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Abstract

Shrinkage due to drying induces stresses in wood, moisture induced stresses, which
may cause cracks. In this thesis, an inverted double-tapered glulam beam is mod-
elled, a type of beam which may be particularly affected by cracks due to the tapered
edges.

To consider the effect of the cracks, two methods based on fracture mechanics
are used; a mean stress criterion and an energy release rate criterion. In the former,
the mean value of the stresses along a crack path is used in a strength criterion to
evaluate the load bearing capacity. Since an assumption of linear-elastic material
gives an infinite stress value at the crack tip, a singular-point stress value cannot be
used. The energy release rate criterion is based on the energy necessary to create a
new surface, thus with this method, the load bearing capacity is determined without
comparing stresses to strengths.

The criteria both give the load bearing capacity as a function of initial crack
length. To determine an appropriate crack length, a calibration to test results is
performed. Further, a comparison with design codes relates the results from the
fracture mechanics models to the methods used in engineering design. Possible
cracks are considered in the models of this thesis, but the moisture induced stresses
are neglected. By studying a paper where these stresses are included, experimentally
and numerically, the effect of neglecting them is estimated.

The models are found to correspond rather well to experiments in the sense that
the calibration to experiments gives a reasonable initial crack length, but it is a
limitation to not include the moisture induced stresses.
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Sammanfattning

Torksprickor uppstår ofta i trä som ett resultat av fuktinducerade spänningar. I den
här uppsatsen modelleras en upp-och-nedvänd sadelbalk i limträ, en typ av balk som
kan tänkas vara särskilt utsatt för sprickrisk på grund av de snedsågade kanterna.

För att ta hänsyn till effekten av sprickor används två brottmekaniska metoder;
ett medelspänningskriterium och ett brottenergikriterium. I det första beräknas me-
delspänningen längs en sprickväg och denna spänning används sedan i ett hållfast-
hetsvillkor för att beräkna lastkapaciteten. Eftersom ett antagande om linjärelastiskt
material ger ett oändligt stort värde på spänningen vid sprickspetsen, så kan vär-
det på spänningen i den punkten inte användas. Brottenergikriteriet bygger på den
energi som är nödvändig för att skapa en ny yta, så med denna metod bestäms
lastkapaciteten utan att spänningar jämförs med hållfasthetsvärden.

Båda kriterierna ger lastkapaciteten som funktion av initiell spricklängd. För att
bestämma en lämplig spricklängd kalibreras beräkningsresultaten med provnings-
resultat. Dessutom görs en jämförelse med dimensioneringsmetoder för att ställa
beräkningsresultaten i relation till metoder som används i ingenjörsmässig dimen-
sionering. Att sprickor kan förekomma tar modellerna hänsyn till, men de fuktin-
ducerade spänningarna tas inte med. Genom att studera ett annat arbete där dessa
spänningar inkluderas, både i provning och i en numerisk modell, värderas påverkan
av att försumma dessa spänningar.

Modellerna i den här uppsatsen stämmer rätt väl överens med experiment i det
avseendet att kalibreringen ger rimliga initiella spricklängder, men det är en be-
gränsning att inte ta hänsyn till fuktinducerade spänningar.
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1 Introduction

1.1 Background

Glued-laminated timber, or glulam, is obtained by gluing together finger-jointed
laminates to form the desired dimensions. This process refines the timber; it reduces
the effect of knots and differing grain orientation as well as gives more freedom to
choose dimensions.

Glulam has been produced in Sweden since 1918. Early examples of its use include
the railway stations of Malmö, Gothenburg and Stockholm, all built in the nineteen-
twenties. Thus, the use of this material in Swedish constructions has a long tradition.
Despite this, there still exist design situations which are not fully understood and
that sometimes present a great challenge for the practising engineer. Examples of
such situations include the design of joints and the design of non-prismatic beams
(beams of varying cross-section).

The beam studied in this report, the double-tapered beam, is used for inclined
roofs. The tapering of the beam gives the inclination of the roof. In bending,
the double-tapered beam is material efficient since most of the material is located
at the mid part, where the maximum moment appears. Occasionally, the double-
tapered beam is used upside-down. Such an inverted double-tapered beam is shown
in Figure 1.1. The material efficiency of the double-tapered beam remains even if
inverted, thus turning it upside-down may be a way to gain ceiling height, although
the roof is not a ridged one.

In wood, shrinkage due to drying can induce stresses. These may cause cracks,
which reduce the strength of a timber construction element. The rate at which
drying occurs is much larger along grain compared to other directions. A double-
tapered beam has a large surface of exposed end-grain timber due to the tapering
of laminates, thus this type of beam may be particularly affected by moisture-
induced cracks. Another disadvantage of the double-tapered beam is that, due to
its geometry, tensile stresses perpendicular to grain may arise in the beam. Wood is
weakest in the direction perpendicular to grain; the tensile strength in this direction
is about 30 times less than the tensile strength along grain. In general, one should
avoid designs giving tensile stress in this direction. Figure 1.2 shows an example of
a cracked inverted double-tapered beam.

Figure 1.1: An inverted double-tapered beam
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Figure 1.2: An example of failure due to cracking in an inverted double-tapered
beam. The photograph, provided by Arne Emilsson, Limträteknik AB, is from a
shopping mall in Mora.

1.2 Aim and scope

This thesis’ main objective is to calculate the load bearing capacity of an inverted
double-tapered beam with consideration taken to possible cracks. The results ob-
tained are compared to results from design methods. The load case considered is a
point load at the mid-point of a simply supported beam. Stresses induced by drying
are not considered.

1.3 The outline of the thesis

The finite element method is used in the implementations. Some theory of this
method and how to model wood in stress analysis is described in Chapter 2.

Two methods based on fracture mechanics are described and used in Chapter 3.
The results are given as the load bearing capacity as a function of initial crack
length.

To enable calibration of the results from the fracture mechanics models, test
results from previous studies [12] are presented in Chapter 4. This chapter also con-
tains results from design methods and a presentation of experimental and numerical
results from [12], where stresses induced by moisture gradients are included.

Lastly, the concluding discussion is found in Chapter 5. It contains a general
discussion on the two fracture mechanics models which are implemented and a cal-
ibration of the models to test results, i.e. a reasonable initial crack length is found
by comparing to test results. Further, the last chapter also includes a comparison
with the results obtained from design criteria and a discussion on how limiting it
appears to be to neglect moisture induced stresses.
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2 Introductory theory

Differential equations are often encountered in the study of physical problems. A
numerical method for solving differential equations often used in, for example, en-
gineering mechanics is the finite element method. The principle of this method is
to divide the geometry into elements and use an elementwise defined approximation
of the primary unknown variables. The approximation should converge to the exact
solution when the size of the elements tends to zero.

The calculations that will be performed in this thesis are based on stress analysis
with the finite element method. Some underlying theory of the stress computation
with this method is presented in Chapter 2.2, but first we will study how wood can
be modelled.

2.1 Modelling wood in stress analysis

The material is assumed to be linear elastic. For a linear material, the relation
between stresses and strains is linear and the term elastic refers to that when the
material is put through a stress cycle involving loading and unloading, the original
deformation is regained.

Wood is an anisotropic material, i.e. the properties vary in different directions.
Materials with three different property directions are called orthotropic. Wood can
be considered to be locally orthotropic since there are three different property di-
rections in each point; radially and tangentially with respect to the annual rings as
well as along grain. Under the idealisation that the annual rings are cylindrical in
their shape, illustrated in Figure 2.1, these three directions define a cylindrical coor-
dinate system. Thus with respect to a cylindrical coordinate system, the orthotropy
of wood can be considered to be global and we may therefore refer to the properties
of wood as cylindrically orthotropic.

Despite the cylindrical orthotropy of wood we will not consider three different
property directions. The exact annual ring orientation is not known and the main
difference in material properties exists along grain versus perpendicular to grain,
thus these are the directions that will be considered. In what follows, we will use ‖
to denote the direction along grain and ⊥ to denote the direction perpendicular to
grain.

The stress analysis will be performed with a plane, two-dimensional model. A
state of plane stress will be assumed, i.e. stresses are assumed to exist in only one
plane. The stresses in the direction of the thickness can be neglected if the thickness
is relatively small compared to the length and the height and further, no load is
applied in direction of the thickness.

Let us by σ and τ denote normal and shear stress, respectively. Likewise, ε and
γ denote normal and shear strain, respectively. In plane stress, the state of stress

Figure 2.1: Idealised cylindrical geometry of annual rings in a cross-section perpen-
dicular to grain.
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in a point can be described by the vector σ = (σ‖ σ⊥ τ ‖,⊥)T and the vector of
corresponding strains is ε = (ε‖ ε⊥ γ ‖,⊥)T. The relation between stresses and strains
is given by Hooke’s generalised law, which reads ε = Cσ with

C =

 1/E‖ −ν⊥,‖/E⊥ 0
−ν⊥,‖/E⊥ 1/E⊥ 0

0 0 1/G‖,⊥

 ,

where we used that c21 = c12 because of a symmetry requirement on D = C−1. The
matrix D is referred to as the constitutive matrix. The relation between stresses
and strains can be written

σ = Dε, (2.1)

which is referred to as the constitutive relation. The invertibility of C as well as the
symmetry requirement on D originates from properties of the strain energy, which
is briefly described in [10].

2.2 Finite element theory for the stress analysis

Let us in this chapter denote the directions considered in the plane stress model
with x and y, corresponding to ‖ and ⊥, respectively. The differential equations are
formulated by considering equilibrium in the undeformed state. With

∇̃T =

(
∂
∂x

0 ∂
∂y

0 ∂
∂y

∂
∂x

)
,

the equilibrium equations in plane stress can be expressed

∇̃Tσ + b = 0, (2.2)

where b = (bx by)
T is load per unit volume [10].

When solving the differential equations (2.2) with the finite element method, a
linear equation system is solved instead. A way to find the equation system is shown
below. The manner in which this is done follows the procedure in [10].

The first step is to componentwise multiply (2.2) with an arbitrary function
v = (vx vy)

T, a weight function, and integrate over the volume V of the geometry
considered. Let us by n = (nx ny)

T denote the outward pointing unit normal vector
to ∂V . After use of Gauss’ divergence theorem and adding the equations we get∫

V

(∇̃v)Tσ dV =

∫
∂V

vTt dA +

∫
V

vTb dV, (2.3)

where t = (tx ty)
T with tx = σxnx + τxyny and ty = σyny + τxynx.

Since neither the stresses nor the loads depend on the third direction in plane
stress, (2.3) is reduced to∫

A

t(∇̃v)Tσ dA =

∫
∂A

tvTt dL +

∫
A

tvTb dA, (2.4)

where A is the area of the geometry in the xy-plane and t the thickness of the
geometry.

Let us consider one element at a time and thus compute the integrals in (2.4)
over the element area Ae. From the constitutive relation in (2.1) we find that σ can
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be replaced with Dε. For small displacements, it is reasonable to define the strain
vector by ε = ∇̃u, where u = (ux uy)

T is the displacement vector field.
In the discretised plane stress model, each node can be displaced in two directions.

These directions are referred to as the degrees of freedom at the node. For each
element, the displacement vector field is approximated by

ue = Ne ae, (2.5)

where the elements of ae are the displacements of the degrees of freedom at the
element nodes. We note that Ne, which is referred to as the shape function matrix,
represents the interpolation functions determining the displacement of an arbitrary
point within the element once the node displacements, ae, are known.

When we introduced v, it was regarded as arbitrary. As long as it is considered
arbitrary, the weak form in (2.4) is equivalent to the strong form in (2.2), as stated
in [14]. But for the numerical calculations we will choose ve = Ne c, where c is
a constant vector. Thus the shape functions used when approximating u is also
used in the expression for v. This approach for choosing the weight functions is
commonly known as the Galerkin method.

If we use the notation Be = ∇̃Ne, then from (2.4) the finite element form of
equation (2.2) for an element is found to be(∫

Ae

tB T
e DBe dA

)
· ae =

∫
∂Ae

tN T
e t dL +

∫
Ae

tN T
e b dA. (2.6)

We now have one equation system of the form (2.6) for each element. By defining
a global displacement vector a, the equations for all the elements can be assembled
to a global equation system, where the quantity t is given by boundary conditions.
It is common to denote the matrix in front of the displacement vector, the stiffness
matrix, with K and the right hand side of the equation system with f . The latter
may be referred to as the external force vector. It represents the external load and
the reaction forces at supports. Adoption of these notations enables us to write the
global version of (2.6) as

Ka = f . (2.7)

The differential equations (2.2) are now discretised and an approximate numerical
solution is obtained by solving the linear equation system (2.7).

Solving the assembled equation system (2.7) gives the displacements, a. In the
implementations, these results will be processed to obtain the corresponding stresses
and element forces. The stresses are calculated elementwise from

σe = DBeae, (2.8)

according to [1]. The correspondence to f on element level, the element force vector
is calculated according to

fe =

∫
Ae

tB T
e σe dA,

which is stated in [1]. The components of fe represents the nodal forces for the
element. The nodal forces for a four-node element is shown in Figure 2.2.

In the process of finding the equation system to solve, an approximation of the
displacement function was used (Equation 2.5). This approximation is done in the
same manner for both components of the displacement. In what follows, we discuss
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Figure 2.2: The element forces of a four-node element.

only how to approximate a scalar displacement u(x, y). This discussion is applicable
to both components of the actual displacement, ux and uy.

We want to ensure that the elementwise defined function for approximating the
displacement is continuous even over element boundaries, a property which is known
as compatibility. As stated in [10], a sufficient condition for convergence is the
compatibility requirement together with the completeness requirement. The latter
refers to that the approximation of the displacement should be able to represent an
arbitrary constant rigid-body motion as well as an arbitrary constant strain state.

In this thesis, quadrilateral four-node elements and triangular three-node ele-
ments have been used, the latter, only when necessary due to a tapered edge of the
geometry considered. The approximation used for the three-node element element
is u = a1 +a2x+a3y, which is the common choice in finite element implementations.
The approximation used for the four-node element is also the most common one:
u = a1 + a2x + a3y + a4xy. These elements are shown in Figure 2.3.

Figure 2.3: To the left an example of a three node element and to the right a four
node element.

We note that the compatibility requirement means that two adjacent elements
have to deform in the same manner along their common edge. The edge deformation
is uniquely determined by the node displacements if the number of edge nodes is
the same as the number of terms in the approximating polynomial. Then, adjacent
elements will deform in the same manner if the edge nodes are common. Both
element types have one node at each corner, thus to achieve compatibility, the
approximating polynomial should be reduced to two terms when evaluated on the
element edge.

When the approximating polynomial of the three-node element is evaluated on
a line, in particular on an element edge, either x or y is eliminated. Thus the
approximating polynomial for this element consists of two terms when evaluated on
an element edge. With the same arguing, the edges of the four-node element must be
parallel to coordinate axes, so that either x or y is constant. We can now conclude
that any mesh of three-node elements and four-node elements is compatible as long
as the edges of the four-node elements are parallel to coordinate axes.
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To extend the use of the four-node element to oblique geometries, isoparametric
elements are used. This enables the use of quadrilateral elements with edges non-
parallel to the coordinate axes in the original geometry; these elements are referred
to as distorted elements. Each distorted element is represented by a parent element
in a local coordinate system, whose axes are parallel to the edges of the element.
Figure 2.4 illustrates the concept of parent and distorted elements.

The transformation between the local coordinate system and the global one is
performed with a one-to-one mapping. As can be read in [14], isoparametric refers
to that the same element shape functions and element nodes are used for the mapping
and the approximation of the displacement.

Figure 2.4: An example of a four node isoparametric element; the parent element
to the left and the distorted element to the right.

For later reference, we conclude that the edges are deformed linearly, i.e. the
edges are straight line segments even after deformation. This is readily seen by
inspection of the approximating polynomials both for the four-node element with
edges parallel to coordinate axes and for the three-node element. But it is also
the case for an isoparametric four-node element. The shape functions used for the
transformation from local to global coordinate system are such that the edges of the
distorted element are straight lines. Since these shape functions are used also for
approximating the displacement this assures that an edge of the distorted element
is deformed linearly.

7



3 Two fracture mechanics models for calculating the load
bearing capacity

Stresses due to moisture gradients are likely to be present in timber constructions.
The moisture induced stresses themselves are not considered here, but they may
cause cracks, which reduce the strength of the material. Besides the cracks that
arise from moisture induced stresses, materials contain small cracks as well as “other
flaws, such as pores, dislocations etc.” [8]. In brittle materials this reduces the
strength significantly.

In this chapter, the effect of cracks will be analysed using two methods based
on fracture mechanics. If an initial, sharp crack is presumed to exist, then the
assumption that the material behaviour is linear will result in a stress singularity
at the crack tip; a crack with a sharp tip has, theoretically, infinitely large stresses
at the tip. As a result, a strength criterion based on single-point maximum stress
is not suitable. But although the stress values obtained close to the crack tip are
non-physical, methods with an assumption of linear material may yield plausible
results. In this chapter, a mean stress and an energy release rate criterion will be
used.

3.1 Theory

3.1.1 Theory common to the methods considered

When the modelling is done with an assumption of plane stress, the stress compo-
nents are along grain, perpendicular to grain and shear stress. The crack is assumed
to propagate along grain, thus the stress along grain is also parallel to the direction
of crack propagation. This stress has no effect on the crack propagation, while the
other two will be taken into consideration.

The tensile stress perpendicular to grain, which will be denoted σ, causes the
crack to open; crack surfaces are displaced in direction normal to their plane. This
displacement is referred to as the opening mode or mode I. The shear stress, which
will be denoted τ , causes a crack by sliding of crack surfaces in their own plane,
in the direction of the crack propagation, referred to as the in-plane shearing mode
or mode II. These two modes are illustrated in Figure 3.1. In what follows, mixed
mode I and II will be considered.

Instead of comparing the stress with a strength value, stress intensity factors are
traditionally used in fracture mechanics. The stress intensity factor for mode I is
defined by

KI = lim
x→0

σ
√

2πx (3.1)

Figure 3.1: Mode I to the left and mode II to the right. The arrows show the
displacement direction in each mode.
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and the one for mode II by
KII = lim

x→0
τ
√

2πx. (3.2)

Although the stress is infinite at a sharp crack tip, the stress intensity factors are
finite. In a fracture criterion based on stress intensity factors, KI and KII are
compared to the critical stress intensity factors, KIc and KIIc, which can be assumed
to be material parameters independent of geometry and loading.

As long as the stresses are calculated close to the crack tip, i.e. for small x, they
can be approximated with the expressions

σ =
KI√
2πx

and τ =
KII√
2πx

,

where KI and KII are the stress intensity factors for mode I and mode II, respectively;
in accordance with what is done in [5]. Calculation of the mean values of the stresses
on the interval (0, x0) gives

σ̄ =

√
2K 2

I

πx0

and τ̄ =

√
2K 2

II

πx0

. (3.3)

Let us now define k as the quotient of KII and KI. Thus

k =
KII

KI

=
τ̄

σ̄
, (3.4)

where the last equality is obtained by use of (3.3).
Since mixed mode is considered, it is not enough to say that a crack propagates

when the stress intensity reaches the critical value, but the interaction between the
modes has to be considered. As stated in [6] a crack propagation criterion for mixed
mode, often used for wood is

KI

KIc

+

(
KII

KIIc

)2

= 1.0, (3.5)

which is referred to as the Wu criterion. A stress-based failure criterion often used
is the Norris criterion, which reads(

σ

ft

)2

+

(
τ

fv

)2

= 1.0 (3.6)

and thus relates stresses to strengths. The notation ft is used for tensile strength
perpendicular to grain and fv denotes the shear strength.

A concept related to the stress intensity factors is the energy release rate. The
energy release rate is the decrease of energy during a virtual crack propagation.
Later, in the final expressions used in the implementations, the energy release rates
will be used instead of the stress intensity factors. In plane stress, the relation
between the stress intensity factors and the energy release rates, GI and GII, can be
approximated with

KI =
√

EI GI and KII =
√

EII GII, (3.7)

which are given in [5], and if we consider the critical state for each mode, i.e. when
the crack propagates, then

KIc =
√

EI GIc and KIIc =
√

EII GIIc, (3.8)
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where EI and EII, according to [5], are defined from

1

EI

=
1

E‖

√
E‖

2E⊥

√√√√√E‖

E⊥
+

E‖

2G‖,⊥
− ν⊥,‖

E‖

E⊥
(3.9)

and

1

EII

=
1

E‖

√
1

2

√√√√√E‖

E⊥
+

E‖

2G‖,⊥
− ν⊥,‖

E‖

E⊥
(3.10)

respectively. In equations (3.9) and (3.10), E denotes the modulus of elasticity, G
the shear modulus and ν Poisson’s ratio; ‖ is used to denote direction along grain
and ⊥ direction perpendicular to grain. It will not always be necessary to use these
last two equations as a whole. With a few exceptions, it will be enough to use

EII

EI

=

√
E‖

E⊥
, (3.11)

which is obtained by dividing the first equation with the second one.

3.1.2 Mean stress criterion

The problem with the stress singularity, discussed in the introduction of Chapter 3,
can be avoided by calculating the average stress within a finite region close to the
crack tip.

In the mean stress criterion, the mean values of stresses along a distance in the
direction of crack propagation are compared to strength values of the material.
Figure 3.2 shows the stress distribution in principle and the length along which the
mean value is to be calculated.

Let us assume that the applied load consists of concentrated forces P 0. The
corresponding mean values of the stress perpendicular to grain and the shear stress,
calculated along a length x0, are denoted σ̄0 and τ̄0, respectively.

We denote by αc the critical load factor, i.e. we assume that fracture occurs when
the load is P c = αcP 0. The stresses corresponding to the critical load are

σ̄c = αcσ̄0 and τ̄c = αcτ̄0, (3.12)

To determine when fracture initiates, the Norris failure criterion in (3.6) is used.
With (3.12) we obtain

α 2
c

((
σ̄0

ft

)2

+

(
τ̄0

fv

)2
)

= 1. (3.13)

Then, the critical load multiplication factor can be expressed as

αc =

((
σ̄0

ft

)2

+

(
τ̄0

fv

)2
)−0.5

.

An expression for the length x0, along which the mean values of the stresses are
to be calculated will be derived in Chapter 3.1.4. The same method and the same
expression for x0 is used in [5]. A comparison with the calculations done there will
be presented in Chapter 3.3.1.
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Figure 3.2: The distribution, in principle, of stress perpendicular to grain along the
direction of crack propagation (the x-axis) and the length x0 along which the mean
value is to be calculated.

3.1.3 Energy release rate criterion

The energy release rate criterion is based on the fact that a certain amount of
energy is ‘consumed’, or rather dissipated, when a new surface is created, i.e. a crack
propagates. The fracture energy is defined as the amount of energy dissipated when
a crack propagates a unit area. As stated in [6], when the material is assumed to
be elastic, the fracture energy equals the critical energy release rate. We will denote
this quantity Gc. Thus, the dissipated energy per crack propagation of length da is

dWc

da
= bGc (3.14)

in a body of constant width b.
On the other hand, when the assumed crack propagation occurs, the internal

energy changes. We can express the change in internal energy per crack propagation
of length da as

dWint

da
=

dWext

da
− dWstr

da
, (3.15)

where Wext is external work and Wstr internal strain energy.
Since the intention of this presentation is to implement the energy release rate

criterion in finite element calculations, we assume that the external work is done
by concentrated forces P = (P1 P2 . . . Pn). Let us introduce the corresponding
displacement vector u = (u1 u2 . . . un)T, where uk denotes the displacement of
the node where Pk is applied. By assuming that crack propagation occurs during
a constant load, we can write dWext/da = Pdu/da and dWstr/da = (Pdu/da)/2.
Together with (3.15) it follows that

dWint

da
=

P

2
· du

da
, (3.16)

thus we now have an expression for the change in internal energy due to a crack
propagation of length da.

Consider equations (3.14) and (3.16). While the first expresses the energy that is
consumed when a crack propagation of length da occurs, the second expresses the
change in internal energy during such a propagation. Consequently, the condition
for crack propagation is dWint/da = dWc/da. With the expressions found in (3.14)
and (3.16), the condition is

P c

2
· duc

da
= bGc, (3.17)
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Figure 3.3: The procedure of crack simulation used in energy release rate calculations

where P c denotes the critical load and uc the corresponding displacement.
Let us introduce a reference load, P 0, with the corresponding displacement u0.

Then we can write P c = αcP 0 and due to the assumption of linear elastic material
uc = αcu0. Thus the condition in (3.17) can be rewritten as

α 2
c

P 0

2
· du0

da
= bGc. (3.18)

In the finite element calculations, the crack is propagated a length ∆ai in each
of the steps i. This length can be chosen as the length of one element, which is
illustrated in Figure 3.3. When (3.18) is integrated with respect to a, from crack
length ai to a crack length ai+1 = ai + ∆ai we obtain

α 2
c,i P 0(u0,i+1 − u0,i)

2
= b

ai+1∫
ai

Gc da. (3.19)

In mixed mode, Gc depends on the quotient between shear stress and stress per-
pendicular to grain, thus the variation of Gc between ai and ai+1 is not known.
Therefore, the integrand in (3.19) is approximated with the mean value of the frac-
ture energies in step i and i + 1, denoted Gc,i and Gc,i+1 respectively. Then, the
critical load multiplication factor can be calculated from

αc,i =

√
b (Gc,i + Gc,i+1) ∆ai

P 0(u0,i+1 − u0,i)
. (3.20)

The critical load in step i of the finite element calculation is then calculated from

P ci = αc,iP 0.

This value is assumed to be valid for a crack of length (ai + ai+1)/2 − l/2, where
ak is the total length of the crack in step k and l the length of an element. The
correction term l/2, suggested in [9], is due to a consequence of the discretisation.

For pure mode I or pure mode II loading, the fracture energy can be considered
to be a material parameter, but the fracture energy for mixed mode loading, Gc,
depends on load and geometry. We will therefore derive an expression for Gc. This
derivation is also found in [11], although the presentation is different at some points.

The total energy release rate in mixed mode can be separated into two parts, GI

and GII, corresponding to mode I and mode II respectively, i.e.

G = GI + GII. (3.21)
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With use of (3.7), the quotient of the stress intensity factors, the one that we defined
in (3.4), can be written

k =

√
EIIGII√
EIGI

. (3.22)

With this quotient, equation (3.21) can be expressed as

G = GI

(
1 + k2 EI

EII

)
. (3.23)

To find the critical value of G, the Wu criterion in (3.5) is used as crack propagation
criterion. Using (3.7) and (3.8), it can be rewritten as

√
GI√
GIc

+
GII

GIIc

= 1.0. (3.24)

We can use (3.22) and solve (3.24) for GI to find an expression for the mixed mode
critical value of GI, denoted G ∗

Ic . The solution reads

G ∗
Ic =

(
− GIIc

2k2
√
GIc

EII

EI

+

√
G 2

IIc

4k4 GIc

E 2
II

E 2
I

+
GIIc

k2

EII

EI

)2

. (3.25)

For the critical state, when the crack propagates, (3.23) takes the form

Gc = G ∗
Ic

(
1 + k2 EI

EII

)
. (3.26)

In (3.11) there is a relation between EI, EII and the modulus of elasticity parallel
and perpendicular to grain. Using this relation together with (3.25), equation (3.26)
can be rewritten as

Gc =
1

a

(
1 +

b2

2a

(
1−

√
1 +

4a

b2

))
(3.27)

where

a =
1− κ2

GIIc

,

b2 =
κ2

GIc

and

κ2 =

(
1 + k2

√
E⊥

E‖

)−1

.

Note that the fracture energy in mixed mode depends on the quotient k = σ̄/τ̄ and
that it is not yet discussed which length these mean values are to be calculated
along. A possible choice is to choose the same length as in the mean stress criterion.
This length is derived in Chapter 3.1.4.

The fracture process takes place in a small region at the crack tip, the fracture
process zone. For the energy release rate criterion to be valid, the length of the
fracture process zone has to be small compared to the dimensions of the beam and
the crack length. According to [6], the length of the process zone is “in the order of
one or a few cm” for wood.

The energy release rate criterion is also used in [4]. A comparison with the results
obtained there will be presented in Chapter 3.3.2.
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3.1.4 The length along which mean values of stresses are to be calculated

We will here derive an expression for the length along which the mean values of the
stresses can be calculated. The derivation is the same as the one found in [5], but
to some extent differently presented.

Since we are using stresses to determine the strength and since we are considering
mixed mode, we need a stress measure to consider the interaction between the
stresses. The Norris failure criterion in (3.6) will be used. With mean values of the
stresses, it reads (

σ̄

ft

)2

+

(
τ̄

fv

)2

= 1.0. (3.28)

Let x0 denote the length along which the mean values are to be calculated. With
equations (3.3), (3.4) and (3.28) we can express x0 as

x0 =
2

π

K 2
I

f 2
t

(
1 +

k2

(fv/ft)2

)
. (3.29)

To determine x0 in the critical state, i.e. when the crack propagates, the Wu crack
propagation criterion in (3.5) will be used. The Wu criterion enables us to determine
the mixed mode critical value of KI, denoted K ∗

Ic . In [8] it is explained that KI ≥ 0:
“it can never be negative because that would require interpenetration of crack faces
which is physically meaningless”. We can solve (3.5) for KI; the non-negative solution
can be written

K ∗
Ic = − K 2

IIc

2KIck2
+

√
K 4

IIc

4K 2
Ic k4

+
K 2

IIc

k2
,

where the definition of k in (3.4) was used. If KI = K ∗
Ic is inserted into (3.29), we

obtain

x0 =
2

π

K 2
IIc

f 2
t

(
KIIc

KIc

)2
1

4k4

√1 + 4k2

(
KIc

KIIc

)2

− 1

2(
1 +

k2

(fv/ft)2

)
. (3.30)

Thus the length along which we calculate the mean value is now expressed without
KI and KII and contains instead the quotient between them and the critical stress
intensity factors. The quotient k = KII/KI can, according to (3.4), be determined
by calculating the mean values of the stresses.

Finally, we want to express (3.30) with the fracture energies instead of with the
critical stress intensity factors. The relation between these is found in (3.8). If we
also use (3.11), then (3.30) can be rewritten as

x0 =
2

π

EI GIc

f 2
t

E‖

E⊥

(
GIIc

GIc

)2
1

4k4


√√√√1 + 4k2

√
E⊥

E‖

GIc

GIIc

− 1

2(
1 +

k2

(fv/ft)2

)
.

(3.31)
Now we have achieved our goal and expressed x0 in terms of fracture energies and
material property parameters instead of stress intensity factors. Recall that EI was
defined in (3.9).

Note that the length x0 depends on the ratio between the mean values of shear
stress and stress perpendicular to grain and that these are calculated along the
length x0, thus the calculations have to be done iteratively.
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Figure 3.4: The load case considered is a simply supported beam with a point load
at the mid-point.

Figure 3.5: The dimensions of the beam considered. Note that the dash-dotted line
is a symmetry line.

Table 3.1: Strength values in MPa
Strength Characteristic Expected
fv 4 9.0
fm 33 90
ft,⊥ 0.5 3.0

Table 3.2: Material property parameters
E‖ 12000 MPa
E⊥ 400 MPa
G‖,⊥ 750 MPaStiffness parameters

ν⊥,‖ 0.015
GIc 300 J/m2

Fracture energies GIIc 1050 J/m2

3.2 Implementation specifics

The models are implemented in Matlab 7.4 with use of the toolbox Calfem. Matlab-
functions for the interpolation of nodes in the mesh mergence, explained below, was
provided by Erik Serrano.

The load case and the dimensions of the beam considered in this thesis are shown
in Figures 3.4 and 3.5, respectively. The beam has an inclination angle of 5◦. Ac-
cording to [3] this is the recommended maximum angle for beams tapered on the
tension side.

In the fracture mechanics models, the strength values used are the same as the
ones in [4] and [5]. These will be referred to as expected since they are chosen
according to what may be reasonable to expect in timber more or less free from
defects. Along with characteristic strength values, the ‘expected’ strength values
are presented in Table 3.1, where fv denotes shear strength, ft,⊥ the tensile strength
perpendicular to grain and fm the bending strength. The last one only used in the
evaluation of the design criteria. The other material property parameters used are
presented in Table 3.2. These are also the same as the ones used in [4] and [5].
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3.2.1 Element mesh

Meshes of varying density are used to improve the accuracy in the results without
unnecessary increase in time and memory usage. When two parts of the mesh
have different element size, a compatible mesh is obtained by interpolation of node
displacements. Along the edges which are to be merged, each node in the coarser
mesh is also a node in the denser mesh. These nodes are the independent nodes.
On the edge of the denser mesh, there are also nodes that are not in the coarser
mesh. These nodes are the dependent nodes. Figure 3.6 shows an example of mesh
mergence with four-node elements.

In the meshes used in the performed calculations, quadrilateral four-node ele-
ments and triangular three-node elements have been used. As noted in the end of
Chapter 2.2, the element edges are deformed linearly. To obtain a compatible mesh,
extra equations are added to the equation system (Equation 2.7), giving the dis-
placement of each dependent node as the weighted mean value of the displacements
of the corresponding independent nodes. The mean value is weighted to preserve
the relative distances between the dependent node and the independent nodes.

Figure 3.6: An example of the interpolation used in the calculations to merge meshes
of different densities. The nodes marked with a cross (×) are the dependent nodes
and the nodes marked with a circle (◦) are the independent nodes.

3.2.2 Modelling of crack propagation

When a crack is presumed in the calculations, its propagation is modelled along
grain. The strength along grain is about 30 times larger than the strength perpen-
dicular to grain, thus a crack propagates easier in direction along grain.

The crack is assumed to initiate at the most stressed point. To determine where
this is, the same measure as in the Norris criterion (3.6) is used. That is, the crack
is assumed to initiate where

σN =

(
σ

ft

)2

+

(
τ

fv

)2

(3.32)

has its maximum value.
When crack propagation is modelled, the element mesh is designed such that the

element boundaries coincide with the crack path. The propagation is done by adding
extra nodes to the elements on one side of the crack; nodes that are not connected
to the previous ones. An example of a crack in a deformed mesh can be seen in
Figure 3.3.
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Figure 3.7: The nodal forces Pi,y, i = 1, 2, . . . , n + 1, are used to calculate the mean
value of σ along x0; the thicker line marks this distance.

Figure 3.8: To the left, the element forces of an element and to the right the contri-
butions to the y-component of the nodal force of the marked node.

3.2.3 Calculation of the mean values of the stresses

Both the mean stress calculations and the energy release rate calculations require
the mean values of stresses along a distance x0 in the direction of crack propagation.

In the finite element model, the crack path is coincident with element edges, thus
the stresses on the edges of elements are required. The method used to calculate
these is the same as the one used by [5]. It is based on nodal forces and is described
in what follows. Figure 3.7 is an illustration to this presentation.

Due to equilibrium, it is possible to consider either the elements below or the ele-
ments above the crack path. Here, the latter alternative is chosen. The nodal forces
are obtained from the element forces; for each nodal force, there are contributions
from the element forces of the two elements connected at the node. The element
forces of an element and the two contributions to the y-component of a nodal force
are shown in Figure 3.8.

The stress value between the midpoints of the elements on either side of a node is
assumed to be given by the nodal force divided by the area. With x0 as the midpoint
of the edge of the mth element, the mean value of the stress perpendicular to grain
is

σ̄m =
1

tx0

m∑
i=1

Pi,y.

Let us assume that the element length is ∆x for all elements considered. For x0

chosen arbitrarily in the interval I = [(n − 1/2)∆x, (n + 1/2)∆x], the mean stress
value σ̄ is calculated as the linear interpolation of σ̄n and σ̄n+1. Note that the interval
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I ranges from the midpoint of the nth element edge to the midpoint of the edge of
the element n + 1. In Figure 3.7, I is between the vertical, dashed lines.

Let q be the quotient of included length and total length of the interval I, i.e.

q =
1

∆x

(
x0 −

(
n− 1

2

)
∆x

)
. (3.33)

Then, the mean value of the stress perpendicular to grain is calculated from

σ̄ · tx0 =
n∑

i=1

Pi,y + qPn+1,y

and in the same manner, the mean value of the shear stress is calculated from

τ̄ · tx0 =
n∑

i=1

Pi,x + qPn+1,x ,

where q is defined in (3.33).

3.3 Comparison with other calculations done with the same methods

To verify this thesis’ implementation of the fracture mechanics methods, a compar-
ison with results obtained by others will be done. In [5], the mean stress criterion
has been used on several beams and in [4], the energy release rate criterion has been
used on the same selection of beams. Two of these beams have been chosen for the
comparative calculations. These two beams are shown in Figure 3.9, where also the
assumed crack path is shown. The beams are loaded with a point load P at the
midspan. Calculations are done for h equal to 95 and 600mm, where the width of
the beam is 45 and 120mm respectively. The material property parameters used
in [4] and [5] are the same as the ones used here, presented in Table 3.2.

3.3.1 Mean stress criterion

The mean stress calculations in [5] assume no initial crack. The size of the elements
in the region of interest is reported to be h/48 times h/48, where h is the height of
the beam. The elements used in this thesis are of the same size in a region around
the crack path and a coarser mesh is used outside this region. Figure A.1 shows
the meshes used in this thesis. The method for calculating the mean stresses from
nodal forces in this thesis is the same as the one used in [5].

Figure 3.9: The beams used in the comparative calculations. The beam to the left
is referred to as Beam 1 and the one to the right as Beam 2. The dash-dotted lines
indicate symmetry lines and the dashed arrows show the assumed crack path.
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Table 3.3: Result comparison for calculations with the mean stress criterion, no
crack assumed. The tabulated quantities are τ̄ /σ̄, the length along which the mean
value is calculated and the critical load.

k x0 (mm) Pc/2 (kN)
h

=
95

m
m This implementation 2.2 19 10.3Beam 1

Results from [5] 2.3 19 10.3
This implementation 3.5 21 13.9Beam 2
Results from [5] 3.5 21 13.9
This implementation 1.7 19 55.2Beam 1
Results from [5] 1.7 19 55.2
This implementation 3.7 21 141.0

h
=

60
0m

m

Beam 2
Results from [5] 3.7 21 140.2

Table 3.3 presents the results. The implementation details in [5] are imitated
here, thus the results are expected to be approximately equal. With this number
of significant digits, two differences exist. The first one, which is a difference in the
quotient k, does not affect neither the length x0 nor the load bearing capacity. The
second is a small difference in the load bearing capacity.

3.3.2 Energy release rate criterion

In the calculations based on the energy release rate criterion in [4], the element
height is h/88 in a region around the crack and elements with twice as large sides
are used outside this region. The elements used here are of the same height. The
term l/2 in the expression for the crack length (Chapter 3.1.3) is omitted since it
is not used in [4]. The meshes used in this comparison are in principle the same as
the ones shown in Figure A.1; the only difference is the mesh density.

The results are presented in Table 3.4. As in the mean stress criterion, the
implementation is done in mainly the same way and the results are thus expected
to be approximately equal. The small differences that appear can be due to a
dissimilarity between the meshes and that the implementations differ in some details.

3.4 Results for the double-tapered beam

Figures 3.4 and 3.5 show the loading and the dimensions of the beam that is consid-
ered, the strength values used are the ‘expected’ ones in Table 3.1, while Table 3.2
presents the other material property parameters.

3.4.1 Determination of the crack location

As stated in Chapter 3.2.2, the crack will be assumed to initiate where σN, defined
in (3.32), has its maximum value. In this section this location will be determined.

The beam is loaded with a point load and the support is also modelled at a single
node. Since the results close to these two nodes are not reliable, the stress values
within a distance of 0.15m from these points are omitted. In the calculations, four
points of integration have been used. The stresses are evaluated at these four points.
To get one value for each element, the mean value is used. Since it is tensile stress
perpendicular to grain and not compressive stress that gives the crack initiation,
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Table 3.4: Result comparison for calculations with the energy release rate criterion.
The table shows the load bearing capacity in kN for pure mode I and for mixed
mode with the mean values of the stresses calculated along the length 12mm. For
h = 95mm the crack length is 6mm and for h = 600mm it is 25mm.

Critical load, Pc/2 (kN)
Gc = GIc Gc = Gc,12mm

h
=

95
m

m This implementation 7.80 8.62Beam 1
Results from [4] 7.88 8.70
This implementation 10.97 1 13.20 1

Beam 2
Results from [4] 11.13 13.35
This implementation 52.56Beam 1
Results from [4] 53.05
This implementation 83.27 2

h
=

60
0m

m

Beam 2
Results from [4] 83.93

1The value is linearly interpolated from calculations with crack lengths 5.4 and 6.4mm.
2The value is linearly interpolated from calculations with crack lengths 22 and 28mm.

the compressive stresses are omitted; whenever σ is less than zero it is set to zero.
This approach implies an assumption that the crack initiation is independent of
compressive stress perpendicular to grain.

First a mesh with elements of uniform size (refinement factor one) is used. To
improve the accuracy, the mesh is then refined in a region around the location found
in the previous calculation. This refinement is first done with a factor two and then
with a factor four. The meshes used are shown in Figure A.2. Meshes with decreasing
element size are used and then the results are extrapolated to infinitesimally small
elements, i.e. to element size zero. This extrapolation is done with the quadratic
polynomial that best fits the values in the least-squares sense. The size of the
elements outside the refined region is referred to as the initial element size. The
measure given is the side length of an element, thus for example element size 8mm
represents the actual dimensions 8× 8mm2.

The values obtained from the calculations and the polynomials used for the ex-
trapolation are shown in Figure 3.10 and Table 3.5 presents the results numerically.
Based on these results it seems reasonable to assume that the crack is initiated 0.5m
from the mid-point of the beam. In Figure 3.11 one can see that the stress varies
only slightly around the chosen point (x = 1.3).

3.4.2 Determination of the load bearing capacity

In this section, both the mean stress criterion and the energy release rate criterion
will be used to evaluate the load bearing capacity of the beam.

The meshes that are used are refined in a region around the crack. Calculations
have been done with elements of approximate sizes 8 × 8mm2 and 4 × 4mm2 in
the refined region. The elements outside the refined region are twice as large (with
respect to element side length). The results are presented in Figure 3.12. As can
be seen it differs only slightly between the mesh with 8mm elements and the mesh
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Figure 3.10: The location of the maximum value of σN from the calculations and
the curves used for extrapolation.

Table 3.5: The distance in meters from the support to the point where maximum
value of σN is obtained.

Mesh refine- Initial element size Extrapolated to
ment factor 32mm 24mm 16mm 8mm element size zero

1 1.089 1.160 1.212 1.252 1.274
2 1.210 1.240 1.260 1.284 1.301
4 1.256 1.273 1.289 1.300 1.308

Figure 3.11: The stress distribution for σN with uniform element size 8×8mm2. The
stress is normalized in the sense that it is scaled so that the maximum value is one.
The elements with omitted stress values close to the point load and the support are
coloured grey.
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with 4mm elements. Based on this observation, a mesh with 4mm elements in a
region around the crack is assumed to be fine enough and is used in what follows.
Figure A.3 shows the mesh in both undeformed and deformed state.

When mixed mode is considered in the energy release rate criterion, the frac-
ture energy depends on the ratio k = τ̄ /σ̄. These mean values can be calculated
along different lengths. In [4], the lengths 6, 12 and 24mm were chosen, whereas
in Chapter 3.1.4 of this thesis, the expression (3.31) was derived using the Wu and
the Norris criterion. When the length is calculated according to (3.31), we denote it
x0. Figure 3.13 shows results for the energy release rate criterion with the fracture
energy in pure mode I and in mixed mode when the mean values are calculated
along the lengths 6 and 12mm as well as along the length x0. Since x0 depends on
the ratio k = τ̄ /σ̄, it is not constant during the crack propagation. The variation of
x0 is shown in Figure 3.14. As can be seen in the figure, x0 is approximately equal to
24mm, thus choosing the length to be constantly 24mm gives results similar to the
ones obtained when x0 is used. In what follows, the mean stresses will be calculated
along the length x0, in agreement with the choice in the mean stress criterion.

Figure 3.15 shows results for both criteria. For the energy release rate criterion,
results are presented for the fracture energy in pure mode I and for mixed mode
with the mean stresses calculated along the length x0, i.e. the same length is used
as in the mean stress criterion.

Figure 3.12: Comparison between calculations with meshes of element size 8×8mm2

and 4 × 4mm2. Results for the mean stress criterion and the energy release rate
criterion with the fracture energy in pure mode I and in mixed mode with mean
values of stresses calculated along the length 6mm.
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Figure 3.13: Results for the energy release rate criterion. The lowermost curve is for
pure mode I and the three others are for mixed mode with mean stresses calculated
along the lengths 6mm, 12mm and x0, counting from below and upwards.

Figure 3.14: The variation of x0 with respect to crack length in the present beam.
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Figure 3.15: Results for the mean stress criterion and for the energy release rate
criterion with the fracture energy in pure mode I and in mixed mode with the mean
stresses calculated along the length x0.
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4 Presentation of results to compare with

All parts of this chapter consider the inverted double-tapered beam modelled in
Chapter 3.4. The dimensions and the load case are shown in Figure 3.4 and 3.5,
respectively.

4.1 Test results

For comparison purpose, experimental results from [12], for beams not exposed to
drying are presented in this section. Before the tests, the beams were stored in a
climate of 65% relative humidity and 20◦C, which in equilibrium corresponds to a
moisture content of 12% in wood. This moisture content is the same as the one
when glulam products are delivered [3].

The test results are presented in Figure 4.1. The dashed lines show the load
at which the first crack arose in each beam. These values are also presented in
Table 4.1.

Figure 4.1: Test results from the tests done in [12]. Dashed lines mark the load at
which the first crack initiates

Table 4.1: The load at which the first crack appeared in the tests done in [12].

Load for initial crack (kN)
36.2
38.9

Test values 45.8
47.0
49.8

Mean value 43.5
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Figure 4.2: Beam size variables used in the design criteria.

4.2 Design methods

In this section we will find the load bearing capacity given by design codes. The
conditions given in the Glulam Handbook [3] and Eurocode [13] will be described
in the first four sections, then the section forces will be expressed in the following
section and in the last section, the conditions will be evaluated. As we will see, the
two sources give partially the same conditions, but differ from each other at some
points.

Let us first define the following beam size variables: hs as the height of the beam
at the supports, hap the height at the apex, L the length, b the width and α the
angle of the tapering. These variables are also shown in Figure 4.2.

4.2.1 Shear stress

For calculating the shear stress, both [3] and [13] give the expression τ = 1.5V/(bh),
with the condition that it should be less than the shear strength, fv.

The minimum of the height is at the supports and since the shear force is not
larger elsewhere, the maximum shear stress is above the support. Thus the condition
is

τmax =
1.5V

bhs

≤ fv,

where V is the shear force at the support.

4.2.2 Bending stress

The normal stress in a beam subjected to bending is

σx(x) =
6M

bh2
, (4.1)

according to beam theory.
The bending stress has to be checked at both the upper and the lower edge of

the beam. For a point load, the location of the cross-section with largest bending
stress is at a distance

xcrit = hs cot α (4.2)

from the support, which can be seen by determining the stationary point of σx(x)
in (4.1).

Due to the tapering of the beam, there are two coefficients in the condition for
bending stress in [3]. The stress distribution in a cross-section of a tapered beam
differs, as pointed out by [2], from that in a beam of constant height and the bending
stress at the tapered edge is not parallel to grain. These things are taken into
consideration by kσ,α. In addition, the tapering of laminates reduces the strength,
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which is why the bending strength is multiplied by kf,α. Thus, the condition in [3]
for bending stress is

σm = kσ,α
6M

bh2
≤ kf,αfm,

where fm is the bending strength. The height and moment of the cross-section where
the largest bending stress occurs is denoted h and M respectively. At the tapered
edge, kσ,α is to be set to 1 − 4 tan2 α and at the non-tapered edge to 1 + 4 tan2 α.
Since the tapered edge is subjected to tension, the factor

kf,α =

(
fm

ft,⊥
sin2 α + cos2 α

)−1

at the tapered edge,

with ft,⊥ denoting the tensile strength perpendicular to grain. Note that at the
non-tapered edge, there is no reduction of the strength, thus kf,α = 1 there.

When designing for bending stress according to [13], the modification of σx is
omitted; the condition for bending stress is

σm,α =
6M

bh2
≤ km,αfm,

where the factor reducing the strength is

km,α =

(
1 +

(
fm

0.75fv

tan α

)2

+

(
fm

ft,⊥
tan2 α

)2
)−0.5

at the tapered edge.

At the non-tapered edge km,α = 1, since the strength is not reduced there.

4.2.3 Bending stress at the apex

For a double-tapered beam there is a design condition particularly for the bending
stress at the apex. Both [3] and [13] give

σm,ap = (1 + 1.4 tan α + 5.4 tan2 α)
6Map

bh 2
ap

≤ fm

as the expression for this, with Map denoting the bending moment at the apex.

4.2.4 Tensile stress perpendicular to grain

The definition of the apex zone is in [13] given as the part of the beam with the
apex in the middle and of width hap.

For tensile stress perpendicular to grain, [3] as well as [13] gives an expression in
the form

σt,⊥ = kσ tan α
6Map

bh 2
ap

≤ kdis

(
V0

Vch

)0.2

ft,⊥, (4.3)

where kdis is a coefficient for stress distribution and V0 a reference volume. The
definition of the characteristic volume, Vch, differs slightly between the two sources
considered. In [13] it is defined as the volume of the apex zone. Table 4.2 shows the
values of all these quantities. 3

3The values for kdis and Vch are in [3] given specifically for a uniformly distributed load, but
since it is not clear what is supposed to be used for other load cases, these values are chosen
anyway.
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Table 4.2: Values of quantities in equation (4.3)
Quantity Glulam Handbook [3] Eurocode [13]
kσ 0.1 4 0.2
kdis 1.4 1.4
V0 0.01m3 0.01m3

Vch bh 2
ap bh 2

ap (1− 0.25 tan α)

4In [3], kσ is given as 0.1, which presumably is a misprint; it should most likely be 0.2 as it is
in [13]. In the evaluation of the load bearing capacity, kσ is set to 0.2 for both codes.

4.2.5 Section forces

The section forces are here expressed in terms of the beam dimensions and the load.
First, the magnitude of the shear force is

V =
P

2
.

The moment distribution for the left half of the beam M(x) = Px/2 , thus with
xcrit from (4.2), the moment at the cross-section with largest bending stress is

M(xcrit) =
Phs

2 tan α
.

Lastly, the moment at the apex is

Map =
PL

4

since the apex is at x = L/2.

4.2.6 Load bearing capacity according to design codes

For each of the design conditions, the maximum load is evaluated. Table 4.3 presents
the obtained results. The load bearing capacities are emphasized. As can be seen,
the decisive condition is for both codes the one for bending stress at the tapered
edge.

With one exception, both codes give similar results even for the conditions where
the expressions differed. The rather large difference for bending stress at the tapered
edge with the expected strength values can be explained by that quotients of strength
values are included differently in the two codes. The most important factor is that
the quotient fm/ft,⊥, which differs much between the characteristic and expected
strength values, affect the result from [3] more than the result from [13]. In addition,
some of the difference is explained by that the quotient fm/fv exists only in [13] and
gives a difference in opposite direction from the difference of fm/ft,⊥.

28



Table 4.3: Maximum point load, in kN, for characteristic and expected strength
values according to the Glulam Handbook [3] and Eurocode [13].

Glulam handb. Eurocode
Condition type Char. Exp. Char. Exp.
Shear stress 54.0 122 54.0 122
Bending stress, tapered edge 26.9 89.9 26.4 68.4
Bending stress, non-tapered edge 37.8 103 39.0 106
Bending stress at apex 34.5 94.0 34.5 94.0
Tension perpendicular to grain 53.0 318 53.1 319

4.3 Results when moisture induced stresses are considered

The models in the present thesis do not consider moisture induced stresses. In
order to get an idea of the impact of these, results from [12] are presented here.
In [12], both a numerical and an experimental study of moisture induced stresses
were included.

Numerical results from [12] with the energy release rate criterion with mechanical
loading alone as well as combined with moisture induced stresses are shown in Fig-
ure 4.3. The modelling in this study was two-dimensional. The moisture induced
stresses were analysed by simulating a week of drying in a climate of 20◦C and
20% RH. Mixed mode was considered in the determination of the fracture energy,
wherein the average values of stresses were calculated along a length of 24mm.

Figure 4.3 shows the results from the experiments performed in [12]. Before the
tests, the first category, A1 was stored in the standard climate 20◦C and 65% RH
and the others, B1, B2 and B3, dried in 20◦C and 20% RH for different periods of
time.

Figure 4.3: Numerical results [12]
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Table 4.4: Experimental results [12]
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5 Discussion

5.1 General discussion on the fracture mechanics models

Using the energy release rate criterion requires an assumption of an initially existing
crack. The mean stress criterion is possible to use without an initial crack, but an
initial crack was assumed also for this method. Strength values representing timber
more or less free from defects are used and defects are instead considered by assuming
an initial crack. It is not obvious where the crack will appear in the double-tapered
beam. The location was in Chapter 3.4.1 determined from calculations of maximum
stress, but experimentally the crack location is dependent of imperfections, such as
knots.

Consider Figure 3.15, which shows results from the fracture mechanics models.
When the fracture energy is chosen as GIc, the result is a lower bound for the load
bearing capacity. For larger cracks, the mean stress criterion gives results similar to
the energy release rate criterion with the fracture energy for mixed mode. The latter
criterion is not applicable to small cracks since the length of the process region has
to be small in comparison to other dimensions. As stated in [6] and mentioned in
Chapter 3.1.3 in this thesis, the length of the process region is in the order of one
or a few centimeters.

If the correspondence between the mean stress and the energy release rate cri-
terion is used as an indicator of the minimum crack length for which the energy
release rate criterion is valid, the initial crack length should be at least 20mm.

The accuracy of the material property parameters used is not known, thus this
may be a source of error. Another one is that the theory is based on an assumption
of an infinitesimally small process region and an assumption of plane stress.

5.2 Calibration of the fracture mechanics models to test results

To determine a value of the load bearing capacity from the curves in Figure 3.15, the
initial crack length has to be known. It is dependent on both actual, visible cracks
and the structure of the material. For wood, knots are important features affecting
the strength. The knots and the differing grain orientation around them could be
considered by determining an equivalent crack length. The order of magnitude of
a knot and the surrounding differing grain orientation can be estimated with the
height of the lamellas in the glulam, which is 45mm. We may from this reasoning
assume that a reasonable estimation of the crack length is around 20 to 50mm. The
load bearing capacity for these crack lengths is presented in Table 5.1.

The estimation of crack length from the discussion above is rather arbitrary.
Another way to determine the length is to compare with experimental results. A
choice of 60mm corresponds better to the test results presented in Chapter 4.1; the
mean stress criterion and the energy release rate criterion with fracture energy for
mixed mode give a predicted critical load approximately equal to the mean value of
the test results. Table 5.1 is therefore completed with results for this length.

5.3 Comparison with design codes

In Figure 5.1, results from the fracture mechanics models (presented in Chap-
ter 3.4.2) and results from the design methods (presented in Chapter 4.2.6) are
combined. The displayed range of the crack length is the one discussed in Chap-
ter 5.2. A crack length of approximately 60mm was suggested from the calibration
to the test results.
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Table 5.1: The load bearing capacity in kN for a selection of initial crack lengths.
Energy release rate criterion Mean stress

Crack length Mode I Mixed mode criterion
20.0mm 50.4 78.6 73.5
50.0mm 31.7 46.7 49.6
60.0mm 29.0 41.7 45.0

Figure 5.1: Comparison of the fracture mechanics models (solid lines) and the design
methods (dashed lines); the Glulam Handbook to the left and Eurocode to the right.

When simplifying a real-world problem into a model, the accuracy is weighed
against the required work. It is of importance that the methods used for the design
of structures are easy to use. Besides the simplifications in the design codes, there
are always uncertainties, such as the strength of the material. These may be re-
garded as stochastic variables. Even if total assurance against failure never can be
accomplished, unfavourable values of loads and strengths are chosen in the design
to assure ‘sufficiently’ safe constructions.

Characteristic strength values are usually intended to represent the 5% quantile
of the statistical distribution function [2], i.e. the probability that the strength value
of a specimen is less than the characteristic one is 0.05. When designing a structure
with the partial coefficient method, design values of the strengths are calculated from
the characteristic ones. For a larger margin of safety, the characteristic values are
reduced with factors adjusted to the specific situation. In the ultimate limit state,
these factors depend on circumstances such as the type of loading, the moisture
content and the uncertainty in the material properties.

It is not obvious what to expect from the comparison. With a purpose of pro-
viding a simple procedure for the design of safe structures, the design criteria are
a simplification of matters to a greater extent than the fracture mechanics models,
thus the two concepts cannot be expected to yield identical results. The character-
istic strength values and the expected ones were both used in the design criteria in
order to achieve as much of comparability as possible.

When the expected strength values are used, the load bearing capacity from the
design methods is higher than the one from the fracture mechanics models. This
may be expected because with unreduced strength values, cracks are not considered
in the design methods.

With the characteristic strength values, the load bearing capacity from the design
methods is less than the one from the fracture mechanics models. Since the latter is
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an attempt to reflect the most probable outcome and the characteristic values are
the 5% quantile, this is expected.

5.4 Is it appropriate to neglect the moisture induced stresses?

In the present thesis it is merely stated that moisture induced stresses exist. But even
if cracks which may be caused by these stresses are considered, the stresses them-
selves are not included in the models. Nevertheless, with help of results from [12]
(presented in Chapter 4.3 in this thesis), the influence of the moisture induced
stresses is discussed here.

In [12], it was verified that the moisture induced stresses reduce the load bear-
ing capacity of the double-tapered beam. Experimentally, the mean load bearing
capacity was reduced by 5-10% in the specimens exposed to drying [12]. A similar
result was obtained in the numerical simulations; a reduction of approximately 10%
in the load bearing capacity was found for an initial crack of length 40-60mm [12].

Thus, according to the comparison discussed above, we can conclude that it is a
limitation to not include the moisture induced stresses. Since these stresses have a
negative effect on the load bearing capacity, neglecting them leads to results which
may be too optimistic. This applies to design in general and particularly for the
fracture mechanics models used in this thesis, where calibrating the length of the
initial crack to a test with beams not exposed to drying gives a higher load bearing
capacity than what would otherwise be obtained.

To be on the safe side without including the effect of moisture induced stresses a
safety margin that covers the worst case would be necessary, consequently leading
to an unnecessarily large safety margin.
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A Element meshes

Figure A.1: The meshes used in the comparative calculations for the mean stress
criterion, Beam 1 at the top and Beam 2 at the bottom.

Figure A.2: Element meshes used in calculations for finding the point of crack
initiation. The example is for initial element size 16× 16mm2.
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Figure A.3: Element meshes used in the calculation of load bearing capacity, element
size of approximately 4× 4mm2 around the crack.
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