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1. Introduction

In recent years backward stochastic Volterra integral equa-
tions (BSVIEs) have attracted a lot of interest due to their
modelling potential in problems related to time-preferences of
decision makers, asset allocation and risk management in mathe-
matical finance among other fields, for which the related optimal
control problems are time-inconsistent meaning that the asso-
ciate value-function does not satisfy the dynamic programming
principle.

Lin [1] was first to introduce and study a class of BSVIEs
driven by Brownian motion. They can be described as follows:
For a given Lipschitz driver f and a square integrable terminal
condition & solving a BSVIE consists in finding an adapted process
(Y, Z) satisfying the equation

T T
Y(t)=¢& +[ f(t,s,Y(s), Z(t, s))ds —/ Z(t, s)dW(s).

In a series of papers, Yong [2-4] systematically studied a general
class, including the M-solution, of BSVIEs of the form:

” Acknowledgements: Many thanks to the editor and the anonymous refer-
ees for their insightful and valuable comments that helped improve the content
of the paper. The authors gratefully acknowledge the financial support pro-
vided by the Swedish Research Council grants (2020-04697) and (2016-04086),
respectively.

* Corresponding author.

E-mail addresses: nacira.agram@Inu.se (N. Agram), boualem@kth.se
(B. Djehiche).
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T T
Y(t)=&(t)+ / f(t,s, Y(s), Z(t,s), Z(s, t))ds — / Z(t, s)dW(s).
t t

This was followed by a quite extensive list of papers including
Djordjevi¢ and Jankovi¢ [5,6], Shi, Wang and Yong [7], Wang and
Yong [8], Hu and @ksendal [9], Wang and Zhang [10], Wang, Sun
and Yong [11], Popier [12] and Wang, Yong and Zhang [13], to
mention a few.

In problems related to mathematical finance, the BSVIE is
satisfied by the value function of time-inconsistent optimal con-
trol and equilibrium problems related to stochastic differential
utility such as in Di Persio [ 14], dynamic risk measures such as in
Yong [3], Wang and Yong [8] and Agram [15] and dynamic capital
allocations such as in Kromer and Overbeck [ 16]. The BSVIE is also
satisfied by the adjoint process of a related stochastic maximum
principle related to equilibrium recursive utility and equilibrium
dynamic risk measures, such as in Djehiche and Huang [17],
Wang, Sun and Yong [11] among many more papers (see [13] for
further references).

The purpose of the paper is to introduce and study a version
of the above BSVIE whose first component of the solution Y
is constrained to be greater than or equal to a given obstacle
process L. This is achieved by including as a part of the solution
a process K(t, -) (parametrized by t), which should be adapted to
the filtration generated by the one-dimensional Brownian motion
W and increasing for each t, in the sense that the equation
considered is of the form

T T T
Y(t) = £(t) + f F(t. 5, Y(s). (¢, $))ds + / K(t. ds)— / Z(t. )W (s),
t t t

0167-6911/© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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where

e f(t,-,y,z), which (for each (t,y,z) € [0,T] x R?) is an
adapted process w.r.t. the filtration (F;)o<;<r generated by
the one-dimensional Brownian motion W,

e &£(t), which is a random variable (parametrized by t), is
Fr-measurable.

Moreover, it is also required the so-called Skorohod flatness con-
dition under which K(t, -) is ‘flat’ whenever Y(t) > L(t) holds.
Our main results are:

to introduce the reflected BSVIE,

to establish existence and uniqueness of the solution,

to prove a related comparison result,

to show how the solution to the reflected BSVIE solves a
time-inconsistent stopping problem.

We may remark that for simplicity, the driver in the above re-
flected BSVIE is only allowed to depend on Y and Z(t, s) but the
results can be extended to driver depending also on Z(s, t). To
the best of our knowledge, this class of reflected BSVIE and its
connection to time-inconsistent optimal stopping problems seem
new.

The content of our paper is as follows. After some preliminar-
ies in Section 2, we give a formulation of the class of continuous
reflected BSVIEs with lower obstacle. In Section 3 we derive exis-
tence, uniqueness and comparison results. Finally, in Section 4,
we give an application to time-inconsistent optimal stopping
problems.

Notation and preliminaries

Let (£2, 7, P) be a complete probability space on which is
defined a standard one-dimensional Brownian motion W =
(W(t))o<t<r- We denote by F := (F;)o<t<r its natural filtration
augmented by all the P-null sets in F.

Let B(G) be the Borel o-field of the metric space G. In the
sequel, C > O represents a generic constant which can be
different from line to line.

In this paper we only consider reflected BSVIEs driven by a
one-dimensional Brownian motion. Extension to higher dimen-
sions being straightforward.

We define the following spaces for the solution.

e 5% is the set of R-valued F-adapted processes (Y(u))ucio.1]
such that

Y% :=E[ sup [Y(t)]’] < oo.
te[0,T]

e H2 is the space of progressively measurable processes
(v(u))uefo,r such that

T
Il = UO |v(s)|2d5:|<oo.

e L2 is the set of R-valued processes (Z(t, $))e.s)er0.11x10,71 Such
that for almost all ¢t € [0, T] Z(t, -) € H? and satisfy

T T
1Z)12, = U / |Z(t,s)|2dsdt]< .
0 t

e K% is the space of processes K which satisfy

e for each t € [0,T], u — K(t, u) is an F-adapted and
increasing process with K(t, 0) = 0;
o (t,u) — K(t, u) is continuous and K(-, T) € #H2.

The spaces (#2, || - ||;,2) and (L2, || - ||l;2) are Hilbert spaces.
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2. Formulation of the problem

We investigate existence of a unique triple (Y, Z, K) of pro-
cesses taking values in R x R x R™ which satisfy the following
reflected BSVIE with one obstacle associated with (f, &, L):

T T
Y(t):é(t)-i-f f(t,s, Y(s),Z(t,s))ds—}-/ K(t, ds)

;
- / Z(t, s)dW(s), (1)

(where K(t, ds) is the Lebesgue-Stieltjes measure induced by the
function s — K(t, s)), such that

(a) Y € H2, t > Y(t) is continuous and Z € L.?;
(b) Y(t) > L(t) P-as., 0<t<T;
(c) The process K enjoys the following properties:

(c1) K € K?;
(c2) The Skorohod flatness condition holds: for each 0 <
a< B <T,

K(t,a) = K(t, ) whenever Y(u)> L(u)
for each u € [@, B] P-as.,

Definition 1. A solution of (1) is a triple (Y, Z, K) € H? x .2 x K2
satisfying (1) for every t € [0,T] P-as., and satisfying the
obstacle condition (b) and the Skorohod flatness condition (c2).
Remark 2.

(1) The Skorohod flatness condition (c2) implies in fact that

T
/ K(t,ds) = 0 whenever Y(t) > L(t) for each t € [0, T] P-as.
t

(2)

This form is more natural for the reflected BSVIE (1), since
only (K(t,s), s > t) is involved in the definition of Y(t).

(2) In the case of a standard reflected BSDEs, the condition (c2)
is analogous to

T
/ (Y(s) — L(s))dK(s) =0, P-as.
0

where the integral is to be interpreted in the Lebesgue-
Stieltjes sense. It would be interesting to have a similar
characterization for the Volterra type reflected equations.

We make the following assumptions on (f, &, L).

2.1. Assumptions on (f, &, L)

(A1) The terminal condition &£(t), parametrized by ¢ is a B([0, T])
® Fr-measurable map & : £2 x [0, T] —> R which satisfies
sup E[|£(t)]*] < oo;
0<t<T

(A2) The driver f is a map from £2 x [0, T] x [0, T] x R x R onto

R which satisfies, for any fixed (t,y, z) € [0, T] x R x R, the
process f(t, -,y, z) is progressively measurable. Moreover,

0<t<T
(ii) There exists a positive constant ¢f such that P-a.s. , for
all (t,s) e [0,T?and y,y’,z,Z € R,

If(t,s.y.2)—f(t,s,y. 2V < (ly—yI+z—=2]).

(i) supE [(/f f(t, s, 0, 0)|ds)2] < 00,
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(iii) For some « € (0, 1/2] and ¢; > O, forall (y,z) e Rx R
andall0o <t,t' <s<T,

|f(t,5 S,y,Z) _f(t5 S7Yaz)| = C1|t/ - t|0(7
and for some 8 > 1/« and c; > 0,

E[I§(t) —

and

T B/2
E [(/ If(0, s, 0, 0)|2ds) } < 0.
0

(A3) The obstacle (L(u), 0 < u < T) is a real-valued and
F-adapted continuous process satisfying

N < clt! — ¢

LT)<&(t), te[0,T] and E[ sup (L(u))*] <oco.  (3)

0<u<T

Remark 3.

(1) Assumption (iii) is similar to (Hl) in [10] and implies that

B/2
|:(sup/[ft500|ds> i|<oo (4)
0<t<T

which is stronger than (i) since g > % > 2.

(2) As we will see it below, the assumptions (A1), (i) and (A3)
yield existence of a unique process (Y, Z, K) which satisfies
(1) along with (Y,Z) e #? x L2, Property (b) and K
satisfying (c1) except the continuity of (t,u) — K(t, u).
Assumption (iii) yields the continuity of Y and the bi-
continuity of K(-, -) which in turn guarantees the Skorohod
flatness condition (c2).

(3) The condition L(T) < &(t), t € [0, T], will be explained in
connection with the proof of Proposition 6.

3. Existence and uniqueness of solutions to reflected BSVIEs

In this section we derive existence, uniqueness and a compar-
ison result for continuous reflected BSVIEs. We have

Theorem 4. Suppose the assumptions (A1), (A2) and (A3) are
satisfied. Then the reflected BSVIE (1) associated with (f, &, L) admits
a unique solution (Y, Z, K) which satisfies (a), (b) and (c). Moreover,
we have P-a.s. the representation, for every t € [0, T],

Y(t) = esssupE |:/ f(t,s, Y(s), Z(t, $))ds + L(T )z <1y + S(t)ﬂ(r=T)‘ -Fr:| ,
>t t
(5)

where the essential supremum is taken over F-stopping times T
taking values in [0, T].

Remark 5. We note that the representation (5) does not imply
that Y is a supermartingale, as it can easily be checked.

Inspired by the approach suggested in [1,10] and [3] to solve
the ordinary BSVIE by identifying an accompanying true mar-
tingale, we derive a unique solution to the reflected BSVIE (1)
associated with (f, &, L) by applying the notion of Snell envelope
along with a contraction argument to an accompanying super-
martingale Y(t, -), parametrized by ¢, defined below from which
we obtain Y by setting Y(t) := Y(t,t). To this end, we first
consider the case where the driver f does not depend on (Y, Z).
Then, we consider the general case where f depends on (Y, Z).
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3.1. Driver independent of Y and Z

Consider the following reflected BSVIE

T T T
+/ f(t,s)ds—i—/ K(t,ds)—/ Z(t, s)AW(s), (6)

where the driver f does not depend on (Y, Z). We have

Proposition 6. Under Assumptions (A1), (A2) and (A3), there exists
a unique solution (Y, Z, K) to the reflected BSVIE (6) associated with
(f, &, L) which satisfies the properties (a), (b) and (c). Moreover, it
admits the representation (5).

Proof. The proof is based on existence and uniqueness of the
process (Y, Z,K) which satisfies the following reflected BSDE,
parametrized by t, associated with (f, &, L): P-a.s., for every t €
[0, T],

T T
Y(t, u)=§‘(t)+/ f(t,s)ds+/ K(t, ds)

T
—/ Z(t,s)dW(s), uel0,T], (7)

where

(d) Y(t,-) € 8%, K(t,T) € [(P), Z(t,-) € H%;

(e) Y(t,u)>Lu) P-as., 0<uc<T,;

(f) K(t, -) is continuous and increasing, K(t, 0) = 0 and satisfies
the following version of the Skorohod flatness condition: for
each0<a<pB<T,

K(t,a) = K(t, ) whenever V(t, u) > L(u)
for each u € [«, B] P-as.,

which is equivalent to the property
T
/ (Y(t,u)— L(u))K(t,du) =0, P-as.
t

A solution (Y, Z,K) to (6) is obtained from (7,2, K) by setting
Y(t) == Y(t, t).

o Existence of a solution. For a fixed t € [0, T], set
u
r(t,u) :=/ f(t,s)ds + Lw)iyery + () 1y=ry, u€[0,T]
t

In view of (i) and the continuity of the obstacle process L, the map
u+— I'(t,u)is continuous on [0, T). Moreover, by (A1) and (A3),
it holds that, for each t € [0, T],

2
sup IE|: sup |I'(t, u)|2:| <8supE |:|§(t)|2 + (ftT If(t, u)|clu)
o<t=T |o<u=T 0<t=T

+ sup (L(s))z] < 00

0<s<T

Consider the process (?(t, u), u € [0, T]) defined by

Y(t, u) == esssupE [/ F(t.$)ds + L(t)Leo1) + f(t)ﬂ{,=n‘ ]—'u:| ,

(8)

where the essential supremum is taken over FF- stoppmg times
taking values in [0, T]. The process X;(u) := Y t,u +ft f(t, s)ds,
0 < u <T satisfies

X(u) = esssupE |:[ f(t,s)ds + L(t)Lr<ry + S(f)ﬂ(rzn‘ fu] , uel0,T],
™=u t

i.e. it is the Snell envelope of the processes (I°(t, u))o<u<r Which
is the smallest continuous supermartingale, parametrized by t,
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which dominates the continuous process I'(t
Doob’s inequality it holds that

, -). Furthermore, by

sup IE|: sup |?(t, u)|2] < C sup IE[ sup |I'(t, u)|2] <o0. (9)
0<t<T | 0<u<T

0<t<T 0<u<T

In particular, the processes I'(t, -) and 7 t, -) are uniformly inte-
grable and the processes I'(-,u) and Y(-,u)) are square—
integrable. Furthermore, the supermartingale ( (t,u)+ f[
ds)o<u<r is square-integrable.

By the well known techniques related the Snell envelope which
use the Doob-Meyer decomposition along with the martingale
representation theorem (see e.g. [ 18], Proposition 5.1), there ex-
ists a unique adapted increasing continuous process K(t, -) such
that K(t,0) = 0 and K(t,T) € [*(P) and an F-adapted process
Z(t, -) € #? such that, P-as., for every t € [0, T],

T
Y(t,u) = £(t) + ft s)ds—i—/ K(t, ds)

T
—/ Z(t,s)dW(s), ue[0,T],

for which the properties (d), (e) and (f) are satisfied. Moreover,
the process

Jo 2(t, s)dwW(s
gale and

), u € [0, T], is a uniformly integrable martin-

IE[ sup [V(¢, w)* + 7 12(t, 5)%ds + K(t, T)] < CE[l&(t)?

0<u<T

+f[ If(t,s)[>ds + sup (L(u)) }

0<u<T

(10)

Hence, since Y(t) = Y(t, t), it satisfies P-a.s. the representation
(5) and the following estimate for (Y, Z, K) holds:

E [fOT Y(0)2de + [ [T 12(¢, s)Pdsde + [ K¢, T)dt]
<CE [for le(©)?de + [, [T IF(t, s)Pds+T sup (L(u))2:|

0<u<T

(11

which is finite by the assumptions (A1), (i) and (A3
(Y,Z,K(-,T)) € H? x L? x H>. _

Next, we will show that the maps (t, u) — Y(t, u), ft“f(t, s)
ds, fo (t,s)dW(s) and K(t, u) are continuous.

Before we establlsh bi-continuity, we derive the following
estimates.

). Thus,

Lemma 7. For any B > 1, there exists a positive constant Cg
depending only on B8, c; and T such that

B
i (4 129 - 2 9Pa)" | = o et - )

HE[ sup |?(t, u) — 7(t’, u)|’3i|

0<u<T

s B - 1/2
e —t7 (E[ sup |Y(t, u) — Y(t', u)lﬁ]) .
O0<u<T

(12)

Proof. First we note that, given t, t’ € [0, T], denoting by A :=

E(t) — &(t), AY(u) = Y(t,u) — Y(t',u), AZ(u) = Z(t,u) —
Z(t',u), Af(u) = f(t,u) — f(t, u) and AK(ds) = K(t, ds) —
K(t’, ds) and applying It6’s formula to |Y(t u)— Y(t’ )|2 and the
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Skorohod flatness condition (f), we have, forany 0 <u < T,

1AV + [T 1AZ(s)Pds = |AE? +2 [ A?(s JAf(s)ds
+2 f AY(s)dAK (ds)—2 / AY(s AZ(s)dW(s)
< |AEP + 2fu AY(s)Af (s)ds — zfu AY(5)AZ(s)dW(s).

(13)

Taking expectation, we obtain

B [T, w) - Ve wl’ + [} 129 - 20, )Pds| < B [16) - 0P|
12F [jj(?(t, ) — V(e w)F(t, s) — f(t, s))ds] .
(14)
Moreover, by Burkholder-Davis-Gundy’s inequality, (iii) and
Young'’s inequality it follows that, for any 8 > 1, there exists

a positive constant Cg depending only on g8, c¢; and T such that
(12) holds. O

e Continuity of the map (t, u) — 7(t, u). Using (iii) we have,
foro<t,t',u<T,
(e, )= Yt )]
‘esssupIE[f ft,8)ds + L(T)Lir<ry + E(E)L(r= T)‘]:u:|

el 7.9
< ESTSEIPPE[I.; If (e, s) = f(t', s)lds + [&(t) — &( ’)\‘fu]
< B[ [ 1e.5) = f(¢', s)ids

+ 160 - & 7
< Teylt' = +E[Jg(0) - &(¢)

s)ds + L(t )]l(r<-[) +&(t ]l(t =T} ‘]:u]

%].

By Doob’s maximal inequality and (iii), since 8 > 1/« > 2,
B
ey B _
E [inr CIEOREGIE)) ] < () Bl - &)l

B—
a b
(ﬁ ) — ],

Y(t, u)lﬂ] <clt' —t*f, (15)

Hence,

IE[ sup |?(t, u) —
0<u<T

) B
where C := 28 ( Tc; + ¢ (ﬁ) )

In view of Kolmogorov’'s continuity theorem (see [19], Theorem
1.2.1), (t,u) — Y(t,u) is continuous (admits a bicontinuous
modification). In particular, t — Y(t) := Y(t, t) is continuous.

e Continuity of the map (t, u) — g(t, u) == f["f(t, s)ds. For any
0<t <t <T, we have

E [ sup |g(t', u) — g(t, u)l"]

0<u<T
SCEDJfﬂnsmﬂﬁ+(ﬁﬁﬂvs)—ﬂanmgﬁ}

By Hélder’s inequality and (iii), we have
/ 8/2
B[ fe 95| < 1e - o8 [(fOT (¢, 5)Pds )
B/2
§W4WwNRﬁWM%)]

0<t<T
<l -t

where the constant C is due (4). Moreover,

T B
E [(/ lf(t’,S)—f(t,S)ldS) } < (aTPIt —t*’.
0
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Therefore, since @ € (0, 1/2], we have

1
E[ sup |g(t’, u) — g(t, u)ﬂ <CO+ |t —tff2 N —e*”

0<u<T
<ct’' —t*. (16)

Smce aﬂ > 1, by Kolmogorov’s continuity theorem t — g(t, u)
= ft f(t, s)ds is continuous (admits a bicontinuous modifica-

tlon)
e Continuity of the map (t,u) + [ Z(t,s)dW(s). By

Burkholder-Davis-Gundy’s inequality and (12), we have

[ sup | [y (2(t,s)—

O<u<T
B/2
< (£ VE [(fo \Z(t,s)fZ(t’,s)|2d5> ]

< (FPGE [@(t) — &)1 + sup [Y(t,u) - V(¢ u)ﬂ

0<u<T

z(t',5)) dW(s)|”

1/2
aff ~ ~
HE PGl — )T (E[ sup [Y(t, u) — Y(¢, u)|ﬁ]> .

0<u<T

Therefore, by (iii) and (15), it holds that

-~

u B
]E|: sup | [ (2(t,s) —Z(t', 5)) dW(s)] :| < Cylt —t'*F.
o<u<T Jo
Hence, in view of Kolmogorov's continuity theorem, (t,u)
fou Z(t, s)dW(s) is continuous (admits a bicontinuous modifica-
tion).
e Continuity of the map (t, u) — K(t, u). This follows from the
fact that

K(t,u) = Y(t, u) fo
(t,u) e [0, T]2
and the bi-continuity of each of the terms on the r.h.s.
With Y(t) := Y(t t), we obtain a solution(Y, Z, K) to (6) which
satisfies (a), (b) and (c1). It remains to check the Skorohod flatness

condition (c2). Indeed, in view of the property (f), for each fixed
t € [0, T], it holds that, foreach0 <o < 8 <T,

K(t,a) =

f(e,s)ds + [ z(t, s)dW(s),

K(t, B) whenever 7([, u) > L(u) for each u € [o, 8] P-as.,

Thanks to the bi-continuity of '57(-, -)and K(-,
it holds that foreach0 <o < 8 <T,

K(u, ) = K(u, ) whenever Y(u) =
for each u € [«, B] P-as.

-), by sending t to u

Y(u,u) > L(u)

By virtue of the bi-continuity of these mappings, Eq. (7) holds
for every t € [0, T], P-a.s.

e Uniqueness of the solution. Let (Y’, Z’, K’) be another so-
lution to (1) associated with (f, &, L) satisfying (a), (b) and (c).
Define Y := YA— Y, Z = 7Z -7 and K = K — K/ and

correspondingly Y=Y-Y. Applying It6’s formula to |Y| and
taking expectation we obtain, for each fixed t € [0, T],

~ T T o
E [ﬁ(t, wl’ +/ |2(r,s)\2ds] —2F [/ ?(t,s)ﬁ(t,ds)] . uelo,Tl.

But, by the flatness condition (f), we have fuT V(t, s)ff(t, ds) <

=t 2
0 P-a.s. which implies that ]E[lY(t, u)|:| = 0 and E

[fuT |§(t, s)|2ds] = 0 for all u € [0, T]. Therefore, V(t, )= W(t, -)

and Z(t,-) = Z'(t,-) and then K(t,-) = K'(t,-) P-as. Hence
Y =Y’ P-as., by the continuity of the map (t, u) — Y(t,u). O

3.2. The general case. Proof of Theorem 4

Let £ = H? x L2 be the Hilbert space endowed with
Y, 2z = IY13, + 12112,
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Consider the map @ from & to itself for which (Y,Z) =
@(U, V), where

Jy K(t, ds) == Y(t) — Y(0) — [; f(t, s, U(s), V(t, s))ds
+f0 (t, de ), t e[0,T].

(17)

Proposition 8. Assume (A1), (A2) and (A3). Then there exists
8 > 0 depending only on the Lipschitz constant of f such that @
is a contraction mapping on the space £([T — §, T]).

Proof. Let X := (U,V)and X’ := (U’, V') be two elements of £
and defineX = (U,V)=X—-X, Y=Y—-Y,Z=2-27, K=

K — K’ and for s,t € [0,T], f(t,s) = f(t,s, U(s), V(t,s)) —
f(t,s, U'(s), V'(t, s)). We have

t t t
/ K(t, ds) := ?(t)—?(m—/ ft, s)ds-i—/ Z(t,s)dW(s), 0<t<T.
0 0 0
From Proposition 6, we have P-a.s.

() = ess supE [ [ (£, 5, U(S). (£, 9)ds + Lo e cr) +E(02 10 | 7]

Y'(t) = esssup E (7 765,050, V(e 55 + Lo cry + (=) ).

Thus,

T T
|Y(t)] < esssupE [/ If(e, s)|ds‘ ]-‘[:| <E |:/ If(e, s)|ds‘ ft:| )
>t t t

Noting that by the Cauchy-Schwarz inequality and (ii) we have

|:fr 8(f[ ts|ds> dt] <8E[fT N dsdt]

< 4c}SE [fr af: [U(s)] dsdt+fT75ft [V(t, s)| dsdt]
< 4cH(8% + ONIU, VI r—s.1-

(18)
Therefore,
E [fTT_S |?(r)|2dt] <E [fTT_B (E [ff e, s)|ds‘ ]—}])2 dt}
<E [ffa (f e, )|ds)2 dt]
< 478 + OIU. V)2 r_s1p-
On the other hand, by It6’s formula applied to |?(t, u)|2, taking

expectation and using Young’s inequality, we obtain

T T __
E [/ |Z(t,s)|2ds] <2F [/ V(r,s)f(t,s)ds]

In view of (8), we have for any u € [0, T],

— T T
[Y(¢, u)| < esssupE |:/ If (e, s)|ds‘ J:ui| <E [/ If(e, s)|ds‘ qu] )

T=Uu

Therefore,
B[y 2 s)’ds] < 26| f Ve sifce. spas
el | ]
< E[fuT [F(t, s |E[f e, r |dr‘]—'s]ds]

2
ZE[ If(t, r)|dr i|
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In particular, in view of (18),

[fT s J1Z(Es) dsdt] <25[fr 5<f[ Fe.r |dr) dt}
< 82(82 + )T, V)12 r_s.1y-
Summing up, we have
1Y, Z)12 151y < 86(8% + ST, VI r—s.11-

Now, choosing 8§ > 0 such that 62 + 8 < 1/8¢y, yields that @ is
a contraction mapping on ([T — §, T]) and thus admits a unique
fixed point which yields the unique solution of the reflected BSVIE
(1) associated with (f, &,L) over [T —§,T]. O

We are now ready to give a proof of Theorem 4.

Proof. By repeatedly applying the fixed point argument of
Proposition 8 over adjacent time intervals of fixed length &,
satisfying 82 + 8§ < 1/8cf, and pasting the solutions that we
describe below, we finally obtain existence of a unique solution
in #% x L% x K% to the reflected BSVIE (1) over the whole time
interval [0, T].

Since we are dealing with Volterra-type integrals where the
driver f depends on t, we paste two adjacent solutions as fol-
lows. Fix such a § and let (Y?, 2%, K°) be the unique solution of
(1) on &([T — 8, T]). Consider the accompanying reflected BSDE
(YO(t, ), 2%, -), K°(t, -)), with lower obstacle L, parametrized by
t € [0, T], defined by

YO(t, u) = &(t) + [, f(t.s.Y%(s), Z°(t, 5))ds
+ [TKOt, ds)— [] 7O, s)Aw(s),
uelT—4,T],
where KO(t, T — §) = 0. In particular, YO(t,T — 8) € [X(Fr_s).
Moreover, by Proposition 8, we have P-a.s.
(YO(t, £). Z°(t 5), KO(t. 5)) = (Y(t), Z°(t, 5). K°(t., 5)),
(t,s)e[T—8,TP,
On the time interval [T — 258, T —
Y(t) = YO(t, T — +ft” t,s, Y1(s), Z\(t, s))ds
+ [T K(E ds) — [T Z0(E, s)dW(s), (19)
t e [T—ZS,T—(S].

Since the length of the time interval [T — 28, T — §] is §, we may
apply Proposition 8 to obtain a unique solution (Y',Z!,K!) €
HA([T —28,T —8]) x LA([T — 28, T — 8]) x K*([T — 28, T —8]) to
the reflected BSVIE (19).

t<s.

8], we consider the BSVIE

Now, with
0 _
Y(t) = Y](t), tel[T-4,T],
Y'(t), telT—-265T-56],
and

(Z(t,s), K(t,
(Z0t (t,s)e[T—=6,TP t<s,

=1 (2%¢,s),K%t,s)), tellT—28T—8]x[T—S4,TI,
(Z\(t,s), K\(t,s)), (t,s)e[T—28T—38)? t<s,

the process (Y, Z, K) solves the reflected BSVIE (1) over the time
interval [T — 26, T].

By repeating the same reasoning on each time interval [T —
(m+1)5,T —mé], m=1,2,...,n(where n is arbitrary) with a
similar dynamics but termmal condltlon ym- I(t, T — mé) at time
T —mé, fort € [T — (m+ 1)8, T — md], we construct recursively,
form=1,2,...,n, asolution (Y™, Z", K™) € #*> x L? x K? on

)
(t.5). K°(t, 5)),
), K
)
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each time interval [T — (m+ 1)§, T —m§]. Pasting these processes,
we obtain a unique solution (Y, Z, K) of the reflected BSVIE (1) on
the full time interval [0, T]. O

A closer look at the way the estimate (10) is derived in e.g. [ 18]
or [20], we obtain the following proposition as a direct conse-
quence of the estimate leading to it.

Proposition 9. If instead of (A1) and (A2), we assume that

T 2
E[ sup |£(t)]?] <oo and E |: sup (/ If(t,s, 0, 0)|ds> :| < 00,
t

0<t<T 0=<t<T

then

Y% =E [ sup |Y(r)|2} < 0.

0<t<T

3.3. A comparison result for reflected BSVIEs

In this section we derive a comparison theorem, similar to
that of [18], Theorem 4.1 for standard reflected BSDEs, which
extends [8], Theorem 3.4., for non-reflected BSVIEs. We follow the
method of the proof in [8] and first derive a comparison when
the driver f does not depend of y, extending [8], Proposition 3.3,
since in this case the proof is based on the comparison principle
for reflected BSDEs, and then proceed to the proof of the general
case using an approximation scheme. Some of the imposed con-
ditions on the coefficients can be relaxed at the expense of heavy
technical details that we omit to make the content easy to follow.

Proposition 10. Let (f, &, L) and (f', &', L) be two sets of processes
which satisfy the assumptions (A1), (A2) and (A3) and suppose
further that

(i) &(t) < &'(¢), P-as.,
(ii) f(t,s,2) < f'(¢,s,2),
se[0,T],
(iii) L(s) < L'(s), 0 <s <T, P-as.
Let (Y,Z,K) be a solution of the reflected BSVIE associated with

(f,&,L) and (Y',Z',K’) be a solution of the reflected BSVIE asso-
ciated with (f’, &', L’). Then

0<t<T,

forall (t,z) € [0,s] x R, as., ae.

Y(t)<Y'(t), 0<t<T, P-as

Proof. For each fixed t € [0, T], let ?(t, -) and 17/(t, -) be the
standard BSDEs accompanying Y and Y’ respectively, constructed
in a similar way to the one described in the proof of Proposition 6:

For each fixed t € [0, T],

(e, u) = &) + [ f(t, 5, Z(t, 5))ds

+ [T K¢ ds)— [ Z(t, s)dW(s), u € [0, T].

A similar form for ¥’ holds. We may apply the comparison the-
orem ([ 18], Theorem 4.1) for standard reflected BSDEs to obtain
that, for each fixed t € [0, T],

Y(t,u) < YV’(t, u), 0<u<T, as.

Since, the maps (t,u) +— ?(t,u), ?’(t,u) are continuous, it
follows that

Y(O) =Y, t) <YVt t)=Y(t), 0<t<T, as. O
Theorem 11. Let (f,&,L) and (f', &', L’) satisfy the assumptions
(A1), (A2) and (A3) and that either the map y — f(t,s,y,z) or
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y — f'(t,s,y, z) is nondecreasing. Assume further that

(H1) &(t) < &'(t), P-as., 0<t<T,

(H2) f(t,s,y,z) < f'(t,s,y,z), forall (t,z) €
as., ae s e [0,T],

(H3) L(s) < L'(s), 0<s<T, P-as.

Let (Y,Z,K) be a solution of the reflected BSVIE associated with
(f,€,L) and (Y',Z',K’) be a solution of the reflected BSVIE asso-
ciated with (f’, &', L’). Then

[0,s] x R,

Y(t)<Y'(t), 0<t<T, P-as.
Proof. The proof follows the same steps of the proof of Theorem
3.2 in [8]. We sketch it and leave some technical details related
to Peng’s monotone convergence theorem [21] which are by now
standard in the literature related to reflected BSDEs.

Assume the map y — f(t, s, y, z) is nondecreasing. Set Yo(-) =
Y’(-) and for n > 1, consider, the following sequence of reflected
BSVIEs with the same lower obstacle L

T T
Ya(t) = &(t) + f(f,S,an(S),Zn(t,S))dSJr/ K (t, ds)

T
- / Z,(t, s)dW(s).

In view of the assumption (H2) and the monotonicity of f in y,
we may apply Proposition 10, to obtain that, for every n > 1,
Y'(t) = Yo(t) = Yq(t) > - - > Yu(t) > Ynua(t), t€[0,T], as.

If we show that (Yy, Z,, Ky)a>1 converges to (Y, Z, K) w.r.t. the
norm defined, for a given 6 > 0, by

T
(Y. 2, K)|)2 ::]E[/ LY (8] dt—i—/ / \Z(t, s)2dsdt
0
T
+ f e‘”lK(t,T)|2dt}
0

which is equivalent with the norm defined on the space #? x
L% x 12, then the limit process (Y*, Z*, K*) satisfies the reflected

BSVIE
t)—i—/ f(t,s, Y*(

— / *(t, s)dw(s)

along with the Skorohod flatness condition (obtained by taking
a.s. converging subsequences) w.r.t. the same lower obstacle L. By
uniqueness of the solution, we have Y*(-) = Y(-) which in turn
entails the comparison principle.

To show convergence, let Y,(t, -) be the solution to the stan-
dard reflected BSDEs, parametrized by t € [0, T], accompanying
Y, (i.e. Yy(t, t) = Yyu(t)), constructed in a similar way to the one
described in the proof of Proposition 6, defined, for each fixed
t € [0,T], by

T
(e, 5))ds—|—/ K*(t, ds)
t

Vot u) = £(6) + [ F(t, S, Ya1(5), Zu(t, $))ds

+ [T Kat, ds) — [ Zy(t, 5)AW(s), u € [0, T],

For n,m > 1, set 8?(t,s) = Vn s) — ( s), 8Z(t,u) =
Zy(t,u) — Zy(t, u), 5f(t,s) = f(t,s, Yn- ( ) Zn(t,5)) — f(t,s,
Yim_1(5), Zn(t, s)) and 8K(t, u) = Ky(t, ) Kin(t, u).
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For any 6 > 0, we may apply It6’s formula to e"”lS?(t, u)|2
along with the Skorohod flatness condition to obtain

B [eo¥(e,wl + ) e1sz(c. 5)ds
<2E [ [T esY(t, s)sf(t, S)ds] —0E [ T et sv (e, s)|2ds}
< —6E [ff 18V (t, s)|2d5]
B[S & (0157, 9 + 3137, 9)° ) as]
< s B[S e (1¥aa(s) = Yo r(9)F + 182(¢,5)P) s
Therefore, with Y,(t) =
E[fy et - Ym(t)|2dt]
+(1- [fo | €*1Zo(t, ) = Zn(t, 5)] dsdt]
< Tk [fo &5 I¥y1(5) — Y i(5)d5].

Moreover, in view of the estimate in Proposition 3.6 of [ 18], there
exists a constant C independent of n and m such that

Yn(t, t), we have

E[|8K(t, T)*] < CE [ff |8f(t, s)\zdS]
< 2 [ f] (1Yo 1(5) = Yo a SO + 15202, 9)P) ds .
Therefore,
E [fo e"oK(e, T)dt]
< 2CcfE [fOT e [ Yn1(5) = Yo

+2CctE [fOT et f[T 18z(t, s)|2dsdt]

l(s)|2dsdr]

< ﬁE [fOT 5|Yo_1(s) — Ym_l(s)|2ds]
+2CcfE [fOT et ftT |8Z(t, s)|2dsdt] ,
since
E [ S [T 1Y, a(s) - Ym_l(s)|2dsdt]
=1E[f0T Yo 1(s) = Yo 1s)|2dsf(fe9fdr]
< JE [y €1¥ar(s) = Ymoa(s)ds].

Thus, by choosing 6 > 2sz(1 + 2T), it follows that (Yy, Zy, Kq)n is
a Cauchy sequence w.r.t. the norm || - [|[o. O

4. Application to time-inconsistent optimal stopping prob-
lems

Let (X(t),t € [0,T]) be an F-adapted process. In many fi-
nancial applications X may model the price of a commodity.
Suppose that (f, L, &) satisfies the assumptions (A1), (A2) and (A3)
of Section 2. We propose to solve the following optimal stopping
problem associated with (f, &, L):
supJ(t, ), (20)

>t

for
Jit,T)=E [[ f(e, s, X(s))ds + L(t) e <1} + é(t)ﬂ{r:n] . (21)

where the supremum is taken over F-stopping times t taking val-
ues in [t, T]. More precisely, we would like to find an F-stopping
time 7/, indexed by t, such that

7 = argmax]J(t, 7).

>t
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Let (Y(t), t € [0, T]) defined by

>t

Y(t) == esssupE [/ £t 5, X(8))ds + L(T)Lger) + E(t)]lh:r)‘ .7-}:|
(22)

be the value-function associated to the optimal stopping problem
(20).

In financial applications, the functional J represents the yield
of an investment in a commodity with price process X, where f
is the utility rate per unit time, L is the utility function at the
stopping time t and £ is the utility at the final time T.

The dependence on ¢ in Eq. (21) implies that the optimal stop-
ping problem is in general time-inconsistent which is similar to
time-inconsistency in optimal stochastic control (see e.g. [17,22]).

In time-consistent optimal stopping problems (i.e. when f and
& do not depend of t), the process Y would be the value function
of the stopping problem (20). In particular Y(0) = supJ(0, 7). This

>0
is not the case here. However, we have

supJ(t, v) < E[Y(t)].

>t

Now, if we can find an F-stopping time z;* such that

Y(t)=E [/ ' f(t, s, X(s))ds + L(‘[[*)]l{t[*<'[} + E(t)]l{,;_r}‘}}]

then ¢/ is optimal for J(t

J(tv ‘Ct*) =

, ) since

E[Y(t)] < sup](t, T) < E[Y(t)]. (23)

>t

In view of Proposition 6, there exists a unique process (Z, K) €
L% x H? such that

T T T
Y(t) = £(0) + / £t 5. X(s))ds + / K(t, ds)— / Z(t. )W (s),
t t t

and (Y, Z, K) satisfies the properties (a), (b) and (c) of . Moreover,
Y is constructed so that, for every t € [0,T], Y(t) = Y(t,t),
where Y(t -) is the accompanying reflected BSDE associated with
(f(t, s, X(s)), L(s), £(t)), parametrized by t, which satisfies

T T
Y(t,u) = &(t) + f(t,s,X(s))ds+/ K(t, ds)

T
_/ Z(t,s)dW(s), uelt,T],

and for which (Y (t ), Z(t, -), K(t, -)) satisfies the conditions (d),
(e) and (f) displayed in the proof of Proposition 6.

Proposition 12. Suppose the assumptions (A1), (A2) and (A3) are
satisfied. For each t € [0, T], denote by 1" the stopping time

tr=inft <u<T; Y(t,u)=L(u)}

with the convention that t =T if ?(t, u)>Lu), t<u<T.
Then t/ is optimal in the sense that

Yt)=FE |:[ ‘ f(t,s, X(s))ds + L(Tt*)]l[z[*<T] + E(t)]l{,t*_r}‘]-}] .

(24)
Moreover, T/ is an optimal strategy for J(t, -) i.e.

7/ = argmax]J(t, 7).

>t
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Proof. We have
Y(0) = £(6) + [ f(
=Y(t, 1)+ [ f(

Now, the Skorohod flatness condition (f) along with the continu-
ity of the map u — K(t, u) imply that

%

f‘ K(t, ds) = 0.
t

Thus, taking conditional expectation we finally obtain

t,s, X(s)ds + [ K(t,ds)— [ Z (£, 5)AW(s)
Oty s, X(s)ds + [ K(t, ds) — [ Z(¢, s)AW(s).

Y(t)=E |:/ ‘ ft, s, X(s))ds + L(t; )Lqgp <1y + S(t)]lh;s_ﬂ’}}:| ,

since, by continuity of the map u +— ?(t, u), we have ?(t, ) =
Lt )L(ep <1y + §(E)L(rr=1y. In view of (23), it follows that 7" =
argmaxJ(t,t). O

™=t

Remark 13. The choice of stopping time 7 as the first hitting
time of the accompanying Snell envelope Y(t, -) of the obstacle
L instead of the value function Y, as it is the case for standard
reflected BSDEs, is simply due to fact that for Volterra type
equations we have

T
Y(t) # Y(u / f(t,s, Y(s (t,s))ds—i—/ K(t, ds)
- / Z(t,s)dW(s), u=>t.

Remark 14. The same approach can be applied to find an optimal
solution to the following optimal stopping problem related to
time-inconsistent recursive utility functions

J(t, ) =E |:/ f(t, s, X(s), Y(s), Z(t, s))ds + L(t <1} + §(t)1(r=r}] ,
t
(25)

provided that (f, &, L) satisfies (A1), (A2) and (A3).
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