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In this thesis, properties of a certain class of discrete dynamical systems are
studied. These are defined as monic polynomials with coefficients belonging
to the ring of integers in a local field K of characteristic zero. By a local
field we mean a field K on which a non-trivial discrete valuation is defined,
such that K is complete with respect to this valuation, and such that the
residue class field of K is finite. The class of dynamical systems, that is the
object of our investigations, has the property that the set of all fixed points
of a given dynamical system h in the class coincides, with the set of all zeros
of a certain irreducible polynomial g(x) in the polynomial ring K[x]. The
main part of the thesis is devoted to examinations of how the dynamics, in
a neighborhood of a fixed point of h, depends on the nature of the finite
field extension that is defined by g(x). Here, we are mainly interested in
extensions that are either unramified or totally ramified.

We also study the effects of perturbations, obtained by adding a small
polynomial (with respect to the Gaussian norm), to a dynamical system.
An essential tool in these investigations is Krasner’s Lemma.

Apart from investigating perturbed dynamical systems, we also use Kras-
ner’s Lemma in order to classify all cubic extensions of the 3-adic number
field, by determining all irreducible polynomials that define each one of
these extensions.

Keywords: discrete dynamical systems, local fields, ramification, Krasner’s
Lemma
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General Introduction





1 Introduction

In this thesis we investigate a certain class of so-called discrete dynamical
systems. Speaking in the most general terms, a discrete dynamical system
is an action of the monoid of natural numbers (including zero) on a set X
by iterations of a mapping h : X → X. To get this topic at least a little
bit interesting, one needs to add some structure on X. For instance, one
can make X into a measure space, by defining a σ-algebra S of measurable
sets on X and a measure µ on S. Of special interest in this case are those
kind of mappings that are measure preserving, i.e. for every measurable set
M ⊆ X, the set h−1(M) is measurable as well, and µ(h−1(M)) = µ(M),
see e.g. Walters [26].

Instead of letting X have a structure of a measurable space, we will in
this thesis assume that X is provided with an algebraic structure; we will
require X to be a field L. The discrete dynamical systems that we are going
to study will be elements in the polynomial ring K[x], where K is a subfield
of L. It will be assumed that the extension L/K is finite.

Given a polynomial h(x) ∈ K[x] and an element α ∈ L, we obtain a
sequence (αj)

∞
j=0 in L by taking α0 = α and putting αj = h(αj−1) for

every j ∈ Z+. To study the long time behavior of such a sequence, it
is convenient to have a topology defined on L. In other words, L should
be a topological field. In fact, we will assume that the topology on L is
induced by a metric d. Moreover, in order to perform some analysis on L,
it is necessary to require L to be complete with respect to the topology
defined on L, i.e that every Cauchy sequence of elements in L converges to
an element in L.

The most studied fields that is applicable to the description above is
of course the fields R and C of real and complex numbers, respectively.
Both these fields are complete with respect to the topology induced by the
ordinary absolute value. However we will be interested in metrisable fields
on which the metric d is an ultrametric, i.e. it obeys the strong triangle
inequality

d(x, z) ≤ max{d(x, y), d(y, z)}.

The classical example of such a field is the field Qp of p-adic numbers
(where p denotes a prime). The p-adic numbers were invented by Kurt
Hensel in the last decade of the nineteenth century. His purpose was to pro-
vide a treatment of algebraic numbers, based on results of Eduard Kummer
and Leopold Kronecker. In order to do this, Hensel used an arithmetical
analogue of Karl Weierstrass’ method of developing analytical functions of
a complex variable into power series. Combined with general field theory,
this later on led to the theory of valuations, introduced by József Kürschák
in . Then in , Alexander Ostrowski determined the set of all valu-
ations on the field Q of rational numbers.

The theory of p-adic numbers had its great “breakthrough” in , when
Helmut Hasse, as a part of his doctoral thesis, proved a result that is now
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often referred to as the Hasse principle; a non-trivial solution of a quadratic
form exists in Q, if and only it exists in Qp, for all primes p, and in R.

Our investigation of discrete dynamical systems will take place in p-adic
fields, which can be thought of as a comprehensive term for all finite exten-
sions of the fields Qp. In the following pages, we will recall some theory of
such fields.

2 On p-adic Fields

There is a lot of literature written on the theory of p-adic fields. For in-
stance, a nice introduction to p-adic numbers can be found in Gouvêa [5].
In Artin [1], Cassels [2], Cassels and Fröhlich [3], Fesenko and Vostokov [4],
Hasse [6], Lang [9], and Serre [19], the topic is treated from an algebraic
point of view, while Mahler [12], Robert [17], and Schikhof [18] have a more
analytic approach to the concept.

2.1 Valued Fields

The p-adic fields belong to a much more general class of fields, the so-called
valued fields.

Definition 2.1. Let K denote a field. By a valuation | | on K we
mean a mapping

K ∋ a 7→ |a| ∈ R+ ∪ {0}
such that

(i) |a| = 0 if and only if a = 0

(ii) |ab| = |a| · |b| for every a, b ∈ K

(iii) there is a real number c ≥ 1 such that |1 + a| ≤ c, whenever |a| ≤ 1.

If a valuation | | is defined on K, then (K, | |) is called a valued field.

Every field can be provided with a valuation, for example the trivial one,
which is defined by

|a| =

{
0 if a = 0

1 otherwise.

In this thesis, we will however only deal with non-trivial valuations. We
would also like to point out that we will be sloppy in our notation, and
simply write K instead of (K, | |), when referring to a valued field.

Note that (i) and (ii) in the definition above imply that the restriction
of | | to the multiplicative group K∗ of K is a homomorphism from K∗ to
the multiplicative group R+ of all positive real numbers. Thus

VK = {|a| : a ∈ K∗}

is a subgroup of R+. This is the so-called valuation group of K (with
respect to | |).
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Example 2.2. The ordinary absolute value is a valuation on the field Q

of rational numbers. In this case we can choose c = 2 in (iii) of the definition
above. Here the valuation group VQ is given by Q+. ♦

Example 2.3. Given a prime p, we can write every non-zero rational
number r in the form

r = pν · a
b
, (2.1)

where ν, a, and b are integers such that b 6= 0, and where p does neither
divide a nor b. The integer ν is moreover uniquely determined by r, and is
independent of a and b. Let γ be a real number such that 0 < γ < 1. Then
we can define a valuation on Q by putting |0| = 0, and

|r| = γν

if r 6= 0, where ν is the integer given by (2.1). In this case, the number c in
Definition 2.1(iii) can be chosen to 1. To prove this, we see that if |r| ≤ 1
we must have ν ≥ 0 in (2.1). Hence

1 + r =
b+ apν

b
,

where ν ≥ 0. We know that p does not divide the denominator b. The same
applies to the nominator b + apν , at least if ν > 0. From this follows that
|1 + r| ≤ 1.

One usually chooses γ = 1/p. With this choice of γ we get the p-adic

valuation on Q. The valuation group VQ will then be given by the cyclic
subgroup 〈p〉 = {pn : n ∈ Z} of R+. ♦

Every valuation | | on a field K induces a topology on K. As a basis for the
open sets in this topology, one can use the sets

Br(a,K) = {b ∈ K : |b− a| < r},

where a ∈ K and r > 0. This is the open ball with center a and radius r,
contained in K. We write

Br(a,K) = {b ∈ K : |b− a| ≤ r}.

and
Sr(a,K) = {b ∈ K : |b− a| = r},

for the corresponding the closed ball and sphere, respectively.
Let | | be a valuation on K, and let λ be a positive real number. Then | |1,

given by
|a|1 = |a|λ

for every a ∈ K, is easily seen to be a valuation on K.1 Two valuations
on K that are related in this way are said to be equivalent. It is easy to

1If c ≥ 1 is a real constant that fulfills Definition 2.1(iii) with respect to | |, then cλ

will do as a corresponding constant of | |1.
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see that this relation is an equivalence relation. An equivalence class with
respect to this relation is called a place.

Theorem 2.4. A valuation | | on a field K obeys the triangle inequality

|a+ b| ≤ |a| + |b|

for every a, b ∈ K, if and only if one can choose c = 2 in the definition of
a valuation, i.e. if and only if |a| ≤ 1 implies |1 + a| ≤ 2.

A consequence of the above theorem (of which a proof can be found in
Artin [1]) is that every place contains a valuation for which the triangle
inequality is valid. Hence it is no restriction (from the topological point of
view) to assume that a given valuation | | obeys the triangle inequality, and
that d(x, y) = |x−y| thus defines a metric on K. Because of this we will, in
what follows, use the word ‘valuation’ in the same sense as the word ‘place’.

When it comes to valuations on the rational numbers Q, the two examples
we gave earlier actually gives a complete list of valuations on Q, according
to the following theorem (see for instance Gouvêa [5]).

Theorem 2.5 (Ostrowski). Any non-trivial valuation on Q is equiv-
alent to either a p-adic valuation for some prime p, or to the ordinary ab-
solute value.

Definition 2.6. A valuation is said to be non-archimedean, if one
can choose c = 1 in Definition 2.1. Otherwise it is called archimedean.

Looking back at Example 2.2, we see that the ordinary absolute value on Q

is an archimedean valuation, while the p-adic valuation of Example 2.3 is
non-archimedean, for every prime p.

From now on, we will mainly be interested in non-archimedean valued
fields. When | | is a non-archimedean valuation on a field K, the so called
strong triangle inequality

|a+ b| ≤ max(|a|, |b|)

is satisfied for every a, b ∈ K. A simple consequence of this inequality is
that whenever a1, a2, . . . , an are elements of a non-archimedean valued field,
such that |a1| > |aj | for every j = 2, 3, . . . , n, then

|a1 + a2 + · · · + an| = |a1|.

Thus in a non-archimedean world, it is not the case that many a little makes
a mickle, so to speak.

The strong triangle inequality implies some “bizarre” properties of the
balls and spheres in K, such as:

• The sets Br(a,K), Br(a,K) and Sr(a,K) are open, as well as closed,
in the topology induced by | |.2

2Due to this, these sets are sometimes referred to as ‘clopen’ sets.
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• If b ∈ Br(a,K), then Br(b,K) = Br(a,K), i.e. any element in a ball
is a center of it.

• We might have Br1(a,K) = Br2(a,K), even though r1 6= r2.

• Neither Br(a,K) nor Br(a,K) has the sphere Sr(a,K) as its bound-
ary.

The properties above make it difficult to illustrate the geometry of a non-
archimedean valued field by drawing pictures. However, some classes of such
fields have a sort of hierarchical tree structure, as we will describe later on.

With the aid of the strong triangle inequality, it is easy to see that

OK = {a ∈ K : |a| ≤ 1}

is a subring of K. This is an integral domain, and its field of fractions is
given by K. The elements of OK are called the integers of K. Moreover,

PK = {a ∈ OK : |a| < 1}

is an ideal of the ring OK . Since a ∈ OK is a unit in OK if and only
if |a| = 1, we see that PK consists exactly of the non-units in OK , and
thereby PK has to be a maximal ideal in OK . Actually, PK has to be the
only maximal ideal of OK .3 We will call PK the maximal ideal of K.
Since PK is maximal, the factor ring OK/PK is a field—the residue class

field of K. We will denote this by Kp.

Definition 2.7. Let K be a non-archimedean valued field. If the valu-
ation group VK is cyclic, then | | is said to be discrete.

Theorem 2.8. Let K be a non-archimedean valued field, and PK the
maximal ideal of K. Then the valuation | | on K is discrete, if and only if
the ideal PK is principal.

One way to prove the above theorem is to show that if π generates the
ideal PK , then |π| generates the cyclic group VK , and that if |π| gener-
ates VK , and if |π| < 1, then π is a generator of PK . See Cassels [2] (p. 42)
for the details.

When | | is discrete, a generator of PK is called a prime of K.4 If π1

and π2 are primes of K, then |π1| = |π2|, whence there is a unit u ∈ OK

such that π1 = uπ2. Of course this applies to any two elements a1 and a2

in K, such that |a1| = |a2|. In the case when K = Qp, one usually chooses
π = p.

Suppose a ∈ K∗. If the valuation on K is discrete, then there is an
integer n such that |a| = |π|n, where π is a prime of K. This number n is
called the order of a (at π), and we write

n = ordπ(a).

3Thus OK is a local ring.
4Some authors use the terminology uniformizer or uniformizing parameter.
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By convention, ordπ(0) = ∞. It is easy to see that the integer n does not
depend on π, i.e. if π1 and π2 are any primes of K, then ordπ1

(a) = ordπ2
(a),

for every a ∈ K.
In terms of the order function, the property Definition 2.1(ii) of a valua-

tion becomes
ordπ(ab) = ordπ(a) + ordπ(b)

for all a, b ∈ K, and the strong triangle equality translates into

ordπ(a+ b) ≥ min{ordπ(a), ordπ(b)}.

2.2 Completeness

The concept of convergence of a sequence (an)
∞
n=1 of elements in a valued

field K is defined in the ordinary way. Thus (an)
∞
n=1 is said to converge to

an element a ∈ K, if limn→∞ |an − a| = 0. If this is the case, the element a
is called the limit of (an)

∞
n=1. When | | is non-archimedean, it is often

easier to decide whether a sequence is convergent or not, than it is in the
archimedean case. For instance, a series

∑∞
n=1 bn is convergent with respect

to a non-archimedean valuation | |, if and only if |bn| → 0 as n→ ∞. This
is due to the strong triangle inequality.

By a Cauchy sequence with respect to a valuation | |, we mean a se-
quence (an)

∞
n=1 such that for all ε > 0, there is an integer N such that

|am − an| < ε for every m,n ≥ N .5 The field K is said to be complete

(with respect to | |), if every Cauchy sequence in K has a limit in K. If K
is not complete with respect to its valuation, it is possible to imbed it in
a field K̃ that is complete with respect to a prolongation of | | to K̃. The
manner in which this can be done is described in Hasse [6]. The original

field K will be a dense subset of its completion K̃.

Example 2.9. The completion of the rational number field Q with re-
spect to the ordinary absolute value (see Example 2.2) is given by the field
of real numbers R. If we instead form the completion of Q with respect to
a p-adic valuation (see the end of Example 2.3), we get the field Qp of the
so-called p-adic numbers. ♦

2.3 Local Fields

A special class of the valued fields is formed by the local fields, which are
defined as follows.

Definition 2.10. A valued field K is called a local field, if

(i) the valuation | | on K is non-trivial and discrete,

(ii) the field K is complete with respect to | |,
(iii) the residue class field Kp of K is finite.

5If | | happens to be non-archimedean, it is enough to claim that there exists N ∈ Z

such that |an+1 − an| < ε for every n ≥ N .
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In the literature, there are some discrepancies in the definition of a local
field. For instance, according to Fesenko and Vostokov [4] the residue class
field should be perfect.6 Another quite common definition is that a local
field is the completion of some field with respect to a non-trivial valuation,
not necessarily non-archimedean and/or discrete. With this definition, R

and C become local fields. The definition we have stated above is due to
Serre, see Cassels and Fröhlich [3] (Chapter VI, p. 129).

Every integer in a local field (as we have defined it) has a unique “deci-
mal expansion”, as described in the following theorem (see Cassels [2] for a
proof).

Theorem 2.11. Let K be a local field and π a prime of K. Let further R
be a complete residue system of OK modulo PK . Then every a ∈ OK can
uniquely be expressed in the form

a =

∞∑

n=0

cnπ
n, (2.2)

where cn ∈ R for all n. Conversely, the right hand side of (2.2) converges
to an element in OK .

As a complete residue system R of OK modulo PK one can for instance
choose the set {b}∪{ζ ∈ OK : ζq−1 = 1}, where q is the number of elements
in the residue class field Kp = OK/PK , and b is any element in PK .

Corollary 2.12. A local field is locally compact.

Corollary 2.13. Let K, π, and R be as in Theorem 2.11. If 0 ∈ R,
then every element a ∈ K∗ can uniquely be written as

a =
∞∑

n=m

cnπ
n,

where m = ordπ(a) and cn ∈ R for all n, but cm 6= 0.

Theorem 2.11 indicates that a local field has a hierarchical structure, and
we will now describe how the ring of integers in a local field can be pictured
as a tree.7

Let K, π, and R be as in Theorem 2.11. We construct a q-nary tree,
where q is the number of elements in R, as follows. At each node in the
tree, we label each one of the q lines, that extends downwards from the
node, bijectively with the elements c1, c2, . . . , cq in R. By starting at the
root node and following a branch in the tree, we obtain, by noting in which

6Whence it could be infinite with characteristic zero.
7It will actually be a “tree of infinite height”; there will be no leaves, or terminal nodes,

in the tree.

9



b

0

b

0

b

1

b

2

b

1

b

0

b

1

b

2

b

2

b

0

b

1

b

2

Figure 2.1

way the lines we are traversing are labelled, a sequence (cni
) of elements

in R. This sequence determines an element

a =

∞∑

i=0

cni
πi ∈ OK , (2.3)

according to Theorem 2.11. Conversely, every element a ∈ OK corresponds
to a branch in the tree, determined by the coefficients in its expansion (2.3).

Example 2.14. Let K = Q3. Then OK = Z3 and PK = 3Z3. As a
complete residue system of Z3 modulo 3Z3 one can choose the set {0, 1, 2}.
The first levels of the 3-adic tree are pictured in Figure 2.1. An element
in Z3 having a 3-adic expansion that begins with 1 · 30 + 0 · 31 + 2 · 32 + . . .
is marked in the figure as a thick branch. Any extension of this branch,
further down in the tree, represents an element in the ball B1/9(19,Q3). ♦

Let K be a local field, and OK its ring of integers. Then the set

UK = {a ∈ OK : |a| = 1}

forms a group with respect to multiplication. If we fix a prime π of K, it is
easy to see that every a ∈ K∗ can be expressed as

a = πrε,

where r ∈ Z and ε ∈ UK are uniquely determined by a. This means that
the multiplicative group K∗ is isomorphic to the direct product of U and
the cyclic subgroup

〈π〉 = {πj : j ∈ Z}
of K∗. The coset

1 + PK = {1 + x : x ∈ PK}
of the maximal ideal PK in OK is easily shown to be a subgroup of UK . If
we let q denote the number of elements in the residue class field Kp, then
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it turns out that every ε ∈ UK has a unique representation of the form

ε = ζη,

where ζ is a (q−1)st root of unity, and η ∈ 1+PK . Hence UK is isomorphic
to the direct product of F∗

q and 1+PK , where F∗
q is the multiplicative group

of the finite field Fq consisting of q elements. We collect the above remarks
in a theorem.

Theorem 2.15. Let K be a local field, and let π be a fixed prime of K.
Let further q be the number of elements in the residue class field Kp of K.
Then every non-zero element a ∈ K can be uniquely expressed as

a = πrζη,

where r is an integer, ζ is a (q − 1)st root of unity, and η ∈ 1 + PK . Thus

K∗ ≃ Z × F∗
q × (1 + PK).

2.4 Prolongation of Valuations

It is easy to see that no local field is algebraically closed: if K is such a field
and if π is a prime of K, then x2 − π ∈ K[x] is irreducible. Thus there are
non-trivial finite extensions of any local field.

If L is a finite extension of a local field K,8 it is possible to prolong the
valuation | | on K to a valuation ‖ ‖ on L, in such way that L also will be
a local field (with respect to ‖ ‖). In fact, there is only one possible way to
do this. The construction of ‖ ‖ is done in the following manner.

Let L be a finite extension of the local field K. For every fixed element
α ∈ L, the mapping Eα : L→ L, defined by Eα(β) = αβ for every β ∈ L, is
a K-linear mapping, when contemplating L as a vector space over K. We
define the norm NL/K(α) of α as

NL/K(α) = detEα.

Some of the properties of NL/K are listed in the following lemma.

Lemma 2.16. Let L/K be a finite extension of degree n. Then

(i) NL/K(α) ∈ K for every α ∈ L

(ii) NL/K(αβ) = NL/K(α)NL/K(β) for every α, β ∈ L

(iii) NL/K(a) = an for every a ∈ K

(iv) If the minimal polynomial m(x) ∈ K[x] of α ∈ L is given by

m(x) = xr + ar−1x
r−1 + · · · + a1x+ a0,

then
NL/K(α) = (−1)na

n/r
0 .

8All finite extensions of a local field K are assumed to be contained in a fixed algebraic
closure of K.
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The first three claims in the lemma above are more or less trivial. A proof
of the last claim can be found for instance in Morandi [13].

Theorem 2.17. Let K be a local field, and suppose L is a finite extension
of K. Then

‖α‖ = n

√
|NL/K(α)| (α ∈ L)

defines a valuation ‖ ‖ on L, and L is a local field with respect to this
valuation. Further, ‖ ‖ is a prolongation of the valuation | | on K, and any
prolongation of | | to L coincides with ‖ ‖.

We refer to Chapter 7 of Cassels [2] for a proof of this theorem. In what
follows, we will use the notation | | for the valuation on K, as well as for its
prolongation to any finite extension of K.

Remark. If α, β ∈ L is conjugate over K, then |α| = |β|. This is due to
Lemma 2.16(iv) and the above theorem.

We define the ring of integers OL in L, its maximal ideal PL, and the
corresponding residue class field Lp in the same manner as what was done
for K. Obviously, OK = K ∩ OL and PK = K ∩ PL.

It is possible to contemplate Kp as a subfield of Lp (since the mapping
Kp ∋ a+PK 7→ a+PL ∈ Lp is a well-defined monomorphism). The degree
f = [Lp : Kp] is finite, whenever [L : K] is (we have [Lp : Kp] ≤ [L : K], see
Cassels [2]), and is called the residue class degree of the extension L/K.
We write f = f(L/K).

Turning to the valuation groups VK and VL of K and L, respectively,
we see that VK is trivially a subgroup of VL. The index e = (VL : VK) is
finite, since both VL and VK are infinite cyclic groups. We call this index
the ramification index of the extension L/K, and we write e = e(L/K).
The notation e and f for the ramification index and residue class degree,
respectively, are standard in this context.

Given a tower K ⊆ L ⊆ F of finite extensions, we obviously have

e(F/K) = e(F/L) · e(L/K) and f(F/K) = f(F/L) · f(L/K).

We note that since the valuation on L is discrete, the maximal ideal PL

of L is principal. Hence, if πL is a prime of L, then |πL| will be a generator
of VL. Since VK is a subgroup of index e in VL, we have that |πK |e = |πL|,
where πK is any prime of K. The ramification index e is the least positive
integer with this property.

Theorem 2.18. Let L be a finite extension of local field K. Then

n = ef,

where n = [L : K], e = e(L/K), and f = f(L/K).

12



Proof (Sketch). Choose α1, α2, . . . , αf ∈ OL such that α1, α2, . . . ,αf be-
comes a basis of the vector space Lp over Kp.

9 Let πL be a prime of L.
Then neither two of the e elements |πL|0, |πL|1, . . . , |πL|e−1 in VL belong to
the same coset of the subgroup VK . The ef elements in the set

{αiπjL : 1 ≤ i ≤ f, 0 ≤ j ≤ e− 1} (2.4)

can now be shown to be a basis of the vector space L over K (see Cassels [2]
for the details), and from this the theorem follows.

As a consequence we have the following theorem (see Artin [1]).

Theorem 2.19. Let K be a local field. If L/K is an extension of de-
gree n, then OL is a free OK-module of rank n, and the elements in the
set given by (2.4) in the proof of the previous theorem, is a basis of OL

over OK .

2.5 Ramification

Of special interest are those extensions of which the ramification index e or
the residue class degree f equals 1.

Definition 2.20. A finite L/K extension of degree n is called

(i) unramified, if e(L/K) = 1 (or equivalently, f(L/K) = n),

(ii) totally ramified, if e(L/K) = n (or equivalently, f(L/K) = 1).

According to the next theorem, when constructing a finite extension of a
local field, one can always start by making an unramified extension, and on
top of that a totally ramified extension.

Theorem 2.21. For every finite extension L/K, there exists an inter-
mediate field F of K and L, such that F/K is unramified and L/F is totally
ramified.

See Lang [9] (pp. 51) for a proof. The theorem above can be strengthened in
the following way: there is a one-to-one correspondence between the set of
all intermediate fields of Kp and Lp, and the set of all intermediate fields F
of K and L, such that F/K is unramified (see Artin [1]).

It is well-known how to construct an unramified or a totally ramified
extension of a local field. We will now give recipes for how this can be done
in each one of these cases, starting with the unramified one.

Theorem 2.22. Let K be a local field, and let m(x) ∈ Kp[x] be an
irreducible polynomial of degree n. Suppose m̂(x) ∈ OK [x] is of degree n,
and is mapped canonically onto m(x). Then m̂(x) is irreducible over K,
and L = K[x]/ 〈m̂(x)〉 is an unramified extension of degree n of K.

9By α, where α ∈ OL, we mean the canonical image of α in Lp = OL/PL.
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Proof. It is obvious that m̂(x) is irreducible overK. Thus L = K[x]/ 〈m̂(x)〉
is an extension of degree n of K.

Let α ∈ L be a zero of m̂(x). Then the canonical image α of α in the
residue class field Lp of L has m(x) ∈ Kp[x] as its minimal polynomial,
whence Lp ⊇ Kp(α). This yields [Lp : Kp] ≥ [Kp(α) : Kp] = n. But on
the other hand [Lp : Kp] ≤ [L : K] = n. Hence [L : K] = [Lp : Kp], which
means exactly that L/K is unramified.

When it comes to totally ramified extensions, we have the following theorem.

Theorem 2.23. Suppose L/K is a totally ramified extension of degree e.
Then L = K(πL), where πL is a prime of L. Moreover, πL is a zero of an
Eisenstein polynomial of degree e, i.e. a polynomial

f(x) = xe + ae−1x
e−1 + · · · + a1x+ a0 ∈ K[x]

such that ordπK
(ai) ≥ 1 for all i = 1, 2, . . . , e − 1, and ordπK

(a0) = 1,
where πK is a prime of K.

Conversely, if L = K(β) is an extension of K, obtained by adjoining a
zero β of an Eisenstein polynomial of degree e in K[x], then L/K is a totally
ramified extension of degree e, and β is a prime of L.

Proof. If L/K is totally ramified, then the sketch of the proof of Theo-
rem 2.18 tells us that 1, πL, π

2
L, . . . , π

e−1
L is a basis of the vector space L

over K. Hence L = K(πL). The minimal polynomial of πL in K[x] is thus
of degree e, say

m(x) = xe + ae−1x
e−1 + · · · + a1x+ a0.

Let α1, α2, . . . , αe denote the e (not necessarily different) zeros of m(x).
We have |αj | = |πL| for all j, whence all zeros of m(x) belong to PL. The
coefficient ai of m(x) is the elementary symmetric polynomial of degree e−i
in these zeros. Hence ai ∈ K∩PL = PK , that is, ordπK

(ai) ≥ 1 for every i.
Moreover,

|a0| =

e∏

i=1

|αi| = |πL|e = |πK |,

or in other words, ordπK
(a0) = 1. We conclude that m(x) is an Eisenstein

polynomial.
On the other hand, suppose β is a zero of an Eisenstein polynomial of

degree e, say
βe + be−1β

e−1 + · · · + b1β + b0 = 0.

Then |β| < 1, which gives |biβe−i| < |πK | for every i = 1, 2, . . . , e − 1.
Since |b0| = |πK |, we must have |β|e = |πK |. If we put L = K(β), this
means that e(L/K) ≥ e. Every Eisenstein polynomial is irreducible, whence
[L : K] = e. We further know that e(L/K) ≤ [L : K]. Putting all this
together, we obtain e(L/K) = [L : K] = e. Thus L/K is totally ramified.
It is now clear that β is a prime of L.

14



2.6 p-adic Fields

Local fields having characteristic zero will be of special interest for us.

Definition 2.24. A local field K is called a p-adic field, if charK = 0.

Theorem 2.25. Let K be a p-adic field. Then K is isomorphic to some
finite extension of the field Qp, where p = charKp.

Proof. See Cassels [2], p. 144.

In this thesis we will, among other things, be interested in when two finite
extensions are isomorphic. A useful tool for determining this is the following
result.

Theorem 2.26 (Krasner’s Lemma). Let K be a p-adic field, and
suppose α is an element in the algebraic closure of K. If β is algebraic
over K and fulfills |β−α| < |γ−α| for every conjugate element γ 6= α of α
over K, then α ∈ K(β).

Proof. Let σ be a K(β)-homomorphism. We want to prove that σ(α) = α.
Suppose σ(α) 6= α. Then by assumption |β − α| < |σ(α) − α|. But this
contradicts

|σ(α)−α| ≤ max(|σ(α)−β|, |β−α|) = max(|σ(α)−σ(β)|, |β−α|) = |β−α|,

and thereby the theorem is proved.

Given a polynomial

f(x) = amx
m + am−1x

m−1 + · · · + a1x+ a0

with coefficients in K, we introduce the Gaussian norm

‖f(x)‖ = max
0≤i≤m

|ai|.

Then ‖ ‖ on K[x] satisfies all the valuation axioms of Definition 2.1.

Krasner’s Lemma can be used to show that irreducibility of polynomials
obeys some kind of continuity, in the sense that if one does not change
the coefficients of an irreducible polynomials too much (with respect to the
valuation), the resulting polynomial will still be irreducible, and moreover
defining an extension isomorphic to the original one.

Theorem 2.27. Let K be a p-adic field, and suppose f(x) ∈ K[x] is
irreducible. Let g(x) ∈ K[x] be a polynomial of the same degree as f(x).
Then there exists an ε > 0 such that if |f(x) − g(x)| < ε, then g(x) is
irreducible, and the fields K[x]/ 〈f(x)〉 and K[x]/ 〈g(x)〉 are isomorphic.
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Proof. If we put

f(x) = amx
m + am−1x

m−1 + · · · + a1x+ a0, and

g(x) = bmx
m + bm−1x

m−1 + · · · + b1x+ b0,

then ‖f(x)−g(x)‖ < ε implies |ai−bi| < ε for every i. Let the factorization
of f(x) over its splitting field be given by

f(x) = c(x− α1)(x− α2) . . . (x− αm),

for some c ∈ K. Here, the zeros α1, α2, . . . , αm of f(x) are all different, and
we note that if β is any zero of g(x), then [K(β) : K] ≤ [K(αi) : K] = m.

Let A = ‖g(x)‖. Then |β| ≤ max(1, A). Since

|c(β − α1)(β − α2) . . . (β − αm)| = |f(β)|
= |f(β) − g(β)|
≤ max

0≤j≤m
|(aj − bj)β

j |

< εmax(1, Am)

it follows that |β − αi| < m
√
εmax(1, A) for some i. By choosing ε small

enough, Krasner’s Lemma yields K(αi) ⊆ K(β). Hence [K(β) : K] = m,
and g(x) must therefore be irreducible. The theorem is proved.

When f(x) and g(x) are two irreducible polynomials such that the fields
K[x]/ 〈f(x)〉 and K[x]/ 〈g(x)〉 are isomorphic, we will write f(x) ∼ g(x). It
is easy to see that ∼ is an equivalence relation on the set of all irreducible
polynomials in K[x]. If f(x) ∼ g(x), we will say that f(x) and g(x) are
equivalent.

Theorem 2.28. Let n be a positive integer and K a p-adic field. Then
the number of finite extensions of K of degree n is finite.

Proof. Our proof follows Lang [9] (see Proposition 14, Chapter II, pp. 54).
Let L be an extension of K such that [L : K] = n. By Theorem 2.21, there
is a uniquely determined intermediate field F of K and L, such that F/K
is unramified and L/F is totally ramified. Because of this, we may assume
that L/K is totally ramified. Then Theorem 2.23 applies, telling us that
L = K(α) for some zero α ∈ L of an Eisenstein polynomial

m(x) = xn + an−1x
n−1 + · · · + a1x+ a0

in K[x]. We identify m(x) with the element (an−1, an−2, . . . , a1, a0) in the
set

X = PK × PK × · · · × PK × (PK \ P2
K),

which can be contemplated as a topological space in the ordinary way (i.e.
with respect to the product topology). Now PK \P2

K and PK are compact
subsets of K, by Corollary 2.12, whence X is compact.

16



For every point in X that represents an Eisenstein polynomial f(x) of
degree n, there exists a neighborhood U , such that every monic polynomial
g(x) (of degree n), corresponding to a point in U , is equivalent to f(x) (see
Theorem 2.27). Hence we obtain, in a natural way, an open cover of X.
Since X is compact, this open cover has a finite subcover, which proves the
theorem.

3 Discrete Dynamical Systems

In theoretical physics there has been a growing interest, within the last
couple of decades, in constructing physical models where the underlying
field has a p-adic structure. Some properties of the p-adic numbers have
turned out to be more suitable, compared to the real numbers, when it
comes to describing different physical phenomena, for instance in quantum
mechanics, see e.g. Khrennikov [7].

From this field of investigation has emerged a purely mathematical inter-
est for dynamical systems in fields provided with a non-archimedean val-
uation. We will in this section give an introduction to discrete dynamical
systems over such fields. Different presentations of discrete dynamical sys-
tems over non-archimedean valued fields can be found in e.g. Khrennikov [8],
Lindahl [10], Lubin [11], Nilsson [15], Nyqvist [16], and Verstegen [25].

3.1 Fixed Points and Periodic Points

Let L be a finite extension of a p-adic field K. For every β ∈ L we use φβ to
denote the evaluation homomorphism at β, i.e. the mapping φβ : K[x] → L
defined by

φβ [h(x)] = h(β) = anβ
n + an−1β

n−1 + · · · + a1β + a0

for every h(x) = anx
n + an−1x

n−1 + · · · + a1x + a0 ∈ K[x]. For a given
h(x) ∈ K[x] the mapping

L ∋ β 7→ h(β) ∈ L

is called a discrete dynamical system (or just dynamical system, for
short) on L. We will simply refer to this dynamical system as h.

Given a dynamical system h and an element α ∈ L, we construct a
sequence (αj)

∞
j=0 of elements in L recursively by

{
α0 = α

αj = h(αj−1), j ∈ Z+.

We will write hj(α) = αj for every j, where we interpret hj as the j-fold
composition of h.

Of special interest are those elements that is mapped to themselves after
a finite number of iterations, i.e. elements α ∈ L such that hm(α) = α for
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some positive integer m. Such elements are called periodic points. If α
is a periodic point and if m is the least positive integer with the property
hm(α) = α, we say that α is an m-periodic point of h. In this case, m
is called the period of α, and the m elements α, h(α), h2(α), . . . , hm−1(α)
(which are all different) are said to form an m-cycle. In this thesis we will
mainly be interested in the case when m = 1. Periodic points of period 1
are called fixed points.

3.2 Basins of Attraction and Maximal Siegel Disks

Suppose α is a m-periodic point of a dynamical system h on a p-adic field L,
and let β ∈ L be an element a neighborhood of α. What can then be said
about the behavior of the sequence (hj(β))∞j=0? The following theorem gives
an answer to this question.

Theorem 3.1. Suppose α is an m-periodic point of the dynamical sys-
tem h on L, and let H(x) = hm(x).

(i) If |H ′(α)| < 1, then there is a neighborhood V of α such that

lim
j→∞

Hj(β) = α

for every β ∈ V .

(ii) If |H ′(α)| = 1, then there is a ball Br(α,L) that is invariant with
respect to H, or in other words,

H[Sρ(α,L)] ⊆ Sρ(α,L).

for every sphere Sρ(α,L) with ρ < r.

(iii) If |H ′(α)| > 1, then there is a neighborhood V of α such that

|h(β) − α| > |β − α|

whenever β ∈ V \ {α}.

The theorem just stated motivates the following two definitions.

Definition 3.2. Let α be an m-periodic point of the dynamical sys-
tem h on L, and let H = hm. Then α is said to be attracting, indif-

ferent, or repelling, depending on whether |H ′(α)| < 1, |H ′(α)| = 1, or
|H ′(α)| > 1, respectively.

Definition 3.3. Let α be an m-periodic point of the dynamical sys-
tem h on L, and let H = hm.

(i) If α is attracting, then the set

A(α,L) =

{
β ∈ L : lim

j→∞
Hj(β) = α

}

is called the basin of attraction of α in L (with respect to h).
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(ii) If α is indifferent, then a ball Br(α,L) such that every sphere Sρ(α,L),
where ρ < r, is invariant under H, is called a Siegel disk. The union
of all Siegel disks of this form is called the maximal Siegel disk of α
in L (with respect to h). We denote this by Si(α,L).

To calculate the basin of attraction or maximal Siegel disk of a fixed point
of a dynamical system, the following result (see [8]) is useful.

Theorem 3.4. Let h be a dynamical system on L and α an m-periodic
point of h. Let further r be a positive real number, and put H = hm.

(i) If α is attracting and r fulfills the inequality

max
n≥2

(∣∣∣∣
H(n)(α)

n!

∣∣∣∣ r
n−1

)
< 1, (3.1)

then Br(α,L) ⊆ A(α,L). Here H(n) denotes the nth derivative of H.

(ii) If α is indifferent and r fulfills (3.1), then Br(α,L) ⊆ Si(α,L).

Given a sequence (αj)
∞
j=0 of elements in OK , obtained by iterations of a dy-

namical system h, it is often useful to study the canonical sequence (αj)
∞
j=0

in the residue class field Kp, obtained by iterations of the canonical image
h(x) ∈ Kp[x] of the polynomial h(x). Results concerning dynamical systems
over finite fields, see e.g. Morton [14], can then be used to obtain information
about the dynamics of the original dynamical system.

4 Summary of the Thesis

Our investigations in this thesis concern dynamical systems of the kind

h(x) = x+ g(x), (4.1)

where g(x) is a monic irreducible polynomial with coefficients in OK , the
ring of integers of a given p-adic field K. The fixed points of h is exactly
the zeros of the polynomial g(x), and we let h act on the finite extension
L = K(α) of K.

Since g(x) is monic and has integer coefficients, every zero α ∈ L of g(x)
is an integer, i.e. |α| ≤ 1. Together with the strong triangle inequality,
this implies that the fixed points of h are either attracting or indifferent.
Furthermore, if α is an attracting (indifferent) fixed point of h, then every
other fixed point of h is attracting (indifferent) as well, since if β 6= α is
another fixed point of h, then we can find an element σ in the Galois group
of g(x) that maps α to β, whence

|h′(α)| = |σ(h′(α))| = |h′(σ(α))| = |h′(β)|.

This thesis is a collection of four papers. We present an outline of each one
of these papers below.
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4.1 Paper I: Cubic Extensions of the 3-adic Number

Field

The objective of this paper is to construct all cubic extension of the field Q3

of 3-adic numbers, by finding irreducible polynomials that generates each
one of them. A cubic extension of Q3 (or any p-adic field whatsoever) has
to be either unramified or totally ramified. The difficult part is to find those
polynomials that generate totally ramified extensions. These polynomials
can be chosen to be Eisenstein. A list of such polynomials, that might
generate non-isomorphic cubic extensions of Q3, is found with the aid of
Krasner’s Lemma. Local class field theory is then used to sort out those
polynomials that have an abelian Galois group. Finally, a closer inspection
of the remaining polynomials is made, in order to sort out duplicates; if one
adjoins a zero of a certain polynomial to Q3, the extension obtained might
contain zeros of some other polynomial in the list of candidates.

This paper differs from the other three, in the sense that it does not
contain any results concerning dynamical systems. However, the way in
which Krasner’s Lemma is used in this paper is repeated later on in Pa-
per III, where the objective is to investigate the stability of a certain class
of dynamical systems against perturbations.

The paper has been previously published in [21], and was also the main
part of the author’s licentiate thesis [20].

4.2 Paper II: Dynamical Systems in Unramified or To-

tally Ramified Extensions of a p-adic Field

In this paper we investigate our class of dynamical systems of the kind (4.1),
in the special case when the degree of g(x) is a prime. If α is a fixed point
of h, then the extension L/K, where L = K(α), is either unramified or
totally ramified.

In the unramified case, we first give a necessary and sufficient condition
for a fixed point to be attracting, provided that the canonical image g(x)
of g(x) in Kp[x] is irreducible, see Theorem 5.1 on page 43. The basin of
attraction for those polynomials that have attracting fixed points is then
determined in Theorem 5.2 on page 44.

The case when g(x) defines a totally ramified extensions is treated in
Theorem 5.4 on page 45. The proof of this theorem is divided into two
cases, depending on whether the fixed point α is a unit or not.

The results in this paper is valid for arbitrarily p-adic fields, and is a
generalization of results that previously have been published in [22], where
just the case K = Qp is treated.

4.3 Paper III: Perturbed Dynamical Systems in p-adic

Fields

This paper concerns about the stability of our class of dynamical systems
with respect to perturbations; if h(x) is a dynamical system of the type (4.1),
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and if ε(x) ∈ K[x] is a “small” polynomial (with respect to the Gaussian
norm), under what conditions does h(x) + ε(x) belong to our studied class
of dynamical systems?

By using Newton polygons, we derive conditions on the coefficients of a
certain kind of irreducible polynomials (Theorem 5.2 on page 54). The infor-
mation obtained from this investigation is then used together with Krasner’s
Lemma, in order to find sufficient limitations of the coefficients of the per-
turbing polynomial ε(x), to make g(x) and g(x) + ε(x) equivalent. We do
this for a couple of special cases. Theorem 6.2 on page 55 deals with the case
when deg g(x) is not divisible by p = charKp, while the case deg g(x) = p
is treated in Theorem 6.6 on page 58 and Theorem 6.9 on page 60.

The contents of this paper is based on a talk given by the author at
The First International Conference on p-adic Mathematical Physics, held in
Moscow in October , see [24].

4.4 Paper IV: Conditions for Attracting Fixed Points

of Polynomial Dynamical Systems

In Paper II we investigated whether the fixed points of a given dynamical
system are attracting or not. In this paper we reverse the question at
issue; given that the fixed points are attracting, what can be said about the
dynamical system? Theorem 4.2 on page 68 presents necessary and sufficient
conditions on g(x) for the dynamical system (4.1) to have attracting fixed
points. Theorem 4.8 on page 70 deals with the number of polynomials that
give rise to a dynamical system with attracting fixed points.

In this paper we also examine the nature of the 2-periodic points of a
simple kind of dynamical systems having attracting fixed points, in the case
when the base field is given by Qp.

The results in this paper are collected in [23].
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Abstract

By using Krasner’s Lemma as a tool, a set of irreducible polynomials
that defines all cubic extension of the field Q3 of 3-adic numbers, are
determined.

Keywords: p-adic fields, finite extensions, Krasner’s Lemma.

1 Introduction

Throughout this paper, K will denote a p-adic field. We will further let K
be a fixed algebraic closure of K. All finite extensions of K are assumed
to be contained in this algebraic closure. The ring of integers in K will be
denoted by OK , and the corresponding maximal ideal by PK . By Kp we
will mean the residue class field of K. The order n of an element a ∈ K at
a prime π of K will be written as n = ordπ(a).

1

It is well-known that there exist only finitely many extensions of a given
degree of a p-adic field, see for instance [4] (Chapter II, Proposition 14).
The problem of determining the number of extensions of a given degree has
been studied by Krasner [3] and Serre [8].

Every p-adic field is isomorphic to some finite extension of the field Qp

of p-adic numbers. To provide a classification of all extensions of a given
degree of Qp, by determining the corresponding irreducible polynomials, is
a quite complex problem. All quadratic extensions of Q2 is however easy
to classify, and this is done for instance in [5] (Chapter 6). In the present
paper we provide a classification for extensions of the third degree of Q3.

2 Preliminaries

Our investigation will be strongly based on Krasner’s Lemma and its con-
sequences. See [1] for the proofs of the theorems in this section.

Theorem 2.1 (Krasner’s Lemma). Let α ∈ K, and let G be the set
of all K-homomorphisms from K(α) to K. Then K(α) ⊆ K(β) for every
β ∈ K such that |β − α| < minσ∈G\{1} |σ(α) − α|.

Theorem 2.2. Suppose that f(x) ∈ K[x] is irreducible. Let g(x) ∈ K[x]
be a polynomial of the same degree as f(x). Then there exists an ε > 0 such
that if |f(x)−g(x)| < ε, then g(x) is irreducible, and the fields K[x]/ 〈f(x)〉
and K[x]/ 〈g(x)〉 are isomorphic.2

When f(x) and g(x) are two irreducible polynomials such that the fields
K[x]/ 〈f(x)〉 and K[x]/ 〈g(x)〉 are isomorphic, we will write f(x) ∼ g(x).
Clearly, ∼ is an equivalence relation on the set of all irreducible polynomials

1With the convention ordπ(0) = ∞.
2Here |f(x)|, where f(x) ∈ K[x], is defined to be the maximal valuation of the coeffi-

cients of f(x).
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in K[x], and we will say that the irreducible polynomials f(x) and g(x) are
equivalent, whenever f(x) ∼ g(x).

Theorems 2.3 and 2.4 below, describe how to construct an unramified
extension and a totally ramified extension, respectively, of a p-adic field K.
Theorem 2.5 states that an unramified extension is uniquely determined (up
to isomorphism) by its degree.

Theorem 2.3. Let m(x) ∈ Kp[x] be an irreducible polynomial of de-
gree n. Suppose m̂(x) ∈ OK [x] is of the same degree as m(x), and that
m̂(x) is mapped canonically onto m(x). Then m̂(x) is irreducible over K,
and L = K[x]/ 〈m̂(x)〉 is an unramified extension of degree n of K.

Theorem 2.4. Suppose L/K is a totally ramified extension of degree n.
Then L = K(α) for some zero α of an Eisenstein polynomial of degree n,
i.e. a polynomial

f(x) = a0 + a1x+ · · · + an−1x
n−1 + xn ∈ K[x]

such that ordπ(ai) ≥ 1 for all i = 1, 2, . . . , n− 1, and ordπ(a0) = 1.
Conversely, if L = K(β) is an extension of K, obtained by adjoining

a zero β of an Eisenstein polynomial of degree n in K[x], then L/K is a
totally ramified extension of degree n.

Theorem 2.5. For every finite extension L/K there exists a unique in-
termediate field F of K and L, such that F/K is unramified, and L/F is
totally ramified.

3 Cubic Extensions of Q3

There turns out to be ten cubic extensions of the 3-adic number field, and
a list of the corresponding polynomials can be found in [2] (p. 66). How-
ever, in this section we will give a more constructive approach to find these
polynomials, than what is done in [2].

Let L be an extension of Q3 such that [L : Q3] = 3. Then L/Q3 is
either unramified or totally ramified. If L/Q3 is unramified, we can use
Theorem 2.3 to conclude that for instance x3 + 2x + 1 ∈ Q3[x] defines an
unramified cubic extension of Q3.

Turning to the totally ramified ramified case, it is enough to study cubic
Eisenstein polynomials in Q3[x] (see Theorem 2.4).

Theorem 3.1. Let f(x) = x3 +ax2 +bx+c be an Eisenstein polynomial
in Q3[x], and let α1 and α2 be any two of its zeros. Then ord3(α1−α2) = s,
where

s =
1

2
min[5/3, 1/3 + ord3(a), ord3(b)]. (3.1)

Proof. Let α1, α2, and α3 be the three zeros of f(x). Then

ord3(α1 − α2) + ord3(α1 − α3) = ord3[f
′(α1)] = ord3(3α

2
1 + 2aα1 + b)
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But since α1 is a zero of an Eisenstein polynomial,

ord3(α1 − α2) + ord3(α1 − α3) = min[5/3, 1/3 + ord3(a), ord3(b)] = 2s,

from which the lemma follows.

Corollary. Let f(x) and g(x) be two irreducible polynomials of de-
gree 3 in Q3[x], and suppose f(x) is Eisenstein. Let s be the number
defined by (3.1), and let β be a zero of g(x). If ord3[(f(β)] > 3s, then
Q3(β) = Q3(α), where α is one of the zeros of f(x).

Proof. Let α be a zero of f(x). Then the previous lemma, together with
Krasner’s Lemma, implies that Q3(α) = Q3(β), as soon as ord3(α−β) > s.
Let α1, α2, α3 denote the three zeros of f(x). Then

ord3[f(β)] = ord3(β − α1) + ord3(β − α2) + ord3(β − α3).

If ord3[f(β)] > 3s, then (at least) one of the terms of the right-hand side of
the above equation must be greater than s. This finishes the proof.

To make it easier to calculate the number s in Theorem 3.1, we will divide
all cubic Eisenstein polynomials into three sets as follows:

E1 = {x3 + ax2 + bx+ c : ord3(b) = 1},
E2 = {x3 + ax2 + bx+ c : ord3(a) = 1, ord3(b) ≥ 2}, and

E3 = {x3 + ax2 + bx+ c : ord3(a) ≥ 2, ord3(b) ≥ 2}.

We are now looking for conditions on the coefficients of two polynomials
f(x) = x3 + ax2 + bx+ c and g(x) = x3 + a′x2 + b′x+ c′, belonging to the
same set Ei, that are necessary for the polynomials to be equivalent.

Suppose first that f(x), g(x) ∈ E1, and let β be any zero of g(x). By
using Theorem 3.1, we find that s = 1/2 in this case, so if ord3[f(β)] > 3/2,
then the Corollary of Theorem 3.1 implies that there exists a zero α of f(x)
such that Q3(α) = Q3(β), whence f(x) and g(x) are equivalent. Now

f(β) = f(β) − g(β) = (a− a′)β2 + (b− b′)β + (c− c′),

whence

ord3[f(β)] ≥ min[ord3(a− a′) + 2/3, ord3(b− b′) + 1/3, ord3(c− c′)].

Since we would like to have ord3[f(β)] > 3/2, this means that

ord3(a− a′) ≥ 1, ord3(b− b′) ≥ 2, and ord3(c− c′) ≥ 2

must be fulfilled, or equivalently

a ≡ a′ (mod 3), b ≡ b′ (mod 9), and c ≡ c′ (mod 9). (3.2)
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Hence
x3 + 3x+ 3 x3 + 3x+ 6

x3 + 6x+ 3 x3 + 6x+ 6
(3.3)

might be non-equivalent polynomials in E1.
Now we suppose that f(x), g(x) ∈ E2. Then s = 2/3, and hence we want

that ord3[f(β)] > 2 in this case. Following the above scheme, we arrive at
the conditions

a ≡ a′ (mod 9), b ≡ b′ (mod 9), and c ≡ c′ (mod 27), (3.4)

from which we find that the following twelve polynomials

x3 + 3x2 + 3 x3 + 6x3 + 24

x3 + 3x2 + 6 x3 + 6x2 + 21

x3 + 3x2 + 12 x3 + 6x2 + 15

x3 + 3x2 + 15 x3 + 6x2 + 12

x3 + 3x2 + 21 x3 + 6x2 + 6

x3 + 3x2 + 24 x3 + 6x2 + 3

(3.5)

in E2 are possibly non-equivalent.
Finally, when f(x), g(x) ∈ E3, we have s = 5/6. In this case the condition

ord3[f(β)] > 5/2 will be fulfilled, if

a ≡ a′ (mod 9), b ≡ b′ (mod 27), and c ≡ c′ (mod 27), (3.6)

which gives us a list

x3 + 3 x3 + 24

x3 + 6 x3 + 21

x3 + 12 x3 + 15

x3 + 9x+ 3 x3 + 9x+ 24

x3 + 9x+ 6 x3 + 9x+ 21

x3 + 9x+ 12 x3 + 9x+ 15

x3 + 18x+ 3 x3 + 18x+ 24

x3 + 18x+ 6 x3 + 18x+ 21

x3 + 18x+ 12 x3 + 18x+ 15

(3.7)

of 18 polynomials in E3, that are possibly non-equivalent.
We can however immediately omit half of the altogether 34 polynomials in

the three lists (3.3), (3.5), and (3.7), due to the fact that Q3(α) = Q3(−α),
and that if m(x) is the minimal polynomial of α, then −m(−x) will be the
minimal polynomial of −α. This means for example that the polynomial
x3 + 3x + 3 (which belongs to E1) and x3 + 3x − 3 are equivalent. But
the latter one is equivalent to x3 + 3x + 6 (since −3 ≡ 6 (mod 9), see the
conditions in (3.2)), and we find that the two polynomials x3 + 3x+ 3 and

30



Polynomials in E1 x3 + 3x+ 3, x3 + 6x+ 3

x3 + 3x2 + 3, x3 + 3x2 + 6,

Polynomials in E2 x3 + 3x2 + 12, x3 + 3x2 + 15,

x3 + 3x2 + 21, x3 + 3x2 + 24

x3 + 3, x3 + 6, x3 + 12,

Polynomials in E3 x3 + 9x+ 3, x3 + 9x+ 6, x3 + 9x+ 12,

x3 + 18x+ 3, x3 + 18x+ 6, x3 + 18x+ 12

Table 3.1: Polynomials corresponding to totally ramified extensions

x3 + 3x + 6 in (3.3) are in fact equivalent. In the same manner, one finds
that x3 + 6x+ 3 and x3 + 6x+ 6 in (3.3) are also equivalent, and that each
one of the polynomials in the right column of the lists in (3.5) and (3.7) is
equivalent to the polynomial in the left column of the same row in the list.

Summing up the discussion so far, we have found at least 18 possibly
non-equivalent polynomials. One of them is definitively non-equivalent to
all the others, namely x3 + 2x + 1, since this is the only polynomial that
corresponds to an unramified extension. The remaining 17 polynomials, all
Eisenstein, are presented in Table 3.1.

Some of the polynomials in Table 3.1 correspond to abelian extensions.
The number of those polynomials can be calculated by the aid of the fol-
lowing theorem, which is due to local class field theory (see for instance [7]
or [9]).

Theorem 3.2. There is a one-to-one correspondence between the cubic
abelian extensions fields of Q3, and the subgroups of index 3 in the factor
group Q∗

3/(Q
∗
3)

3.

Since Q∗
3/(Q

∗
3)

3 is isomorphic to the direct product C3 × C3 of two cyclic
groups of order 3, there are four cubic abelian extensions of Q3. One of
them is the unramified one, because, being a unramified extension of Q3,
its Galois group is isomorphic to a Galois group of a finite extension of the
finite field F3 (a consequence of Theorem 8 in Chapter 4 of [1]), and the
Galois group of any finite extension of a finite field is cyclic (see Corollary 6.7
in [6]).

The remaining three polynomials corresponding to abelian extensions
should be found among the 17 polynomials in Table 3.1. To search for
them, we can calculate their discriminants, using the formula

disc(x3 + ax2 + bx+ c) = a2b2 + 18abc− 27c2 − 4a3c− 4b3

(see [10], p. 181), and then refer to the following theorem (see [6], p. 113).

Theorem 3.3. An irreducible polynomial f(x) ∈ K[x] of degree 3 has
an abelian Galois group, if and only if disc[f(x)] ∈ K2.
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Polynomials in E1 x3 + 3x+ 3, x3 + 6x+ 3

Polynomials in E2 x3 + 3x2 + 3, x3 + 3x2 + 12, x3 + 3x2 + 21

x3 + 3, x3 + 6, x3 + 12,

Polynomials in E3 x3 + 9x+ 3, x3 + 9x+ 6, x3 + 9x+ 12,

x3 + 18x+ 3, x3 + 18x+ 6, x3 + 18x+ 12

Table 3.2: Polynomials corresponding to non-abelian extensions

We see that the three polynomials x3+3x2+6, x3+3x2+15, and x3+3x2+24
in E2 are the only polynomials in Table 3.1 on the page before, that fulfil
the conditions in the above corollary. Hence they all correspond to abelian
extensions of Q3. These polynomials must be non-equivalent to each other,
and to each one of the remaining 14 polynomials given in Table 3.2.

Theorem 3.4. Each one of the polynomials in Table 3.2 is equivalent to
exactly one of the polynomials x3 +3x+3, x3 +6x+3, x3 +3x2 +3, x3 +3,
x3 + 6, and x3 + 12.

Our study of cubic extensions of Q3 will be completed, once we have proven
the above theorem. Hence, we have to show that the six polynomials men-
tioned in the theorem are pairwise non-equivalent, and that every other
polynomial in Table 3.2 is equivalent to one of them. We will divide the
proof into some lemmas.

Lemma 3.5. The polynomials x3 + 3x + 3, x3 + 3, x3 + 6, and x3 + 12
are pairwise non-equivalent.

Proof. First of all, x3 + 3x + 3 is equivalent to x3 + 3x− 3 (using the fact
that m(x) ∼ −m(−x)), and since this polynomial belongs to E1, we can
use (3.2) to conclude that (x3 +3x− 3) ∼ (x3 − 3x2 +3x− 3). Substituting
x = y + 1, we get x3 − 3x2 + 3x− 3 = y3 − 2. Hence x3 + 3x+ 3 defines an
extension L/Q3, such that L ≃ Q3(

3
√

2). But since 3
√

2 /∈ Q3(
3
√

3), the fields
Q3(

3
√

2), Q3(
3
√

3), Q3(
3
√

6), and Q3(
3
√

12) are all different. This proves the
lemma.

Lemma 3.6. For the polynomials in E3, presented in Table 3.2, we have

(i) x3 + 9x+ 3 and x3 + 18x+ 6 are both equivalent to x3 + 12,

(ii) x3 + 9x+ 12 and x3 + 18x+ 3 are both equivalent to x3 + 6,

(iii) x3 + 9x+ 6 and x3 + 18x+ 12 are both equivalent to x3 + 3.

Proof. (i) Let α = 3
√

12 + 3
√

18. Then α is a zero of x3 − 18x − 30 ∈ E3.
This polynomial is equivalent to x3 + 9x + 24 (see (3.6)), which in turn
is equivalent to x3 + 9x + 3. Hence Q3[x]/

〈
x3 + 9x+ 3

〉
≃ Q3(α). But

Q3(α) = Q3(
3
√

12), and we conclude that x3 + 9x + 3 and x3 + 12 are
equivalent.
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In the same manner one shows the equivalence of x3+18x+6 and x3+12,
by putting α = 3

√
12 − 3

√
18.

(ii) In order to show that x3 + 6 is equivalent to x3 + 9x + 12, we put
α = 3

√
3 + 3

√
9 and mimic the proof of (i). The equivalence of x3 + 6 and

x3 + 18x+ 12 is obtained in the same way (by putting α = 3
√

3 − 3
√

9).
(iii) This statement is also proved in the same manner as above. Here we

put α = 3
√

6 + 3
√

36 or α = 3
√

6 − 3
√

36 to show that x3 + 3 is equivalent to
x3 + 9x+ 6 or x3 + 18x+ 12, respectively.

Lemma 3.7. Any polynomial in E2, of those in Table 3.2 on the facing
page, is equivalent to x3 + 3x2 + 3.

Proof. We have to show that x3 + 3x2 + 12 and x3 + 3x2 + 21 are both
equivalent to x3+3x2+3. In order to do this, we let α be a zero of x3+3x2+3,
and put β = α2 + α. Then Q3(β) = Q3(α), and x3 − 6x2 − 9x − 15 ∈ E2

is the minimal polynomial of β over Q3. This polynomial is equivalent to
x3 + 3x2 + 12 (by (3.4)), which verifies one of the proposed equivalences.

To verify the other equivalence, we note that the minimal polynomial of
γ = α2 −α over Q3 is given by x3 − 12x2 − 27x− 21 ∈ E2. This polynomial
is equivalent to x3+6x2+6, which in turn is equivalent to x3+3x2+21.

Lemma 3.8. The polynomials x3 +6x+3 and x3 +3x2 +3 (in E1 and E2

respectively) are non-equivalent.

Proof. Let α and β be zeros of x3 + 6x+ 3 and x3 + 3x2 + 3, respectively.
Suppose that α and β can be chosen in such a way that Q3(α) = Q3(β).
Then there exist (uniquely determined) a, b, c ∈ Z3 such that

β = a+ bα+ cα2. (3.8)

But we know that β3 +6β+3 = 0, and by plugging (3.8) into this equation
and using the fact that α3 = −3(α+ 1), we get

0 = (a3 − 3b3 + 90c3 + 27b2c+ 27a2c− 81bc2 − 18abc+ 6a+ 3)

+ (−27c3 + 3a2b− 9b2c− 9ac2 + 27bc2 + 6b)α

+ (−3b3 + 99c3 + 3ac + 3ab2 + 27b2c

+ 27ac2 − 90bc2 − 18abc+ 6c)α2,

which implies that a, b, and c must fulfil




a3 − 3b3 + 90c3 + 27b2c+ 27ac2 − 81bc2 − 18abc+ 6a+ 3 = 0

9c3 − a2b+ 3b2c+ 3ac2 − 9bc2 − 2b = 0

b3 − 33c3 − a2c− ab2 − 9b2c− 9ac2 + 30bc2 + 6abc− 2c = 0.

The first equation shows that 3 |a3, i.e. 3 |a. Together with the second
equation, this implies 3 |2b, thus 3 |b. The third equation now yields 3 |2c,
and hence 3 |c. Thus ord3(a) ≥ 1, ord3(b) ≥ 1, and ord3(c) ≥ 1. Being
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zeros of cubic Eisenstein polynomials, ord3(α) = ord3(β) = 1/3. But this
leads to the contradiction

ord3(β) ≥ min[ord3(a), ord3(b) + 1/3, ord3(c) + 2/3] ≥ 1.

The lemma is thereby established.

We need one more lemma to finally establish Theorem 3.4.

Lemma 3.9. None of the polynomials x3 + 3x2 + 3 and x3 + 6x + 3 is
equivalent to any of the polynomials x3 + 3, x3 + 6, x3 + 12, or x3 + 3x+ 3.

Proof. By Lemma 3.5, x3+3, x3+6, x3+12, and x3+3x+3 are pairwise non-
equivalent, and correspond to the extensions Q3(

3
√

3), Q3(
3
√

6), Q3(
3
√

12),
and Q3(

3
√

2), respectively. If α ∈ { 3
√

3, 3
√

6, 3
√

12} and β is a zero of the
polynomial x3 + 3x2 + 3 such that β ∈ Q3(α), then we can use the same
technique as in the proof of the previous lemma, to obtain the contradiction
ord3(β) ≥ 1. The same reasoning also applies to the case when γ ∈ Q3(α)
is a zero of x3 + 6x + 3. Hence neither x3 + 3x2 + 3 nor x3 + 6x + 3 is
equivalent to x3 + 3, x3 + 6, or x3 + 12.

Now put α = 3
√

2. If we assume that β = a+bα+cα2 for some a, b, c ∈ Z3,
we obtain

0 = β3 + 3β2 + 3

= (a3 + 2b3 + 4c3 + 12abc+ 3a2 + 12bc+ 3)

+ (3a2b+ 6b2c+ 6ac2 + 6c2 + 6ab)α

+ (3a2c+ 3ab2 + 6bc2 + 3b2 + 6ac)α2,

and thus




a3 + 2b3 + 4c3 + 12abc+ 3a2 + 12bc+ 3 = 0

a2b+ 2b2c+ 2ac2 + 2c2 + 2ab = 0

a2c+ ab2 + 2bc2 + b2 + 2ac = 0.

Combining the second and the third equation yields

0 = (a2b+ 2b2c+ 2ac2 + 2c2 + 2ab)c

− (a2c+ ab2 + 2bc2 + b2 + 2ac)b

= 2ac3 + 2c3 − ab3 − b3

= (a+ 1)(2c3 − b3),

whence a = −1 or b3 = 2c3. The latter equality implies that b/c ∈ Q3 is a
zero of x3 − 2, which is impossible. Thus a = −1, and we obtain





5 + 2b3 + 4c3 = 0

−b+ 2b2c = 0

−c+ 2bc2 = 0.
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We see that both b and c must be non-zero. Hence c = 1/2b, by the second
(or third) equation. With that, the first equation becomes

5 + 2b3 +
1

2b3
= 0.

Solving this equation for b3 yields

b3 =
−5 +

√
21

4
.

But
√

21 /∈ Q3, whence we have a contradiction. This means that x3+3x2+3
and x3 + 3x+ 3 are non-equivalent. That also x3 + 6x+ 3 and x3 + 3x+ 3
are non-equivalent can be shown in a similar manner.

4 Summary of the Cubic Extensions

By the previous section we know that there are (up to isomorphism) ten
cubic extensions of Q3, and that the corresponding polynomials can be
chosen as follows:

x3 + 2x+ 1

x3 + 3x2 + 6 x3 + 3x2 + 15 x3 + 3x2 + 24

x3 + 3x+ 3 x3 + 3x+ 6 x3 + 3x2 + 3

x3 + 3 x3 + 6 x3 + 12

(4.1)

The polynomial in the first row is the only one that gives rise to an unrami-
fied extension. This polynomial and the three in the second row correspond
to abelian extensions, which in this case means that their Galois groups
are all isomorphic to the cyclic group C3. The Galois group of any of the
non-abelian extensions is isomorphic to S3.

As a final remark, if Q3(α) denotes any of the non-abelian extensions (and
thus corresponding to one of the polynomials in the third or the fourth
row of (4.1)), and if ζ is a primitive third root of unity, then the three
extensions Q3(α), Q3(ζα), and Q3(ζ

2α) of Q3 will be different as sets, but
still isomorphic as fields. With this point of view, we will get 22 different
extensions of Q3.
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Abstract

We examine a class of discrete dynamical systems in a p-adic field K.
The fixed points of the dynamical systems that we study are zeros of
an irreducible polynomial of prime degree, and are thus contained in
an unramified or a totally ramified extension of K.

1 Introduction

The theory of discrete dynamical systems over p-adic number fields is an
area of investigation, in which there has been a largely growing interest
within the last decade, see e.g. [1, 2, 4, 12, 13, 14]. The research has been
induced, among other things, by p-adic mathematical physics [6] and cog-
nitive sciences [8]. Number theory is often applied to obtain results about
p-adic dynamics, see e.g. [9]. In the present paper we will use local field
theory (see e.g. [3, 5, 10, 15]) to study a special class of discrete dynamical
systems, where the function being iterated is a polynomial, whose coeffi-
cients belong to the ring of integers in a p-adic field.

2 Notation

Throughout this text, K will denote a p-adic field, i.e. a local field of char-
acteristic zero. A local field is by definition complete with respect to a
non-trivial discrete valuation, and has a finite residue class field.

We will use | | to denote the valuation on K, and the valuation group
of K, i.e. the set of all valuations of all non-zero elements of K, will be
denoted by VK . For a given a ∈ K and r > 0 we will use the notation

Br(a,K) = {x ∈ K : |x− a| < r},
Br(a,K) = {x ∈ K : |x− a| ≤ r}, and

Sr(a,K) = {x ∈ K : |x− a| = r}

for the open ball, the closed ball, and the sphere, respectively, contained
in K and with center a and radius r. Note that since the valuation we
are dealing with is discrete, and therefore non-archimedean, Br(a,K) and
Br(a,K) are both open and closed sets in the topology induced by | |, and
that Sr(a,K) is empty whenever r /∈ VK . Consequently, if r /∈ VK , and if
s = max{ρ ∈ VK : ρ < r}, then Br(a,K) = Bs(a,K).

The ring of integers in K will be denoted by OK , and the corresponding
maximal ideal by PK . We will write Kp when referring to the residue class
field of K, i.e. Kp = OK/PK . Since the valuation is discrete, PK is a
principal ideal. A generator π of PK is called a prime in K. For every
prime π, the element |π| generates the valuation group VK , and conversely,
if |π| generates VK and |π| < 1, then π generates PK . Given a prime π
of K, every non-zero element a ∈ K can be written as a = uπn for some
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unit u ∈ OK , where the integer n does not depend on the choice of π. We
call n the order of a ∈ K at π, and write n = ordπ(a).

1

All finite extensions of K are assumed to be contained in a fixed algebraic
closure of K. If L is a finite extension of K, then the valuation on K can
be prolonged (in one and only one way) to a valuation on L (which we
also will denote by | |) such that L also becomes a p-adic field. We will
write VL, OL, PL, and Lp for the corresponding valuation group, ring of
integers, maximal ideal, and residue class field of L, respectively.

If F is any field, we will use the notation F ∗ for its multiplicative group.
The finite field consisting of r elements (where r is a prime power) will be
denoted by Fr.

3 Ramification

We recall some concepts and theorems concerning ramification of finite ex-
tensions of p-adic fields. If L is a finite extension of K, then VK is a
subgroup of VL. We write

e = e(L/K) = (VL : VK)

for the so-called ramification index of the extension L/K. Furthermore,
the residue class field Kp of K can be embedded in the residue class field Lp

of L. By the residue class degree of the extension L/K we mean the
number

f = f(L/K) = [Lp : Kp].

The numbers e and f are related to each other, as described in the following
well-known theorem.

Theorem 3.1. Let K be a p-adic field and L a finite extension of K.
Then

[L : K] = e(L/K) · f(L/K).

A finite extension L/K is called unramified, if e = 1 (or equivalently
f = [L : K]). On the other hand, if e = [L : K] (hence f = 1), then L/K
is said to be totally ramified. We state two well-known theorems that
describe how to construct an unramified and a totally ramified extension,
respectively, of a p-adic field K.

Theorem 3.2. Let m(x) ∈ Kp[x] be an irreducible polynomial of de-
gree n. Suppose m̂(x) ∈ OK [x] is of the same degree as m(x), and that
m̂(x) is mapped canonically onto m(x). Then m̂(x) is irreducible over K,
and L = K[x]/ 〈m̂(x)〉 is an unramified extension of degree n of K. Fur-
thermore, if M is another unramified extension of degree n of K, then M
is isomorphic to L.

1We will also use the convention ordπ(0) = ∞.

40



Theorem 3.3. Suppose L/K is a totally ramified extension of degree n.
Then L = K(α) for some zero α of an Eisenstein polynomial of degree n,
i.e. a polynomial

f(x) = a0 + a1x+ · · · + an−1x
n−1 + xn ∈ K[x]

such that ordπ(ai) ≥ 1 for all i = 1, 2, . . . , n− 1, and ordπ(a0) = 1.
Conversely, if L = K(β) is an extension of K, obtained by adjoining

a zero β of an Eisenstein polynomial of degree n in K[x], then L/K is a
totally ramified extension of degree n.

Proofs of the three theorems in this section can be found for instance in [3].

4 On Dynamical Systems

Let L be a finite extension of the p-adic field K. Given a polynomial h(x)
in K[x], we define the corresponding discrete dynamical system (or
dynamical system, for short) h on L as the mapping L ∋ β 7→ h(β) ∈ L.

If h is a dynamical system on L and α an element in L, we define a
sequence (αj)

∞
j=0 of elements in L recursively by

{
α0 = α

αj = h(αj−1), j = 1, 2, . . . .

We will write hj(α) = αj for every j. Here hj is to be interpreted as the
composition of h with itself j times.

Definition 4.1. Let h be a dynamical system on L. Then α ∈ L is
called a fixed point of h, if h(α) = α. A fixed point α of h is said to be an

(i) attracting point of h, if |h′(α)| < 1,

(ii) indifferent point of h, if |h′(α)| = 1.

Here h′(x) denotes the derivative of h(x).

The behavior of points in a neighborhood of a fixed point of a dynamical
system is described in the following theorem (see [7]).

Theorem 4.2. Let α be a fixed point of the dynamical system h on L.

(i) If α is attracting, then there exists a neighborhood V of α such that
limj→∞ hj(β) = α for every β ∈ V .

(ii) If α is indifferent, then there is a ball Br(α,L) such that every sphere
Sρ(α,L), where ρ < r, is h-invariant, i.e. h[Sρ(α,L)] ⊆ Sρ(α,L).

Referring to (i) and (ii) in Theorem 4.2, we introduce the following concepts.

Definition 4.3. Let α be a fixed point of the dynamical system h on L.
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(i) If α is attracting, then A(α,L) = {β ∈ L : limj→∞ hj(β) = α} is
called the basin of attraction of α in L with respect to h.

(ii) If α is an indifferent point of h, a ball Br(α,L) such that every sphere
Sρ(α,L), where ρ < r, is invariant under h, is called a Siegel disk

in L with respect to h. The union of all Siegel disks of this form is
called the maximal Siegel disk of α in L with respect to h. We
denote this by Si(α,L).

Remark 4.4. By definition a maximal Siegel disk is of the form Bs(α,L)
for some s > 0, since any family {Bri

(α,L)}i∈J of Siegel disks is inductive
with respect to inclusion. However, if s /∈ VL and r = max{ρ ∈ VL : ρ < s},
then Si(α,L) = Br(α,L).

The following theorem was proved in [7].

Theorem 4.5. Let h be a dynamical system on L and α a fixed point
of h. Let further r be a positive real number.

(i) If α is attracting and r fulfills the inequality

max
n≥2

(∣∣∣∣
h(n)(α)

n!

∣∣∣∣ r
n−1

)
< 1, (4.1)

then Br(α,L) ⊆ A(α,L). Here h(n) denotes the nth derivative of h.

(ii) If α is indifferent and r fulfills (4.1), then Br(α,L) ⊆ Si(α,L).

Since we will be dealing with dynamical systems h, where h(x) is a monic
polynomial with coefficients in OK , the ring of integers of K, the following
lemma will be useful.

Lemma 4.6. Let h(x) ∈ OK [x] be a polynomial of degree m and α any
element in (an extension of) K such that |α| ≤ 1. Suppose the leading
coefficient of h(x) is a unit. Then r ∈ R+ fulfills the inequality (4.1), if and
only if r < 1.

Proof. (⇒) If (4.1) is valid, then especially

∣∣∣∣
h(m)(α)

m!

∣∣∣∣ r
m−1 < 1.

But h(m)(α) = um!, for some unit u ∈ OK . Hence r < 1.

(⇐) Suppose r < 1. By putting h(x) = bmx
m + · · · + b1x + b0 (where

|bm| = 1), we obtain

h(n)(α)

n!
=

1

n!

m−n∑

i=0

(n+ i)!

i!
bn+iα

i =

m−n∑

i=0

(
n+ i

n

)
bn+iα

i,
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for all n such that 2 ≤ n ≤ m. Here the right-hand side is an integer, and
thus ∣∣∣∣

h(n)(α)

n!

∣∣∣∣ r
n−1 <

∣∣∣∣
h(n)(α)

n!

∣∣∣∣ ≤ 1,

which establishes the lemma.

5 Dynamical Systems in Extension Fields

Let K be a p-adic field, and suppose its residue class field Kp is of charac-
teristic p and contains pf elements.

Whenever a belongs to the ring of integers in a p-adic field, we will write a
for the canonical image of a in the residue class field. Similarly, we will
write g(x) for the canonical image of a polynomial g(x) whose coefficients
are integers.

Suppose g(x) ∈ OK [x] is a monic irreducible polynomial of degree q,
where q is a prime, and put L = K(α) for some zero α of g(x). The extension
L/K is then either unramified or totally ramified (due to Theorem 3.1).
Further, the set of all fixed points of the dynamical system

h(x) = x+ g(x) (5.1)

on L coincides with the set of all zeros of the polynomial g(x) in L. Our
purpose is to study the character of the fixed points of h, and give a de-
scription of the corresponding basin of attraction or maximal Siegel disk in
an extension field containing the fixed point.

5.1 The Unramified Case

Theorem 5.1. Let g(x) = xq +aq−1x
q−1 + · · ·+a1x+a0 ∈ OK [x] be an

irreducible polynomial of prime degree q. Suppose g(x) defines an unramified
extension L/K, and that g(x) ∈ Kp[x] is irreducible. Then every fixed point
α ∈ L of the dynamical system (5.1) is attracting, if and only if q = p and

{
a1 ≡ −1 (mod π),

an ≡ 0 (mod π), n = 2, 3, . . . , p− 1.
(5.2)

Proof. (⇒) Suppose α is attracting. Then |h′(α)| < 1, which translates to
h′(α) = 0 in Lp. The minimal polynomial of α over Kp is given by g(x),
whence g(x) |h′(x). Since degh′(x) < deg g(x), this yields a contradiction,
unless h′(x) is the zero polynomial in Kp[x]. But if that is the case, then

q ≡ (q − 1)aq−1 ≡ (q − 2)aq−2 ≡ · · · ≡ 2a2 ≡ a1 + 1 ≡ 0 (mod π),

from which q = p and (5.2) immediately follows.
(⇐) If q = p and the congruences (5.2) are valid, then all coefficients

but the leading one of h(x) is divisible by π, and since deg h(x) = p, the
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derivative of h(x) is the zero polynomial inKp[x]. This means especially that
h′(α) = 0 for every fixed point α of h, or in other words, that |h′(α)| < 1.
Hence α is attracting.

When it comes to the case when the fixed point considered is attracting, its
basin of attraction can be determined by using the following theorem.

Theorem 5.2. For every a, b ∈ OK , put

ga,b(x) = xp + ax+ b ∈ OK [x].

Suppose a+ 1 is a non-unit and
∑f
j=1 b

pj−1

is a unit. Then ga,b(x) defines
an unramified extension of degree p of k. Moreover, every fixed point α of
the corresponding dynamical system

ha,b(x) = x+ ga,b(x)

is attracting, and A(α,L) = B1(α,L).

Proof. We must first prove that ga,b(x) is irreducible over K, whenever a+1

is a non-unit and
∑f
j=1 b

pj−1

is a unit. This will follow, if we can prove that

the polynomial ga,b(x) = xp−x+ b̄ (where b̄ ∈ K∗
p since b must be a unit) is

irreducible over Kp. Now since Kp is isomorphic to Fpf , we find
∑f
j=1 b̄

pj−1

(which is non-zero by assumption) to be the absolute trace of b̄. Therefore
ga,b(x) has to be irreducible over Kp (see [11, p. 120]).

By Theorem 2.3, ga,b(x) defines an unramified extension of degree p of K,
and Theorem 5.1 shows that every fixed point of the corresponding dynami-
cal system ha,b is attracting. We have |α| = 1 for every fixed point α of ha,b,
so Theorem 4.5 (i) and Lemma 4.6 together yields B1(α,L) ⊆ A(α,L).

One readily shows that |β − α| > 1 implies |ha,b(β) − α| > |β − α|, and
thereby β /∈ A(α,L). Thus it remains to prove that no element on the
sphere S1(α,L) belongs to A(α,L). Suppose, on the contrary, that we can
find an element β ∈ S1(α,L) such that

|ha,b(β) − α| < 1.

Mapping α and ha,b(β) canonically to the residue class field Lp of L, yields
the conditions β 6= α and ha,b(β) = α. But contemplated as a mapping
on Lp, we find ha,b(x) = xp + b̄ to be one-to-one. Therefore no element in
S1(α,L) belongs to A(α,L). The proof is thereby finished.

5.2 The Totally Ramified Case

Let us first state a lemma that will be useful for us when we prove the main
result in this section.

Lemma 5.3. Let m and n be positive integers, and suppose r = pm for
some prime p. Then the polynomial xn + 1 ∈ Fr[x] has a zero in Fr, if and
only if (r − 1)/(n, r − 1) is an even number.

44



Proof. Since Fr is the splitting field of xr−1 − 1 over Fp, the polynomial
xn + 1 has a zero in Fr, if and only if the resultant of these two polyno-
mials equals zero. This proves the lemma, since this resultant is given by
(−1)r−1((−1)(r−1)/d − 1)d, where d = (n, r − 1).

Theorem 5.4. Let q be a prime, and suppose

g(x) = xq + aq−1x
q−1 + · · · + a1x+ a0 ∈ OK [x] (5.3)

defines a totally ramified extension L/K of degree q. Let α be a fixed point
of the dynamical system h(x) = x + g(x). Then α is indifferent, and its
maximal Siegel disk Si(α,L) is given by B|π|−1/q (α,L), if and only if pf and

(pf − 1)/(q − 1, pf − 1) both are odd numbers, and B1(α,L) otherwise.

Proof. The proof will be divided into two cases.
Case 1: π |a0. Since g(x) is irreducible, every ai is divisible by π.2 Fur-

thermore, if α is a zero of g(x)—and thereby a fixed point of h(x)—then
|α| < 1. Hence α is indifferent, since |h′(α)| = 1.

We now want to prove that the maximal Siegel disk of α with respect
to h is given by B|π|−1/q (α,L). Choose ρ ∈ VL such that ρ < |π|−1/q. Since
L/K is a totally ramified extension of degree q, the valuation group VL is
given by the cyclic group

〈
|π|1/q

〉
= {|π|i/q : i ∈ Z}, and we can therefore

assume that ρ ≤ 1 (see Remark 4.4).
Theorem 4.5 (ii) and Lemma 4.6 implies that Sρ(α,L) is invariant under h,

if ρ < 1. The case when ρ = 1 has to be considered separately, i.e. we need to
investigate whether h(β) belongs to S1(α,L) or not, provided β ∈ S1(α,L).
We study the canonical sequence (βj)

∞
j=0 in the residue class field Lp. Since

we are dealing with a totally ramified extension, Lp = Kp. Furthermore,
h(x) = xq + x ∈ Kp[x]. If |β − α| = 1, then β 6= α = 0 in Kp. It follows
that β /∈ Si(α,L), if and only if h(β) = 0. But h(β) = βq + β, and since
β 6= 0, we obtain that h(β) /∈ S1(α,L), if and only if β ∈ K∗

p is a zero of
xq−1 + 1 ∈ Kp[x]. Recalling that Kp is isomorphic to Fpf , we find that
such a zero obviously exists, if pf is even. If pf is odd, then there is such a
zero, if and only if (pf − 1)/(q − 1, pf − 1) is an even number, according to
Lemma 5.3.

Obviously no sphere Sρ(α,L), where ρ ∈ VL and ρ ≥ |π|−1/q, is invariant
under h, which completes the proof of the theorem in the first case.

Case 2: π 6 | a0. In this case, α is a unit in OL, the ring of integers in L.
In other words, |α| = 1. This means that there is a unique representation

α = ζη (5.4)

of α, where ζ ∈ OK is a (pf − 1)st root of unity and η ∈ 1 + PL. The
minimal polynomial of η over K is given by

m(x) = xq + ζ−1aq−1x
q−1 + · · · + ζ−q+1a1x+ ζ−qa0. (5.5)

2Hence this case includes all Eisenstein polynomials, see Theorem 2.4.
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If we fix a prime πL of L (i.e. a generator of the ideal PL) we can write

η = 1 + γπL, (5.6)

for some γ ∈ OL. The minimal polynomial s(x) of γπL over K is of degree q,
and m(x) = s(x− 1). But

s(x− 1) = xq +
s(q−1)(−1)

(q − 1)!
xq−1 + · · · + s′(−1)x+ s(−1),

which combined with (5.5) yields

ai =
ζq−is(i)(−1)

i!

for every i. If we put

s(x) = xq + bq−1x
q−1 + bq−2x

q−2 + · · · + b1x+ b0 (5.7)

for some bi ∈ OK , we note that since |γπL| ≤ |πL| < 1, every bi is divisible
by π. Hence s̄(x) = xq ∈ Kp[x] and thus

s̄(i)(−1) =
q!

(q − i)!
(−1)q−i,

which yields

h(x) =

q∑

i=0

(
q

i

)
(−ζ̄)q−ixi = (x− ζ̄)q.

Hence
h′(α) = 1 + q(α− ζ̄)q−1.

But a consequence of (5.4) and (5.6) is that α= ζ̄ in Kp. Hence h′(α) 6= 0,
which proves that α is indifferent.

By applying Theorem 4.5 (ii) and Lemma 4.6, we find that every sphere
Sρ(α,L), where ρ < 1, is invariant under h, and that this is not the case
for any sphere Sρ(α,L) with ρ ∈ VL and ρ ≥ |π|−1/q. The case when ρ = 1
must yet again be considered separately. Let β be an element in S1(α,L).
Since h(β) = β+(β− ζ̄)q = β+(β−α)q, we find that β 6= α and h(β) = α, if
and only if (β−α)q−1 = −1. This is a situation similar to the one in Case 1
above. Therefore we can make the same conclusion about the nature of the
maximal Siegel disk in this case, as we did in the first one.
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Abstract

Let K be a p-adic field with ring of integers OK , and let D be the class
of all discrete dynamical systems, defined by polynomials of the kind
h(x) = x + g(x), where g(x) ∈ OK [x] is monic and irreducible. By
using Krasner’s Lemma as a tool, we investigate the stability of this
class with respect to perturbations of the kind hr(x) = h(x) + r(x),
where h(x) ∈ D and r(x) ∈ K[x].

Keywords: p-adic fields, discrete dynamical systems, ramification,
Krasner’s Lemma

1 Introduction

The research in discrete dynamical systems over non-archimedean fields
has been increasing within the last ten years, see e.g. [1, 2, 4, 8, 10, 11].
Among other things, p-adic mathematical physics [6] has been inducing this
research. Perturbed monomial dynamical systems over the field Qp of p-adic
numbers have been studied in [9]. In the present paper, we will use Krasner’s
Lemma as a tool when we investigate perturbations on a special class of
discrete dynamical systems, where the fixed points of the function being
iterated are zeros of an irreducible polynomial whose coefficients belong to
the ring of integers in a p-adic field.

2 Notation

Throughout this paper, K will be a p-adic field, i.e. a field of characteristic
zero, on which a non-trivial discrete valuation | | is defined, such that K is
complete with respect to this valuation, and such that the residue class field
of K is finite. The ring of integers in K will be denoted by OK , while PK

will be defined as the unique maximal ideal in OK . Since | | is a discrete
valuation, PK is a principal ideal, and we will use π to denote a (from now
on) fixed generator of PK . The order of an element a ∈ K∗ at π will be
written ordπ(a). If a = 0, we put ordπ(a) = ∞. We will write Kp for the
residue class field OK/PK of K. Finally, we put p = charKp.

By the above assumptions, we can (and will!) contemplate K as a finite
extension of the field Qp of p-adic numbers. If e and f are the ramification
index and the residue class degree, respectively, of the extension K/Qp, then
ordπ(p) = e, and Kp will be isomorphic to the finite field consisting of pf

elements.
The set VK = {|a| : a ∈ K∗} of values of all non-zero elements in K

forms a group, the so called valuation group of K.
We denote by Br(a,K) the open ball contained in K, centered at a ∈ K,

and with radius r > 0. The corresponding sphere will written as Sr(a,K).
Note however, that since the valuation on K is discrete—and therefore non-
archimedean—Br(a,K) is also a closed set in the topology induced by | |,
and Sr(a,K) is empty whenever r /∈ VK .
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3 On Discrete Dynamical Systems

Let L be a finite extension ofK.1 Then it is well-known that the valuation | |
on K can be prolonged (in one and only one way) to a valuation on L (which
will be denoted by | | as well), such that L becomes a p-adic field with respect
to this prolonged valuation.

Given a polynomial h(x) ∈ K[x], we define the corresponding discrete

dynamical system (or just dynamical system, for short) h on L, as the
mapping L ∋ β 7→ h(β) ∈ L. If h is a dynamical system on L and α an
element in L, we define a sequence (αj)

∞
j=0 of elements in L recursively by

{
α0 = α

αj = h(αj−1), j = 1, 2, . . . .

We will write hj(α) = αj for every j, where hj is to be interpreted as a
composition of h with itself j times.

Definition 3.1. Let h be a dynamical system on L. Then α ∈ L is
called a fixed point of h, if h(α) = α. A fixed point α of h is said to be an

(i) attracting point of h, if |h′(α)| < 1,

(ii) indifferent point of h, if |h′(α)| = 1.

Here h′(x) denotes the derivative of h(x).

The behavior of points in a neighborhood of a fixed point of a dynamical
system is described in the following theorem (see [7]).

Theorem 3.2. Let α be a fixed point of the dynamical system h on L.

(i) If α is attracting, then there exists a neighborhood V of α such that
limj→∞ hj(β) = α for every β ∈ V .

(ii) If α is indifferent, then there is a ball Br(α,L) such that every sphere
Sρ(α,L), where ρ < r, is h-invariant, i.e. h[Sρ(α,L)] ⊆ Sρ(α,L).

Referring to (i) and (ii) in Theorem 4.2, we introduce the following concepts.

Definition 3.3. Let α be a fixed point of the dynamical system h on L.

(i) If α is attracting, then the set A(α,L) = {β ∈ L : limj→∞ hj(β) = α}
is called the basin of attraction of α in L with respect to h.

(ii) If α is an indifferent point of h, a ball Br(α,L) such that every sphere
Sρ(α,L), where ρ < r, is invariant under h, is called a Siegel disk

in L with respect to h. The union of all Siegel disks of this form is
called the maximal Siegel disk of α in L with respect to h. We
denote this by Si(α,L).

1All finite extensions of K are assumed to be contained in a fixed algebraic closure
of K.
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Results concerning the nature of fixed points, and their corresponding basins
of attraction or maximal Siegel disks, of dynamical systems of the kind

h(x) = x+ g(x),

where g(x) is a monic irreducible polynomial with coefficients in Zp, the
domain of all p-adic integers, have been presented in [12].

4 Krasner’s Lemma

The following two theorems are both proved in [3].

Theorem 4.1 (Krasner’s Lemma). Let α be an element in an al-

gebraic closure K̂ of K. If β is an element in K̂ such that |β−α| < |γ−α|
for every conjugate element γ 6= α of α over K, then α ∈ K(β).

Given a polynomial g(x) = anx
n + an−1x

n−1 + · · · + a1x + a0 ∈ K[x], we
define the norm ‖g(x)‖ of this polynomial according to the formula

‖g(x)‖ = max
0≤i≤n

|ai|. (4.1)

Two irreducible polynomials in K[x] are said to be equivalent, if they
define isomorphic extensions of K.

Theorem 4.2. Suppose g(x) ∈ K[x] is a monic irreducible polynomial of
degree n. For every ε > 0, we let Pε denote the set of all monic polynomials
q(x) of degree n in K[x], such that ‖g(x) − q(x)‖ < ε. Then there is an
ε0 > 0 such that every polynomial in Pε is irreducible and equivalent to
g(x), whenever ε ≤ ε0.

5 Newton Polygons

Let g(x) = anx
n+an−1x

n−1+ · · ·+a1+a0 be a polynomial with coefficients
in K. Assuming that an and a0 both are non-zero, we can construct the
so-called Newton polygon of g(x) in the following manner.

For every i = 0, 1, . . . , n such that ai 6= 0, we plot the point (i, ordπ(ai))
in the ordinary euclidian plane R2. The “lower convex hull” of the set of
these points describes the Newton polygon of g(x). As an illustration, the
Newton polygon of

5x5 +
3x4

25
+ 4x2 +

x

5
+ 50 ∈ Q5[x],

is pictured in Figure 5.1 on the next page. As we see from the figure, the
Newton polygon of this polynomial is made up of three line segments. A
polynomial is said to be pure, if its Newton polygon consists of one single
line segment.
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Figure 5.1

Theorem 5.1. Irreducible polynomials in K[x] are pure.

Proof. See [5].

Theorem 5.2. If g(x) = xn + an−1x
n−1 + · · · + a1x + a0 ∈ OK [x] is

irreducible, then

ordπ(ai) ≥
n− i

n
ordπ(a0)

for all i = 0, 1, . . . , n− 1.

Proof. Put m = ordπ(a0). Since g(x) is irreducible, its Newton polygon
consists of just one line segment, due to Theorem 5.1. Noting that g(x) is
monic, we conclude that the Newton polygon of g(x) consists of the straight
line connecting the points (0,m) and (n, 0). Every point (i, ordπ(ai)) has
to lie on, or above, this line. This proves the theorem.

Corollary 5.3. Suppose g(x) = xn+an−1x
n−1+· · ·+a1x+a0 ∈ OK [x]

is irreducible, and let m = ordπ(a0). If m and n are relatively prime, then

ordπ(ai) >
n− i

n
ordπ(a0)

for all i = 1, 2, . . . , n− 1.

Proof. The points (i, ordπ(ai)), 1 ≤ i ≤ n− 1, all lie above the straight line
connecting (0,m) and (n, 0), if m and n are relatively prime.

6 Perturbed Dynamical Systems

Let g(x) be an irreducible polynomial in OK [x]. If ε(x) ∈ K[x] is small
enough, according to the norm defined by (4.1), and if deg ε(x) < deg g(x),
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then Theorem 2.2 implies that the polynomial gε(x) = g(x) + ε(x) is irre-
ducible and equivalent to g(x). This fact can be used to study the stability
of the class D all discrete dynamical systems in the form

h(x) = x+ g(x),

where g(x) ∈ OK [x] is monic and irreducible, with respect to perturbations
of the kind hε(x) = h(x) + ε(x), where h(x) ∈ D and ε(x) ∈ K[x].

Lemma 6.1. Suppose

g(x) = xn + an−1x
n−1 + an−2x

n−2 + · · · + a1x+ a0 ∈ OK [x]

is an irreducible polynomial, and suppose its degree n ≥ 2 is not divisible by
p = charKp. Let α and β be any two different zeros of g(x). If ordπ(a0) = m
for some m ≥ 1 such that (m,n) = 1, then ordπ(α− β) = m/n.

Proof. Let α1, α2, . . . , αn denote all the zeros of g(x). Since g(x) is irre-
ducible, ordπ(αi) = m/n for every i. Furthermore

ordπ(α− β) ≥ min[ordπ(α), ordπ(β)] =
m

n
(6.1)

for any two different zeros α and β of g(x). But on the other hand

ordπ(nα
n−1) = (n− 1) ordπ(α) =

m(n− 1)

n
,

and since (m,n) = 1, the Corollary of Theorem 5.2 yields

ordπ(ai) >
m(n− i)

n

for all i = 1, 2, . . . , n− 1. Thus

ordπ(iaiα
i−1) ≥ ordπ(ai)+ordπ(α

i−1) >
m(n− i)

n
+
m(i− 1)

n
=
m(n− 1)

n

whenever 1 ≤ i ≤ n− 1. Hence

ordπ[g
′(α)] =

m(n− 1)

n
(6.2)

But since
g′(αi) =

∏

j 6=i

(αi − αj),

we can use (6.1) and (6.2) to finish the proof of the lemma.

Theorem 6.2. Let

g(x) = xn + an−1x
n−1 + an−2x

n−2 + · · · + a1x+ a0 ∈ OK [x]
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be irreducible and of degree n, where p 6 | n. Suppose ordπ(a0) = m, where
m ≥ 1 and (m,n) = 1. If

ε(x) = εsx
s + εs−1x

s−1 + · · · + ε1x+ ε0

is a polynomial in K[x] such that s < n and

ordπ(εj) >
m(n2 − j)

n2
(6.3)

for all j, then the polynomial gε(x) = g(x)+ε(x) is irreducible and equivalent
to g(x).

Proof. Let α1, α2, . . . , αn denote the zeros of g(x), and choose β to be a
zero of gε(x). Then

n∏

i=1

(β − αi) = −
s∑

j=0

εjβ
j ;

so if we can prove that

ordπ




s∑

j=0

εjβ
j


 > m, (6.4)

then ordπ(β−αi) > m/n for at least one i. Krasner’s Lemma and Lemma 6.1
will then imply that αi ∈ K(β), and since gε(x) and g(x) have the same
degree, gε(x) must be irreducible and equivalent to g(x).

Thus we only have to prove that (6.4) is fulfilled, whenever (6.3) holds.
Since β is a zero of a monic polynomial with integer coefficients, we know
at least that ordπ(β) ≥ 0. Furthermore,

ordπ(aj + εj) ≥ min[ordπ(aj), ordπ(εj)]

≥ min

(
m(n− j)

n
,
m(n2 − j)

n2

)

=
m(n− j)

n

for all j = 0, 1, . . . , s. Hence

ordπ(β
n) = ordπ




n−1∑

j=s+1

ajβ
j +

s∑

j=0

(aj + εj)β
j


 ≥ m

n
.

Thus

ordπ(εjβ
j) >

m(n2 − j)

n2
+
mj

n2
= m,

for all j, from which the theorem follows.
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Example 6.3. We study the polynomial

g(x) = x3 + 250x2 + 250x+ 625 ∈ Z5[x].

Noting that 5−3g(5x) is an Eisenstein polynomial, we conclude that g(x) is
irreducible. If we choose the coefficients of ε(x) = ε2x

2 + ε1x + ε0 ∈ Q5[x]
such that

ord5(ε2) > 28/9,

ord5(ε1) > 32/9, and

ord5(ε0) > 4,

or in terms of the 5-adic valuation | | (since the εi are integers), such that
|ε2| ≤ 5−4, |ε1| ≤ 5−4, and |ε0| ≤ 5−5, then g(x) + ε(x) will be irreducible
and equivalent to g(x), due to Theorem 6.2. ♦

Let us now turn to the situation when the degree of the polynomial g(x)
is divisible by p = charKp. Then the minimal distance between the zeros
of g(x) will be more complicated to calculate, and we will therefore limit
ourselves to the case when

g(x) = xp + ap−1x
p−1 + · · · + a1x+ a0 ∈ OK [x]

is of degree p. We then have the following lemma.

Lemma 6.4. Suppose g(x) ∈ K[x] is an irreducible polynomial of de-
gree p. Then for any three different zeros α, β and γ of g(x),

ordπ(α− β) = ordπ(α− γ).

Proof. Let α1, α2, . . . , αp be the zeros of g(x). By renumbering them, if
necessary, we may assume that

max
i6=j

[ordπ(αi − αj)] = ordπ(α1 − α2).

The Galois group of g(x) has to contain an element σ of order p. With-
out loss of generalization we may suppose that σ(αi) = αi+1 for each
i = 1, 2, . . . , p− 1, and σ(αp) = α1. This implies

ordπ(α1 − α2) = ordπ(α2 − α3) = · · · = ordπ(αp−1 − αp) = ordπ(αp − α1).

If i < j, then

ordπ(αi − αj) ≥ min
i≤t≤j−1

[ordπ(αt − αt+1)] = ordπ(α1 − α2).

By the maximality of ordπ(α1 − α2), the lemma follows.

57



Theorem 6.5. Let g(x) = xp + ap−1x
p−1 + · · · + a1x + a0 ∈ OK [x] be

an irreducible polynomial, such that ordπ(a0) = m ≥ 1, where p 6 | m. If αs
and αt are any two different zeros of g(x), then

ordπ(αs − αt) =
pT −m

p2 − p
,

where T is defined by

T = min

[
m+ e, ordπ(ap−1) +

(p− 1)m

p
, . . . , ordπ(a1) +

m

p

]
. (6.5)

Here e denotes the ramification index of K, contemplated as an extension
of Qp.

Proof. Let α1, α2, . . . , αp denote the zeros of g(x). Then ordπ(αi) = m/p
for all i. If s 6= t, then

ordπ(αs − αt) =
1

p− 1

∑

i6=s

ordπ(αs − αi) =
ordπ[g

′(αs)]

p− 1
, (6.6)

by using Lemma 6.4. Since p 6 | m, we obtain

ordπ[g
′(αs)] = ordπ(pα

p−1
s + (p− 1)ap−1α

p−2
s + · · ·+ 2a2αs + a1) = T − m

p
,

which combined with (6.6) proves the theorem.

Now we can formulate the analogue of Theorem 6.2 in the case when the
degree of g(x) equals p.

Theorem 6.6. Let

g(x) = xp + ap−1x
p−1 + · · · + a1x+ a0 ∈ OK [x]

be an irreducible polynomial such that p does not divide ordπ(a0) = m ≥ 1.
Whenever

ε(x) = εsx
s + εs−1x

s−1 + · · · + ε1x+ ε0

is a polynomial in K[x] such that s < p and

ordπ(εj) >
pT −m

p− 1
− jm

p2

for all j, then the polynomial gε(x) = g(x)+ε(x) is irreducible and equivalent
to g(x).

Proof. Mimic the proof of Theorem 6.2.
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Example 6.7. The polynomial

g(x) = x3 + 81x2 + 162 ∈ Z3[x]

is irreducible, since 3−3g(3x) is Eisenstein. Herem = ord3(162) = 4, whence
T = 5 by (6.5). This means that

pT −m

p− 1
=

11

2
.

Let ε(x) = ε2x
2 + ε1x+ ε0 ∈ Z3[x]. If

ord3(ε2) > 11/2 − 8/9 = 83/18,

ord3(ε1) > 11/2 − 4/9 = 91/18, and

ord3(ε0) > 11/2,

then Theorem 6.6 implies that g(x) and g(x) + ε(x) are irreducible and
equivalent. Since ε0, ε1, ε2 ∈ Z3, we might as well (in terms of the 3-adic
valuation | |) replace the three inequalities above with |ε2| ≤ 3−5, |ε1| ≤ 3−6,
and |ε0| ≤ 3−6, respectively. ♦

In our investigation so far, we have only been discussing cases when the
constant coefficient of our polynomial g(x) ∈ OK [x] is a non-unit, i.e. that
ordπ(a0) ≥ 1. If ordπ(a0) = 0, then all the information about the coefficients
of g(x), that we obtain from Theorem 5.2, is that they are integers, which
we assume from the very beginning! But by putting some more conditions
on g(x), we can say something more about its coefficients.

Lemma 6.8. Suppose

g(x) = xp + bp−1x
p−1 + · · · + b1x+ b0 ∈ OK [x]

defines a totally ramified extension of degree p of k. If ordπ(b0) = 0, then
there exists a unit c ∈ OK such that m = ordπ[g(c)] ≥ 1 and p 6 | m.

Proof. Let L be the extension of K that is obtained by adjoining a zero of
g(x), and let OL be the ring of integers in L. Then OL is a free OK-module
of rank p, and as a basis for OL over OK we can choose 1,Π,Π2, . . . ,Πp−1,
where Π is a zero of an Eisenstein polynomial of degree p. Thus if α is a
zero of g(x), then there are c0, c1, . . . , cp−1 ∈ OK such that

α = c0 + c1Π + c2Π
2 + · · · + cp−1Π

p−1,

where at least one of the ci (i ≥ 1) is non-zero. We claim that c = c0 fulfills
the statement of the lemma. Obviously ordπ(c) = 0. Moreover, if r(x) is
the minimal polynomial of β = α− c over K, then r(x) = g(x+ c) and

m = ordπ[g(c)] = ordπ[r(0)] = p ordπ(β) ≥ 1.

Furthermore, if p |m, then ordπ(β) would be an integer, which is impossible,
since ordπ(β) = ordπ(ci) + i/p for some i ∈ {1, 2, . . . , p− 1}.
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Theorem 6.9. Assume that

g(x) = xp + bp−1x
p−1 + · · · + b1x+ b0 ∈ OK [x],

where ordπ(b0) = 0, defines a totally ramified extension of degree p of K.
Let c ∈ OK be an element such that ordπ(c) = 0 and m = ordπ[f(c)] ≥ 1,
where p 6 | m (see Lemma 6.8). For every i ∈ {0, 1, . . . , p− 1}, put

ai =
g(i)(c)

i!
, (6.7)

where g(i) denotes the ith derivative of g, and let

T = min

[
m+ e, ordπ(ap−1) +

(p− 1)m

p
, . . . , ordπ(a1) +

m

p

]
,

where e = ordπ(p). If ε(x) = εsx
s+εs−1x

s−1+ · · ·+ε1x+ε0 is a polynomial
in K[x] such that s < p and

ordπ(εi) >
pT −m

p− 1
− im

p2
(6.8)

for all i, then g(x) + ε(x) is irreducible and equivalent to g(x).

Proof. Put r(x) = g(x+ c). Then

r(x) = xp + ap−1x
p−1 + · · · + a1x+ a0,

where the coefficients ai is given by (6.7). Furthermore

ε(x+ c) = εsx
s +

ε(s−1)(c)

(s− 1)!
xs−1 +

ε(s−2)(c)

(s− 2)!
xs−2 + · · · + ε′(c)x+ ε(c).

By (6.8) we know that

ordπ(εi) >
pT −m

p− 1
− jm

p2

for all j ≥ i. Since

ε(j)(c)

j!
=

s∑

i=j

(
i

j

)
εic

i−j ,

we therefore have

ordπ

(
ε(j)(c)

j!

)
>
pT −m

p− 1
− jm

p2
,

for all j. Hence Theorem 6.6 applies, yielding that the polynomials r(x)
and r(x) + ε(x+ c) are irreducible and equivalent. From this, the theorem
follows.
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Abstract

Dynamical systems of the kind h(x) = x + g(x), where g(x) is a
monic irreducible polynomial with coefficients in the ring of integers
of a p-adic field K is discussed. We also study 2-periodic points of a
simple type of these polynomials, in the case when K = Qp.

1 Introduction

The theory of discrete dynamical systems in fields provided with a non-
archimedean valuation has been developed in the last ten or fifteen years,
see e.g. [1, 2, 4, 5, 6, 7, 10]. In this paper we will study a special class of
discrete dynamical systems defined over a p-adic field K. The class consist
of polynomials of the kind

h(x) = x+ g(x),

where g(x) is a monic irreducible polynomial, whose coefficients belong to
the ring of integers in K. Such systems have been studied in [12], in the
case when K = Qp, the field of p-adic numbers, and when the degree of
g(x) is a prime. The stability of this class against perturbations has been
investigated in [13]. In the present paper, we will among other things ex-
amine necessary and sufficient conditions for g(x) to make the fixed points
of the corresponding dynamical system h(x) attracting.

2 Some Notation

Throughout this paper, K will be a p-adic field. This means that K has
characteristic zero, and that a non-trivial discrete valuation | | is defined
on K, such that K is complete with respect to this valuation, and such
that the residue class field of K is finite. We write OK for the ring of
integers in K, and PK for the unique maximal ideal in OK . The ideal PK

is principal (since | | is a discrete), and we will use π to denote a (from now
on) fixed generator of PK , a so-called prime of K. We will write Kp for
the residue class field OK/PK of K. By definition, Kp is finite, and we
let p denote its characteristic. Thus Kp is isomorphic to Fq, the finite field
of q elements, where q = pm for some m ∈ Z+. If u is any element in OK ,
we write u for its canonical image in Kp. Similarly, we write f(x) when
referring to the canonical image in Kp[x] of a polynomial f(x) ∈ OK [x].

A p-adic field is isomorphic to some finite extension of the p-adic number
field Qp. When K = Qp, one usually writes Zp and pZp for OK and PK , re-
spectively. The residue class field Zp/pZp is isomorphic to the finite field Fp
of p elements.

We denote by Br(a,K) the open ball contained in K, centered at a ∈ K,
and with radius r > 0. The corresponding closed ball and sphere will
written as Br(a,K) and Sr(a,K), respectively. We remark that in the
topology induced by | |, every open ball is closed, and vice versa.
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3 Dynamical Systems

Let L be a finite extension of K.1 Then one can prolong the valuation | |
on K to a valuation on L (which will be denoted by | | as well), such that L
becomes a p-adic field with respect to this prolonged valuation.

By a discrete dynamical system (or dynamical system, for short) h
on L, we will mean a mapping L ∋ β 7→ h(β) ∈ L, where h(x) is a polyno-
mial in K[x]. Given a dynamical system h on L and an element α in L, we
define a sequence (αj)

∞
j=0 of elements in L recursively by

{
α0 = α

αj = h(αj−1), j = 1, 2, . . . .

We will write hj(α) = αj for every j, where we interpret hj as the compo-
sition of h with itself j times.

Definition 3.1. Let h be a dynamical system on L, and let m be a
positive integer. An element α ∈ L is called an periodic point of h,
if hm(α) = α. If m is the least positive integer with this property, we say
that α is an m-periodic point of h. In this case, m is called the period of α,
and the m elements α, h(α), h2(α), . . . , hm−1(α) (which are all different) are
said to form an m-cycle. If m = 1, we say that α is a fixed point of h.

Definition 3.2. Let h be a dynamical system and m a positive integer.
Put H(x) = hm(x). An m-periodic point α of h (i.e. a fixed point of H) is
said to be an

(i) attracting point, if |H ′(α)| < 1,

(ii) indifferent point, if |H ′(α)| = 1.

Here H ′(x) is denotes the derivative of H(x).

The behavior of points in a neighborhood of a fixed point of a dynamical
system is described in the following theorem (see [4]).

Theorem 3.3. Suppose α is an m-periodic point of the dynamical sys-
tem h on L, and let H(x) = hm(x).

(i) If α is attracting, then there exists a neighborhood V of α such that

lim
j→∞

Hj(β) = α

for every β ∈ V .

(ii) If α is indifferent, then there is a ball Br(α,L) such that

H[Sρ(α,L)] ⊆ Sρ(α,L).

for every sphere Sρ(α,L) with ρ < r.

1All finite extensions of K are assumed to be contained in a fixed algebraic closure
of K.
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The foregoing theorem motivates the following definition.

Definition 3.4. Let α be an m-periodic point of the dynamical sys-
tem h on L, and let H = hm.

(i) If α is attracting, then the set A(α,L) = {β ∈ L : limj→∞Hj(β) = α}
is called the basin of attraction of α in L.

(ii) If α is an indifferent point, a ball Br(α,L) such that every sphere
Sρ(α,L), where ρ < r, is invariant under H, is called a Siegel disk

in L. The union of all Siegel disks of this form is called the maximal

Siegel disk of α in L. We denote this by Si(α,L).

We observe that if Hm(x) = h(x), and if α is an m-periodic point of h, then

H ′(α) =
m∏

j=0

h′(hj(α)).

A consequence of this we note that if any element in anm-cycle is attracting,
so is every other element in this cycle. Thus the following definition makes
sense.

Definition 3.5. Let C be an m-cycle of a dynamical system h on L.
If C contains attracting points, we define the basin of attraction of C in L
as the union

A(C, L) =
⋃

β∈C

A(β, L).

To calculate the basin of attraction or maximal Siegel disk of fixed points
of a dynamical system, we use the following result (see [4]).

Theorem 3.6. Let h be a dynamical system on L and α an m-periodic
point of h. Let further r be a positive real number, and put H = hm.

(i) If α is attracting and r fulfills the inequality

max
n≥2

(∣∣∣∣
H(n)(α)

n!

∣∣∣∣ r
n−1

)
< 1, (3.1)

then Br(α,L) ⊆ A(α,L). Here H(n) denotes the nth derivative of H.

(ii) If α is indifferent and r fulfills (3.1), then Br(α,L) ⊆ Si(α,L).

Our investigation deals with dynamical systems, where the polynomial in-
volved is monic and has integer coefficients. For this kind of polynomials,
the basin of attraction or maximal Siegel disk can be estimated by the
following lemma.

Lemma 3.7. Let h(x) ∈ OK [x] be a polynomial of degree m and α any
element in (an extension of) k such that |α| ≤ 1. Suppose the leading
coefficient of h(x) is a unit. Then r ∈ R+ fulfills (3.1), if and only if r < 1.
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Proof. (⇒) If (3.1) is valid, then especially

∣∣∣∣
h(m)(α)

m!

∣∣∣∣ r
m−1 < 1.

But h(m)(α) = um!, for some unit u ∈ OK . Hence r < 1.
(⇐) Suppose r < 1. By putting h(x) = bmx

m + · · · + b1x + b0 (where
|bm| = 1), we obtain

h(n)(α)

n!
=

1

n!

m−n∑

i=0

(n+ i)!

i!
bn+iα

i =

m−n∑

i=0

(
n+ i

n

)
bn+iα

i,

for all n such that 2 ≤ n ≤ m. Here the right-hand side is an integer, and
thus ∣∣∣∣

h(n)(α)

n!

∣∣∣∣ r
n−1 <

∣∣∣∣
h(n)(α)

n!

∣∣∣∣ ≤ 1,

which proves the lemma.

4 Conditions for Attracting Fixed Points

LetK a p-adic field and g(x) ∈ OK [x] a monic polynomial that is irreducible
over K. We study the dynamical system

h(x) = x+ g(x)

in an extension L of K that contains (at least one of) the fixed points of
h(x), i.e. the zeros of g(x).

In order to derive conditions on g(x) for making the fixed points attract-
ing, we will use the following variant of Hensel’s Lemma.

Theorem 4.1 (Hensel’s Lemma). Suppose K is a p-adic field. Let
g(x) ∈ OK [x] be a monic polynomial, and suppose g(x) = s0(x)t0(x) for
some monic relatively prime polynomials s0(x) and t0(x) in Kp[x]. Then
there are uniquely determined monic polynomials s(x), t(x) ∈ OK [x] such
that s̄(x) = s0(x), t̄(x) = t0(x), and g(x) = s(x)t(x).

Proof. See [3, pp. 169].

Let us say that a polynomial g(x) ∈ OK [x], with a unit as its leading
coefficient, is inertial, if its canonical image g(x) ∈ Kp[x] is irreducible
over Kp. Inertial polynomials are of course irreducible.

Theorem 4.2. Let g(x) ∈ OK [x] be a monic irreducible polynomial.
Suppose that the dynamical system h(x) = x + g(x) has an attracting fixed
point α. Then g(x) is inertial.
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Proof. As a consequence of Hensel’s Lemma (Theorem 4.1), there is an
irreducible polynomial r(x) ∈ Kp[x] and a positive integer m, such that
g(x) = r(x)m. Hence g′(x) = m · r(x)m−1r′(x). Since α is attracting,
h′(α) = 0, which implies r(x) |h′(x). But g′(x) and h′(x) are relatively prime,
whence m = 1.

Corollary 4.3. Let g(x) ∈ OK [x] be a monic irreducible polynomial.
Let α be a fixed point of the dynamical system h(x) = x + g(x). If α is
attracting, then the extension K(α)/K is unramified.

Proof. Clear, by [8, Proposition 7, Chapter II].

Theorem 4.4. Suppose g(x) ∈ OK [x] is monic and irreducible over K.
Then a fixed point of h(x) = x + g(x) is attracting, if and only if g(x) is
inertial and if there exists a non-constant polynomial ψ(x) ∈ Kp[x] such
that

g(x) = ψ(xp) − x,

where p = charKp.

Proof. Write g(x) = xn + an−1x
n−1 + · · · + a1x+ a0. Then

h(x) = xn + an−1x
n−1 + · · · + a2x

2 + (a1 + 1)x+ a0.

If α is an attracting fixed point of h, then h′(α) = 0. By Theorem 4.2 we
know that g(x) is the minimal polynomial of α. Hence h′(x) has to be the
zero polynomial in Kp[x]. Thus h(x) = ψ(xp) for some ψ(x) ∈ Kp[x], which
proves the ‘if’ part of the theorem. The ‘only if’ part is straightforward.

As an application of the theorem above, we show how to find some infor-
mation about the nature of the fixed points of h(x) = x+ g(x), when g(x)
defines an unramified extension of K.

Theorem 4.5. Let h(x) = x + g(x), where g(x) is a monic irreducible
polynomial of degree n in OK [x]. Suppose g(x) defines an unramified exten-
sion of K, and put L = K(α), where α is a zero of g(x). Then the following
statements are true.

(i) If g(x) is inertial and fulfills the condition of Theorem 4.4, then α is
attracting, and A(α,L) ⊇ B1(α,L).

(ii) If g(x) is not inertial, then α is indifferent. Furthermore, if the zeros
of g(x) are equidistant, then

Si(α,L) =




B1(α,L), if q ≡ qn − 1

(n− 1, qn − 1)
≡ 1 (mod 2)

B1(α,L) otherwise,

where q is the number of elements in Kp.
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Proof. (i) By Theorem 4.4, α is attracting, and B1(α,L) ⊆ A(α,L) is ob-
tained by applying Theorem 3.6(i) and Lemma 3.7.

(ii) Theorem 4.4 implies that α is indifferent. By Theorem 3.6(ii) and
Lemma 3.7, B1(α,L) ⊆ Si(α,L). Obviously, no element outside B1(α,L)
belongs to Si(α,L), so it remains to study the elements on the sphere
S1(α,L). We have that S1(α,L) ⊆ Si(α,L), if and only if h(β) ∈ S1(α,L)
for all β ∈ S1(α,L), or in other words, if and only if h(β) 6= α for all β 6= α
in Lp. The equidistance of the zeros of g(x) implies h(x) = (x− α)n + x in
Lp[x], so Si(α,L) contains S1(α,L), if and only if the polynomial xn−1 + 1
has no zeros in Lp. The field Lp has qn members, whence xn−1 + 1 will be
lacking zeros in Lp, exactly when both q and (qn − 1)/(n − 1, qn − 1) are
odd numbers, as claimed.

Remark 4.6. Clearly A(α,L) contains no elements outside B1(α,L) in
Theorem 4.5(i). There could however be elements on the sphere S1(α,L)
that is attracted by α. For instance, let g(x) = x6 −x+2 ∈ Z3[x] and let α
be a fixed point of h(x) = x + g(x) = x6 + 2. Then |2α − α| = 1. But
h(2α) = α6 + 2 = h(α) = α in F3(α), whence |h(2α) − α| < 1.

Remark 4.7. The requirement on the zeros of g(x) to be equidistant
in Theorem 4.5(ii) is necessary, since there are irreducible polynomials that
defines unramified extensions but have non-equidistant zeros. We construct
such a polynomial in the appendix.

We close this section by discussing how many polynomials there are of a
given degree, that (in the light of Theorem 4.4) give rise to dynamical sys-
tems with attracting fixed points. Let us say that two polynomials in OK [x]
are residually equivalent, if their canonical images in Kp[x] coincide. Of
course, this yields an equivalence relation on OK [x].

Let N(m, p) denote the number of equivalence classes that can be rep-
resented by a inertial polynomial, having a canonical image of the kind
ψ(xp) − x in Kp[x], for some ψ(x) ∈ Kp[x] of degree m. For instance, if
K = Q2, then N(2, 2) = 1, since ψ(x) = x2 + 1 is the only quadratic poly-
nomial in F2[x] such that ψ(x2) − x is irreducible over F2. On the other
hand, for K = Q3 we obtain N(2, 3) = 3, as we can choose ψ(x) to be one
of the polynomials x2 + 2, x2 + x+ 1, and x2 + 2x+ 2 in F3[x].

Theorem 4.8. Let K = Qp be the field of p-adic numbers, and define
N(m, p) as above. If m 6= 1 and p 6 | m, then p |N(m, p).

Proof. First we conclude that N(1, p) = p − 1 for all primes p, so the
condition m 6= 1 is necessary.

Let G denote the group (Fp,+), and put

F(m)
p [x] = {ψ(x) ∈ Fp[x] : ψ(x) is monic, degψ(x) = m},

where m ≥ 2. Define an action G× F
(m)
p [x] ∋ (b, ψ(x)) 7→ b.ψ(x) ∈ F

(m)
p [x]
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of the group G on the set F
(m)
p [x] by putting

b.ψ(x) = ψ(x+ b) − b

for all b ∈ G. Let Gψ(x) denote the stabilizer of a given ψ(x) ∈ F
(m)
p [x].

Suppose Gψ(x) 6= {0}. Then Gψ(x) = G, whence

ψ(x+ 1) = ψ(x) + 1. (4.1)

But by plugging

ψ(x) = xm + am−1x
m−1 + am−2x

m−2 + · · · + a1x+ a0

into (4.1) and then identifying the coefficients, we obtain especially

am−1 = am−1 +m,

which is an impossible equation when p 6 | m. Hence if p 6 | m, then the length

of any orbit in F
(m)
p [x] under the action of G equals p, especially those who

contain a polynomial ψ(x) such that ψ(xp) − x is irreducible over Fp. This
proves the theorem.

Remark. The condition p |N(m, p) might hold, even though p |m. For
instance, computer calculations shows that N(6, 3) = 72 and N(5, 5) = 380.

5 Two-periodic Points

In this section we will investigate 2-periodic points of a dynamical system
h(x) = x+ g(x) ∈ Zp[x], where the coefficients of

g(x) = xp + ap−1x
p−1 + · · · + a1x+ a0

have the property that ap−1, ap−2, . . . , a2, a1 + 1 are non-units but a0 is a
unit in Zp. The canonical image g(x) ∈ Fp[x] is given by xp− x+ b̄, so g(x)
is inertial.

The polynomial h2(x) − x = h(h(x)) − x is of special interest when we
investigate 2-periodic points of h, since its zeros are exactly all the 2-periodic
points plus all the fixed points of h. (Hence h2(x)−x is a multiple of g(x).)

When we investigate the 2-periodic points of h, the case when p = 2 has
to be treated separately.

Theorem 5.1. Suppose g(x) = x2 + ax + b ∈ Z2[x], where a + 1 is a
non-unit and b is a unit. Then there is exactly one 2-cycle C = {γ1, γ2}
of h. Here both γ1 and γ2 are attracting and belong to Z2, and

A(C,Q2) = Z2. (5.1)
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Proof. We map g(x) and h(x) onto g(x) = x2 + x + 1 and h(x) = x2 + 1,
respectively, in F2[x]. The polynomial h2(x) − x has the factorization

h2(x) − x = x4 − x = x(x+ 1)g(x)

in F2[x], which means that

h2(x) − x = (x− γ1)(x− γ2)g(x)

for some γ1, γ2 ∈ Z2. The elements γ1 and γ2 are the only 2-periodic points
of h. One readily verifies that γ1 and γ2 are attracting, and that (5.1) holds
for C = {γ1, γ2}.

Let us now suppose that p is an odd prime. Let

g(x) = xp + ap−1x
p−1 + · · · + a2x

2 + a1x+ a0 ∈ Zp[x],

where a0 is a unit but ap−1, . . . , a2, a1+1 are non-units. Let h(x) = x+g(x).
The canonical images of g(x) and h(x) in Fp[x] are g(x) = xp − x+ a0 and
h(x) = xp + a0, respectively. Let q(x) = h2(x) − x ∈ Fp[x]. A simple
calculation shows that

q(x) = xp
2 − x+ 2b, (5.2)

where b = a0 ∈ F∗
p.

Lemma 5.2. Let p be a prime. Then the polynomial q(x), given by (5.2),
has the factorization

q(x) =

p∏

j=1

(xp − x+ βj)

in Fp2 [x], where the βj are the distinct elements in Fp2 with TrFp2
(βj) = 2b.

Proof. Follows immediately from Theorem 3.80 in [9].

Lemma 5.3. Let p 6= 2 be a prime. Then for every b ∈ F∗
p, the polynomial

xp + x− 2b ∈ Fp[x] has the decomposition

xp + x− 2b = (x− b)

p−1

2∏

i=1

(x2 − 2bx+ ci) (5.3)

into irreducible polynomials over Fp, where the ci are the distinct elements
in F∗

p such that b2 − ci /∈ F2
p.

Proof. Obviously, x − b divides xp + x − 2b. Hence we must prove that
x2 − 2bx+ c divides xp+x− 2b for every c ∈ Fp such that b2 − c /∈ F2

p. This
follows if we can prove that

(x2 + c− b2) |(xp−1 + 1). (5.4)
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Since b2 − c /∈ F2
p, the polynomial x2 + c− b2 is irreducible over Fp. Choose

α ∈ Fp2 such that α2 = b2 − c. We observe that α2 ∈ Fp, whence

(αp−1)2 = (α2)p−1 = 1.

Thus αp−1 = 1 or αp−1 = −1. Since α /∈ Fp, the first alternative is impos-
sible. Thereby (5.4) is verified.

The polynomials in the right-hand side of (5.3) are pairwise relatively
prime. Furthermore all of them have simple zeros, and since they all divide
xp +x− 2b, the whole right-hand side must be a divisor of this polynomial.
Seeing that the product in the right-hand side is a monic polynomial of
degree p, it equals xp + x− 2b, as claimed.

Lemma 5.4. Suppose s ∈ F∗
p, where p 6= 2, and let B = {β1, β2, . . . , βp−1}

be the set of all the p − 1 elements in Fp2 \ Fp with TrFp2
(βi) = s. Then

there is a partition of B into (p− 1)/2 sets of two elements each, such that
for each cell {βi, βj} in this partition, βi + βj and βiβj both belong to Fp.

Proof. Since TrFp2
(β) = βp + β for every β ∈ Fp2 , the lemma is implied by

Lemma 5.3.

Lemma 5.5. If p is an odd prime, then the decomposition of q(x) ∈ Fp[x],
defined by (5.2), into irreducibles in Fp[x] is given by

q(x) = (xp − x+ b)

p−1

2∏

i=1

(x2p − 2xp+1 + 2bxp + x2 − 2bx+ ci),

where the ci are the distinct elements in Fp with b2 − ci /∈ F2
p.

Proof. Take β1, β2 ∈ Fp2 \ Fp with TrFp2
(β1) = TrFp2

(β2) = 2b. Then

(xp−x+β1)(x
p−x+β2) = xp

2−2xp+1+(β1+β2)x
p+x2−(β1+β2)x+β1β2,

and so the lemma is implied by Lemma 5.2, 5.3, and 5.4.

Theorem 5.6. Let p 6= 2 be a prime, and let

g(x) = xp + ap−1x
p−1 + · · · + a1x+ a0 ∈ Zp[x],

where ap−1, . . . , a2, a1 + 1 are non-units and a0 is a unit. Then all the
2-periodic points of the dynamical system h(x) = x+ g(x) are contained in
the unramified extension L of degree 2p of Qp. Moreover, if C = {γ1, γ2} is
a 2-cycle, then γ1 and γ2 are attracting, and

A(C, L) = B1(γ1, L) ∪B1(γ2, L).

Proof. That the 2-periodic points are contained the unramified extension
of degree 2p of Qp, follows from Lemma 5.5. The fact that h2(x) has the

canonical image h2(x) = xp
2

+ 2b in Fp[x], helps us to verify the remaining
part of the theorem.

73



6 An Example

As an illustration of the theory, we will study the dynamical system

h(x) = x+ g(x), (6.1)

when g(x) is an irreducible cubic polynomial in Q3[x]. Up to isomorphism,
there are ten cubic extensions of Q3. The corresponding polynomials can
be determined by using Krasner’s Lemma, see [11].

Nine of these polynomials define totally ramified extensions, and can thus
be chosen as Eisenstein polynomials. One possible choice of pairwise non-
equivalent Eisenstein polynomials is (see [11]):

x3 + 3x2 + 6, x3 + 3x2 + 15, x3 + 3x2 + 24,

x3 + 3x+ 3, x3 + 3x+ 6, x3 + 3x2 + 3,

x3 + 3, x3 + 6, x3 + 12.

If g(x) is any of polynomials above (or any Eisenstein polynomial whatso-
ever in Q3[x]), then every fixed point α of the dynamical system (6.1) is
indifferent, and its maximal Siegel disk Si(α,L), where L = Q3(α), is given
by B1(α,L) (see [12]). The same holds if one defines a totally ramified cubic
extension by the minimal polynomial of a unit.2

An unramified extension is uniquely determined (up to isomorphism) by
its degree. One can construct an irreducible polynomial defining such a
cubic extension of Q3, by picking a cubic irreducible polynomial in F3[x]
and ‘lift’ it to a cubic polynomial with coefficients in Z3. By doing so, there
are essentially eight possible choices

g1(x) = x3 + 2x+ 1, g2(x) = x3 + 2x+ 2,

g3(x) = x3 + x2 + 2, g4(x) = x3 + x2 + x+ 2,

g5(x) = x3 + x2 + 2x+ 1, g6(x) = x3 + 2x2 + 1,

g7(x) = x3 + 2x2 + x+ 1, g8(x) = x3 + 2x2 + 2x+ 2

(6.2)

of a polynomial that defines a cubic unramified extension L of Q3. Theo-
rem 4.5 tells us that if g(x) = g1(x) or g(x) = g2(x), then a fixed point α
of the dynamical system (6.1) is attracting, and that A(α,L) ⊇ B1(α,L).
Since h(x) = x3 ∈ F3[x] is injective as a mapping Lp → Lp, there are no
elements on the sphere S1(α,L) that is attracted by α. It is moreover easy
to see that no element outside B1(α,L) is attracted by α, so we conclude
that A(α,L) = B1(α,L).

If g(x) is any other polynomial in (6.2), then any fixed point α of (6.1) is
indifferent. However, all we can say (so far) about the maximal Siegel disk
Si(α,L), is that it at least contains B1(α,L) (by using Theorem 3.6(ii) and
Lemma 3.7). It will be equal to B1(α,L), if we can find a β ∈ L such that

2For instance g(x) = x3 − 2 defines a totally ramified extension of Q3, and 3
√

2 is a
unit in this extension.
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|β − α| = 1, but |h(β) − α| < 1. Translated into the residue class field Lp,
this means that we should have β 6= α, but h(β) = α.

Suppose g(x) = gj(x) for some j ∈ {3, 4, . . . , 8}, and let hj(x) = x+gj(x)
be the corresponding dynamical system. For any i ∈ {3, 4, . . . , 8} such that
i 6= j, one can find a ∈ F∗

3 and b ∈ F3 such that

gi(x) = agj(ax+ b).

Hence αi is a zero of gi(x) (in an algebraic closure of F3), if and only if
αj = aαi + b is a zero of gj(x). Furthermore,

ahj(ax+ b) = a[ax+ b+ gj(ax+ b)] = x+ ab+ gi(x) = ab+ hi(x), (6.3)

using the fact that a2 = 1 for every a ∈ F∗
3.

Now suppose that βi 6= αi, but hi(βi) = αi. Then by (6.3),

αi = hi(βi) = ahj(aβi + b) + 2ab.

On the other hand αi = aαj + 2ab, whence

αj = hj(βj),

where βj = aβi + b 6= αj . This implies that the maximal Siegel disk will be
the same for all the dynamical systems hj , if 3 ≤ j ≤ 8. It therefore enough
to study the behavior of the elements in S1(α,L), when α is a fixed point
of, say h5(x). For this polynomial, we have α2 6= α but h5(α

2) = α in Lp.
Hence Si(α,L) = B1(α,L). We summarize our discussion in Table 6.1.

Polynomial g(x) Nature of α A(α, L) or Si(α, L)

x3 + 2x + 1 attracting A(α, L) = B1(α, L)

x3 + 2x + 2 attracting A(α, L) = B1(α, L)

x3 + x2 + 2 indifferent Si(α, L) = B1(α, L)

x3 + x2 + x + 2 indifferent Si(α, L) = B1(α, L)

x3 + x2 + 2x + 1 indifferent Si(α, L) = B1(α, L)

x3 + 2x2 + 1 indifferent Si(α, L) = B1(α, L)

x3 + 2x2 + x + 1 indifferent Si(α, L) = B1(α, L)

x3 + 2x2 + 2x + 2 indifferent Si(α, L) = B1(α, L)

Eisenstein polynomial indifferent Si(α, L) = B1(α, L)

Min. pol. of a unit in a tot. ram. ext. indifferent Si(α, L) = B1(α, L)

Table 6.1: Polynomial dynamics in cubic extensions of Q3
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A Appendix

As promised in the second remark following Theorem 4.5, we will now de-
scribe how one can construct an irreducible polynomial g(x) having non-
equidistant zeros, such that g(x) defines an unramified extension of a p-adic
field K. Of course g(x) cannot be inertial, since every such polynomial is
easily seen to have equidistant zeros.

Theorem A.1. Let K be a p-adic field and π a prime of K. Suppose
g1(x) = x2 − a ∈ OK [x] is inertial, and let ζ be a zero of g1(x). Suppose
then, that g2(x) = x2 −ω ∈ OL[x], where L = K(ζ), is inertial as well, and
let ω be a zero of g2(x). Then the minimal polynomial g(x) of α = ζ + π2ω
defines a biquadratic unramified extension of K, but the zeros of g(x) are
not equidistant.

Proof. The extension L/K, where L = K(ζ, ω), is clearly unramified, and
[L : K] = 4. It is readily verified that L = K(α), so deg g(x) = 4. A simple
calculation yields

g(x) = x4 − 2ax2 − 4aπ4x+ a(a− π8),

so the canonical image of g(x) in Kp[x] is

g(x) = x4 − 2ax2 + a2 = (x− a)2,

which implies the statement of the theorem.

It remains to show that the premises of the theorem above can be fulfilled.
Take K = Q5. Then x2 − 2 ∈ Z5[x] is inertial. It is easy to check that the
polynomial x2 − ζ ∈ OL[x], where L = Q5(ζ), ζ

2 = 2, is inertial as well.
Hence

g(x) = x4 − 4x2 − 5,000x− 781,246 ∈ Z5[x]

has non-equidistant zeros, and defines an unramified (biquadratic) extension
of Q5.
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