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Abstract

Spin-frustrated molecular triangles have four low-lying energy states, so called
chiral states, which can be employed as the unit of information, qubit, in a
quantum computer. The fact that the chiral states are characterized by two
quantum numbers chirality and spin allows the control of the magnetization of
the molecule by an electric field due to the spin-electric interaction. Unlike a
magnetic field, electric fields can be applied spatially and temporally on the
scale of single molecules, as an electric impulse by using a scanning tunneling
microscope (STM) tip. In this thesis, I report on,

i. Theoretical description of spin-frustrated molecular triangles based on sym-
metry group theory,

ii. Modeling of the system by using an extended Hubbard Hamiltonian includ-
ing spin-orbit coupling and an external magnetic field.

iii. Modeling of the spin-electric interaction for a spin-frustrated molecular tri-
angle.

iv. Studying the chiral states by performing numerical calculations based on
exact diagonalization of the Hubbard Hamiltonian.

v. Investigating the electrical control of the chiral qubits through numerical
calculation.
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1 Introduction

In the recent decades, computer technology has had a strong impact on human
life from daily applications to solving very complicated scientific problems. The
need for faster computers in many fields like cryptography in Internet commu-
nication and security, solving complicated mathematical problems and simu-
lations in many-body physics have challenged scientist to improve the silicon-
based computers during many years. However, the fact that the traditional
computers works sequentially based on classical binary data restricts the speed
of information processing.

The idea of using quantum systems to build the new generation of computers,
namely quantum computers, originated from Feynman in 1982 for simulation
of many-body quantum systems [1]. Following this idea, in the 1990s, Shor
and Grover introduced their quantum algorithms, for factorizing and database
searching by exploiting quantum properties like, superposition, entanglement
and interference [2], [3].

In contrast to classical computers where the unit of information is a binary
digit, 0 and 1, called bit, in quantum computers the unit of information is a
quantum system with two distinctive quantum states called qubit. The state of
a qubit can be in all linear combinations of these two eigenstates, the so called
superposition. This superposition property of the qubit leads to computational
parallelism, that is, employing all the possible states in a parallel way for pro-
cessing the information. In other words a problem with an exponential number
of queries can be reduced to one query by using a quantum computer. This
increases the speed of quantum computers exponentially compare to classical
computers.

To find a quantum system which can be employed as a qubit in quantum
computers is a challenging task. This is the subject of research for many the-
oretical as well as experimental research groups in various fields of physics.
Quantum computing requires the same manipulations as classical computing,
i.e., initialization, control and measurement. In contrast to classical computers,
a quantum computer is more demanding, in terms of stability and coherency
since interference effects are crucial in quantum computing.

One proposal to realize a qubit, in the field of solid state physics, is based
on single-molecule magnet (SMM) with a large spin [4]. In this model, the
z-component of spin eigenstate of the SMM represents the states (0 and 1) of
the qubit. This qubit can be manipulated by coupling to an external magnetic
field. Single-molecule magnets are a subclass of metal-organic compounds that
show high magnetization due to the spin coupling of its metallic ions. Some
examples of SMM which have been studied in this model are Fe8 standing for a
complex with the formula [Fe8O2(OH)12(C6H15N3)6]

8+ and Mn12 complex with
the formula Mn12O12(CH3COO)16(H2O)4.
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It is crucial for quantum computation that the manipulation of a qubit occurs
locally and rapidly, since the manipulation of a qubit should not affect the other
qubits and it should be done rapidly to preserve quantum coherency. The usual
way of controlling spin by magnetic fields is difficult since it can not be applied
locally on the scale of single molecules. In addition magnetic fields can not be
varied rapidly. To manipulate a qubit on the time scale of a nanosecond, a
magnetic field of the order of 10−2 T is needed, which is difficult to obtain at a
nanometer spatial resolution.

Another way of controlling a qubit is by indirect interaction of an electric
field with the spin of the qubit, namely spin-electric interaction. In contrast to
a magnetic field, an electric field can be applied locally by using a STM tip and
it can be switched on and off rapidly. Electric field control is therefore a better
candidate for manipulation of a qubit. This approach has been studied theo-
retically to manipulate a triangular anti-ferromagnet Cu3 qubit by an electric
field [5].

Cu3 is a complex having the chemical composition
Na9[Cu3Na3(H2O)9(α−AsW9O33)2] · 26H2O. The three copper ions, which are
located in the middle of the molecule, represent the magnetization dynamics
of the molecule. For that reason, we can model this molecule with a three-site
triangle occupied by 3 spins. In the strongly correlated limit, this system ap-
proaches single-occupancy, i.e., one spin per site. To minimize the energy of
the system, we need to arrange the spins anti-ferromagnetically, which leads
to the frustration of the last spin, see Fig. 1. Due to this fact, Cu3 and other
complexes like this are called spin-frustrated molecular triangles. For conve-
nience, in the following I have shortened it to frustrated triangle. Similar spin
frustrated systems can be found for any half-filled odd numbered rings, i.e.,
pentagon, heptagon etc.
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Figure 1: Arranging the spins anti-ferromagnetically, leads to the frustration of
the last spin.

The concept of spin frustration was introduced by Gerard Toulouse in 1977 to
explain the magnetic properties of anti-ferromagnetic lattices at low energies [6].
Even earlier in 1950, G. H. Wannier discussed the spin frustration problem in the
anti-ferromagnetic triangular Ising lattice [7]. One of the consequences of spin
frustration is the energy degeneracy of the ground states. In large systems like
lattices, the ground states become highly degenerate, due to the large number
of combinations for anti-ferromagnetically arrangement of the spins.

However, in spin-frustrated molecular triangles, as we will see later, the
ground state is 4-fold degenerate. Spin-frustration is responsible for two-fold
degeneracy of the ground state. The additional two-fold degeneracy of the
ground state is the result of chiral-symmetry of the Hamiltonian. By chiral
symmetry we mean that Hamiltonian is invariant under the parity transforma-
tion, which originates from the geometrical symmetry of the frustrated triangle.
However, the spin-orbit interaction (SOI) violates the chiral symmetry of the
system and splits the degeneracy of the chiral states. On the other hand, ap-
plying an external magnetic field splits the states with opposite spins due to
the Zeeman effect. Consequently the system obtains 4 low-energy states with
different magnetic properties. Perturbatively it has been shown that an electric
field can couple the chiral states with opposite spins. This is the core of the
suggested mechanism of manipulation of a qubit in quantum computers by an
electric field [8].

In this work, I have studied spin-electric effect and the role of spin-orbit
interaction in frustrated triangle using both analytical and numerical methods.
The starting point of the project is the Hubbard Hamiltonian in second quan-
tization formalism. The choice of basis is important to understand the physics
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of the system and for numerical calculation. By symmetry analysis of the sys-
tem using the machinery of the symmetry group theory, we are able to write
the Hubbard Hamiltonian matrix in a symmetry adapted basis [9]. The Hub-
bard Hamiltonian in this basis has the maximum sparsity which is optimal for
our understanding. To study spin-electric effect in frustrated triangle I extend
the Hubbard Hamiltonian by adding corresponding terms for the spin-orbit in-
teraction and a general magnetic field. Using exact diagonalization we obtain
eigenstates and energies. The results are general, in terms of the involving
parameters in the extended Hubbard Hamiltonian and can be applied for any
spin-frustrated triangle. However, to apply this model to a specific molecule we
have to know the corresponding parameters which can be obtained by ab-initio
calculations or experimentally [10].
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2 Hubbard model of the spin-frustrated triangle

To study the physics of the frustrated triangle, we start by writing the Hubbard
Hamiltonian for the system. Essentially, the Hubbard model is an extended
version of the tight-binding model, when we also consider the on-site e-e repul-
sion. The Hubbard Hamiltonian for a fermionic system in second quantization
notation has the general form as follows,

H = −t
∑

<i,j>,σ

c†iσcjσ +H.c.+
U

2

∑

i

ni↑ ni↓, (1)

where < i, j > are site indices for nearest neighbors. The first term represents
the one-electron energy, where t is the hopping parameter and c†iσ(ciσ) represents
creation (destruction) operator which creates (destroys) an electron with spin
σ =↑, ↓ on ith (jth) site. The second term is related to e-e Coulomb repulsion,

U is repulsion energy, ni↑ = c†i↑ci↑ is the number operator which counts the

number of spin up electrons on the ith site and ni↓ = c†i↓ci↓ counts the number
of spin down electrons on the ith site. For a one-dimensional ring, we may use
a simpler notation,

H = −t
∑

i,σ

c†iσci+1σ +H.c.+
U

2

∑

i

ni↑ ni↓, (2)

where i runs over site number. The Hubbard Hamiltonian is a linear operator
which acts on many-particle states in a Hilbert space. The dimension of the
Hilbert space can be calculated as,

d =
δ!

(δ −N)!N !
, (3)

where δ is the number of single-particle eigenstates and N is the number of
electrons. In the case of the frustrated triangle, the number of single particle
states is δ = 3(sites)× 2(spins) = 6. So therefore, its number of many-particle
states will be d = 20. A trivial choice of basis of this Hilbert space is all
combinations of occupation of 3 sites with 3 spins (Table 1).

Writing the Hubbard Hamiltonian matrix in this basis and performing exact
diagonalization results in eigenvalues and eigenstates of the system. In practice
the Hubbard Hamiltonian in this basis is not a sparse matrix. A sparse matrix
is a matrix where the majority of its elements are zero. Sparsity of a matrix
is an important factor for speeding up the exact diagonalization process. This
might be irrelevant for a small system, such as the frustrated triangle with
a 20 × 20 Hamiltonian matrix, However, the dimension of the Hilbert space
increases exponentially with number of sites. Diagonalization of a non-sparse
Hamiltonian matrix will be a challenging task even for 5 sites.
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Table 1: Site occupation basis of half-filled SMM

ms = + 3
2 | ↑, ↑, ↑〉

| ↓, ↑, ↑〉 | ↑, ↓, ↑〉 | ↑, ↑, ↓〉

ms = + 1
2 | ↑↓, ↑, 0〉 |0, ↑↓, ↑〉 | ↑, 0, ↑↓〉

| ↑↓, 0, ↑〉 | ↑, ↑↓, 0〉 |0, ↑, ↑↓〉

| ↑, ↓, ↓〉 | ↓, ↑, ↓〉 | ↓, ↓, ↑〉

ms = − 1
2 | ↑↓, ↓, 0〉 |0, ↑↓, ↓〉 | ↓, 0, ↑↓〉

| ↑↓, 0, ↓〉 | ↓, ↑↓, 0〉 |0, ↓, ↑↓〉

ms = − 3
2 | ↓, ↓, ↓〉

One possibility to simplify the problem is to use the Heisenberg Hamiltonian
in the strongly correlated limit, (t/U ≪ 1). In this limit a doubly occupied site
will be high in energy and therefore the low energy states only contain singly
occupied sites. This case can be described by the anti-ferromagnetic Heisenberg
Hamiltonian,

HH = −J
∑

i

Si · Si+1, (4)

where J is the exchange coupling constant and S is the spin operator.

A more general solution, used in this work, is by taking advantage of group
theory [11]. By analyzing the symmetry of the system, we can find a new basis
set. In this basis set the Hubbard Hamiltonian matrix will have the maximum
sparsity. This basis is called symmetry adapted basis which will be derived in
the following chapter.
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2.1 Spin of half-filled frustrated triangle

The spin operator for a single electron is a Hermitian vector operator which acts
on a two-components spinor and is defined as

S =
~

2
τ , (5)

where τ = (τx, τy , τz) are the Pauli spin operators. The Pauli spin operators, in
the basis of | ↑〉 and | ↓〉, have the following matrix representation,

τx =

(

0 1
1 0

)

, τy =

(

0 −i
i 0

)

, τz =

(

1 0
0 −1

)

. (6)

The Pauli spin operators do not commute with each other, which means that the
spin can not be measured in different direction simultaneously. Pauli matrices
satisfy the commutation relation,

[τx, τy] = 2iτz, [τy, τz ] = 2iτx, [τz, τx] = 2iτy, (7)

and anti-commutation relation,

{τx, τy} = {τy, τz} = {τz, τx} = 0, (8)

where the anti-commutator for two operators Â and B̂ is defined as,

{Â, B̂} = ÂB̂ + B̂Â. (9)

The spin operator in second-quantized representation can be written as,

S =
~

2

∑

σσ′
τσσ′c

†
σcσ′, (10)

where the indices σ and σ′ run over the basis vectors | ↑〉 and | ↓〉. It is also
useful to introduce the ladder operators, the raising operator,

S+ = Sx + iSy, (11)

which in the second quantization representation becomes,

S+ =
∑

i

c†i↑ci↓, (12)

and the lowering operator,

S− = Sx − iSy, (13)
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which in the second quantization representation becomes,

S− =
∑

i

c†i↓ci↑. (14)

We can then write the S2 operator as,

S2 = S2
x + S2

y + S2
z = 1/2(S+S− + S−S+) + S2

z . (15)

These operators satisfy the following commutation relations,

[S2, Sz] = 0, (16)

[S2, S±] = 0, (17)

[Sz, S±] = ±~S±, (18)

[S+, S−] = 2~Sz. (19)

Note that all the spin operators mentioned above are single particle operators
and act on rank 1 spinors. Rank 1 spinors are vectors in a Hilbert space of
dimension 2, C2.

The Spin operator for 3 electrons can now be written as,

S = S1 + S2 + S3, (20)

where S1 acts on the spinors of the first site, S2 acts on the spinors of the second
site and so forth. The matrix presentation of S can be obtain by,

(S1 ⊗ I2 + I2 ⊗ S2)⊗ I2 + I4 ⊗ S3, (21)

where I2 and I4 stand for identity matrices of order 2× 2 and 4× 4 respectively.
The Hilbert space for the 3 spins is the tensor product of 3 Hilbert spaces,
(C2)⊗3 = C8 which has dimension 8. A basis for this Hilbert space can be
obtained by the direct product of all 3 basis set of the single electron,

{↑, ↓} ⊗ {↑, ↓} ⊗ {↑, ↓}. (22)

The direct product of two states can be obtained by Cartesian product of their
members. When working out (22), we find a basis set with 8 vectors for the
3-spin case. This basis is the subspace of the total basis for half-filled triangle
where we have single occupancy of the sites (see Table 1).
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The spin operator, S, is the infinitesimal generator for the rotation,

D(R) = exp(
−iφS.n

2
). (23)

D(R) should not be confused with spatial rotation operator. Spatial rotation
operator acts on a vector in the vector space R3 while D(R) is a rotation operator
which acts on a quantum state (here a spinor) in the original quantum system
and results in a new state in the rotated quantum system,

D(R)|α〉 = |α〉R. (24)

Addition of 3 spin operators, Eq.20, can be written as direct product of the 3
rotation groups,

D1/2 ⊗D1/2 ⊗D1/2, (25)

where 1/2 is the quantum number, s. The above direct product is reducible.
To find the irreducible representation we decompose the direct product into a
direct sum.

In general, we have the following relation,

Ds1 ⊗Ds2 = Ds1+s2 ⊕Ds1+s2−1 ⊕ ...⊕D|s1−s2|. (26)

Therefore the direct product for two spins results in a triplet and singlet,

Dtotal = D1/2 ⊗D1/2 = D1 ⊕D0 (27)

For 3 spins the calculations goes as follows,

(D1/2 ⊗D1/2)⊗D1/2 = (D1 ⊕D0)⊗D1/2

= (D1 ⊗D1/2)⊕ (D0 ⊗D1/2)

= D3/2 ⊕D1/2 ⊕D1/2,

(28)

which results in a quartet, s = 3/2 and two doublets s = 1/2.

The components of the spin operator for 3-spin can then be written as

Sx = S1x + S2x + S3x, (29)

Sy = S1y + S2y + S3y, (30)
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Sz = S1z + S2z + S3z. (31)

This implies,

S2 = S2
x + S2

y + S2
z

= (S1x + S2x + S3x)
2 + (S1y + S2y + S3y)

2 + (S1z + S2z + S3z)
2.

(32)

By considering the eigenvalue equations for spin operators,

S2|s,ms〉 = ~
2s(s+ 1)|s,ms〉, (33)

Sz|s,ms〉 =
~

2
ms|s,ms〉, (34)

we can find the quantum numbers,

s = 3/2 ms = −3/2,−1/2, 1/2, 3/2, (35)

s = 1/2 ms = −1/2, 1/2. (36)

Finally the fact that the Hamiltonian commutes with spin operators,

[H,S2] = 0, (37)

[H,Sz] = 0, (38)

implies that the Hamiltonian and the spin operators S2 and Sz can be diago-
nalized simultaneously and energy states can be labelled by quantum numbers
s and ms. By taking advantage of ladder operators we can find all the states, a
quartet,

|s = 3/2 , ms = 3/2〉
|s = 3/2 , ms = 1/2〉
|s = 3/2 , ms = −1/2〉
|s = 3/2 , ms = −3/2〉,

(39)

and two doublets,

|s = 1/2 , ms = 1/2〉
|s = 1/2 , ms = −1/2〉. (40)
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The degeneracy of each doublet is related to SU(2) symmetry of the Hamil-
tonian and has been labeled by quantum number ms = ±1/2. However, the
degeneracy of the two doublets should be explained by another symmetry of
the Hamiltonian. The corresponding operator to this symmetry can label these
degenerate states.

The question is, which physical property distinguishes these two doublets
and what is the corresponding operator?
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3 Geometric symmetry analysis of the spin-frustrated

triangle

The geometric symmetry of a molecule influences its physical properties. In this
work we use geometric symmetry analysis to find the so called symmetry adapted
basis. The Hubbard Hamiltonian in this basis has the maximum sparsity which
is optimal for exact diagonalization calculations. By identifying the geometric
symmetry, and classifying it in a symmetry group, one can derive the symmetry
adapted basis for the system.

In modern geometry the concept of symmetry is modeled by a set of oper-
ations called symmetry transformations. Roughly speaking, symmetry trans-
formation is a subgroup of linear isometry (distance preserving) that maps a
member of metric space to itself. Concerning molecules, all symmetry transfor-
mation is a combination of rotations and reflections. Translation is only relevant
for infinite lattices. The symmetry transformation can be classified in five types:

Table 2: Symmetry operations

E Identity Does nothing

Cn Rotation Rotation about symmetry axis by 2π/n

σ Reflection Reflection in mirror plane

σv if mirror plane is vertical

σh if mirror plane is horizontal

i Inversion Reflection through center of symmetry

Sn Improper rotation Combination of two operations, Cn and σ.

The symmetry of all molecules can be classified in 32 point groups according
to their symmetry operations. To classify the frustrated triangle in one of these
point groups, we should first identify all symmetry operations of the molecule.
These symmetry operations are listed in table 3 and illustrated in Fig. 2.

Table 3: Symmetry operations of D3h

E E Identity

2C3 C3, C
2
3 2 rotations about symmetry axis by 2π/3 and 4π/3

3C2 C′′′
2 , C

′
2, C

′′
2 3 rotations about symmetry axis on the plane by π

3σv σ(b), σ(x), σ(a) 3 reflections in vertical mirror plane

σh σ 1 reflection in horizontal mirror plane

2S3 S6, S
5
6 2 improper rotations
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We can see that the symmetry operations of the frustrated triangle belong
to a dihedral group, namely D3h.

Figure 2: Symmetry operations of the frustrated triangle. (a) Rotation about
symmetry axis. (b) Rotations about symmetry axes on the plane. (c) Reflection
in horizontal mirror plane. (d) Reflections in vertical mirror planes.

The dimension of this group, i.e., the number of symmetry operations is
g = 12. Note that the D3h point group has no inversion symmetry.

The matrix representation of each symmetry operation in D3h can be block-
diagonalized by choosing a proper basis set. A representation which is fully
block-diagonalized and has the maximum sparsity is called the irreducible rep-
resentation, Γ, and its corresponding basis is called the symmetry adapted basis.

The sum of the dimensions of all the irreducible matrices is equal to the
dimension of the group,

g =
∑

Γ

g(Γ), (41)

where g is dimension of group and g(Γ) is the dimension of the irreducible
matrix.

3.1 Symmetry adapted basis

Following [11],I use projection operators in order to derive the symmetry
adapted basis. These projection operators are a combination of all symmetry
operators of a point group, which projects the original basis set to the symmetry
adapted basis [11].

The projection operator for unitary representations (which is the case here)
is given by
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PΓ
γ =

g(Γ)

g

∑

R

D(Γ)
γγ (R)∗R, (42)

where Γ is the label of the irreducible representation, g(Γ) is dimension of the
irreducible representation, g is dimension of group, D is the character of the
irreducible representation and R is the symmetry operation.

The character table of the irreducible representation for point group D3h

can be found in any symmetry group theory book.

3.2 Deriving the symmetry adapted basis for the frus-

trated triangle

To see how to derive a symmetry adapted basis in practice, I show how to derive
one of the symmetry adapted basis vectors for the frustrated triangle which is
classified in the D3h point group. Considering a projection operator of the
irreducible representation E′′, we can write it as

PE′′

1 =
2

12
(1.E + 1.σ + ǭ.C3 + ǫ.C2

3 + ǭ.S6 + ǫ.S5
6 + 0.σ(b) + ...). (43)

Acting with this projection operator on the basis vector | ↑, ↓, ↑〉 projects it
on one of the symmetry adapted basis vectors of the corresponding irreducible
representation.

PE′′

1 | ↑, ↓, ↑〉 = 1

6
(| ↑, ↓, ↑〉+ | ↑, ↓, ↑〉+ ǭ| ↑, ↑, ↓〉+ ǫ| ↓, ↑, ↑〉+ ǭ| ↑, ↑, ↓〉+ ǫ| ↓, ↑, ↑〉) (44)

=
1

3
(| ↑, ↓, ↑〉+ ǭ| ↑, ↑, ↓〉+ ǫ| ↓, ↑, ↑〉)), (45)

where ǫ = exp(i2π/3) and ǭ = exp(i4π/3) is the complex conjugate of ǫ. This
procedure does not necessarily give a normalized vector. Normalization should
be done separately and we obtain,

1√
3
(| ↑, ↓, ↑〉+ ǭ| ↑, ↑, ↓〉+ ǫ| ↓, ↑, ↑〉). (46)

This is one of the symmetry adapted basis vectors which, as we will see later, is
one of the chiral states. By repeating the same procedure for the all irreducible
representations, we find a complete basis which spans the corresponding Hilbert
space. This basis is the symmetry adapted basis.

By using this machinery, I have obtained the symmetry adapted basis for
the subspace ms = 1/2 as a linear combination of the site occupation basis.
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The symmetry adapted basis can be divided into two subsets containing singly
and doubly occupied sites. The singly occupied basis vectors can be written in
the compact form,

|ψ(k)
M=1/2〉 =

1√
3

2
∑

j=0

ǫkjC
j
3 | ↓, ↑, ↑〉, (47)

where ǫkj = exp(i2πjk/3), Cj
3 are three-fold rotation of order j, and j, k = 0, 1, 2.

For convenience, I list the symmetry adapted basis labeled by their irre-
ducible representations. The singly occupied basis vectors are,

|ψ1 ↑
A

′

2

〉 = 1√
3
(| ↓, ↑, ↑〉+ | ↑, ↓, ↑〉+ | ↑, ↑, ↓〉), (48)

|ψ1 ↑
E

′

+

〉 = 1√
3
(| ↓, ↑, ↑〉+ ǫ| ↑, ↓, ↑〉+ ǭ| ↑, ↑, ↓〉), (49)

|ψ1 ↑
E

′

−

〉 = 1√
3
(| ↓, ↑, ↑〉+ ǭ| ↑, ↓, ↑〉+ ǫ| ↑, ↑, ↓〉), (50)

and the doubly occupied basis vectors are,

|ψ2 ↑
A

′

1

〉 = 1√
6
[(| ↑↓, ↑, 0〉+ |0, ↑↓, ↑〉+ | ↑, 0, ↑↓〉)+(| ↑↓, 0, ↑〉+ | ↑, ↑↓, 0〉+ |0, ↑, ↑↓〉)]

(51)

|ψ2 ↑
A

′

2

〉 = 1√
6
[(| ↑↓, ↑, 0〉+ |0, ↑↓, ↑〉+ | ↑, 0, ↑↓〉)−(| ↑↓, 0, ↑〉+ | ↑, ↑↓, 0〉+ |0, ↑, ↑↓〉)]

(52)

|ψ2 ↑
E

′1
+

〉 = 1√
6
[(| ↑↓, ↑, 0〉+ǫ|0, ↑↓, ↑〉+ǭ| ↑, 0, ↑↓〉)+(| ↑↓, 0, ↑〉+ǫ| ↑, ↑↓, 0〉+ǭ|0, ↑, ↑↓〉)]

(53)

|ψ2 ↑
E

′1
−

〉 = 1√
6
[(| ↑↓, ↑, 0〉+ǭ|0, ↑↓, ↑〉+ǫ| ↑, 0, ↑↓〉)+(| ↑↓, 0, ↑〉+ǭ| ↑, ↑↓, 0〉+ǫ|0, ↑, ↑↓〉)]

(54)

|ψ2 ↑
E

′2
+

〉 = 1√
6
[(| ↑↓, ↑, 0〉+ǫ|0, ↑↓, ↑〉+ǭ| ↑, 0, ↑↓〉)−(| ↑↓, 0, ↑〉+ǫ| ↑, ↑↓, 0〉+ǭ|0, ↑, ↑↓〉)]

(55)
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|ψ2 ↑
E

′2
−

〉 = 1√
6
[(| ↑↓, ↑, 0〉+ǭ|0, ↑↓, ↑〉+ǫ| ↑, 0, ↑↓〉)−(| ↑↓, 0, ↑〉+ǭ| ↑, ↑↓, 0〉+ǫ|0, ↑, ↑↓〉)]

(56)
The symmetry adapted basis for the subspace ms = −1/2 can be written in the
same way. The basis for ms = 3/2 and ms = −3/2 are already symmetric,

|ψ(k)
M=3/2〉 = | ↑, ↑, ↑〉, (57)

|ψ(k)
M=−3/2〉 = | ↓, ↓, ↓〉. (58)

In conclusion, we now have the complete set of the symmetry adapted basis (20
states) for the frustrated triangle with the symmetry group D3h.

Change of basis from site basis to symmetry adapted basis is given by the
following unitary matrix,

T =





























1√
3





1 1 1
1 ǭ ǫ
1 ǫ ǭ



 0

0 1√
6

















1 1 1 1 1 1
1 1 1 −1 −1 −1
1 ǭ ǫ 1 ǭ ǫ
1 ǫ ǭ 1 ǫ ǭ
1 ǭ ǫ −1 −ǭ −ǫ
1 ǫ ǭ −1 −ǫ −ǭ













































. (59)

Using the symmetry adapted basis has two major advantages. From a nu-
merical point of view diagonalization will be easier since the Hamiltonian in
this basis has maximum sparsity. Another advantage is that the physics of the
system is more visible. This is due to this fact that the symmetry adapted
basis vectors are eigenstates of the system in the strongly correlated limit. In
addition, close to this limit, t/U ≪ 1, one can solve the system by perturbation
theory. The effect of an applied external electric field, magnetic field, and also
spin-orbit interaction can be studied easier in the symmetry adapted basis.
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4 Chirality

The word chirality is derived from the Greek word (χειρ) for hand and means
handedness. Although our left and right hand seems similar, they are mirror
images and can never be superimposed. The difference between the left and right
hand is chirality or handedness. So, hand has handedness. This is the original
definition for chirality, which has been used widely in chemistry to denote chiral
molecules. Chiral molecules are molecules, which can exist in two geometric
configurations, where one is the mirror image of the other one.

However, in the context of this work, chirality is a more abstract concept and
is defined as the expectation value of the z-component of the chiral operator.
The chiral operator is a hermitian vector operator which can be written in terms
of is defined as,

C = Cx ı̂+ Cy ̂+ Czk̂, (60)

where chiral operator components are defined as

Cx = −2

3
(S1.S2 − 2S2.S3 + S3.S1), (61)

Cy =
2√
3
(S1.S2 − S3.S1), (62)

Cz = − 1

4
√
3
S1.(S2 × S3), (63)

where Si is the spin operator for the site i. The chiral operator components
satisfy the commutation relation,

[Cx, Cy] = 2iCz, [Cy , Cz] = 2iCx, [Cz , Cx] = 2iCy, (64)

Studying the commutation relation between the z-component of the chiral op-
erator and the Heisenberg Hamiltonian (4), shows that they commute,

[HH , Cz] = 0. (65)

We can therefore associate a quantum number to chirality which labels the
eigenstates of the Hamiltonian. The eigenvalue equations for the chiral operator
Cz are as follows,

Cz|mc〉 = mc|mc〉, (66)

where we can find the quantum numbers,

mc = −1, 0,+1. (67)
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The chiral operator Cz commutes with the spin operator,

[Cz , Sz] = 0, (68)

which indicates that the chiral operator Cz and the spin operator Sz can be
simultaneously diagonalized. As a consequence, each spin state will be double
degenerate due to the chirality. We found this degeneracy previously when we
decomposed the tensor product of the 3 spins. This decomposition resulted
in two doublets. To explain this degeneracy we needed an additional symme-
try. We have now found this additional symmetry, chiral symmetry, which is
responsible for the degeneracy.

Considering the singly-occupied states, we can now label them by the quan-
tum numbers for spin and chirality as follows,

|ψ1 ↑
A

′

2

〉 = |mc = 0, s = 3/2,ms = +1/2〉, (69)

|ψ1 ↑
E

′

+

〉 = |mc = +1, s = 1/2,ms = +1/2〉, (70)

|ψ1 ↑
E

′

−

〉 = |mc = −1, s = 1/2,ms = +1/2〉. (71)

To understand the physical meaning of chirality, we examine its parity and time
reversal symmetry. The definition of parity in a 2-dimensional spatial space
is different from the 3-dimensional case. In a 3-dimensional spatial space, the
parity operator acts on a spatial vector and changes the sign of all three coor-
dinates. The determinant of the matrix representation of the parity operator
is -1, while a rotation transformation has determinant 1. Changing the sign of
both components of 2-dimensional space is the same as rotation. This is why
parity in a 2-dimensional space is defined as a reflection in a vertical mirror
plane, i.e., changes the sign of one coordinate. This definition guarantees the
determinant to be -1, which is characteristic of the parity operator.

It can easily be verified that the chiral operator is odd under the parity
operators which originates from the changing of sign of the triplet product
of spin operators. This means that parity transformation changes the right
handed chirality to the left handed and vice versa. The chiral operator is also
odd under the time reversal transformation. This is again due to this fact that
chiral operator is a triplet product of spin operators where each spin operator
itself is odd under the time reversal transformation.

The chiral operator is preserved under the combination of parity and time
reversal transformation,

PCz = −Cz, (72)
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TCz = −Cz , (73)

PTCz = Cz . (74)

One can therefore think of the chirality as the current of spin around the triangle.

This interpretation of chirality can also be explained by the spin-frustrated
nature of the triangle. We know that, at low energy, the system favors the anti-
ferromagnetic arrangement, which is impossible because of the odd number of
sites. If we start to arrange the spins anti-ferromagnetically, the last spin can
not be anti-ferromagnetically coupled to both neighbors, and is thus frustrated.
In both cases, we will have two spins aligned in the same direction which is costly
in energy. To obtain the lowest energy, the next spin must flip, to provide the
anti-ferromagnetic arrangement. This spin in its turn dictates that the next spin
will flip and so forth. In this way we will have a spin wave or spin current along
the triangle. Since there is no preference for the direction, the spin current can
be in both direction, clockwise and counterclockwise, which can be associated
with chirality of the double degenerate ground states (chiral states). In addition
to the spin current, it has been shown that the frustrated triangle also exhibits
a charge current around the triangle [12]. I underline that this effect has not
been considered in this work.
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5 Extended Hubbard Hamiltonian of the spin-

frustrated triangle

This far, we have studied a simple model of the spin-frustrated triangle. To get
a more realistic model we take into account the spin-orbit interaction. Next, I
consider a homogeneous magnetic field in an arbitrary direction to manipulate
the spin of the chiral states. To take into account the effect of magnetic field I
extend the Hubbard Hamiltonian by adding a Zeeman term to the Hamiltonian.
Finally for studying the effect of electric field on chiral states, we add another
term to include this effect.

5.1 Spin-orbit interaction

To get a more realistic model we need to take into account the metallic ion at
each site. The electric charge of nucleus and inner electrons of each ion produce
an electric field as,

E = −1

e
∇Vc(r), (75)

where Vc(r) is a central potential. The valence electrons, which have orbital
motion in this electric field, feel an effective magnetic field,

Beff = −v

c
×E. (76)

The interaction between the spin of the electron and this effective magnetic field
is called the spin-orbit interaction (SOI),

HSO = −µ.Beff , (77)

where µ is the magnetic moment of the electron,

µ =
eS

mec
, (78)

and S is the spin operator. Combining (75) - (78) gives the the spin-orbit
interaction as follows,

Hso =
1

2m2
ec

2

1

r

dV (r)

dr
L.S, (79)

where L is orbital angular momentum operator and the factor 1/2 is added due
to the relativistic correction to the problem [13].
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In 1958, Dzialoshinsky published a paper to explain the weak ferromagnetism
in the anti-ferromagnetic crystals, α-Fe2O3 [14]. In this article he argues that
the symmetry of anti-ferromagnetic spin arrangement is the same as a spin
arrangement which has a net magnetic moment perpendicular to the trigonal
axis. Phenomenologically, he concludes that the energy of the system favors
weak ferromagnetism. Expressing the free energy in terms of spins results in a
term,

D.(S1 × S2), (80)

where D is a constant vector parallel to the trigonal axis. In the case of single
triangular ring, this term enters the Hamiltonian as

HDM =
∑

D.(Si × Sj), (81)

which models the spin-orbit interaction in triangular ring, and is known as the
Dzialoshinsky-Moriya interaction [14], [15].

To write the SOI in second quantization notation, I follow Kaplan’s approach
to the problem [16]. He assumes that the energy of all orbitals except one is
infinite. In this approximation the SOI can be entered as an imaginary spin-
dependent hopping term in the Hubbard Hamiltonian,

HU+SO =
∑

i,σ

(−t+ iλσ
)

c†iσci+1σ +H.c.+U
∑

i

ni↑ ni↓, (82)

where λ is a real number and parametrizes the strength of the spin-orbit inter-
action in the frustrated triangle, and σ gets two values +1(−1) corresponding to
hopping of the spin-up (spin-down) electrons. This Hamiltonian still commutes
with Sz, so therefore SOI does not lift the spin-degeneracy of the system. This
implies that ms is still a good quantum number which can label the eigenstates
and there is no mixing between the eigenstates with different ms.

What is the effect of spin-orbit interaction on the chiral states? As we will
see, the numerical calculation shows that spin-orbit interaction lifts degeneracy
of the chiral states (Fig. 7), which is crucial for employing chiral states as a
qubit.
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5.2 Applied magnetic field

The interaction of the system with a homogeneous magnetic field in an arbitrary
direction, can be studied similar to the Zeeman effect. The Zeeman effect for
one electron can be written as,

HZ = −µe.B =
e

mec
B.S, (83)

where µe is the spin magnetic-moment, B is the magnetic field and S stands
for the spin operator.

Using (10), we can now write the Zeeman effect in the second quantization
formalism as,

HZ =
e~

2mec

∑

σ,σ′
B.τ σσ′c

†
σcσ′. (84)

Now, let us apply this model to our system, namely the frustrated triangle with
3 spins. In this case, the magnetic field interacts with the total spin,

S =
∑

i

Si, (85)

where i runs over the site numbers.
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As a consequence, the magnetic field modifies the on-site energy as following,

HZ =
e~

2mec

∑

i

∑

σ,σ′
B.τσσ′c

†
iσciσ′. (86)

By expanding this, we obtain,

HZ =
e~

2mec

∑

i

[Bx(c
†
i↑ci↓ + c†i↓ci↑)− iBy(c

†
i↑ci↓ − c†i↓ci↑)+Bz(ni↑ −ni↓)]. (87)

A magnetic field in the z direction lifts the spin degeneracy coming from SU(2)
symmetry of the system, but it does not mix the states, so therefore ms is still
a good quantum number and can label the eigenstates. However a magnetic
field non-parallel to the z-axis, does not conserve the z-components of the spin
of chiral states. In this way we can manipulate the spin of the chiral states.
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5.3 Applied electric field

The interaction of a charged particle with an electric field, can be written as,

He-d = −P.E, (88)

where E is the electric field and P is the dipole operator defined as,

P = qr, (89)

where q stands for the charge of the particle and r is the position operator.

The electric-dipole interaction for a spin-frustrated triangle will be,

He-d = −e
∑

i

ri.E, (90)

where i runs over site number and e stands for electron charge.

To study the effect of the electric field on the system, I need to write the
electric-dipole interaction in second quantization in the symmetry adapted basis
(eigenstates of the system), which is,

He-d = −e
∑

Γ,Γ′,σ
〈φΓσ |r.E|φΓ′σ 〉c†ΓσcΓ′σ, (91)

where |φΓσ 〉 is the symmetry adapted basis functions.

Obtaining the matrix elements of the position operator in the symmetry
adapted basis is straight forward by finding the matrix elements in the site
occupation basis and then change basis using the transform matrix (Eq. 59).

The matrix elements of the position operator in the site occupation basis
can be calculated as,

〈φiσ |r|φjσ 〉 =
∫

d3rφ∗(ri)rφ(rj), (92)

where φ(ri) is a Wannier orbital corresponding to the localized electron on the
ith site.
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Diagonal elements can be calculated easily as,

〈φiσ |r|φiσ 〉 =
∫

d3rφ∗(ri)rφ(ri) ≈ ri, (93)

where ri is simply the position of the ith site.

To calculate the off-diagonal elements, I use the following approximation,

∫

dr3φ∗(ri)rφ(rj) ≈
ri + rj

2

∫

d3rφ∗(ri)φ(rj), (94)

where i and j are indices for the nearest neighbors and the integral,

s =

∫

d3rφ∗(ri)φ(rj), (95)

is the overlap integral for Wannier orbitals which can, in principle, be obtained
by ab-initio calculations. By using this approximation and choosing the coor-
dinate system to be centred in the triangle and the x-axis parallel to one side,
we can find the matrix elements for the components of position operator in the
site basis as,

〈x〉 = a

4





0 −s s
−s −2 0
s 0 2



 , (96)

〈y〉 = a

4
√
3





4 s s
s −2 −2s
s −2s −2



 , (97)

〈z〉 = 0, (98)

where a is geometrical distance between the adjacent sites.

Considering the single occupancy subspace, the transformation matrix (Eq. 59)
is reduced to,

T =
1√
3





1 1 1
1 ǭ ǫ
1 ǫ ǭ



 , (99)

where ǫ = exp(i2π/3) and ǭ = exp(i4π/3) is the complex conjugate of ǫ.
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Acting with this operator on the site basis, we obtain the symmetry adapted
basis,









φ†
A

′

2
σ

φ†
E

′

+
σ

φ†
E

′

−
σ









=
1√
3





1 1 1
1 ǭ ǫ
1 ǫ ǭ









φ†1σ
φ†2σ
φ†3σ



 . (100)

We use the transformation operator to find the components of the position
operator in the symmetry adapted basis,

xΓΓ′ = T †xijT, (101)

yΓΓ′ = T †yijT. (102)

The components of the position operator in the symmetry adapted basis are
then,

〈x〉 = a

4
√
3





0 −i(s+ 2) i(s+ 2)
i(s+ 2) 0 2i(s− 1)
−i(s+ 2) −2i(s− 1) 0



 , (103)

〈y〉 = a

4
√
3





0 (s+ 2) (s+ 2)
(s+ 2) 0 −(s− 1)
(s+ 2) −(s− 1) 0



 . (104)

As we see, the position operator,

r = x̂ı + ŷ, (105)

is still an hermitian operator. Furthermore the diagonal matrix elements of the
position operator are zero. This is due to the fact that the symmetry adapted
basis has a well-defined parity,

P |φΓσ 〉 = ±|φΓσ 〉, (106)

and the position operator is anti-symmetric under the parity transformation.
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Using the position operator, we can now write the electric-dipole operator
in matrix representation,

He-d = −e(Exx+ Eyy), (107)

where the matrix representation of X and Y are given at Eqs. 103-104. The
nonvanishing off-diagonal elements shows that the electric field couples the chiral
states. This is the origin of the electrical control of chiral qubits, which will be
discussed later.

Another approach for studying the effect of an external electric field on
the system is to write the electric-dipole Hamiltonian in the site occupation
basis and using numerical calculation to diagonalize the total Hamiltonian. The
electric-dipole Hamiltonian involve both an on-site and a hopping term,

He-d = H0
e-d +H1

e-d. (108)

The on-site term is,

H0
e-d = −e

∑

i,σ

〈φiσ |r.E|φiσ 〉c†iσciσ, (109)

where φiσ is Wannier orbital localized on ith site. Expanding this, results to,

H0
e-d =

−ea
2

∑

σ

2Ey√
3
c†1σc1σ − (Ex +

Ey√
3
)c†2σc2σ + (Ex − Ey√

3
)c†3σc3σ. (110)

The hopping term of electric-dipole interaction is given by,

H1
e-d = −e

∑

i,σ

〈φiσ |r.E|φi+1σ 〉c†iσci+1σ +H.c. (111)

Note that the electric field in the z-direction does not affect the system, since the
spin-frustrated triangle is in the xy-plane and the z-component of the position
operator r will vanish.

By choosing the x-axis along one of the sides of the triangle, we can expand
the previous equation as,

H1
e-d =

ea

4

∑

σ

(Ex −
Ey√
3
)c†1σc2σ +

2Ey√
3
c†2σc3σ − (Ex +

Ey√
3
)c†3σc1σ +H.c. (112)
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6 Numerical results and discussion

Now, we have the full Hamiltonian and need to perform numerical calculations
to get some results. I organized these results according to the procedure of
performing the numerical calculation which is as follows,

(i) I start with a Hubbard model for half-filled triangle to obtain the energy
spectrum of the system. The energy spectrum contain both single-occupied and
double occupied eigenstates.

(ii) Next, I concentrate on single-occupied states, which are low-lying energy
states, to study the spin-orbit interaction. This has been done by diagonalization
of the extended Hubbard Hamiltonian including a spin-dependent hopping term
which represents the spin-orbit interaction.

(iii) The magnetic control of the chiral states has been studied by adding a
Zeeman term to the Hubbard Hamiltonian.

(iv) To study electrical control of the chiral states, I have calculated the
off-diagonal matrix elements of the electric-dipole interaction in the symmetry
adapted basis.

The numerical calculations have been performed by developing a Python
program written by Magnus Paulsson for a Hubburd model with a hopping
term. This program have developed to full Hamiltonian including spin-orbit
interaction, magnetic field and electric field. The eigenvectors and the eigen-
values of the Hamiltonian has been obtained by exact diagonalization of the
Hamiltonian matrix from standard linear algebra package linalg. To find the
Hamiltonian matrix, the matrix elements have been calculated by sandwiching
the Hamiltonian in second quantization between the basis vectors (Table 1).
These basis vectors can be also written in second quantization by applying the
creation operators on the vacuum state. For instance, the basis vector | ↑, ↑, ↓〉
can be written as,

| ↑, ↑, ↓〉 = c†1↑c
†
2↑c

†
3↓|0, 0, 0〉. (113)

By taking advantage of the anti-commutation relations for the fermionic
creation and destruction operators,

{c†iσ, cjσ′} = δijδσσ′, (114)

{c†iσ, c
†
jσ′} = 0, (115)

{ciσ, cjσ′} = 0. (116)

we can find the matrix elements of the Hamiltonian. The same technique has
been used for calculating the expectation values of the chiral and spin operators
as well as the matrix elements of the electric-dipole operator.
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6.1 Energy spectrum of half-filled triangle

In the first step, we consider the Hubbard model for half-filled triangle including
hopping and Coulomb e-e interaction,

H = −t
∑

i,σ

c†iσci+1σ +H.c.+
U

2

∑

i

ni↑ ni↓. (2)

The energy spectrum of this Hamiltonian is shown in Fig. 3.
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Figure 3: The energy spectrum of the half-filled frustrated triangle for the states
with ms = ±1/2 (on-site repulsion U = 1).

As we see in Fig. 3, in the strongly correlated limit t ≪ U , the eigenstates
are degenerate in two groups, singly and doubly occupied states with the energy
difference ∆E = U = 1. Since double occupancy of the sites is costly in energy,
therefore the low energy states belong to single occupancy states.
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Far from the strongly correlated limit, most of the states are mixed. The
mixing occurs between states with the same spin and the same type of irreducible
representation. The singly occupied states |ψ1 σ

A
′

2

〉 (Eq. 48) show no dependency

on t or U (Fig. 3-4), since these states are the only states with s = 3/2 and
the total spin operator S2 commutes with the Hubbard Hamiltonian thus, these
states do not mix with the other states and remain unchanged.
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Figure 4: The energy spectrum of the half-filled frustrated triangle as a function
of U for the states with ms = ±1/2 (hopping parameter t = 1).

There are also four doubly-occupied states |ψ2 σ
A

′

1

〉 (Eq. 51) and |ψ2 σ
A

′

2

〉 (Eq. 52)
which are unchanged with t(cyan line). The only states with the same type
irreducible representation, namely Γ = A, are singly-occupied states |ψ1 σ

A
′

2

〉.
However, these states cannot be mixed due to different total spin s. The
doubly-occupied states |ψ2 σ

A
′

1

〉 and |ψ2 σ
A

′

2

〉 have total spin s = 1/2 while the singly-

occupied states |ψ1σ
A

′

2

〉 have total spin s = 3/2. We also observe that the energy

of these states has linear dependency on U and no dependency on t (Fig. 3- 4).

To study the other states, we can look at their chirality (Fig. 5). The only
states that have non-zero chirality in the strongly correlated limit are the chiral
states |ψ1 σ

E
′

±

〉 (Eq. 49-50) which are shown by the black lines. Beyond the strongly

correlated limit, these states will mix. As I mentioned before mixing occurs
between states within the same type of irreducible representation Γ.
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Figure 5: The expectation value of the z-component of the chiral operator as
a function of hopping parameter t. In the extreme limit, t ≪ U , the chirality
is non-zero just for chiral states |ψ1 σ

E
′

±

〉. By increasing t, the doubly occupied

states |ψ2 σ

E
′1,2

±

〉 show non-zero chirality which is due to mixing with the chiral

states (on-site repulsion U = 1).

The chiral states |ψ1σ
E

′

±

〉 and the doubly-occupied states |ψ2 σ

E
′1,2

±

〉 (Eq. 53-

56), shown by the indigo and green lines, have the same type of irreducible
representation, namely Γ = E. By increasing the hopping parameter t, these
states will mix and as a consequence, the doubly occupied-states gain chirality
from the mixed portion of the chiral states. On the other hand, the absolute
value of the chirality of the chiral states decreases because of mixing with the
doubly-occupied states with zero chirality (Fig. 5).
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Figure 6: The expectation value of the z-component of the chiral operator at
the extreme limit t≫ U (on-site repulsion U = 1).

In the limit t ≫ U , the two chiral states mix with two non-chiral states in
the subspace Γ = E. These states then gain 1/3 of the total chirality. However,
states with Γ = A can not be mixed with the chiral states (Γ = E) and keeps
their zero chirality (Fig. 6). As a consequence at t ≫ U all the states gather
into 3 groups characterized by the quantum number chirality.
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I underline that the calculations presented here are general in terms of the
parameters of the Hubbard Hamiltonian. Once we know about the value of t
and U for a certain frustrated triangle, we can calculate the energy structure of
the system. In the following, I focus on the low-energy part of the spectrum,
namely, the four chiral states, |mc = ±1, s = 1/2,ms = ±1/2〉, and the first
excited states, |mc = 0, s = 3/2,ms = ±1/2〉).
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6.2 The effect of spin-orbit interaction

To study the effect of the spin-orbit interaction on the chiral states, I have per-
formed numerical calculations based on the following Hamiltonian, as discussed
in Chapter 5,

cuHU+SO =
∑

i,σ

c†iσ
(

− t+ iλSOσ
)

ci+1σ +H.c.+ U
∑

i

ni↑ ni↓. (117)

First of all we expect that the spin-degeneracy of the chiral states is preserved
since this Hamiltonian commutes with Sz. The numerical calculation supports
this. However, spin-orbit interaction, which is modeled as a spin-dependent
hopping term in the Hamiltonian, splits the chiral states. The effect of SOI on
splitting of the chiral states is shown in Fig. 7 where we can also observe the
linear dependency of energy on SOI parameter λ.
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Figure 7: Splitting of the chiral states due to the SOI. (Parameters: t = 1 ,
U = 10)
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The SOI also changes the chirality of the states. To show this, I have cal-
culated the chirality of the states for a wide interval of SOI parameter, λ, Fig.
8.
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Figure 8: The effect of the SOI on the chirality of the states at t = 1 and U = 10.
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6.3 The effect of a magnetic field

To investigate the effect of a magnetic field on the frustrated triangle, we add
the Zeeman term to the frustrated triangle including the SOI,

HU+SO+Z =
∑

i,σ

(−t+ iλσ
)

c†iσci+1σ +H.c.+U
∑

i

ni↑ ni↓ +HZ, (118)

were the Zeeman term has been obtained in second quantization formalism
before (Eq. 87).

HZ =
−e~
2mec

∑

i

[Bx(c
†
i↑ci↓ + c†i↓ci↑)− iBy(c

†
i↑ci↓ − c†i↓ci↑) +Bz(ni↑ − ni↓)].

The numerical results show that the magnetic field parallel to the z-axis lifts
the spin degeneracy and splits the eigenstates with ms = ±1/2 simply due to
the Zeeman effect (Fig. 9). There is no mixing between the states, and Sz and
Cz are therefore still good quantum numbers and can label the eigenstates.

Figure 9: An external magnetic field parallel to the z-axis splits the eigenstates
linearly due to the Zeeman effect. Note that, the splitting of the chiral states is
due to SOI (Parameters: t = 1, U = 10 and λSO = 0.1).
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However, a magnetic field non-parallel to the z-axis mixes the states with
different Sz but same chirality. As a consequence, the expectation value of the
z-component of the spin, < Sz >, for the chiral states changes with an increasing
magnetic field. (Fig. 10).

As we see in Fig. 10, by increasing the magnetic field non-parallel to the
z-axis, the expectation value of the z component of the two chiral states with
changes dramatically. In a large magnetic field, the z component of spin of the
these chiral states completely flips to the opposite orientation. The interesting
point is that this result is valid even for small deviations of the magnetic field
from the z-direction. Later, we will see that this fact plays an important role in
the spin-electric effect for a chiral qubit.

Figure 10: Applying a magnetic field non-parallel to the z-axis leads to the
splitting of all eigenstates and more importantly it changes the spin of the
chiral states. (parameters: t = 1, U = 10 and λSO = 0.1. Direction of the
magnetic field in spherical coordinates: θ = π/4, φ = π/4)

Note that a non-parallel magnetic field has no effect on the chirality of the
states and just mixes the states with different ms but same chirality, see Fig. 10.
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6.4 The effect of an electric field

In this model, the electric field is employed to force the system to obtain the
desired quantum state. This can be done by applying an electric field during a
very short time, in the form of an electric impulse. Applying the electric field
for a long time leads to a change of the energy spectrum which is not what we
are interested in here. In the theory section, I discussed the transition between
the chiral states for the 3-spin model using analytical methods. To solve more
complicated system, including on-site Coulomb interaction, SOI and magnetic
field I have performed numerical calculations. The idea is to find the electric-
dipole matrix elements in the eigenstates basis of the system. By diagonalizing
the extended Hubbard Hamiltonian (Eq. 118), (which has been done in the
previous section) we obtain the eigenstates of the system. The matrix elements
of the electric-dipole interaction (Eq. 108, 110 and 112) can then be calculated
by sandwiching the electric-dipole between basis vectors,

(He-d)αβ = 〈ψα|He-d|ψβ〉. (119)

The matrix elements of the on-site and hopping electric dipole are calculated
separately and shown as a function of hopping parameter t, Fig. 11-12.

Figure 11: The non-zero matrix elements of the on-site term of the electric dipole
operator. |E+〉 stands for the chiral states, |mc = +1, s = 1/2,ms = ±1/2〉,
|E−〉 stands for the chiral states, |mc = −1, s = 1/2,ms = ±1/2〉, and |A〉
stands for |mc = 0, s = 3/2,ms = ±1/2〉. (parameters: U = 1, λSO = t/2, the
electric field strength, Ef=1, in a direction in the plane of the triangle forming
an angle of α = π/4 with one of its side).

As we can see, the matrix elements of the on-site electric dipole (Fig. 11)
have small contribution to the transition between the states compare with the
matrix elements of the hopping term of the electric dipole (Fig. 12). This
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Figure 12: The non-zero matrix elements of the hopping term of the electric
dipole operator. (parameters: U = 1, λSO = t/2, the electric field strength,
Ef=1, in a direction in the plane of the triangle forming an angle of α = π/4
with one of its sides).

indicates the possibility of transitions between the chiral states due to an electric
impulse. It also shows that the electric-dipole interaction does not couple states
with different ms, which was expected, due to the fact that the electric-dipole
operator commutes with the spin operator.

41



At this point, I was curious to see whether the SOI has any influence on the
transitions induced by an electric field. To answer this question, I calculated the
matrix elements of the electric dipole for an interval of the SOI parameter, λSO.
The numerical results are illustrated in Fig. 13 and it shows that the SOI has
no effect on the electric dipole matrix elements, which means that the electric
field couples the chiral states, even in the absence of SOI.
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Figure 13: The effect of the SOI on the matrix elements of the electric dipole
operator (hopping part) in the strongly correlated limit. The indigo line shows
the matrix elements between chiral states with the samems. (parameters: t = 1,
U = 10, Ef=1 and α = π/4).
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6.5 Spin-electric effect

We are now equipped to describe the spin-electric effect for this model. However,
let us summarize the results so far to have a better overview of the system.

(i) I started with a simple model of half-filled frustrated triangle. I showed,
by analytical and numerical methods, that the ground states are the four-fold
degenerate chiral states.

(ii) Next, by considering the spin-orbit interaction, we observed that the SOI
splits the chiral states. It slightly changes the chirality but conserves Sz.

(iii) By applying a homogeneous magnetic field non-parallel to the z-axis, we
can control the spin of the chiral states. The magnetic field has no effect on the
chirality of the states. However, by tuning the magnetic field, both strength and
direction, we can control the chiral states, such that chiral states with different
chirality have also opposite spin.

(iv) By calculating the matrix elements of the electric-dipole interaction, I
showed that the transitions can occur between the chiral states with different
chirality induced by an electric impulse.

Considering these main results leads to the idea that the electric field can
interact with the spin. Although the electric field does not affect the spin
directly, it interacts with the chiral states. The spin of the chiral states can, in
turn, be manipulated by a magnetic field non-parallel to the z-axis.

Now, when the electric filed couples the chiral states, automatically, it cou-
ples the spin states too. The electric field now couples the chiral states with
opposite spin, which gives us the indirect control of the spin by the electric
field. This indirect interaction of the electric field with the spin is known as the
spin-electric effect. The spin-electric effect is the theoretical core of electrical
control of chiral qubits in a spin-frustrated triangle. The fact that these chiral
states have two degrees of freedom, chirality and spin, is crucial for the electric
control of chiral qubit since magnetic field interacts with spin (not chirality)
and the electric field interacts with chirality (not spin).
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In Fig. 14, I show the spin-electric effect in a frustrated triangle. At B =
0 the chiral states split due to the SOI. Each chiral state has two fold spin
degeneracy. By increasing the magnetic field each chiral states splits due to
the Zeeman effect. At the low magnetic field the chiral states behave as in
Fig. 9 where the magnetic field is along the z-direction. As the magnetic field
grows stronger, the x-component of the magnetic field mixes the states with the
opposite spin but the same chirality. Now the states with the same chirality has
the same z-component of the spin. The electric field that coupled chiral states
with the same spin at low magnetic field, now couples chiral states with the
opposite spin. In other words the electric field can change or control the spin of
the states.

Figure 14: The energy of the chiral states as a function of magnetic filed B. Ver-
tical lines show the transitions between the chiral states induced by an electric
impulse (parameters: t = 1, U = 10, λSO = 0.1, θ = π/4, φ = π/4).
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7 Conclusion

A spin frustrated molecular triangle is a quantum system with four distinctive
quantum states called chiral states, which can be employed as the unit of infor-
mation in a quantum computer, qubit. The manipulation of each qubit must
occur locally, on the molecular scale, to prevent disturbing the other qubits, and
rapidly to avoid quantum decoherence. A magnetic field is not a good candidate
to control chiral qubits, since it can neither be applied locally nor rapidly. In
contrast to a magnetic field, an electric field can be applied spatially and tem-
porally on the scale of a single molecule for instance using a STM tip. In this
project I have been investigating this idea, namely electrical control of a chiral
qubit in a typical spin frustrated molecular triangle.

As a first step I started by studying the energy spectrum of the spin frus-
trated molecular triangle to identify the chiral states. Using both analytical
methods based on group theory and numerical methods based on diagonaliza-
tion of the Hubbard Hamiltonian, I found that the ground states belong to
four-fold degenerate states, a pair of chiral states with opposite spin.

In the next step I developed the model by taking into account the spin-
orbit interaction by adding a hopping term to the Hubbard Hamiltonian. The
results show that the spin-orbit interaction splits the chiral states, nevertheless
each chiral state still has two-fold spin degeneracy. By applying a homogeneous
magnetic field non-parallel to the plane of the triangle we lift the spin degeneracy
and also change the spin of the chiral states. At this point, each chiral state
splits into two states characterized by z-component of the spin. In contrast to
a spin qubit which has just spin degree of freedom, our chiral qubit has two
degrees of freedom, spin and chirality. In other words, the chiral states can be
labeled by two quantum numbers, the chirality and the z-component of the spin.

To investigate the proposal of electrical control of chiral qubits, I have cal-
culated the matrix elements of the electric dipole interaction in the chiral ba-
sis. Both analytical and numerical calculations show non-vanishing off-diagonal
matrix elements, which indicates possible transitions between chiral states with
opposite spin. This implies that when the electric field couples the chiral states,
it also couples the spin states. This spin-electric interaction is the core of the
electrical control of the chiral qubits.

In this project I have studied the underlying theory for electrical control
of a chiral qubit. However, the realization of a quantum computer based on
chiral qubits is still far away. So far we have succeeded to show the principles
to manipulate one chiral qubit. However a quantum computer consists of many
qubits which are entangled. To entangle many chiral qubits is one of the main
challenges. Another challenge is to eliminate the quantum decoherence during
the process of quantum computation. The power of a quantum computer is
in computational parallelism, which originates from superposition of entangled
qubits. Any interaction with the environment leads to quantum decoherence
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and consequently dephasing or relaxation. To achieve quantum coherency, one
should isolate the quantum system from the rest of the world, for example to
protect it from interactions with phonons, photons, electric and magnetic fields.
Since this is very difficult to achieve, the checking and error correction methods
are essential in quantum computation. However, in my opinion it is crucial at
this point that the spin-electric effect in spin frustrated molecules such as Cu3
should be verified experimentally. As far as I know, no experiment has been
reported on this model yet. (This thesis was written in 2014. In August 2018
experiment confirming the magnetoelectric coupling in a frustrated molecular
triangle was reported for the first time [17])

46



List of Figures

1 Arranging the spins anti-ferromagnetically, leads to the frustra-
tion of the last spin. . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Symmetry operations of the frustrated triangle. (a) Rotation
about symmetry axis. (b) Rotations about symmetry axes on the
plane. (c) Reflection in horizontal mirror plane. (d) Reflections
in vertical mirror planes. . . . . . . . . . . . . . . . . . . . . . . . 15

3 The energy spectrum of the half-filled frustrated triangle for the
states with ms = ±1/2 (on-site repulsion U = 1). . . . . . . . . . 31

4 The energy spectrum of the half-filled frustrated triangle as a
function of U for the states with ms = ±1/2 (hopping parameter
t = 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

5 The expectation value of the z-component of the chiral opera-
tor as a function of hopping parameter t. In the extreme limit,
t ≪ U , the chirality is non-zero just for chiral states |ψ1 σ

E
′

±

〉. By

increasing t, the doubly occupied states |ψ2 σ

E
′1,2

±

〉 show non-zero

chirality which is due to mixing with the chiral states (on-site
repulsion U = 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

6 The expectation value of the z-component of the chiral operator
at the extreme limit t≫ U (on-site repulsion U = 1). . . . . . . . 34

7 Splitting of the chiral states due to the SOI. (Parameters: t = 1
, U = 10) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

8 The effect of the SOI on the chirality of the states at t = 1 and
U = 10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

9 An external magnetic field parallel to the z-axis splits the eigen-
states linearly due to the Zeeman effect. Note that, the splitting
of the chiral states is due to SOI (Parameters: t = 1, U = 10 and
λSO = 0.1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

10 Applying a magnetic field non-parallel to the z-axis leads to the
splitting of all eigenstates and more importantly it changes the
spin of the chiral states. (parameters: t = 1, U = 10 and λSO =
0.1. Direction of the magnetic field in spherical coordinates: θ =
π/4, φ = π/4) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

47



11 The non-zero matrix elements of the on-site term of the elec-
tric dipole operator. |E+〉 stands for the chiral states, |mc =
+1, s = 1/2,ms = ±1/2〉, |E−〉 stands for the chiral states,
|mc = −1, s = 1/2,ms = ±1/2〉, and |A〉 stands for |mc = 0, s =
3/2,ms = ±1/2〉. (parameters: U = 1, λSO = t/2, the electric
field strength, Ef=1, in a direction in the plane of the triangle
forming an angle of α = π/4 with one of its side). . . . . . . . . . 40

12 The non-zero matrix elements of the hopping term of the electric
dipole operator. (parameters: U = 1, λSO = t/2, the electric
field strength, Ef=1, in a direction in the plane of the triangle
forming an angle of α = π/4 with one of its sides). . . . . . . . . 41

13 The effect of the SOI on the matrix elements of the electric dipole
operator (hopping part) in the strongly correlated limit. The
indigo line shows the matrix elements between chiral states with
the same ms. (parameters: t = 1, U = 10, Ef=1 and α = π/4). . 42

14 The energy of the chiral states as a function of magnetic filed
B. Vertical lines show the transitions between the chiral states
induced by an electric impulse (parameters: t = 1, U = 10,
λSO = 0.1, θ = π/4, φ = π/4). . . . . . . . . . . . . . . . . . . . . 44

48



References

[1] R.P. Feynman. Simulating physics with computers. International Journal
of Theoretical Physics, 21:467–488, 1982.

[2] P.W. Shor. Polynomial-time algorithms for prime factorization and discrete
logarithms on a quantum computer. Math.Comput.Simul., 28(10):91, Sep.

[3] L.K. Grover. Ea fast quantum mechanical algorithm for database search.
Proceedings, 28th ACM Symposium on Theory of Computing (STOC),,
(3):212–218, 1996.

[4] Michael N. Leuenberger and Daniel Loss. Quantum computing in molecular
magnets. Nature, 410(6830):789–793, April 2001.

[5] Mircea Trif, Filippo Troiani, Dimitrije Stepanenko, and Daniel Loss. Spin-
electric coupling in molecular magnets. Phys. Rev. Lett., 101(21):217201–,
November 2008.

[6] G. Toulouse. Common. Phys., 2:115, 1977.

[7] G. H. Wannier. Antiferromagnetism. the triangular ising net. Phys. Rev.,
79(2):357–364, July 1950.

[8] Mircea Trif, Filippo Troiani, Dimitrije Stepanenko, and Daniel Loss. Spin
electric effects in molecular antiferromagnets. Phys. Rev. B, 82(4):045429–,
July 2010.

[9] Peter W. Atkins and Ronald S. Friedman. Molecular Quantum Mechanics.
Oxford University Press, USA, 5 edition, 12 2010.

[10] Kwang-Yong Choi, Yasuhiro H. Matsuda, Hiroyuki Nojiri, U. Kortz,
F. Hussain, Ashley C. Stowe, Chris Ramsey, and Naresh S. Dalal. Ob-
servation of a half step magnetization in the Cu3-type triangular spin ring.
Phys. Rev. Lett., 96(10):107202–, March 2006.

[11] Boris S Tsukerblat. Group theory in chemistry and spectroscopy: a simple
guide to advanced usage. Courier Dover Publications, 2006.

[12] L. N. Bulaevskii, C. D. Batista, M. V. Mostovoy, and D. I. Khomskii.
Electronic orbital currents and polarization in mott insulators. Phys. Rev.
B, 78:024402, Jul 2008.

[13] Tuan San Fu Sakurai, J. J. Modern quantum mechanics. Addison-Wesley
Pub. Co., 1994.

[14] I. Dzyaloshinsky. A thermodynamic theory of “weak” ferromagnetism of
antiferromagnetics. Journal of Physics and Chemistry of Solids, 4(4):241 –
255, 1958.

49
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