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Abstract
This thesis concerns the problem of statistical hypothesis
testing for mean vector as well as testing for non-normality in
a high-dimensional setting which is called the Kolmogorov condition. Since we consider mainly the first and the second moment
in testing for mean vector and we utilize the third and the fourth
moment in testing for non-normality, this thesis concerns a more
general moment testing problem. The research question is related
to a data matrix with p rows, which is the number of parameters
and n columns which is the sample size, where p can exceed n,
assuming that the ratio

p
n

converges when both the number of

parameters and the sample size increase.
The first paper reviews the Dempster’s non-exact test[6, 7]
for mean vector, with a focus on one-sample case. We investigated
its size and power properties compared to Hotelling’s T 2 test as
well as Srivastava’s test using Monte Carlo simulation.
The second paper concerns the problem of testing for multivariate non-normality in high-dimensional data. We proposed
three test statistics which are based on marginal skewness and
kurtosis. Simulation studies are carried out for examining the
size and power properties of the three test statistics.

i

Sammanfattning
Avhandlingen undersöker hypotesprövning i höga dimensioner,
under förutsättning att det så kallad Kolmogorovvillkoret (Kolmogorov condition) är uppfyllt. Villkoret innerbär att antalet
parametrar ökar tillsammans med storleken på stickprovet med
en konstant hastighet. Till kategorin multivariat analys räknas
de statistiska metoder som analyserar stickprov från flerdimensionella fördelningar, särskilt multivariat normalfördelning. För
högdimensionella data fungerar klassiska skattningar av kovariansmatris inte tillfredställande eftersom komplexiteten med att
skatta den inversa kovariansmatrisen ökar när dimensionen ökar.
I den första uppsatsen utförs en genomgång av Dempsters (nonexact) test där skattning av den inversa kovariansmatrisen inte
behövs. Istället används spåret (trace) av en kovariansmatris. I
den andra uppsatsen testas antagandet om normalfördelning med
hjälp av tredje och fjärde ordningens moment. Tre olika testvariabler har föreslagits där sumuleringar också presenteras för att
jämföra hur väl en icke-normalfördelning identifieras av testet.
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Chapter 1
Introduction

1.1

Problem formulation

This thesis concerns the problem of testing for high-dimensional
mean vector and the problem of testing for high-dimensional nonnormality. Suppose that x1 , · · · , xn is a random sample from a
p-dimensional population X, which has finite mean vector µ ∈ Rp
and finite positive definite covariance matrix Σ ∈ Rp×p . Let f (X)
denote the probability law (i.e. the distribution) of xi and Np the
family of all p-dimensional normal distributions. We are then
considering two hypothesis testing problem, namely Hypothesis
(1.1), (1.2), as stated below.
1
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H0 : µ = 0,

vs. H1 : µ ̸= 0.

H0 : f (X) ∈ Np .

1.2

(1.1)

(1.2)

Motivation and Objectives

There has been huge amount of research on high-dimensional
statistics during the last few decades. However, instead of caring about the property of statistical estimate, many people today
are paying more if not all attention to the performance of the
model, such as prediction error. Traditional statistical hypothesis testing loses its position in the process of statistical reasoning
and decision making partly because of its ineﬀectiveness to deal
with huge data set where the number of parameters far exceed
the number of observations, partly due to the controversy of hypothesis testing [13] and p-value [15]. To address this issue, the
thesis tries to explore statistical hypothesis testing applied in the
high-dimensional data.

1.3. Statement of Originality

1.3

3

Statement of Originality

I hereby declare that this submission is my own work and to the
best of my knowledge it contains no materials previously published or written by another person, or substantial proportions
of material which have been accepted for the award of any other
degree or diploma at LNU or any other educational institution,
except where due acknowledgement is made in the thesis. Any
contribution made to the research by others, with whom I have
worked at LNU is explicitly acknowledged in the thesis. I also
declare that the intellectual content of this thesis is the product
of my own work, except to the extent that assistance from others
in the thesis’s design and conception or in style, presentation and
linguistic expression is acknowledged.

1.4

List of papers

This thesis includes two papers as follows:

• Wang Z. A review of Dempster’s non-exact test for highdimensional mean vector. Unpublished manuscript (2018).
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• Holgersson T. Karlsson P. Wang Z. A simple test for nonnormality when p > n. Unpublished manuscript (2018).
(Presented in LinStat’ 2018, Bedlewo, Poland)

1.5

Outline of this thesis

This thesis consists of two parts. The first part of the thesis consists of three chapters. Chapter 1 is the introduction to the thesis
in which the problem of interest is formulated and the outline
of the work in presented. In Chapters 2, theoretical background
on multivariate hypothesis testing, high-dimensional data analysis are provided. We briefly introduce the background and some
results necessary for further reading of the papers in the second
part of the thesis. Finally, the last chapter presents the summary
of the included two papers and a discussion regarding future research. The second part of the thesis consists of the two papers
which have already been specified in the previous section.

Chapter 2
Background Theory

2.1

high-dimensional Data Analysis

In recent decades, with the tremendous development of data collecting technologies, high-dimensional data are becoming increasingly common. High-dimensional data nowadays rule in many
research areas such as bioinformatics and gene expression data, finance and market price data. The word ”high-dimensional” refers
to the situation where the number of unknown parameters which
are to be estimated is large relative to the sample size.
On the other hand, big data is commonly referred to as being
5
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big both in the sense of number of observations and in the sense
of number of measurements/features/variables researcher can obtain. When the dimension of data or the number of parameters becomes large, the classical methods such as the Hotelling’s
test, could become statistically ineﬃcient significantly. To analyze those large data sets, many new statistical methods have
been developed.
One general idea of dealing with large number of variables is
to reduce the number of variables, either by selecting the most important variables which is called feature selection such as the least
absolute shrinkage and selection operator (or simply LASSO), or
by grouping variables into clusters which is called feature extraction, such as the well-known principal component analysis
(PCA)[3, 8, 5].
Another general idea is developing large dimensional multivariate statistical analysis based on the random matrix theory[2].

2.2

What is high-dimensionality?

Classical multivariate statistics concerns the problem when sample size assumes going to infinity and dimension is fixed (large

2.3. Geometry of high-dimensional Space
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n - fixed p). There are mainly two diﬀerent domains in highdimensionality.

• limp,n→∞ p/n = c ∈ (0, ∞)
• limp,n→∞ p/n = c = ∞
The first domain is also referred to as the Kolmogorov asymptotics or Kolmogorov condition [12, 14], or (n,p) asymptotic[9].
The second domain sometimes is also referred to as high dimension low sample size (HDLSS)[1, 10], or ”large-p small-n”
paradigm[11]. In this review paper, we will focus more on the
first domain.

2.3

Geometry of high-dimensional Space

As mentioned before, there are huge number of examples where
each observation of a data set is represented by a high-dimensional
vector, for example, in text analysis one can represent a document
by a vector of which each element corresponds to the number of
occurrences of a particular word in the document or in the product
recommendation system, a list of products can be represented
by a vector. To measure how close the two vectors are, or how

8
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similar the two documents are to each other, we can utilize the
dot products, distance between vectors, and orthogonality which
have natural interpretations.
For example, picking a point uniformly at random from the
unit-radius circle and from a unit radius sphere in p-dimensions.
In p-dimensions the distance from the point to the center of the
sphere is very likely to be between 1 − c and 1, where c is a
constant independent of p. Another interesting phenomenon is
that in high dimension as the dimension increases, the volume of
the unit-radius sphere goes to zero [4].
A more counter-intuitive example is the normal or Gaussian
distribution. As we know, a 1-dimensional standard Gaussian
distribution has its mass close to the origin. For a p-dimensional
Gaussian, the value is maximum at the origin, but there is very
little volume, which can be seen by taking the integral. This
leads to a question, does a high-dimensional Gaussian distribution
really exist?

Chapter 3
Conclusion
The purpose of this chapter is to give an overview of the results
in the papers contributed to the thesis and discuss future work.

3.1

Summary of Thesis Achievements

Paper I.
In the first paper, the Dempster’s test for both one-sample and
two-sample mean vector is reviewed. We present the asymptotic
power function. The test is applied to a gene-set testing problem. The simulation studies show similar size property compared
to the Hotelling’s test in low-dimension and better size property
9
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compared to the Srivastava’s test in high-dimension under the
Kolmogorov condition.
Paper II.
In the second paper, a simple new method of testing multivariate
non-normality based on the marginal skewness and kurtosis is proposed. Simulation study for size and power is carried out. Based
on the simulation results, it is recommended that the tests based
on marginal skewness and kurtosis can be combined to examine
the non-normality.

3.2

Future Work

Testing for mean vector remains as a question in multivariate
statistics. The Dempster’s test gives a great idea how to tackle
the problem of estimation of big inverse covariance matrix in the
Hotelling’s test. As computation has becoming faster and cheaper
in the 21st century, Dempster’s test becomes available and easy
to use. The question remains, however, is how to improve the robustness of the Dempster’s test to normal distributions and with
more flexible covariance matrix and even to non-normal distributions. Further question can be, how the Dempster’s test can be

3.2. Future Work
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applied to pair-wise data or to data which contain missing data
or outliers.
For the testing for non-normality paper, further research can
be done on examine more distributions.
In both papers, the research questions can be evaluated under
a variety of the assumptions on the structure of the covariance
matrix. Apart from Toeplitz type, we can also consider compound
symmetry (σij = σ12 + σ 2

i=j ),

variance components structures

(σij = σk2 , where i corresponds to the k-th eﬀect).
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