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Abstract
In this thesis we study discrete dynamical system, given by a

polynomial, over both finite extension of the fields of p-adic num-
bers and over finite fields. Especially in the p-adic case, we study
fixed points of dynamical systems, and which elements that are
attracted to them. We show with different examples how complex
these dynamics are.

For certain polynomial dynamical systems over finite fields we
prove that the normalized average of the numbers of linear factors
modulo prime numbers exists. We also show how to calculate
the average, by using Chebotarev’s Density Theorem. The non-
normalized version of the average of the number of linear factors
of linearized polynomials modulo prime numbers, tends to infinity,
so in that case we find an asymptotic formula instead.

We have also used a computer to study different behaviors,
such as iterations of polynomials over the p-adic fields and the
asymptotic relation mention above. In the last chapter we present
the computer programs used in different part of the thesis.

Keywords: discrete dynamical systems, p-adic numbers, finite
fields, number of periodic points, Chebotarev’s Density Theorem,
computational number theory

v



Acknowledgments
First, I would like to thank my supervisor Professor Andrei

Khrennikov and co-supervisor Per-Anders Svensson, at Växjö Uni-
versity for guidance and advises in my work on this thesis. I would
also like to thank my colleagues in the research group in p-adic
dynamical systems lead by Professor Andrei Khrennikov, namely
Karl-Olof Lindahl, Marcus Nilsson and Per-Anders Svensson, for
fruitful discussions.

Further, I would like to thank Professor Franco Vivaldi at
Queen Mary College, University of London, for pointing out the
method induced by Chobatarev’s Density Theorem. Also I thank
Professor Alain Escassut at Université Blaise Pascal in Clermont-
Ferrand.

I thank my colleagues at the School of Mathematics and Sys-
tems Engineering, Växjö University, which create a inspiring work-
ing environment, both for education and of course research.

Finally, I save my warmest thank to my family and friends, for
their support and encouragement.

vi



Contents

Abstract v
Acknowledgments vi
1 Introduction 1

1.1 Summary of the Results in the Thesis . . . . . . . . . . . . . 1
2 A Brief Introduction to p-adic Numbers 5

2.1 Definitions and Basic Properties . . . . . . . . . . . . . . . . 5
2.2 Extensions of the p-adic Absolute Value . . . . . . . . . . . . 8
2.3 Ramified and Unramified Extensions . . . . . . . . . . . . . . 10
2.4 Complex p-adic Numbers . . . . . . . . . . . . . . . . . . . . 11
2.5 Quadratic Extensions of p-adic Numbers . . . . . . . . . . . . 12

3 Discrete Dynamical Systems 15
3.1 General definitions . . . . . . . . . . . . . . . . . . . . . . . . 15
3.2 Monomial Dynamical Systems . . . . . . . . . . . . . . . . . . 16
3.3 Non-Monomial Dynamical Systems . . . . . . . . . . . . . . . 19

4 Dynamical Systems over Finite Fields 27
4.1 Computation of Galois Groups . . . . . . . . . . . . . . . . . 28
4.2 Convergence in The Computations of Galois Groups . . . . . 34
4.3 Number of Linear Factors . . . . . . . . . . . . . . . . . . . . 36
4.4 The Monomial Case . . . . . . . . . . . . . . . . . . . . . . . 37
4.5 Linear Dynamical System . . . . . . . . . . . . . . . . . . . . 39
4.6 Equivalence Classes of Attracting Dynamical Systems . . . . 45

5 Computational Dynamical Systems 51
5.1 Non-monomial Dynamical Systems . . . . . . . . . . . . . . . 51
5.2 Dynamical Systems over Finite Fields . . . . . . . . . . . . . 54

Bibliography 57

vii





Chapter 1

Introduction

In the end of the 19th century the German mathematician Kurt Hensel
developed the p-adic numbers. For a long time the theory of p-adic num-
bers considered to be a pure theoretical branch of number theory. Today
the theory is much more than just a part of the theory of numbers, see
for instance Anashin [1], Khrennikov and Kozyrev [22], Roberts [48] and
Schikhof [51]. It has also devolved several applications of p-adic numbers
in fields like biology, cryptography and physics, see Anashin, Bogdanov and
Kizhvatov [2], Avetisov, Bikulov and Kozyrev [4], and Khrennikov [25].

A dynamical system is a mathematical scheme to describe how something
changes over the time. It is easy to find applications of dynamical systems
in real life, such as populations models and stock markets. There are several
different kinds of dynamical systems, like discrete versus continuous, and
linear versus non-linear. In this thesis we will focus on discrete dynamical
systems.

The theory of discrete dynamical systems in p-adic fields has been widely
developed during the last twenty years, see for instance Benedetto [9],
Khrennikov [23, 24], Khrennikov and Nilsson [26], Lindahl [32], Lubin [34],
Nilsson [41], Svensson [56] and Vivaldi and Hatjispyros [62].

1.1 Summary of the Results in the Thesis
In this section we briefly summarize the results presented in the following
chapters. A discrete dynamical system may be described by iterations of a
mapping. The periodic points of such a system give us information about
the long-time behavior of it.

More formally we define a dynamical system like follows. Let K be a field
and f(x) ∈ K[x], that is, a polynomial with coefficients from K. Then the
dynamical system we are interested in is the iteration of the map from K
to K given by α �→ f(α). If n is a positive integer, then we write fn(α) to
denote the nth iteration of f on α ∈ K, where we consider α as a starting
point.

Let p be a prime number and let Qp denote the field of p-adic numbers.
We study the structure of the basin of attraction for the monomial polyno-
mial dynamical system given by f(x) = xn ∈ Qp[x], where n is an integer
greater than 1. Let E be a finite field extension of Qp and e the ramification
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1 Introduction

index of E over Qp. If n = mpk, where m is not divisible by p and where k
is a positive integer, then the basin of attraction of the fixed point 1 of f is
given by

A(1) =
⋃

Bp−1/e(ξ),

where the union of the closed balls Bp−1/e(ξ), with radius p−1/e and center
at ξ, is taken over all mith roots ξ in E, where i varies over all positive
integers (see Corollary to Theorem 3.5 on page 18). Observe that the reason
for the requirement on k is to make |f ′(1)|p less than 1.

We also study some examples of non-monomial dynamical system in
quadratic field extension of Qp for different prime numbers p by using a
computer. The implementation is presented in Chapter 5.1 on page 51.
These examples illustrate how complex non-monomial dynamical systems
are.

In Chapter 4 on page 27 we let f(x) ∈ Z[x] be a monic polynomial of
degree greater than 1 and study the dynamical system of f yields in a finite
field F . If r is positive integer, then by a periodic point of order r of f
we mean an element in F , which after at least r iterations of f is mapped
back to itself. We define Φr,f (x) to be the polynomial which zeros are the
periodic points of order r of f .

Define L(f, p) to denote the number of linear factors of f(x) modulo the
prime number p. Let m be a positive integer and define the average function

I(f) = lim
m→∞

1
m

∑
p≤m

L(f, p),

where the sum is taken over all prime numbers p less than or equal to m.
Then we prove that if f(x) ∈ Z[x] is monic and separable over Q, if G
is the Galois group of f(x), and if X is the set of all the zeros of f(x),
then I(f) is equal to the number of orbits in X under G acting on X (see
Theorem 4.9 on page 37). Further, if f is irreducible, then I(f) = 1.

Further, we explain and give some examples how to use a method induced
by Chebotarev’s Density Theorem, to find the Galois group of Φr,f (x). In
Section 5.2 on page 54 we show how to implement this in a computer.
In correspondence with the French mathematicians Jean-Perre Serre, he
pointed out that the convergence in Chebotarev’s Density Theorem are in
general slow. Therefore, the method is not practical for polynomial of large
degree. For an interesting application of Chebotarev’s Density Theorem,
see Löwerot [33].

In Section 4.5 on page 39 we study the the dynamical system given by
f(x) = xp+ax over the finite field Fp with p elements. Let N(n, p, a) denote
the number of different periodic points of f of an order which divides n in the
algebraic closure of Fp, and let π(x) denotes the number of prime numbers
less than or equal to x. In Theorem 4.17 on page 41 we show that the limit

lim
x→∞

1
π(x)

∑
p≤x

1
pn

N(n, p, a)
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1.1 Summary of the Results in the Thesis

exists and is equal to 0 if a = 1 and to 1 if a > 1. If we skip the weight 1/pn,
then the mean value is infinite. So, in this case we find an asymptotic
formula instead, namely

1
π(x)

∑
p≤x

N(n, a, p) ∼ 1
π(x)

∑
p≤x

pn ∼ xn

n + 1
,

when a �= 0. We do this by using the Prime Number Theorem and common
methods in analytic number theory. This asymptotic formula is then used
when we in Section 4.6 on page 45 study the number of equivalence classes
of dynamical systems in p-adic fields.
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Chapter 2

A Brief Introduction to
p-adic Numbers

In 1897 the German mathematician Kurt Hensel presented an idea how to
use an analogy of Taylor and Laurent series to study algebraic numbers by
expressing them as an expansion in terms of powers of a prime number. He
was mainly inspired by the work of Kummer. This approach by Hensel led
him to introduce the p-adic numbers.

There are many books which give a good introduction to the p-adic theory,
see for instance Gouvêa [17], Koblitz [27], Mahler [35], Robert [48] and
Schikhof [51]. Most of the basic facts which are stated without proofs in
this chapter are shown in these books.

2.1 Definitions and Basic Properties
Let p be a prime number and x a non-zero rational number. Then x can be
written in the form

x = pvp(x) a

b
,

where a and b are integers, not divisible by p, and vp(x) ∈ Z. If x = 0, then
we set vp(x) = +∞. The function vp : Q → Z is called the p-adic valuation
of x. We define the p-adic absolute value |x|p of a rational number x as

|x|p =

{
0 if x = 0,

p−vp(x) otherwise.

The next lemma states three important properties of the p-adic absolute
value. These properties give the p-adic numbers a different geometry com-
pared with the real or complex numbers.

Lemma 2.1. The p-adic absolute value satisfies:

(a) |x|p ≥ 0, with |x|p = 0 if and only if x = 0,

(b) |xy|p = |x|p|y|p,
(c) |x + y|p ≤ max {|x|p, |y|p},
for all rational numbers x and y.
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2 A Brief Introduction to p-adic Numbers

The last condition in Lemma 2.1 is called the strong triangle inequality
and it makes the p-adic absolute value non-archimedean, that is, if |x|p <
|y|p and x �= 0, then there does not exist any integer n such that |nx|p > |y|p.
This is equivalent to |x|p ≤ 1, if x is an integer. The trivial absolute value |·|t
is defined as |x|t = 1 if x �= 0 and |0|t = 0. The usual absolute value on Q
is denoted |·|∞, that is, |x|∞ = x if x ≥ 0 and |x|∞ = −x if x < 0. Any
absolute value |·|, archimedean or not, satisfies following properties:

(a) |1| = |−1| = 1,

(b) |−x| = |x|,
(c) |x ± y| ≥ ||x| − |y||∞,

(d) |x/y| = |x|/|y|, where y �= 0,

for all rational numbers x and y. Here, we consider |·| as a map from
the rational numbers to the positive real numbers. The strong triangle
inequality implies the usual triangle inequality, that is, |x+y|p ≤ |x|p + |y|p.
Lemma 2.2 (Isosceles Triangle Principle). If |x|p �= |y|p, then

|x + y|p = max{|x|p, |y|p}.
Geometrically this means that any triangle in Q are isosceles.

Two absolute values |·| and ‖·‖ on Q are said to be equivalent if there is
a positive real number α such that

|x| = ‖x‖α,

for each x ∈ Q. This is equivalent to the fact that the two absolute values
induce the same topology on Q. It is also equivalent to tehh fact that |x| < 1
if and only if ‖x‖ < 1 for each rational number x.

Theorem 2.3 (Ostrowski). Each non-trivial absolute value on the field
of rational numbers is equivalent to one of the absolute values |·|p, where p
is a prime number or p = ∞.

Define the map d : Q × Q → R+ as d(x, y) = |x − y|p. It follows from
Lemma 2.1 that this map is a metric on Q, that is, the map satisfies

(a) d(x, y) ≥ 0, and d(x, y) = 0 if and only if x = y,

(b) d(x, y) = d(y, x),

(c) d(x, y) ≤ d(x, z) + d(y, z),

for all rational numbers x, y and z. But since this metric also satisfies the
strong triangle inequality

d(x, z) ≤ max{d(x, y), d(y, z)},
for all x, y and z in Q, this metric is called ultrametric. By a Cauchy
sequence in Q we mean a sequence (an) of rational numbers, such that if
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2.1 Definitions and Basic Properties

for each real number ε > 0, there is an integer N for which d(am, an) < ε
whenever m,n > N . One can prove that not all Cauchy sequence in Q
have a limit in Q, that is, Q is not a complete metric space with respect
to the metric d. Let Qp denote the completion of Q with respect to d.
The completion Qp is constructed in the following way: Let C denote the
set of all Cauchy sequences of elements of Q and N the subset of C of all
Cauchy sequences which tend to zero. Then Qp is defined as the set C/N .
The elements in Qp are called p-adic numbers. By defining addition and
multiplication of sequences as

(xn) + (yn) = (xn + yn) and (xn) · (yn) = (xnyn),

respectively, the set C become a commutative ring with unity and N a
maximal ideal of C . Hence, Qp is a field. Let x be an element in Qp and
(xn) ∈ C any Cauchy sequence which represents x. Then define the p-adic
absolute value of x as

|x|p = lim
n→∞ |xn|p.

The construction of the p-adic absolute value is well-defined, that is, it does
not depend on the choice of the Cauchy sequence (xn). The absolute value
on Qp satisfies Lemma 2.1 and 2.2. The field Qp is complete with respect to
the p-adic absolute value, and the image of Q under the inclusion Q ↪→ Qp,
given by x �→ (x), is dense in Qp.

Theorem 2.4. Each non-zero p-adic number x can uniquely be written in
the form

x = xmpm + xm+1p
m+1 + · · · , (2.1)

where m ∈ Z, xm �= 0 and xn ∈ {0, . . . , p − 1} for all integers n ≥ m. The
p-adic absolute value of x is given by |x|p = p−m.

Hence, the p-adic valuation vp extends to Qp. Note that (2.1) is not
unique in R, for example is 1 = .9, where the bar indicates that 9 is repeated
infinite times. The set of p-adic integers in Qp is defined as

Zp = {x ∈ Qp : |x|p ≤ 1}.
So for a p-adic integer x we have that vp(x) ≥ 0. Since |a|p ≤ 1 for all
integers a, the ring of integers Z can be considered to be a subset of Zp.

Let X be a ring and |·| an absolute value on X. Then the open and closed
ball of radius r ∈ R+ and center a ∈ X are defined as the sets

B−
r (a) = {x ∈ X : |x − a| < r}

and
Br(a) = {x ∈ X : |x − a| ≤ r},

respectively. If X is non-archimedean, then these sets are both open and
closed as sets at the same time. Such sets are called clopen sets. By the
definition of p-adic integers it follows that Zp = B1(0).

7



2 A Brief Introduction to p-adic Numbers

Lemma 2.5. Let a and b be p-adic numbers, and let r and s be positive
real numbers. Then the following statements are true for open balls in Qp.

(a) If b ∈ B−
r (a), then B−

r (b) = B−
r (a), that is, each point in a ball is a

center of that ball,

(b) We have that B−
r (a) ∩ B−

s (b) �= ∅ if and only if B−
r (a) is a subset

of B−
s (b) or vice versa, that is, two balls are either disjoint or one is

contained in the other.

These two properties are also valid for closed balls in Qp.

Further, we define the sphere of radius r ∈ R+ and center a ∈ X as the set

Sr(a) = {x ∈ X : |x − a| = r}.
The boundary of a set A ⊆ X is the set of all elements α for which each
B−

ε (α), there ε > 0, contain both an element from A and an element from
the complement of A. Usually the sphere Sr(a) is the boundary of both the
open and closed ball B−

r (a) and Br(a).

Lemma 2.6. Let a and b be p-adic numbers, and let r a positive real num-
ber. If b ∈ Sr(a), then B−

r (b) ⊂ Sr(a), as sets in Qp. This means that Sr(a)
is not the boundary of either B−

r (a) or Br(a), in the p-adic case.

As a consequence of Theorem 2.4, Lemma 2.5 and 2.6 we have that any
closed ball Br(a) in Qp can be written as a disjoint union of finite number
of open balls B−

r (b). Especially we have that

Zp = B1(0) = B−
1 (0) ∪ B−

1 (1) ∪ · · · ∪ B−
1 (p − 1)

in Qp. Let a and b be p-adic numbers and r a positive real number. If
|a − b|p ≤ 1/r, then we write a ≡ b (mod r). Hence, b ∈ Bp−n(a) if and
only if a ≡ b (mod pn).

Theorem 2.7 (Hensel’s Lemma). Let f(x) be a polynomial whose coef-
ficients are in Zp. Suppose that there exists a p-adic integer a such that

f(a) ≡ 0 (mod p) and f ′(a) �≡ 0 (mod p)

where f ′(x) is the formal derivative of f(x). Then there exists a p-adic
integer α such that α ≡ a (mod p) and f(α) = 0.

2.2 Extensions of the p-adic Absolute Value
Since Qp is a field one can ask if it is possible to uniquely extend a non-
archimedean absolute value to any field extension of Qp. The answer is yes
as the next two theorems show.

Theorem 2.8 (Krull’s Existence Theorem). Let K be a subfield of a
field L, and let |·| be a non-archimedean absolute value on K. Then there
exists a non-archimedean absolute value on L that extends |·|.

8



2.2 Extensions of the p-adic Absolute Value

Theorem 2.9 (Uniqueness Theorem). Let L be a field extension of K,
and let |·| be a non-archimedean absolute value on K. If K is complete with
respect to |·| and if L/K is algebraic, then there is a unique non-archimedean
absolute value on L that extends |·|.

Suppose that K and L are two finite field extensions of Qp which form a
tower Qp ⊂ K ⊂ L. Let |·|K be the unique extended absolute value on K,
and let |·|L be the unique extended absolute value on L. The restriction
of |·|L to elements in K is a non-archimedean absolute value on K and
therefore, by uniqueness, must |x|K = |x|L for every x ∈ K. Hence, the
absolute value of x does not depend on the context.

Still, we know that there exists a unique extension of the p-adic absolute
value, but how can we evaluate the p-adic absolute value of elements in K?
If the elements are in Qp, then it is easy. To be able to evaluate the p-adic
absolute value of elements in K \ Qp, we need a function

NK/Qp
: K → Qp,

which satisfies the property

NK/Qp
(xy) = NK/Qp

(x)NK/Qp
(y).

This function is called the norm from K to Qp. Let α ∈ K. There are
several ways to define NK/Qp

(α), all equivalent. Below three of them are
presented.

(a) Consider K as a finite dimensional vector space of Qp. The map from K
to K defined by multiplication by α is a linear map. Since it is linear it
corresponds to a matrix. Then define NK/Qp

(α) to be the determinant
of this matrix.

(b) Study the subfield Qp(α) of K. Let r = [K : Qp(α)], the degree of the
extension K/Qp(α), and let n = deg(min(Qp, α)), where min(Qp, α) is
the minimal polynomial of α over Qp. Then define the norm of α as

NK/Qp
(α) = (−1)nrar

0,

where min(Qp, α) = anxn + an−1x
n−1 + · · · + a1x + a0 ∈ Qp[x].

(c) Suppose that K is a normal extension of Qp. Let G = Gal(K/Qp), the
Galois group of the extension K/Qp. Then define the norm as

NK/Qp
(α) =

∏
σ∈G

σ(α),

Observe that |G| = [K : Qp], because K is a normal extension of Qp

and Qp is of characteristic zero.

Example 2.1. Let β be an element such that β2 ∈ Qp, but β �∈ Qp.
Consider the field extension K = Qp(β). Then [K : Qp] = 2 and {1, β} is
a basis for K as a vector space over Qp, that is, each element in K can be
written in the form a + bβ, where a and b are p-adic numbers. We use the
three definitions of the norm to calculate NK/Qp

(α), where α = a + bβ.

9



2 A Brief Introduction to p-adic Numbers

(a) The linear map x �→ (a + bβ)x maps 1 to a + bβ and β to bβ2 + aβ, so
the matrix representation with respect to the basis {1, β} is

M =
(

a bβ2

b a

)
.

Therefore is NK/Qp
(α) = det(M) = a2 − b2β2.

(b) If b �= 0, then r = 1 or else r = 2. In the case b = 0, we have that
min(Qp, α) = x− a, and NK/Qp

(α) = (−1)2a2 = a2. In the case b �= 0,
the minimal polynomial for α over Qp must be of degree two. Since
(a + bβ)2 = a2 + b2β2 + 2abβ is equivalent to

(a + bβ)2 − 2a(a + bβ) + (a2 − b2β2) = 0,

we must have that min(Qp, α) = x2 − 2ax + a2 − b2β2, and the norm
NK/Qp

(α) = a2 − b2β2. Hence NK/Qp
(α) = a2 − b2β2, either if b is

equal to zero or not.
(c) Since |Gal(K/Qp)| = [K : Qp] = 2, there exist two Qp-automorphisms

on K, namely

id : a + bβ �→ a + bβ and σ : a + bβ �→ a − bβ,

and therefore is NK/Qp
(α) = NK/Qp

= id(α)σ(α) = a2 − b2β2.

We get the same norm of α no matter which one of the three definitions we
use. ♦
Theorem 2.10. Let K be a finite field extension of Qp and n = [K : Qp].
Then the function |·| : K → R+ defined as

|x| = n

√
|NK/Qp

(x)|p,

is a non-archimedean absolute value on K which extends |·|p.
Since |·| in the previous theorem is unique, the notation |·|p can also be

used to denote the extended p-adic absolute value on K. From field theory
we know that for each finite extension K of Qp there exists a finite normal
extension of Qp which contains K, see for instance Morandi [37]. The
smallest such normal extension of Qp is called the normal closure of Qp

over K. If K is not a normal extension of Qp and if we want to define a
norm by using Qp-automorphisms, then consider the normal closure of Qp

over K and use the third definition of the norm.

2.3 Ramified and Unramified Extensions
Let K be a finite field extension of Qp of degree n, that is, n = [K : Qp].
For x ∈ K, set y = NK/Qp

(x). Then by Theorem 2.10

|x|p = n
√
|y|p = n

√
p−vp(y) = p−vp(y)/n.

10



2.4 Complex p-adic Numbers

Hence, we can extend the p-adic valuation to K as vp(x) = vp(y)/n, that
is, vp(x) ∈ (1/n)Z, because vp(y) ∈ Z.

If a, b ∈ K, then vp(ab) = vp(a) + vp(b). This gives that vp is a ho-
momorphism from the multiplicative group K× to the additive group Q.
Thus, the image im(vp) is an additive subgroup of Q, and im(vp) ⊆ (1/n)Z.
Let d/e be in im(vp), where d and e are relatively prime, chosen so that the
denominator e is the largest possible. This choice is possible because e has
to be a divisor of n, and the range of possible divisors is bounded. Since d
and e are relatively prime, there must be a multiple of d which is congruent
to 1 modulo e, that is, we can find integers r and s such that rd = 1 + se.
But then

r
d

e
=

1 + se

e
=

1
e

+ s

is in im(vp). Since s ∈ Z ⊂ (1/n)Z, it follows that 1/e ∈ im(vp). Since
e was chosen to be the largest possible denominator in im(vp), it follows
that im(vp) = (1/e)Z. This unique positive integer e is called the ramifi-
cation index of K over Qp. The extension K over Qp is called unramified
if e = 1, ramified if e > 1 and totally ramified if e = n. For each positive
integer n there is exactly one unramified extension of Qp of degree n, see
for instance Koblitz [27]. An element π ∈ K such that vp(π) = 1/e is called
a uniformizer.

Let PK = {x ∈ K : |x|p ≤ 1} and pK = {x ∈ K : |x| < 1}. The set Pk

is a ring and it is called the valuation ring of K. Further, pK is a maximal
ideal of PK . Hence, the quotient ring PK/pK is a field. The ideal pK is
principal and if π is a uniformizer of K, then pK = 〈π〉.

If e is the ramification index of K over Qp, then PK/pK � Fpf , where f is
the integer n/e. This gives us that if K = Qp, then Zp/B−

1 (0) � Fp. Every
element of PK is the root of a monic polynomial with coefficients in Zp,
and conversely, if α ∈ K is a root of a monic polynomial with coefficients
in Zp, then α ∈ PK .

2.4 Complex p-adic Numbers
Consider the algebraic closure Qa

p of Qp, the field extension which contains
all the roots of all the polynomials in Qp[x]. The algebraic closure Qa

p is
constructed by taking the union of all the finite field extensions of Qp. For
any α ∈ Qa

p the field Qp(α) is a finite field extension of Qp and we can
then define the absolute value of α in Qa

p as the absolute value of α in
Qp(α). This can we do because the absolute value |α|p does not depend on
the field Qp(α), it depends only on α itself. This absolute value on Qa

p is
non-archimedean and therefore unique.

Observe that Qa
p is an infinite extension of Qp, this is one major difference

between Qp and R, because the algebraic closure of R is C and [C : R] = 2.
Furthermore, C is complete with respect to |·|∞, the usual absolute value,
but Qa

p is not complete with respect to the non-archimedean absolute value.

11



2 A Brief Introduction to p-adic Numbers

Let Cp denote the completion of Qa
p with respect to |·|p. Then Cp is a

field and it is algebraically closed, that is, every non-constant polynomial
in Cp[x] has a zero in Cp. The elements in Cp are called complex p-adic
numbers. Further, the p-adic absolute value can be uniquely extended to a
non-archimedean absolute value on Cp.

2.5 Quadratic Extensions of p-adic Numbers
The quadratic extensions of the p-adic numbers are well-known. So in this
section we mainly summarize the basic facts about quadratic extensions
of p-adic numbers. But, first we mention some results from the theory
of quadratic residue. For more information see any textbook introducing
number theory, for instance Hardy and Wright [18], Niven, Zuckerman and
Montgomery [42], Rose [49] or Sierpiński [52]. Let p be an odd prime number
and let a be an integer. Suppose that p does not divide a. If the congruence

x2 ≡ a (mod p) (2.2)

is solvable, then a is called a quadratic residue modulo p, and if it has no
solution, then a is called a quadratic nonresidue modulo p. Additionally,
we define the Legendre symbol (·/p) : Z → Z as (a/p) = 1 or (a/p) = −1
if qp does not divide a and a is a quadratic residue or nonresidue modulo
p, respectively. If p divides a, then (a/p) = 0.

Theorem 2.11 (Lagrange). Let p be a prime number. A one-variable
polynomial of degree n with integer coefficients such that the leading coeffi-
cient is not divisible by p, has at most n zeros in Fp.

The Theorem of Lagrange gives that the congruence (2.2) has exactly two
solutions, x and p− x, if (a/p) = 1. If (a/p) = 0, then the congruence (2.2)
has the unique solution x = 0. Hence, the congruence x2 ≡ 2 (mod p) has
(a/p) + 1 solutions.

Theorem 2.12. Let a and b be integers and p an odd prime number. Then
the Legendre symbol satisfies the following properties:

(a) if a ≡ b (mod p), then (a/p) = (b/p).

(b) (a2/p) = 1 and especially (1/p) = 1.

(c) if gcd(a, p) = 1, then (a/p) ≡ a(p−1)/2 (mod p).

(d) (ab/p) = (a/p)(b/p).

(e) (−1/p) = (−1)(p−1)/2.

The third property above is called Euler’s criterion.

Let p be an odd prime number. Since, p − 1 ≡ −1 (mod p) the previous
theorem gives that (p − 1/p) = (−1/p) = (−1)(p−1)/2. But (−1)(p−1)/2 = 1
if, and only if p ≡ 1 (mod 4). Hence, we have proved the following lemma.

12



2.5 Quadratic Extensions of p-adic Numbers

Lemma 2.13. Let p be an odd prime number. Then (p − 1/p) = 1 if and
only if p ≡ 1 (mod 4).

One way to obtain a quadratic extension of Qp is to adjoin an zero of the
polynomial x2 − α to Qp, where α is not a square of a p-adic number. The
next theorem gives us which p-adic numbers that are quadratic over Qp.
For a proof see for instance Vladimrov, Volovich and Zelenov [63].

Theorem 2.14. Let α = pvp(α)(α0 + α1p + α2p
2 + · · · ) �= 0 be a p-adic

number, where α0 �= 0. Then the equation x2 = α is solvable in Qp if and
only if the following two conditions are fulfilled:

(a) vp(α) is even,

(b) α1 = α2 = 0 if p = 2, and (α0/p) = 1 if p ≥ 3.

Corollary. The equation x2 = −1 is solvable in Qp if and only if the prime
number p satisfies p ≡ 1 (mod 4).

Proof. Theorem 2.12 and Lemma 2.13 gives, for odd prime numbers p, that

(p − 1/p) = (−1/p) = (−1)(p−1)/2 = 1 ⇔ p ≡ 1 (mod 4),

since p − 1 ≡ −1 (mod p). From −1 = (p − 1) + (p − 1)p + (p − 1)p2 + · · ·
it follows that x2 = −1 is not solvable in Q2.

Example 2.2. Let p = 5. Then the 5-adic numbers

2 + 1 · 5 + 2 · 52 + 1 · 53 + 3 · 54 + · · ·
3 + 3 · 5 + 2 · 52 + 3 · 53 + 1 · 54 + · · ·

are the solutions of x2 = −1 in Q5. In the software GP/Pari is it possi-
ble to do calculations with p-adic numbers. For instance, to find the two
5-adic numbers above, with five significant digits, we run the commands:
sqrt(-1 + O(5^5)) and -sqrt(-1 + O(5^5)), respectively.1 ♦

Next we give a short description of the different types of quadratic exten-
sions of Qp. The results presented in the rest of this section are taken from
Mahler [35], pp. 65–82.

Let α and β be two different p-adic numbers. Then Qp(
√

α) = Qp(
√

β)
if, and only if α/β is a quadratic number i Qp. If p > 2, then let np denote
the smallest positive integer which is a quadratic non-residue modulo p. A
non-zero p-adic number can be written in the form

2a(−1)b(−3)cθ2 or panb
pθ

2

if p = 2 or p > 2, respectively. Where a, b and c are equal to either 0
or 1, and θ is non-zero p-adic number. From this it follows that there are

1 The software GP/Pari is a free computer algebra system designed for fast computa-
tions in number theory. It can be found at http://pari.math.u-bordeaux.fr/.
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2 A Brief Introduction to p-adic Numbers

exactly seven different quadratic extensions of Q2 and exactly three different
quadratic extensions of Qp if p > 2, namely:

Q2(
√−6), Q2(

√−3), Q2(
√−2), Q2(

√−1),

Q2(
√

2), Q2(
√

3), Q2(
√

6)

and
Qp(

√
p), Qp(

√
np), Qp(

√
pnp).

Among them the unramified extensions are Q2(
√−3) and Qp(

√
np). All

p-adic numbers x which satisfies |x − 1|2 ≤ 1/8 and |x − 1|p ≤ 1/p, when p
is an odd prime number, are quadratic numbers. For example, we have that
Q2(

√−3) = Q2(
√

5) and Q2(
√

17) = Q2, since∣∣∣∣−3
5
− 1

∣∣∣∣
2

=
∣∣∣∣−8

5

∣∣∣∣
2

=
1
8

and |17 − 1|2 = |16|2 =
1
16

<
1
8
.

Further, if p > 2 and α �= 0 is not divisible by p, then Qp(
√

α) is either
equal to Qp or Qp(

√
np) depending on whether α is a quadratic residue mod-

ulo p or not. Hence, if p ≡ 3 (mod 4), then Qp(
√−1)/Qp is an unramified

extension.
Let p be a prime numbers such that p = 2 or p ≡ 3 (mod 4), and let

ε =
√−1. Then the Galois group Gal(Qp(ε)/Qp) contains exactly two

Qp-automorphisms over Qp(ε), namely

id : a + bε �→ a + bε and σ : a + bε �→ a − bε,

where a, b ∈ Qp. Hence, the norm from Qp(ε) to Qp is defined as

NQp(ε)/Qp
(a + bε) = id(a + bε)σ(a + bε) = a2 + b2.

It follows from Theorem 2.10 that

|x|p =
√∣∣NQp(ε)/Qp

(x)
∣∣
p

=
√

|a2 + b2|p.

and vp(a + bε) = vp(a2 + b2)/2. We can conclude that if p ≡ 3 (mod 4),
then Qp(ε) is an unramified extension of Qp.
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Chapter 3

Discrete Dynamical Systems

In this chapter and the following we shall study dynamical systems over
p-adic or finite fields. A general introduction to dynamical systems can
be found in Carleson and Gamelin [11], Devaney [14] and [53]. Dynami-
cal systems over p-adic fields are presented in, for instance, Benedetto [8,
9], Khrennikov [23], Li [28, 30, 29], Lindahl [32], Lubin [34], Nivens and
Rogers [39], Nilsson [40, 41], Svensson [55, 56], Thiran, Verstegen and Wey-
ers [59], Verstegen [60] and Vivaldi [61]. For dynamical systems over finite
fields see, for instance, Batra and Morton [5, 6] or Cohen and Hachen-
berger [12, 13].

3.1 General definitions
Let F be a field and let f(x) ∈ F [x], where deg f > 1. The map F → F
given by x �→ f(x) is the dynamical system f on F . If α0 ∈ F , then
we define α1 = f(α0), α2 = f(α1), etc. Hence, αn = fn(α0), where fn

denote the composition of f by itself n times. The sequence (αi)∞i=0 is
called the orbit of α0. If f(α) = α, then α is called a fixed point of f , and
if fn(α) = α for some positive integer n, then α is called a periodic point
of f . The smallest positive integer n such that fn(α) = α is said to be the
period of α, and we say that α is a periodic point of order n. In this case,
the suborbit (α, f(α), . . . , fn−1(α)) is called the cycle of α. We see that a
periodic point of period n is a fixed point of the map x �→ fn(x), and that
each element in the orbit of an periodic point of f is also a periodic point
of f . The multiplier λ of a cycle (α0, . . . , αn−1) is defined as

λ =
dfn

dx
(α0) = f ′(α0)f ′(α1) · · · f ′(αn−1),

where the last equality follows from the chain rule of differentiation of com-
posite functions. Hence, the definition of λ does not depend on α0.

Now, let F be Qp or a finite field extension of Qp. A fixed point α
of f is called an attractor of f or an attracting point of f , if there exists a
neighborhood V of α such that all points β in V are attracted by α, that
is, limn→∞ fn(β) = α. The basin of attraction of a fixed point α is the set

A(α) =
{

β ∈ F : lim
n→∞ fn(β) = α

}
.
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3 Discrete Dynamical Systems

Further, a fixed point α of f is called a repeller of f , or a repelling point
of f , if there exists a neighborhood V of α such that

|f(β) − α|p > |β − α|p,
for all β ∈ V . The open ball B−

r (α) is said to be a Siegel disk of α if
each sphere Sρ(α), where ρ < r, is invariant under f , in the sense that
f(Sρ(α)) ⊆ Sρ(α). The union of all Siegel disks with center in α is called
the maximal Siegel disk of α and is denoted Si(α). A fixed point α of f for
which Si(α) exists, is called indifferent. For a proof of the next theorem see
Khrennikov [23] pp. 288–289.
Theorem 3.1. Let f(x) ∈ F [x] and α ∈ F a fixed point of f .
(a) If |f ′(α)|p < 1, then α is an attractor of f .
(b) If |f ′(α)|p = 1, then α is a center of a Siegel disk.
(c) If |f ′(α)|p > 1, then α is a repeller of f .

In the rest of this chapter we will give some examples which all show
the complexity of finding the basin of attractor and a Siegel disk of a fixed
point of a given polynomial map over a finite field extension of the p-adic
numbers.

3.2 Monomial Dynamical Systems
In this section we shall study the monomial dynamical system f(x) = xn,
where n is an integer greater than 1, in finite field extensions of Qp. But
first we consider some result for this dynamical system in Cp.

To find the fixed points of f we have to solve the equation xn = x. Zero is
a fixed point of f and A(0) = B−

1 (0). Further, A(∞) = Cp \B−
1 (0). Hence,

any other fixed points of f are elements in S1(0).
Let ξ ∈ Cp. Then ξ is called a nth root of unity if there exists a positive

integer n such that ξn = 1. A primitive nth root of unity ξ is a nth root
of unity such that ξk �= 1 for all positive integers k less than n. Let ξk,n,
where k = 1, 2, . . . , n, denote the nth roots of unity. The roots of unity are
elements in S1(0), because if ξn = 1, then |ξ|np = 1.
Theorem 3.2. For any prime number p and any positive integer n, not
divisible by p, there exists a primitive nth root of unity in Qp if and only
if n does not divide p − 1.
Remark. A proof of the previous theorem can be found, for example, in
Gouvêa [17] or Schikhof [51]. If p is an odd prime number, then the only
roots of unity of Qp are the (p−1)th roots of unity. If p = 2, then 1 and −1
are the only roots of unity in Q2.

Let n be a positive integer and let Γn denote the set of all nth roots of
unity in Cp, and define the following subsets of Cp

Γn =
∞⋃

j=1

Γnj

and Γu =
⋃

Γn,
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3.2 Monomial Dynamical Systems

where the union in the definition of Γu is taken over all positive integers n
which are relative prime with p. Each Γn contains a primitive nth root
of unity, since each Γn is a cyclic group under multiplication. The set Γn

contains therefore an infinite number of primitive roots of unity which are
not elements in Qp. So Qp(Γn) must be an infinite field extension of Qp. If
E is a finite field extension of Qp, then Γn \ E �= ∅.
Lemma 3.3. If x, y ∈ Γu and x �= y, then |x − y|p = 1.

Proof. Let ξ ∈ Γu ∩ B−
1 (1) be an nth root of unity, where gcd(n, p) = 1.

Then it exist an element γ ∈ B−
1 (0) such that ξ = 1 + γ. Hence, from

1 = ξn = (1 + γ)n = 1 +
(

n

1

)
γ +

(
n

2

)
γ2 + · · · +

(
n

n

)
γn

it follows that

|γ|p ·
∣∣∣∣
(

n

1

)
+

(
n

2

)
γ + · · · +

(
n

n

)
γn−1

∣∣∣∣
p

= 0.

But |(n
1

)|p = 1 and |(n
2

)
γ+· · ·+(

n
n

)
γn−1|p < 1, so by Lemma 2.2, the isosceles

triangle principle, we have that |(n
1

)
+· · ·+(

n
n

)
γn−1|p = 1. Thus, γ = 0, that

is ξ = 1 and therefore is Γu ∩ B−
1 (1) = {1}. This proves that if x ∈ Γu and

x �= 1, then |1−x|p = 1, since |1−x|p ≤ max{|1|p, |x|p} = 1. Let x, y ∈ Γu,
where x �= y. Then there exists positive integers m and n, pairwise relative
prime with p, such that xm = 1 and yn = 1. Since gcd(mn, p) = 1, we have
that y/x ∈ Γu and therefore |x − y|p = |x|p · |1 − y/x|p = 1.

Lemma 3.3 says that if x, y ∈ Γu, then the open balls B−
1 (x) and B−

1 (y)
are disjoint. Lemma 2.6 gives that B−

1 (1) ⊂ S1(0). It can be shown (see
Schikhof [51], Lemma 33.2, p. 103) that each coset of B−

1 (1) in S1(0) con-
tains exactly one element of Γu.

Let E be a finite field extension of Qp and let ξ ∈ Γu. To prove that
B−

1 (ξ) ∩ E = ∅ we need the Teichmüller character, which is defined as the
function

ωp : S1(0) → Γu where ωp(x) = lim
n→∞xpn!

.

The Teichmüller character maps an element x ∈ S1(0) into the unique
element ξ ∈ Γu for which |ξ − x|p < 1 (see Schikhof [51], pp. 103–104). A
sequence (an)∞n=1 in a non-archimedean metric space is a Cauchy sequence
if and only if |an+1 − an| → 0 as n → ∞. If x ∈ S1(0), then the sequence(
xpn!)∞

n=0
is a Cauchy sequence.

Lemma 3.4. Let E/Qp be a finite field extension and let ξ ∈ Γu \E. Then

B−
1 (ξ) ∩ E = ∅.

Proof. Suppose that B−
1 (ξ) ∩ E �= ∅, that is, there exists an element x in

B−
1 (ξ)∩E. Since E is a field we have that xpn! ∈ E for all positive integers

n and therefore ωp(x) ∈ E, since E is complete. But ωp(x) = ξ, we have
a contradiction.
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3 Discrete Dynamical Systems

Theorem 3.5 (Khrennikov [23]). The dynamical system x �→ xn on Cp

has exactly n − 1 fixed points ξj,n−1, where j = 1, 2, . . . , n − 1, on S1(0). If
gcd(n, p) �= 1, then these points are attractors and B−

1 (ξj,n−1) ⊂ A(ξj,n−1).
For any integer k greater than 1 all cycles of length k are also attractors and
open unit balls are contained in basins of attraction. Further, if n = mpk,
where gcd(m, p) = 1 and k ≥ 1, the basin of attraction A(1) is equal to⋃

ξ∈Γm

B−
1 (ξ).

The open balls B−
1 (ξ) has empty intersection for different points ξ.

Corollary. Let E be a finite field extension of Qp and e the ramification
index of E over Qp. For the dynamical system x �→ xn, where n = mpk,
gcd(m, p) = 1 and k ≥ 1, the basin of attraction A(1) is equal to⋃

Bp−1/e(ξ),

where the union is taken over all ξ ∈ Γm ∩ E.

Proof. This is a direct consequence of Lemma 3.4 and Theorem 3.5.

From now on, let E be a finite field extension of Qp and e the ramification
index of E over Qp. Then the image of vp is the set{

0,±1
e
, . . . ,±e − 1

e
,±1,±e + 1

e
, . . .

}
.

The next lemma is, for example, shown in Khrennikov [23], pp. 101–102.
Lemma 3.6. Let the positive integer n be written in the canonical repre-
sentation n = n0 + n1p + · · · + nmpm. Set Sn = n0 + · · · + nm. Then

vp(n!) =
n − Sn

p − 1
.

Let x ∈ S1(0) and γ ∈ Bp−1/e(0). Then it follows from Lemma 3.6 that
vp(k!) ≤ k − 1, where k is a positive integer. Hence∣∣∣∣ 1

k!

∣∣∣∣
p

= pvp(k!) ≤ pk−1.

Since |γ|p ≤ p−1/e, it follows that∣∣∣∣γk−1

k!

∣∣∣∣
p

≤ p−(k−1)/epk−1 = p(k−1)(e−1)/e.

Then for all integers k, such that 1 ≤ k ≤ n, we have that∣∣∣∣
(

n

k

)∣∣∣∣
p

|γ|kp = |n(n − 1) · · · (n − k + 1)|p|γ|p
∣∣∣∣γk−1

k!

∣∣∣∣
p

≤ p(k−1)(e−1)/e|n(n − 1) · · · (n − k + 1)|p|γ|p
≤ p(k−1)(e−1)/e|n|p|γ|p.
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If e = 1, p = 2 and n is an odd integer, then we have that
∣∣(n

k

)∣∣
2
|γ|2 < |γ|2,

since in this case |n|2 = 1 and |n − 1|2 < 1. Finally,

|(x + γ)n − xn|p =

∣∣∣∣∣
n∑

k=1

(
n

k

)
xn−kγk

∣∣∣∣∣
p

≤ max
1≤k≤n

∣∣∣∣
(

n

k

)
γk

∣∣∣∣
p

≤ p(n−1)(e−1)/e|n|p|γ|p.

If e = 1, that is, if E is an unramified field extension of Qp, and if p > 2 or
if p = 2 when n is an odd integer, then we have equality, by the isosceles
triangle principle and |1/k!|p ≤ pk−1. If e > 1, then we have a strict
inequality for all p. But this is not a good estimate of (x+γ)n−xn when E
is a ramified field extension of Qp.

Lemma 3.7. Let x ∈ S1(0) and γ ∈ E. Then

|(x + γ)n − xn|p ≤ |γ|p max{|n|p, |γ|p}. (3.1)

If E is an unramified field extension of Qp and γ ∈ Bp−1/e(0), then

|(x + γ)n − xn|p ≤ |n|p|γ|p,
with equality for p > 2 or for p = 2 when n is an odd integer.

Proof. It remains to show the inequality (3.1). We have that

|(x + γ)n − xn|p =
∣∣∣∣
(

n

1

)
xn−1γ +

(
n

2

)
xn−2γ2 + · · · +

(
n

n

)
γn

∣∣∣∣
p

= |γ|p
∣∣∣∣
(

n

1

)
xn−1 + γ

[(
n

2

)
xn−2 + · · · +

(
n

n

)
γn−2

]∣∣∣∣
p

.

Moreover, |(n
1

)
xn−1|p = |n|p and |γ|p|

(
n
2

)
xn−2 + · · · + (

n
n

)
γn−2|p ≤ |γ|p. So,

by the strong triangle inequality the inequality (3.1) is proved.

3.3 Non-Monomial Dynamical Systems
Let f(x) ∈ Qp[x] such that deg f > 1. Further, let α1, . . . , αn ∈ Cp be
the solutions of the equation f(x) = x. From now on, we shall study the
dynamical system x �→ f(x) over the field E = Qp(α1, . . . , αn).

Lemma 3.8. Let f(x) = anxn + · · ·+ a1x + a0 ∈ Qp[x] and α a fixed point
of f . Then

|f(α + γ) − α|p ≤ |γ|p max
1≤k≤n
0≤j<k

∣∣∣∣ak

(
k

j

)
αjγk−j−1

∣∣∣∣
p

for all γ ∈ E, where E = Qp(α1, . . . , αn) and α1, . . . , αn are the zeros of
the polynomial f(x) − x.
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Proof. This proof is straightforward. Since anαn + · · ·+ (a1 − 1)α + a0 = 0
we have that

|f(α + γ) − α|p = |an(α + γ)n + · · · + a1(α + γ) + a0 − α|p

=

∣∣∣∣∣an

n∑
j=0

(
n

j

)
αjγn−j + · · · + a1(α + γ) + a0 − α

∣∣∣∣∣
p

=

∣∣∣∣∣an

n−1∑
j=0

(
n

j

)
αjγn−j + · · · + a1γ

∣∣∣∣∣
p

≤ |γ|p max
1≤k≤n
0≤j<k

∣∣∣∣∣ak

(
k

j

)
αjγk−j−1

∣∣∣∣∣
p

,

where the inequality follows from the strong inequality.

Example 3.1. Let f(x) = x2 − 2x + 2. This dynamical system has 1
and 2 as fixed points. So, in this case we have that E = Qp. Further,
|f ′(1)|p = |0|p = 0 for all p and

|f ′(2)|p = |2|p =

{
1/2 if p = 2,

1 if p > 2.

Hence, 1 is an attractor for all p, and 2 is an attractor only when p = 2 and
indifferent otherwise, see theorem 3.1. Let α denote one of the two fixed
points of f and set x = α + γ, that is x ∈ S|γ|p(α). Then Lemma 3.8 gives
that

|f(x) − α|p ≤ |γ|p max{|−2|p, |γ|p, |2α|p},
where

|2α|p =

⎧⎪⎨
⎪⎩

1/2 if p = 2 and α = 1,
1/4 if p = 2 and α = 2,
1 otherwise.

Hence, in the case p = 2 we get the inequality

|f(α + γ) − α|2 ≤ 1
2
|γ|2,

if |γ|2 ≤ 1/2 and therefore B1/2(α) ⊆ A(α). Further

f(2 + γ) − 2 = (2 + γ)2 − 2(2 + γ) + 2 − 2 = γ(2 + γ). (3.2)

Let γ ∈ Q2 \ B1/2(0). Then |γ|2 ≥ 1 and |2 + γ|2 = |γ|2, by the strong
triangle inequality. From this it follows that A(2) ⊆ B1/2(2) and therefore
A(2) = B1/2(2). Furthermore, the equality (3.2) gives that S1(2) is invariant
under f , that is fn(S1(2)) ⊆ S1(2) for all positive integers n.

Now, let p > 2 and γ ∈ Qp. If |γ|p < 1, then |γ + 2|p = 1, which implies
that |f(2+γ)−2|p = |γ|p. Hence, the ball B1/p(2) is a Siegel disk. Assume
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3.3 Non-Monomial Dynamical Systems

Cases

Fixed point Prime numbers Type Sets

1 all attractive A(1) = B1/p(1)

2 even attractive A(2) = B1/2(2)
odd indifferent Si(2) = B1/p(2)

Table 3.1: Summary of the results in Example 3.1.

that γ ∈ B1(p−2), then |γ|p = 1 and |γ+2|p < 1. But since 2+γ ∈ S1(2), it
follows from (3.2) that the sphere S1(2) is not invariant under f . Therefore,
B1/p(2) is equal to the maximal Siegel disk Si(2).

Now let p be any prime. We have that f(1 + γ)− 1 = γ2 and therefore is
A(1) = B1(1), and S1(1) is invariant under f . It follows that

A(∞) = Qp \ (B1(1) ∪ B1(2)).

We summarize the results in Table 3.1. ♦
Lemma 3.9. Let p be a prime number. Then √

p �∈ Qp. Further, if q is
a prime number, p odd and not equal to q, then √

q ∈ Qp if and only if
q(p−1)/2 ≡ 1 (mod p).

Proof. Note that by √
p we mean a solution of the equation x2 = p. Assume

that √
p ∈ Qp, then vp(

√
p) ∈ Z. Thus

p−vp(p) = |p|p = |√p|2p = p−2vp(
√

p).

Hence, vp(p) = 1 is even. This is a contradiction. The last statement follows
from Theorem 2.14 and 2.12, since vp(q) = 0 and q ≡ q0 (mod p), where q0

is the coefficient of p0 = 1 in the p-adic expansion of q.

We are going to study some dynamical systems which have
√

2 as a fixed
point. From the theory of quadratic residues in elementary number theory
we have that 2(p−1)/2 ≡ 1 (mod p) if and only if p is a prime number such
that p ≡ ±1 (mod 8), see for instance Hardy and Wright [18]. Hence the
prime numbers p less than 100 for which

√
2 is an element of Qp are 7, 17,

23, 31, 41, 47, 71, 73, 79, 89 and 97. If √q ∈ Qp, let q0 denote the coefficient
of 1 in the p-adic expansion of √q. Then p− q0 is the coefficient of 1 in the
p-adic expansion of −√

q. From now on, we choose √
q in Qp such that the

corresponding q0 satisfies q0 < p − q0.
Let p be a prime numbers such that

√
2 /∈ Qp, that is, p ≡ ±1 (mod 8).

Then Qp(
√

2) is a quadratic extension of Qp and its Galois group contains
two automorphism, id and σ, such that

id : a + b
√

2 �→ a + b
√

2 and σ : a + b
√

2 �→ a − b
√

2,

where a and b are elements in Qp, see also Example 2.1 on page 9. Note
that σ satisfies σ(α+β) = σ(α)+σ(β) and σ(αβ) = σ(α)σ(β), for all α and β
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3 Discrete Dynamical Systems

in Qp(
√

2). Since σ(a) = a for all a ∈ Qp, we have that f(σ(α)) = σ(f(α)),
where α ∈ Qp(

√
2) and f is a polynomial with p-adic coefficients. This is

obviously also true for the identity automorphism id. If a and b are p-adic
numbers, then

f(a − b
√

2) = f(σ(a + b
√

2)) = σ(f(a + b
√

2)).

Hence, if f(a + b
√

2) = c + d
√

2, where c and d are p-adic numbers, then
f(a − b

√
2) = c − d

√
2.

Example 3.2. Consider the dynamical system induced by the polynomial
f(x) = x3 + x2 − x − 2. This dynamical system has the fixed points −1
and ±√

2. Set ε =
√

2. We are going to study this dynamical system over
the finite field extension E = Qp(ε) over Qp. Let e denote the ramification
index of E over Qp and ρ = p−1/e. Then B−

1 (x) = Bρ(x). We have by
Lemma 3.9 that Qp(ε) = Qp if and only if 2(p−1)/2 ≡ 1 (mod p). First,
we determine the type of the fixed points by using the derivative of f , see
Theorem 3.1 on page 16. This gives us that

|f ′(α)|p = |3α2 + 2α − 1|p =

{
0 if α = −1,
p−vp(5±2ε) if α = ±ε.

Hence, −1 is an attractor for all prime numbers p. If E �= Qp, then by
Example 2.1 on page 9 vp(5 ± 2ε) = vp(17)/2 = 0, because in this case p
can not be equal to 17 since 17 ≡ 1 (mod 8).

Suppose that p is a prime number such that E = Qp. Then |5+2ε|p ≤ 1.
Let q0 be the coefficient of 1 in the p-adic expansion of ε. Then we have
that q2

0 ≡ 2 (mod p). Moreover, |5 + 2ε|p < 1 if and only if p | 5 + 2q0.
Hence, for some integer k have we that

8 ≡ (2q0)2 = (pk − 5)2 ≡ 25 (mod p),

and this congruence is valid only if p = 17. If p = 17, then q0 = 6 and
5+2q0 = 17 and 5+2(p−q0) = 27. Therefore |5+2ε|17 < 1 and |5−2ε|17 = 1.
Thus, ε is attractive when p = 17 and indifferent otherwise, and the fixed
point −ε is indifferent for all primes p.

Consider the fixed point −1 and let x = γ − 1, that is x ∈ S|γ|p(−1).
After one iteration the distance between f(x) and −1 is

|f(γ − 1) − (−1)|p = |γ|2p|γ − 2|p. (3.3)

If |γ|p > 1, then |γ − 2|p = |γ|p, by the isosceles triangle principle, and
it follows from (3.3) that |fn(x) + 1|p → ∞ as n → ∞. So the basin of
attraction for −1 is a subset of B1(−1). If |γ|p < 1 for odd primes p, then
|γ−2|p = 1, and fn(x) → −1 as n → ∞. In the case |γ|2 < 1 when p = 2, we
have three subcases, since |2|2 = 1/2 and E is a totally ramified extension
of Q2, for example is v2(2 + ε) = v2(2)/2 = 1/2.

(a) If |γ|2 < 1/2, then |γ − 2|2 = 1/2, and it follows from (3.3) that
fn(x) → −1 as n → ∞.
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3.3 Non-Monomial Dynamical Systems

(b) If |γ|2 = 1/2, then |γ − 2|2 ≤ 1/2 and |f(x) + 1|2 ≤ 1/8 < 1/2.
(c) If |γ|2 = 1/

√
2, then |γ − 2|2 = 1/

√
2 and |f(x)+1|2 = 1/(2

√
2) < 1/2.

Hence, if x ∈ S1/2(−1) or x ∈ S1/
√

2(−1), then f(x) ∈ B−
1/2(−1) and

therefore fn(x) → −1 as n → ∞, by (a) above. Hence, B−
1 (−1) ⊆ A(−1)

for all prime numbers p. If |γ|2 = 1, then |γ − 2|2 = 1 and (3.3) gives that
the sphere S1(−1) is invariant and it follows that A(−1) = B1/

√
2(−1). If

|γ|p = 1 when p is odd, then |γ − 2|p ≤ 1. Thus, |f(γ − 1) + 1|p ≤ 1 and it
is possible that there exists elements in S1(−1) which are attracted to −1.

Next we find the elements in S1(−1), for odd prime numbers p, which
are attracted to −1. In the rest of this example we are going to use the
notation p = B−

1 (0), see the last paragraph of section 2.3 on page 10. Then
B−

1 (α) = α + p, and therefore the collection of sets a + b
√

2 + p where
a, b ∈ Fp is a finite partition of B1(0). Here Fp denote the finite field of p
elements. Let x be an element in S1(−1). Then x can be written on the
form α+β, where α = a+b

√
2 �= p−1, a, b ∈ Fp and β ∈ p. Since γ = x+1,

we have that |γ − 2|p = |α − 1 + β|p < 1 if and only if α = 1. After one
iteration of f , the elements in 1 + p are mapped into −1 + p. Hence, the
elements in the set 1 + p are attracted to −1.

To find all the elements in S1(−1) which are attracted to −1, we have
to consider each prime separately. We shall study the ten first primes.
But before we do that we shall study the other two fixed points ε and −ε,
simultaneously. Let x = γ±ε. After one iteration the distance between f(x)
and ±ε is

|f(γ ± ε) ∓ ε|p = |γ|p|γ(γ + 1 ± 3ε) + 5 ± 2ε|p.
By using the same technique as above we find again that p = 17 is an
exception, where |1+3ε|17 = 1 and |1−3ε|17 < 1. For all other primes p we
have that |1 ± 3ε|p = 1. Let p = 17, then in the same way as for the fixed
point −1 in the case p = 2 we get that B−

1 (ε) ⊂ A(ε) and B−
1 (−ε) ⊂ Si(−ε).

Now, let p �= 17. If |γ|p < 1, then |γ + 1 ± 3ε|p = 1 and therefore is

|γ(γ + 1 ± 3ε) + 5 ± 2ε|p = 1,

and it follows that |f(γ±ε)∓ε|p = |γ|p. Hence, the sets Sr(±ε), where r < 1,
are invariant and then the open balls B−

1 (±ε) are Siegel disks. Further, if
|γ|p > 1, then |γ + 1 ± 3ε|p = |γ|p and

|γ(γ + 1 ± 3ε) + 5 ± 2ε|p = |γ|2p.
Consequently |f(γ ± ε)∓ ε|p = |γ|3p. Hence, the elements outside of B1(±ε)
are repelled from ±ε. If |γ|p = 1, then |γ(γ +1±ε)|p ≤ 1 and it follows that
|f(γ ± ε) ∓ ε|p ≤ 1. So it is possible that there exists elements in S1(±ε)
which after one iteration maps into the open ball B−

1 (±ε). If that is the
case, then Si(±ε) = B−

1 (±ε), otherwise Si(±ε) = B1(±ε).
Since p = B−

1 (0) is maximal ideal in P = B1(0), the factor ring P/p is a
field, namely Fp2 . Hence, the addition of cosets defined by

(α + p) + (β + p) = (α + β) + p
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and the product of two cosets defined by

(α + p) · (β + p) = (αβ) + p,

are well-defined for all α, β ∈ P. It follows that f(α + p) = f(α) + p, for all
α ∈ P. Further, the only primes among the ten first primes when E = Qp

are p = 7, 17 and 23. Also, note that −ε ∈ (p − 1)ε + p.

p = 2 We have already found the basins of attraction and the Siegel disks
in this case. But let us establish some interesting properties of these
sets. From −1 = 1 + 1 · 2 + 1 · 22 + · · · it follows that −1 ∈ Bρ(1),
where ρ = 1/ε. Further, p − 1 = 1 implies −ε ∈ Bρ(ε). Moreover,
since

|ε|2 = 2−v2(ε) = 2−v2(−2)/2 =
1√
2
,

we have that ε ∈ Bρ(0) and B1(0) = p∪1+p. Hence, S1(±ε) = Bρ(1),
A(−1) = Bρ(1) and Si(±ε) = B1(0). Thus, the closed ball B1(0) is
indifferent under f for both ε and −ε.

p = 3 We have nine cosets of p, so it is easy to calculate each map under f .
For example, 2 + 2ε + p maps after one iteration into 1 + 2ε + p and
after one more iteration into 1 + p. Hence, 2 + 2ε + p ⊂ A(−1). We
find that

A(−1) =
⋃

α�=±ε

Bρ(α),

where α = a + bε and a, b ∈ F3. We also find that the elements in
Bρ(±ε) are the only elements which map into Bρ(±ε), respectively
and therefore is Si(±ε) = B1(±ε). We can also view this graphically
by using a directed graph in a finite point lattice, see Figure 3.1(a) on
the facing page. Here the node with coordinates (a, b) corresponds
to the set a + bε + p, where a and b are elements of Fp.

p = 5 From Figure 3.1(b) on the next page it follows that

A(−1) =
⋃

α∈C5

Bρ(α) and Si(±ε) = B1(±ε),

where C5 = {0, 1, 2, 3, 4, 3 + 2ε, 3 + 3ε}.
p = 7 In this case ε is an element in Q7, since 7 ≡ −1 (mod 8). Further,

we have that ε ∈ 3 + p and −ε ∈ 4 + p, since 32 ≡ 42 ≡ 2 (mod 7).
Here p = 7Z7 and P/p = Z7/7Z7 � F7. From Figure 3.1(c) on the
facing page it follows that

A(−1) = Bρ(−11) ∪ Bρ(1) ∪ Bρ(2),
Si(ε) = Bρ(ε) and Si(−ε) = B1(−ε) = Z7.

The basin of attraction and the Siegel disks for the next six primes, 11, 13,
17, 19, 23 and 29, can be found in the same way. The results are listed in
Table 3.2 on the next page. In Section 5.1 on page 51 we explain how the
results in Table 3.2 were calculated. ♦
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3.3 Non-Monomial Dynamical Systems

(a) p = 3. (b) p = 5.

(c) p = 7.

Figure 3.1: Directed graphs for the iterations of
f(x) = x3 + x2 − x − 2 in P/p, when p = 3, 5 or 7.
For more details see Example 3.2.

Example 3.3. Let f(x) = x4 + 3x2 + x + 2, α =
√−1 and β =

√
2.

We shall study this dynamical system in the field extension Qp(α, β)/Qp,
since the fixed points are ±α and ±αβ. Moreover, f ′(±α) = 1 ± 2α and
f ′(±αβ) = 1 ∓ 2αβ.

First, consider the fixed points ±αβ. Since the valuation of 1± 2αβ does
not depend on the field extension, we can use the field Qp(αβ) instead.
Let p be a prime number such that both α and β are elements in Qp. In
this case let α0 and β0 denote the coefficient of 1 in the p-adic expansion
of α and β, respectively. Then |1 ± 2αβ|p < 1 if and only if p | 1 ± 2α0β0.
This gives us the following congruence:

−4 ≡ (±2α0β0)2 = (pk − 1)2 ≡ 1 (mod p),

for some integer k. So p has to be equal to 5, to fulfill the congruence. But

p Sets p Sets

11 A(−1) = Bρ(1) ∪ Bρ(10) 19 A(−1) =
⋃

α∈C19
Bρ(α)

Si(±ε) = Bρ(±ε) Si(±ε) = B1(±ε)

13 A(−1) = Bρ(1) ∪ Bρ(12) 23 A(−1) = Bρ(1) ∪ Bρ(22)
Si(±ε) = B1(±ε) Si(±ε) = Bρ(±ε)

17
A(−1) = Bρ(1) ∪ Bρ(16) 29 A(−1) =

⋃
α∈C29

Bρ(α)
A(ε) = Bρ(ε) ∪ Bρ(4) Si(±ε) = Bρ(±ε)
Si(−ε) = B1(−ε)

Table 3.2: Basins of attraction and Siegel disks of the dynamical
system given by the polynomial f(x) = x3+x2−x−2 in Example 3.2.
Where C19 = {1, 9, 18, 14 + 5

√
2, 14 + 14

√
2} and C29 is a set which

contains 265 elements.
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Cases

Fixed point Prime numbers Type
√−1

p �= 5 indifferent
p = 5 attractive

−√−1 all indifferent

±√−2
p �= 3 indifferent
p = 3 attractive

Table 3.3: Summary of the results in Exam-
ple 3.3.

this is impossible since β �∈ Q5. For the three other cases either α or β is not
an element in Qp, we have that [Qp(αβ) : Qp] = 2. Then, by Example 2.1 on
page 9, the norm 1±2αβ is equal to 12−(2αβ)2 = 1+23 = 9, since α2 = −1
and β2 = 2. Hence, |1 ± 2αβ|p = 1 if p �= 3, and |1 ± 2αβ|3 < 1. Therefore
±αβ are attractors when p = 3 and indifferent otherwise.

Next we consider the fixed points ±α. If p = 2 or p ≡ 3 (mod 4), then
vp(1 ± 2α) = vp(5)/2, so |1 ± 2α|p = 1, since 5 �≡ 3 (mod 4). Hence, for
prime numbers p such that p = 2 or p ≡ 3 (mod 4) the fixed points ±α are
indifferent. If p ≡ 1 (mod 4), then |1 ± 2α|p ≤ 1. Here it is possible that
the fixed points ±α are either attractors or indifferent. Again let α0 be the
coefficient of 1 in the p-adic expansion of α. If p divides 1 + 2α or 1 − 2α,
then

−4 ≡ (2α)2 = (pk − 1)2 ≡ 1 (mod p),

for some integer k. The only prime number p which satisfies this is 5. Then
it follows from Example 2.2 on page 13 that α is an attractor and −α is
indifferent when p = 5. In Table 3.3 the results are summarized. ♦

26



Chapter 4

Dynamical Systems over Finite Fields

Let p be a prime number and E a finite field extension of Qp of degree n,
with ramification index e. Further, let P = B1(0) and p = B−

1 (0) in E.
Then P/p � Fpf , where f = n/e, see section 2.3 on page 10. Thus, instead
of studying dynamical systems over E, it makes sense to study dynamical
systems over finite fields. The major difference is that we do not have a
metric, apart from the trivial one, in a finite field.

Let f(x) ∈ Z[x] be a monic polynomial of degree greater than 1. The
Möbius function μ is defined as μ(1) = 1 and μ(n) = 0 if n has a square
factor, otherwise μ(n) = (−1)k, where k is the number of distinct prime
numbers that divide n. Let r be a positive integer and define

Φr,f (x) =
∏
d|r

(
fd(x) − x

)μ(r/d)
. (4.1)

If f(x) ∈ F [x], then Φr,f (x) ∈ F [x] for all r and any field F . Hence, Φr,f (x)
is always a polynomial, if f(x) is a polynomial over a field. The degree of
the polynomial Φr,f (x) is given by

deg Φr,f =
∑
d|r

μ(r/d)(deg f)d.

For proofs of statements above see Morton and Patel [38].
Example 4.1. Let f(x) = x2 − 1. Then

Φ2,f (x) =
f2(x) − x

f(x) − x
=

x4 − 2x2 − x

x2 − x − 1
= x2 + x.

and
Φ3,f (x) = x6 + x5 − 2x4 − x3 + x2 + 1.

Further, deg Φ4,f = 12, deg Φ5,f = 30 and deg Φ6,f = 54. ♦
In section 5.2 on page 54 we explain how to implement the polynomial

Φr,f (x) in Mathematica and GP/Pari.
Let R be a ring. If there exists a positive integer n such that na = 0

for all a ∈ R, then the least such positive integer is the characteristic of
the ring R and is denoted char R. If no such positive integer exists, then
we write char R = 0. The characteristic of a finite field is always a prime
number.
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Theorem 4.1 (Theorem 2.4 in Morton and Patel [38]). Let F be a
field and f(x) ∈ F [x]. Then the following are true:

(a) If char F � | r, then the formula∏
d|r

Φd,f (x)

gives the factorization of fr(x) − x in F [x].

(b) If α is periodic point of order r of f , then Φr,f (α) = 0.

(c) If char F � | r, α is a periodic point of order m of f , where m < r and
Φr,f (α) = 0, then (x − α)2 | Φr,f (x).

(d) If char F � | r and (x − α) is multiple factor of fm(x) − x for m < r,
then (x − α) � | Φr,f (x).

Hence, if the polynomial Φr,f (x) is separable over F , i.e., if it has no
multiple roots, then the zeros of Φr,f (x) are all the periodic points of order r
of f . For more about the properties of Φr,f see also Batra and Morton [5, 6],
and Vivaldi and Hatjispyros [62].

Let g(x) ∈ Z[x] and p a prime number. Define L(g, p) to be the number
of linear factors of the polynomial g(x) modulo p counting the multiplicity,
that is, the number of linear factors we get when we factorize g(x) as an
element in Fp[x]. Further, define the average function

I(g) = lim
m→∞

1
m

∑
p≤m

L(g, p),

where the sum is taken over all prime numbers p less than or equal to m.
Let f(x) ∈ F [x], where F is a field. The discriminant disc f of the

polynomial f , is defined as the product
∏

i<j(αi − αj)2, where α1, . . . , αn

are the zeros of f(x) in some splitting field of f(x) over F . Hence αi �= αj ,
when i �= j, if and only if disc f �= 0.

Theorem 4.2 (Marcus [36]). Let g(x) ∈ Z[x]. Then g(x) has simple
roots modulo p for all but finitely many primes p, namely the divisors of the
discriminant disc g.

4.1 Computation of Galois Groups
Let E/F be a finite field extension and Aut(E/F ) the set of automorphisms
on F which fix F . Actually, Aut(E/F ) is group under composition. If
the number of elements in Aut(E/F ) is equal to the degree of E/F , then
Aut(E/F ) is called the Galois group of E/F and it is denoted Gal(E/F ).

Let f(x) ∈ F [x] and let E be the splitting field of f(x) over F . This
means that E is the smallest field which contain all zeros of f(x). If every
irreducible factor of f(x) over F has no multiple zeros, that is, if f(x) is
separable over F , then Gal(E/F ) is also called the Galois group of f(x)

28



4.1 Computation of Galois Groups

over F and denoted Gal(f). If f(x) ∈ F [x] is irreducible over F , then the
automorphisms in Aut(E/F ) permute the zeros of f(x), that is, if α ∈ E is
a zero of f(x) and if σ ∈ Aut(E/F ), then σ(α) is also a zero of f(x).

Let f(x) ∈ Z[x]. One way to calculate the average I(Φr,f ) is to find the
Galois group of Φr,f (x) over Q and then use Chebotarev’s Density Theorem,
see Theorem 4.6 on the next page.

Let G be a group, where the binary operation is denoted multiplicatively,
and let A be a non-empty set. An action of G on A is a map from G × A
to A, given by (g, a) �→ g.a, such that

(a) e.a = a for all a ∈ A, where e is the identity element in G,

(b) (g1g2).a = g1.(g2.a) for all a ∈ A and all g1, g2 ∈ G.

The notation g(a) will also be used instead of g.a.

Theorem 4.3. Let A be a non-empty set and G a group which acts on A.
For each element g in G, the function σg : A → A defined by σg(a) = g.a is
a permutation of A.

Let A be a non-empty set and G a group acting on A. A group action
of G on A is called transitive if there for each a1, a2 ∈ A exist an element
g ∈ G such that g.a1 = a2. Let A be a finite set and G a group acting on A.
If x ∈ A, then the orbit of x is the set

Ga = {b ∈ A : b = g.a for some g ∈ G}.
If the group action of G on A is transitive, then Ga = G for all a ∈ A. The
set of orbits is a partition if A, that is, they are equivalence classes. The
stabilizer Ga of a is the set of all g ∈ G which leave a fixed. The stabilizer
is a subgroup of G.

Theorem 4.4. Let G be a group acting on the set non-empty A and let a
be an element in A. Then |Ga| · |Ga| = |G|.

Let g ∈ G and define A〈g〉 = {a ∈ A ; g.a = a}. Thus, A〈g〉 is the set of
all elements in A which are fixed under g.

Theorem 4.5 (Burnside’s Lemma). Let G be a finite group and A a
finite non-empty set, on which G acts. The number of orbits in A under G
is equal to

1
|G|

∑
g∈G

∣∣A〈g〉∣∣.
This is also known as Cauchy-Frobenius Lemma, see Weisstein [64].

Let A = G and let G acts on A by g.a = ga, for each g ∈ G and a ∈ A.
This gives a group action of G on itself, where each fixed g ∈ G permutes
the elements of G by left multiplication. Hence, we have a permutation
representation of the group G, often called the left regular representation.

A cycle (a1, a2, . . . , an), where n ≥ 1, is the permutation which maps ai

to ai+1, for 1 ≤ i ≤ n − 1, and maps an to a1. If the permutation sends an
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element a to itself, then the corresponding cycle is (a). Every permutation
of a finite set A can be written as a product of disjoint cycles of the form

(a1, a2, . . . , an1)(an1+1, an1+2, . . . an2) · · · (ank−1+1, ank−i+2, . . . , ank
),

where ai �= aj when i �= j. This product is called the cycle decomposition
of the permutation. The length of a cycle is the number of elements in it. If
n1, n2, . . . , nk is the length of the cycles in a permutation σ of the elements
in A and if A contain n elements, then n1, n2, . . . , nk is a partition of n.
If ni ≥ nj , when i < j, then the k-tuple (n1, n2, . . . , nk) is called the cycle
pattern of the permutation σ.
Example 4.2. Let A = {1, 2, 3, 4, 5, 6, 7} and

σ =
(

1 2 3 4 5 6 7
6 5 1 4 2 3 7

)
,

that is, σ(1) = 6, σ(2) = 5, and so on. Then the cycle decomposition of σ
is (1, 6, 3)(2, 5)(4)(7) and hence the cycle pattern of σ is (3, 2, 1, 1). ♦

We say that the group G is acting on itself by conjugation if the action
is given by the map g.a �→ gag−1, for all elements g and a of G. An orbit
of G acting on itself by conjugation is called a conjugacy class of G.

Before we can formulate the Chebotarev’s Density Theorem, we also have
to introduce the concept of density of a set of prime numbers. Let P be the
set of all prime numbers and let S ⊆ P. If the limit

δ(S) = lim
s→1+

(∑
p∈S

1
ps

)(∑
p∈P

1
ps

)−1

exists, then the set S say have analytic (or Dirichlet) density δ(S). By the
definition it follows that δ(P) = 1 and if S is finite then δ(S) = 0, since the
series

∑
p∈P 1/p diverges. Hence, if δ(S) exists, then 0 ≤ δ(S) ≤ 1. The set

S ⊆ P is said ot have natural density if the limit

D(S) = lim
x→∞

|{p ∈ S : p ≤ x}|
|{p ∈ P : p ≤ x}|

exists. If D(S) exists, then δ(S) also exists and D(S) = δ(S). The converse
is false. The following two theorems are true for both types of densities.
Theorem 4.6 (Chebotarev’s Density Theorem). Let f(x) ∈ Z[x] be
a monic polynomial such that disc f �= 0. Let C be a conjugacy class of the
Galois group G of f . Then the set of primes p not dividing disc f for which
the Frobenius substitution σp belongs to C has a density, and this density
is |C|/|G|.

We exclude the definition of Frobenius substitution mentioned in previous
theorem since it is rather complicated and we are not going to use this theo-
rem directly. Instead we will use a theorem by Frobenius, which is a special
case of Chebotarev’s Density Theorem. A complete proof of Theorem 4.6
can be found in Ribenboim [47].
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4.1 Computation of Galois Groups

Theorem 4.7 (Theorem of Frobenius). Let f(x) ∈ Z[x] and assume
that f(x) is monic and that disc f �= 0. Let G be the Galois group of f
over Q. Then the density of the set of primes for which f has a given de-
composition type n1, . . . , nt exists, and it is equal to 1/|G| times the number
of elements in G with cycle pattern (n1, . . . , nt).

An interesting article about Chebotarev and these two theorems can be
found in Stevenhagen and Lenstra [54]. An other special case of Cheb-
otarev’s Density Theorem is Dirichlet’s Theorem on prime numbers in arith-
metic progressions: Let n be a positive integer. Then for each integer a,
relatively prime with n, the set of all prime numbers p with p ≡ a (mod n)
has density 1/φ(n). Here φ(n) denotes Euler’s phi-function, that is, φ(n)
is the number of all positive integers m less than or equal to n for which
gcd(m,n) = 1.

Let us describe how to use Theorem 4.7, see also Pohst and Zassen-
haus [46] and Dummit and Foote [15]. Let h(x) ∈ Z[x] be a monic and
separable polynomial over Q. Set Ph = {p ∈ P : p � | disch}. Let m be a
large positive integer. For each prime number p ∈ Ph, such that p ≤ m,
factorize h(x) modulo p:

h(x) ≡ h1(x) · · ·hk(x) (mod p),

where the hi are distinct monic irreducible polynomials in Z[x]. For each
such factorization note the partition

deg h = deg h1 + · · · + deg hk.

Assume that n1 ≥ · · · ≥ nk and let A({n1, . . . , nk},m) be number of the
times we get the partition

deg h = n1 + · · · + nk,

for all primes p ∈ Ph such that p ≤ m. Let π(m) be the number of prime
numbers which are less than or equal to m. If m → ∞, then

1
π(m)

A({n1, . . . , nk},m)

converges to the frequency of permutations of the cycle pattern (n1, . . . , nk)
in the Galois group of the polynomial h(x), considered as a subgroup of Sn

by left regular representation, where n = deg h.
In the following examples we have in some calculation used the software

GP/Pari, for details see Section 5.2 on page 54.

Example 4.3. Let f(x) = x4 + x − 2. Then Φ1,f (x) = x4 − 2, and the
discriminant is disc Φ1,f = −211. Hence, we only have to exclude the prime 2
from our calculation. For instance

Φ1,f (x) ≡ (x2 + 6)(x2 + 11) (mod 11).
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4 Dynamical Systems over Finite Fields

and
Φ1,f (x) ≡ (x2 + 8)(x + 5)(x + 16) (mod 31).

Hence, the degree of the factors are {2, 2} and {2, 1, 1} when p is equal to 11
and 31, respectively. If we factorize Φ1,f (x) modulo p when p runs through
the first 1000 primes, except 2, then we get the following result:

The degree of the factors Amount Frequency

{4} 254 .254
{2, 2} 376 .376
{2, 1, 1} 253 .253
{1, 1, 1, 1} 117 .117

The dihedral group D4 is given by the symmetries of the square, and its
elements written as permutations are

(1, 2, 3, 4), (1, 4, 3, 2), (1, 2)(3, 4), (1, 3)(2, 4),
(1, 4)(2, 3), (1, 3)(2)(4), (2, 4)(1)(3), (1)(2)(3)(4).

If we count the number of permutations in D4 of each type of cycle decom-
position we get the following:

Cycle pattern Amount Frequency

(4) 2 .25
(2, 2) 3 .375
(2, 1, 1) 2 .25
(1, 1, 1, 1) 1 .125

This is close to the result of counting the number of corresponding factoriza-
tion of Φ1,f (x). Hence, the Galois group of Φ1,f (x) is probably D4. Further,
the permutations which are connected to the linear factors of Φ1,f (x) are
these of type (2, 1, 1) or (1, 1, 1, 1). This gives us that

I(Φ1,f ) = 2 · 1
4

+ 4 · 1
8

= 1.

The word “probably” above is due to the fact that the convergence when
calculating the density is very slow. More about this in section 4.2. ♦
Example 4.4. Let f(x) = x2. Then

Φ3,f (x) = x6 + x5 + x4 + x3 + x2 + x + 1

and disc Φ3,f = (−1) · 75. Since Φ3,f (x) is the 7th cyclotomic polynomial
its Galois group is isomorphic to (Z/7Z)∗, see for example Morandi [37].
Factoring Φ3,f (x) modulo p for the first 1000 primes p, excluding 7, gives:

The degree of the factors Amount Frequency

{6} 339 .339
{3, 3} 330 .33
{2, 2, 2} 166 .166
{1, 1, 1, 1, 1, 1} 165 .165
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4.1 Computation of Galois Groups

By using the left regular representation of the elements in (Z/7Z)∗ we see
that the result in the table above is close to the frequency of the cycle
decomposition of the elements in (Z/7Z)∗. Since the left regular represen-
tation of the elements in a group is an action on the group itself and the
identity in (Z/7Z)∗ is the only element which, under this action, has fixed
points, we have that I(Φ3,f ) = 1. ♦
Example 4.5. Let f(x) = x2 − 2. Then

Φ3,f (x) = (x3 + x2 − 2x − 1)(x3 − 3x + 1)

and disc Φ3,f = 34 · 72. Factoring Φ3,f (x) modulo p for the first 1000
primes p, excluding 3 and 7, gives:

The degree of the factors Amount Frequency

{3, 3} 446 .446
{3, 1, 1, 1} 443 .443
{1, 1, 1, 1, 1, 1} 111 .111

We can conclude that the Galois group of Φ3,f (x) is a group of nine elements.
Probably Gal(Φ3,f ) = C3 ×C3 since it is the only subgroup of S6 with nine
elements. The second possible group C9 can we exclude since it contains
elements of order 9, which S6 does not. Remember that Gal(Φ3,f ) is a
subgroup of S6. Hence, we have that I(Φ3,f ) = 3 · 4/9 + 6 · 1/9 = 2. ♦
Example 4.6. Let f(x) = x2 + 1. Then

Φ3,f (x) = x6 + x5 + 4x4 + 3x3 + 7x2 + 4x + 5

and disc Φ3,f = (−1) ·34 ·113. Factoring Φ3,f (x) modulo p for the first 1000
primes p, excluding 3 and 11, gives:

The degree of the factors Amount Frequency

{6} 344 .344
{3, 3} 223 .223
{3, 1, 1, 1} 223 .223
{2, 2, 2} 158 .158
{1, 1, 1, 1, 1, 1} 52 .052

Hence, the Galois group Gal(Φ3,f ) probably contains 18 elements. There are
five groups of cardinality 18: C18, C6 ×C3, D9, D3 ×C3 and D3 ×ϑ D3. We
can directly exclude the two groups C18 and D9, since they contain elements
of order 9, and therefore they are not subgroups of S6. The elements in the
remaining groups are only of order 1, 2, 3 and 6. But the group C6 × C3

contains only one element of order 2, which is at least two elements too
few, and the group D3 ×ϑ D3 contains no elements of order 6. Hence,
Gal(Φ3,f ) = D3 × C3, and I(Φ3,f ) = 1, by the same calculations as in
previous examples. ♦
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4 Dynamical Systems over Finite Fields

Remark. Let G and H be groups with normal subgroups K and N , re-
spectively, such that there is an isomorphism ϑ : G/K → H/N . Then the
pullback G ×ϑ H is the subgroup of G × H of elements (g, h) which satisfy
ϑ(gK) = hN (see for instance Humphreys [19]). In Example 4.6 is ϑ the
identity automorphism on the quotient D3/D′

3.
In the last example we where lucky, since all the groups of cardinality 18

have different numbers of cycle patterns and it is therefore easy to find the
Galois group of Φ3,f . But it is known that there exists infinitely many
examples of non-isomorphic groups of the same cardinality, such that they
contain the same number of elements of all cycle pattern. Hence, in general
the use of the Theorem of Frobenius to determine the Galois group of a
polynomial is not practical.

4.2 Convergence in The Computation
of Galois Groups

As mention in Example 4.3 on page 31 the convergence in the theorem by
Frobenius is slow. In this section we will, by examples, study how bad the
situation is and give a solution by using the dynamics of f .

Example 4.7. Let f(x) = x2 − 2. Then

Φ(x) = Φ3,f (x) = x6 + x5 − 5x4 − 3x3 + 7x2 + x − 1

and Gal(Φ) is a subgroup of the symmetric group S6. As in the examples
in the previous section we factorize Φ modulo prime numbers and note the
degree of the factors. But this time we do it for more than 1000 prime
numbers, namely the first 500 000, except 3 and 7 since disc Φ = 34 ·72. For
these prime numbers we get three kinds of factorizations:

{3, 3}, {3, 1, 1, 1} and {1, 1, 1, 1, 1, 1}.
Let d(n) denote the frequency of the factorization type {3, 3} after factor-
izing Φ modulo the n first prime numbers. Then we have that

10−5 < |d(500 000) − d(499 999)| < 10−4,

this indicates that the convergence is slow. See also Figure 4.1 on the facing
page. ♦

In the previous example at least the number of different factorizations
types stabilized fast. But in general we can not be sure that we quickly
can get all the possible factorizations and therefore we have to factorize the
polynomial Φr,f (x) modulo a large number of prime numbers in order to
find the Galois group of Φr,f .

Example 4.8. Let f(x) = x3 + x − 1. Then Φ3,f (x) is a polynomial of
degree 24. Factorizing Φ3,f (x) modulo the first 1000 prime numbers gives
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250000 500000

0.444

0.445

0.446

(a) {3, 3}.

250000 500000

0.444

0.446

0.448

(b) {3, 1, 1, 1}.

250000 500000

0.109

0.111

0.112

(c) {1, 1, 1, 1, 1, 1}.

Figure 4.1: The frequency of the different factorization types in Exam-
ple 4.7 for the first 500 000 prime numbers.

us 89 different factorization types. After 1 000 more iterations we get 12
additional factorizations types. At regular intervals the number of factor-
ization types increase, for example after the first 100 000 prime numbers we
have 114 different factorizations types. ♦

Elementary properties of Galois groups and the dynamics of f gives us a
method to exclude these factorization types which are not possible. Let r
be a positive integer and f(x) a polynomial with integer coefficients. Let
Φ(x) = Φr,f (x) and G = Gal(Φr,f ). By Theorem 4.1 on page 28 the periodic
points of order r of f are zeros of Φ(x). The zeros of fr(x) − x is all the
periodic points of an order which divides r. Hence, if s is an integer less
than r which not divides r, then a periodic point of order s of f can not be
a zero of Φ(x), since Φ(x) is a factor of fr(x) − x.

Let α1, . . . , αr be periodic points of order r of f , such that f(αi) = αi+1

and f(αr) = α1, for i = 1, . . . , r − 1, that is, (α1, . . . , αr) is a cycle of α1.
Let σ ∈ G. Then σ is an automorphism of the splitting field E of Φ(x) over
the field of rational numbers. Hence, σ is an isomorphism onto E itself,
that is, σ(αβ) = σ(α)σ(β) and σ(α+β) = σ(α)+σ(β) for all α and β in E.
Further, if a ∈ Q, then σ(a) = a. By the properties of σ we have that

f(σ(αi)) = σ(f(αi)) = σ(αi+1) (4.2)

and f(σ(αr)) = σ(α1). Hence, σ permutes the cycles of f . Let g(x) be an
irreducible polynomial which is a factor of Φ(x). If α is a zero of g(x), then

g(σ(α)) = σ(g(α)) = σ(0) = 0,

35



4 Dynamical Systems over Finite Fields

that is, σ permutes the zeros of g(x). By using these observations we can
exclude impossible factorization types of Φ(x). We illustrate this with an
example.

Example 4.9. Let f(x) be the polynomial i Example 4.7. Then

Φ(x) = Φ3,f (x) = (x3 − 3x + 1)(x3 + x2 − 2x − 1).

Let σ ∈ Gal(Φ). Since σ permutes the zeros of the irreducible polynomials
which are factors of Φ(x), we see that it is impossible to get a factorization
of Φ(x) with one factor of degree greater than 3.

In Example 4.7 we get linear factors, but is it possible to get factor of
second degree? Let α1, . . . , α6 be the zeros of Φ(x). They are all different
since disc Φ = 3939 �= 0. The elements αi are periodic points of order 3
of f . Let (α1, α2, α3) and (α4, α5, α6) be the two cycles.

Assume that σ ∈ G corresponds to a factorization of Φ(x) with a factor of
second degree. Then σ(αi) = αj and σ(αj) = αi, for some integers i and j.
If αi and αj are contained in different cycles, then

σ(αi+1) = σ(f(αi)) = f(σ(αi)) = f(αj) = αj+1

and analogously we get that σ(αj+1) = αi+1. In same way we found that σ
maps αi+2 to αj+2 and vice versa. Hence, in this case σ corresponds to the
factorization type {2, 2, 2}. But that is impossible since Φ(x) is a product
of two irreducible polynomials of degree 3.

Suppose that αi and αj belongs to the same cycle and let αk be the third
element i that cycle. Assume without loss of generality that f(αi) = αk.
As we have seen above, σ(αk) can not belong to the other cycle, since that
should imply that also σ(αi) and σ(αj) belong to the other cycle. Therefore
must σ(αk) = αk. But

αk = f(αi) = f(σ(αj)) = σ(f(αj)) = σ(αi) = αj ,

which is impossible. Hence, αi and αj can not belong to the same cycle and

{3, 3}, {3, 1, 1} and {1, 1, 1, 1, 1, 1}
are the only possible factorization types of Φ(x). ♦

4.3 Number of Linear Factors
Let A be a set and G a group acting on A. Let A(n) be the number of
elements in G which have exactly n fixed points over A, and define

F(G, A) =
|A|∑
n=1

n · A(n)
|G| .

The function F can be regarded as the average of fixed points to an element
in G acting on A.
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Example 4.10. Let A = {1, 2, 3, 4} and G = D4. Define the action as
a �→ g(a), where g ∈ G and a ∈ A. Then

F(D4, A) =
4∑

n=1

n
A(n)

8
= 1 · 0

8
+ 2 · 2

8
+ 3 · 0

8
+ 4 · 1

8
= 1.

Compare the result with Example 4.3 on page 31. ♦
Theorem 4.8. Let A be a set and G a group acting on A. The number of
orbits in A under G is equal to F(G, A).

Proof. Let n be a positive integer. Then A(n) is the number of sets A〈g〉

such that |A〈g〉| = n. Hence

|A|∑
n=0

nA(n) =
∑
g∈G

∣∣A〈g〉∣∣,
and the theorem follows by Theorem 4.5.

Theorem 4.9. Let f(x) ∈ Z[x] be monic and separable, G the Galois group
of f(x) and A the set of zeros of f(x). Then I(f) = F(G, A), i.e. I(f) is
equal to the number of orbits in A under G.

Proof. It follows from Theorem 4.8 and the Theorem of Frobenius.

Corollary. If f(x) ∈ Z[x] is monic and irreducible, then I(f) = 1.

Proof. Since the Galois group G = Gal(f) of a monic irreducible polyno-
mial f(x), considered as a permutation group acting on the set A of roots
of f(x), is transitive, it follows that A contains only one orbit under G.
Hence, F(G, A) = 1, and the theorem follows by Theorem 4.9

Remark. We can also say how many times we will get a certain number of
linear factors modulo p of Φn,f (x). For instance, if Gal(Φn,f ) = D4 and
deg Φn,f = 4 then we can not get one linear factor, but we get two linear
factors one time out of four, see Examples 4.3 and 4.10.

4.4 The Monomial Case
Let n be a positive integer. In this section we will study iterations of the
monomial f(x) = xn ∈ F [x], where F = Q or F = Fp for p � | nr − 1. The
condition on p guarantees that there exist primitive (nr−1)st roots of unity
in the splitting field of xnr−1 − 1 over F . An element a is a primitive nth
root of unity if an = 1 and am �= 1 for 0 < m < n. For proofs of the results
in this section see Khrennikov, Nilsson and Nyqvist [21].

The nth cyclotomic polynomial Ψn(x) is defined as (x − α1) · · · (x − αk),
where αi are the primitive nth roots of unity. Note, that there are precisely
φ(n) primitive nth roots of unity, that is, k = φ(n).
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Lemma 4.10. Let r ≥ 2 be an integer. The polynomials Φr,f (x) over F
are products of cyclotomic polynomials Ψd. For r = 1 we have that

Φ1,f (x) = f(x) − x = x
∏

d|n−1

Ψd(x),

where the product is taken over all positive divisors d of n − 1.

Next theorem is an important results in elementary number theory, for a
proof see for instance Rosen [50].

Theorem 4.11 (Möbius Inversion Formula). Let f be a function de-
fined for all positive integers and let

F (n) =
∑
d|n

f(d),

where n is a positive integer and the sum is taken over all positive divisors
of n. Then, for alla positive integers n,

f(n) =
∑
d|n

μ(d)F (n/d),

where μ is Möbius function (see page 27).

Let g(x) ∈ F [x]. By T (g) we mean the number of irreducible factors in
the polynomial g(x) over F . For f(x) = xn ∈ F [x] we have that

T (fr(x) − x) =
∑
d|r

T (Φd,f (x))

and by Möbius Inversion Formula, Theorem 4.11, we get

T (Φr,f (x)) =
∑
d|r

μ(r/d)T (fd(x) − x).

Let m be a positive integer, by τ(m) we mean the number of positive divisors
of m.

Theorem 4.12. The number of irreducible factors of Φr,f (x) over Q is
given by

T (Φr,f (x)) =
∑
d|r

μ(r/d)(τ(nd − 1) + 1).

Observe that if r ≥ 2 we have that

T (Φr,f (x)) =
∑
d|r

μ(r/d)τ(nd − 1),

since
∑

d|r μ(r/d) = 0 if r ≥ 2. When the Galois group of a polynomial
Φr,f (x) is acting on the set of zeros of Φr,f (x), the number of orbits is equal
to the number of irreducible factors of Φr,f (x).
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Theorem 4.13. For r ≥ 2 we have that

I(Φr,f ) =
∑
d|r

μ(d)τ(nr/d − 1).

This formula we recognize from Khrennikov and Nilsson [20], where it
describes the mean value of the number of periodic points of order r of f(x)
in the p-adic fields.

Let f : Qp → Qp such that f : x �→ xn and let r be a positive integer.
Assume that p is a prime number such that p ≥ 3 and p � | nr − 1. Since the
zeros of Φr,f are roots of unity, we have the same number of zeros in Qp as
in Fp. Hence, we have the following theorem.
Theorem 4.14. The number of linear factors in Φr,f (x) when we factor-
ize over Qp is the same as the number of linear factors when we factorize
Φr,f (x) over Fp, for p � | disc Φr,f (x), p � | nr − 1 and p ≥ 3.

Therefore we can use Theorem 4.13 also when we factorize over Qp. This
is the same result as in Khrennikov and Nilsson [20]. See also Nilsson [40]
for a more probabilistic view of the number of periodic points of f(x) = xn

in the p-adic fields.

4.5 Linear Dynamical System
Let p be a prime number. In this section we are going to study the linearized
polynomial

f(x) = xp + ax ∈ Fp[x],
where a �= 0. If F is an arbitrary extension field of Fp, then

f(α + β) = f(α) + f(β) och f(bβ) = bf(β)

for all α and β in F an all b in Fp. Hence, the terminology linearized
polynomial is well motivated. For more about linearized polynomial see
Lidl and Niederreitter [31].

Let N(n, p, a) denote the number of different periodic points of f of an
order which divides n in the algebraic closure of Fp. Hence, N(n, p, a) is
equal to the number of different zeros of fn(x)− x. Let ordp(a) denote the
smallest positive integer c such that ac ≡ 1 (mod p).
Theorem 4.15 (Batra and Morton [5]). If ordp(a) | n, then fn(x) − x
is a pth power. Also, if gcd(n, p) = 1, then fn(x) − x = g(x)p, where g has
distinct zeros. If ordp(a) does not divide n, then fn(x)− x has no multiple
factors.

Hence,we have that N(n, p, a) = pn if ordp(a) � | n, that N(n, p, a) = pn−1

if ordp(a) | n and gcd(n, p) = 1, and that N(n, p, a) ≤ pn−1 if ordp(a) | n
and gcd(n, p) > 1. If x is a real number, then π(x) denote the number of
prime numbers less than or equal to x. Set

Aw(n, a, x) =
1

π(x)

∑
p≤x

1
pn

N(n, p, a),
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where the sum is taken over all prime numbers less than or equal to x. For
a proof of next theorem see for instance Apostol [3], Ellison and Ellison [16]
and Tenenbaum [58].

Theorem 4.16 (Prime Number Theorem).

lim
x→∞

π(x) log x

x
= 1,

Let g and h be two functions from R to R. If g(x)/h(x) → 1 as x → ∞,
then we say that g(x) is asymptotic to h(x) as x → ∞, and write g(x) ∼ h(x)
as x → ∞. Hence, the Prime Number Theorem says that π(x) ∼ x/ log x
as x → ∞. If g(x) > 0 for all x ≥ a, then we write f(x) = O(g(x)) to mean
that

|f(x)| ≤ Mg(x)

for some constant M and all x ≥ a.
Let a = −1. If n is odd, then N(n, p,−1) = pn since ordp(−1) = 2.

Therefore we have that

Aw(n,−1, x) =
1

π(x)

∑
p≤x

1 =
π(x)
π(x)

= 1.

If n is even, then N(n, p,−1) ≤ pn−1. The Prime Number Theorem gives
us that

Aw(n,−1, x) ≤ 1
π(x)

∑
p≤x

1
p

=
1

π(x)

(
log log x + C + O

(
1

log x

))
(∗)

∼ log x

x

(
log log x + C + O

(
1

log x

))

=
1
x

log x · log log x + C
log x

x
+ O

(
1
x

)
,

where C is the constant

1 − log log 2 +
∫ ∞

2

O(1)
t log2 t

dt.

For a proof of the equality (∗) and the form of C, see Theorem 4.12 in
Apostol [3]. Suppose that g and h is real-valued functions which satisfies
g(x) ∼ h(x) and h(x) → B as x → ∞, where B is finite, then

lim
x→∞ g(x) − h(x) = lim

x→∞h(x)
(

g(x)
h(x)

− 1
)

= B · 0 = 0.

Hence, it follows that Aw(p,−1, x) → 0 when x → ∞.
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Theorem 4.17. If a = 1, then Aw(n, a, x) → 0, as x → ∞. If a > 1, then
Aw(n, a, x) → 1, as x → ∞.

Proof. If a = 1, then ordp(a) = 1 and Aw(n, 1, x) → 0 as x → ∞, by the
same argument as in the case a = −1 and n even. Now, suppose that a > 1.
If p divides a, then f(x) = xp and fn(x) − x = xpn − x, which has no
multiple zeros. Hence, N(n, p, a) = pn in this case. Observe that ordp(a) is
not defined if p divides a. Therefore

∑
p≤x

1
pn

N(n, p, a) =
∑
p≤x
p|a

1 +
∑
p≤x

ordp(a)� |n

1 +
∑
p≤x

ordp(a)|n
gcd(n,p)=1

1
p

+
∑
p≤x

ordp(a)|n
gcd(n,p)>1

O

(
1
p

)
. (4.3)

The first and the fourth sum on the right hand side in (4.3) are finite. Also
the third sum is finite. To see this set c = ordp(a). We have that ac > p,
which is equivalent with log ac > log p, i. e.,

c >
log p

log a
= loga p.

Hence, for all primes p such that loga p > n we have that ordp(a) > n and
therefore also ordp(a) � | n. This proves that the third sum on the right hand
side in (4.3) is also finite. Then the second sum is infinite and therefore
asymptotic to π(x), which proves that Aw(n, a, x) → 1 as x → ∞.

In Theorem 4.17 we showed that the normalized mean value Aw(p, a, x)
has a limit when x tends to infinite. If we skip the weight 1/pn, then the
mean value is infinite. Let

A(p, a, x) =
1

π(x)

∑
p≤x

N(n, p, a),

where N(n, p, a) as before denotes the number of different periodic points
of f(x) = xp +ax of an order which divides n in the algebraic closure of Fp.

By the Prime Number Theorem, for all ε > 0 there exists a y = y(ε) > 0
such that ∣∣∣∣π(x) log x

x
− 1

∣∣∣∣ < ε,

for all x > y. Hence,

(1 − ε)
x

log x
< π(x) < (1 + ε)

x

log x
, (4.4)

for all x > y. The next theorem is needed for proving the searched asymp-
totic formula. For a proof see for instance Aposotol [3] or Tenenbaum [58].

Theorem 4.18 (Abel’s Identity). Let f be a function defined for all
positive integers and let

F (x) =
∑
n≤x

f(n),
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where F (x) = 0 if x < 1. If the function g(x) has a continuous derivative
in the interval (a, b), where 0 < a < b, then

∑
a<n≤b

f(n)g(n) = F (b)g(b) − F (a)g(a) −
∫ b

a

F (t)g′(t) dt.

Theorem 4.19. If k ≥ 0, then

1
π(x)

∑
p≤x

pk ∼ xk

k + 1
as x → ∞,

where the sum is taken over all prime numbers p less than equal to x.

Proof. Let

f(n) =

{
1 if n is a prime number
0 otherwise

and g(x) = xk. Then

F (x) =
∑
n≤x

f(n) =
∑
p≤x

1 = π(x)

and F (x) = 0, when 0 ≤ x < 2. Theorem 4.18 gives that

∑
p≤x

pk =
∑

1<n≤x

f(n)g(n) = π(x)xk −
∫ x

2

π(x)ktk−1 dt

and
k + 1

π(x)xk

∑
p≤x

pk = k + 1 − k(k + 1)
π(x)xk

∫ x

2

π(x)tk−1 dt. (4.5)

From (4.4) it follows that
∫ x

2

π(t)tk−1 dt ≤
∫ y

2

π(t)tk−1 dt + (1 + ε)
∫ x

y

tk

log t
dt, (4.6)

for each x > y. We estimate the last integral in (4.6) by

∫ x

y

tk

log t
dt =

[
tk+1

(k + 1) log t

]x

y

−
∫ x

y

tk+1

(k + 1)(−t)(log t)2
dt

≤ xk+1

(k + 1) log x
− yk+1

(k + 1) log y
+

1
k + 1

∫ x

y

xk

(log x)2
dt

=
xk+1

(k + 1) log x
− yk+1

(k + 1) log y
+

xk

(k + 1)(log x)2
(x − y).
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4.5 Linear Dynamical System

Hence,

k + 1
π(x)xk

∑
p≤x

pk − 1 ≥ k − k(k + 1)
π(x)xk

{∫ y

2

π(t)tk−1 dt

+ (1 + ε)
(

xk+1

(k + 1) log x
− yk+1

(k + 1) log y

+
xk

(k + 1)(log x)2
(x − y)

)}

= k − (1 + ε)k
x

π(x) log x

− k(k + 1)
π(x)xk

∫ y

2

π(t)tk−1 dt

+ (1 + ε)
k

π(x)

(
yk+1

xk log y
− x − y

(log x)2

)
,

(4.7)

for each x > y. Note that

x

π(x)(log x)2
=

x

π(x) log x
· 1
log x

→ 1 · 0 = 0

as x → ∞. Also, we can assume that for fixed ε, y = y(ε) is also fixed.
The Prime Number Theorem gives that the right hand side in (4.7) tends
to k − (1 + ε)k = −εk as x tends to infinity. From (4.4) it follows that∫ x

2

π(t)tk−1 dt ≥
∫ y

2

π(t)tk−1 dt + (1 − ε)
∫ x

y

tk

log t
dt, (4.8)

for all x > y. We can estimate the last integral in (4.8) by∫ x

y

tk

log t
dt ≥

∫ x

y

tk

log x
dt =

xk+1 − yk+1

(k + 1) log x
.

Hence,

k + 1
π(x)xk

∑
p≤x

pk − 1 ≤ k − k(k + 1)
π(x)xk

{∫ y

2

π(t)tk−1 dt

+
1 − ε

(k + 1) log x
(xk+1 − yk+1)

}

= k − (1 − ε)k
x

π(x) log x

− k(k + 1)
π(x)xk

∫ y

2

π(t)tk−1 dt

+ (1 − ε)k
yk+1

π(x)xk log x
,

(4.9)

for each x > y. If x tends to infinity, then the right hand side in (4.9) tends
to k − (1 − ε)k = εk, which proves the theorem.
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4 Dynamical Systems over Finite Fields

Remark. Since ∑
n≤x

nα =
xα+1

α + 1
+ O(xα)

if α ≥ 0, we have that

1
π(x)

∑
p≤x

pk ∼ 1
x

∑
n≤x

nk as x → ∞,

where k ≥ 0.

Theorem 4.20. Let a and n be positive integers, with a �= 1. Then

A(n, a, x) ∼ xn

n + 1
and A(n, 1, x) ∼ xn−1

n
,

as x tends to infinity.

Proof. This proof is similar to that of Theorem 4.17. We can split the sum
in A(n, a, x) into four parts,∑

p≤x

N(n, p, a) =
∑

ordp(a)� |n
pn +

∑
ordp(a)|n

gcd(n,p)=1

pn−1 +
∑

ordp(a)|n
gcd(n,p) �=1

O(pn−1) +
∑
p|a

pn, (4.10)

where we sum over all prime numbers p less than or equal to x. There is
only a finite number of prime numbers p such that (n, p) �= 1. Hence, the
third sum in (4.10) is bounded, no matter how large x is. Also the fourth
sum is bounded if a �= 0, by the same reason as above. If a = 0, then
only the fourth sum exist and is not bounded in this case. If a = 1, then
ordp(a) = 1 for all p and in this case is the second sum unbounded. For
other values of a the second sum is bounded and the first sum is unbounded.
To see this, let c = ordp(a). For sufficiently large prime numbers p we have
that ac > p. Hence, log ac > log p, or equivalent

c >
log p

log a
= loga p.

So for all primes p such that loga p > n we have that

ordp(a) = c > loga p > n

and therefore ordp(a) � n. A prime number with that property contributes
to the first sum in (4.10). We can conclude that A(n, a, x) is asymptotic to

1
π(x)

∑
p≤x

pk,

where k = n if a �= 1, or k = n − 1 if a = 1. This proves together with
Theorem 4.19 the theorem.
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4.6 Equivalence Classes of Attracting Dynamical Systems

4.6 Equivalence Classes
of Attracting Dynamical Systems

Notation used in this section is slightly different compared with the rest of
the document. The proofs are excluded and can be found in Svensson and
Nyqvist [57]

Prerequisites
Let K be a p-adic field. In other words, K is a field with char K = 0,
provided with a non-trivial discrete valuation |·|, such that K is complete
with respect to this valuation, and such that the residue class field of K
is finite. We let OK denote the ring of integers in K, and PK the unique
maximal ideal in OK . The residue class field OK/PK of K (which by
definition is finite) will be denoted by Kp. If char Kp = p, then the field Kp

is isomorphic to Fq, the finite field of q elements, where q = pm for some
m ∈ Z+. If u is any element in OK , we write ū for its canonical image
in Kp. In the same manner, we write f̄(x) when referring to the canonical
image in Kp[x] of a polynomial f(x) ∈ OK [x].

A p-adic field is isomorphic to some finite extension of the p-adic number
field Qp. In the special case when K = Qp, one usually writes Zp and pZp

for OK and PK , respectively. The residue class field Zp/pZp is isomorphic
to the finite field Fp of p elements.

By a discrete dynamical system (or dynamical system, for short) h on L,
we will mean a mapping L � β �→ h(β) ∈ L, where h(x) is a polynomial
in K[x]. Given a dynamical system h on L and an element α in L, we define
a sequence (αj)∞j=0 of elements in L recursively by

{
α0 = α
αj = h(αj−1), j = 1, 2, . . . .

We will write hj(α) = αj for every j, where we interpret hj as the compo-
sition of h with itself j times.

Attracting Fixed Points
Let K a p-adic field and g(x) ∈ OK [x] a monic polynomial that is irreducible
over K. We study the dynamical system

h(x) = x + g(x) (4.11)

over an extension L of K that contains (at least one of) the fixed points of
h(x), i.e. elements α ∈ L having the property h(α) = α. These fixed points
are exactly the zeros of g(x) in L.

Even though the polynomial g(x) is claimed to be irreducible over K,
its canonical image ḡ(x) ∈ Kp[x] is of course not necessarily irreducible
over Kp. However, if this is the case, we will say that g(x) is inertial.
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4 Dynamical Systems over Finite Fields

m

p 2 3 4 5 6 7 8 9

2 1 2 0 4 6 12 16 32
3 3 0 0 36 72 0 0 1404
5 0 20 0 380 0 4540 0 87 160
7 7 0 0 896 5593 0 0 1 273 944
11 11 0 0 6534 54 780 0 0 ?

Table 4.1: N(m, p) for some small values of m and p

Assume now that α ∈ L is an attracting fixed point of h, meaning that
there is a neighborhood V ⊆ L of α such that

lim
j→∞

hj(β) = α

for every β ∈ V . The following theorem (see Svensson [56]) gives a necessary
and sufficient condition for a fixed point of the dynamical system (4.11) to
be attracting.

Theorem 4.21. Suppose g(x) ∈ OK [x] is monic and irreducible over K.
Then a fixed point of h(x) = x + g(x) is attracting, if and only if g(x) is
inertial and if there exists a non-constant polynomial ψ(x) ∈ Kp[x] such
that

ḡ(x) = ψ(xp) − x,

where p = charKp.

With Theorem 4.21 in mind, we obtain in a natural manner a partition
of all dynamical systems into disjoint equivalence classes, in the following
way. We say that two polynomials in OK [x] are residually equivalent, if they
have the same canonical images in Kp[x]. Let N(m, p) denote the number of
equivalence classes that can be represented by an inertial polynomial, having
a canonical image of the kind ψ(xp)− x in Kp[x], for some ψ(x) ∈ Kp[x] of
degree m. In other words, N(m, p) is simply the cardinality of the subset

I(m, p) = {ψ(x) : ψ(x) is monic, deg ψ(x) = m, ψ(xp) − x is irreducible}
of the polynomial ring Kp[x].

Example 4.11. In Table 4.1 we list N(m, p) for some small values of m
and p, in the case when K = Qp. These figures are results of computer
calculations in GP/Pari. We see for instance that N(2, 2) = 1. This is
due to ψ(x) = x2 + 1 being the only quadratic polynomial in F2[x] such
that ψ(x2) − x is irreducible over F2. On the other hand, for K = Q3 we
obtain N(2, 3) = 3, as we can choose ψ(x) as one of the polynomials x2 +2,
x2 + x + 1, or x2 + 2x + 2 in F3[x].

As we can see from the table, N(9, 11) is unknown. This number is
however nonzero (since ψ(x) = x9+x2+4x+1 is an example of a polynomial
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4.6 Equivalence Classes of Attracting Dynamical Systems

such that ψ(x11) − x ∈ F11[x] is irreducible), and by the next theorem—
which is a generalization of a theorem in Svensson [56]—we also know that
it has to be a multiple of 11. ♦
Theorem 4.22. Let K be a p-adic field, and define N(m, p) as above. If
m �= 1 and p � | m, then p | N(m, p).
Remark. We must exclude the case when m = 1, since it is easily shown
that N(1, p) = p − 1 for all p, if Kp = Fp. The case p | m is also ex-
cluded. However, computer calculations (for the case Kp = Fp) indicate
that p | N(m, p) is valid most of the time, even though p | m. The only
known counterexample is when m = p = 2, see Example 4.11.

Let us assume that K = Qp, from now on. We are interested in the
asymptotic behavior of N(m, p), namely what can be said about

1
π(n)

∑
p≤n

N(m, p),

where the sum is taken over the prime numbers p less than or equal to n.
Here π(n) denotes, as before, the number of primes not exceeding n.

For a large n, the number of irreducible polynomials of degree n over Fp

is approximately equal to pn/n. This is due to Theorem 3.25 in Lidl and
Niederreiter [31]. Hence there are about ppm−1/m irreducible polynomials
of degree pm in the polynomial ring Fp[x], when pm is large. If one randomly
picks a monic polynomial ψ(x) of degree pm such that 0 is not a zero of
ψ(x), the probability for it to be irreducible is

ppm−1/m

ppm−1(p − 1)
=

1
m(p − 1)

.

In Fp[x], there are pm−1(p−1) monic polynomials such that f(x) = ψ(xp)−x
for some polynomial ψ(x) ∈ Fp[x] of degree m, where ψ(0) �= 0. Thus a
rough estimation would be

N(m, p) ≈ pm−1(p − 1)
m(p − 1)

=
pm−1

m
,

when mp is large. Thereby

1
π(n)

∑
p≤n

N(m, p) ≈ 1
mπ(n)

∑
p≤n

pm−1. (4.12)

By Theorem 4.19 on page 42,

1
π(n)

∑
p≤n

pm−1 ∼ nm−1

m
,

which together with (4.12) yields

1
π(n)

∑
p≤n

N(m, p) ∼ nm−1

m2
.

47



4 Dynamical Systems over Finite Fields

Thus, for a fixed degree m of ψ(x),

1
π(n)

∑
p≤n

N(m, p) = O(nm−1). (4.13)

Of course, the above reasoning has to be taken with a pinch of salt, since
the polynomials ψ(xp) − x are not picked randomly—in some cases, the
irreducible polynomials tend to “avoid” those kind of polynomials. For in-
stance, no p is known such that N(4, p) �= 0. (On the other hand, no p is
known such that N(m, p) = 0, if m ≡ 1 (mod 4).)

Calculations and Plots
To calculate N(m, p) for a given m and p, we use brute force, and simply
examine for all monic ψ(x) ∈ Fp[x] of degree m, whether f(x) = ψ(xp) − x
is irreducible or not. Because of this, the time complexity will increase
rapidly, the larger m or p gets. However, we can reduce the calculations
somewhat, thanks to the following lemma.

Lemma 4.23. Let ψ(x) ∈ Fp[x] be monic of degree m. For every b ∈ Fp,
let ψb(x) = ψ(x + b) − b. Then there is exactly one b ∈ Fp such that the
coefficient of xm−1 of ψb(x) equals 0, provided that p � | m.

Note that ψb(x) in the lemma above is the result obtained when the
element b of the group (Fp, +) acts on ψ(x) as described in the proof of
Theorem 4.22, see Svensson and Nyqvist [57]. Due to this, if ψ(x) ∈ Fp[x]
is monic of degree m and ψ(xp) − x is irreducible, then each one of the p
polynomials in the same orbit has the same property. Therefore it is enough
(when p � | m) to check all polynomials

ψ(x) = xm + am−1x
m−1 + am−2x

m−2 + · · · + a1x + a0

where am−1 = 0. The number of found polynomials of this kind is then
multiplied by p.

In the special case when m = 2, the calculations can be reduced even
more, because of the following result.

Theorem 4.24. If p ≡ 1 (mod 4), then N(2, p) = 0.

In Figure 4.2 on the facing page we see a plot of the function

n �→ 1
π(n)

∑
p≤n

N(2, p)

for the 239 first primes (i.e. p ≤ 1499). The straight line in the figure is of
the form y = kx, where k is calculated by the method of least squares. It
turns out that k ≈ 1.65887.

Figure 4.3 on the next page displays, on the other hand, the plot of

n �→ 1
π(n)

∑
p≤n

N(3, p).
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Figure 4.2: Plot of n �→ π(n)−1 P
p≤n N(2, p), along with a

fitting line
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Figure 4.3: Plot of n �→ π(n)−1 P
p≤n N(3, p), along with a

fitting curve
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Due to the time complexity, the calculations here only rely on the 59 first
primes (i.e. p ≤ 277). The fitting curve is the least squares fit of the form
y = kx2. Here k ≈ 1.62065.

The empirical investigations above should be compared to (4.13). How-
ever, we would like to point out that the amount of data behind these
calculations is too small to make any general conclusions about the fitting
line/curve.
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Chapter 5

Computational Dynamical Systems

Some of the calculations in the examples in previous chapters are done with
the softwares GP/Pari and Mathematica. In this chapter we present the
code used in these examples. For a detail introduction to GP/Pari, see
Batut, Belabas, Bernardi, Cohen and Olivier [7], and for Mathematica, see
Wolfram [65].

5.1 Non-monomial Dynamical Systems
In Example 3.2 on page 22 have we used the code given in this section to
calculate the results in Table 3.2 on page 25. In GP/Pari are p-adic numbers
written with Big-O notation, for example, the 5-adic number

1 + 2 · 5 + 4 · 52 + 2 · 53 + · · ·
is written as

GP/Pari

1 + 2 * 5 + 4 * 5^2 + 2 * 5^3 + O(5^4)

There is no support for p-adic numbers in Mathematica, but it is fairly
easy to implement them, since Q ⊂ Qp and since the only numbers that a
computer can represents numerically are the rational numbers.

Since we are only interested in the dynamics of the cosets a + p, where
p = B−

1 (0), we write the p-adic numbers in the form “a + O(p)”, which in
fact represent all elements in a + p. Further, we need an element ω such
that ω2 = 2. In GP/Pari we generate this element with the command:

GP/Pari

w = quadgen(8);

The function quadgen(x) creates the quadratic number ω = (a +
√

x)/2,
where a = 0 if x ≡ 0 (mod 4) and a = 1 if x ≡ 1 (mod 4). The integer x
must be congruent to 0 or 1 modulo 4.1 Since Mathematica is a Com-
puter Algebra System (CAS), that is, a software which facilitates symbolic
mathematics, we let Sqrt[2] represent ω in Mathematica.

Let f(x) be a polynomial, defined i GP/Pari. If we want to program a
command in GP/Pari, which can take f as an argument and evaluate f(a)

1 We write built in commands in both GP/Pari and Mathematica in upright shape.
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for a given a, then we first literally convert f(a) to a string with Str and
then use eval.

GP/Pari

eval(Str(f "(a)"))

We will use the technique described above several times.
Let p be a prime number not congruent to 1 or 7 modulo 8, that is,

ω /∈ Qp, and let f(x) ∈ Z[x]. Let V = {(a, b) : a, b ∈ Fp}. The elements
in V corresponds to the vertices in the directed graph G which represents the
dynamics of f in P modulo p, where P = B1(0) and p = B−

1 (0) in Qp(ω),
see Figure 3.1 on page 25. If (a, b) ∈ V , then we also use the notation a+bω
for the same element. The edges in the graph G is given by the set

E = {(x, y) : x, y ∈ V and y ∈ f(x) + p}.
Hence, G = (V,E). The following function returns V for the polynomial f
over Qp(ω), where ω is a quadratic number not belonging to Qp.

GP/Pari

quadedges(pol, p, w) =
{ local(V, x, y);
V = [];
for(a = 0, p - 1,
for(b = 0, p - 1,
x = (a + O(p)) + (b + O(p)) * w;
y = eval(Str(pol "(x)"));
V = Mat(concat(V, [x, y]));

); /* end of for */
); /* end of for */
return(V)

} /* end of quadgen */

If f(x) is the polynomial in Example 3.2 on page 22 and if we want to find
the set V för p = 5, then we execute the following commands.

GP�

f(x) = x^3 + x^2 - x - 2
quagedges("f", 5, w)

�

The output is shown graphically in Figure 3.1(b) on page 25. Code in a
frame with round corners should be executed directly in the GP calculator.
It is easy to implement quadedges in Mathematica, the main difference is
the calculation of x and y.

Mathematica

x = a + b Sqrt[2];
y = PolynomialMod[Expand[f[x]], p];

Next, we define a recursive function which finds all points which are
attracted to a point a. As input this function takes the set V and the
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point a. It searches the set E for all elements on the form (x, a), that is, all
points x such that f(x) = a. For each such x a new call of the function is
made with V and x as inputs.

GP/Pari

findattrpt(V, a) =
{ local(b, attrpt);
attrpt = [];
for(i = 1, matsize(V)[1],
if(V[i, 2] == a && V[i, 1] != a,
b = V[i, 1];
attrpt = concat(attrpt, b);
attrpt = concat(attrpt, findattrpt(V, b))

); /* end of if */
); /* end of for */
return(attrpt)

} /* end of findattrpt */

Finally, we define a function which finds all fixed points of the polyno-
mial f(x), that is, all a ∈ V such that (a, a) ∈ E.

GP/Pari

fixedpoints(V) =
{ local(fp);
fp = [];
for(i = 1, matsize(V)[1],
if(V[i, 1] == V[i, 2],

fp = concat(fp, V[i, 1])
); /* end of if */

); /* end of for */
return(fp)

} /* end of fixedpoints */

Let f(x) be the polynomial in Example 3.2 and p = 29. To find all points
which are attracted to −1, we execute following commands:

GP�

f(x) = x^3 + x^2 - x - 2;
w = quadgen(8);
p = 29;
V = quadedges("f", p, w);
fp = fixedpoints(V);
attrpt = findattrpt(V, fp[3]);
matsize(attrpt)

�

Then we get the output 264. Hence, the basin of attraction A(−1) is the
union of 265 closed balls Bρ(α), since −1 is not an element in the output of
findattrpt (see Table 3.2 on page 25). In the same way we also find that
five points are attracted to the indifferent fixed points ±ω.
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5.2 Dynamical Systems over Finite Fields
We need a function which returns the polynomial Φn,f (x), where n is a
positive integer and f(x) ∈ Z[x], see (4.1) on page 27.

GP/Pari

Phi(n, pol) =
{ local(nested, product);
product = 1;
fordiv(n, d,
nested = Str(pol "(x)");
for(i = 2, d, nested = Str(pol "(" nested ")"));
product *= (eval(nested) - x)^moebius(n/d)

); /* end of fordiv */
return(product)

} /* end of Phi */

In Mathematica we use ruled-based programming to implement the same
function.

Mathematica

Phi[n_, f_, x_] := Cancel[
Map[
(Nest[f, x, #] - x)^MoebiusMu[n/#] &, Divisors[n]

] /. List -> Times]

The function Divisors(n) returns a list of all divisors of n, on which we
apply Map to get a list of all factors in Φn,f (x). After that we change the
list to a product and finally we cancel out all factors in the denominator
with the function Cancel.

Let f(x) ∈ Z[x] and let p be a prime number. We want to implements the
method given by Theorem 4.7 on page 31. If we factorize f(x) in GP/Pari
then the result is returned as a matrix M with two columns, where the
elements in one row is one factor g(x) of f(x) and an integer which denote
how many times g(x) divides f(x). Since we exclude the primes which divide
the discriminant of f(x), the integers in the second column are always equal
to 1, see Theorem 4.2 on page 28.

We define a function which returns the factorization type given the factor-
ization of f(x) modulo p as input, that is, the matrix M mentioned above.
The result are returned sorted in a decreasing order.

GP/Pari

factortype(M) =
{ local(i, j, t);
t = [];
for(i = 1, matsize(M)[1],
t = concat(t, [poldegree(M[i, 1])]);

); /* end of for */
return(vecsort(t,,4))

} /* end of factortype */

54



5.2 Dynamical Systems over Finite Fields

The main function generates a matrix F with two columns with the type
of factorization t in the first column and in the second column the number
of such type of factorization it have found. The next function search in the
matrix F after a given type of factorization t. If t exists in F , then the
function return the row number of the row t belong to, otherwise it return
zero.

GP/Pari

position(F, t) =
{ local(i, j);
j = 0;
for(i = 1, length(F),
if(t == F[i][1],
j = i;
break()

); /* end of if */
); /* end of for */
return(j)

} /* end of position */

Now can we define the main function which implement the method de-
scribed in Section 4.1 on page 28. But first we explain with pseudo code
how we define the function.

function Frobenius(f, n)
F ← () � Start with an “empty” matrix
d ← disc f
for the nth first prime numbers p such that p � | d do

M ← the factorization of f(x) modulo p
t ← the factorization type of f using M
if t ∈ F then

increase the integer corresponding to t by 1 in F
else

append the row (t, 1) to F
end if

end for
return F

end function

To factorize an polynomial in GP/Pari we use the function factor and
to calculate the discriminant of a polynomial we use the function poldisc.

GP/Pari

frobenius(pol, n) =
{ local(d, F, i, j, k, M, p);
F = [];
d = poldisc(eval(Str(pol "(x)")));
i = 1;
k = 0;

55
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while(k < n,
p = prime(i);
if(Mod(d, p),
M = factormod(eval(Str(pol "(x)")), p);
t = factortype(M);
j = position(F, t);
if(j,
F[j][2]++,
F = concat(F, [concat([t], 1)]);

); /* end of if */
k++;

); /* end of if */
i++;

); /* end of while */
return(F)

} /* end of frobenius */

Let f(x) = x2 − 2, see Example 4.5 on page 33. To find and factorize the
polynomial Φ3,f (x) modulo the 1000 first prime numbers, we execute the
following commands.

GP�

f(x) = x^2 - 2;
g(x) = Phi(3, "f")
frobenius("g",1000)

�

The output gives us the table in Example 4.5 on page 33.

56



Bibliography

[1] Vladimir Anashin. Ergodic transformations in the space of p-adic inte-
gers. In Andrei Yu. Khrennikov, Zoran Rakić, and Igor V. Volovich, ed-
itors, p-Adic Mathematical Physics, Second International Conference,
volume 826 of AIP Conference Proceedings, pages 3–24, Melville, New
York, 2006. American Institute of Physics.

[2] Vladimirov Anashin, Andrey Bogdanov, and Ilya Kizhvatov. ABC – a
New Flecible Stream Cipher, Specification, Version 3. latest visited
February 8, 2007,
Url: http://crypto.rsuh.ru/papers.html.

[3] T. M. Apostol. Introduction to Analytic Number Theory. Springer-
Verlag, New York, 1976.

[4] V. A. Avetisov, Bikulov A. H., and S. V. Kozyrev. Application of p-adic
analysis to models of spontaneous breaking of the replica symmetry. J.
Physics. A: Math. Gen., 32:8785–8791, 1999.

[5] Anjula Batra and Patrick Morton. Algebraic dynamics of polynomial
maps on the algebraic closure of a finite field, I. Rocky Mountain J.
Mathematics, 24(2):453–481, 1994.

[6] Anjula Batra and Patrick Morton. Algebraic dynamics of polynomial
maps on the algebraic closure of a finite field, II. Rocky Mountain J.
Mathematics, 24(3):905–932, 1994.

[7] C. Batut, K. Belabas, D. Bernardi, H. Cohen, and H. Olivier. User’s
Guide to pari/gp, 2000.
Url: http://pari.math.u-bordeaux.fr/.

[8] R. L. Benedetto. p-adic Dynamics and Sullivan’s No Wandering Do-
mains Theorem. Compositio Math., 122:281–298, 2000.

[9] Robert L. Benedetto. Fatou Components in p-adic Dynamics. PhD
thesis, Department of Mathematics, Brown University, May 1998.

[10] Z. I. Borevich and I. R. Shafarevich. Number Theory. Academic Press,
New York, London, 1966.

[11] Lennart Carleson and Theodore W. Gamelin. Complex Dynamics.
Springer-Verlag, New York, 1993.

57



Bibliography

[12] Stephen D. Cohen and Dirk Hachenberger. Actions of Linearized Poly-
nomials on the Algebraic Closure of a Finite Field. Contemp. Math.,
225:17–32, 1999.

[13] Stephen D. Cohen and Dirk Hachenberger. The Dynamics of Linearized
Polynomials. Proc. Edinb. Math. Soc., 43:113–128, 2000.

[14] Robert L. Devaney. An Introduction to Chaotic Dynamical Systems.
Addison-Wesley, Reading, Massachusetts, second edition, 1989.

[15] David S. Dummit and Richard M. Foote. Abstract Algebra. Prentice
Hall, Upper Saddle River, New Jersey, second edition, 1999.

[16] William Ellison and Fern Ellison. Prime Numbers. John Wiley & Sons,
New York, 1985.

[17] Fernando Q. Gouvêa. p-adic Numbers, An Introduction. Springer-
Verlag, Berlin, Heidelberg, second edition, 1997.

[18] G. H. Hardy and E. M. Wright. An Introduction to the Theory of
Numbers. Oxford University Press, Oxford, 1979.

[19] John F. Humphreys. A Course in Group Theory. Oxford University
Press, Oxford, 1996.

[20] A Khrennikov and M Nilsson. On the number of cycles of p-adic dy-
namical systems. J. Number Theory, 90(2):255–264, 2001.

[21] A. Khrennikov, M. Nilsson, and R. Nyqvist. The Asymptotic Num-
ber of Periodic Points of Discrete p-adic Dynamcial System. In W. H.
Shickhof, C. Perez.Garcia, and A. Escassut, editors, Ultrametric Func-
tional Analysis, number 319 in Contemp. Math., pages 159–166. Amer.
Math. Soc., 2003.

[22] A. Yu. Khrennikov and S. V. Kozyrev. Wavelets on ultrametric spaces.
Appl. Comput. Harmon. Anal., 19:61–76, 2005.

[23] Andrei Khrennikov. Non-Archimedean Analysis: Quantum Paradoxes,
Dynamical Systems and Biological Models. Kluwer Academic, Dor-
drecht, 1997.

[24] Andrei Khrennikov. Small denominators in complex p-adic dynamics.
Idag. Mathem., N.S., 12(2):177–189, 2001.

[25] Andrei Khrennikov. Gene expression from polynomial dynamics in the
4-adic information space. Technical Report 06160, School of Mathe-
matics and System Engineering, Växjö University, 2006. Preprint.

[26] Andrei Yu. Khrennikov and Marcus Nilsson. p-adic Deterministic and
Random Dynamics. Kluwer Academic Publishers, Dordrecht, 2004.

[27] Neal Koblitz. p-adic Numbers, p-adic Analysis, and Zeta-Functions.
Springer-Verlag, New York, second edition, 1984.

[28] Hua-Chieh Li. Counting periodic points of p-adic power series. Com-
positio Math., 100:351–364, 1996.

58



Bibliography

[29] Hua-Chieh Li. p-adic dynamical systems and formal groups. Compo-
sitio Math., 104:41–54, 1996.

[30] Hua-Chieh Li. p-adic Periodic Points and Sen’s Theorem. J. Number
Theory, 56:309–318, 1996.

[31] Rudolf Lidl and Niederreiter Harald. Introduction to finite fields and
their applications. Cambridge University Press, Cambridge, revised
edition, 1994.

[32] Karl-Olof Lindahl. Dynamical systems in p-adic geometry. Licentiate
thesis, School of Mathematics and Systems Engineering, Växjö Univer-
sity, 2001.

[33] Jenny Löwerot. Solubility of polynomials of the form x6−ax+ b. Mas-
ter’s thesis, School of Mathematics and Systems Engineering, Växjö
University, 2004.

[34] Jonathan Lubin. Nonarchimedean dynamical systems. Compositio
Math., 94:321–346, 1994.

[35] Kurt Mahler. p-adic numbers and their functions. Cambridge Univer-
sity Press, Cambridge, second edition, 1981.

[36] Daniel A. Marcus. Number Fields. Springer-Verlag, New York, 1977.

[37] Patrick Morandi. Field and Galois Theory. Springer-Verlag, New York,
1996.

[38] Patrick Morton and Pratiksha Patel. The Galois theory of periodic
points of polynomial maps. Proc. London Math. Soc., 68:225–263, 1994.

[39] Monica Nevins and Thomas D. Rogers. Quadratic Maps as Dynamical
Systems on the p-adic numbers. Preprint, 2000.

[40] Marcus Nilsson. Cycles of Monomial p-adic Dynamical Systems. Li-
centiate thesis, School of Mathematics and Systems Engineering, Växjö
University, 2001.

[41] Marcus Nilsson. Monomial Dynamical Systems in the Fields of p-adic
Numbers and Their Finite Extensions. PhD thesis, School of Mathe-
matics and Systems Engineering, Växjö Universry, 2005.

[42] Ivan Niven, Herbet S. Zuckerman, and Hugh L. Montgomery. An In-
troduction to the Theory of Numbers. John Wiley & Sons, New York,
fifth edition, 1991.

[43] Robert Nyqvist. Some dynamical systems in finite field extensions
of the p-adic numbers. In A. K. Katsaras, W. H. Schikhof, and
L Van Hamme, editors, p-adic functional analysis, volume 222 of Lec-
ture Notes in Pure and Applied Mathematics, pages 243–253. Marcel
Dekker, 2001.

[44] Robert Nyqvist. Polynomial p-adic dynamics. Licentiate thesis, School
of Mathematics and Systems Engineering, Växjö University, 2004.

59



Bibliography

[45] Robert Nyqvist. Aysmptotic behavior of number of cycles of dynamical
systems in finite fields. Preprint 05009, School of Mathematics and
System Engineering, Växjö University, 2005.

[46] M. Pohst and H. Zassenhaus. Algorithmic Algebraic Number Theory.
Cambridge University Press, Cambridge, 1989.

[47] Paulo Ribenboim. Classical Theory of Algebraic Numbers. Springer-
Verlag, New York, 2001.

[48] Alain M. Robert. A Course in p-adic Analysis. Springer-Verlag, New
York, 2000.

[49] H. E. Rose. A Course in Number Theory. Oxford University Press,
Oxford, 1994.

[50] Kenneth H. Rosen. Elementary Number Theory and Its Application.
Pearson Addison-Wesley, Boston, fifth edition, 2005.

[51] W. H. Schikhof. Ultrametric calculus, An introduction to p-adic anal-
ysis. Cambridge University Press, Cambridge, 1984.

[52] W. Sierpiński. Elementary Theory of Numbers. North-Holland, Ams-
terdam, Warszawa, 1988.

[53] Norbert Steinmetz. Rational Iteration. Complex Analytic Dynamical
Systems. Walter de Gruyter, Berlin, New York, 1993.

[54] P Stevenhagen and H. W. Lenstra, Jr. Chebotarëv and his Density
Theorem. Math. Intelligencer, 18(2):26–37, 1996.

[55] Per-Anders Svensson. Finite Extension of Local Fields. Licentiate the-
sis, School of Mathematics and Systems Engineering, Växjö University,
2001.

[56] Per-Anders Svensson. Dynamical Systems in Local Fields of Caracteris-
tic Zero. PhD thesis, School of Mathematics and Systems Engineering,
Växjö University, 2004.

[57] Per-Anders Svensson and Robert Nyqvist. On the number of equiva-
lence classes of attracting dynamical systems. Preprint 06118, School
of Mathematics and System Engineering, Växjö University, 2006.

[58] Gérald Tenenbaum. Introduction to Analytic and Probabilistic Number
Theory. Cambridge University Press, Cambridge, 1995.

[59] E. Thiran, D. Verstegen, and J. Weyers. p-adic dynamics. J. Statist.
Phys., 54:893–913, 1989.

[60] D. Verstegen. p-adic Dynamical Systems. In J.-M. Luck, P. Moussa,
and M. Waldschmidt, editors, Number theory and physics, number 47 in
Springer Proceeding in Physics, pages 235–242. Springer-Verlag, 1990.

[61] Franco Vivaldi. Dynamics over irreducible polynomials. Nonlinearity,
5:941–960, 1992.

[62] Franco Vivaldi and Spyros Hatjispyros. Galois theory of periodic orbits
of rational maps. Nonlinearity, 5:961–978, 1992.

60



[63] V. S. Vladimirov, I. V. Volovich, and E. I. Zelenov. p-adic Analysis
and Mathematical Physics. World Scientific, Singapore, 1994.

[64] Eric W. Wiesstein. Cauchy-frobenius lemma. from Mathworld–A Wol-
fram Web Resource. latest visited January 29, 2007,
Url: http://mathworld.wolfram.com/Cauchy-FrobeniusLemma.html.

[65] Stephen Wolfram. The Mathematica Book. Wolfram Media, fifth edi-
tion, 2003.





Acta Wexionensia 

Nedan följer en lista på skrifter publicerade i den nuvarande Acta-serien, serie III. För för-
teckning av skrifter i tidigare Acta-serier, se Växjö University Press sidor på www.vxu.se 

Serie III (ISSN 1404-4307) 
1. Installation Växjö universitet 1999. Nytt universitet – nya professorer. 1999. ISBN 91-

7636-233-7
2. Tuija Virtanen & Ibolya Maricic, 2000: Perspectives on Discourse: Proceedings from 

the 1999 Discourse Symposia at Växjö University. ISBN 91-7636-237-X 
3. Tommy Book, 2000: Symbolskiften i det politiska landskapet – namn-heraldik-

monument. ISBN 91-7636-234-5 
4. E. Wåghäll Nivre, E. Johansson & B. Westphal (red.), 2000: Text im Kontext, ISBN 

91-7636-241-8
5. Göran Palm & Betty Rohdin, 2000: Att välja med Smålandsposten. Journalistik och 

valrörelser 1982-1998. ISBN 91-7636-249-3 
6. Installation Växjö universitet 2000, De nya professorerna och deras föreläsningar.

2000. ISBN 91-7636-258-2 
7. Thorbjörn Nilsson, 2001: Den lokalpolitiska karriären. En socialpsykologisk studie av 

tjugo kommunalråd (doktorsavhandling). ISBN 91-7636-279-5 
8. Henrik Petersson, 2001: Infinite dimensional holomorphy in the ring of formal power 

series. Partial differential operators (doktorsavhandling). ISBN 91-7636-282-5 
9. Mats Hammarstedt, 2001: Making a living in a new country (doktorsavhandling). ISBN 

91-7636-283-3
10. Elisabeth Wåghäll Nivre & Olle Larsson, 2001: Aspects of the European Reforma-

tion. Papers from Culture and Society in Reformation Europe, Växjö 26-27 November 
1999. ISBN 91-7636-286-8 

11. Olof Eriksson, 2001: Aspekter av litterär översättning.  Föredrag från ett svensk-
franskt översättningssymposium vid Växjö universitet 11-12 maj 2000. ISBN 91-7636-
290-6.

12. Per-Olof Andersson, 2001: Den kalejdoskopiska offentligheten. Lokal press, värde-
mönster och det offentliga samtalets villkor 1880-1910 (Doktorsavhandling). ISBN: 
91-7636-303-1.

13. Daniel Hjorth, 2001: Rewriting Entrepreneurship. Enterprise discourse and entrepre-
neurship in the case of re-organising ES (doktorsavhandling). ISBN: 91-7636-304-X. 

14. Installation Växjö universitet 2001, De nya professorerna och deras föreläsningar,
2001. ISBN 91-7636-305-8. 

15. Martin Stigmar, 2002. Metakognition och Internet. Om gymnasieelevers informa-
tionsanvändning vid arbete med Internet (doktorsavhandling). ISBN 91-7636-312-0. 

16. Sune Håkansson, 2002. Räntefördelningen och dess påverkan på skogsbruket. ISBN 
91-7636-316-3.

17. Magnus Forslund, 2002. Det omöjliggjorda entreprenörskapet. Om förnyelsekraft och 
företagsamhet på golvet (doktorsavhandling). ISBN 91-7636-320-1. 

18. Peter Aronsson och Bengt Johannisson (red), 2002. Entreprenörskapets dynamik och 
lokala förankring. ISBN: 91-7636-323-6. 

19. Olof Eriksson, 2002. Stil och översättning. ISBN: 91-7636-324-4 
20. Ia Nyström, 2002. ELEVEN och LÄRANDEMILJÖN. En studie av barns lärande 

med fokus på läsning och skrivning (doktorsavhandling). ISBN: 91-7636-351-1 



21. Stefan Sellbjer, 2002. Real konstruktivism – ett försök till syntes av två dominerande 
perspektiv på undervisning och lärande (doktorsavhandling).  
ISBN: 91-7636-352-X 

22. Harald Säll, 2002. Spiral Grain in Norway Spruce (doktorsavhandling). ISBN: 91-
7636-356-2

23. Jean-Georges Plathner, 2003. La variabilité du pronom de la troisième  
personne en complément prépositionnel pour exprimer le réfléchi (doktorsavhandling). 
ISBN: 91-7636-361-9 

24. Torbjörn Bredenlöw, 2003. Gestaltning – Förändring – Effektivisering.  
En teori om företagande och modellering. ISBN: 91-7636-364-3 

25. Erik Wångmar, 2003. Från sockenkommun till storkommun. En analys av storkom-
munreformens genomförande 1939-1952 i en nationell och lokal kontext (doktorsav-
handling). ISBN: 91-7636-370-8 

26. Jan Ekberg (red), 2003, Invandring till Sverige – orsaker och effekter. Årsbok från 
forskningsprofilen AMER. ISBN: 91-7636-375-9 

27. Eva Larsson Ringqvist (utg.), 2003, Ordföljd och informationsstruktur i franska och 
svenska. ISBN: 91-7636-379-1 

28. Gill Croona, 2003, ETIK och UTMANING. Om lärande av bemötande i professions-
utbildning (doktorsavhandling). ISBN: 91-7636-380-5 

29. Mikael Askander, 2003, Modernitet och intermedialitet i Erik Asklunds tidiga roman-
konst (doktorsavhandling). ISBN: 91-7636-381-3 

30. Christer Persson, 2003, Hemslöjd och folkökning. En studie av befolkningsutveck-
ling, proto-industri och andra näringar ur ett regionalt perspektiv.  
ISBN: 91-7636-390-2 

31. Hans Dahlqvist, 2003, Fri att konkurrera, skyldig att producera. En ideologikritisk 
granskning av SAF 1902-1948 (doktorsavhandling). ISBN: 91-7636-393-7

32. Gunilla Carlsson, 2003, Det våldsamma mötets fenomenologi – om hot och våld i 
psykiatrisk vård (doktorsavhandling). ISBN: 91-7636-400-3 

33. Imad Alsyouf, 2004. Cost Effective Maintenance for Competitive Advantages (doktor-
savhandling). ISBN: 91-7636-401-1. 

34. Lars Hansson, 2004. Slakt i takt. Klassformering vid de bondekooperativa slakteriin-
dustrierna i Skåne 1908-1946 (doktorsavhandling). ISBN: 91-7636-402-X. 

35. Olof Eriksson, 2004. Strindberg och det franska språket. ISBN: 91-7636-403-8. 
36. Staffan Stranne, 2004. Produktion och arbete i den tredje industriella revolutionen. 

Tarkett i Ronneby 1970-2000 (doktorsavhandling). ISBN: 91-7636-404-6. 
37. Reet Sjögren, 2004. Att vårda på uppdrag kräver visdom. En studie om vårdandet av 

män som sexuellt förgripit sig på barn (doktorsavhandling).  
ISBN: 91-7636-405-4. 

38. Maria Estling Vannestål, 2004. Syntactic variation in English quantified noun phrases 
with all, whole, both and half (doktorsavhandling). ISBN: 91-7636-406-2. 

39. Kenneth Strömberg, 2004. Vi och dom i rörelsen. Skötsamhet som strategi och identitet 
bland föreningsaktivisterna i Hovmantorp kommun 1884-1930 (doktorsavhandling). ISBN: 
91-7686-407-0. 

40. Sune G. Dufwa, 2004. Kön, lön och karriär. Sjuksköterskeyrkets omvandling under 1900-
talet (doktorsavhandling). ISBN: 91-7636-408-9 

41. Thomas Biro, 2004. Electromagnetic Wave Modelling on Waveguide Bends, Power 
Lines and Space Plasmas (doktorsavhandling). ISBN: 91-7636-410-0  

42. Magnus Nilsson, 2004, Mångtydigheternas klarhet. Om ironier hos Torgny Lindgren 
från Skolbagateller till Hummelhonung (doktorsavhandling). ISBN:91-7636-413-5 

43. Tom Bryder, 2004. Essays on the Policy Sciences and the Psychology of Politics and 
Propaganda. ISBN: 91-7636-414-3 



44. Lars-Göran Aidemark, 2004.  Sjukvård i bolagsform. En studie av Helsingborgs Lasa-
rett AB och Ängelholms Sjukhus AB. ISBN: 91-7636-417-8 

45. Per-Anders Svensson, 2004. Dynamical Systems in Local Fields of Characteristic 
Zero (doktorsavhandling). ISBN: 91-7636-418-6 

46. Rolf G Larsson, 2004. Prototyping inom ABC och BSc. Erfarenheter från aktions-
forskning i tre organisationer (doktorsavhandling). ISBN: 91-7636-420-8 

47. Päivi Turunen, 2004. Samhällsarbete i Norden. Diskurser och praktiker i omvandling 
(doktorsavhandling). ISBN: 91-7636-422-4 

48. Carina Henriksson, 2004. Living Away from Blessings. School Failure as Lived Ex-
perience (doktorsavhandling). ISBN: 91-7636-425-9 

49. Anne Haglund, 2004. The EU Presidency and the Northern Dimension Initiative: Ap-
plying International Regime Theory (doktorsavhandling). ISBN: 91-7636-428-3 

50. Ulla Rosén, 2004. Gamla plikter och nya krav. En studie om egendom, kvinnosyn och 
äldreomsorg i det svenska agrarsamhället 1815-1939. ISBN: 91-7636-429-1 

51. Michael Strand, 2004. Particle Formation and Emission in Moving Grate Boilers Op-
erating on Woody Biofuels (doktorsavhandling). ISBN: 91-7636-430-5 

52. Bengt-Åke Gustafsson, 2004. Närmiljö som lärmiljö – betraktelser från Gnosjöregionen. 
ISBN: 91-7636-432-1 

53. Lena Fritzén (red), 2004. På väg mot integrativ didaktik. ISBN: 91-7636-433-X 
54. M.D. Lyberg, T. Lundström & V. Lindberg, 2004. Physics Education. A short history. Con-

temporary interdisciplinary research. Some projects. ISBN: 91-7636-435-6 
55. Gunnar Olofsson (red.), 2004. Invandring och integration. Sju uppsatser från forsk-

ningsmiljön ”Arbetsmarknad, Migration och Etniska relationer” (AMER) vid Växjö 
universitet. ISBN: 91-7636-437-2 

56. Malin Thor, 2005. Hechaluz – en rörelse i tid och rum. Tysk-judiska ungdomars exil i 
Sverige 1933-1943 (doktorsavhandling). ISBN: 91-7636-438-0 

57. Ibolya Maricic, 2005. Face in cyberspace: Facework, (im)politeness and conflict in 
English discussion groups (doktorsavhandling). ISBN: 91-7636-444-5 

58. Eva Larsson Ringqvist och Ingela Valfridsson (red.), 2005. Forskning om undervis-
ning i främmande språk. Rapport från workshop i Växjö 10-11 juni 2004. ISBN: 91-
7636-450-X

59. Vanja Lindberg, 2005. Electronic Structure and Reactivity of Adsorbed Metallic 
Quantum Dots (doktorsavhandling). ISBN: 91-7636-451-8 

60. Lena Agevall, 2005. Välfärdens organisering och demokratin – en analys av New Pub-
lic Management. ISBN: 91-7636-454-2 

61. Daniel Sundberg, 2005. Skolreformernas dilemman – En läroplansteoretisk studie av 
kampen om tid i den svenska obligatoriska skolan (doktorsavhandling). ISBN: 91-
7636-456-9.

62. Marcus Nilsson, 2005. Monomial Dynamical Systems in the Field of p-adic Numbers 
and Their Finite Extensions (doktorsavhandling). ISBN: 91-7636- 
458-5. 

63. Ann Erlandsson, 2005. Det följdriktiga flockbeteendet: en studie om profilering på ar-
betsmarknaden (doktorsavhandling). ISBN: 91-7636-459-3. 

64. Birgitta Sundström Wireklint, 2005. Förberedd på att vara oförberedd. En feno-
menologisk studie av vårdande bedömning och dess lärande i ambulanssjukvård (dok-
torsavhandling). ISBN: 91-7636-460-7 

65. Maria Nilsson, 2005. Differences and similarities in work absence behavior – empiri-
cal evidence from micro data (doktorsavhandling). ISBN: 91-7636-462-3 

66. Mikael Bergström och Åsa Blom, 2005. Above ground durability of Swedish softwood 
(doktorsavhandling). ISBN: 91-7636-463-1 



67. Denis Frank, 2005. Staten, företagen och arbetskraftsinvandringen - en studie av in-
vandringspolitiken i Sverige och rekryteringen av utländska arbetare 1960-1972 (doktors-
avhandling). ISBN: 91-7636-464-X 

68. Mårten Bjellerup, 2005. Essays on consumption: Aggregation, Asymmetry and Asset Dis-
tributions (doktorsavhandling). ISBN: 91-7636-465-8. 

69. Ragnar Jonsson, 2005. Studies on the competitiveness of wood – market segmentation and 
customer needs assessment (doktorsavhandling). ISBN: 91-7636-468-2. 

69. Anders Pehrsson och Basim Al-Najjar,  Creation of Industrial Competitiveness: CIC 
2001-2004. ISBN: 91-7646-467-4. 

70. Ali M. Ahmed, 2005. Essays on the Behavioral Economics of Discrimination (doktors-
avhandling). ISBN: 91-7636-472-0. 

71. Katarina Friberg, 2005. The workings of co-operation.. A comparative study of con-
sumer co-operative organisation in Britain and Sweden, 1860 to 1970 (doktorsavhan-
dling).  ISBN: 91-7636-470-4. 

72. Jonas Sjölander, 2005. Solidaritetens omvägar. Facklig internationalism i den tredje indust-
riella revolutionen – (LM) Ericsson, svenska Metall och Ericssonarbetarna i Colombia 
1973-1993 (doktorsavhandling) ISBN: 91-7636-474-7. 

73. Daniel Silander, 2005. Democracy from the outside-in? The conceptualization and signifi-
cance of democracy promotion (doktorsavhandling). ISBN: 91-7636-475-5. 

74. Serge de Gosson de Varennes, 2005. Multi-oriented Symplectic Geometry and the Exten-
sion of Path Intersection Indices (doktorsavhandling). ISBN: 91-7636-477-1. 

75. Rebecka Ulfgard, 2005. Norm Consolidation in the European Union: The EU14-Austria 
Crisis in 2000 (doktorsavhandling). ISBN: 91-7636-482-8 

76. Martin Nilsson, 2005. Demokratisering i Latinamerika under 1900-talet – vänstern och de-
mokratins fördjupning (doktorsavhandling). ISBN: 91-7636-483-6 

77. Thomas Panas, 2005. A Framework for Reverse Engineering (doktorsavhandling). ISBN: 
91-7636-485-2 

78. Susanne Linnér, 2005. Värden och villkor – pedagogers samtal om ett yrkesetiskt doku-
ment (doktorsavhandling). ISBN: 91-7636-484-4. 

79. Lars Olsson (red), 2005. Invandring, invandrare och etniska relationer I Sverige  
1945-2005. Årsbok från forskningsmiljön AMER vid Växjö universitet.  
ISBN: 91-7636-488-7. 

80. Johan Svanberg, 2005. Minnen av migrationen. Arbetskraftsinvandring från Jugoslavien 
till Svenska Fläktfabriken i Växjö kring 1970. ISBN: 91-7636-490-9. 

81. Christian Ackrén, 2006. On a problem related to waves on a circular cylinder with a surface 
impedance (licentiatavhandling). ISBN: 91-7636-492-5. 

82. Stefan Lund, 2006. Marknad och medborgare – elevers valhandlingar i gymnasieutbildningens 
integrations- och differentieringsprocesser (doktorsavhandling). ISBN: 91-7636-493-3. 

83. Ulf Petäjä, 2006. Varför yttrandefrihet? Om rättfärdigandet av yttrandefrihet med utgångs-
punkt från fem centrala argument i den demokratiska idétraditionen  (doktorsavhandling). 
ISBN: 91-7636-494-1. 

84. Lena Carlsson, 2006. Medborgarskap som demokratins praktiska uttryck i skolan  
– diskursiva konstruktioner av gymnasieskolans elever som medborgare  (doktorsavhandling). 
ISBN: 91-7636-495-X 

85. Åsa Gustafsson, 2006. Customers  ́logistics service requirements and logistics strategies in the 
Swedish sawmill industry  (doktorsavhandling). ISBN: 91-7636-498-4. 

86. Kristina Jansson, 2006. Saisir l’insaisissable. Les formes et les traductions du discours indirect 
libre dans des romans suédois et français  (doktorsavhandling). ISBN: 91-7636-499-2 

87. Edith Feistner, Alfred Holl, 2006. Mono-perspective views of multi-perspectivity : In-
formation systems modeling and ‘The bild men and the elephant’. ISBN : 91-7636-
500-X.



88. Katarina Rupar-Gadd, 2006. Biomass Pre-treatment for the Production of Sustainable Energy 
– Emissions and Self-ignition  (doktorsavhandling). ISBN: 91-7636-501-8. 

89. Lena Agevall, Håkan Jenner (red.),2006. Bilder av polisarbete – Samhällsuppdrag, dilemman 
och kunskapskrav. ISBN: 91-7636-502-6 

90. Maud Ihrskog, 2006. Kompisar och Kamrater .Barns och ungas villkor för relationsskapande i 
vardagen  (doktorsavhandling). ISBN: 91-7636-503-4. 

91. Detlef Quast, 2006. Die Kunst die Zukunft zu erfinden Selbstrationalität, asymmetrische 
Information und Selbstorganisation in einer wissensintensiven professionellen Non 
Profit Organisation. Eine informationstheoretische und organisationssoziologische 
Studie zum Verständnis des Verhaltens der Bibliotheksverwaltung 
(doktorsavhandling). ISBN: 91-7636-505-0. 

92. Ulla Johansson, 2006. Design som utvecklingskraft. En utvärdering av regeringens 
designsatsning 2003-2005. ISBN: 91-7636-507-7. 

93. Klara Helstad, 2006. Managing timber procurement in Nordic purchasing sawmills 
(doktorsavhandling). ISBN:91-7636-508-5. 

94. Göran Andersson, Rolf G. Larsson, 2006. Boundless value creation. Strategic 
management accounting in value system configuration. ISBN: 91-7636-509-3. 

95. Jan Håkansson, 2006. Lärande mellan policy och praktik. Kontextuella villkor för 
skolans reformarbete (doktorsavhandling). ISBN: 91-7636-510-7. 

96. Frederic Bill, 2006. The Apocalypse of Entrepreneurship (doktorsavhandling). ISBN: 
91-7636-513-1.

97. Lena Fritzén, 2006. “On the edge” – om förbättringsledarskap i hälso- och sjukvård 
ISBN: 91-7636-516-6 

98. Marianne Lundgren, 2006. Från barn till elev i riskzon. En analys av skolan som 
kategoriseringsarena (doktorsavhandling). ISBN: 91-7636-518-2. 

99. Mari Mossberg, 2006, La relation de concession. Étude contrastive de quelques 
connecteurs concessifs français et suédois (doktorsavhandling). ISBN : 91-7636-517-4. 

100. Leif Grönqvist, 2006. Exploring Latent Semantic Vector Models Enriched With N-
grams (doktorsavhandling), ISBN: 91-7636-519-0. 

101. Katarina Hjelm (red), 2006. Flervetenskapliga perspektiv i migrationsforskning. 
Årsbok 2006 från forskningsprofilen Arbetsmarknad, Migration och Etniska relationer 
(AMER) vid Växjö universitet. ISBN: 91-7636-520-4. 

102. Susanne Thulin, 2006. Vad händer med lärandets objekt? En studie av hur lärare och 
barn i förskolan kommunicerar naturvetenskapliga fenomen (licentiatavhandling), 
ISBN: 91-7636-521-2 

103. Per Nilsson, 2006. Exploring Probabilistic Reasoning – A Study of How Students 
Contextualise Compound Chance Encounters in Explorative Settings (doktorsav-
handling), ISBN: 91-7636-522-0. 

104. PG Fahlström, Magnus Forslund, Tobias Stark (red.), 2006, Inkast. Idrottsforskning 
vid Växjö universitet. ISBN: 91-7636-523-9.  

105. Ulla Johansson (red.), 2006, Design som utvecklingskraft II. Fem uppsatser om Fem 
uppsatser om utvalda projekt från regeringens designsatsning 2003-2005, ISBN: 91-
7636-530-1.

106. Ann-Charlotte Larsson 2007, Study of Catalyst Deactivation in Three Different 
Industrial Processes (doktorsavhandling), ISBN: 978-91-7636-533-5. 



107. Karl Loxbo, 2007,Bakom socialdemokraternas beslut.  En studie av den po-
litiska förändringens dilemman - från 1950-talets ATP-strid till 1990-talets pen-
sionsuppgörelse (doktorsavhandling), ISBN: 978-91-7636-535-9. 
108. Åsa Nilsson-Skåve, 2007,Hjärtat som hör det  förstummade spela. Studier i 
Stina Aronsons berättarkonst (doktorsavhandling), ISBN: 978-91-7636-536-6. 
109. Anne Haglund Morrissey, Daniel Silander (eds.), 2007, The EU and the 
Outside World - Global Themes in a European Setting, ISBN: 978-91-7636-537-
3.
110. Robert Nyqvist, 2007, Algebraic Dynamical Systems, Analytical Results  
and Numerical Simulations (doktorsavhandling), ISBN: 978-91-7636-547-2. 

Växjö University Press 
351 95 Växjö  
www.vxu.se 
vup@vxu.se 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (Euroscale Coated v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 1
  /Optimize false
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Humanist777BT-BlackB
    /Humanist777BT-BlackItalicB
    /Humanist777BT-BoldB
    /Humanist777BT-BoldItalicB
    /Humanist777BT-ItalicB
    /Humanist777BT-LightB
    /Humanist777BT-LightItalicB
    /Humanist777BT-RomanB
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /SVE <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        8.503940
        8.503940
        8.503940
        8.503940
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed true
    >>
  ]
  /SyntheticBoldness 1.000000
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.283 858.898]
>> setpagedevice


