
technological elements were discussed or addressed explicitly with the 
students during this part of the lesson.  
 
MaP 3 
In the second part of the lesson, the teachers used the application in GeoGebra. 
In this part of the lesson, the focus was on the following types of tasks: 

• Associate different but equivalent numeric expressions with 
rectangular shapes. 

• Rearrange the rectangular shapes to match different numeric 
expressions. 

• Make treatments on a numeric expression to match other numeric 
expressions by following a pattern of how to manipulate the numeric 
expression. 

 
DiP 3 
The students were able to reply to the first task in this episode. In the second 
task, the teacher encountered a mathematical problem. The teacher tried to 
match the 2-by-9 rectangle with the numeric expression 3·(2+2+2). However, 
the rectangle had been mistakenly rotated. Placing the rectangles on top of 
each other would have solved the issue, but at that moment the teacher did not 
realise this. The teacher was therefore not able to solve the task. Instead the 
teacher escaped from this situation by changing focus from the task of 
connecting rectangular shapes with numeric expression to the third type of 
task in this episode. This task and technique seemed to be more familiar to the 
teacher and the students and thus allowed the teacher to continue with the 
lesson.  
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describe ‘it’, and one of the students proposed 6∙3. This suggests that the 
student may have interpreted the rectangular shapes as 3 rectangles with 6 unit 
squares in each. However, in this particular moment, the teacher considered 
this reply as incorrect. It was clear that the teacher expected a different 
answer, and thus, a misunderstanding arose. The student’s answer was later 
accepted when the three rectangular shapes were arranged side by side.  
 
In this episode, the students were given opportunities to be constructive, as the 
questions that the teacher proposed required the students to provide pieces of 
knowledge that were not already available in the teacher’s presentation. 
However, the teacher used low-level evaluation in terms of focusing on right 
or wrong based on his own expectations of acceptable replies. The teacher did 
not ask the students to provide justifications for their answers, which led to 
misunderstandings. Opportunities for engaging in logos-oriented discussions 
were therefore not exploited. Overall, there was a lack of logos-oriented 
discussion. This may have contributed to the teacher’s inconsequent use of the 
mathematical technological elements to evaluate the students’ answers. 
 
MaP 2 
In the second part of the lesson, the teacher gave the students additional tasks 
based on the first rectangular shapes in the application. The following task was 
included to the mathematical praxeology: 

• Write algebraic expressions of the perimeter of the rectangular 
shapes.  

 
The teacher also introduced the technique of factorising the expression 
2 ∙ (3ö) + 2 ∙ (2ö) by placing the factor at the beginning followed by the 
remaining terms inside brackets. Thus, additional types of tasks and 
techniques were introduced and justified by the work made on the perimeter of 
rectangles: 

• Factorize a numeric expression by following a pattern on how to 
manipulate the expression.  

 
DiP 2 
In this episode, the teacher guided the students through the two tasks. The 
questions posed by the teacher only required the students to contribute to the 
teacher’s presentation with minor pieces of knowledge. The students were 
therefore not given opportunities to be more than passive. Furthermore, when 
addressing the second task in this episode, the teacher used the different 
expression of perimeter to motivate to the students the pattern on how to 
factorise. 
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In this episode, an additional technological element was used. The teacher 
motivated the equivalent of different numeric expressions that the student had 
suggested by referring to the value of the expressions. 
 
DiP 5 
The students began working with the tasks and then the teacher presented the 
students’ solutions on the whiteboard. The focus was on writing different but 
equivalent numeric expressions. The teacher motivated the equivalence of the 
expression by referring their values rather than using the available geometric 
shapes. In this case, some of the students also seemed to have difficulties with 
understanding the tasks. 

4.2.1.3 The lesson by Teacher B 
The lesson by Teacher B can also be divided into three parts. In the first and 
the second parts of the lesson the teachers used the application. In the third 
part the teacher did not make use of GeoGebra. 
 
MaP 1 
After a brief introduction, the teacher began with the first part of the lesson. 
The mathematical praxeology included the following tasks supported by the 
application in GeoGebra: 

• Create numeric expressions to model rectangular shapes. 
• Rearrange the rectangular shapes to match different numeric 

expressions. 
 
In this episode, the teacher, with the students, introduced two related 
technological elements to describe the figures. Multiplication, as the 
calculation of area or the total number of unit squares, and multiplication as 
repeated addition.  
 
DiP 1 
When replying to the teacher’s questions, one of the students used the 
interpretation of multiplication as the calculation of the total number of unit 
squares. In the discussions with the teacher, the dimensions and the area of the 
rectangular shapes were highlighted. Later, the teacher and the students agreed 
that the total number of unit squares could be expressed as 3∙2∙3. Thus, the 
interpretation of multiplication as repeated addition was used as an additional 
technological element.  
 
Afterwards, the teacher displayed the first numeric expression in GeoGebra, 
i.e. 3∙2+3∙2+3∙2 and explained that this expression was equivalent to 3∙2∙3 
by making a minor reference to multiplication as repeated addition (‘3∙2, three 
times’). In this episode, the teacher asked the students for an alternative way to 
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describe ‘it’, and one of the students proposed 6∙3. This suggests that the 
student may have interpreted the rectangular shapes as 3 rectangles with 6 unit 
squares in each. However, in this particular moment, the teacher considered 
this reply as incorrect. It was clear that the teacher expected a different 
answer, and thus, a misunderstanding arose. The student’s answer was later 
accepted when the three rectangular shapes were arranged side by side.  
 
In this episode, the students were given opportunities to be constructive, as the 
questions that the teacher proposed required the students to provide pieces of 
knowledge that were not already available in the teacher’s presentation. 
However, the teacher used low-level evaluation in terms of focusing on right 
or wrong based on his own expectations of acceptable replies. The teacher did 
not ask the students to provide justifications for their answers, which led to 
misunderstandings. Opportunities for engaging in logos-oriented discussions 
were therefore not exploited. Overall, there was a lack of logos-oriented 
discussion. This may have contributed to the teacher’s inconsequent use of the 
mathematical technological elements to evaluate the students’ answers. 
 
MaP 2 
In the second part of the lesson, the teacher gave the students additional tasks 
based on the first rectangular shapes in the application. The following task was 
included to the mathematical praxeology: 

• Write algebraic expressions of the perimeter of the rectangular 
shapes.  

 
The teacher also introduced the technique of factorising the expression 
2 ∙ (3ö) + 2 ∙ (2ö) by placing the factor at the beginning followed by the 
remaining terms inside brackets. Thus, additional types of tasks and 
techniques were introduced and justified by the work made on the perimeter of 
rectangles: 

• Factorize a numeric expression by following a pattern on how to 
manipulate the expression.  

 
DiP 2 
In this episode, the teacher guided the students through the two tasks. The 
questions posed by the teacher only required the students to contribute to the 
teacher’s presentation with minor pieces of knowledge. The students were 
therefore not given opportunities to be more than passive. Furthermore, when 
addressing the second task in this episode, the teacher used the different 
expression of perimeter to motivate to the students the pattern on how to 
factorise. 
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In this episode, an additional technological element was used. The teacher 
motivated the equivalent of different numeric expressions that the student had 
suggested by referring to the value of the expressions. 
 
DiP 5 
The students began working with the tasks and then the teacher presented the 
students’ solutions on the whiteboard. The focus was on writing different but 
equivalent numeric expressions. The teacher motivated the equivalence of the 
expression by referring their values rather than using the available geometric 
shapes. In this case, some of the students also seemed to have difficulties with 
understanding the tasks. 

4.2.1.3 The lesson by Teacher B 
The lesson by Teacher B can also be divided into three parts. In the first and 
the second parts of the lesson the teachers used the application. In the third 
part the teacher did not make use of GeoGebra. 
 
MaP 1 
After a brief introduction, the teacher began with the first part of the lesson. 
The mathematical praxeology included the following tasks supported by the 
application in GeoGebra: 

• Create numeric expressions to model rectangular shapes. 
• Rearrange the rectangular shapes to match different numeric 

expressions. 
 
In this episode, the teacher, with the students, introduced two related 
technological elements to describe the figures. Multiplication, as the 
calculation of area or the total number of unit squares, and multiplication as 
repeated addition.  
 
DiP 1 
When replying to the teacher’s questions, one of the students used the 
interpretation of multiplication as the calculation of the total number of unit 
squares. In the discussions with the teacher, the dimensions and the area of the 
rectangular shapes were highlighted. Later, the teacher and the students agreed 
that the total number of unit squares could be expressed as 3∙2∙3. Thus, the 
interpretation of multiplication as repeated addition was used as an additional 
technological element.  
 
Afterwards, the teacher displayed the first numeric expression in GeoGebra, 
i.e. 3∙2+3∙2+3∙2 and explained that this expression was equivalent to 3∙2∙3 
by making a minor reference to multiplication as repeated addition (‘3∙2, three 
times’). In this episode, the teacher asked the students for an alternative way to 
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Furthermore, none of the teachers explicitly included the distributive law as an 
item. 
 
Teacher A assumed much of the responsibility for making the necessary 
interpretations and reasoning related to the tasks; therefore, the opportunities 
for the students to make mathematical contributions to the discussions were 
limited. Students were mostly given opportunities to be passive, not more. 
When the students did not understand the instructions given to them, the 
teacher used the strategy of rephrasing and simplifying elicitations (low-level 
evaluation) in order to proceed with the presentation. However, Teacher A 
managed to create a rich mathematical praxeology that included many aspects 
related to the use of geometric algebra. 
 
In the case of Teacher B, the mathematical praxeology was, in comparison to 
Teacher A, more limited. In this case, the students were given more 
opportunities to be active and constructive. Unlike Teacher A, Teacher B 
incorporated the application in his teaching activity and also used the features 
that the researcher had prepared in the application. In the case of Teacher A, 
the application was more or less redundant. Both teachers used different 
interpretations of multiplication simultaneously without making explicit this 
technological element to the students. Furthermore, both teachers also tended 
to rely on low-level evaluation to a rather large extent. While the researcher’s 
artefact was proposed to address a logos issue (i.e. explanation of the 
distributive law), the teachers’ lessons consisted mainly of praxis-oriented 
discussions to introduce the geometric modelling of numeric and algebraic 
expressions. In fact, both teachers devoted very little time to theoretically 
oriented discussions with the students, as if they consider the geometric 
modelling to be explanatory in itself. In the case of Teacher B, this may have 
been the cause of some of the misunderstandings of students’ answers during 
the lesson.  
 
Concerning the use of GeoGebra, both teachers experienced some disturbance 
in the flow of the lesson when introducing the task and techniques supported 
by the application. This can be taken as evidence that the teachers were trying 
to introduce elements of a new mathematical praxeology within their current 
didactic praxeologies. In some situations, the teachers were able to restore 
momentum by returning to more familiar mathematical tasks and techniques 
that were better adjusted to the teachers’ didactic praxeologies. This was the 
case with the first and the second tasks in the list above. In this case, the 
theoretical elements introduced to the teachers were used as a technique to 
solve different tasks such as setting up numeric and algebraic expressions of 
area and perimeter.  
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MaP 3 
In the final part of the lesson GeoGebra was not used. . Instead, the focus was 
on the following type of task and techniques: 

• Create and use the rectangular shapes to support multiplication of 
two-digit numbers. 

 
In this task, the teacher introduced two technological elements. The teacher 
showed the students how to expand expression (a + b)∙(c + d) by using a 
rectangular model and by using a pattern on how to manipulate the variables.  
 
DiP 3 
In this episode the teacher showed the connection between the two 
technological elements and introduced a new technique to support 
multiplication of numbers. After the teacher’s logos-oriented presentation, the 
students continued by using geometric models to multiply numbers. As the 
teacher made much of the mathematical reasoning, the students were given 
few opportunities to be more than active. In the evaluation of the lesson, the 
teacher explained that he wanted the students to know how to multiply by 
decomposing numbers. The main purpose of this episode was therefore to 
introduce of a new technique, supported by geometric algebra, to multiply 
numbers. 

4.2.2 Summary 
Apart from the teachers’ individual preparations of the lessons, the teachers’ 
preparations included the meetings with the researcher where the application 
was presented and a joint meeting where different ways of using the 
application was also discussed with other teachers.  
 
In summary, the mathematical praxeology taught by Teacher A included 
eleven items. The mathematical praxeology taught by Teacher B included five 
items. Both teachers gave the following tasks:  

• Write algebraic expressions of the perimeter of rectangular shapes 
• Rearrange the rectangular shapes to match different numeric 

expressions. 
• Factorise a numeric expression by following a pattern on how to 

manipulate the expression. 
• Create numeric expressions to model rectangular shapes. 

 
What can be observed in this list is that the first and third tasks were not 
addressed in the meetings with the teachers nor in the joint preparation of the 
lessons. However, the fact that the teachers incorporated these tasks indicates 
that these tasks are an important part of the teachers’ didactic praxeologies. 
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Furthermore, none of the teachers explicitly included the distributive law as an 
item. 
 
Teacher A assumed much of the responsibility for making the necessary 
interpretations and reasoning related to the tasks; therefore, the opportunities 
for the students to make mathematical contributions to the discussions were 
limited. Students were mostly given opportunities to be passive, not more. 
When the students did not understand the instructions given to them, the 
teacher used the strategy of rephrasing and simplifying elicitations (low-level 
evaluation) in order to proceed with the presentation. However, Teacher A 
managed to create a rich mathematical praxeology that included many aspects 
related to the use of geometric algebra. 
 
In the case of Teacher B, the mathematical praxeology was, in comparison to 
Teacher A, more limited. In this case, the students were given more 
opportunities to be active and constructive. Unlike Teacher A, Teacher B 
incorporated the application in his teaching activity and also used the features 
that the researcher had prepared in the application. In the case of Teacher A, 
the application was more or less redundant. Both teachers used different 
interpretations of multiplication simultaneously without making explicit this 
technological element to the students. Furthermore, both teachers also tended 
to rely on low-level evaluation to a rather large extent. While the researcher’s 
artefact was proposed to address a logos issue (i.e. explanation of the 
distributive law), the teachers’ lessons consisted mainly of praxis-oriented 
discussions to introduce the geometric modelling of numeric and algebraic 
expressions. In fact, both teachers devoted very little time to theoretically 
oriented discussions with the students, as if they consider the geometric 
modelling to be explanatory in itself. In the case of Teacher B, this may have 
been the cause of some of the misunderstandings of students’ answers during 
the lesson.  
 
Concerning the use of GeoGebra, both teachers experienced some disturbance 
in the flow of the lesson when introducing the task and techniques supported 
by the application. This can be taken as evidence that the teachers were trying 
to introduce elements of a new mathematical praxeology within their current 
didactic praxeologies. In some situations, the teachers were able to restore 
momentum by returning to more familiar mathematical tasks and techniques 
that were better adjusted to the teachers’ didactic praxeologies. This was the 
case with the first and the second tasks in the list above. In this case, the 
theoretical elements introduced to the teachers were used as a technique to 
solve different tasks such as setting up numeric and algebraic expressions of 
area and perimeter.  
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MaP 3 
In the final part of the lesson GeoGebra was not used. . Instead, the focus was 
on the following type of task and techniques: 

• Create and use the rectangular shapes to support multiplication of 
two-digit numbers. 

 
In this task, the teacher introduced two technological elements. The teacher 
showed the students how to expand expression (a + b)∙(c + d) by using a 
rectangular model and by using a pattern on how to manipulate the variables.  
 
DiP 3 
In this episode the teacher showed the connection between the two 
technological elements and introduced a new technique to support 
multiplication of numbers. After the teacher’s logos-oriented presentation, the 
students continued by using geometric models to multiply numbers. As the 
teacher made much of the mathematical reasoning, the students were given 
few opportunities to be more than active. In the evaluation of the lesson, the 
teacher explained that he wanted the students to know how to multiply by 
decomposing numbers. The main purpose of this episode was therefore to 
introduce of a new technique, supported by geometric algebra, to multiply 
numbers. 

4.2.2 Summary 
Apart from the teachers’ individual preparations of the lessons, the teachers’ 
preparations included the meetings with the researcher where the application 
was presented and a joint meeting where different ways of using the 
application was also discussed with other teachers.  
 
In summary, the mathematical praxeology taught by Teacher A included 
eleven items. The mathematical praxeology taught by Teacher B included five 
items. Both teachers gave the following tasks:  

• Write algebraic expressions of the perimeter of rectangular shapes 
• Rearrange the rectangular shapes to match different numeric 

expressions. 
• Factorise a numeric expression by following a pattern on how to 

manipulate the expression. 
• Create numeric expressions to model rectangular shapes. 

 
What can be observed in this list is that the first and third tasks were not 
addressed in the meetings with the teachers nor in the joint preparation of the 
lessons. However, the fact that the teachers incorporated these tasks indicates 
that these tasks are an important part of the teachers’ didactic praxeologies. 
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  Description Aspects of self-regulation 
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8 Introduction of the construct 
in GeoGebra 

Activation of general-problem 
solving strategies 

9 Students formulate potential 
problems to solve 

Goal setting (students) 

10 Teacher makes a first ‘bad’ 
guess, students evaluate and 
make their own guesses 

Activation (teacher), monitor 
and control (students) 

11 Discussion about the 
strategies students may have 
used to guess 

Reflection 

12 Develop and discuss different 
techniques for controlling the 
guesses 

Monitor, control and 
reflection 

13 Use the techniques to evaluate 
the guesses 

Monitor 

14 Modify the initial guesses Control 
15 Discussion about generalising  Reflection 
16 Formulate a general 

hypothesis  
Control 

17 Use GeoGebra to evaluate Monitor, reflection 
18 Prove by geometric or 

algebraic reasoning  
  

19 Review of the process, 
institutionalisation 

Reflection 

Table 10. The geometric problem in the lesson on problem-solving. 

 
To recap, the segmentation is made according to the manuscript of the lesson 
that was given to the teachers.  

 

4.3.1.2 The lesson by Teacher D 
MaP 1 
The first lesson implemented with students included mainly the following type 
of tasks: 

• Make an inventory of properties that can be measured on triangles 
(segment 1). 

• State that the two triangles in GeoGebra have the same area and 
verify this statement (segment 2). 
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The artefact elaborated by the researcher focuses on conversions between 
geometric and numeric representations and was based on Duval’s theory of 
semiotic representations. It was not meant to address the geometric modelling 
of algebraic expressions including letters because, in the application, all the 
perimeter and area of the geometric figures (squares and rectangles) were very 
easy to measure and thus convert into numeric expressions. However, judging 
from what appeared in the lessons, what the teachers found important was not 
the artefact itself but the possibility to model and justify algebraic 
manipulations by using evident properties of geometric figures (formula of 
perimeter, area and volume, invariance of area, etc.). We do not know if this 
mathematical work was continued afterwards or if it provided any elements to 
enrich the descriptions and interpretations of the work with algebraic 
expressions, including the distributive law.   

4.3 Praxeological analysis of ‘A new hope’ 
4.3.1 Elements of the mathematical and didactic praxeology 

4.3.1.1 The design proposal  
In the second cycle, the researcher did not propose a teaching artefact as in 
cycle 1, but rather the design of a whole lesson in problem solving. The design 
was elaborated by using the ICAP framework and the theory of self-regulated 
learning. The lesson is divided into an introduction (Table 9) and a geometric 
problem (Table 10) and was structured to include 19 segments in total. 

 
 

  Description Aspects of self-regulation 

In
tr

od
uc

tio
n 

1 Introduce heuristics. Scan for 
prior knowledge 

Activation of content 
knowledge 

2 Posing hypothesis: The teacher 
makes a statement about the area 
of two triangles 

Activation of general 
problem-solving strategies 
(heuristics) 

3 Students propose techniques for 
evaluating the statement 

Planning, activation of 
content knowledge 

4 Use the techniques to evaluate 
(the statement) 

Monitor (students and 
teacher) 

5 Generalising: Students develop a 
more general hypothesis 

Control 

6 Empirical evaluation supported 
by GeoGebra 

Monitor 

7 Conclusion    

Table 9. The introduction in the lesson on problem-solving. 
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MaP 4 
After this technical work, the discussion whether or not the solutions form a 
diagonal continued (segment 15). Eventually the teacher confirmed that the 
solutions form a diagonal (segment 16) and the students were asked to 
motivate. The final task and the associated technique was therefore the 
following: 

• Motivate why the solutions form a diagonal (segment 18) by 
reasoning about the area of the triangles in the figure 

 
DiP 4 
The students did not manage to provide a reasonable explanation. Instead the 
teacher provided an explanation that the solutions form a diagonal because the 
triangles that were formed by the diagonal had the same area. A very brief 
summary (segment 19) ended the lesson. 
 
This lesson included most segments, but the problems the teacher had with 
managing GeoGebra contributed to the lesson taking a different course. 
Nevertheless, the students were given opportunities to be constructive and 
interactive. The lesson included both aspects of logos and praxis. However, 
the lesson ended somewhat abruptly without a clear solution to the geometric 
problem.   

4.3.1.3 The lesson by Teacher C 
MaP 1 
The implementation by Teacher C included the following tasks: 

• Describe the construct with triangles in GeoGebra.  
• State that the two triangles in GeoGebra have the same area and 

verify this statement (segment 2). 
 

Similar to the first implementation, the following technique was used to 
compare the areas: use paper and pencil to count the squares units or use the 
formula for the area of triangles. 
 
DiP 1 
In the beginning, the students were invited to analyse the construct with the 
triangles in GeoGebra (segment 1). The teacher’s question, ‘What do you see 
in the picture?’ resulted in students making several contributions, but all of 
them were perhaps not very relevant, and as experienced by the researcher, 
rather time-consuming. During this episode, the teacher refrained from 
evaluating the students’ answers as right or wrong. A consequence of this was 
that the teacher did not evaluate an incorrect statement from one of the 
students. Not evaluating an incorrect reply can, in this case, be considered as a 
low-level evaluation because the student’s answer was incorrect and was also 
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For the latter task, the students used the technique of using paper and pencil to 
count the unit squares or the formula for the area of triangles.  
 
DiP 1 
This episode included students’ technical work with calculating the areas and 
also a technological discussion, supported by the dynamics of GeoGebra, 
about the techniques used (segments 3 and 4).  
 
MaP 2 
Next, the teacher introduced the following task and technique: 

• Generalise the statement about the areas of the triangles by using 
GeoGebra to calculate the areas (segments 5 and 6). 

 
DiP 2 
In this episode, the students suggested different alternatives before the teacher 
used GeoGebra to show that the area of triangles does not change. GeoGebra 
was used to support the formulation of the conclusion that triangles with the 
same base and height have the same area (segment 7). In this episode, one of 
the students made a relevant and correct contribution (being constructive) that 
two triangles can have the same area even when the base and height are not 
the same.  

 
MaP 3 
When they reached the geometric problem, the following task was included: 

• Find solutions where the two rectangles have the same area 
 
The techniques used included ‘guessing’ and using graph paper to draw own 
rectangles. 
 
DiP 3 
The teachers demonstrated how the rectangles were connected (segment 8) 
and then the students were asked to guess where the areas become equal (the 
teacher formulated the problem). Instead of the teacher making a first ‘guess’, 
some of the students guessed ‘in the centre’ (segment 10). The teacher used 
GeoGebra to document the guess by placing a point near the centre of the 
large rectangle. Next, two of the students initiated a technological discussion 
about additional solutions (students being constructive/interactive). The first 
student tried to explain that it should be possible to find two rectangles with 
the same area but with different dimensions. The second student suggested 
that the solutions should be on a diagonal (segment 15). After this brief 
discussion, the students continued individually by using graph paper and 
pencil to draw rectangles in order to search for additional solutions to the 
geometric problem (part of segment 12).  



 

209 

MaP 4 
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some of the students guessed ‘in the centre’ (segment 10). The teacher used 
GeoGebra to document the guess by placing a point near the centre of the 
large rectangle. Next, two of the students initiated a technological discussion 
about additional solutions (students being constructive/interactive). The first 
student tried to explain that it should be possible to find two rectangles with 
the same area but with different dimensions. The second student suggested 
that the solutions should be on a diagonal (segment 15). After this brief 
discussion, the students continued individually by using graph paper and 
pencil to draw rectangles in order to search for additional solutions to the 
geometric problem (part of segment 12).  
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The techniques used for this task included making guesses, using graph paper, 
and using GeoGebra to both visualise and calculate the areas. 
 
DiP 4 
The technique used by the students was to make guesses in GeoGebra (by 
placing points). The teacher then used GeoGebra to make a visual evaluation 
of the students’ guesses. Afterwards, the students continued working 
individually by drawing rectangles on graph paper and exploring additional 
solutions to the geometric problem (segment 12). In this episode, the teacher 
used GeoGebra to evaluate the students’ guesses by dynamically calculating 
the area of the coloured rectangles (segments 13 and 17 combined). The 
hypothesis about the solutions lying on the diagonal was therefore found by an 
effortless trial and error procedure supported by GeoGebra. Again, GeoGebra 
was used to simplify the task by focusing on whether the proposed solutions 
were right or wrong (providing low-level evaluation). In this episode, students 
were only stimulated being active. 
 
At the end of the lesson, the teacher drew a diagonal in GeoGebra to show that 
the students’ guesses in GeoGebra formed a diagonal (segment 16). Also, in 
this lesson, the geometric problem was not completely solved.  

4.3.1.4 The lesson by Teacher E 
MaP 1 
The implementation by Teacher E included the following tasks: 

• Make an inventory of properties that can be measured on triangles 
(segment 1). 

• State that the two triangles in GeoGebra have the same area and 
verify this statement (segment 2). 

 
Similar to the first and second implementation, the following techniques were 
used to compare the areas: use paper and pencil to count the squares units or 
use the formula for the area of triangles. 
 
DiP 1 
In this episode, the students proposed different properties that can be 
measured on a triangle. One of the students suggested volume, but the teacher 
did not evaluate this incorrect reply. This was the second time that this new 
kind of low-level evaluation appeared. Next, the students were involved in 
technical work and in a technological discussion about the techniques used 
thus far (segments 3 and 4). 
 
MaP 2  
Next, the teacher used GeoGebra to generalise about the area of the triangles: 
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to retaken by the teacher. This was a new kind of low-level evaluation not 
found in the literature. Afterwards, the students were involved in technical 
work (paper and pencil) and in a technological discussion about the techniques 
used. The students proposed different techniques for evaluating the statement 
(segment 3) and used them to calculate the area of the triangles (segment 4). 
 
MaP 2 
Next, the following task and technique were introduced: 

• Generalise the statement about the areas of the triangles by using 
GeoGebra to calculate the areas (segment 5 and 6). 

 
DiP 2 
In this episode, the teacher used GeoGebra to calculate the area of the 
triangles. GeoGebra was therefore used to formulate the conclusion that 
triangles with the same base and height have the same area (segment 7). 
Similar to the previous lesson, the general hypothesis that the students were 
supposed to formulate (segment 5) and then empirically evaluate with 
GeoGebra (segment 6), shifted order. Thus, as the students only needed to 
interact with GeoGebra by tracking the numeric values provided by 
GeoGebra, the students were only given the opportunity of being active. The 
computational affordances provided by GeoGebra were therefore used to 
provide low-level evaluation by simplifying the original task.  
 
MaP 3 
Next, the teacher introduced the geometric problem and the following task: 

• Propose mathematical questions (segment 9). 
 
DiP 3 
Before the first task, and although not needed, the teacher decided to invite the 
students to analyse the construct in GeoGebra before showing them how the 
rectangles were connected (segment 8). The students provided questions and 
statements, but these replies were not very relevant. The teacher used the same 
kinds of question as in the introduction that focused on visual perception. The 
teacher provided many opportunities for the students to be constructive and 
interactive, but in fact, some of the students did not take the task very 
seriously. In the end, the teacher formulated the geometric problem to solve. 

 
MaP 4 
Next, the following task was included in the mathematical praxeology: 

• Find solutions where the two rectangles have the same area. 
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The techniques used for this task included making guesses, using graph paper, 
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Afterwards, the teacher used GeoGebra to calculate the areas and to show that 
the solutions form a diagonal (segment 16). 
 
MaP 4 
The teacher introduced the following task and technique: 

• Prove that the solutions form a diagonal by using the conclusion 
that triangles with the same base and height have the same area 
(segment 18).  

 
DiP 4 
In this task, the teacher highlighted that the triangles that were formed by the 
diagonal had pairwise equal areas, but the teacher did not complete the proof. 
This episode received little attention, and the students were not given an 
opportunity to be more than active.  

4.3.2 Summary 
In this cycle, the teachers’ preparations of the lessons were more structured 
than in the first cycle. Before enacting the lessons with students, the teachers 
were given a demonstration of the lesson by the researcher performing the 
lesson as if the teachers were students. In addition, one of the teachers enacted 
the lesson within the design team. Also, prior to each new implementation, the 
researcher showed video clips from the previous teacher’s implementation of 
the lesson with the students.  
 
Concerning the design proposal, a consistent pattern in the teachers’ lessons 
was that segments 5 and 6, as well as 16 and 17, shifted order. This can be 
taken as a predisposition in the teacher’s didactic techniques to use the 
computational affordances of GeoGebra to find solutions rather than use them 
for evaluating proposals. In this case, this predisposition contributed to 
unwanted consequences in how the students were involved in the problem-
solving process. For example, in some episodes, the teacher and students used 
the computational affordances to find solutions to the geometric problem 
merely by tracking the numeric values calculated by GeoGebra. When doing 
so, the focus was on using GeoGebra to find solutions rather than on using 
GeoGebra to check the validity of the students’ proposals. The frontier 
between the two uses is very thin; in one case, one is supposed to present 
some hypotheses (possible points where the rectangle’s areas are equal) and 
then check it afterwards with GeoGebra. In the other case, the values shown 
by the figure help students elaborate their hypotheses. The first case was the 
one intended by the researcher in the lesson design, whereas the second one 
appears to be a more direct use of the technological tool as an empirical 
device. 
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• Generalise the statement about the areas of the triangles by using 
GeoGebra to calculate the areas (segment 5 and 6). 

 
DiP 2 
Similar to the lesson by Teacher C, segments 5 and 6 shifted order compared 
to the original lesson plan. GeoGebra was used to reach the conclusion that 
triangles with the same base and height have the same area (segment 7). Thus, 
the use of GeoGebra simplified the task for the students. However, In this 
case, the teacher tried to involve the student in a technological-theoretical 
discussion by asking the student to motivate why the area did not change when 
manipulating the vertex of the triangle. The students were thus given 
opportunities to be constructive/interactive. 

 
MaP 3 
When reaching the geometric problem the following tasks were included: 

•  Propose a mathematical question by comparing the areas of the 
rectangles (segment 9). 

• Find solutions where the two rectangles have the same area. 
 
The techniques used in the second task included guessing, using graph paper, 
and using GeoGebra to evaluate visually and also to calculate the areas. 
 
DiP 3 
The teacher showed the construct in GeoGebra (segment 8) and continued by 
making a first ‘guess’ (segment 10). The students were also invited to make 
guesses in GeoGebra, and there was a brief discussion about the strategies 
used to make the guesses (segment 11). Afterwards, the students continued 
individually with graph paper in order to find additional solutions (segment 
12). Next, the teacher displayed the built-in grid in GeoGebra, but the teacher 
did not use the possibility to evaluate the students’ guesses by counting square 
units. Instead, the teacher evaluated the guesses by using GeoGebra to 
evaluate the students’ guesses visually. A moment later, the teacher used 
GeoGebra to evaluate the proposed solutions by dynamically calculating the 
areas of the rectangles (segment 17). The teacher made a new attempt to use 
the grid to find solutions by turning off the calculation of area in GeoGebra 
and inviting a student to approach the computer. This student made a guess 
but reactivated the calculation of area and used it to evaluate the guess. Other 
student made new guesses as well, but now with the calculation of area active. 
To summarise, the main technique used to find solutions to the geometric 
problem was based on the computational affordances provided by GeoGebra. 
Students were only stimulated being active as GeoGebra simplified the task 
for the students. 
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4.4 Praxeological analysis of ‘Final cut’ 
In what concerns cycle 3, given the fact that various teachers participate in the 
project by designing and experimenting different activities, we have decided 
to focus on the activity and evolution of one of the teachers, Teacher J.  

4.4.1 Elements of the mathematical and didactic praxeology 

4.4.1.1 The teacher’s initial activity 
MaP 
In the teacher’s initial activity, the instructions for the students were 
implemented in a spreadsheet and included a set of tasks that were repeated 
three times. Each set of tasks had different quadratic functions as starting 
points. The starting point of the first set was the function 𝑓𝑓(𝑥𝑥) = 𝑥𝑥!, 
continued by 𝑓𝑓(𝑥𝑥) = 2𝑥𝑥! in the second set, and finally 𝑓𝑓(𝑥𝑥) = −𝑥𝑥! in the 
third set.  
 
Each set included the following tasks (see Figure 48, page 183): 

• Translation of the basic function 𝑓𝑓(𝑥𝑥) along the x-axis and/or 
along the y-axis to match other quadratic functions (presented 
below). 

• For these other functions, determine the coordinates for the 
extreme point, the symmetry line, the minimum value, the zeros, 
the mean of the zeros, and the quotient 𝑥𝑥 = −𝑝𝑝/2. 

 
In Swedish schools, students normally use the so-called pq-formula 

𝑥𝑥 = !!
!
± !

!

!
− 𝑞𝑞, 

to solve quadratic equation assuming that the equation given in the form 
𝑥𝑥! + 𝑝𝑝𝑝𝑝 + 𝑞𝑞 = 0. The quotient 𝑥𝑥 = −𝑝𝑝/2 gives the symmetry line. The 
students were also required to write the functions in factorised form and 
expanded form and to decide the sign of the discriminant 𝑝𝑝/2 ! − 𝑞𝑞. 
 
In the first set of tasks, the following functions were used as references for the 
translation of the basic functions: 

𝑓𝑓 𝑥𝑥 = 𝑥𝑥! − 1 
𝑓𝑓 𝑥𝑥 = 𝑥𝑥 − 1 ! 
𝑓𝑓 𝑥𝑥 = 𝑥𝑥 − 1 ! − 4 
𝑓𝑓 𝑥𝑥 = (𝑥𝑥 − 6)! + 4 

  
In the second set, the following functions were used: 

𝑓𝑓 𝑥𝑥 = 2𝑥𝑥! − 2 
𝑓𝑓 𝑥𝑥 = 2 𝑥𝑥 − 1 ! 

 

214 

It can be said that, in the second case – the one that really occurred – 
GeoGebra was used to provide low-level evaluation in terms of ‘right’ or 
‘wrong’ and to significantly simplify the complexity of the tasks. Here, few (if 
any) technological–theoretical aspects where addressed during these episodes. 
In order to create opportunities to be constructive/interactive, the formulation 
of the problem to solve had to include not only the points that make the areas 
of the rectangles equal but also a justification that there are no solutions other 
than the points lying on the diagonal. Therefore, the geometric problem 
becomes a problem of proving a property instead of finding a property – a 
situation that does not correspond to the usual types of tasks that secondary 
school students are required to solve. 
 
In what concerns the teachers’ didactic praxeologies, several incidents 
suggested that the teachers were trying to implement changes. In their efforts 
to not assume responsibility for deciding what is wrong or right, the teachers 
sometimes struggled to find alternatives on how to proceed. In order to avoid 
providing low-level evaluation, the teachers sometimes ignored or refrained 
from evaluating, even if the student’s reply was obviously incorrect. Although 
never presented in this way, the notion of low-level evaluation and high-level 
evaluation may still carry unwanted connotations of ‘good’ and ‘bad’ 
evaluation.   
 
The problem-solving activity put the teachers’ didactic techniques to the test, 
but nevertheless, the teachers were committed to implementing the lesson 
several times. All the teachers had difficulties completing the geometric 
problem’s proof. One reason was the lack of time. On one hand, the 
introduction took more time than expected, and the teachers tended to involve 
students in more extensive exchanges than intended. For this reason, we 
consider that maybe this part should be removed from the activity in favour of 
the geometric problem. In the introduction, the teacher is intended to model 
how to engage in a problem-solving process. However, this part could be 
extended and implemented separately in a previous lesson. On the other hand, 
the part where students ask mathematical questions (segment 9) also took 
some time without producing any noticeable results because the teachers were 
only expecting the ‘right’ questions to be posed. The activity of posing 
questions was new to the students and the teachers and may require a more 
elaborate discussion about the status of the different questions raised by the 
students and the criteria used to choose one question over others. Finally, as 
stated before, another reason to explain the teachers’ difficulties in completing 
the proof of the geometric problem is that geometric problems at the 
secondary level are less focused on the justification of a property and more 
focused on the description of a property, mainly, the calculation of concrete 
measures. 
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the different tasks, as many of the tasks were the ‘same’ but presented from 
different perspectives or with different kinds of information.  
 
The teacher wanted to dissuade the student from only using GeoGebra for trial 
and error, but at the same time, valued the opportunities that GeoGebra 
provides for allowing students to explore the tasks on their own initiative. In 
addition to the possibilities for students to be constructive and interactive 
when using GeoGebra, there were also possibilities for students to use 
GeoGebra to simplify the tasks. The activity had one built-in scaffold (written 
prompt) for preventing students from relying too much on using trial and 
error. Students were prompted to guess before using GeoGebra to evaluate. 
Furthermore, at the end of each set of tasks, students were given the 
opportunity to raise any theoretical issues, as they were asked to write their 
conclusions on a separate paper about what they had observed or learned  
 
After the meeting where the teacher and the researcher discussed the lesson, 
the teacher redesigned the activity (see Appendix IV) and made a new 
implementation. 

4.4.1.2 The teacher’s re-designed activity 
MaP 
The re-designed activity included the following tasks: 

• Translation of 𝑓𝑓 𝑥𝑥 = 𝑥𝑥! along the x-axis and/or along the y-axis 
to match a function 𝑔𝑔(𝑥𝑥).  

 
The quadratic function 𝑔𝑔(𝑥𝑥) was defined in different ways (given in the 
instructions and decided by peers). In the instructions, the function 𝑔𝑔(𝑥𝑥) was 
defined in the following way: 

𝑔𝑔 𝑥𝑥 = 𝑥𝑥! − 1 
𝑔𝑔 𝑥𝑥 = 𝑥𝑥 − 2 ! 
𝑔𝑔 𝑥𝑥 = (𝑥𝑥 + 3)! − 4 

 
An additional type of task was the following: 

• Solve the equation 𝑓𝑓 𝑥𝑥 = (𝑥𝑥 + 3)! − 4 = 0. 
• Factorise 𝑓𝑓(𝑥𝑥).  

 
These tasks appeared in two different sets. In the first set and related to the 
first task, students were given an algebraic expression and were required to 
use algebraic techniques to solve the task. In the second set, students were 
given a graph showing the function 𝑓𝑓 𝑥𝑥 = (𝑥𝑥 − 5)! + 4, which has complex 
roots. No specific instructions on which techniques to use were given in this 
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𝑓𝑓 𝑥𝑥 = 2 𝑥𝑥 − 4 ! − 2 
𝑓𝑓 𝑥𝑥 = 2 𝑥𝑥 − 4 ! + 2 

 
Finally, the third set included the following functions:  

𝑓𝑓 𝑥𝑥 = −𝑥𝑥! + 1 
𝑓𝑓 𝑥𝑥 = − 𝑥𝑥 + 1 ! 
𝑓𝑓 𝑥𝑥 = − 𝑥𝑥 − 3 ! + 4 
𝑓𝑓 𝑥𝑥 = − 𝑥𝑥 + 2 ! − 1 

 
GeoGebra was used as a technique to address the first task. The dynamics of 
GeoGebra allow one to ‘grab’ a graph and then move it in the coordinate 
system. As you move the graph, the algebraic expression changes 
dynamically.  
 
Additional tasks were the following: 

• Determine a quadratic function to match a) a given extreme point, 
b) a given symmetry line and a minimum value, and c) a set of 
zeros. 

 
The extreme points given in the instructions were the following: (3,−4) in the 
first set, (3,−8) in the second and (−2, 4) in the third set. All three sets 
included the general point (𝑎𝑎, 𝑏𝑏). 
 
The symmetry line and minimum value given were the following: 𝑥𝑥 = −2 and 
𝑓𝑓 𝑥𝑥 = −1 in the first set, 𝑥𝑥 = −1 and 𝑓𝑓 𝑥𝑥 = −2 in the second and 𝑥𝑥 = 5 
and 𝑓𝑓 𝑥𝑥 = 1 in the final set.  

 
Finally, the following zeros were used in all sets: 𝑥𝑥! = 2, 𝑥𝑥! = 4. 
 
The final task and technique was the following: 

• Complete the square of a given quadratic function by using its 
maximum or minimum point.  

 
The function 𝑓𝑓 𝑥𝑥 = 𝑥𝑥! + 6𝑥𝑥 + 5 was used in the first set and 𝑓𝑓 𝑥𝑥 = 2𝑥𝑥! +
16𝑥𝑥 + 30 in the second. The third set included two functions, 𝑓𝑓 𝑥𝑥 = −𝑥𝑥! −
4𝑥𝑥 − 8 and 𝑓𝑓 𝑥𝑥 = 4𝑥𝑥! − 20𝑥𝑥 − 24. 
 
DiP 
Regarding the praxeologies that are currently taught in Swedish secondary 
schools at this level, we can say that, in this activity, the students were 
involved in theoretical work. The students needed to change from one 
definition of the parabola to another. With the support of GeoGebra, the 
students could fill in the cells of the spreadsheet and find connections between 



 

217 

the different tasks, as many of the tasks were the ‘same’ but presented from 
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as using written instructions instead of a spreadsheet and considering 
narrowing the scope of the lesson. The researcher also encouraged the teacher 
to use the ICAP framework to re-design the activity. Thus, the teacher was 
responsible for making all the design decisions related to the teaching activity.  
 
In the initial activity, the students had opportunities to be constructive by 
using GeoGebra to explore how to translate functions by moving the graph to 
the function 𝑓𝑓 𝑥𝑥 = 𝑥𝑥! to different positions in the coordinate system. The 
teacher’s intention was to let students propose solutions before they used 
GeoGebra to evaluate the proposals. The teacher’s objective was therefore to 
use GeoGebra for checking rather than for finding solutions. However, the 
initial activity only included minor scaffolds for the students to engage with 
the activity according to the teacher’s objectives. In fact, there was a high risk 
of students using the dynamics of GeoGebra to search for solutions. Without 
constraints or follow-up questions, students could turn to using trial and error 
as soon as they discovered this possibility or affordance. This would lead to a 
simplification of the task. Nevertheless, the teacher valued the potential of 
using GeoGebra to let students explore on their own initiative. This was an 
important goal that the teacher had with the activity but initially the teacher 
did not realise that GeoGebra also provides other affordances. This issue was 
raised in the meeting with the researcher. 
 
The teacher’s solution to this didactical problem was to separate the students’ 
explorative work, which included trial and error (in the introduction), with the 
students’ work with the tasks. The teacher separated the goal of using 
GeoGebra to give the students opportunities to explore on their own and the 
goal of using GeoGebra to evaluate proposals. Furthermore, the teacher 
implemented several scaffolds to structure the students’ work and to support 
students engaging in constructive or interactive processes. By turning off the 
algebra window in GeoGebra, the teacher made it more difficult for students 
to only rely on trial and error. Thus, the mathematical praxeology changed 
because of limitations in the use of GeoGebra. Written instructions and 
follow-up questions also contributed to increasing the opportunities for 
students being constructive/interactive. 
 
The teacher also reduced the scope and the number of tasks. More 
technological–theoretical follow-up questions were included.  
 
To summarise, an important change between the first and the second design is 
that the use of GeoGebra is included in the mathematical (and the didactic) 
praxeologies. That is, the teacher indicates to the student how and when to use 
GeoGebra. In the first case, the digital tool can be used freely, and it tends to 
replace the expected mathematical techniques. In the second case, its use is 
‘regulated’ and an explicit function is given to it – not to produce the solution 
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second set. Furthermore, no instructions were given on which technique to use 
in the second task.  
 
The last task was a logos-oriented task: 

• Write g 𝑥𝑥 = 𝑥𝑥 + 3 ! − 4 in quadratic form, expanded form, and 
factored form and analyse the information that each form may 
provide.  

DiP 
In this re-designed activity, one of the changes the teacher made was to 
include an introduction where students could get acquainted with some of the 
features in GeoGebra. For instance, students were asked to plot 𝑓𝑓 𝑥𝑥 = 𝑥𝑥! in 
GeoGebra, to change the colour of the graph, and to move the graph around 
the coordinate system. Students were also asked to take note of how the 
algebraic expression changed when moving the graph. 
 
A second change was how the tasks were presented to the students. Instead of 
using a spreadsheet, the students were given written instructions to follow. 
Before the students could begin with the tasks, they were asked (written and 
oral instructions) to close the algebra window in GeoGebra. Thus, the teacher 
could deter the students from using GeoGebra to simplify the tasks. The 
students still used GeoGebra to evaluate their guesses, but the teacher found a 
different procedure for performing the evaluation. First, the students were 
asked to make a guess by writing instructions on their worksheet on how to 
translate 𝑓𝑓 𝑥𝑥  to match a function 𝑔𝑔 𝑥𝑥 . After making their guesses, the 
students were asked to move 𝑓𝑓 𝑥𝑥  according to their own instructions. Next, 
the students were asked to use GeoGebra to plot the requested function 𝑔𝑔 𝑥𝑥 . 
If the students’ guesses were correct, the two graphs would then overlap. If 
not, then the students were asked to modify their guesses by writing new 
instructions and then move 𝑓𝑓 𝑥𝑥  again by following these new instructions. If 
the graph still did not overlap, the students were encouraged to ask peers or 
the teacher. In this procedure, the students were not only asked to propose how 
to translate the function 𝑓𝑓 𝑥𝑥  to math a different function 𝑔𝑔 𝑥𝑥  but also to 
motivate their guesses. 

 
A third significant change was the last logos-oriented task where students 
were given the opportunity to summarise, in a structured way, the 
technological work carried out in the previous tasks.   

4.4.2 Summary 
Although Teacher J participated in all the meetings, the researcher did not 
provide any specific support for the teacher’s preparation in the first 
implementation. Before the second implementation (the implementation of the 
re-designed activity), the researcher provided mostly general suggestions such 
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teachers. However each cycle addressed these aspects differently depending of 
the character of the projects associated with each cycle.  
 
The second goal relates to the objectives of obtaining strategies for the 
integration of digital technologies. The integration of digital technologies 
refers to deep change that goes beyond surface structures of procedures and 
use of artefacts. As we have seen, in the current design praxeology it included 
both the praxis and logos block of teachers’ mathematical and didactic 
praxeologies. Changing context from one cycle to another allowed the 
researcher test the viability of the decisions made by the researcher from one 
setting to another. 
 
Strategy 
The strategic goals are the means to achieve the objectives:  

• Incremental and iterative development.  
• Involve teachers as agents of change. 

 
As described in chapter 2, a cornerstone in the agile approach is incremental 
and iterative development. This stands in contrast with other approaches 
where you seek to get things right from the very start. In fact, the designer has 
a special relation to the a priori as the starting point of the design, the initial 
inputs, need not be controlled (Churchman, 1971; Terzidis, 2007). In this case, 
focus was initially put on utilising conversion of representations for achieving 
specific learning objectives. As the project proceeded, there emerged a need to 
involve additional theoretical principles to support the teachers.  
 
Tactics 
Tactics are the actions taken in order to pursue strategic goals: 

• Introduce new praxeological elements. 
 
The introduction of praxeological elements has two dimensions. One is to 
support the integration of the digital tool in terms of ‘make one’s own’, the 
other is about ‘proper’ use. Tools can be both physical and conceptual.  
 
The tactics of introducing praxeological elements included providing 
professional development embedded in the collaborative work with the 
teachers where ownership and agency was gradually transferred to the 
teachers. This way of empowering teachers and managing the competence of 
different stakeholders is in this work considered as an important part of 
building a community of teachers and researchers. This is importance in order 
to address the issue of ownership of innovation and to promote the 
development of ‘innovations that fit into real classroom contexts’ (Penuel et 
al., 2007, p. 52).  
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but to check if it is correct. The way in which one uses GeoGebra has become 
part of the didactic praxeology. 

4.5 Analysis of the design praxeology 
The analysis in this section will focus on the type of tasks and the techniques 
of the design praxeology that cover the three cycles. In this research, some 
theoretical stability was reached after the three cycles. The researcher thus 
decided to terminate although saturation regarding designed-for results was 
not achieved. 

4.5.1 The goals of the design praxeology 
A summary of the goals of the design praxeology is provided in Figure 53 and 
will be analysed below. 

 

 

Figure 53. Summary of the goals of the design praxeology. 

 
Objectives 
The design praxeology included two general objectives: 

• To help teachers improve their teaching practices. 
• To integrate digital technologies into teachers’ practices. 

 
The first objective follows from the philosophical roots of design and the 
desire to create improved learning conditions for students by connecting 
research and practice together through design. Improvement of the teaching 
practice is considered from the twofold goal of educational design research of 
both understanding and development. As already described, these two 
perspectives could be viewed as two inseparable aspects of knowledge, 
integrating a practice that includes the things teachers do to solve different 
educational tasks (praxis) with a discursive environment that is used to 
describe, explain, and justify that practice (logos). Improving the teaching of 
mathematics for the students was the common goal of the researcher and the 
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on scientific concepts (or non-sense concepts) that the researcher introduced to 
the teachers. The researcher selected the theoretical triad based on the 
researcher’s interpretations of the events in the first cycle. The theoretical triad 
was therefore tied to his experiences from the first cycle. 
 
The configuration used in the second cycle was demanding for the teachers. It 
included both a lesson in problem solving and a set of theories. From the 
researcher’s perspective, there were some deficiencies in the orchestration of 
the lesson related to the use of the computational affordances provided by 
GeoGebra. However, in this cycle, the teachers were able to evaluate these 
outcomes with respect to some of the theories (i.e. the notions of high-level 
and low-level evaluation, and the ICAP framework). Furthermore, the teachers 
said that they had started applying the notion of high-level and low-level 
evaluation on their regular teaching. One of the teachers also said that she had 
introduced the ICAP framework to her students. These events can be taken as 
evidence that the teachers had adopted these notions and begun to tie them to 
practical experience. 

4.5.2.3 Final cut 
In the third cycle the theoretical triad was used as an explicit measure of 
performance introduced to the teachers by the strategy of theoretical seeding. 
The researcher introduced the theoretical triad in the very beginning of the 
cycle. After the theoretical seeding the researcher found evidence of teachers 
making spontaneous efforts to establish changes in their didactic praxeologies. 
The teachers were able to identify and suggest improvement in their own 
didactic praxeologies. In some cases there were also specific examples of self-
initiated changes where the teachers had identified and implemented 
substantial changes in their didactic praxeologies. In other words, also in this 
the second cycle, the teachers started to tie the new measure of performance to 
practical experience. However, similar to the second cycle, the notion of 
praxeologies did not become very visible in the interactions with the teachers 
and its full potential was in fact not exploited with the teachers. 
 
In this cycle, the teachers designed their own teaching activities supported by 
GeoGebra. The researcher’s impression from this work was that the teachers 
needed more support in order to be able to use the measure of performance as 
a tool for design and not solely for reflecting on teaching. This impression was 
further deepened by an emerging Lockean design disagreement between the 
researcher and one of the teachers, Teacher J. The dispute was grounded on 
the ‘ambiguous’ role of GeoGebra that also had caused problems in the second 
cycle (i.e. the use of GeoGebra to either search for mathematical solutions or 
to simply check them). From the beginning, the teacher seemed to believe that 
the researcher was criticising the mathematical and didactic design of the 
teacher’s activity, but this was not the case. The researcher believed that 
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In the next section focus will be put on the theoretical triad that was selected 
in cycle 1, explored in cycle 2, and used explicitly as a measure of 
performance in cycle 3. 

4.5.2 The measure of performance 
To recall, the measure of performance is a fundamental concept of the 
Singerian inquiry system. The designer uses the measure of performance to 
decide whether or not a component of the system, in this case the teaching 
system, is performing in accordance to the goals of the whole system. In this 
section we focus on how such measure was developed and used together with 
the teachers throughout the three design cycles.  

4.5.2.1 First encounter 
From the perspective of the didactic system, the enacted lessons by the 
teachers worked well. The students’ and teachers’ evaluation of the lesson 
suggested that both the students and teachers appreciated the lessons, and the 
teachers tried to incorporate some new mathematical praxeological elements 
in their didactic praxeologies. However, from the researcher’s perspective, the 
enacted lessons did not proceed as expected. The researcher’s impression was 
that the teachers did not clearly involve the ideas they had in the preparation 
of the activity together with the researcher. In this sense, there was a Hegelian 
conflict about the performance of the two lessons that could not be solved 
because there was no third measure of performance to settle the dispute 
between the different perspectives. The measure of performance used by the 
didactic system focuses on whether the students were motivated during the 
lessons (students’ wellbeing) but was not very well adapted for analysing the 
mathematical content or the teachers’ didactic performance together with 
GeoGebra. The praxeological changes the teachers tried to implement were a 
challenge for the teachers, but the lessons were insufficiently challenging for 
the students. The tactics used in this case – to introduce a mathematical 
ingredient to the teachers’ didactic praxeologies – did not produce the 
expected outcomes. However, rather than give recommendations to the 
teachers ‘after-the-fact’, the researcher chose to see this as a deficiency in the 
design praxeology and not as a problem of the teaching system. 

4.5.2.2 A new hope 
In the second cycle, a new configuration was explored. The researcher 
included several theoretical concepts that were shared with the teachers 
‘before-the-fact’. These concepts included the theory of self-regulated learning 
and the theoretical triad that the researcher hypothesised could function as a 
measure of performance that could be accepted and adopted by the teaching 
system. For the teachers, this measure of performance was brought in from 
outside and did not originate from the teachers’ own experiences. It was based 
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Figure 54. The measure of performance used in the teleological system. 

 
The measure of performance developed and used in this design praxeology 
coordinates the three elements of the didactic relation (i.e. the teacher, the 
students and the knowledge taught). Based on the enacted lessons from the 
first and second cycle the following connections can be suggested (see Figure 
55). In the first cycle, the teachers’ use of low-level evaluation tended to 
stimulate student being passive/active and the discussions were often directed 
towards the praxis block of the mathematical praxeology. In the second cycle 
we could see how the teachers sometimes used GeoGebra to provide low-level 
evaluation. This was the case when the computational affordances were used 
to reach a solution but at the same time significantly reduce the complexity of 
the task.  
 

  
Figure 55. The proposed correspondence between the elements of the measure 
of performance. 

Students: Passive/Active Inteteractive/Constructive

Tends	to	stimulate

Teacher: Low-level	evaluation High-level	evaluation

Tends	to	address

Knowledge: Praxis Logos
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students could easily use the affordances of GeoGebra to simplify the task, 
and therefore, not use GeoGebra as intended by the teacher. The disagreement 
was settled when the researcher and teacher agreed that GeoGebra only 
provides low-level evaluation, which could only result in trial and error, but 
the teacher’s intention was to let students use trial and error to support their 
mathematical thinking. In the re-designed activity, the teacher assumed the 
role of designer and was fully responsible for the changes made.  

4.5.3 Summary 
From a systems perspective, the measure of performance that was developed 
during the three cycles functioned as a measure of performance both for the 
designer’s teleological system and for its component (i.e. the teaching system). 
Several events such as spontaneous classroom experimentation and the sharing 
of notions with colleagues and students suggested that the teachers had rapidly 
adopted the notion of high-level and low-level evaluation as well as the ICAP 
framework. The third element, the notion of praxelogy, did not reach the same 
status. One reason may be that the teachers did not understand or could not 
identify with this notion as easily as the others. Furthermore, the mathematical 
praxeologies were not questioned in the same way as the didactic 
praxeologies. In the first and second cycles, the designer did not achieve the 
goal of continuing with the design of the introduced artefacts. In fact, the 
teachers did not want to change the application nor the lesson in problem 
solving despite the designer encouraging them to do so. In the third cycle, it 
was the teachers that were fully responsible for choosing the mathematical 
content. It was also the teachers that assumed the role of designer. In this 
sense, in all three cycles the mathematical praxeologies became part of the 
system’s environment and therefore not subject to revision. The designer did 
not pay enough attention to this matter in the interactions with the teachers. 
Thus, the notion of praxeologies remained the tool of the designer throughout 
the second and third cycles. 
 
In conclusion, the notion of high-level and low-level evaluation and the ICAP 
framework were used as a measure of performance in the teaching system 
while the measure of performance of the teleological system also included the 
notion of mathematical and didactic praxeologies (see Figure 54). 
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Chapter 5: Conclusions and discussions 

‘To change the world, my friend Sancho, is not madness or utopia. It’s Justice!’ 
– Don Quixote 

This chapter is the final chapter of this thesis. First we turn to the conclusion 
that can be drawn from this research. Thereafter some of the implications are 
discussed.  

5.1 Conclusions 
5.1.1 Revisiting the research questions 
The research questions that this research set out to address are the following: 

 
Q1: What design technique to integrate digital technologies in teaching 

practices can be proposed by using a system approach and what are its 
specificities and outcomes? 

Q2:  How can we describe and analyse the proposed design technique to better 
understand the obtained outcomes? In particular, what type of 
praxeologies are involved in the educational design process, what are the 
interactions between these praxeologies and how they reflect the change 
promoted by the design technique?  

Q3: What are the main components of the design technique that can explain 
its successes and failures according to the system approach?  

 
Each of these questions will be addressed in the following sections. 

5.1.1.1 Q1: Theoretical seeding for integration of digital technologies 
The main task of the researcher has been to use a customised system design 
methodology, the AED approach, to arrive at a design technique that may be 
used to address the following design situation: 
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In general, when teachers provided high-level evaluation, the students were 
involved in a more comprehensive exchange. Students were given 
opportunities for being constructive and interactive and at the same time more 
aspects of knowledge, including logos, were addressed. However, in some 
cases the teacher’s use of high-level evaluation resulted in more or less of-the-
topic discussions that did not clearly address the mathematical praxeology. 
Therefore, although the teacher used high-level evaluation, students were only 
stimulated being passive because the students’ contributions were not relevant 
in relation to the intended mathematical praxeology. In other words, high-level 
evaluation does not necessarily result in logos-oriented discussions and low-
level evaluation does not necessarily result in praxis-oriented discussions. 
Still, we could see that in the teachers’ lessons that the use of low-level 
evaluation was in general more associated with praxis-oriented discussions 
and the use of high-level evaluation was more associated with logos-oriented 
discussion.  
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Figure 56. The measure of performance used in cycle 2 and cycle 3. 

 
This MoP is structured around a common technique for teacher-initiated 
instructional communication, the IRE sequence (Mehan, 1979). In short, low-
level evaluations are evaluations to students’ replies that function as 
checkpoints, often with a focus on deciding if a reply is correct or not. Digital 
tools may also be used to mediate low-level evaluation. For example, when a 
student uses a calculator to check his or her answer. In discourses that are 
dominated by low-level evaluation, students are less likely to be involved in 
effective learning modes (being passive/active: Chi [2009]) and only few 
aspects of the mathematical praxeology tend to be addressed (often praxis). In 
comparison, high-level evaluation tends to involve students in a more 
extended exchange where students are asked to explain, elaborate or motivate 
their own answers or the answers of their peers. When high-level evaluation is 
used, students are more likely to be involved in more effective forms of 
learning (being interactive/constructive: Chi [2009]) and more aspects of the 
mathematical praxeology tend to be addressed (including logos). The 
proposed correspondence between the two kinds of evaluation, students’ 
behaviour and the different aspects of knowledge, is based on empirical 
findings from previous research (Chi, 2009; Nystrand & Gamoran, 1991) as 
well as from findings from this research. However, it is important to stress that 
the correspondence should not be interpreted as a causal relation between the 
theoretical elements of the MoP. 
 
Summary 
The proposed design technique to integrate digital technologies in teaching 
practices has the following main features: 
 

• It uses the same MoP for all parts of the system. 
• It introduces the MoP, including the digital tool, through 

theoretical seeding. 
• It supports teachers in their design of teaching activities in 

accordance with the MoP. 
• It gives teachers full responsibility for orchestrating the teaching 

activities in support of their students’ learning. 

Students: Passive/Active Inteteractive/Constructive

Tends	to	stimulate

Teacher: Low-level	evaluation High-level	evaluation

Tends	to	address

Knowledge: Praxis Logos
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• How to organise the interactions between the researcher and the 
teachers for supporting them to integrate GeoGebra into their 
practices? 

 
Before presenting the design technique we need to recall some of the features 
of the AED approach. The philosophical foundation and the features of the 
AED approach have been described in chapter 2. To summarise, the AED 
approach is based on the Singerian inquiry system. One of the main 
components of this design philosophy is the concept of ‘measure of 
performance’ (MoP). According to the Singerian design philosophy, the 
designer needs to develop a MoP in order to create change in the designers 
teleological (goal seeking) system and to progress from ‘what is’ to ‘what 
ought to be’ (Churchman, 1971). The ideal is that if the measure of 
performance of the teleological components increases, so should the measure 
of performance of the whole system. The proposed design technique was 
developed through three design cycles. One of its main features is the use of a 
global MoP, one to rule them all so to speak. In other words, the MoP that is 
used for the whole system is also shared and used by the system’s main 
teleological components, in this case the teaching system. 
 
A design technique for the integration of digital technologies 
The sharing of the MoP, including the introduction of the digital tool 
(GeoGebra), is done in the following two steps. First, the MoP is introduced to 
the teachers by the researcher. Thereafter, the digital tool is introduced to the 
teachers focusing on connecting the MoP with some of the affordances of the 
tool (dynamical and computational in particular) rather than only considering 
the technical aspects of the software. We may call this specific procedure 
‘theoretical seeding’. Furthermore, theoretical seeding involves targeting 
teachers as agents of change. This means that the teachers assume the role of 
designers. The teachers are responsible for selecting the content, for designing 
the teaching artefact and for the implementation in their classrooms. The 
researcher supports the teachers in designing the teaching artefacts by using 
the MoP as a tool for making design decisions together with the teachers. 
Thus, the MoP that has been elaborated in this work was used for evaluation 
of teaching with digital technologies as well as for design and implementation. 
The MoP proposed is one of the main results of this research. It consists of 
three interconnected theoretical concepts, a theoretical triad that addresses 
instruction from three perspectives: the teacher, the students and the 
knowledge at stake (Figure 56). In the design phase, the teachers were 
responsible for designing their own customised teaching activities supported 
by GeoGebra. The researcher used the measure of performance together with 
the teachers for the design. 
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Figure 56. The measure of performance used in cycle 2 and cycle 3. 
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the application for explicitly addressing the distributive law as the researcher 
had expected based on the preceding meeting with the teachers.  
 
To summarise, changing the mathematical praxeology to be taught created 
pressure on the teachers to change their didactic praxeologies accordingly. But 
the teachers did not manage to do this satisfactorily by themselves within the 
short period of time that was given to them. The design technique used in the 
first cycle (which we will call ‘application seeding’) did not sufficiently 
support the teachers in this respect. However, as only one lesson each was 
observed, we cannot make any claims about the long-term effects. 
 
In cycle 2, the mathematical praxeology introduced to the teachers was related 
to problem-solving and the theory of self-regulated learning. The teachers 
were given a complete teaching activity which included both a mathematical 
and a didactic praxeology (we will call this technique ‘activity seeding’). In 
addition to the teaching activity, the teachers were introduced to some 
theoretical notions (the MoP) that the researcher believed could support the 
teachers in considering the demands of the mathematical praxeology in the 
teaching activity. This was something that clearly was missing in cycle 1. 
 
The teaching activity included a geometric problem where GeoGebra was 
assigned a specific role. The mathematical praxeology in this activity was 
arranged in such a way that students were encouraged to pose hypotheses and 
continuously improve them in search of solutions to the geometric problem. 
GeoGebra was intended to be used to empirically evaluate the students’ 
hypotheses but not directly to help students formulate the hypotheses. This 
difference proved to be ambiguous for the teachers. In fact, in the way the 
problem was formulated, using GeoGebra as a tool for finding the solutions 
would trivialise the task for the students. However, although the teachers were 
provided with extensive support and showed progress in other cases, this is 
what happened in the lessons. A recurrent pattern that can be attributed to the 
teachers’ didactic techniques was that they tended to use the computational 
affordances of GeoGebra to find solutions rather than to evaluate students’ 
proposals. These outcomes suggested that what had been introduced to the 
teaching system was a new mathematical praxeology that demanded specific 
changes in the teachers’ – and the students’ – didactic praxeologies. The 
designer had arranged the mathematical praxeology for the purpose of 
exploiting the dynamic and computational affordances of GeoGebra in 
combination with the geometric problem to engage students in explorative 
work. Thus, the artefact was not optimised according to the teachers’ didactic 
praxeologies.  
 
Although the teachers were not resistant to change, it still proved to be too 
difficult for the teachers to make the necessary changes in their didactic 
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To name this design technique, we borrow the name theoretical seeding, as it 
is a characteristic feature of the proposed design technique. 

5.1.1.2 Q2: Praxeological alignment with the experimental world of 
mathematics 

During the design process, the researcher introduced the following 
praxeologies to the didactic system. 

 
Cycle 1:  A mathematical technological element related to geometric 

algebra. 
Cycle 2:  A teaching praxeology. This included both a mathematical and a 

didactic praxeology. 
Cycle 3:  Only some technological and theoretical elements of a didactic 

praxeology (the MoP) 
 
In cycle 1, the praxeological element was related to geometric algebra and 
embedded in an application in GeoGebra. The artefact was called an 
‘application’ because it was intended by the researcher to be further developed 
with the teachers. In effect, GeoGebra did not play any decisive role in 
relation to the praxeological element introduced to the teachers. The fact that 
one of the teachers enacted the lesson without utilising any of the affordances 
provided by the software supported this conclusion.  
 
The application in GeoGebra was elaborated with the aim of making 
connections between symbolic and diagrammatic representations (in terms of 
rectangles) of the distributive law, which was a new element in the teachers’ 
mathematical praxeologies. The designer’s intention was to use this element to 
support the students in making sense of the distributive law, but the teachers 
were given only a minimal amount of supervised support to adapt their 
didactic praxeologies to this new mathematical element. However, in the 
exchanges between the teachers and the designer to introduce the application, 
the teachers seemed to find an interesting area of mathematical activities in 
geometric algebra, that is, in the use of geometric figures (squares, rectangles, 
diagonals, etc.) to model algebraic expressions. 
 
The results from the enacted lessons show that when the teachers used the 
designer’s proposal, it was used either as a self-evident mathematical 
technique related to geometric algebra or it was used to motivate some of the 
already existing tasks and techniques the teachers and the students were 
familiar with. Thus, this new element was only used implicitly with the 
students and not discussed on a theoretical level. In fact, the teachers’ didactic 
techniques did, in this situation, provide students with only few opportunities 
to engage in logos-oriented discussions. In addition, none of the teachers used 



 

231 

the application for explicitly addressing the distributive law as the researcher 
had expected based on the preceding meeting with the teachers.  
 
To summarise, changing the mathematical praxeology to be taught created 
pressure on the teachers to change their didactic praxeologies accordingly. But 
the teachers did not manage to do this satisfactorily by themselves within the 
short period of time that was given to them. The design technique used in the 
first cycle (which we will call ‘application seeding’) did not sufficiently 
support the teachers in this respect. However, as only one lesson each was 
observed, we cannot make any claims about the long-term effects. 
 
In cycle 2, the mathematical praxeology introduced to the teachers was related 
to problem-solving and the theory of self-regulated learning. The teachers 
were given a complete teaching activity which included both a mathematical 
and a didactic praxeology (we will call this technique ‘activity seeding’). In 
addition to the teaching activity, the teachers were introduced to some 
theoretical notions (the MoP) that the researcher believed could support the 
teachers in considering the demands of the mathematical praxeology in the 
teaching activity. This was something that clearly was missing in cycle 1. 
 
The teaching activity included a geometric problem where GeoGebra was 
assigned a specific role. The mathematical praxeology in this activity was 
arranged in such a way that students were encouraged to pose hypotheses and 
continuously improve them in search of solutions to the geometric problem. 
GeoGebra was intended to be used to empirically evaluate the students’ 
hypotheses but not directly to help students formulate the hypotheses. This 
difference proved to be ambiguous for the teachers. In fact, in the way the 
problem was formulated, using GeoGebra as a tool for finding the solutions 
would trivialise the task for the students. However, although the teachers were 
provided with extensive support and showed progress in other cases, this is 
what happened in the lessons. A recurrent pattern that can be attributed to the 
teachers’ didactic techniques was that they tended to use the computational 
affordances of GeoGebra to find solutions rather than to evaluate students’ 
proposals. These outcomes suggested that what had been introduced to the 
teaching system was a new mathematical praxeology that demanded specific 
changes in the teachers’ – and the students’ – didactic praxeologies. The 
designer had arranged the mathematical praxeology for the purpose of 
exploiting the dynamic and computational affordances of GeoGebra in 
combination with the geometric problem to engage students in explorative 
work. Thus, the artefact was not optimised according to the teachers’ didactic 
praxeologies.  
 
Although the teachers were not resistant to change, it still proved to be too 
difficult for the teachers to make the necessary changes in their didactic 

 

230 

 
To name this design technique, we borrow the name theoretical seeding, as it 
is a characteristic feature of the proposed design technique. 

5.1.1.2 Q2: Praxeological alignment with the experimental world of 
mathematics 

During the design process, the researcher introduced the following 
praxeologies to the didactic system. 

 
Cycle 1:  A mathematical technological element related to geometric 

algebra. 
Cycle 2:  A teaching praxeology. This included both a mathematical and a 

didactic praxeology. 
Cycle 3:  Only some technological and theoretical elements of a didactic 

praxeology (the MoP) 
 
In cycle 1, the praxeological element was related to geometric algebra and 
embedded in an application in GeoGebra. The artefact was called an 
‘application’ because it was intended by the researcher to be further developed 
with the teachers. In effect, GeoGebra did not play any decisive role in 
relation to the praxeological element introduced to the teachers. The fact that 
one of the teachers enacted the lesson without utilising any of the affordances 
provided by the software supported this conclusion.  
 
The application in GeoGebra was elaborated with the aim of making 
connections between symbolic and diagrammatic representations (in terms of 
rectangles) of the distributive law, which was a new element in the teachers’ 
mathematical praxeologies. The designer’s intention was to use this element to 
support the students in making sense of the distributive law, but the teachers 
were given only a minimal amount of supervised support to adapt their 
didactic praxeologies to this new mathematical element. However, in the 
exchanges between the teachers and the designer to introduce the application, 
the teachers seemed to find an interesting area of mathematical activities in 
geometric algebra, that is, in the use of geometric figures (squares, rectangles, 
diagonals, etc.) to model algebraic expressions. 
 
The results from the enacted lessons show that when the teachers used the 
designer’s proposal, it was used either as a self-evident mathematical 
technique related to geometric algebra or it was used to motivate some of the 
already existing tasks and techniques the teachers and the students were 
familiar with. Thus, this new element was only used implicitly with the 
students and not discussed on a theoretical level. In fact, the teachers’ didactic 
techniques did, in this situation, provide students with only few opportunities 
to engage in logos-oriented discussions. In addition, none of the teachers used 



 

233 

proposing and designing their own teaching artefacts. In fact, in the second 
cycle, a mixture between product and theoretical seeding was used. 

 
The reasons why the product seeding approach was unsuccessful can be 
explained in terms of the following interconnected design phenomena: 

• The sacralisation of teaching artefacts 
• The parallelisation of praxeologies 
 
An additional aspect that will be discussed is the following: 
• The dual nature of the measure of performance 
 

In the first cycle, the researcher designed an application that, when shown to 
the teachers, they readily wanted to have access to it. Although the designer 
offered the teachers assistance in adapting the application to their needs, the 
teachers decided to utilise the application in its current form without making 
any modifications. In the second cycle, the teachers were initially unsure if the 
proposed teaching activity introduced by the researcher would ‘work’ with 
their students. But after the first implementation, they found that the lesson 
was not met with any resistance from the students. The teachers became 
committed to enacting the lesson, but they did not want to change it despite 
the researcher’s appeals. In these cases, the teaching artefacts, designed and 
introduced by the researcher, became somewhat ‘sacralised’ for the teachers, 
who did not dare adapt them despite this being in direct opposition to the 
researcher’s intentions. One of the teacher’s comments was very illustrative in 
this respect: ‘It is difficult to develop it further. I mean, you have spent many 
hours, and put effort… who are we to change anything?’ 

 
The introduction of teaching artefacts supported by GeoGebra meant that new 
mathematical and didactic praxeologies were introduced to the teaching 
system. As already discussed, by introducing GeoGebra, the very nature of the 
mathematical praxeologies changed, and consequently, also the didactic 
praxeologies. For example, when students interact with GeoGebra, the 
dynamic and computational affordances give information that the students 
need to interpret, but the software does not employ other strategies to engage 
students in a more elaborate exchange. GeoGebra only provides low-level 
evaluation, which may lead to the unintentional simplification of the 
mathematical task. This does not mean that GeoGebra cannot be used in a 
more productive way to also include technological–theoretical aspects of the 
mathematical praxeology. However, in order to do this, both the didactic and 
mathematical praxeologies may need to change accordingly, unless the 
affordances provided by GeoGebra are constrained in some way. High-level 
evaluation supported by GeoGebra needs to be designed for. 
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praxeologies in this particular situation. However, and perhaps more 
importantly, the teachers were able, in retrospect, to use the MoP to recognise 
and analyse the situation.  
 
In the final cycle, the teachers were given some technological and theoretical 
elements of a didactic praxeology (the MoP) through the technique of 
theoretical seeding. In addition, the researcher followed-up on one of the 
teachers who designed a student-driven teaching activity supported by 
GeoGebra. In the first implementation, GeoGebra was to be used freely by the 
students. GeoGebra tended to replace the expected mathematical techniques. 
As in cycle 2, the students could have used GeoGebra to produce solutions 
and thus simplifying the task. In the second implementation, after the teacher 
re-designed the activity, the teacher assigned an explicit function for the 
students’ use of GeoGebra. GeoGebra was now being used not to produce the 
solution but to check if it is correct. In this sense, the teacher’s way to use 
GeoGebra in the second implementation had become part of the didactic 
praxeology.  
 
To summarise, GeoGebra – and, in particular, its dynamic affordances – 
potentially changes the mathematical praxeologies towards what can be 
referred to as ‘experimental mathematics’. This includes, for example, tasks 
and techniques for making mathematical proposals, generalisations and 
conclusions that, with the support of the dynamic and computational 
affordances of GeoGebra, can be numerically or visually evaluated (Artigue, 
2002; de Villiers, 2010; Fahlgren & Brunström, 2014). Although it can be 
argued that this aspect has always been present in school mathematics – even 
if not always exploited – with GeoGebra it becomes unavoidable and is more 
clearly brought to the foreground. The outcomes of cycle 2 and cycle 3 
suggest that the teachers’ didactic praxeologies were not fully attuned to this 
‘new’ experimental dimension of what it means to do mathematics. The 
teachers were not resistant to this kind of change in the mathematical 
praxeology supported by GeoGebra. However, it was clear that in both cases, 
the teachers needed more support to fine-tune their didactic praxeologies in 
order to be able to exploit the affordances of GeoGebra.   

5.1.1.3 Q3: The failure of the ‘product seeding’ approach and the 
merits of ‘theoretical seeding’ 

The techniques used in cycles 1 and 2 are similar in the sense that the 
researcher was responsible for introducing a teaching artefact to the teaching 
system. Thus, the techniques employed by the researcher in these cycles can 
be referred to as ‘product seeding’, which also aligns with the traditional 
product design tradition in educational design research. Product seeding can 
be compared to theoretical seeding, where the teachers are responsible for 
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praxeologies in this particular situation. However, and perhaps more 
importantly, the teachers were able, in retrospect, to use the MoP to recognise 
and analyse the situation.  
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researcher was responsible for introducing a teaching artefact to the teaching 
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product design tradition in educational design research. Product seeding can 
be compared to theoretical seeding, where the teachers are responsible for 
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applied to the digital tool. In fact, GeoGebra can be understood as a separate 
epistemological system used by the teaching system for both didactical and 
mathematical purposes. GeoGebra can be used not only as a mathematical 
epistemological tool for solving problems but also as a didactical tool for 
creating a milieu for the students to do mathematics (e.g. for creating 
epistemological obstacles: Joubert [2013]). As described, the notion of low-
level and high-level evaluation can be used for evaluating teachers’ 
techniques, with or without the teachers’ use of GeoGebra. But, as 
experienced in cycle 3, it can also be used for making mathematical 
considerations regarding GeoGebra. In other words, the developed MoP has 
both a didactical value (in relation to the teachers) and an epistemological 
value (in relation to GeoGebra).  

 
To summarise, when using the design technique of theoretical seeding, it was 
the teachers who, guided by the MoP, decided upon and implemented the 
necessary changes in the mathematical and didactic praxeologies. The 
ownership of the design process was, from the very beginning, positioned with 
the teachers. Thus, in comparison to the techniques used in cycles 1 and 2, the 
design technique used in cycle 3, theoretical seeding, was therefore the most 
effective design technique of those explored – it supported the adaptation of 
praxeologies for exploiting the dynamical and computational affordances 
provided by GeoGebra.  

5.1.2 Summary 
The outcomes of using the design technique of theoretical seeding indicate 
achieving successful outcomes in naturalistic school settings where changes 
are identified and put into effect by the teachers themselves. Thus, the teachers 
maintain their natural role as designers within their own classrooms. The 
results suggest that this teacher-centred design technique of structured 
collaboration may support achieving stable and sustainable practices in 
educational design research, particularly regarding projects that prioritise high 
pragmatic impact. The identified consequences of theoretical seeding are 
supportive of this conclusion. In fact, after the theoretical seeding, some of the 
teachers reported on self-initiated classroom experimentations aligned with the 
theoretical elements introduced to the teachers. There were several concrete 
instances of teacher-initiated change of the teachers’ didactic praxeologies that 
were not imposed on the teachers by the researcher. This suggested that the 
teachers found immediate utility for the MoP. However, the long-term effects 
of the design technique of theoretical seeding have not been studied. The issue 
of ownership emerged as an important factor to consider when choosing which 
design technique to use. Moreover, it is important to point out that the positive 
attitude and enthusiasm that teachers may have towards innovation cannot be 
used as a measure of ownership.   
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For example, in cycle 2, the computational affordances were used by the 
teachers to simplify the task for the students when searching for solutions to 
the geometric problem. One possible treatment would be to make sure that the 
teachers’ didactic praxeologies change according to the designer’s 
requirements. A different treatment would be to change the artefact, which in 
this case, means changing the mathematical praxeology from being a problem 
of finding a property (where GeoGebra is useful) to a problem of proving the 
property (where GeoGebra is not sufficient). However, due to the sacralisation 
of the proposed teaching artefact, no negotiation or adaptation between the 
introduced and the established praxeologies occurred despite regular support 
provided by the researcher. All happened as if the ‘new’ mathematical 
praxeologies – which include GeoGebra and, thus, make the use of empirical 
strategies easier – and the ‘old’ ones – where the empirical work is usually 
repressed – are not synthesised but coexist in a rather independent way, as if 
there were two parallel mathematical praxeologies that never interacted. In 
other words, the parallelisation of praxeologies means that the external 
praxeologies introduced by the researcher and the internal praxeologies of the 
teaching system operated in a parallel manner and even in opposition to each 
other rather than in an effective collaborative way.  

 
By changing the strategy from product seeding to theoretical seeding in the 
third cycle, the problems of sacralisation of teaching artefacts and 
parallelisation of praxeologies were avoided. Clearly, by changing the 
ownership of the teaching artefact, the teachers were more apt to make 
changes in the artefact. This also allowed the teachers to negotiate the 
interplay between external and internal praxeologies, with the support of the 
MoP and the researcher. For example, in the third cycle, the teacher’s 
intention was to exploit the dynamics of GeoGebra to involve students in 
experimental work. The problem, which the teacher initially did not realise, 
was that the students could have easily used the dynamics only for trial and 
error. When the teacher became aware of this, the teacher’s treatment was to 
change the mathematical praxeology by separating the students’ unsupervised 
experimental work with more structured work and also to constrain the 
students’ use of the dynamics of GeoGebra. The teacher found a design 
solution where GeoGebra was used with stepwise instructions that, if followed 
by the students, could result in a high-level evaluation that, in turn, could 
create opportunities for students to be constructive and interactive. Thus, in 
this case, the lesson was not sacralised.  

 
Furthermore, the accommodation of praxeologies was facilitated by the use of 
the measure of performance. The notion of high-level and low-level evaluation 
is a general pedagogical tool that was easy for the teachers to grasp. The 
teachers could easily identify themselves in situations where they provided 
low-level and high-level evaluation when teaching. This notion was also 
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Figure 57. The re-designed measure of performance. 

 

5.2 Discussions 
5.2.1 Design praxeologies and meta-didactical praxeologies 
The MoP can be seen as a kind of ‘transposed content’ from research to the 
teachers; therefore, we can talk of meta-didactical transposition (Arzarello et 
al., 2014). The notion of meta-didactical praxeologies focuses on teacher 
education activities where the providers of PD assume the role of teachers and 
the teachers assume the role of students. Teacher learning is viewed from a 
traditional perspective, where it is often assumed that it is possible to change 
behaviour by making teachers more knowledgeable. The preferred method for 
creating change is, therefore, education. The assumption made by Arzarello 
and colleagues is that both the researchers’ and the teachers’ praxeologies 
evolve during the course. When the different communities of researchers and 
teachers meet, a shared (emerging) praxeology develops which, in turn, leads 
to new researchers’ praxeologies and new teachers’ praxeologies (thus 
learning).  
 
However, there are arguably other methods for creating change, such as 
participation, facilitation, negotiation, and even coercion (pressure). These 
methods can be compared with the different roles that the designer may 
assume (designer as expert, as artist, as facilitator, as provider). In the design 
praxeology developed in this study, different methods were combined.  
 
The assumption that praxeologies may be shared does not seem to consider the 
complexity of teacher learning and change. The situation with researchers’ and 
teachers’ praxeologies can be interpreted as Hegelian dialectics with two 
opposite Weltanschauungen. The shared praxeology would then be a third 
Weltanschauungen that can be created in a very unproblematic way. It may be 
an unproblematic process when the thesis and antithesis are so very similar 
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Further limitations include the fact that this study considers only fragments of 
the teachers’ practices in the form of one lesson with GeoGebra. The three 
projects corresponding to cycles 1, 2 and 3 were all established in such a way 
that the interaction between the researcher and the teachers would only affect 
one lesson. This means, in particular, that neither the current organisation of 
mathematical content nor its structuring in lessons or the type of praxeological 
elements that are worked on in each lesson can be modified. The same can be 
said about the teachers’ didactic praxeologies, which go utterly beyond the 
teachers’ actions within one lesson. Nevertheless, within these fragments, the 
teachers have already implemented significant changes to their practices that 
we believe are necessary for teachers to integrate digital technologies. 
Although self-initiated changes are more likely to be sustained by the teachers 
(Guskey, 2002), we do not know the long-term effects of theoretical seeding 
on the teachers’ didactic and mathematical praxeologies. This research has 
only focused on the teachers and on the step from ‘knowledge to be taught’ to 
‘taught knowledge’. Thus, there is no sufficient data for making a thorough 
analysis of the didactic transposition of knowledge. This is an issue for 
continued research which may require a more stable research context where 
teachers and researchers work together for longer periods and under more 
stable institutional conditions. Such paradidactic infrastructures (Miyakawa & 
Winsløw, 2017) are currently missing in the Swedish research context. 
 
In what concerns the MoP, an unresolved issue is the fact that the teachers did 
not adopt the notion of praxeologies in the same way as the other theoretical 
elements of the MoP. Throughout the design process, it remained the tool of 
the researcher. This can be explained by the previous limitation about a very 
local intervention that affected only one lesson and does not require one to 
conduct a deep analysis of the curricular mathematical content during the 
exchanges between the researcher and the teachers. In addition, the notion of 
low-level and high-level evaluation introduced by Nystrand and Gamoran 
(1971) may carry connotation of being ‘good’ and ‘bad’ evaluation. This 
could be avoided by replacing the words ‘low’ and ‘high’ with other, more 
neutral, words that would also clearly indicate what the teacher does to 
evaluate either with or without the support of a digital tool. For this reason, it 
may be better to use ‘direct evaluation’ instead of ‘low-level evaluation’ and it 
may be better to use ‘postponed evaluation’ instead of ‘high-level evaluation’. 
A graph of the re-designed measure of performance is provided in Figure 57. 
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Figure 57. The re-designed measure of performance. 
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5.2.2 Impact and importance 
The impact and importance of this research can be discussed in relation to 
educational design research, practice, and the ATD.  
 
For educational design research in general 
In the product design tradition, design artefacts such as teaching materials and 
models are handed over to practitioners for implementation, and although 
professional development is provided to the teachers, studies show that this 
strategy is not effective for supporting teachers to integrate digital 
technologies. This kind of breakdown may be due to the sacralisation of 
artefacts and the parallelisation of praxeologies found in this research and that 
was hindering teachers from using GeoGebra in an effective way. 
Sacralisation and parallelisation are two design phenomena related to the issue 
of ownership. It is reasonable to believe that these phenomena are more likely 
to occur when research objectives, research questions, strategies and other 
aspects of the design process are developed a priori by researchers and not 
with or by the teachers involved. What also can be inferred from this research 
is that transfer of ownership of teaching artefacts may not be possible to 
achieve successfully although teachers are involved in the design process (as 
suggested by cycles 1 and 2). Instead, an effective strategy may be to allow 
teachers to develop their own teaching artefacts and to transfer ownership of 
some particular theoretical concepts (the MoP). By using the design technique 
of theoretical seeding, the phenomenon of sacralisation and parallelisation was 
avoided. Nevertheless, more attention needs to be given to the problem of how 
teachers may come to understand and prepare for the mathematical 
epistemological requirements of digital technologies. In the case of GeoGebra, 
this includes understanding how the dynamic and computational affordances 
support students who engage in experimental mathematics.  
 
To summarise, this research contributes to the field of educational design 
research by highlighting what seems to be an important question to consider. It 
may be formulated as important principle, namely, that design products and 
their dissemination cannot be understood independently of each other. In order 
to change and evolve teachers’ practices, it is necessary to take into account 
the whole ecology of praxeologies.  
 
For the teachers’ practices 
In all the cycles, the contribution to the teachers’ practices included classroom 
near professional development and the introduction of a digital tool 
(GeoGebra), which most teachers had never used before and that the teachers 
found useful.  
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that, in fact, there is no conflict; but then, there cannot be any progress, at least 
not from the Singerian perspective. What may exist is only some degree of 
mutual confirmation of each opposite Weltanschauungen. In other words, an 
emerging Lockean community that believes that it agrees on something. In 
this sense, in may be argued that the notion of shared praxeology does not 
capture the complexity of teacher learning. It is more of an idealistic situation, 
which is different from the problem of integrating digital technologies. 
 
The notion of design praxeology is used for modelling the designer’s 
activities. Although the designer involves the teachers in the process, the 
design praxeology is not shared between different actors even if some artefacts 
or praxeological resources are introduced or shared with the teachers (shared 
as in ‘presented to’ or ‘used by’ but not necessarily adopted by the teachers as 
expected by the researcher). Even if the teachers may want to, and may 
certainly try, they may still have great difficulties in creating change in their 
techniques due to routinised behaviour (or techniques) – the result is that the 
praxis may not change, although the teacher ‘learns’ and tries to adopt the 
concepts and techniques proposed by the researcher. This is a problem which 
cognitive approaches that focus on teachers’ knowledge have problems 
explaining – the psychological fact that education and learning does not 
necessarily lead to changes in behaviour (see e.g. Bandura, 2001).  
 
What this research suggests is that what seems to be effective in terms of 
‘sharing’ with the teachers is a measure of performance that can be utilised for 
judging the level of change or non-change. But this measure of performance is 
not a teaching praxeology. The researcher has yet to find examples in the 
literature of how other measures of performance look suitable for using in 
educational design research that could support teachers in the role of agents of 
change. What may be found are measures such as questionnaires or 
evaluations that the researcher can use to ‘observe’ ‘during-the-fact’ or ‘after-
the-fact’ (e.g. from psychometrics), but normally, these do not give any 
guidance on how to do things differently (‘before-the-fact’). What was done in 
this research was to explore if theoretical concepts could be used as a measure 
of performance. The measure of performance was used a priori (for design or 
‘before-the-fact’), in vivo (decision making during teaching or ‘during-the-
fact’) and a posteriori (to judge the degree of change ‘after-the-fact’). Thus, 
the MoP functioned simultaneously as a framework for development and as a 
framework for understanding. This is an important function of the MoP. In 
order to achieve relevance in practice, the teachers should be able to relate to 
the researcher’s analyses by referring to the same theoretical concepts that 
they utilised when planning and implementing their teaching activities.  
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5.2.3.1 Naturalistic inquiry 
The naturalistic paradigm places emphasis on multiple constructed realities 
where the object of study and the observer are inseparable. ‘Just as the 
inquirer may shape the respondent’s behavior, so may the respondent shape 
the inquirer’s behavior’ (Guba & Lincoln, 1982, p. 240). Furthermore, rather 
than cause–effect explanations of human action, the naturalistic inquirer 
believes that he or she can, at best, develop plausible explanations of the 
factors, events and processes that shape social behaviour. Reality can be 
interpreted as a system with interrelated parts that influence each other. Thus, 
to reach some understanding, reality needs to be studied holistically. From this 
perspective, what may be developed are value-laden time and context-bound 
working hypotheses rather than value-free and context-free generalisations 
(Lincoln & Guba, 1985).  
 
The naturalistic inquirer aims to makes use of the full potential of humans as 
instruments of research, and therefore, builds on propositional knowledge as 
well as tacit knowledge. However, the latter needs to be made expressible and 
propositional as much as possible. Also, the naturalistic inquirer prefers an 
emergent research process rather than the use of a priori theory: ‘It is better to 
find a theory to explain the facts than to look for facts that accord with a 
theory’ (Guba & Lincoln, 1982, p. 244). Each step of the research process is 
therefore dependent on the previous one. Furthermore, the naturalist prefers to 
conduct research in natural settings rather than laboratory settings to develop 
their interpretations. Normally, the naturalistic inquirer uses a case study 
format and draws heavily on qualitative methods (Guba & Lincoln, 1982). 
 
These postures presented above summarise the assumptions of the naturalistic 
paradigm. But how do these assumptions relate to this current study? To 
summarise, the systems approach to educational design presented in this thesis 
(the AED approach) is an anthropological approach insofar as it concerns the 
study of (purposeful) human behaviour (or knowledge) in institutional 
settings. Similar to the naturalistic inquirer, the Singerian designer does not 
believe that he or she can, even though he or she must try, be fully detached 
from the system that is part of the object of study. In fact, in the AED 
approach, the mandatory positivist viewpoint of the detached objective 
observer has been dissolved in favour of subjective and creative processes that 
are utilised in different phases of the design process to achieve some desired 
goals. These goals and their means may, as the process continues, eventually 
be considered as ethical, reliable, and confirmable within the boundaries of the 
given context. Thus, consistent with the naturalistic paradigm, the AED 
approach makes use of a holistic and emergent design approach where the 
researcher is allowed to make use of different aspects of human knowledge, 
both episteme and phronesis. Furthermore, this study was conducted as a case 
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In the second and third cycles, the use of the theoretical triad with the teachers 
contributed to the development of what may be described as theory-based 
useful knowledge. Some of the teachers spontaneously took the initiative in 
taking the scientific concepts (non-sense concepts) of the researcher and tying 
them to their own practical experience. The teachers’ reports and the 
researcher’s observations suggest that the participating teachers (cycles 2 and 
3) had become more aware of their own didactic techniques. The teachers in 
cycle 2 expressed that this project had provided them with resources that 
helped them to develop their everyday practice. In cycle 3, there were also 
concrete examples of classrooms experimentation as well as significant 
changes in the teachers didactic praxeologies. These events may be taken as 
evidence that the non-sense concepts (the MoP) introduced by the researcher 
were in the process of becoming ‘sensible’ for these teachers. To summarise, 
the introduction and adoption of the MoP has given the teachers new 
possibilities for achieving theoretically underpinned changes in their practices 
with digital technologies. 
 
For the Anthropological Theory of the Didactic 
In this research, the Anthropological Theory of the Didactic has been used as 
an overarching theoretical framework to support the exploration of the relation 
between design activities and research activities. The intention has been to 
make a first attempt to define and analyse an educational design process using 
the notion of design praxeology. The design praxeology developed in this 
research comprised the Singerian design philosophy as a theory of design, the 
AED approach as the technology of the design praxeology, and theoretical 
seeding as a design technique. The task was related to the integration of 
GeoGebra.  

5.2.3 Discussion on quality 
As discussed in the introduction, there are different ways to conceptualise 
research quality. However, there is a consensus that researchers need to 
demonstrate that their studies are credible. For this purpose, researchers 
employ different procedures for establishing validity such as member 
checking, triangulation, thick description, peer reviews, and external audit. 
Discussing quality from a consistent set of criteria may contribute to 
disclosing research in a coherent way. For this reason, the quality of this 
research, as a whole, will be discussed in relation to criteria assumed by the 
naturalistic paradigm (Guba, 1981; Guba & Lincoln, 1982; Lincoln & Guba, 
1985). The naturalistic paradigm offers an ontological and epistemological 
perspective on research activities that aligns well with the assumptions made 
in this work. 
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intrinsically connected to the management of the cyclic design process. This 
technique for establishing credibility can be summarised in the following way: 
 

In summary, we believe it to be the case that the probability that 
findings (and interpretations based upon them) will be found to be 
more credible if the inquirer is able to demonstrate a prolonged 
period of engagement (to learn the context, to minimize distortions, 
and to build trust), to provide evidence of persistent observation (for 
the sake of identifying and assessing salient factors and crucial 
atypical happenings), and to triangulate, by using different sources, 
different methods, and sometimes multiple investigators, the data 
that are collected. At the same time the naturalist must guard against 
overrapport (going native) and premature closure, and take care that 
modes of triangulation inconsistent with naturalist axioms are not 
employed. (Lincoln & Guba, 1985, p. 307) 

 
The interpretations made in this research are of two kinds, those that were 
made during the on-going design process with the purpose of managing the 
process in situ so to speak and those interpretations that were made ‘after-the-
fact’ in a retrospective analysis. This research was conducted in three different 
setting and lasted for four years. Approximately more than 100 hours were 
spent in meetings with teachers, including the classroom implementations with 
the teachers. A considerable amount of time was therefore invested in physical 
meetings with teachers (prolonged engagement) in order establish common 
goals, build trust and learn about the conditions and constraints wherein 
change can be accomplished (persistent observation). When speaking of 
triangulation, although there were differences in each cycle, process data 
included multiple sources of information, multiple methods of data collection, 
and involved multiple inquirers, including teachers, students, and the 
researcher. Although different theoretical frameworks were used by the 
teachers and the researcher in the role as designer, only one theoretical 
perspective was used in the a posteriori analysis. In accordance with the 
naturalist axioms, theoretical triangulation has therefore not been used.  

 
An additional technique to establish credibility is ‘member check’, as in, 
allowing the participants who provided the data to review the interpretations 
(Lincoln & Guba, 1985). In the agile educational approach, the educational 
design researcher has to prove his or her trustworthiness as a designer in order 
for his or her propositions to be credible and thereby accepted by the other 
actors in the system. Thus, member check is embedded in the cyclic design 
process. Findings (accidental or designed-for) from one cycle may be verified 
when used as inputs in the following cycles. Furthermore, in cycle 2 in 
particular, the technique of member check was employed when interpretations 
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study (a case of a design praxeology) regarding the integration of digital tool 
into mathematics teachers’ practices. The methods used in this thesis where 
qualitative.  
 
Although many of the assumptions within the naturalistic paradigm are also 
explicit in the AED approach, there is an aspect that is less prominent in the 
naturalistic paradigm. The AED approach emphasises ethical design, meaning 
interventions controlled by ethical considerations that are inherent in the 
Singerian design philosophy. However, from the naturalistic perspective, this 
could be interpreted as a procedure for establishing trustworthiness rather than 
a philosophical stance. Nevertheless, in accordance with the naturalistic 
perspective, the AED approach attempts to intervene in a non-intrusive way 
by maintaining natural conditions and the different roles of the actors of the 
didactic system. The AED approach does not shortcut the teachers’ natural 
role as designers within their own classrooms.  

5.2.3.2 Trustworthiness 
In order to evaluate the worth of a research study, the notion of 
trustworthiness is used within the naturalistic paradigm. Trustworthiness 
involves establishing credibility, transferability, dependability, and 
confirmability. These aspects of trustworthiness are analogous to internal and 
external validity, reliability, and objectivity. From the naturalistic perspective, 
Lincoln and Guba (1985) propose that the following questions may be used as 
a starting point for discussing the trustworthiness: 
 

• Credibility – How can we determine that the results related to the 
didactic system are credible from the perspective of the didactic 
system (and not solely from the researcher’s perspective)?   

• Transferability – How can one determine whether results related to 
the current didactic system are transferable to other didactic systems? 

• Dependability – How can it be determined whether or not the results 
are consistent and could be repeated in a similar context? 

• Confirmability – To what degree may others confirm or corroborate 
the interpretations made by the educational design researcher?  

 
A final question is whether the participants in the inquiry were treated 
ethically and in accordance to national guidelines. Each of these questions will 
be addressed in the following sections. 
 
Credibility 
The first technique that will be discussed has three parts. These are ‘prolonged 
engagement’, ‘persistent observation’ and ‘triangulation’. From the 
perspective of the designer, these are actions that the designer may make 
during the design process for decision-making purposes and are therefore 
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Confirmability 
In order to make assessments of confirmability, Lincoln and Guba (1985) 
propose the following three steps: triangulation, practicing reflexivity, and 
establishing a confirmability audit. The first step, triangulation, is a method 
used explicitly in the AED approach to control the design process but also 
used in the retrospective analysis where claims are supported by several 
sources either empirically, by the literature, or by one’s own argumentation. 
Triangulation was also used in the formulation of the research problem that 
was based on current research within the field of mathematics education. The 
second step, practicing reflexivity, has the purpose of uncovering the 
researchers underlying epistemological assumptions, implicit assumptions, 
reasons behind problem formulation, expectations, et cetera. In this thesis, the 
identified research problem was addressed by importing methods from other 
fields largely external to mathematics education. For this reason, the 
methodological part of this thesis has been given considerable attention in 
order to articulate and declare the researcher’s standpoint.  
 
The last step, the confirmability audit, can used to trace the results back to the 
sources and to verify whether interpretations are reasonable, meaningful, and 
grounded in data (Lincoln & Guba, 1985). The confirmability audit in this 
thesis includes discussions about the research problem, the methods used and 
the role of the researcher as well. Negative evidence has also been taken into 
account. No reflective journal was kept, as suggested by Lincoln and Guba 
(1985). Instead, the researcher continuously documented the process by 
publishing results from each cycle.  

5.2.4 Research ethics 
This research was conducted following the ethical guidelines outlined by the 
Swedish Research Council (Vetenskapsrådet, 2002). Ethical requirements 
include information and consent requirements, anonymity, and protection of 
the individual. The participants (teachers) were informed about the purpose of 
the study and that they had the right to withdraw at any time during the 
research. The teachers’ informed consent was obtained orally. As the teachers 
were part of school projects, full anonymity cannot be guaranteed. In fact, 
some readers, such as colleagues who are familiar with the projects, may be 
able to identify individual teachers. No detailed information about the teachers 
(gender, age, schools, etc.) are provided in order to protect individuals.  
 
Data from classroom implementation were constructed during regular lessons 
during school hours. Therefore, parts of the empirical data include students, 
for example, when answering the teacher’s questions during the lessons. 
However, the students were not the subjects of this study, and the data 
construction did not include questions of a private or ethically sensitive nature 
to the students. In each cycle, the students’ role was discussed with the 
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of classroom implementations were made by the researcher together with the 
teachers.  
 
A final technique for establishing credibility that was used by the researcher is 
‘peer debriefing’. Parts of the ongoing research were presented and discussed 
in seminars with supervisors, colleagues or with other PhD students on several 
occasions throughout the process. Furthermore, each cycle was presented at 
conferences and published in refereed conference proceedings (Perez, 2012a, 
2012b, 2014, 2015, 2017). The research was published in both the research 
areas of technologies in education and mathematics education.  
 
Transferability 
Transferability refers to the applicability of findings in one context to other 
contexts or settings. However, this is very much an empirical question. One 
can never be sure that findings are transferable until they are actually put to 
the test (Lincoln & Guba, 1985). In the naturalistic paradigm, judgments of 
transferability are based on knowledge about both the transferring and 
receiving contexts (Guba, 1981). What the researcher can do is provide clear 
accounts (thick descriptions) of the context to facilitate what judgements of 
transferability are possible by a potential applier. As suggested by Collins et 
al. (2004), thick descriptions in design should include descriptions of goals 
and elements of the design, the settings where implemented, description of 
each phase, outcomes found, and lessons learned. In this thesis, each of these 
aspects has been described in detail. Furthermore, the transferability of the 
researcher’ s interpretations was put to the test as each cycle was conducted in 
different schools with different teachers. A similar effect throughout the three 
cycles related to the measure of performance indicates that some degree of 
local transferability (Swedish conditions) is possible.  
 
Dependability 
Dependability refers to the extent of which results are consistent (Lincoln & 
Guba, 1985). In the naturalistic paradigm, this should be understood in terms 
of trackable variance rather than invariance due of the emergent research 
process that prevents exact replication. To judge dependability, the researcher 
or an external auditor may check if any mistakes have been made regarding 
how the study was framed, how the data was constructed, and how findings 
were interpreted. In this thesis, the focus was on the research process as a 
whole and not solely on the final outcomes. All phases of the design process 
have been described. These descriptions are therefore the basis of an ‘audit 
trail’ that delineates the methodological steps and the decisions taken insofar 
as the researcher is able to document such data. The researcher has used this 
audit trail to, in retrospect, reflect on the research process and to try to expose 
any inconsistencies found in the research process.  
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as the researcher is able to document such data. The researcher has used this 
audit trail to, in retrospect, reflect on the research process and to try to expose 
any inconsistencies found in the research process.  
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• Sökt: Räkna antalet kvadrater som trianglarna täcker 
 

Kommentar: bredd, höjd och area är lika men hur är det med 
omkretsen?  

 
4. Använda tekniker:  

• Eleverna räkna rutor för att bestämma arean hos den blå triangeln 
(de har kopia av triangeln framför sig).  

• Läraren bestämmer arean hon den röda (halv rektangel) 
• Redovisning av strategier. 

 
5. Generalisering: ”dragging” (endast toppen på röd triangel flyttas längs 

med linjen). Fråga eleverna: 
• Vad skulle kunna hända med arean hos den röda triangeln? (gör 

en lista med hypoteser: större, mindre, lika) 
• Hur ska jag ändra triangeln så att arean blir större, mindre, lika? 
• Ändra röd triangel (trubbig) så att ”räkna rutor” blir begränsande! 

Skulle vilja mäta på annat sätt- logik (detta lämnas till en annan 
gång) 

 
Kommentar: eleverna kanske redan vet vad som händer med arean när 
basen och höjden inte ändras men vet kanske inte varför. I detta läge 
kan det vara svårt att motivera att arbeta vidare med varför-frågan 
eftersom eleverna kan uppleva detta som fullt tillräckligt. Därför kan 
man istället arbeta indirekt med den frågan genom att öppna upp och 
arbeta med flera alternativ på vad som kan hända. 

 
6. Kontrollera hypoteserna: Mha av ”värde” i GeoGebra 

• Vad avgör/påverkar arean? 
 

7. Trolig slutsats: trianglar med samma bas och höjd har samma area 
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Appendix I: Manuscript for the lesson in 
problem-solving 

Instruktioner och beskrivning av lektion 1.0 
Lektionen består i huvudsak av två delar, en teoridel och ett matematiskt 
problem. I den första delen presenteras några begrepp och det matematiska 
innehåll som eleverna behöver för att lösa problemet i del 2.  
	
Presentation 
Lektionens upplägg i två delar. Innehåll: problemlösningsförmåga. Vad 
förväntar vi oss av eleverna? Vad innebär det att ”bli bäst på att inte fatta” – 
vad gör man sedan? Målet är nödvändigtvis inte att hitta svaret till uppgiften- 
lära sig att hantera mer och mer komplicerade tankar! 
 
Intro 

1. Tekniker associerade med trianglar 
• Förklara bilden och de parallella linjerna 

 
• Vad kan man mäta hos trianglar? (bredd, höjd, omkrets, area) 
• Tänka som en matematiker: Ställer frågor (lika stora?)/ 

testar/förenklar (symmetri) 
• Mål: Lära sig att mäta med intellektet, använda logik! 

Tillsammans ska vi avgöra vad som rätt eller fel! 
 
Teori 

2. Att mäta/Jämföra 

									 										 	
 

• Läraren påstår: Areorna är lika stora!  
 

3. Formulera tekniker:  
• Hur skulle man kunna värdera/kontrollera påståendet? 
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• Sökt: Räkna antalet kvadrater som trianglarna täcker 
 

Kommentar: bredd, höjd och area är lika men hur är det med 
omkretsen?  

 
4. Använda tekniker:  

• Eleverna räkna rutor för att bestämma arean hos den blå triangeln 
(de har kopia av triangeln framför sig).  

• Läraren bestämmer arean hon den röda (halv rektangel) 
• Redovisning av strategier. 

 
5. Generalisering: ”dragging” (endast toppen på röd triangel flyttas längs 

med linjen). Fråga eleverna: 
• Vad skulle kunna hända med arean hos den röda triangeln? (gör 

en lista med hypoteser: större, mindre, lika) 
• Hur ska jag ändra triangeln så att arean blir större, mindre, lika? 
• Ändra röd triangel (trubbig) så att ”räkna rutor” blir begränsande! 

Skulle vilja mäta på annat sätt- logik (detta lämnas till en annan 
gång) 

 
Kommentar: eleverna kanske redan vet vad som händer med arean när 
basen och höjden inte ändras men vet kanske inte varför. I detta läge 
kan det vara svårt att motivera att arbeta vidare med varför-frågan 
eftersom eleverna kan uppleva detta som fullt tillräckligt. Därför kan 
man istället arbeta indirekt med den frågan genom att öppna upp och 
arbeta med flera alternativ på vad som kan hända. 

 
6. Kontrollera hypoteserna: Mha av ”värde” i GeoGebra 

• Vad avgör/påverkar arean? 
 

7. Trolig slutsats: trianglar med samma bas och höjd har samma area 
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Appendix I: Manuscript for the lesson in 
problem-solving 

Instruktioner och beskrivning av lektion 1.0 
Lektionen består i huvudsak av två delar, en teoridel och ett matematiskt 
problem. I den första delen presenteras några begrepp och det matematiska 
innehåll som eleverna behöver för att lösa problemet i del 2.  
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Lektionens upplägg i två delar. Innehåll: problemlösningsförmåga. Vad 
förväntar vi oss av eleverna? Vad innebär det att ”bli bäst på att inte fatta” – 
vad gör man sedan? Målet är nödvändigtvis inte att hitta svaret till uppgiften- 
lära sig att hantera mer och mer komplicerade tankar! 
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• Förklara bilden och de parallella linjerna 

 
• Vad kan man mäta hos trianglar? (bredd, höjd, omkrets, area) 
• Tänka som en matematiker: Ställer frågor (lika stora?)/ 

testar/förenklar (symmetri) 
• Mål: Lära sig att mäta med intellektet, använda logik! 

Tillsammans ska vi avgöra vad som rätt eller fel! 
 
Teori 

2. Att mäta/Jämföra 

									 										 	
 

• Läraren påstår: Areorna är lika stora!  
 

3. Formulera tekniker:  
• Hur skulle man kunna värdera/kontrollera påståendet? 
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med tex frågor som de kan ställa för att kommunicera, utmana 
och förstå varandra). 

• Redovisning: hur har eleverna motiverat/vilka strategier (tex 
redovisa kompisens motivering) 

läraren går runt och noterar om någon använder rutnät som stöd 
 

• Sökt Strategi: ”räkna rutor” (tillräckligt med endast ett ”frö” till 
den sökta strategin) 

 
13. Kontroll av gissningarna mha strategin ”räkna rutor” 

• Visa rutnät och undersök gissningarna 
 

14. Förfina gissningarna: Använd rutnätet för att göra en ny gissning/hitta 
ytterligare en lösning (heltalslösning) 

 
15. Generalisering: Har vi hittat alla lösningar? Hur många lösningar 

finns det? Hur kan vi beskriva dem alla (effektivt)? 
 

16. Formulera hypotes: Lösningarna ligger på diagonalen!  
17. Kontrollera hypotesen med GeoGebra (”värde” samt ”dragging”)! 

	

	
 

18. Bevisa hypotesen 
• Mha teorin: egenskap hos trianglar med lika höjd och bas 
• Algebra (för vissa klasser?) 

 
Visa koordinatsystemet, Anteckna höjd och bredd men ta sedan bort 
koordinatsystemet!!! ställ upp uttryck (x = 2y) 
Skriv in likheten i GeoGebra. Även y = x/2. Funktionen beskriver 
lösningarna till ett problem. 
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Problemet 

	
8. Introduktion: flytta runt punkten och beskriv hur arean hos 

rektanglarna ändras. Jämför den blåa rektangeln med den röda 
rektangeln (kvadrat är en rektangel!)  

 
9. Formulera en fråga: Vilka intressanta matematiska frågor kan vi ställa 

i den här situationen (Elevgenererade frågor!! Begär flera men alla 
ska/behöver inte behandlas nu!)?  
• Sökt fråga: ”Finns det någonstans där areorna blir lika stora?” 

 
Kommentar: Vad menas med lika stora?—area! Lika stora i 
förhållande till varandra (inte till sig själva) eftersom areorna på 
rektanglarna kan ändras! 

 
10. Gissning (specialisering):  

• Läraren gör en dålig gissning- bjud in till att eleverna värderar 
gissningen.  

• Eleverna (Erik/Stina) sätter punkter där de tror att areorna blir 
lika stora (markera punkterna med elevernas namn). 

	
11. Formulera en strategi: Fråga eleverna hur de tror att kompisarna 

(erik/stina) tänkte! 
 

12. Eget arbete med att hitta egen/använda de strategier som presenterats: 
Förklara upplägget (undersök-motivera-redovisa)! 

 
• Eleverna ritar egna rektanglar och testar strategierna/kommer på 

nya genom att de placerar punkten på några olika ställen.  
• Eleverna motiverar för varandra varför de tror att areorna är lika i 

sina egenkonstruerade exempel (Eleverna kan behöva en mall 
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Problemet 
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sina egenkonstruerade exempel (Eleverna kan behöva en mall 



 

267 

	
 
Rita en rektangel med 0, 1, 2 respektive 3 heltalslösningar (tex med given 
höjd). 
Gör en förutsägelse: Om jag ritar en rektangel med dimensionen hxb hur 
många heltalslösningar kommer det att finnas ()? 
 
Tillämpning av teorin: Från det generella till det specifika 
	

	
 

• Vilken fråga kan vi ställa till figuren? Är arean hos trianglarna lika 
stora?  

o Räkna rutor? 
o Bh/2? 

• Mäta med logik (Visa trianglarna) 
o Jämför delareor: totala arean är samma (enl ovan) samt delar 

på en triangel (vit) 
o Man tar bort samma vita triangel från den röda som den blåa 

triangeln 
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19. Review: Vad har vi gjort? () 
 

Processen: 
• Formulerat ett problem 
• Specialiserat () 
• Generaliserat 
• Förmodat 
• Övertygat 
Kunskaper: 
• Areabegreppet 
• Egenskap hos trianglar 

 
Sammanfattning 
Lektionen handlar mindre om att introducera ”nya” kunskaper matematik och 
mer om att eleverna ska delta i en problemlösningsprocess. Eleverna ställer en 
matematisk fråga som i slutändan blir en slutsats (lösningen till problemet) 
genom att eleverna engageras i en strukturerad och iterativ 
problemlösningsprocess:  
	

 
I de olika faserna skapar eleverna variation i form av olika frågor, idéer, 
strategier mm som läraren bör behandla med samma omtanke även om några 
kanske inte leder till den sökta lösningen på problemet. Den här värderingen är 
i första hand elevernas förmån och lärarens uppgift är istället att organisera 
och leda eleverna genom de olika faserna. Eleverna ska delta i processen och 
reflektera över vad de har gjort men de behöver inte medvetandegöras om de 
olika faserna i detta skede. 
 
Möjlig utveckling av problemet: 
Generalisera ytterligare: En godtycklig rektangel (axb) 
 
På vilket sätt beror antalet heltalslösningar på dimensionerna hos rektangeln? 
 

Utmana/
kontrollera	

Värdera/	
modifiera	

Gissning/	
hypotes/	
slutsats	
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Appendix II: GeoGebra tasks 
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Elevblad: Använd olika tekniker för att beräkna triangelns area 
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Appendix III: Examples of GeoGebra 
activities 
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Appendix III: Examples of GeoGebra 
activities 
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Uppgift 1 

• Ta fram grafen till grundfunktionen 2)( xxf =  i röd färg i ett rutat koordinatsystem  
• Aktivera bort funktionsuttrycket genom att trycka på minustecknet som står framför 

ordet Funktion i vänsterspalten 

Din uppgift är att få fram grafen till 1)( 2 −= xxg  genom att flytta på den röda grafen. 

• Beskriv hur du tror att du kan flytta på den röda grafen genom att välja ett eller flera 
alternativ och motivera ditt svar. 
 
Jag tror att den röda grafen ska flyttas: 
 
a) ___ steg uppåt eftersom______________________________________________ 
b) ___ steg neråt eftersom______________________________________________ 
c) ___ steg till vänster eftersom__________________________________________ 
d) ___ steg till höger eftersom___________________________________________ 

 
• Flytta nu den röda grafen i Geogebra genom att följa din beskrivning 
• Skriv in i inmatningsfältet 1)( 2 −= xxg  och tryck Enter. En ny graf i svart färg 

kommer att visas i koordinatsystemet 
• Om den svarta och den röda grafen överlappar varandra, hoppa vidare till uppgift 2 
• Om graferna inte överlappar varandra, modifiera din beskrivning: 

Jag skulle ha flyttat istället den röda grafen: 

a) ___ steg uppåt eftersom______________________________________________ 
b) ___ steg neråt eftersom______________________________________________ 
c) ___ steg till vänster eftersom__________________________________________ 
d) ___ steg till höger eftersom___________________________________________ 

 
• Kontrollera med Geogebra genom att flytta den röda grafen från grundpositionen 

(minimipunkten i origo) med hjälp av din nya beskrivning. 

Ta hjälp av en kompis eller läraren om graferna inte överlappar varandra.	
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Appendix IV: The re-designed activity 
used in cycle 3 

 

Andragradsfunktioner i Geogebra 

Instruktioner 

• Öppna programmet Geogebra via länken http://web.geogebra.org/app/# och tryck på 
Algebra. Nu har du fått fram ett koordinatsystem och på vänster sida ser du ett 
inmatningsfält där du kan skriva in dina funktioner.  

• Hur kan du få ett rutat koodinatsystem? 
Längst ut till höger finns det en ruta som visar en triangel och en cirkel. Tryck på den 
rutan! Nu ser du att du kan t.ex. välja rutnätet så att du kan få ett rutat 
koordinatsystem. 

• Hur ritar du grafer i Geogebra? 
För att t.ex. få grafen till funktionen 2)( xxf =  skriver du i inmatningsfältet f(x)=x^2. 
Tryck enter för att få grafen uppritad. 

• Hur får du grafer i en viss färg?  
Högermarkera en punkt på grafen och gå till Egenskaper. Det kommer upp en rad med 
olika nya rutor. Du ser tydligt att den andra rutan i den raden är en svart ruta som 
betyder att din graf är ritad i svart. Om du klickar på den svarta rutan, kommer det upp 
olika färger som du kan välja. Välj röd färg. 

• Hur flyttar du grafen? 
Sätt markören i en punkt på grafen (t.ex. minimipunkten) och genom att vänsterklicka 
på tangentbordet och hålla vänsterknappen intryckt så kan du flytta runt funktionen i 
hela koordinatsystemet. 

• Om du vill flytta grafen utanför det ritområde som visas, tryck på sista rutan i raden 
längst upp (den rutan ser ut som ett litet koordinatsystem med pilar i alla riktningarna). 
Nu kan du det ritområde du vill ha. Tryck på ”Flytta” som är första rutan i raden längst 
upp. Nu kan du flytta din graf i ditt nya ritområde. 

• Lägg märke till hur funktionsuttrycket i algebrafönstret ändras när du flyttar runt 
grafen. Försök att stanna upp då ditt funktionsuttryck innehåller heltal, då är det lättare 
att se. 
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Appendix IV: The re-designed activity 
used in cycle 3 
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Uppgift 3 

• Ta fram grafen till grundfunktionen 2)( xxf =  i röd färg i ett rutat koordinatsystem  
• Aktivera bort funktionsuttrycket genom att trycka på minustecknet som står framför 

ordet Funktion i vänsterspalten 

Din uppgift är att få fram grafen till 4)3()( 2 −+= xxg  genom att flytta på den röda 
grafen. 

• Beskriv hur du tror att du kan flytta på den röda grafen genom att välja ett eller flera 
alternativ och motivera ditt svar. 
 
Jag tror att den röda grafen ska flyttas: 
 
a) ___ steg uppåt eftersom______________________________________________ 
b) ___ steg neråt eftersom______________________________________________ 
c) ___ steg till vänster eftersom__________________________________________ 
d) ___ steg till höger eftersom___________________________________________ 

 
• Flytta nu den röda grafen i Geogebra genom att följa din beskrivning 
• Skriv in i inmatningsfältet 4)3()( 2 −+= xxg  och tryck Enter. En ny graf i svart färg 

kommer att visas i koordinatsystemet 
• Om den svarta och den röda grafen överlappar varandra, hoppa vidare till nästa blad 

som heter Arbetsblad 
• Om graferna inte överlappar varandra, modifiera din beskrivning: 

Jag skulle ha flyttat istället den röda grafen: 

a) ___ steg uppåt eftersom______________________________________________ 
b) ___ steg neråt eftersom______________________________________________ 
c) ___ steg till vänster eftersom__________________________________________ 
d) ___ steg till höger eftersom___________________________________________ 

 
• Kontrollera med Geogebra genom att flytta den röda grafen från grundpositionen 

(minimipunkten i origo) med hjälp av din nya beskrivning. 

Ta hjälp av en kompis eller läraren om graferna inte överlappar varandra.	
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Uppgift 2 

• Ta fram grafen till grundfunktionen 2)( xxf =  i röd färg i ett rutat koordinatsystem  
• Aktivera bort funktionsuttrycket genom att trycka på minustecknet som står framför 

ordet Funktion i vänsterspalten 

Din uppgift är att få fram grafen till 2)2()( −= xxg  genom att flytta på den röda grafen. 

• Beskriv hur du tror att du kan flytta på den röda grafen genom att välja ett eller flera 
alternativ och motivera ditt svar. 
 
Jag tror att den röda grafen ska flyttas: 
 
a) ___ steg uppåt eftersom______________________________________________ 
b) ___ steg neråt eftersom______________________________________________ 
c) ___ steg till vänster eftersom__________________________________________ 
d) ___ steg till höger eftersom___________________________________________ 

 
• Flytta nu den röda grafen i Geogebra genom att följa din beskrivning 
• Skriv in i inmatningsfältet 2)2()( −= xxg  och tryck Enter. En ny graf i svart färg 

kommer att visas i koordinatsystemet 
• Om den svarta och den röda grafen överlappar varandra, hoppa vidare till uppgift 3. 
• Om graferna inte överlappar varandra, modifiera din beskrivning: 

Jag skulle ha flyttat istället den röda grafen: 

a) ___ steg uppåt eftersom______________________________________________ 
b) ___ steg neråt eftersom______________________________________________ 
c) ___ steg till vänster eftersom__________________________________________ 
d) ___ steg till höger eftersom___________________________________________ 

 
• Kontrollera med Geogebra genom att flytta den röda grafen från grundpositionen 

(minimipunkten i origo) med hjälp av din nya beskrivning. 

Ta hjälp av en kompis eller läraren om graferna inte överlappar varandra.	
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Uppgift 3 

• Ta fram grafen till grundfunktionen 2)( xxf =  i röd färg i ett rutat koordinatsystem  
• Aktivera bort funktionsuttrycket genom att trycka på minustecknet som står framför 

ordet Funktion i vänsterspalten 

Din uppgift är att få fram grafen till 4)3()( 2 −+= xxg  genom att flytta på den röda 
grafen. 

• Beskriv hur du tror att du kan flytta på den röda grafen genom att välja ett eller flera 
alternativ och motivera ditt svar. 
 
Jag tror att den röda grafen ska flyttas: 
 
a) ___ steg uppåt eftersom______________________________________________ 
b) ___ steg neråt eftersom______________________________________________ 
c) ___ steg till vänster eftersom__________________________________________ 
d) ___ steg till höger eftersom___________________________________________ 

 
• Flytta nu den röda grafen i Geogebra genom att följa din beskrivning 
• Skriv in i inmatningsfältet 4)3()( 2 −+= xxg  och tryck Enter. En ny graf i svart färg 

kommer att visas i koordinatsystemet 
• Om den svarta och den röda grafen överlappar varandra, hoppa vidare till nästa blad 

som heter Arbetsblad 
• Om graferna inte överlappar varandra, modifiera din beskrivning: 

Jag skulle ha flyttat istället den röda grafen: 

a) ___ steg uppåt eftersom______________________________________________ 
b) ___ steg neråt eftersom______________________________________________ 
c) ___ steg till vänster eftersom__________________________________________ 
d) ___ steg till höger eftersom___________________________________________ 

 
• Kontrollera med Geogebra genom att flytta den röda grafen från grundpositionen 

(minimipunkten i origo) med hjälp av din nya beskrivning. 

Ta hjälp av en kompis eller läraren om graferna inte överlappar varandra.	
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Uppgift 2 

• Ta fram grafen till grundfunktionen 2)( xxf =  i röd färg i ett rutat koordinatsystem  
• Aktivera bort funktionsuttrycket genom att trycka på minustecknet som står framför 

ordet Funktion i vänsterspalten 

Din uppgift är att få fram grafen till 2)2()( −= xxg  genom att flytta på den röda grafen. 

• Beskriv hur du tror att du kan flytta på den röda grafen genom att välja ett eller flera 
alternativ och motivera ditt svar. 
 
Jag tror att den röda grafen ska flyttas: 
 
a) ___ steg uppåt eftersom______________________________________________ 
b) ___ steg neråt eftersom______________________________________________ 
c) ___ steg till vänster eftersom__________________________________________ 
d) ___ steg till höger eftersom___________________________________________ 

 
• Flytta nu den röda grafen i Geogebra genom att följa din beskrivning 
• Skriv in i inmatningsfältet 2)2()( −= xxg  och tryck Enter. En ny graf i svart färg 

kommer att visas i koordinatsystemet 
• Om den svarta och den röda grafen överlappar varandra, hoppa vidare till uppgift 3. 
• Om graferna inte överlappar varandra, modifiera din beskrivning: 

Jag skulle ha flyttat istället den röda grafen: 

a) ___ steg uppåt eftersom______________________________________________ 
b) ___ steg neråt eftersom______________________________________________ 
c) ___ steg till vänster eftersom__________________________________________ 
d) ___ steg till höger eftersom___________________________________________ 

 
• Kontrollera med Geogebra genom att flytta den röda grafen från grundpositionen 

(minimipunkten i origo) med hjälp av din nya beskrivning. 

Ta hjälp av en kompis eller läraren om graferna inte överlappar varandra.	
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Uppgift 4 

• Ge till din kompis uppgiften att försöka beskriva hur man kan flytta på grafen till 
2)( xxf =  för att få fram grafen till baxxg ++= 2)()( . Välj åt din kompis ett värde 

på a  och ett värde på b . (Välj inte för stora tal och du kan gärna använda dig av både 
positiva och negativa tal. Kompisen ger dig samma uppgift genom att välja andra 
värden på a  och b . 

• Skriv med egna ord hur valet av konstanterna a  och b  påverkar grafens utseende. 

 

 

 

 

 

 

 

 

 

• Berätta för varandra om det ni har skrivit. Har ni samma åsikt? Formulera en 
gemensam slutsats. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

=a ___  och =b ___	
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Arbetsblad 

• Lös ekvationen 0)( =xg  algebraiskt. Hur kan du se dina lösningar i grafen du har fått 
fram i Geogebra?   

 

 

 

 

 

 

 

 

 

 

 

 

• Skriv )(xg  i faktorform. Kom med förslag om hur du kan kontrollera med hjälp av 
Geogebra 
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Uppgift 4 

• Ge till din kompis uppgiften att försöka beskriva hur man kan flytta på grafen till 
2)( xxf =  för att få fram grafen till baxxg ++= 2)()( . Välj åt din kompis ett värde 

på a  och ett värde på b . (Välj inte för stora tal och du kan gärna använda dig av både 
positiva och negativa tal. Kompisen ger dig samma uppgift genom att välja andra 
värden på a  och b . 

• Skriv med egna ord hur valet av konstanterna a  och b  påverkar grafens utseende. 

 

 

 

 

 

 

 

 

 

• Berätta för varandra om det ni har skrivit. Har ni samma åsikt? Formulera en 
gemensam slutsats. 
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Arbetsblad 

• Lös ekvationen 0)( =xg  algebraiskt. Hur kan du se dina lösningar i grafen du har fått 
fram i Geogebra?   

 

 

 

 

 

 

 

 

 

 

 

 

• Skriv )(xg  i faktorform. Kom med förslag om hur du kan kontrollera med hjälp av 
Geogebra 
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Sammanfattning 
 
En andragradsfunktion kan skrivas på olika former: 
 

)()()()( 21
22 xxxxqpxxbaxxf −⋅−=++=++=  

 
       kvadratform   utvecklad form   faktoriserad form 
 

• Från uppgift 3: 4)3()( 2 −+= xxg   

• Skriv funktionen 4)3()( 2 −+= xxg  på alla formerna 
• Vad kan man bestämma hos funktionen )(xg när den är skriven på: 

a) Kvadratform 
__________________________________________________________________
__________________________________________________________________ 

 
b) Utvecklad form 

__________________________________________________________________
__________________________________________________________________ 
 

c) Faktoriserad form 
__________________________________________________________________
__________________________________________________________________ 

Diskutera dina svar med en kompis och komplettera era svar tillsammans. 

Geogebra är ett program där man kan få sina funktioner skrivna på de olika formerna.  

Skriv in i inmatningsfältet:  

• 4)3()( 2 −+= xxf  

• Expandera [<Funktion>], där istället för Funktion skriver du in )(xf .	Då visas 

funktionen 56)( 2 +⋅+= xxxg  som är skriven i utvecklad form 
• Faktorisera [<Polynom>], där istället för polynom skriver du in )(xf .	Då visas 

funktionen )5)(1()( ++= xxxh  som är skriven i faktoriserad form. 
 

Uppgift 45 sida 55 i Ma2c Origo om man hinner	
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Uppgift 5- jobba själv, fråga annars kompisen/ läraren 
 
Grafen till en andragradsfunktion )(xf  är ritad i figuren nedan. 
a) Lös ekvationen 0)( =xf  
b) Skriv )(xf  i faktoriserad form 

 

 

Redovisning: 
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Uppgift 5- jobba själv, fråga annars kompisen/ läraren 
 
Grafen till en andragradsfunktion )(xf  är ritad i figuren nedan. 
a) Lös ekvationen 0)( =xf  
b) Skriv )(xf  i faktoriserad form 

 

 

Redovisning: 
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