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Abstract
Quantum computing is an extremely promising project combining theoreti-
cal and experimental quantum physics, mathematics, quantum information
theory and computer science. At the first stage of development of quantum
computing the main attention was paid to creating a few algorithms which
might have applications in the future, clarifying fundamental questions and
developing experimental technologies for toy quantum computers operating
with a few quantum bits. At that time expectations of quick progress in the
quantum computing project dominated in the quantum community. However,
it seems that such high expectations were not totally justified. Numerous
fundamental and technological problems such as the decoherence of quantum
bits and the instability of quantum structures even with a small number of
registers led to doubts about a quick development of really working quantum
computers. Although it can not be denied that great progress had been made
in quantum technologies, it is clear that there is still a huge gap between the
creation of toy quantum computers with 10-15 quantum registers and, e.g.,
satisfying the technical conditions of the project of 100 quantum registers an-
nounced a few years ago in the USA. It is also evident that difficulties increase
nonlinearly with an increasing number of registers. Therefore the simulation
of quantum computations on classical computers became an important part
of the quantum computing project. Of course, it can not be expected that
quantum algorithms would help to solve NP problems for polynomial time
on classical computers. However, this is not at all the aim of classical simu-
lation. Classical simulation of quantum computations will cover part of the
gap between the theoretical mathematical formulation of quantum mecha-
nics and the realization of quantum computers. One of the most important
problems in “quantum computer science” is the development of new symbolic
languages for quantum computing and the adaptation of existing symbolic
languages for classical computing to quantum algorithms. The present the-
sis is devoted to the adaptation of the Mathematica symbolic language to
known quantum algorithms and corresponding simulation on the classical
computer. Concretely we shall represent in the Mathematica symbolic lan-
guage Simon’s algorithm, the Deutsch-Josza algorithm, Grover’s algorithm,
Shor’s algorithm and quantum error-correcting codes. We shall see that the
same framework can be used for all these algorithms. This framework will
contain the characteristic property of the symbolic language representation
of quantum computing and it will be a straightforward matter to include this
framework in future algorithms.

Key-words: Deutsch-Josza algorithm, Grover’s algorithm, Quantum com-
puting, Quantum error-correcting, Shor’s algorithm, Simon’s algorithm, Si-
mulation of quantum algorithms
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Sammanfattning
Utvecklandet av kvantdatorn är ett ytterst lovande projekt som kombinerar
teoretisk och experimental kvantfysik, matematik, teori om kvantinformation
och datalogi. Under första steget i utvecklandet av kvantdatorn låg huvudin-
tresset på att skapa några algoritmer med framtida tillämpningar, klargöra
grundläggande frågor och utveckla en experimentell teknologi för en leksaks-
kvantdator som verkar på några kvantbitar. Då dominerade förväntningarna
om snabba framsteg bland kvantforskare. Men det verkar som om dessa sto-
ra förväntningar inte har besannats helt. Många grundläggande och tekniska
problem som dekoherens hos kvantbitarna och instabilitet i kvantstrukturen
skapar redan vid ett litet antal register tvivel om en snabb utveckling av
kvantdatorer som verkligen fungerar. Trots detta kan man inte förneka att
stora framsteg gjorts inom kvantteknologin. Det råder givetvis ett stort gap
mellan skapandet av en leksakskvantdator med 10-15 kvantregister och att
t.ex. tillgodose de tekniska förutsättningarna för det projekt på 100 kvan-
tregister som aviserades för några år sen i USA. Det är också uppenbart
att svårigheterna ökar ickelinjärt med ökningen av antalet register. Därför är
simulering av kvantdatorer i klassiska datorer en viktig del av kvantdatorpro-
jektet. Självklart kan man inte förvänta sig att en kvantalgoritm skall lösa ett
NP-problem i polynomisk tid i en klassisk dator. Detta är heller inte syftet
med klassisk simulering. Den klassiska simuleringen av kvantdatorer kommer
att täcka en del av gapet mellan den teoretiskt matematiska formuleringen av
kvantmekaniken och ett förverkligande av en kvantdator. Ett av de viktigaste
problemen i vetenskapen om kvantdatorn är att utveckla ett nytt symboliskt
språk för kvantdatorerna och att anpassa redan existerande symboliska språk
för klassiska datorer till kvantalgoritmer. Denna avhandling ägnas åt en an-
passning av det symboliska språket Mathematica till kända kvantalgoritmer
och motsvarande simulering i klassiska datorer. Konkret kommer vi att repre-
sentera Simons algoritm, Deutsch-Joszas algoritm, Grovers algoritm, Shors
algoritm och kvantfelrättande koder i det symboliska språket Mathematica.
Vi använder samma stomme i alla dessa algoritmer. Denna stomme represen-
terar de karaktäristiska egenskaperna i det symboliska språkets framställning
av kvantdatorn och det är enkelt att inkludera denna stomme i framtida
algoritmer.

Nyckelord: Deutsch-Josza algoritm, Grovers algoritm, Kvantdatorer, kvant-
mekanisk felrättande kod, Shors algoritm, Simons algoritm, Simulering av
kvantdatorer
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Chapter 1

Introduction

1.1 Quantum Computing

In [1] Richard Feynman pointed out that it is totally impossible to efficiently
simulate quantum mechanics on classical computers.1 Consider a system
consisting of N quantum particles. According to quantum formalism it is
described by the tensor product HN = H ⊗H ⊗ . . . ⊗H of the N copies of
the state space H for a single particle. It is evident that the dimension of
HN grows exponentially with N. Feynman’s observation was the first step
toward the creation of quantum computers. Nowadays the main aim of the
quantum computing project is not the simulation of quantum mechanical
structures, but the execution of quantum algorithms for solving NP problems
in polynomial time.

Quantum computing is an extremely promising project combining theoret-
ical and experimental quantum physics, mathematics, quantum information
theory and computer science. The realization of this project provides the
unique possibility for researchers working in various domains of science to
expand and check their theories and models. People working in quantum
foundations often consider quantum computers as a device to check such ba-
sic principles of quantum mechanics as superposition and complementarity
as well as the adequacy of the description of composite quantum systems by
tensor products of Hilbert spaces, the unitarity of evolution in the absence of
measurement, the von Neumann projection postulate and Born’s rule. Sci-
entists working in quantum information theory can finally approbate basic
principles and constructions (the majority of which have been elaborated long
before the quantum computing project) as well as develop mathematical mod-
els, for example, for entanglement and decoherence. Experimenters proceed
quickly by creating powerful sources of quantum bits, entangled particles and
the development of new quantum technologies.

At the first stage of the development of quantum computing the main
attention was paid to the creation of a few algorithms which may have appli-
cations in the future, such as the clarification of foundational questions and

1Simulation is efficient if the execute time is in polynomial time
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Chapter 1. Introduction

the development of experimental technologies for toy quantum computers
operating with a few quantum bits.

A number of quantum algorithms have been developed sinceDavid Deutsch
presented the first algorithm [2]. This algorithm determines whether a Boolean
function f : {0, 1} → {0, 1} is balanced or constant2. The Deutsch-Jozsa al-
gorithm [3] is the generalization of Deutsch’s algorithm to a Boolean function
f : {0, 1}n → {0, 1}. The well-known classical algorithm should query the
function more than 2n−1 + 1 times, while the quantum algorithm needs only
one interaction with the oracle which implements the function.

Simon’s algorithm[4, 5] is similar to the Deutsch-Jozsa algorithm, but,
instead of determining whether the Boolean function is balanced or constant,
it is designed to find the period of a Boolean function f : {0, 1}n → {0, 1}n.
A comparison with the well-known classical algorithm shows that the appli-
cation of Simon’s algorithm [4, 5] (of course, on a quantum computer) would
imply exponential speedup.

These first quantum algorithms have no direct practical applications.
However, their creation played an important role in the quantum computing
project. It became evident that quantum computers might increase the speed
of calculations tremendously.

Two algorithms with a greater potential for direct implementation to prac-
tical application are Grover’s search algorithm [3] and Shor’s factorization al-
gorithm [6]. Grover’s algorithm is a quantum search algorithm which searches
through an unsorted list with square roots less queries than the most effec-
tive classical algorithm. Shor’s algorithm factorizes integers exponentially
faster than any of the classical algorithms. It has obvious applications to
cryptography.

At the first stage of the quantum computing project expectations of quick
progress dominated in the quantum community. However, it seems that
such high expectations were not totally justified. Numerous foundational
and technological problems such as the decoherence of quantum bits and the
instability of quantum structures with an already sufficiently small number
of registers induced doubts about the quick elaboration of really working
quantum computers. Although it could not be denied that great progress
had been made in quantum technologies, it is clear that there is still a huge
gap between the creation of toy quantum computers with 10-15 quantum
registers and satisfying e.g. the technical conditions of the project announced
a few years ago in the USA: 100 quantum registers. It is also evident that
difficulties increase nonlinearly with an increase in the number of registers.

Therefore the simulation of quantum computations on classical computers
became an important part of the quantum computing project. Of course, one

2A Boolean function f : {0, 1}n → {0, 1} is constant if f(x) = 1 or f(x) = 0 for all
inputs x and balanced if f(x) = 1 for half the inputs

2



1.2. Simulation on classical computer

could not expect that quantum algorithms would help to solve NP problems
for polynomial time on classical computers. This is not at all the aim of clas-
sical simulation, however. The classical simulation of quantum computations
will cover part of the gap between the theoretical mathematical formulation
of quantum mechanics and the realization of quantum computers. One of the
most important problems in “quantum computer scienc” is the development
of new symbolic languages for quantum computing and the adaptation of
existing symbolic languages to quantum algorithms.

The present thesis is devoted to the adaptation of the Mathematica sym-
bolic language to known quantum algorithms and a corresponding simulation
on a classical computer. Concretely we shall represent in the Mathematica
symbolic language Simon’s algorithm, Deutsch-Josza’s algorithm, Grover’s
algorithm, Shor’s algorithm and quantum error-correcting codes.

We shall see that the same framework can be used for all these algorithms.
This framework will express the characteristic property of the symbolic lan-
guage representation of quantum computing. It will be a straightforward
matter to include this framework in future algorithms.

1.2 Simulation on classical computer

Symbolic language for simulation
In this thesis it will be demonstrated that the Mathematica symbolic lan-
guage can be used for all known quantum algorithms. This is a consequence
of the realization of all basis laws of quantum mechanics with the help of
Mathematica: the superposition of quantum states, the representation of the
state of a composite system in the tensor product of Hilbert spaces describing
the states of the components of the system, Schödinger’s unitary evolution
and the measurement process based on von Neumann’s projection postulate.

Some blocks of the program code can be shared in all algorithms. The
simulation procedure will adhere to the following pattern:

(a) definition (the framework),
(b) the flow through the quantum circuit,
(c) the measurement of a specially chosen observable on the output state.

Thus we start with the formalization in the Mathematica symbolic lan-
guage of all basic elements of the mathematical formalism of quantum me-
chanics which are used in quantum computing, e.g., qubits. Then we repre-
sent the quantum circuits specific to the algorithm under investigation. At
the end of the programming of the algorithm we need the symbolic language
representation of the measurement.

Coming back to (a) we point out that in the symbolic language the repre-
sentation corresponding to Dirac’s formalism with bra and ket vectors should

3



Chapter 1. Introduction

be constructed [7]. After this, superposition and tensor product, etc. are ex-
pressed in symbolic Mathematica notations. Then, by moving to (b) we
express quantum gates.

To be more precise, an arbitrary one-qubit quantum state

φ = c1 |0〉+ c2 |1〉

will be implemented as
c1 e[0] + c2 e[1] ,

where e[j] , j = 0, 1, are symbolic Mathematica representations of the ba-
sis vectors and cj , j = 0, 1 are complex numbers. An arbitrary one-qubit
quantum operator is symbolized as

U :={ e[0] → c3 e[0] + c4 e[1] , e[1] → c5 e[0] + c6 e[1]}.

Thus:

U | (c1 e[0] + c2 e[1]) = (c1c3 + c2c5) e[0] + (c1c4 + c2c6) e[1]

Quantum Circuit
In the same way as classical algorithms are implemented on (classical) com-
puters quantum circuits are implemented as schemes of quantum gates. Quan-
tum gates are given by special unitary one- or two-qubit operators. In con-
trast to classical gates, quantum gates are reversible.

In this thesis quantum circuits will be implemented in the symbolic lan-
guage and then they will be used for simulation on the basis of the scheme
which is standard for quantum computing – a combination of a few quantum
gates. A quantum circuit can be presented as

|0〉
U

FE
|0〉 U

U
FE

|0〉 U FE
Figure 1. Quantum circuit

where U is some one- or two-qubit gate. This quantum circuit will be imple-
mented in the simulation as

U2,3|(U1,2|(U3|(U2| e[0, 0, 0]))),

where the index of U indicates to which of the qubits the gate is applied.

4



1.3. Simulation of Quantum Algorithms on a Symbolic Computer

History
Richard Feynman [1] proposed to make simulations of quantum mechanics on
a quantum computer, which is essentially different (even from the viewpoint
of computer science) from the classical Turing machine. David Deutsch [3]
developed the idea of quantum computing and introduced a quantum me-
chanical analogue of the Turing machine. He also found a proper problem
for quantum computing, which he solved by the quantum algorithm. Hence,
Deutsch showed a prospect for the development of quantum computers. A
few new algorithms were created after Deutsch.

However, one should be well aware about the following problem in quan-
tum computing.3 Unfortunately, the number of known quantum algorithms
and problems which can be solved is not so large. Moreover, it seems that
the last few years were not signified by the creation of new interesting quan-
tum algorithms. It might be that this situation in quantum computing is
not occasional (so one might not simply say: "we need more time to create
new quantum algorithms"). One could not exclude that there are some deep
roots behind the insufficient algorithmic structure of quantum computing.
Such roots may be created by computer science and the general theory of
algorithms.

This is why it is so important to simulate quantum computing by using
different classical languages (such as C [8], Maple [9], Mathematica [10], etc)
and also by developing specific languages for quantum simulations such as
[11, 12], etc. Some of the programming languages used for simulations of
quantum computers were conceived as programming languages for quantum
computers and not only for simulations.

Of course, people performing simulations of quantum computing by us-
ing different symbolic languages as well as developing special languages for
quantum programming dream about developing new quantum algorithms by
clarifying the logic and algorithmic structure.

1.3 Simulation of Quantum Algorithms on a
Symbolic Computer

This thesis consists of four papers in the field of simulation of quantum algo-
rithms on classical computers by using the Mathematica symbolic language
and one paper about simulation of error correcting code. In the first paper
“Simulation of Quantum Algorithms on a symbolic compute” we introduce

3Here quantum computing is considered from the point of view of computer science
and not really from the view of quantum physics. Thus we are not interested so much in
physical processes which take place in quantum computers and the problems related to
these processes, e.g. decoherence.
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Chapter 1. Introduction

the basic framework and implement Shor’s algorithm in this symbolic simu-
lation. Simulation with the Mathematica symbolic language consists of two
parts: the first part defines the characteristic property of the symbolic lan-
guage and the second part implements the quantum algorithms and simulates
measurement.

The part devoted to symbolic representation describes the quantum gates
and quantum registers. In fact, one can consider this part as the symbolic
language representation of notions of quantum mechanics used in quantum
computers: superposition, tensor product, entanglement and operators. By
this symbolic formalization we prepare a classical computer for operations
with quantum gates and states. A sequence of quantum gates generates a
quantum circuit and consequently implements a quantum algorithm. The
capability of these simulations is shown by the implementation of Shor’s
algorithm, which is a well-known quantum factorization algorithm with future
applications in cryptography. The realization of Shor’s algorithm on quantum
computers would provide a new possibility to destroy the safety of public-key
cryptos.

Before introducing the quantum Fourier transform, which plays a basic
role in Shor’s algorithm, let us consider one simple example of quantum
circuit represented in the symbolic language. In general, one qubit state is
represented in the symbolic language as

e[ψ] = α e[0] + β e[1] ,

where α and β are complex numbers in the way that the sum of squares of
their absolute values is equal to one. Here e[0] and e[1] are representations of
Dirac’s notations in Mathematica. Generalization to the case of multi-qubits
is evident. Let us regard the definitions part as executed and then apply this
to a state e[00] in the following quantum gate.

Consider the Pauli operator X = |1〉 〈0|+ |0〉 〈1| and the Hadamard oper-
ator H = 1/

√
2(|0〉 〈0|+ |1〉 〈0|+ |0〉 〈1| − |1〉 〈1|) and the quantum circuit

e[0]
H⊗2 FE

e[0] X FE
↑ ↑ ↑ ↑

e[ψ0] e[ψ1] e[ψ2] e[ψ3]

Let the initial state be e[00] . We apply X2, H1 and H2 to the first and second
qubit. Thus the new state will be

H1|H2|X2| e[00] = 1/2 ( e[00]− e[01] + e[10]− e[11])

where we leaving out the parentheses.

6



1.4. Simulation of Deutsch-Jozsa Algorithm in Mathematica

This is straightforward in simulation in Mathematica;

In[10] := H1| (H2| (X2| e[0, 0]))

The result is given by

out[10] :=
1
2
e[0, 0] +

1
2
e[0, 1]− 1

2
e[1, 0]− 1

2
e[1, 1]

Shor’s algorithm contains a part of classical algorithm and the quantum
Fourier transform (QFT). The QFT is a quantum analogous to the classi-
cal discrete Fourier transform. QFT contains the following quantum gates:
Hadamard operator H, Controlled Not operator and Rotation operator R.
The implementation of QFT will follow from the QFT Circuit:

|j1〉 H R2 · · · Rn−1 Rn · · · · · ·

|j2〉 • · · · H R2 · · · Rn−1 · · ·
...

. . . · · · . . . · · · · · ·
|jn−1〉 · · · • · · · · · · H R2

|jn〉 · · · • · · · • · · · • H

where we omit the Controlled Not gates which swap the order of the qubits
at the end of the circuit. This circuit is directly implemented by the code

H1|R1,2| · · · |R1,n−1|R1,n|H2|R2,3| · · · |R2,n−1| · · · |Hn−1|Rn−1,n−2|Hn| e[ψ]

in this simulation language (leaving out the parentheses).

1.4 Simulation of Deutsch-Jozsa Algorithm in
Mathematica

This paper represents Deutsch-Jozsa’s algorithm in the Mathematica simu-
lation language. Deutsch-Jozsa’s algorithm was the first quantum algorithm.
This simple algorithm demonstrated the opportunity of quantum comput-
ing. The commission for this algorithm is easy: we need to decide whether a
Boolean function is balanced or constant. Our aim is to make a simulation
of this quantum algorithm in the symbolic language. The definition section
contains one gate and a so-called quantum oracle. A quantum oracle is an
operator in a black box defined as:

Uf |x〉⊗n|y〉 = |x〉⊗n|y ⊕ f(x)〉

Let us give a simplified picture of this task. Bob selects a balanced or con-
stant Boolean function and Alice’s task is to determine function property.

7



Chapter 1. Introduction

Alice uses a quantum computer to implement the algorithm by means of the
quantum circuit:

|0〉⊗n / H
Uf

H FE
|1〉 H

.

Alice prepares the initial state e[0, 0, 0, . . . , 1] and the quantum gate accord-
ing to the scheme in the circuit

Hn−1| . . .H2|H1|Uf |Hn| . . .H2|H1| e[0, 0, 0, . . . , 1] .

Finally, the measurement is performed.
She should apply the oracle once, instead of using the classical algorithm

and query the function at least 2n−1 + 1 times.

1.5 Simulation of Simon’s Algorithm in Math-
ematica

The simulation of Simon’s algorithm is performed in the third paper. The
structure of this algorithm is similar to that of Deutsch-Jozsa’s algorithm. It
also contains an oracle. The essential difference is the function given by the
oracle. Bob selects a periodic function and Alice’s task is to find the period.
Alice prepares the state e[0, 0, . . .] , applies the quantum gates and the oracle
and finally, Alice performs the measurement. She continues by restarting
the algorithm until she obtains a sufficient number of values to solve a linear
equation giving the answer.

1.6 A compact program code for simulations of
quantum algorithms in classical computers

Grover’s algorithm is a search algorithm for unsorted lists. This quantum
algorithm needs a O(

√
N) query as an alternative to O(N) for the classical

algorithm, where N is the number of elements in the list. Moreover, this
algorithm uses an oracle and, in fact, repeats the query of the oracle (Grover
iteration) until the probability to obtain the searched element approaches
max.

We prepare the initial state e[0, 0, 0, . . . , 1] , and then apply the Hadamard
gate to all qubits. After this, we repeat the Grover iteration and perform the
measurement. This flow for Grover’s algorithm is given by the following

8



1.7. Simulation of Quantum Error Correcting Code

circuit:
Grover iteration︷ ︸︸ ︷

|0〉⊗q /
H⊗q+1 Uf

H⊗q

U0

H⊗q FE
|1〉

↑ ↑ ↑ ↑ ↑ ↑ ↑
e[ψ0] e[ψ1] e[ψ2] e[ψ3] e[ψ4] e[ψ5] e[ψ6]

_ _ _ _ _ _ _ _ _ _ _ _ _�
�
�
�

�
�
�
�

_ _ _ _ _ _ _ _ _ _ _ _ _

Grover’s algorithm circuit using one Grover iteration

1.7 Simulation of Quantum Error Correcting
Code

This study considers implementations of error correction in a simulation lan-
guage on a classical computer. Error correction will be necessary in quantum
computing and quantum information. We will implement Shor code as an
example of error corrections code. The Shor code is a development of the clas-
sical error correcting code known as majority voting. There are some great
differences between quantum and classical error correcting. Measurements
destroy the quantum states and another problem in quantum computing is
continuous errors. Moreover, it is impossible to clone an arbitrary quantum
state. In classical computing will errors imply that bits flips, but continuous
errors in the quantum computing imply that the states phases flips or that
the qubits flips or some combination of this errors. Shor code will overcome
these problems in quantum computing.

9
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Simulation of Quantum Algorithms on a
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Abstract. This paper is a presentation of how to implement quantum algorithms (namely, Shor’s
algorithm ) on a classical computer by using the well-known Mathematica package. It will give
us a lucid connection between mathematical formulation of quantum mechanics and computational
methods.

Keywords: Shor’s factoring algorithm, prime factorization, quantum computing, Mathematica,
quantum Fourier transform
PACS: 03.67.Lx, 02.70.-c, 07.05.Tp

INTRODUCTION

A couple of examples of various methods for the simulation of quantum algorithms
were given in [1, 2]. In preprint [3] we introduced a computational language constructed
on the basis of quantum mechanics. We have decided to implement the well-known
Shor’s factoring algorithm as an example of a quantum algorithm. The aim is to con-
struct a computational language in order to present a straightforward connection between
Dirac’s mathematical formulation of quantum mechanics and the program code. Thus,
the computational language will include quantum mechanical terminology such as quan-
tum operators and quantum states.

THE SIMULATION FRAMEWORK

A quantum state in n dimensions can be represented by a linear combination of n
numbers of basis vectors. In the two-dimensional case a quantum state |φ〉 is represented
as a superposition of two basis vectors, say |0〉 and |1〉, (computation basis [4, 5]). In
this case a quantum state |φ〉 is represented as

|φ〉 = α|0〉+β |1〉, (1)

where α and β are complex numbers having the sum of squares equal one.
We will introduce new symbols for states of this computational basis as follows:

e[0] = |0〉 and e[1] = |1〉. This is the foundation for the structure of the program code.
For more than one-qubit we will use the computational basis states e[x1, . . . ,xn] =
|x1 . . .xn〉, where x j ∈ {0,1} or by using the more compact notation e[y] = |y〉, where
y = xn20 + · · ·+x12n−1. We will, write the state φ as e[φ ] = αe[0]+βe[1], by analogy to



equation (1). The operator A acting on the state φ is often written as A|φ〉 in the quantum
mechanical literature. To match these symbols, we will use the computational symbols
A|e[φ ] for this operation. The program code must be able to handle the linearity of tensor
product. Let e[v],e[w] be vectors and α a scalar. We define the tensor product as

α(e[v]⊗ e[w]) = (αe[v])⊗ e[w] = e[v]⊗ (αe[w]) (2)
(e[v1]+ e[v2])⊗ e[w] = e[v1]⊗ e[w]+ e[v2]⊗ e[w] (3)

e[v]⊗ (e[w1]+ e[w2]) = e[v]⊗ e[w1]+ e[v]⊗ e[w2]. (4)

We add two commands to the program code that will implement this definition of
the tensor product. The command e[a__ ,α_ .e[x__ ],b__ ] := αe[a,x,b] will transform
(αe[v])⊗e[w] and e[v]⊗ (αe[w]) to ξ α(e[v]⊗e[w]). The next command e[a,ξ (α e[x]+
β e[y]),b] := ξ αe[a,x,b]+ξ βe[a,y,b] will transform e[v1]⊗ξ (α e[w1]+β e[w2])⊗e[v1]
to ξ α(e[v1]⊗ e[w1]⊗e[v2])+ξ β (e[v1]⊗ e[w2]⊗e[v2]). Let U be an arbitrary one-qubit
quantum gate. Then U will transform an arbitrary state e[φ ] which is represented in the
computational basis states as e[φ ] = ae[0] + be[1] to the state U |e[φ ] → a(c1 e[0] +
c2 e[1])+ b(c3 e[0] + c4 e[1]), where a,b,ci ∈ C. Now we add a Mathematica gate U to
the program code resulting in U |e[0] → c1 e[0] + c2 e[1] and U |e[1] → c3 e[0] + c4 e[1].
For example, the Hadamard gate H will be added in Mathematica as the command
H:={e[0]→ 1/

√
2(e[0]+ e[1]), e[1]→ 1/

√
2(e[0]− e[1])}. We will define a one-qubit

gate Oi as an operator which acts on the qubit in position i and leaves the other qubits
unchanged. The program code must be able to operate with a gate on arbitrary qubit.
Consequently we will define an operator Oi in the Mathematica code. The operator will
be defined Oi = I⊗i−1 ⊗U ⊗ I⊗n−i as an operator which acts on n-qubits,where I is the
one-qubit unit operator and U is an arbitrary one-qubit operator. Then operator Oi is a
function of Oi|e[v] → e[ψ]. Similarly, we will define Oi, j as an operator which operates
as the two-qubits operator on the qubits in positions i, j and leaves the other qubits
unchanged. Now we have the tools to build quantum circuits. To achieve this, we will
use a quantum Fourier transform circuit in Shor’s factoring algorithm.

AN INTRODUCTION TO SHOR’S FACTORING ALGORITHM

Prime factorizing of an odd number N can be accomplished using Shor’s algorithm [6].
If N is an even integer then we divide it with 2 n-times until 2−nN becomes an odd
number. An even N = 2n can easily be found in view of the fact that 2n ≡ 0 (mod 2).
Let N be the composite of prime factors so that

N = pα1
1 pα2

2 . . . pαk
k , (5)

where k > 1 and αi ∈ Z+. The algorithm will be able to factorize the integer N. We
can also assume that N is not a prime power, i.e. k > 1 and that there exists at least one
pi �= p j. A prime power can be found with a known classical method in polynomial time.
Let us choose a x ∈ ZN randomly, where ZN = {1,2, . . . ,N −1,N}. The next step is to
use Euclid’s algorithm which determines the greatest common divisor. If x and N are not
relatively prime, then we will find a factor by using Euclid’s algorithm. A factor is equal



to gcd(x,N) if gcd(x,N) �= 1. If x and N are relatively prime, the task will be to find the
order of x in the group ZN . The algorithm will search for the smallest r ∈ Z+ so that
xr ≡ 1 (mod N); consequently r is called order r of x. If

xr ≡ 1 (mod N) (6)

and r is a even integer, then it is possible to factorize xr −1 as

xr −1 = (x
r
2 −1)(x

r
2 +1). (7)

The integer N will share at least one factor with (x
r
2 − 1) or (x

r
2 + 1) since N divides

xr − 1. These factors can calculate be with Euclid’s algorithm. Let us presume that an
even r has been found, which gives us the possibility to determine the factors equal
to gcd(x

r
2 + 1,N) and gcd(x

r
2 − 1,N). There is nevertheless an obvious exclusion that

x
r
2 ≡ 1 (mod N) due to the definition of order r. However, it may occur that x

r
2 ≡ −1

(mod N), i.e. only trivial factors will be found since N is the greatest common divisor to
x

r
2 +1 and N. There will be two factors, gcd(x

r
2 +1,N) and gcd(x

r
2 −1,N), in case the

order r of x is an even number and x
r
2 �≡ −1 (mod N).

THE QUANTUM FOURIER TRANSFORM

The discrete Fourier transform maps a vector V1 = α0,α1, . . . ,αn−1 to another vector
V2 = β0,β1, . . .βk . . . ,βn−1, where α,β ∈ C. In traditional mathematics the discrete
Fourier transform is defined as follow:

V2 =
1√
n

n−1

∑
j=0

α je
2πi jk/n. (8)

The quantum Fourier transform (QFT) is similar to the discrete Fourier transform, yet
QFT will be represented in computational symbols. The QFT is a function which acts
on q = log2 n qubits.

Definition 1. The quantum Fourier transform is a function which maps basis states to a
linear combination of basis states

QFT |e[ j] =
1√
n

n−1

∑
k=0

e2πi jk/n e[k]. (9)

The quantum Fourier transform for a arbitrary state ψ is

QFT |
n−1

∑
j=0

α j e[ j] =
1√
n

n−1

∑
k=0

αke
2πi jk/n e[k]. (10)

The decomposable of QFT is used to match quantum gates.

Lemma 1.

QFT |e[ j] =
1√
n
(e[0]+ e

2π i j
21 e[1])⊗ (e[0]+ e

2π i j
22 e[1])⊗·· ·⊗ (e[0]+ e

2π i j
n e[1]). (11)



We will construct this decomposition by using the Rotation, the Hadamard and the
CNOT gates. Every arbitrary unitary operator may be represented by combinations of
single qubit gates and CNOT gates [5]. QFT can be expressed in single quantum gates
as:

Swap(Hq(Rq,q−1Hq−1(· · ·(Rq,2 · · ·R3,2H2(Rq,1 · · ·R2,1H1|e[u]))))), (12)

where swap is a combination of 3q numbers of CNOT gates. This decomposition of QFT
requires q operations on the first qubit and q−1 operations on the second qubit, and so
on. Hence it follows that the decomposition needs 1

2(q + 1)q H and Rk operations. To
obtain the right order, we swap the decomposition; thus we need 3q/2 or 3(q− 1)/2
more operations. Altogether, the decomposition of QFT is require in the order of q2

gates e.i. QFT uses O(q2) elementary operations.

QUANTUM COMPUTATION AND SHOR’S FACTORING
ALGORITHM.

Shor’s algorithm can be executed in four steps. First let us choose an arbitrary integer
x ∈ Z

+ which will be smaller than the integer N that we want to factorize. The second
step is to make sure that the chosen integer is not a prime factor. If it is a prime factor
the algorithm can result in the prime factor and stop the algorithm. It is only in the third
step we need to implement the algorithms in a quantum computer. At this stage we will
use the quantum Fourier transform in the algorithm to find the order r of x. Restart the
algorithm if r is odd or x

r
2 ≡ −1 (mod N). In the last stage a classical computer will

calculate the factors and output gcd(x
r
2 ±1,N). Let us start the algorithm with an N and

choose n = 2q so that N2 ≤ n ≤ 2N2. It will prepare two registers e[0]e[0] with q- qubits
in the quantum computer.

1. Let us set up the first register in superposition

1√
n

n−1

∑
c=0

e[c]e[0]. (13)

2. Let us then compute xc (mod N) in the second register and the computer will be in
state

1√
n

n−1

∑
c=0

e[c]e[xc modN]. (14)

3. Next, we need to compute the QFT on the first register e[c]

QFT |e[c] =
1√
n

n−1

∑
k=0

e2πick/n e[k]. (15)

The machine will be in state

ψ =
1
n

n−1

∑
c=0

n−1

∑
k=0

e2πick/n e[k]e[xc modN]. (16)



Now let us measure the first register in the quantum machine for any k in e[k]. Order r of
x can be found as a denominator of one of the convergents to k/n, where the probability
to find r depends on the number of qubits. To find the order r, we need to apply continued
fractions to the k/n

SHOR’S ALGORITHM IN THE MATHEMATICA CODE

This chapter will introduce a Mathematica program code which implements Shor’s algo-
rithm in a classical computer. We will follow the Mathematica program code evolutions
and compare this with Shor’s algorithm. This comparison will demonstrate a connection
between the classical computer and the quantum computer. The program will try to find
two factors to N, where N is an odd prime factorization and has at least two different
prime factors.

� � 3�5; q � �Log�2, �2��;
Do�x � Random�Integer, �2, � � 1��;
If�GCD�x, �� �� 1, SecondStep; QFT; OutPrint

, Print�"Chosen x�", x, " a multiplier of " , GCD�x, ���, ".";�;
, 	�







160�Log�Log����
�������������������������������������������

9

��������

The algorithm will choose q=
⌈
Log2(N2)

⌉
so that the algorithm will find a factor with

large probability, i.e. if it selects q to satisfy N2 ≤ 2q < 2N2, the two factors will then
be found with a probability of at least 9

160log logN . The program will choose a random
integer x ∈ {2,3, · · · ,N −1}.

�� NumberTheory`ContinuedFractions`

e�a___, Α_.�e�x__�, b___� :� Α e�a, x, b�
e�a___, Ξ_.��Α_.�e�x__� � Β_.�e�y__��, b___� :� Ξ Α e�a, x, b� � Ξ Β e�a, y, b�
O_ i_ � v_ :� Chop�Expand�v �. �e�x__�  ReplacePart�e�x�, e��x��i�� �. O, i����
O_ i_,j_ � v_ :� Chop�Expand�v �. �e�x__� 

�e��x��i�, �x��j��j�i �. O �. e�Α_, Β_�  e�Sequence �� Take��x�, i � 1�,
Α,

Sequence �� Take��x�, �i � 1, j � 1��,
Β,

Sequence �� Take��x�, �j � 1, �1�������
H :� 	e�0� 

1
���������������
2

��e�0� � e�1��, e�1� 
1

���������������
2

��e�0� � e�1���

R :� 	e�1, 1�d_  �
Π ��������
2d �e�1, 1��

Swap :� 	e�i_, j_�_  e�j, i��

We will only use the computational basis states e[x1, . . . ,xn], where x j ∈ {0,1}.
The commands e[a__ ,α_ .e[x__ ],b__ ] := αe[a,x,b] and e[a,ξ (α e[x] + β e[y]),b] :=
ξ αe[a,x,b]+ξ βe[a,y,b] will give the program code a connection to the tensor product.
The command O_ i_|v_ is a one-qubit operator which takes vector v as an attribute
and operates with O on the qubit in position i. Likewise, the command O_ i_ , j_|v_ is a



two-qubits operator which takes vector v as an input and operates with O on the qubit
in position i and j. To compute QFT the algorithm requires three gates, Hadamard (H),
Rotation (R) and Swap (Swap).

FirstStep�q_, x_, �_� :� Expand� 1
���������������������
2q

� �
c�0

2q�1

e�Sequence �� IntegerDigits�c, 2, q�, Sequence �� IntegerDigits�0, 2, q��

SecondStep :�
�
�
�����Secstep�q_, x_, �_� :� Expand� 1

���������������������
2q

� �
c�0

2q�1

e�Sequence �� IntegerDigits�c, 2, q�,

Sequence �� IntegerDigits�Mod�xc, ��, 2, q��; u � Secstep�q, x, ���
�
�����

The command FirstStep prepares the first register in a superposition. Since the first step
is pointless in a classical computer; consequently it will be excluded in the code and we
go directly to the second step in the code. Secstep calculates xc (mod N) in the second
register, where q is the number of qubits.

QFT :� �For�i � 1, i � q, i��, u � Hi � u; For�j � i � 1, j � q, j��, u � Ri,j � u��;
For�i � 1, i � IntegerPart� q

����
2

, i��, u � Swapi,q�1�i � u;
OutQFT � �u ��. a_.�e�y___� � b_.�e�y___�  Together��a � b���e�y��;
Probability � List �� OutQFT �. Α_.�e�y___� � �Abs�Α�2., e�y��;
Probability � Probability �. �a_, e�y__�� � a;

b � �Probability�1��;
For�i � 2, i � Length�Probability�, i��, b � AppendTo�b, b�i � 1� � Probability�i���;
r � Random��;
For�i � 1, i � Length�b�, i��, If�r � b��i��, MeasureQFTStep � i; Break����;
p � �List �� OutQFT �. _.�e�x__�  FromDigits��Sequence �� Take��x�, q��, 2���

The QFT will act on the state u by means of the three gates in the following order:
Hq(Rq,q−1Hq−1(· · ·(Rq,2 · · ·R3,2H2(Rq,1 · · ·R2,1H1 e[u])))). The third line in the program
code will swap the qubits. All terms with identical computational basis states will be
collected in the command OutQFT. Probability is a list of the probabilities used to
measure one of the terms in the register. One of the terms will be randomly chosen taking
into consideration of probability to measure the state. The position of the chosen term
will be saved in MeasureQFTStep. Finally, the list p of decimal numbers is derived
from the binary list OutQFT.

OutPrint :� �
�
��CFD :� Denominator�Convergents� p�MeasureQFTStep�

�������������������������������������������������
2q

;

Do�	If�Mod�xCFD�i�, �� � 1 && EvenQ�CFD�i�� && Mod�x CFD�i����������������
2 , � � � � 1,

Print�"Factors a1�", GCD��, x
CFD�i����������������

2 � 1, " and", " a2�",

GCD��, x
CFD�i����������������

2 � 1, " have been found.";�, �i, 1, Length�CFD��;�
�
��



The randomly chosen value in the register is in p[[MeasureQFTStep]]. In CFD the
program saves the denominator of convergents p[[MeasureQFTStep]]/2q. From this

we can select all even denominators, where xCFD ≡ 1 (mod N) and x
CFD

2 �= N − 1
(mod N). If any of the denominators satisfies these three conditions, it will give us two
factors.

CONCLUSION

In this study we have constructed a computational language for simulations of quantum
algorithms and presented the program code for an algorithm. We have also demonstrated
that every unitary operator has a representation in this computational language. An
important future challenge is to develop this computational language to include the
theory of density operator.
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Abstract. This study examines the simulation of Deutsch-Jozsa algorithm in Mathematica. The program code implemented
on a classical computer will be a straight connection between the mathematical formulation of quantum mechanics and
computational methods in Mathematica. This program code will be a foundation of a universal simulation language.
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INTRODUCTION

A general quantum simulation language on a classical computer will open the opportunity to compare an experiential
result from the developments of quantum computers with the mathematical theory. Our aim is therefore to construct a
general program code where it will be easy to implement algorithms. A couple of examples of various methods for the
simulation of quantum algorithms were given in [1, 2, 3]. We have in previous research [4] studied Shor’s algorithm
[5] and implemented this algorithm in the high-level language Mathematica. A simulation of a quantum algorithm on
classical computers will give us the possibility to comparethe results of quantum computers with the output of the
physically more stable classical computers. In the development of quantum algorithms it will be interesting to test new
algorithms on a classical computer. This article will describe the connection between future quantum computers and
today’s simulations of quantum computers. Thus, the computational language will include the quantum mechanical
terminology such as quantum operators and quantum states. This simulation language will include the most essential
operations in quantum computing. Examples of these operations will be theHadamard, Controlled notandToffoli
gates. In earlier studies (see [6]) we have introduced a framework in a computational language constructed on the
formulation of quantum mechanics. In this study we will go further and use this framework when we implement
Deutsch-Jozsa algorithmas an example of a quantum algorithm. The aim is to construct acomputational language
and describe a straightforward connection betweenDirac’s mathematical formulation of quantum mechanics and our
program code. However, the mathematically described algorithms will have a clear mathematical structure even after
that we have implemented this algorithms as a program code. Moreover a program with mathematical structure will
give us short program codes and this simulation of Deutsch-Jozsa algorithm will use only few lines of program code.
This simulation is a link from the mathematical theory of quantum algorithms to its implementation on a quantum
computer. Let us begin with a demonstration of the frameworkwe have constructed in the high-level program language
Mathematica, this will probably be used for future algorithms.

THE SIMULATION FRAMEWORK

This section we will introduce a framework constructed for the simulation of quantum algorithms on classical
computers. We will point out that there is a symbolic similarity between our framework and the mathematical
framework. This framework will be a computational dual toDirac’s bra-ket notation. A quantum state inn dimensions
can be represented by a linear combination ofn numbers of basis vectors. In the two-dimensional case a quantum state
|φ〉 is represented as a superposition of two basis vectors ,say|0〉 and|1〉, known as computational basis (computational
basis, see [7, 8]). In this basis a quantum state|φ〉 is represented as

|φ〉 = α|0〉+β |1〉, (1)



whereα andβ are complex numbers such as|α|2 + |β |2 = 1. We will introduce some new symbols for the states
of the computational basis as follows: e[0] = |0〉 and e[1] = |1〉. This is the foundation for the structure of the
program code. For more than one-qubit we will use the computational basis states e[x1, . . . ,xn] = |x1 . . .xn〉, where
x j ∈ {0,1} or by using the more compact notation e[y] = |y〉, wherey = xn20 + · · ·+ x12n−1. We will, write the state
φ as e[φ ] = αe[0] + βe[1], by analogy to (1). The operatorA acts on the stateφ and is often written asA|φ〉 in
the quantum mechanical literature. To match these symbols,we will use the computational symbolsA|e[φ ] for this
operation. A computational problem will be that the computer must regard expressions equal if they have identical
meaning even if these notations are not identical. As an example the expression e[0,e[1],1] must be equal to e[0,1,1]
in the code. We can bring in the command e[0,e[1],1] := e[0,1,1] or the more general e[a__,e[b__],c__] := e[a,b,c]
to solve this problem. Moreover, the program code must be able to handle the linearity of the tensor product. Let e[ . ]
be vectors andα a complex number. We define the tensor product as

α(e[v]⊗e[w]) = (αe[v])⊗e[w] = e[v]⊗ (αe[w]) (2)

(e[v1]+e[v2])⊗e[w] = e[v1]⊗e[w]+e[v2]⊗e[w] (3)

e[v]⊗ (e[w1]+e[w2]) = e[v]⊗e[w1]+e[v]⊗e[w2]. (4)

We add two commands to the program code that will implement this definition of the tensor product. The command

e[a___, α_. e[x__], b___] := α e[a, x, b]

will transform e[a]⊗αe[x]⊗e[c] to αe[a⊗x⊗b] = αe[a,x,b]. This command is the computational dual to the tensor
expression in Dirac’s notation|a〉⊗α|x〉⊗ |b〉 = α|axb〉. The other command

e[a___, ξ_. (α_. e[x__] + β_. e[y__]), b___]:=ξ αe[a, x, b]+ ξ βe[a, y, b]

will transform e[a]⊗ ξ (α e[x] + β e[y])⊗e[b] to ξ αe[a,x,b] + ξ βe[a,y,b]. Let U be an arbitrary one-qubit quantum
gate. ThenU will transform an arbitrary state e[φ ] which is represented in the computational basis states as e[φ ] =
ae[0]+be[1] to the stateU |e[φ ] → a(c1e[0]+c2e[1])+b(c3e[0]+c4e[1]), wherea,b,ci are complex numbers. We
add theMathematicagateU to the program code as followsU |e[0]→ c1e[0]+c2e[1] andU |e[1]→ c3e[0]+c4e[1]. For
example, the Hadamard gateH will be added in Mathematica as the commandH:={e[0]→ 1/

√
2(e[0]+ e[1]), e[1]→

1/
√

2(e[0]− e[1])}. We will define a one-qubit gateOi as an operator which acts on the qubit in positioni and leaves
the other qubits unchanged. The program code must be able to operate with a gate on an arbitrary qubit. Consequently
we will define an operatorOi in the Mathematica code. Defined the operatorOi asOi = I⊗i−1⊗U ⊗ I⊗n−i which acts
on n-qubits, whereI is the one-qubit unit operator andU is an arbitrary one-qubit operator. Then operatorOi is a
function ofOi |e[v] → e[ψ]. Similarly, we will defineOi, j as an operator which operates as the two-qubits operator on
the qubits in positionsi, j and leaves the other qubits unchanged. Now we have the tools to build quantum circuits.

AN INTRODUCTION TO THE DEUTSCH-JOZSA ALGORITHM

The function f : {0,1}n → {0,1} is constant if all output is 0 or 1 for all input. The functionf is balanced if half
of all outputs are 0. The Deutsch-Jozsa problem was introduced by David Deutsch and Richard Jozsa with the task
to decide the functionf property, which will be constant or balanced (see [9]). The most naive classical algorithm
will need 2n−1 + 1 outputs to decide the property of the function. Deutsch andJozsa showed that the Deutsch-Jozsa
algorithm would solve this task with only one output. In the implementation of Deutsch-Jozsa algorithm we will use
to the unitary operator Uf which we defined as

Uf : |x〉⊗n|y〉 = |x〉⊗n|y⊕ f (x)〉

where⊕ is the binary addition modulo 2. We will use the function Uf:= e[i__, j_ ] :→ e[i,Mod[j + f[i],2]] to apply this
operator in our simulation language. Let us describe Deutsch-Jozsa problem in the following example, Bob choose a
function with one of the two properties, constant or balanced, and Alice task is to decide its property. To her delight
she will get Bob to calculate this function in a quantum computer. Bob prepare the register in superposition before he
operates with the operator Uf that will act on all qubits at once. Before Bob measure the register and send the result to
Alice he will apply the Hadamard gate to then−1 first qubits. If Bob sends|0〉⊗n to Alice then she will be sure that
his function was constant, otherwise she will make a conclusion that the function was balanced.
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|1〉 H

Figure 1. The Deutsch-Jozsa algorithm circuit

THE DEUTSCH-JOZSA ALGORITHM IN A SYMBOLIC LANGUAGE

Let us use our simulation language to help Alice solve her problem to decide the functions property. You may follow
the algorithm in the circuit in figure 1. We start on the left with the register e[0, · · · ,0,1] and operate Hadamard gate
H:={e[0] → 1/

√
2(e[0]+ e[1]), e[1] → 1/

√
2(e[0]− e[1])} on this state which will place all qubits in superposition

ψ1 =
1√
2n+1 ∑

x∈{0,1}n
e[x](e[0]− e[1]).

At this point we will use the operator Uf and the register willbe in the stateψ2

ψ2 =
1√
2n+1 ∑

x∈{0,1}n
(−1) f (x) e[x](e[0]− e[1]).

Before measurement the algorithm will apply the Hadamard operation on all qubits except the last one and

ψ3 =
1

2n+1/2 ∑
z∈{0,1}n

∑
x∈{0,1}n

(−1)x·z+ f (x) e[z](e[0]− e[1]),

wherex ·z= x1z1 +x2z2 + · · ·+xnzn mod 2. Measurement of the firstn will give the output e[0, · · · ,0] if and only if
f is constant, otherwise it is balanced. This will follow fromthe fact that the probability to measure e[0, · · · ,0] is

1
2n

∣
∣ ∑

x∈{0,1}n
(−1)x·0+ f (x)∣∣2 (5)

and it will be one if f (x) = 0 or f (x) = 1 for all x where0 = {0,0, . . . ,0}. Moreover, it will be zero probability to
measure e[0, · · · ,0] if f is balanced since (5) will be equal to zero.

THE DEUTSCH-JOZSA ALGORITHM IN MATHEMATICA

The Deutsch-Jozsa algorithm is implemented as follow. We will begin to define characteristic properties of quantum
computers in the program code.

Listing 1: Definition of register and quantum gates in mathematica.

e[a___, α_. e[x__], b___] := α e[a, x, b]

e[a___, ξ_. (α_. e[x__] + β_. e[y__]), b___]:=ξ αe[a, x, b]+ ξ βe[a, y, b]

O_i_ |v_:= Chop[Expand[v /. (e[x__] :→ ReplacePart[e[x], e[{x}[[i]]] /. O,i])]]

O_i_ j_ |v_:= Chop[Expand[v /. O]]

H := {e[0] :→ 1/
√

2 (e[0] + e[1]),e[1] :→ 1/
√

2 (e[0] - e[1])}

Uf := {e[i___, j_] :→ e[i, Mod[j + f[i], 2]]}

Enlarge[ψ_,i_] := ψ /. ψ -> (ψ /.e[x_]:→ e[Sequence@@Table[0, {i - 1}], x])

The essential points of this framework is linearity and the tensor products. We have described before how tensor prod-
ucts and a register will be represented in our simulation language. The two-first lines (see listing 1) are computationally
powerful and they will manage to implement some of the essential properties in simulation as linearity, superposition



and tensor products. Line 3-4 in the same listing will define the operator mapping one or two qubits respectively. The
Deutsch- Jozsa algorithm only need to apply the two operators H andU f . The last line will enlarge a state of the
one qubit e[1] to then-qubit state e[0,0,0, . . . ,1]. The operators, linearity, superposition and tensor products are now
defined. The implementation of the algorithm will follow from the listing 2.

Listing 2: Deutsch-Jozsa algorithm in mathematica.

q = 8;

φ = Enlarge[e[1],q];

Do[φ = (Hi | φ), {i,q}];

φ = Ufq−1,q | φ;
φ = φ /. {f[1, x__]:→0,f[0, x__]:→1};

Do[φ = (Hi | φ), {i,q - 1}];

φ

There are certain advantages to compare this listing 2 with the circuit (1). By using the commandEnlarge on state
e[1], defined in line 2, will the register will be prepared in theq-qubit state e[0,0,0, . . . ,1]. In listing 2 on line 3-4 the
Hadamard operator and the unitary function are applied on all the qubits in the register. In line 5 we will be able to
choose the function property. In this example we have chosena balanced function. The algorithm will output the result
when the Hadamard operator have been applied on theq−1 first qubits. The output will contain zeros inq−1 first
qubits if and only if f is constant, otherwise it is balanced.

CONCLUSION

In this study we have constructed a computational language for simulations of quantum algorithms and presented a
program code for Deutsch-Jozsa algorithm. We have also demonstrated a general framework for simulation of quantum
computers on classical computers. An important future challenge is to develop this computational language to include
the most of the well-known quantum algorithms.
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Abstract
A general quantum simulation language on a classical computer

provides the opportunity to compare an experiential result from the
development of quantum computers with mathematical theory. The
intention of this research is to develop a program language that is able
to make simulations of quantum mechanical processes as well as quan-
tum algorithms. This study examines the simulation of quantum algo-
rithms on a classical computer with a symbolic programming language.
We use the language Mathematica to make a simulation of well-known
quantum algorithms. The program code implemented on a classical
computer will be a straight connection between the mathematical for-
mulation of quantum mechanics and computational methods. This
give us an uncomplicated and clear language for implementations of
algorithms. The computational language includes essential formula-
tions such as quantum state, superposition and quantum operator.
This symbolic programming language provides a universal framework
for examining the existing as well as future quantum algorithms. This
study contributes with an implementation of a quantum algorithm in
a program code where the substance is applicable in other simulation
of quantum algorithms.

keywords:Mathematica, Simon’s Algorithm, Quantum Algorithm
Simulation, Quantum Computing

1 Introduction

Our aim is to construct a general program code where it will be easy to
implement algorithms. A couple of examples of various methods for the sim-
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ulation of quantum algorithms were given in the papers [1, 2, 3, 4]. We have
in previous research [5] studied Shor’s algorithm [6] and implemented this
algorithm in the high-level language Mathematica. A simulation of a quan-
tum algorithm on classical computers will give us the possibility to compare
the results of quantum computers with the output of the physically more
stable classical computers. In the development of quantum algorithms it
will be interesting to test new algorithms on a classical computer. This ar-
ticle will describe the connection between future quantum computers and
today’s simulations of quantum computers. Thus, the computational lan-
guage will include the quantum mechanical terminology such as quantum
operators and quantum states. This simulation language will include the
most essential operations in quantum computing. Examples of these oper-
ations will be the Hadamard, Controlled not and Toffoli gates. In earlier
studies (see [7]) we have introduced a framework in a computational lan-
guage constructed on the formulation of quantum mechanics. In this study
we will go further and use this framework when we implement Simon’s al-
gorithm as an example of a quantum algorithm. The aim is to construct a
computational language and describe a straightforward connection between
Dirac’s mathematical formulation of quantum mechanics and our program
code. However, the mathematically described algorithms will have a clear
mathematical structure even after that we have implemented this algorithms
as a program code. Moreover a program with mathematical structure will
give us short program codes and this simulation of Simon’s algorithm will
use only few lines of program code. This simulation is a link from the math-
ematical theory of quantum algorithms to its implementation on a quantum
computer. Let us begin with a demonstration of the framework we have con-
structed in the high-level program language Mathematica, this will probably
be used for future algorithms.

2 The Simulation Framework

This section we will introduce a framework constructed for the simulation of
quantum algorithms on classical computers. We will point out that there is a
symbolic similarity between our framework and the mathematical framework.
This framework will be a computational dual to Dirac’s bra-ket notation. A
quantum state in n dimensions can be represented by a linear combination
of n numbers of basis vectors. In the two-dimensional case a quantum state
|φ〉 is represented as a superposition of two basis vectors ,say |0〉 and |1〉,
known as computational basis (computational basis, see [8, 9]). In this basis
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a quantum state |φ〉 is represented as

|φ〉 = α|0〉+ β|1〉, (1)

where α and β are complex numbers such as |α|2+|β|2 = 1. We will introduce
some new symbols for the states of the computational basis as follows: e[0] =
|0〉 and e[1] = |1〉. This is the foundation for the structure of the program
code. For more than one-qubit we will use the computational basis states
e[x1, . . . , xn] = |x1 . . . xn〉, where xj ∈ {0, 1} or by using the more compact
notation e[y] = |y〉, where y = xn20 + · · ·+x12

n−1. We will, write the state φ
as e[φ] = αe[0] + βe[1], by analogy to (1). The operator A acts on the state
φ and is often written as A|φ〉 in the quantum mechanical literature. To
match these symbols, we will use the computational symbols A|e[φ] for this
operation. A computational problem will be that the computer must regard
expressions equal if they have identical meaning even if these notations are
not identical. As an example the expression e[0, e[1], 1] must be equal to
e[0, 1, 1] in the code. We can bring in the command e[0, e[1], 1] := e[0, 1, 1] or
the more general e[a , e[b ], c ] := e[a, b, c] to solve this problem. Moreover,
the program code must be able to handle the linearity of the tensor product.
Let e[ . ] be vectors and α a complex number. We define the tensor product
as

α(e[v]⊗ e[w]) = (αe[v])⊗ e[w] = e[v]⊗ (αe[w]) (2)

(e[v1] + e[v2])⊗ e[w] = e[v1]⊗ e[w] + e[v2]⊗ e[w] (3)

e[v]⊗ (e[w1] + e[w2]) = e[v]⊗ e[w1] + e[v]⊗ e[w2]. (4)

We add two commands to the program code that will implement this defini-
tion of the tensor product. The command

e[a___,α_.e[x__],b___]:=αe[a,x,b]

will transform e[a]⊗αe[x]⊗ e[c] to αe[a⊗x⊗ b] = αe[a, x, b]. This command
is the computational dual to the tensor expression in Dirac’s notation |a〉 ⊗
α|x〉 ⊗ |b〉 = α|a x b〉. The other command

e[a___,ξ_.(α_.e[x__]+β_.e[y__]),b___]:=ξαe[a,x,b]+ξβe[a,y,b]

will transform e[a]⊗ξ(α e[x]+β e[y])⊗e[b] to ξαe[a, x, b]+ξβe[a, y, b]. Let U
be an arbitrary one-qubit quantum gate. Then U will transform an arbitrary
state e[φ] which is represented in the computational basis states as e[φ] =
a e[0] + b e[1] to the state U | e[φ] → a(c1 e[0] + c2 e[1]) + b(c3 e[0] + c4 e[1]),
where a, b, ci are complex numbers. We add the Mathematica gate U to the
program code as follows U | e[0] → c1 e[0]+c2 e[1] and U | e[1] → c3 e[0]+c4 e[1].
For example, the Hadamard gate H will be added in Mathematica as the
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command H:={ e[0] → 1/
√

2( e[0] + e[1]), e[1] → 1/
√

2( e[0] − e[1])}. We
will define a one-qubit gate Oi as an operator which acts on the qubit in
position i and leaves the other qubits unchanged. The program code must
be able to operate with a gate on an arbitrary qubit. Consequently we will
define an operator Oi in the Mathematica code. Defined the operator Oi as
Oi = I⊗i−1 ⊗ U ⊗ I⊗n−i which acts on n-qubits, where I is the one-qubit
unit operator and U is an arbitrary one-qubit operator. Then operator Oi

is a function of Oi| e[v] → e[ψ]. Similarly, we will define Oi,j as an operator
which operates as the two-qubits operator on the qubits in positions i, j and
leaves the other qubits unchanged. Now we have the tools to build quantum
circuits.

3 An Introduction To Simon’s Algorithm

Daniel Simon proposed following problem[10, 11]; Let f : {0, 1}n → {0, 1}n

be a 2 to 1 function and let

f(x) = f(y) ⇐⇒ x = y ⊕ a,

where ⊕ is the binary addition modulo 2. The task will be to decide the
value a ∈ {0, 1}n i.e. we will try to find the period a. In the implementation
of Simon’s algorithm we will use to the unitary operator Uf which we defined
as

Uf : |x〉⊗n|y〉 = |x〉⊗n|y ⊕ f(x)〉.

This operator Uf will act on the state in a quantum black box i.e. we have no
knowledge about the properties of the function f . Let us describe Simon’s
problem in the following example, Bob choose a function that is periodic in
respect of binary addition modulo 2. Alice task will be to decide this period
a. To her delight she will get Bob to calculate this function in a quantum
computer. Bob prepare two n-qubit registers. He apply the Hadamard gate
on the first register so that it will be in superposition and the then he apply
the Uf gate on the both register. Now bob will have two alternative, he
measure the the last n qubits and then apply the Hadamard gate to the n
remaining qubits or he apply Hadamard gate to the n first qubits and after
that he measure them. The both methods will give the same results, but we
reduce the expressions if we think that makes a measurement before the last
operations. Bob will now measure the quantum computer and he will get
some y1 ∈ {0, 1}⊗n so that y1 · a = 0. He will now restart the algorithm and
hope that he measures a different value y2. He will continue restarting the
algorithm until he measured n different values yi. The next task is to solve
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a linear equation so that yi · a = 0 for all i ∈ {1, 2, . . . , n}

|0〉⊗n / H
Uf

H NM


|0〉⊗n / H NM


Figure 1. The Simon’s algorithm circuit

4 The Simon’s Algorithm in a Symbolic Lan-

guage

Let us use our simulation language to decide the period a of a periodic func-
tion i.e. we search for a a so that f(x) = f(y) ⇐⇒ x = y ⊕ a. Prepare two
registers with the states e[0]⊗n and then begin with the algorithm, with can
be followed in figure 1. The first operations will be to act with the Hadamard
gate on the first register. The registers will now be in superposition of the
states e[x] e[0]⊗n so that

ψ1 =
1√
2n

∑
x∈{0,1}⊗n

e[x] e[0]⊗n.

In this step the Uf operator act on the both registers and then the registers
will be in the states;

ψ2 =
1√
2n

∑
x∈{0,1}⊗n

e[x] e[f(x)].

Measure the second register for some state f(x0) where x0 ∈ {0, 1}⊗n. All
the state f(x) will have equal probability 2−n to be measured. Moreover,
since f(x0) = f(x0 + a) are the first register in the states

ψ3 =
1√
2

( e[x0] + e[x0 ⊕ a]) ,

after measurement of the second register. Then apply Hadamard to ψ3 and
use that H e[x] =

∑
y(−1)x·y e[y] to get

ψ4 =
1√
2n+1

∑
y∈{0,1}⊗n

(
(−1)x0·y + (−1)(x0⊕a)·y) e[y]

or equivalent

ψ4 =
1√
2n−1

∑
y:y·a=0

(−1)x0·y e[y].
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Measurement of the first register will give a y0 ∈ {0, 1}⊗n where y0 · a = 0.
Now restart the algorithm and measure a new value y1 with the probability
1−2/2(n−1) that satisfy y1 6= y0 and y1 6= 0, in that case this gives a equation
y1 · a = 0 where y1 linearly independent to y0. We will repeat this to we
obtain n − 1 numbers of linearly independent equations y0 · a = 0, y1 · a =
0, . . . , y(n−2) · a = 0 to solve. In generality will the probability be 1− 21+i−n

for i < n to measure a yi so that y0 · a = 0, y1 · a = 0, . . . , y(i−1) · a = 0 is
linearly independent. Solve the equations to find a.

5 The Simon’s Algorithm in Mathematica

The Simon’s algorithm is implemented as in Mathematica as following. The
First part of the program code is a framework for simulation of quantum
algorithms in Mathematica and this part define characteristic properties of
quantum computers.

Listing 1: Definitionofregisterandquantumgatesinmathematica.

1 e[a___,α_.e[x__],b___]:=αe[a,x,b]

2 e[a___,ξ_.(α_.e[x__]+β_.e[y__]),b___]:=ξαe[a,x,b]+ξβe[a,y,b]

3 O i |v_:=
4 Chop[Expand[v/.(e[x__]:→ReplacePart[e[x],e[{x}[[i]]]/.O,i])]]

5 O i j |v_:=Chop[Expand[v/.O]]
6 H:={e[0]:→ 1/

√
2(e[0]+e[1]),e[1]:→ 1/

√
2(e[0]-e[1])}

7 Uf := {e[i___, j_] :→e[e[x][[1;;i]],

8 e[Sequence @@Mod[List@@e[x][[i+1;;j]]

9 +f[Sequence@@e[x][[1;;i]]],2]]]}

10 Enlarge[ψ_,i_]:=

11 ψ/.ψ -> (ψ /.e[x_]:→ e[Sequence@@Table[0, {i-1}], x])

One of the characteristic properties we need to define in the program code is
the tensor product for the qubit states and the operators. Another property
is the linearity of the operators. We have described before how superposition,
tensor products and the linear operator will be represented in our simulation
language. The two-first lines (see listing 1) are computationally powerful and
they will manage to implement some of the essential properties in simulation
as linearity, superposition and tensor products. Line 3–5 in the same listing
will define the operator mapping one or two qubits respectively. The Simon’s
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algorithm only need to apply the two operators H and Uf. The last line
will enlarge a state of the one qubit e[0] to the n-qubit state e[0]⊗n. The
operators, linearity, superposition and tensor products are now defined. The
implementation of the Simon’s algorithm will follow from the listing 2.

Listing 2: Simon’s algorithm in mathematica.

1 q = 5; Measure = {};

2 While[Length[Union[Measure]] ≤ q,

3 φ = Enlarge[e[0], q];

4 Do[φ = (Hi | φ),{i,q}];
5 a = {1,0,1,1,0};

6 f[0, x__] := Mod[{0, x},2];

7 f[1, x__] := Mod[{1, x}+a,2];

8 φ = Ufq,2q | φ;
9 Do[φ = (Hi | φ),{i,q}];

10 Probability = List@@Expand[φ/. α_. e[y___]->Abs[α]^2;

11 Table[Probability[[i+1]] = Plus@@Take[Probability,{i,i+1}],

12 {i,1,Length[φ]-1}];

13 r = Random[];

14 AppendTo[Measure,Take[φ[[1+LengthWhile[Probability,# < r &],

15 2]],{1,q}]];

16 ]

17 Union[Measure]

18 Out[11]={e[0,0,0,0,1],e[0,0,1,1,0],e[0,1,0,0,1],

19 e[0,1,1,1,0],e[1,0,1,0,0],e[1,0,1,0,1]}

There are certain advantages to compare this listing 2 with the circuit in
figure 1. Numbers of qubits in the two registers will be selected and an
empty list of measured states creates in the first line. The algorithm iterates
with use of a while loop until it has measured q-number linearly independent
states. The command Enlarge applied on state e[0], defined in line 3, will
prepare the two register in q-qubit states e[0]⊗q. In line 4 the Hadamard
operator are applied to the first register. Take the unknown period a to
be {1, 0, 1, 1, 0} in this example. In this specific example will the function
be defined as in line 6 and 7, here must mention that it is conceivable too
explicit defined every function value. After that the code will apply Uf the
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both registers where the first register is the control qubits and the second is
targets qubits. Then apply the Hadamard gate to the first register before
measurement. Moreover will a measurement of the first register means that
one state of all the q-qubit states in superposition will be randomly chosen
where the measurement probability is equal to square of the absolute value of
the phase. Consequently, must the simulation of a measurement depend on
the phase. As a first step to make a measurement will line 10 to 12 create a
list called Propability, with contains the probability to measure the states.
The algorithm chose a randomly r ∈ [0, 1]. This random r decides which
of the element (state) that will be measured in the list Propability. The
while loop in the final line will measure an element and add it to the list
Measure. Finally the latest line will output all measured elements in the
list Measure. It remains to solve the linear equation to find a, but since it
will be done in a classical computer will we leave this besides. We can easy
verify that y · a = 0 for all measured states in the output.

6 Results

The program have been tested for a number different periods that require
2 to 6 qubits registers (see table 1 for the result of some of the test). The
runtime for 6 qubit registers indicates to be around 300 second. The result
from the test with more than 6 qubits showed that this simulation of Simon’s
algorithm will give a long runtime larger registers.

7 conclusion

We have constructed a computational language for simulations of quantum
algorithms with are presented by implementation of Simon’s algorithm. This
demonstrates a part of a general framework for simulation of quantum com-
puters on classical computers. The test shows that this simulation is not
effective for registers with more than 6 qubits. An important future chal-
lenge is to continue to develop this computational language to include all
well-known quantum algorithms.
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Period Output Runtime/
second

{0, 0, 1} {e[0,0,0],e[0,1,0],e[1,0,0],e[1,1,0]} 0.125
{0, 1, 0} {e[0,0,0],e[0,0,1],e[1,0,0],e[1,0,1]} 0.157
{1, 1, 1} {e[0,0,0],e[1,0,1],e[1,1,0],e[1,0,1]} 0.187
{0, 1, 1, 0} {e[0,0,0,0],e[0,0,0,1],e[1,0,0,0],e[1,0,0,1],e[0,1,1,0]} 0.375
{0, 0, 1, 0} {e[0,0,0,0],e[0,0,0,1],e[1,0,0,0],e[1,0,0,1],e[1,1,0,1]} 0.437
{1, 0, 1, 0} {e[0,0,0,0],e[0,0,0,1],e[0,1,0,1],e[1,0,1,0],e[1,1,1,1]} 0.313
{0, 1, 1, 0, 0} {e[0,0,0,1,1],e[0,1,1,0,1],e[1,0,0,1,0],e[1,1,1,0,0],

e[1,1,1,0,1],e[1,1,1,1,0]} 5.203
{1, 0, 1, 1, 0} {e[0,0,0,0,1],e[0,1,0,0,1],e[0,1,1,1,1],e[1,0,0,1,0],

e[1,0,1,0,0],e[1,1,1,0,1]} 7.344
{1, 1, 1, 0, 0} {e[0,1,1,0,0],e[0,1,1,0,1],e[0,1,1,1,0],e[1,0,1,0,1],

e[1,0,1,1,0],e[1,1,0,0,0]} 3.157
{1, 0, 1, 1, 0, 0} {e[0,0,0,0,0,1],e[0,0,0,0,1,1],e[0,0,1,1,1,0],e[1,0,0,1,1,0],

e[1,1,0,1,0,0],e[1,1,1,0,0,1],e[1,1,1,0,1,0]} 215.265
{1, 1, 1, 1, 0, 0} {e[0,0,0,0,1,1],e[0,0,1,1,0,1],e[0,1,0,1,1,0],e[0,1,1,0,1,1],

e[1,1,0,0,0,1],e[1,1,1,1,0,0],e[1,1,1,1,0,1]} 306.938

Table 1: Test results
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Abstract

A general quantum simulation language on a classical computer
provides the opportunity to compare an experiential result from the
development of quantum computers with mathematical theory. The
intention of this research is to develop a program language that is able
to make simulations of all quantum algorithms in same framework.
This study examines the simulation of quantum algorithms on a clas-
sical computer with a symbolic programming language. We use the
language Mathematica to make simulations of well-known quantum
algorithms. The program code implemented on a classical computer
will be a straight connection between the mathematical formulation
of quantum mechanics and computational methods. This gives us an
uncomplicated and clear language for the implementations of algo-
rithms. The computational language includes essential formulations
such as quantum state, superposition and quantum operator. This
symbolic programming language provides a universal framework for
examining the existing as well as future quantum algorithms. This
study contributes with an implementation of a quantum algorithm in
a program code where the substance is applicable in other simulations
of quantum algorithms.

1 Introduction

A simulation of a quantum algorithm on physically more stable classical
computers will give material for comparison to unstable quantum computers
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output. A simulation of the algorithm will be a natural step in the devel-
opment of new quantum algorithms. This article will describe the connec-
tion between future quantum computers and today’s simulations of quantum
computers. Thus, the computational language will include the quantum me-
chanical terminology such as quantum operators, quantum states and tensor
product.This simulation language will include the most essential operations
in quantum computing and have a design making it straightforward to add
all sorts of gates. Examples of these operations will be the Hadamard, pauli

matrices gates and the oracle. We have in previous study use the same frame-
work for implementation of Simon’s Algorithm, Deutsch-Jozsa algorithm,
Shor’s algorithm and error correction [1, 10, 11, 12], this studies is presented
in [7, 8, 9]. We will now present an expansion of this framework to include
an implementation of Grover’s search algorithm [3].Grover’s search algorithm
will as the previous studied algorithms have a compact and mathematical no-
tation in this program. Quantum operators will be represented as currently
literature [2, 4, 6] usually represent quantum operators. Using these com-
pact and mathematical representations will we be able to implement Grover’s
search algorithm in an only a few numbers of lines short program code. We
will emphasize that all quantum algorithms implemented in this framework
[7, 8, 9] will make use of only a few numbers of lines in the program code.
The aim is to construct a computational language and describe a straight-
forward connection between Dirac’s mathematical formulation of quantum
mechanics and our program code. However, the mathematically described
algorithms will have a clear mathematical structure even after that we have
implemented this algorithms as a program code. This simulation is a link
from the mathematical theory of quantum algorithms to its implementation
on a quantum computer. We must point out that this simulation of these
algorithms in a classical computer will obviously not speedup execute time.
Let us begin with a demonstration this framework constructed in the high-
level program language Mathematica that can be used for other algorithms
without larger modifications.

2 The Simulation Framework

This section we will introduce a framework constructed for the simulation of
quantum algorithms on classical computers. We will point out that there is a
symbolic similarity between our framework and the mathematical framework.
This framework will be a computational dual to Dirac’s bra-ket notation. A
quantum state in n dimensions can be represented by a linear combination
of n numbers of basis vectors. In the two-dimensional case a quantum state
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|φ〉 is represented as a superposition of two basis vectors, say |0〉 and |1〉,
known as computational basis (computational basis, see [5, 6]). In this basis
a quantum state |φ〉 is represented as

|φ〉 = α|0〉 + β|1〉, (1)

where α and β are complex numbers such as |α|2 + |β|2 = 1. We will intro-
duce some new symbols for the states of the computational basis as follows:
e[0] = |0〉 and e[1] = |1〉. This is the foundation for the structure of the
program code. For more than one-qubit we will use the computational ba-
sis states e[x1, . . . , xn] = |x1 . . . xn〉, where xj ∈ {0, 1} or by using the more
compact notation e[y] = |y〉, where y = xn20 + · · · + x12

n−1. We will, write
the state φ as e[φ] = αe[0] + βe[1], by analogy to (1). The operator A acts
on the state φ and is usually written as A|φ〉 in the quantum mechanical
literature. To match these symbols, we will use the computational symbols
A|e[φ] for this operation. A trick will be to regard |x1 . . . |y1 . . . ym〉 . . . xn〉
as |x1 . . . y1 . . . ym . . . xn〉 in order to simplify the program code. This will
be a computational problem since Mathematica will distinguish between
e[x1, . . . , e[y1, . . . , ym], . . . , xn] and e[x1, . . . , y1, . . . , ym, . . . , xn]. The com-
puter must regard these expressions as equally even if the notations are
not identical equal to each other. As an example the expression e[0, e[1], 1]
must be equal to e[0, 1, 1] in the code. We can bring in the command
e[0, e[1], 1] := e[0, 1, 1] or the more general e[a , e[b ], c ] := e[a, b, c] to
solve this problem. Moreover, the program code must be able to handle the
linearity of the tensor product. Let e[ . ] be vectors and α a complex number.
We define the tensor product as

α(e[v] ⊗ e[w]) = (αe[v]) ⊗ e[w] = e[v] ⊗ (αe[w]) (2)

(e[v1] + e[v2]) ⊗ e[w] = e[v1] ⊗ e[w] + e[v2] ⊗ e[w] (3)

e[v] ⊗ (e[w1] + e[w2]) = e[v] ⊗ e[w1] + e[v] ⊗ e[w2]. (4)

Two short commands in the program code that will implement this definition
of the tensor product. The command

e[a___ , α_. e[x__], b___] := α e[a, x, b]

will transform e[a]⊗αe[x]⊗ e[c] to αe[a⊗x⊗ b] = αe[a, x, b]. This command
is the computational dual to the tensor expression in Dirac’s notation |a〉 ⊗
α|x〉 ⊗ |b〉 = α|a x b〉. The other command

e[a___ , ξ_. (α_. e[x__] + β_. e[y__]), b___ ]:=

ξαe[a, x, b]+ ξβe[a, y, b]
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will transform e[a]⊗ξ(α e[x]+β e[y])⊗e[b] to ξαe[a, x, b]+ξβe[a, y, b]. Let U
be an arbitrary unitary one-qubit quantum gate. Then U will transform an
one-qubit state e[φ] which is represented in the computational basis states as
e[φ] = a e[0]+b e[1] to the state U | e[φ] → a(c1 e[0]+c2 e[1])+b(c3 e[0]+c4 e[1]),
where a, b, ci are complex numbers. We add the Mathematica gate U to the
program code as follows U | e[0] → c1 e[0]+c2 e[1] and U | e[1] → c3 e[0]+c4 e[1].
For example, the Hadamard gate H will be added in Mathematica as the
command H:={ e[0] → 1/

√
2( e[0] + e[1]), e[1] → 1/

√
2( e[0] − e[1])}. We

will define a one-qubit gate Oi as an operator which acts on the qubit in
position i and leaves the other qubits unchanged. The program code must
be able to operate with a gate on an arbitrary qubit. Consequently we will
define an operator Oi in the Mathematica code. Defined the operator Oi as
Oi = I⊗i−1⊗U ⊗ I⊗n−i which acts on n-qubits, where I is the one-qubit unit
operator and U is an arbitrary one-qubit operator. Then operator Oi is a
function of Oi| e[v] → e[ψ]. Similarly, we will define Oi,j as an operator which
operates as the two-qubits operator on the qubits in positions i, j and leaves
the other qubits unchanged. Now we have the tools to build the quantum
circuit for quantum algorithms and error correction.

2.1 Introduction to Grover’s search algorithm

In developments of this framework have a number of quantum algorithms
been implemented [7, 8, 9] in purpose to examine its applicability, moreover
will this study be a presentation of Grover’s algorithm in this code. Let
us present the idea of Grover’s search algorithm [3] by an example. Imagine
that you have a list of N -numbers of registration numbers and theirs car own-
ers sort in alphabetical order by theirs family name. You see a registration
number and want to check the name of the owner to this car. Since the list
is in alphabetical order you may need to check all N -numbers of car owner.
The average number you need to check to find the owner when you search by
registration number will be N/2 = O(N) (this is the classical linear search),
but with use of Grover’s search algorithm will you success in O(

√
N) time.

Suppose we will search for the owner of the car with registration number
“DKG 313”. Let us say that “DKG 313” is in the unknown place 54 that we
have decode as x0 = e[110111]. We define a function

f(x) =

{
1 for x = x0,

0 for x 6= x0.

Let us assume that it possible to build a unitary operator (oracle) such that

Uf e[x] e[y] = e[x] e[y ⊕ f(x)],
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where ⊕ means binary addition modulo 2. Prepare an initial state e[φ0] =
e[x] e[1] and apply the Hadamard gate H on the last qubit e[φ1] = I ⊗
H e[φ0] = e[x] e[−] where e[−] = 1√

2
( e[0] − e[1]). Apply Uf on this state

Uf e[φ1] = e[x]
1√
2
( e[0 ⊕ f(x)] − e[1 ⊕ f(x)]) = (−1)f(x) e[x] e[−]

and a phase sign shift will mark if the x is the searched element. If Uf acts
on a superposition H⊗q+1 e[0]⊗q e[1] as

Uf (H
⊗q+1 e[0]⊗q e[1]) =

1√
N

∑

i∈{0,1}⊗q

Uf e[i] e[−]

=
1√
N

∑

i∈{0,1}⊗q

(−1)f(i) e[i] e[−] (5)

=
1√
N

∑

i∈{0,1}⊗q

( e[i] − 2 e[x0]) e[−]

will the searched element x0 be mark in the superposition with a phase sign
shift. Since the absolute value in square of the corresponding phase still is
unchanged will the possible to measure this element is unchanged even if the
search element is marked by sign sift. For Grover’s search algorithm will we
need one more quantum gate U0 which is a special case of Uf where x0 = 0
such that

f(x) =

{
1 for x = 0,

0 for x 6= 0.

A short description of algorithm will follow (for details see [6]). Prepare
the quantum computer in the initial state e[ψ0] = e[0]⊗q e[1] and apply the
Hadamard gate e[ψ1] = Hq+1 e[ψ0] to all the qubits (see figure 1). All the
qubits will now be in superposition. Continue with the Grover iteration
first operations which is to apply Uf on this state e[ψ2] = Uf e[ψ1], thus
will the last qubit will flip the sign to phase of the searched element. The
search element is now market, but the probability to measure this element
is unchanged. Apply the Hadamard gate e[ψ3] = Hq e[ψ2] to all the qubits
without the last one. The third and fourth operations in the Grover iteration
are U0 and Hq, after that e[ψ5] = HqU0 e[ψ3]. Repeat the Grover iteration
if it is necessarily otherwise measurement the state e[ψ6] = Measure e[ψ5].
There is easy to show [6] that we obtain the largest probability to measure
x0 if the Grover iteration is repeated for

k = round

(
arccos(

√
M/N)

arcsin(2
√
M(N −M)/N)

)

(6)
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numbers of times where N is numbers of elements in the search list and M
is numbers of solutions to the problem.

Grover iteration︷ ︸︸ ︷

|0〉⊗q /
H⊗q+1 Uf

H⊗q

U0

H⊗q

NM





|1〉
↑ ↑ ↑ ↑ ↑ ↑ ↑

e[ψ0] e[ψ1] e[ψ2] e[ψ3] e[ψ4] e[ψ5] e[ψ6]

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _�

�

�

�

�

�

�

�
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _

Figure 1. The Grover’s algorithm circuit using one Grover iteration

2.2 Grover algorithm in Mathematica

Prepare the quantum computer in the initial state e[0]⊗q+1 by use of the
command in line 1. Apply X to the qubit number q + 1 and H⊗q+1 to all
qubits to get to the state

1√
N

∑

y∈{0,1}q

e[y] e[−].

After applying Uf to this state will the searched element be marked in the
state 

 1√
N

∑

y∈{0,1}q

e[y] − 2√
N

e[x0]



 e[−].

Next step in the algorithm will be to apply the sequence of operatorsH⊗qU0H
⊗q.

In oder to attain the maximum probability to success must the Grover iter-
ation G⊗q+1 = UfH

⊗qU0H
⊗q be repeated for k times. After the first Grover

iteration will the state be


N − 4

N

1√
N

∑

y∈{0,1}q

e[y] +
2√
N

e[x0]



 e[−]

where the probability of a measurement will be given by






p(Measure y 6= x0) =
∣
∣
∣N−4

N
1√
N

∣
∣
∣
2

= |cos 3θ|2 ,

p(Measure y = x0) =
∣
∣
∣N−4

N
1√
N

+ 2√
N

∣
∣
∣
2

= |sin 3θ|2 .
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where sin θ = 1/
√
N . For a general point of view consider k numbers of

Grover iteration, then the probability measure x0 will be written
{
p(Measure y 6= x0) = |cos(2k + 1)θ|2 ,
p(Measure y = x0) = |sin(2k + 1)θ|2 .

The positive integer k that minimize |1− |sin(2k + 1)θ|2 | will give the max-
imum probability to measure x0, this is equivalent to

k = round

(
arccos(1/

√
N)

2 arcsin(1/
√
N)

)

. (7)

Let M = 1 (i.e. only one element will match the search problem) then we see
that the equation (7) is equivalent to (6), using the fact that 2 arcsin(1/

√
N) =

arcsin(
√
N − 1/N).

2.3 Grover’s search algorithm in the Simulation Frame-

work

The Grover’s search algorithm algorithm is implemented as in Mathematica
as following. The First part (see the four first code lines in listing 1) of the
program code is a framework for simulation of quantum algorithms in Math-
ematica and this part define characteristic properties of quantum computers.
The follow code lines in the listing 1 defined the operators X,H,Uf and U0.
Notice that it is straight forward to introduce new gates in this program from
the mathematical representation of gates.

Listing 1: Definition of register and quantum gates in mathematica.

InitialState[q_]:=e[Sequence@@Table [0,{q}]]

e[a___ ,α_.e[x__],b___ ]:=αe[a,x,b]

e[a___ ,ξ_.(α_.e[x__]+β_.e[y__]),b___ ]:=

ξαe[a,x,b]+ξβe[a,y,b]

O i |v_:=Chop[Expand[v/.
(e[x__]:→ReplacePart[e[x],e[{x}[[i]]]/.O,i])]]

O i j |v_:=Chop[Expand[v/.O]]
X:={e[0]:→e[1],e[1]:→e[0]}

H:={e[0]:→ 1/
√

2(e[0]+e[1]),e[1]:→ 1/
√

2(e[0]-e[1])}

Uf[i_,j_]:={e[x__]:→e[e[x][[1;;i]],
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e[Sequence@@Mod[List@@e[x][[i+1;;j]]

+f[Sequence@@e[x][[1;;i]]] ,2]]]}

U0[i_,j_]:={e[x__]:→e[e[x][[1;;i]],

e[Sequence@@Mod[List@@e[x][[i+1;;j]]

+g[Sequence@@e[x][[1;;i]]] ,2]]]}

Let us choose an example to describe the part of the program which represents
the quantum circuit for Grover algorithm. Assume that we will search for x0

in a list of 120 element where x0 have four solutions 19, 29, 39, 79 (i.e. M = 4).
The register needs to contain q+1 numbers of qubits where q = log2(N) = 7
and N = 128 ≥ 120. In this special case will numbers of iterations be

k = round

(
arccos(

√
4/128)

2 arcsin(
√

4(128 − 4)/128)

)

= 4.

In next part the register will be prepared in the initial state e[0]⊗q+1, then al-
gorithm will follow the circuit in figure 1 and apply the X gate and the other
gates. The last part of the program will simulate a measurement of the reg-
ister where probability to measure a basis state depends on its corresponding
phase.

Listing 2: A search in a list of 120 elements.

Clear[f,g]

q=Length[f[Sequence@@IntegerDigits [120 ,2]]]

f[Sequence@@IntegerDigits [79,2,q]]:=1;

f[Sequence@@IntegerDigits [39,2,q]]:=1;

f[Sequence@@IntegerDigits [19,2,q]]:=1;

f[Sequence@@IntegerDigits [29,2,q]]:=1;f[x__ ]:=0;

g[Sequence@@IntegerDigits [0,2,q]]:=1;g[x__ ]:=0;

M=4;N=2^q;

K[M_,N_]:=

Round[ArcCos[Sqrt[M/N]]/( ArcSin [2Sqrt[M(N-M)]/N])];

Φ=InitialState[q+1];

Φ=(Hq+1|Φ);

Do[Φ=(Hi|Φ),{i,q+1}];

Do[Φ=(Ufq,q+1|Φ);
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Do[Φ=(Hi|Φ),{i,q}];

Φ=(U0q,q+1|Φ);

Do[Φ=-(Hi|Φ);,{i,q}],{j,K[M,N]}];

Φ=(Hq + 1|Φ);

Probability=List@@Expand[Φ]/.α_.e[y___]->Abs[α]^2;

Table[Probability [[i+1]]= Plus@@Take[Probability ,{i,i+1}]

,{i,1,Length[Φ] -1}];

r=Random [];

Take[Φ[[1+ LengthWhile[Probability ,#<r&],-1]]]
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Abstract
This study considers implementations of error correction in a sim-

ulation language on a classical computer. Error correction will be
necessarily in quantum computing and quantum information. We will
give some examples of the implementations of some error correction
codes. These implementations will be made in a more general quantum
simulation language on a classical computer in the language Mathe-
matica. The intention of this research is to develop a programming
language that is able to make simulations of all quantum algorithms
and error corrections in the same framework. The program code im-
plemented on a classical computer will provide a connection between
the mathematical formulation of quantum mechanics and computa-
tional methods. This gives us a clear uncomplicated language for the
implementations of algorithms.

1 Introduction

The mathematical model of quantum computers is an idealization of a phys-
ical quantum computer. In a physical quantum computer decoherence with
the environment causes errors. The use of error correction provides a possibil-
ity to reduce the effect of errors. A number of mathematical models in error
correction in the form of an error-correcting code have been developed. We
will implement some of them in the simulation framework developed by us.
This framework in Mathematica is a computer language for the simulation of
quantum computers in classical computers. Within this framework we will
transform the mathematical model of quantum mechanics into a computa-
tional code. Thus it will be a straightforward matter to implement quantum
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algorithms and error correcting codes in this language. More specifically this
means that it will represent the Dirac notation and theory connected to this
notation in a natural manner. We build a state in superposition of the com-
putational basis |0〉 and |1〉 act on this state with quantum gates. This state
will be an increased n-qubit state with the use of the tensor product. Thus
the n-qubit state will be a superposition of the computational basis |0〉⊗n to
|1〉⊗n. We will act with one qubit gate or two-qubit controlled-NOT gates
on this state. Together this will give us a sufficient device for simulating
quantum computers.

2 The Simulation Framework

Let us introduce the part of the program that will be the framework for the
simulation of error correction. This framework must naturally be part of
the quantum algorithm that demands protection from error correction. In
a previous study several well-known quantum algorithms have been imple-
mented in this framework by the author (see [5, 4, 3]). We will point out
that there is a symbolic similarity between our framework and the mathe-
matical foundation of quantum computing. For this reason we will represent
the code by a simple modification of Dirac’s notation. A quantum state in n
dimensions can be represented by a linear combination of n numbers of basis
vectors as { e[0], e[1], . . . e[n]} = { e[0]⊗n, e[0]⊗n−1 ⊗ e[1], . . . , e[n]}. In the
two-dimensional case a quantum state |φ〉 is represented as a superposition
of two basis vectors, say |0〉 and |1〉, known as computational basis (compu-
tational basis, see [1, 2]). In this basis a quantum state |φ〉 is represented
as

|φ〉 = α|0〉+ β|1〉, (1)

, where α and β are complex numbers such as |α|2 + |β|2 = 1. We will intro-
duce some new symbols for the states of the computational basis as follows:
e[0] = |0〉 and e[1] = |1〉. This is the foundation for the structure of the
program code. For more than one qubit we will use the computational basis
states e[x1, . . . , xn] = |x1 . . . xn〉, where xj ∈ {0, 1} or the more compact no-
tation e[y] = |y〉, where y = xn20 + · · ·+x12

n−1. We will write the state φ as
e[φ] = αe[0]+βe[1], in analogy to (1). The operator A acts on the state φ and
is usually written as A|φ〉 in the quantum mechanical literature. To match
these symbols we will use the computational symbols A|e[φ] for this opera-
tion. One might regard |x1 . . . |y1 . . . ym〉 . . . xn〉 as |x1 . . . y1 . . . ym . . . xn〉 in
order to simplify the program code. This will be a computational problem,
since Mathematica will distinguish between e[x1, . . . , e[y1, . . . , ym], . . . , xn]
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and e[x1, . . . , y1, . . . , ym, . . . , xn]. The computer must regard these expres-
sions as equal even if the notations are not identical with each other. As
an example the expression e[0, e[1], 1] must be equal to e[0, 1, 1] in the code.
We can bring in the command e[0, e[1], 1] := e[0, 1, 1] or the more general
e[a , e[b ], c ] := e[a, b, c] to solve this problem. Moreover, the program
code must be able to handle the linearity of the tensor product. Let e[ . ] be
vectors and α a complex number. We define the tensor product as

α(e[v]⊗ e[w]) = (αe[v])⊗ e[w] = e[v]⊗ (αe[w]) (2)

(e[v1] + e[v2])⊗ e[w] = e[v1]⊗ e[w] + e[v2]⊗ e[w] (3)

e[v]⊗ (e[w1] + e[w2]) = e[v]⊗ e[w1] + e[v]⊗ e[w2]. (4)

. Two short commands in the program code will implement this definition
of the tensor product. The command

e[a___ , α_. e[x__], b___] := α e[a, x, b]

will transform e[a]⊗αe[x]⊗e[c] into αe[a⊗x⊗b] = αe[a, x, b]. This command
is the computational dual to the tensor expression in Dirac’s notation |a〉 ⊗
α|x〉 ⊗ |b〉 = α|a x b〉. The other command

e[a___ , ξ_. (α_. e[x__] + β_. e[y__]), b___ ]:=

ξαe[a, x, b]+ ξβe[a, y, b]

will transform e[a]⊗ ξ(α e[x] + β e[y])⊗ e[b] to ξαe[a, x, b] + ξβe[a, y, b]. Let
U be an arbitrary unitary one-qubit quantum gate. Then U will trans-
form a one-qubit state e[φ], which is represented in the computational basis
states as e[φ] = a e[0] + b e[1], into the state U | e[φ] → a(c1 e[0] + c2 e[1]) +
b(c3 e[0] + c4 e[1]), where a, b, ci are complex numbers. We add the Mathe-
matica gate U to the program code as follows: U | e[0] → c1 e[0] + c2 e[1] and
U | e[1] → c3 e[0] + c4 e[1]. For example, the Hadamard gate H will be added
in Mathematica as the command H:={ e[0] → 1/

√
2( e[0] + e[1]), e[1] →

1/
√

2( e[0]− e[1])}. We will define a one-qubit gate Oi as an operator which
acts on the qubit in position i and leaves the other qubits unchanged. The
program code must be able to operate with a gate on an arbitrary qubit.
Consequently, we will define an operator Oi in the Mathematica code. De-
fined the operator Oi as Oi = I⊗i−1⊗U⊗I⊗n−i, which acts on n-qubits where
I is the one-qubit unit operator and U is an arbitrary one-qubit operator.
Then operator Oi is a function of Oi| e[v] → e[ψ]. Similarly, we will define
Oi,j as an operator which operates as the two-qubit operator on the qubits in
positions i, j and leaves the other qubits unchanged. Now we have the tools
to build the quantum circuit for quantum algorithms and error correction.
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2.1 Quantum Error Correcting

Quantum computers need some connection to make them controllable and
will therefore never be completely isolated from their surroundings. The
quantum computer’s surroundings will influence the quantum computer and
cause errors. The effects of errors caused by inaccuracy and decoherence
need to be reduced to a minimum. Error correction will help to reduce these
effects. Define the 3-qubit ”logical qubits” denoted |1L〉 (logical-one) and
|0L〉 (logical-zero), as it is commonly defined in the literature

|0L〉 = |000〉 , |1L〉 = |111〉 . (5)

Consider some error that will cause a flip on one of the qubits in the logical
qubits (e.g. |000〉 change to |010〉). This qubit flip will be represented by the
Pauli operator Xi, where i denotes the position of the flipped qubit. Thus
we will define X1 = X ⊗ I ⊗ I, X2 = I ⊗ X ⊗ I and X2 = I ⊗ I ⊗ X. In
the same manner a phase flip |1〉 7→ − |1〉 and the combination of phase flip
and qubit flip will be represented by the Paul operator Zi and XiZi = −iYi,
respectively. Moreover, ignore the global phase1 and denote a combination
of a qubit and phase flip as Yi. A linear combination of the Pauli matrices
and the identity matrix will then represent an error operator

Ei = c1Ii + c2Xi + c3Zi + c4Yi. (6)

The use of majority voting and a preparation of the state in logical qubits
(5) will protect the state against errors that flip a single qubit. This error
code will not protect against a phase flip. The Shor code [6] will overcome
this problem. Therefore prepare the state in the logical qubits

|0L〉 =

(
|000〉+ |111〉√

2

)⊗3

, |1L〉 =

(
|000〉 − |111〉√

2

)⊗3

. (7)

The encoding of the logical states in Shor’s code is presented in the left part
of the circuit in figure 1. Some arbitrary error will be simulated by the error
operator 6 in the middle of the circuit. This operator simulates a one-qubit
error which can be a phase or a flip error or some combination of these two.
The decoding is the inverse to encoding, as will be seen in the circuit.

3 The simulation

The representations of error correcting code (Shor’s code) simulation in
Mathematica will follow in this section. First define the quantum computer

1Two states which are equal up to the global phase will be equal in the observer’s eyes
(see: [2, p.93])
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|0〉 • ��������

Error
in
some
qubit

�������� •
|0〉 • �������� �������� •

|0〉 • �������� H �������� • • • • �������� H �������� •
|0〉 • �������� �������� •
|0〉 • �������� �������� •

|0〉 • �������� H �������� • • • • �������� H �������� •
|0〉 • �������� �������� •
|0〉 • �������� �������� •

|ψ〉 �������� • • H �������� • • • • �������� H • • ��������

Figure 1: Circuit for encoding and decoding Shor code

properties by the code in the listing

Listing 1: Definition of register and quantum gates in Mathematica

e[a___ ,α_.e[x__],b___ ]:=αe[a,x,b]
e[a___ ,ξ_.(α_.e[x__]+β_.e[y__]),b___ ]:=
ξαe[a,x,b]+ξβe[a,y,b]

e[a___ ,e[],b___ ]:=e[a,b]

O i |v_:=Chop[Expand[v/.
(e[x__]:→ReplacePart[e[x],e[{x}[[i]]]/.O,i])]]

O i ,j |v_:=Chop[Expand[v/.O[i,j]]
O i ,j ,k |v_:=Chop[Expand[v/.O[i,j,k]]]
CN[i_,j_]:={e[x__]:→e[e[x][[1;;i-1]],

e[Sequence@@Mod[e[x][[i]]+e[[j]],2]],

e[x][[i+1;; -1]]]}

T[i,j,k] := {e[x__]:→e[e[x][[1;;k-1]],

e[Sequence@@Mod[e[x][[k]]+(e[x][[i]]*e[[j]]),2]],

e[x][[k+1;; -1]]]}

H := {e[0]:→ 1/
√

2(e[0]+e[1]),e[1]:→ 1/
√

2(e[0]-e[1])}
X := {e[0]:→e[1],e[1]:→e[0]}

Y := {e[0]:→-i e[0],e[1]:→i e[1]}

Z := {e[0]:→e[0],e[1]:→-e[1]}

Id := {}

This part of the code has defined the register and the quantum gates, and the
simulation is ready for the quantum circuit. The next part, which expresses
the quantum circuit, is divided into encoding, simulating errors, decoding
and measuring. The Enlarge function in the listing 2 will be a simulation of
the extension of an arbitrary computational one-qubit state to a nine-qubit
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state. The encoding will affect the Shor code, which is easy to compare with
the encoding in a quantum circuit 1. Hence read the Mathematica code from
inward out. The first quantum gate to implement is the CN4,1 gate, the next
one the CN7,1 gate, and so forth. The simulation of noise is implemented by
the Error function. After applying some noise we can measure the state and
return to the initial state.

Listing 2: Encode and decode

Enlarge[ψ_,i_]:=ψ/.e[x ]:→e[x,Sequence@@Table [0,{i}]]

Encoding[ψ_]:=CN9,7|(CN8,7|(CN6,4|(CN5,4|(CN3,1|(CN2,1|(H7|(H4|(H1|

(CN7,1|(CN4,1|ψ)))))))))))
Error[ψ_,i]:=ai(Idi|ψ)+bi(Xi|ψ)+di(Zi|ψ)+di(Yi|ψ)
Decoding[ψ_]:=T7,4,1|(CN7,1|(CN4,1||(H7|(H4|(H1|(T9,8,7|

(CN9,7|(CN8,7|(T6,5,4|(CN6,4|(CN5,4|(T3,2,1|(CN3,1|(CN2,1|ψ)
)))))))))))))

Measure[ψ_]:= FullSimplify[ψ/.e[y_,x__]→e[y]]

Let us encode the arbitrary computational initial state ψ0 and encode by
the Shor code. The simulation of a i : th qubit error on the ψ1 state is
implemented by the Enlarge function [ψ1,i] (specific to this example, an error
in qubit 8). Finally, decode and measure the state.

Listing 3: Algorithm

ψ0 = αe[0]+βe[1];
ψ1 = Enlarge[ψ0 ,9];

ψ2 = Encoding[ψ1];

ψ3 = Error[ψ2 ,8];

ψ4 = Decoding[ψ3];

ψ5 = Measure[ψ4]

The output will be (αe[0]+βe[1]) (a8 + b8 + c8 − id8), where the global phase
|a8 + b8 + c8 − id8|2 = 1if the error operator is a unitary operator. In fact, the
global phase can be ignored and the state (αe[0] + βe[1]) (a8 + b8 + c8 − id8)
and (αe[0] + βe[1]) (a8 + b8 + c8 − id8) will be considered as equal in an ob-
servational point.
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