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Preface

The aim of this doctoral thesis is to give a detailed account of symplectic
geometry and of some of its applications to the theory of Lagrangian and
symplectic path intersections.
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joint work:
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ear Differential Equations Appl. 52, Birkhäuser, 2003.

2. The cohomological interpretation of the indices of Robbin and Sala-
mon. Jean Leray ´99 Conference Proceedings, Math. Phys. Studies
4, Kluwer Academic Press, 2003.

3. The Maslov indices of Hamiltonian periodic orbits. J. Phys A: Math.
and Gen. 36 2003.

The original material of last Section, devoted an extension of the Conley–
Zehnder index,

4. Extension of the Conley–Zehnder index and calculation of the Maslov-
Type Index intervening in Gutzwiller’s trace formula.

is available as a preprint on arXiv.
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plete this thesis in reasonable time. It is also my duty to thank the follow-
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much: Bernhelm Booss-Bavnbek, Kenro Furutani and Maurice de Gosson.
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Introduction

Symplectic geometry, whose origin can be traced back to the early work
of Lagrange on Celestial Mechanics, has become, since the early 1970’s, an
increasingly active field of research in mathematics. It has greatly benefited
from modern work in Hamiltonian mechanics (of which it is the natural
language). However, symplectic geometry is definitely not a new theory,
even if it has recently experienced a drastic rejuvenation. It has been well-
known for a very long time (especially among physicists) under its older
name, namely the theory of canonical transformations. Historically we can
trace back the birth of symplectic geometry to Lagrange’s (1736–1813) work
on celestial mechanics. His work was furthered –among others– by Pois-
son (1781–1840), Jacobi (1804–1851), Hamilton (1805–1865) and Liouville
(1809–1882). We are perhaps witnessing a ”symplectization of science” as
Gotay and Isenberg call it in [32]. It is argued in this paper that every
theorem in Riemannian geometry has a symplectic counterpart.

The term Maslov index is a collective denomination for a whole class of
integer (or sometimes half-integer) valued functions defined on the covering
spaces of the Lagrangian Grassmannian and of the symplectic group and
having characteristic topological and cohomological properties. Historically
one can trace the history of the Maslov index back to J. B. Keller, who in
his seminal work [42] showed the need for the use of an intersection index to
express in a mathematically rigorous manner the Bohr–Sommerfeld quanti-
zation rules of the classical trajectories, and also to elucidate the problems
due to the appearance of caustics, which are obstructions to the construc-
tion of global solutions in the WKB approximation method of quantum
mechanics. A few years later, the Russian mathematician V. P. Maslov
published his famous book [56] where he systematically developed Keller’s
ideas and where he showed that the caustics are only apparent singularities
which can be eliminated by the use of a convenient Fourier transform (also
see Maslov and Fedoriuk [57]). To perform this task, Maslov used an index
that described the phase jumps when one crosses the caustics. the definition
of this index was then clarified by V. I. Arnold [3] (also see the appendix to
the French translation of Maslov’s book [56]. Arnold’s study was eventually
taken up by the French mathematician J. Leray [50, 51, 52] who showed
the existence of a unique locally constant integer-valued function defined on
transverse pairs of elements of the universal covering Lag∞(n) of the La-
grangian Grassmannian and whose coboundary is the index of inertia of a
triple of Lagrangian planes. We have chosen to call it the “Leray index” al-
though Leray himself called it, with his customary modesty “Maslov index”.
In addition to fairness, this choice has the advantage that it will allow us to
use the name Maslov index for the restriction of Leray’s index to loops (as
is customary in the literature devoted to quantization). We mention that
Leray’s work has been taken up, extended, and pursued by several authors,
for instance Cappell et al. [14], Dazord [17], and M. de Gosson [25, 26].
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This thesis is solely devoted to problems in symplectic geometry on finite
dimensional spaces. Of course, similar problems can be studied for infinite
dimensional spaces. We just mention that infinite dimensional symplectic
geometry was intensively used by Andrei Khrennikov in applications to the
foundations of quantum mechanics, see [43]–[45]. See also his investigations
on the infinite dimensional Liouville equation [46] and the correspondence
principle [47] (in [48] super-symmetric models were considered while non-
archimedean ones were considered in [49])
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1 Symplectic Geometry

The purpose of this Chapter is to review the notions of symplectic geometry
that will be used in the rest of the thesis. There are many good texts on
symplectic geometry. To cite a few (in alphabetical order): Abraham and
Marsden [1], Libermann and Marle [53], the first Chapter of McDuff and
Salamon [55], Vaisman [71]. The latter contains an interesting study of
characteristic classes intervening in symplectic geometry. A nicely written
review of symplectic geometry and of its applications is Gotay and Isenberg’s
paper [32] on the “symplectization of science”. Other interesting reviews of
symplectic geometry can be found in Weinstein [76, 77].

1.1 Symplectic Vector Spaces

We will exclusively deal with finite-dimensional real symplectic spaces. We
begin by discussing the notion of symplectic form on a vector space. Sym-
plectic forms allow the definition of symplectic bases, which are the ana-
logues of orthonormal bases in Euclidean geometry.

Generalities

Let E be a real vector space. Its generic vector will be denoted by z. A
symplectic form (or skew-product) on E is a mapping ω : E × E −→ R
which is

• linear in each of its components:

ω(α1z1 + α2z2, z
′) = α1ω(z1, z

′) + α2ω(z2, z
′)

ω(z, α1z
′
1 + α2z

′
2, z

′) = α1ω(z, z′1) + α2ω(z, z′2)

for all z, z′, z1, z
′
1, z2, z

′
2 in E and α1, α

′
1, α2, α

′
2 in R;

• antisymmetric (one also says skew-symmetric):

ω(z, z′) = −ω(z′, z) for all z, z′ ∈ E

(equivalently, in view of the bilinearity of ω: ω(z, z) = 0 for all z ∈ E):

• non-degenerate:

ω(z, z′) = 0 for all z ∈ E if and only if z′ = 0.

Definition 1 A real symplectic space is a pair (E, ω) where E is a real
vector space on R and ω a symplectic form. The dimension of (E, ω) is, by
definition, the dimension of E.

The most basic –and important– example of a finite-dimensional symplec-
tic space is the standard symplectic space (R2n

z , σ) where σ (the standard
symplectic form) is defined by

1



σ(z, z′) =
n∑

j=1

pjx
′
j − p′jxj (1.1)

when z = (x1, ..., xn; p1, ..., pn) and z′ = (x′1, ..., x
′
n; p′1, ..., p

′
n). In particular,

when n = 1,
σ(z, z′) = −det(z, z′).

In the general case σ(z, z′) is (up to the sign) the sum of the areas of the
parallelograms spanned by the projections of z and z′ on the coordinate
planes xj , pj .

Here is a coordinate-free variant of the standard symplectic space: set
X = Rn and define a mapping ξ : X ⊕X∗ −→ R by

ξ(z, z′) = 〈p, x′〉 − 〈p′, x〉 (1.2)

if z = (x, p), z′ = (x′, p′). That mapping is then a symplectic form on
X ⊕ `P . Expressing z and z′ in the canonical bases of X and `P then
identifies (R2n

z , σ) with (X ⊕X∗, ξ).

Remark 2 Let Φ be the mapping E −→ E∗ which to every z ∈ E associates
the linear form Φz defined by

Φz(z′) = ω(z, z′). (1.3)

The non-degeneracy of the symplectic form can be restated as follows:

ω is non-degenerate ⇐⇒ Φ is a monomorphism E −→ E∗.

We will say that two symplectic spaces (E,ω) and (E′, ω′) are isomorphic
if there exists a vector space isomorphism s : E −→ E′ such that

ω′(s(z), s(z′)) = ω′(z, z′)

for all z, z′ in E. Two isomorphic symplectic spaces thus have same dimen-
sion. We will see below that, conversely, two finite-dimensional symplectic
spaces are always isomorphic in the sense above if they have same dimen-
sion. The proof of this property requires the notion of symplectic basis,
studied in next subsection.

Let (E1, ω1) and (E2, ω2) be two arbitrary symplectic spaces. The map-
ping

ω = ω1 ⊕ ω2 : E1 ⊕ E2 −→ R

defined by
ω(z1 ⊕ z2; z′1 ⊕ z′2) = ω1(z1, z

′
1) + ω2(z2, z

′
2) (1.4)

for z1 ⊕ z2, z
′
1 ⊕ z′2 ∈ E1 ⊕E2 is obviously antisymmetric and bilinear. It is

also non-degenerate: assume that

ω(z1 ⊕ z2; z′1 ⊕ z′2) = 0 for all z′1 ⊕ z′2 ∈ E1 ⊕ E2;

2



1 Symplectic Geometry

then, in particular, ω1(z1, z
′
1) = ω2(z2, z

′
2) = 0 for all (z′1, z

′
2) and hence

z1 = z2 = 0. The pair

(E, ω) = (E1 ⊕ E2, ω1 ⊕ ω2)

is thus a symplectic space. It is called the direct sum of (E1, ω1) and
(E2, ω2).

Example 3 Let (R2n
z , σ) be the standard symplectic space. Then we can

define on R2n
z ⊕ R2n

z two symplectic forms σ⊕ and σª by

σ⊕(z1, z2; z′1, z
′
2) = σ(z1, z

′
1) + σ(z2, z

′
2)

σª(z1, z2; z′1, z
′
2) = σ(z1, z

′
1)− σ(z2, z

′
2).

The corresponding symplectic spaces are denoted (R2n
z ⊕R2n

z , σ⊕) and (R2n
z ⊕

R2n
z , σª).

Let us briefly discuss the notion of complex structure on a vector space.
We refer to the literature, for instance Hofer–Zehnder [38] or McDuff–
Salamon [55], where this notion is emphasized and studied in detail.

We begin by noting that the standard symplectic form σ on R2n
z can be

expressed in matrix form as

σ(z, z′) = (z′)T Jz , J =
[

0 I
−I 0

]
, (1.5)

where 0 and I stand for the n×n zero and identity matrices. The matrix J
is called the standard symplectic matrix. alternatively, we can view R2n

z as
the complex vector space Cn by identifying (x, p) with x+ ip. The standard
symplectic form can with this convention be written as

σ(z, z′) = Im 〈z, z′〉Cn (1.6)

where 〈·, ·〉Cn is the usual (Hermitian) scalar product on Cn. Notice that
multiplication of x + ip by i then corresponds to multiplication of (x, p) by
−J . These considerations lead to the following definition:

Definition 4 A “complex structure” on a vector space E is any linear iso-
morphism j : E −→ E such that j2 = −I.

Since det(j2) = (−1)dim E > 0 we must have dim E = 2n so that only
even-dimensional vector spaces can have a complex structure.

Symplectic bases

We begin by observing that the dimension of a finite-dimensional symplectic
vector is always even: choosing a scalar product 〈·, ·〉E on E, there exists an
endomorphism j of E such that ω(z, z′) = 〈j(z), z′〉E and the antisymmetry
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of ω is then equivalent to jT = −j where T denotes here transposition with
respect to 〈·, ·〉E . Hence

det j = (−1)dim E det jT = (−1)dim E det j.

The non-degeneracy of ω implies that det j 6= 0 so that (−1)dim E = 1, hence
dim E = 2n for some integer n, as claimed.

Definition 5 A set B of vectors

B = {e1, ..., en} ∪ {f1, ..., fn}
of E is called a “symplectic basis” of (E, ω) if the conditions

ω(ei, ej) = ω(fi, fj) = 0 , ω(fi, ej) = δij for 1 ≤ i, j ≤ n (1.7)

hold (δij is the Kronecker index: δij = 1 if i = j and δij = 0 if i 6= j).

It is clear that the conditions (1.7) automatically ensure the linear in-
dependence of the vectors ei, fj for 1 ≤ i, j ≤ n (hence a symplectic basis
really is a basis).

Here is a trivial example of a symplectic basis: define vectors e1, ..., en

and f1, ..., fn in R2n
z by

ei = (ci, 0) , ei = (0, ci)

where (ci) is the canonical basis of Rn. (For instance, if n = 1, e1 = (1, 0)
and f1 = (0, 1)). These vectors form the canonical basis

B = {e1, ..., en} ∪ {f1, ..., fn}
of the standard symplectic space (R2n

z , σ). One immediately checks that
they satisfy the conditions σ(ei, ej) = 0, σ(fi, fj) = 0, and σ(fi, ej) = δij

for 1 ≤ i, j ≤ n. This basis is called the canonical symplectic basis.
It is not immediately obvious that each symplectic space has a symplectic

basis. That this is however true will be established in Section 1.2, where
we will in addition prove the symplectic equivalent of the Gram–Schmidt
orthonormalization process.

Taking for granted the existence of symplectic bases we can prove that
all symplectic vector spaces of same finite dimension 2n are isomorphic:
let (E,ω) and (E′, ω′) have symplectic bases {ei, fj ; 1 ≤ i, j ≤ n} and
{e′i, f ′j ; 1 ≤ i, j ≤ n} and consider the linear isomorphism s : E −→ E′

defined by the conditions s(ei) = e′i and s(fi) = f ′i for 1 ≤ i ≤ n. That s is
symplectic is clear since we have

ω′(s(ei), s(ej)) = ω′(e′i, e
′
j) = 0

ω′(s(fi), s(fj)) = ω′(f ′i , f
′
j) = 0

ω′(s(fj), s(ei)) = ω′(f ′j , e
′
i) = δij

4



1 Symplectic Geometry

for 1 ≤ i, j ≤ n.
The set of all symplectic automorphisms (E, ω) −→ (E,ω) form a group

Sp(E,ω) –the symplectic group of (E,ω)– for the composition law. Indeed,
the identity is obviously symplectic, and so is the compose of two symplectic
transformations. If ω(s(z), s(z′)) = ω(z, z′) then, replacing z and z′ by
s−1(z) and s−1(z′), we have ω(z, z′) = ω(s−1(z), s−1(z′)) so that s−1 is
symplectic as well.

It turns out that all symplectic groups corresponding to symplectic spaces
of same dimension are isomorphic:

Proposition 6 Let (E, ω) and (E′, ω′) be two symplectic spaces of same
dimension 2n. The symplectic groups Sp(E, ω) and Sp(E′, ω′) are isomor-
phic.

Proof. Let Φ be a symplectic isomorphism (E, ω) −→ (E′, ω′) and define
a mapping fΦ : Sp(E, ω) −→ Sp(E′, ω′) by fΦ(s) = f ◦ s ◦ f−1. Clearly
fΦ(ss′) = fΦ(s)Φ(s′) hence fΦ is a group monomorphism. The condition
fΦ(S) = I (the identity in Sp(E′, ω′)) is equivalent to f ◦ s = f and hence
to s = I (the identity in Sp(E, ω)); fΦ is thus injective. It is also surjective
because s = f−1 ◦ s′ ◦ f is a solution of the equation f ◦ s ◦ f−1 = s′.

These results show that it is no restriction to study finite-dimensional
symplectic geometry by singling out one particular symplectic space, for
instance the standard symplectic space, or its variants. This will be done
in next section.

Note that if B1 = {e1i, f1j ; 1 ≤ i, j ≤ n1} and B2 = {e2k, f2`; 1 ≤ k, ` ≤
n2} are symplectic bases of (E1, ω1) and (E2, ω2) then

B = {e1i ⊕ e2k, f1j ⊕ f2` : 1 ≤ i, j ≤ n1 + n2}

is a symplectic basis of (E1 ⊕ E2, ω1 ⊕ ω2).

Differential interpretation of σ

A differential two-form on a vector space Rm is the assignment to every
x ∈ Rm of a linear combination

βx =
∑

i<j≤m

bij(x)dxi ∧ dxj

where the bij are (usually) chosen to be C∞ functions, and the wedge prod-
uct dxi ∧ dxj is defined by

dxi ∧ dxj = dxi ⊗ dxj − dxj ⊗ dxi

where dxi : Rm −→ R is the projection on the i-th coordinate. Returning
to R2n

z , we have
dpj ∧ dxj(z, z′) = pjx

′
j − p′jxj

5



hence we can identify the standard symplectic form σ with the differential
2-form

dp ∧ dx =
n∑

j=1

dpj ∧ dxj = d(
n∑

j=1

pjdxj);

the differential one-form

pdx =
n∑

j=1

pjdxj

plays a fundamental role in both classical and quantum mechanics. It is
sometimes called the (reduced) action form in physics and the Liouville
form in mathematics.

Since we are in the business of differential form, let us make the following
remark: the exterior derivative of dpj ∧ dxj is

d(dpj ∧ dxj) = d(dpj) ∧ dxj + dpj ∧ d(dxj) = 0

so that we have
dσ = d(dp ∧ dx) = 0.

The standard symplectic form is thus a closed non-degenerate 2-form on
R2n

z . This remark is the starting point of the generalization of the no-
tion of symplectic form to a class of manifolds: a symplectic manifold is a
pair (M, ω) where M is a differential manifold M and ω a non-degenerate
closed 2-form on M . This means that every tangent plane TzM carries
a symplectic form ωz varying smoothly with z ∈ M . As a consequence,
a symplectic manifold always has even dimension (we will not discuss the
infinite-dimensional case).

One basic example of a symplectic manifold is the cotangent bundle T ∗Vn

of a manifold Vn. The symplectic form is here the “canonical 2-form” on
T ∗Vn, defined as follows: let π : T ∗Vn−→ Vn be the projection to the base
and define a 1-form λ on T ∗Vn by λz(X) = p(π∗(X)) for a tangent vector
Vn to T ∗Vn at z = (z, p). The form λ is called the “canonical 1-form” on
T ∗Vn. Its exterior derivative ω = dλ is called the “canonical 2-form” on
T ∗Vn and one easily checks that it indeed is a symplectic form (in local
coordinates λ = pdx and σ = dp ∧ dx). The symplectic manifold (T ∗Vn, ω)
is in a sense the most straightforward non-linear version of the standard
symplectic space (to which it reduces when Vn = Rn

x since T ∗Rn
x is just

Rn
x × (Rn

x)∗ ≡ R2n
z ).

A symplectic manifold is always orientable: the non-degeneracy of ω
namely implies that the 2n-form

ω∧n = ω ∧ · · · ∧ ω︸ ︷︷ ︸
n factors

never vanishes on M and is thus a volume form on M . We will call the
exterior power ω∧n the symplectic volume form. When M is the standard
symplectic space then the usual volume form on R2n

z

Vol2n = (dp1 ∧ · · · ∧ dpn) ∧ (dx1 ∧ · · · ∧ dxn)

6



1 Symplectic Geometry

is related to the symplectic volume form by

Vol2n = (−1)n(n−1)/2 1
n!

σ∧n. (1.8)

Notice that, as a consequence, every cotangent bundle T ∗Vn is an oriented
manifold!

1.2 Skew-Orthogonality

All vectors in a symplectic space (E, ω) are skew–orthogonal (one also says
“isotropic”) in view of the antisymmetry of a symplectic form: σ(z, z′) = 0
for all z ∈ E. The notion of length therefore does not make sense in sym-
plectic geometry (whereas the notion of area does). The notion of “skew
orthogonality” is extremely interesting in the sense that it allows the defi-
nition of subspaces of a symplectic space having special properties.

Isotropic and Lagrangian subspaces

Let M be an arbitrary subset of a symplectic space (E,ω). The skew-
orthogonal set to M (one also says annihilator) is by definition the set

Mω = {z ∈ E : ω(z, z′) = 0, ∀z′ ∈ M}.
Notice that we always have

M ⊂ N =⇒ Nω ⊂ Mω and (Mω)ω ⊂ M .

It is traditional to classify subsets M of a symplectic space (E, ω) as follows:
M ⊂ E is said to be:

• Isotropic if Mω ⊃ M : ω(z, z′) = 0 for all z, z′ ∈ M ;

• Coisotropic (or: involutive) if Mω ⊂ M ;

• Lagrangian if M is both isotropic and co-isotropic: Mω = M ;

• Symplectic if M ∩Mω = 0.

Notice that the non-degeneracy of a symplectic form is equivalent to say-
ing that the only vector of a symplectic space which is skew-orthogonal to
all other vectors is 0.

Following proposition describes some straightforward but useful proper-
ties of the skew-orthogonal of a linear subspace of a symplectic space:

Proposition 7 (i) If M is a linear subspace of E, then so is Mω and

dim M + dim Mω = dim E and (Mω)ω = M. (1.9)

(ii) If M1, M2 are linear subspaces of a symplectic space (E, ω), then

(M1 + M2)
ω = Mω

1 ∩Mω
1 , (M1 ∩M2)

ω = Mω
1 + Mω

1 . (1.10)

7



Proof. Proof of (i). That Mω is a linear subspace of E is clear. Let
Φ : E −→ E∗ be the linear mapping (1.3). Since the dimension of E
is finite the non-degeneracy of ω implies that Φ is an isomorphism. Let
{e1, ..., ek} be a basis of M . We have

Mω =
k⋂

j=1

ker(Φ(ej))

so that Mω is defined by k independent linear equations, hence

dim Mω = dim E − k = dim E − dim M

which proves the first formula (1.9). Applying that formula to the subspace
(Mω)ω we get

dim(Mω)ω = dim E − dim Mω = dim M

and hence M = (Mω)ω since (Mω)ω ⊂ M whether M is linear or not.
Proof of (ii). It is sufficient to prove the first equality (1.10) since the second
follows by duality, replacing M1 by Mω

1 and M2 by Mω
2 and using the first

formula (1.9). Assume that z ∈ (M1 + M2)
ω. Then ω(z, z1 + z2) = 0 for all

z1 ∈ M1, z2 ∈ M2. In particular ω(z, z1) = ω(z, z2) = 0 so that we have both
z ∈ Mω

1 and z ∈ Mω
2 , proving that (M1 + M2)

ω ⊂ Mω
1 ∩Mω

1 . If conversely
z ∈ Mω

1 ∩ Mω
1 then ω(z, z1) = ω(z, z2) = 0 for all z1 ∈ M1, z2 ∈ M2

and hence ω(z, z′) = 0 for all z′ ∈ M1 + M2. Thus z ∈ (M1 + M2)
ω and

Mω
1 ∩Mω

1 ⊂ (M1 + M2)
ω.

The symplectic Gram–Schmidt theorem

The following result is a symplectic version of the Gram–Schmidt orthonor-
malization process of Euclidean geometry. Because of its importance and
its many applications we give it the status of a theorem:

Theorem 8 Let A and B be two (possibly empty) subsets of {1, ..., n}. For
any two subsets E = {ei : i ∈ A}, F = {fj : j ∈ B} of the symplectic space
(E, ω) (dim E = 2n), such that the elements of E and F satisfy the relations

ω(ei, ej) = ω(fi, fj) = 0 , ω(fi, ej) = δij for (i, j) ∈ A×B (1.11)

there exists a symplectic basis B of (E, ω) containing E ∪ F .

Proof. We will distinguish three cases. (i) The case A = B = ∅. Choose
a vector e1 6= 0 in E and let f1 be another vector with ω(f1, e1) 6= 0
(the existence of f1 follows from the non-degeneracy of ω). These vectors
are linearly independent, which proves the theorem in the considered case
when n = 1. Suppose n > 1 and let M be the subspace of E spanned
by {e1, f1} and set E1 = Mω. In view of the first formula (1.9) we have
dim M + dim E1 = 2n. Since ω(f1, e1) 6= 0 we have E1 ∩ M = 0 hence

8



1 Symplectic Geometry

E = E1 ⊕M , and the restriction ω1 of ω to E1 is non-degenerate (because
if z1 ∈ E1 is such that ω1(z1, z) = 0 for all z ∈ E1 then z1 ∈ Eω

1 = M and
hence z1 = 0); (E1, ω1) is thus a symplectic space of dimension 2(n − 1).
Repeating the construction above n−1 times we obtain a strictly decreasing
sequence

(E,ω) ⊃ (E1, ω1) ⊃ · · · ⊃ (En−1, ωn−1)

of symplectic spaces with dim Ek = 2(n−k) and also an increasing sequence

{e1, f1} ⊂ {e1, e2; f1; f2} ⊂ · · · ⊂ {e1, ..., en; f1, ..., fn}

of sets of linearly independent vectors in E, each set satisfying the relations
(1.11). (ii) The case A = B 6= ∅. We may assume without restricting
the argument that A = B = {1, 2, ..., k}. Let M be the subspace spanned
by {e1, ..., ek; f1, ..., fk}. As in the first case we find that E = M ⊕ Mω

and that the restrictions ωM and ωMω of ω to M and Mω, respectively,
are symplectic forms. Let {ek+1, ..., en; fk+1, ..., fn} be a symplectic basis
of Mω; then

B = {e1, ..., en; f1, ..., fn}
is a symplectic basis of E. (iii) The case B\A 6= ∅ (or B\A 6= ∅). Suppose
for instance k ∈ B\A and choose ek ∈ E such that ω(ei, ek) = 0 for i ∈ A
and ω(fj , ek) = δjk for j ∈ B. Then E ∪ F ∪ {ek} is a system of linearly
independent vectors: the equality

λkek +
∑

i∈A

λiei +
∑

j∈B

µjej = 0

implies that we have

λkω(fk, ek) +
∑

i∈A

λiω(fk, ei) +
∑

j∈B

µjω(fk, ej) = λk = 0

and hence also λi = µj = 0. Repeating this procedure as many times as
necessary, we are led back to the case A = B 6= ∅.

Remark 9 The proof above shows that we can construct symplectic sub-
spaces of (E,ω) having any given even dimension 2m < dim E containing
any pair of vectors e, f such that ω(f, e) = 1. In fact, M = Span{e, f}
is a two-dimensional symplectic subspace (“symplectic plane”) of (E, ω).
In the standard symplectic space (R2n

z , σ) every plane xj , pj of “conjugate
coordinates” is a symplectic plane.

It follows from the theorem above that if (E, ω) and (E′, ω′) are two
symplectic spaces with same dimension 2n there always exists a symplectic
isomorphism Φ : (E, ω) −→ (E′, ω′). Let in fact

B = {e1, ..., en} ∪ {f1, ..., fn} , B′ = {e′1, ..., e′n} ∪ {f ′1, ..., f ′n}

9



be symplectic bases of (E, ω) and (E′, ω′), respectively. The linear mapping
Φ : E −→ E′ defined by Φ(ej) = e′j and Φ(fj) = f ′j (1 ≤ j ≤ n) is a
symplectic isomorphism.

This result, together with the fact that any skew-product takes the stan-
dard form in a symplectic basis shows why it is no restriction to develop
symplectic geometry from the standard symplectic space: all symplectic
spaces of a given dimension are just isomorphic copies of (R2n

z , σ).
We end this subsection by briefly discussing the restrictions of symplectic

transformations to subspaces:

Proposition 10 Let (F, ω|F ) and (F ′, ω|F ′) be two symplectic subspaces
of (E, ω). If dim F = dim F ′ there exists a symplectic automorphism of
(E, ω) whose restriction ϕ|F is a symplectic isomorphism ϕ|F : (F, ω|F ) −→
(F ′, ω|F ′).

Proof. Assume that the common dimension of F and F ′ is 2k and let

B(k) = {e1, ..., ek} ∪ {f1, ..., fk}
B′(k) = {e′1, ..., e′k} ∪ {f ′1, ..., f ′k}

be symplectic bases of F and F ′, respectively. In view of Theorem 8 we
may complete B(k) and B(k′) into full symplectic bases B and B′ of (E,ω).
Define a symplectic automorphism Φ of E by requiring that Φ(ei) = e′i and
Φ(fj) = f ′j . The restriction ϕ = Φ|F is a symplectic isomorphism F −→ F ′.

Let us now work in the standard symplectic space (R2n
z , σ). Everything

can however be generalized to vector spaces with a symplectic form associ-
ated to a complex structure.

Definition 11 A basis of (R2n
z , σ) which is both symplectic and orthogonal

(with respect to the scalar product 〈z, z′〉 = σ(Jz, z′)) is called an orthosym-
plectic basis.

The canonical basis is trivially an orthosymplectic basis. It is easy to
construct orthosymplectic bases starting from an arbitrary set of vectors
{e′1, ..., e′n} satisfying the conditions σ(e′i, e

′
j) = 0: let ` be the vector space

(Lagrangian plane) spanned by these vectors. Using the classical Gram–
Schmidt orthonormalization process we can construct an orthonormal basis
{e1, ..., en} of `. Define now f1 = −Je1, ..., fn = −Jen. The vectors fi are
orthogonal to the vectors ej and are mutually orthogonal because J is a
rotation. In addition,

σ(fi, fj) = σ(ei, ej) = 0 , σ(fi, ej) = 〈ei, ej〉 = δij

hence the basis
B = {e1, ..., en} ∪ {f1, ..., fn}

10
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is both orthogonal and symplectic.
This construction generalizes to any set

{e1, ..., ek} ∪ {f1, ..., fm}

of normed pairwise orthogonal vectors satisfying in addition the symplectic
conditions σ(fi, fj) = σ(ei, ej) = 0 and σ(fi, ej) = δij .

1.3 The Lagrangian Grassmannian

Recall that a subset of (E, ω) is isotropic if ω vanishes identically on it.
An isotropic subspace ` of (E, ω) having dimension n = 1

2 dim E is called
a Lagrangian plane. Equivalently, a Lagrangian plane in (E,ω) is a linear
subspace of E which is both isotropic and co-isotropic.

Lagrangian planes

It follows from Theorem 8 that there always exists a Lagrangian plane con-
taining a given isotropic subspace: let {e1, ..., ek} be a basis of such a sub-
space and complete that basis into a full symplectic basis

B = {e1, ..., en} ∪ {f1, ..., fn}

of (E,ω). The space spanned by {e1, ..., en} is then a Lagrangian plane. No-
tice that we have actually constructed in this way a pair (`, `′) of Lagrangian
planes such that ` ∩ `′ = 0, namely

` = Span {e1, ..., en} , `′ = Span {f1, ..., fn} .

Since Lagrangian planes will play a recurring role in the rest of this thesis
it is perhaps appropriate to summarize some terminology and notation:

Definition 12 The set of all Lagrangian planes in a symplectic space (E, ω)
is denoted by Lag(E, ω) and is called the “Lagrangian Grassmannian of
(E, ω)”. When (E, ω) is the standard symplectic space (R2n

z , σ) the La-
grangian Grassmannian is denoted by Lag(n), and we will use the notations

`X = Rn
x × 0 and `P = 0× Rn

p .

`X and `P are called the “horizontal” and “vertical” Lagrangian planes in
(R2n

z , σ).

Other common notations for the Lagrangian Grassmannian are Λ(E, ω),
Λ(n,R) or Λ(2n,R).

Example 13 Suppose n = 1. Lag(1) consists of all straight lines passing
through the origin in the symplectic plane (R2

z,− det).

11



When n > 1 the Lagrangian Grassmannian is a proper subset of the set
of all n-dimensional planes of (R2n

z , σ).
Let us study the equation of a Lagrangian plane in the standard symplec-

tic space.
In what follows we work in an arbitrary symplectic basis

B = {e1, ..., en} ∪ {f1, ..., fn}

of the standard symplectic space. The corresponding coordinates are de-
noted by x and p.

Proposition 14 Let ` be n-dimensional linear subspace ` of the standard
symplectic space (R2n

z , σ).
(i) ` is a Lagrangian plane if and only if it can be represented by an

equation

Xx + Pp = 0 with rank(X, P ) = n and XPT = PXT . (1.12)

(ii) Let B = {e1, ..., en}∪{f1, ..., fn} be a symplectic basis and assume that
` = Span{f1, ..., fn}. Then there exists a symmetric matrix M ∈ M(n,R)
such that the Lagrangian plane ` is represented by the equation p = Mx in
the coordinates defined by B.

Proof. Proof of (i). We first remark that Xx + Pp = 0 represents a
n-dimensional space if and only if

rank(X, P ) = rank(XT , PT ) = n. (1.13)

Assume that in addition XT P = PT X and parametrize ` by setting x =
PT u, p = −XT u. It follows that if z, z′ are two vectors of ` then

σ(z, z′) =
〈−XT u, PT u′

〉− 〈−XT u′, PT u
〉

= 0

so that (1.12) indeed is the equation of a Lagrangian plane. Reversing the
argument shows that if Xx+Pp = 0 represents a n-dimensional space then
the condition σ(z, z′) = 0 for all vectors z, z′ of that space implies that we
must have XPT = PXT .
Proof of (ii). It is clear from (i) that p = Mx represents a Lagrangian plane
`. It is also clear that this plane ` is transversal to Span{f1, ..., fn}. The
converse follows from the observation that if ` : Xx + Pp = 0 is transversal
to Span{f1, ..., fn} then P must invertible. The property follows taking
M = −P−1X which is symmetric since XPT = PXT .

Two Lagrangian planes are said to be transversal if ` ∩ `′ = 0. Since
dim ` = dim `′ = 1

2 dim E this is equivalent to saying that E = ` ⊕ `′. For
instance the horizontal and vertical Lagrangian planes `X = Rn

x × 0 and
`P = 0× Rn

p are obviously transversal in (R2n
z , σ).

Part (ii) of Proposition 14 above implies:

12
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Corollary 15 (i) A n-plane ` in (R2n
z , σ) is a Lagrangian plane transversal

to `P if and only if there exists a symmetric matrix M ∈ M(n,R) such that
` : p = Mx.

(ii) For any n-plane ` : Xx + Pp = 0 in R2n
z we have

dim(` ∩ `P ) = n− rank(P ). (1.14)

(iii) For any symplectic matrix

s =
[

A B
C D

]

the rank of B is given by the formula

rank(B) = n− dim(S`P ∩ `P ). (1.15)

Proof. Proof of (i). The condition is necessary taking for B the canonical
symplectic bases. If conversely ` is the graph of a symmetric matrix M then
it is immediate to check that σ(z; z′) = 0 for all z ∈ `. (ii) The intersection
` ∩ `P consists of all (x, p) which satisfy both conditions Xx + Pp = 0 and
x = 0. It follows that

(x, p) ∈ ` ∩ `P ⇐⇒ Pp = 0

and hence (1.14).
Proof of (iii). Formula (1.15) follows from the trivial equivalence

(x, p) ∈ S`P ∩ `P ⇐⇒ Bp = 0.

Theorem 8 allows us to construct at will pairs of transverse Lagrangian
planes: choose any pair of vectors {e1, f1} such that ω(f1, e1) = 1. In view
of Theorem 8 we can find a symplectic basis B = {e1, ..., en} ∪ {f1, ..., fn}
of (E, ω) and the spaces ` = Span {e1, ..., en} and `′ = Span {f1, ..., fn} are
then transversal Lagrangian planes in E. Conversely:

Proposition 16 Suppose that `1 and `2 are two transversal Lagrangian
planes in (E,ω). If {e1, ..., en} is a basis of `1, then there exists a ba-
sis {f1, ..., fn} of `2 such that {e1, ..., en; f1, ..., fn} is a symplectic basis of
(E, ω).

Proof. It suffices to proceed as in the first case of the proof of Theorem 8
and to construct an increasing sequence of sets

{e1, f1} ⊂ {e1, e2; f1; f2} ⊂ · · · ⊂ {e1, ..., en; f1, ..., fn}

such that Span {f1, ..., fn} = `2 and ω(fi, ej) = δij for 1 ≤ i, j ≤ n.

13



The action of Sp(n) on Lag(n)
Let us prove the following important result on the action of Sp(n) and its
subgroup U(n) on the Lagrangian Grassmannian Lag(n).

Theorem 17 The action of U(n) and Sp(n) on Lag(n) has the following
properties:

(i) U(n) (and hence Sp(n)) acts transitively on Lag(n): for every pair
(`, `′) of Lagrangian planes there exists U ∈ U(n) such that `′ = U`.

(ii) The group Sp(n) acts transitively on the set of all pairs of transverse
Lagrangian planes: if (`1, `′1) and (`2, `′2) are such that `1 ∩ `′1 = `1 ∩ `′1 = 0
then there exits S ∈ Sp(n) such that (`2, `′2) = (S`1, S`′1).

Proof. Proof of (i). Let O = {e1, ..., en} and O′ = {e′1, ..., e′n} be orthonor-
mal bases of ` and `′, respectively. Then B = O ∪ JO and B′ = O′ ∪ JO′
are orthosymplectic bases of (R2n

z , σ). There exits U ∈ O(2n) such that
U(ei) = e′i and U(fi) = f ′i where fi = Jei, f ′i = Je′i. We have U ∈ Sp(n)
hence

U ∈ O(2n) ∩ Sp(n) = U(n)

((1.26) in Proposition 23).
Proof of (ii). Choose a basis {e11, ..., e1n} of `1 and a basis {f11, ..., f1n} of `′1
such that {e1i, f1j}1≤i,j≤n is a symplectic basis of (R2n

z , σ). Similarly choose
bases of `2 and `′2 whose union {e2i, f2j}1≤i,j≤n is also a symplectic basis.
Define a linear mapping S : R2n

z −→ R2n
z by S(e1i) = e2i and S(f1i) = f2i

for 1 ≤ i ≤ n. We have S ∈ Sp(n) and (`2, `′2) = (S`1, S`′1).

We will see in the next section that the existence of an integer measur-
ing the relative position of triples of Lagrangian planes implies that Sp(n)
cannot act transitively on triples (or, more generally, of k-uples, k ≥ 3) of
Lagrangian planes.

For two integers n1, n2 > 0 consider the group

Sp(n1)⊕ Sp(n2) = {(S1, S2) : S1 ∈ Sp(n1), S1 ∈ Sp(n1)}
equipped with the composition law

(S1 ⊕ S2)(S′1 ⊕ S′2) = S1S
′
1 ⊕ S2S

′
2.

Setting n = n1 + n2 then Sp(n1) ⊕ Sp(n2) acts on the Lagrangian Grass-
mannian Lag(n). We have in particular a natural action

Sp(n1)⊕ Sp(n2) : Lag(n1)⊕ Lag(n2) −→ Lag(n1)⊕ Lag(n2)

where Lag(n1) ⊕ Lag(n2) is the set of all direct sums `1 ⊕ `2 with `1 ∈
Lag(n1), `2 ∈ Lag(n2). This action is defined by the obvious formula

(S1 ⊕ S2)(`1 ⊕ `2) = S1`1 ⊕ S2`2.

Observe that Lag(n1)⊕ Lag(n2) is a subset of Lag(n):

Lag(n1)⊕ Lag(n2) ⊂ Lag(n)

since σ1 ⊕ σ2 vanishes on each `1 ⊕ `2.
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1.4 The Symplectic Group

In this section we study in some detail the symplectic group of a symplectic
space (E, ω), with a special emphasis on the standard symplectic group
Sp(n), corresponding to the case (E,ω) = (R2n

z , σ).
There exists an immense literature devoted to the symplectic group. A

few classical references are Libermann and Marle [53], Guillemin and Stern-
berg [33, 34] and Abraham and Marsden [1].

The group Sp(n)

Let us begin by working in the standard symplectic space (R2n
z , σ).

Definition 18 The group of all automorphisms s of (R2n
z , σ) such that

σ(sz, sz′) = σ(z, z′)

for all z, z′ ∈ R2n
z is denoted by Sp(n) and called the “standard symplectic

group”.

It follows from Proposition 6 that Sp(n) is isomorphic to the symplectic
group Sp(E,ω) of any 2n-dimensional symplectic space.

The notion of linear symplectic transformation can be extended to diffeo-
morphisms:

Definition 19 Let (E, ω), (E′, ω′) be two symplectic spaces. A diffeomor-
phism f : (E, ω) −→ (E′, ω′) is called a “symplectomorphism1” if the dif-
ferential dzf is a linear symplectic mapping E −→ E′ for every z ∈ E. [In
the physical literature one often says “canonical transformation” in place of
“symplectomorphism”].

It follows from the chain rule that the compose g ◦ f of two symplec-
tomorphisms f : (E,ω) −→ (E′, ω′) and g : (E′, ω′) −→ (E′′, ω′′) is a
symplectomorphism (E,ω) −→ (E′′, ω′′). When

(E, ω) = (E′, ω′) = (R2n
z , σ)

a diffeomorphism f of (R2n
z , σ) is a symplectomorphism if and only if its

Jacobian matrix (calculated in any symplectic basis) is in Sp(n). Summa-
rizing:

f is a symplectomorphism of (R2n
z , σ)

⇐⇒
Df(z) ∈ Sp(n) for every z ∈ (R2n

z , σ).

It follows directly from the chain rule D(g ◦ f)(z) = Dg(f(z)Df(z) that
the symplectomorphisms of the standard symplectic space (R2n

z , σ) form a
group. That group is denoted by Symp(n).

1The word was reputedly coined by J.-M. Souriau.
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Remark 20 The notion of symplectomorphism extends in the obvious way
to symplectic manifold: if (M, ω) and (M ′, ω′) are two such manifolds, then
a diffeomorphism f : M −→ M ′ is called a symplectomorphism if it pre-
serves the symplectic structures on M and M ′, that is if f∗ω′ = ω where
f∗ω′ (the “pull-back of ω′ by f) is defined by

f∗ω′(z0)(Z, Z ′) = ω′(f(z0))((dz0f)Z, (dz0f)Z ′)

for every z0 ∈ M and Z,Z ′ ∈ Tz0M . If f and g are symplectomorphisms
(M, ω) −→ (M ′, ω′) and (M ′, ω′) −→ (M ′′, ω′′) then g ◦ f is a symplecto-
morphism (M, ω) −→ (M ′′, ω′′).

The symplectomorphisms (M,ω) −→ (M ′, ω′) obviously form a group,
denoted by Symp(M, ω), and whose study is very active and far from being
achieved.

For practical purposes it is often advantageous to work in coordinates and
to represent the elements of Sp(n) by matrices.

Recall that definition (1.1) of the standard symplectic form can be rewrit-
ten in matrix form as

σ(z, z′) = (z′)T Jz = 〈Jz, z′〉 (1.16)

where J is the standard symplectic matrix:

J =
[

0 I
−I 0

]
. (1.17)

Notice that JT = −J and J2 = −I.
Choose a symplectic basis in (R2n

z , σ) we will identify a linear mapping
s : R2n

z −→ R2n
z with its matrix S in that basis. In view of (1.16) we have

S ∈ Sp(n) ⇐⇒ ST JS = J

where ST is the transpose of S. Since

detST JS = det S2 detJ = det J

it follows that det S can, a priori, take any of the two values ±1. It turns
out, however, that

S ∈ Sp(n) =⇒ detS = 1.

There are many ways of showing this. None of them is really totally trivial.
Here is an algebraic proof making use of the notion of Pfaffian (we will give
an alternative proof later on). Recall that to every antisymmetric matrix
A one associates a polynomial Pf(A) (“the Pfaffian of A”) in the entries of
A, it has the following properties:

Pf(ST AS) = (det S) Pf(A) , Pf(J) = 1.
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Choose now A = J and S ∈ Sp(n). Since ST JS = J we have

Pf(ST JS) = det S = 1

which was to be proven.

Remark 21 The group Sp(n) is stable under transposition: the condition
S ∈ Sp(n) is equivalent to ST JS = J . Since S−1 also is in Sp(n) we have
(S−1)T JS−1 = J . Taking the inverses of both sides of this equality we get
SJ−1ST = J−1 that is SJST = J , so that ST ∈ Sp(n). It follows that we
have the equivalences

S ∈ Sp(n) ⇐⇒ ST JS = J ⇐⇒ SJST = J . (1.18)

A symplectic basis of (R2n
z , σ) being chosen, we can always write S ∈

Sp(n) in block-matrix form

S =
[
A B
C D

]
(1.19)

where the entries A,B, C, D are n× n matrices. The conditions (1.18) are
then easily seen, by a direct calculation, equivalent to the two following sets
of equivalent conditions:

AT C, BT D symmetric, and AT D − CT B = I (1.20)

ABT , CDT symmetric, and ADT −BCT = I. (1.21)

It follows from the second of these sets of conditions that the inverse of S is

S−1 =
[

DT −BT

−CT AT

]
. (1.22)

Here are three classes of symplectic matrices which are useful: if P and
L are, respectively, a symmetric and an invertible n× n matrix we set

VP =
[

I 0
−P I

]
, UP =

[−P I
−I 0

]
, ML =

[
L−1 0
0 LT

]
. (1.23)

The matrices VP are sometimes called “symplectic shears”.
It turns out –as we shall prove later on– that both sets

G = {J} ∪ {VP : P ∈ Sym(n,R)} ∪ {ML : L ∈ GL(n,R)}

and
G′ = {J} ∪ {UP : P ∈ Sym(n,R)} ∪ {ML : L ∈ GL(n,R)}

generate the symplectic group Sp(n).
We can also form direct sums of symplectic groups. Consider for instance

(R2n1 , σ1) and (R2n2 , σ2), the standard symplectic spaces of dimension 2n1
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and 2n2. Let Sp(n1) and Sp(n2) be the respective symplectic groups. The
direct sum Sp(n1)⊕ Sp(n2) is the group of automorphisms of

(R2n
z , σ) = (R2n1 ⊕ R2n2 , σ1 ⊕ σ2)

defined, for z1 ∈ R2n1 and z2 ∈ R2n2 , by

(s1 ⊕ s2)(z1 ⊕ z2) = s1z1 ⊕ s2z2.

It is evidently a subgroup of Sp(n):

Sp(n1)⊕ Sp(n2) ⊂ Sp(n)

which can be expressed in terms of block-matrices as follows: let

S1 =
[
A1 B1

C1 D1

]
and S2 =

[
A2 B2

C2 D2

]

be elements of Sp(n1) and Sp(n2), respectively. Then

S1 ⊕ S2 =




A1 0 B1 0
0 A2 0 B2

C1 0 D1 0
0 C2 0 D2


 ∈ Sp(n1 + n2). (1.24)

The mapping (S1, S2) 7−→ S1 ⊕ S2 thus defined is a group monomorphism

Sp(n1)⊕ Sp(n2) −→ Sp(n).

Let us now briefly discuss the eigenvalues of a symplectic matrix. It has
been known for a long time that the eigenvalues of symplectic matrices play
an fundamental role in the study of Hamiltonian periodic orbits. This is
because the stability of these orbits depend in a crucial way on the structure
of the associated linearized system. It turns out that these eigenvalues also
play an essential role in the understanding of symplectic squeezing theorems,
which we study later in this book.

Let us first prove the following result:

Proposition 22 Let S ∈ Sp(n).
(i) If λ is an eigenvalue of S then so are λ̄ and 1/λ (and hence also 1/λ̄);
(ii) if the eigenvalue λ of S has multiplicity k then so has 1/λ.
(iii) S and S−1 have the same eigenvalues.

Proof. Proof of (i). We are going to show that the characteristic polyno-
mial PS(λ) = det(S − λI) of S satisfies the reflexivity relation

PS(λ) = λ2nPS(1/λ); (1.25)
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(i) will follow since for real matrices eigenvalues appear in conjugate pairs.
Since ST JS = J we have S = −J(ST )−1J and hence

PS(λ) = det(−J(ST )−1J − λI)

= det(−(ST )−1J + λI)
= det(−J + λS)

= λ2n det(S − λ−1I)

which is precisely (1.25).
Proof of (ii). Let P

(j)
S be the j-th derivative of the polynomial PS . If λ0 has

multiplicity k. Then P
(j)
S (λ0) = 0 for 0 ≤ j ≤ k−1 and P

(k)
S (λ) 6= 0. In view

of (1.25) we also have P
(j)
S (1/λ) = 0 for 0 ≤ j ≤ k − 1 and P

(k)
S (1/λ) 6= 0.

Property (iii) immediately follows from (ii).

Notice that as an immediate consequence of this result is that if ±1 is an
eigenvalue of S ∈ Sp(n) then its multiplicity is necessarily even.

We will see in next subsection (Proposition 24) that any positive-definite
symmetric symplectic matrix can be diagonalized using an orthogonal trans-
formation which is at the same time symplectic.

The unitary group U(n)

The complex structure associated to the standard symplectic matrix J is
very simple: it is defined by

(α + iβ)z = α + βJz

and corresponds to the trivial identification z = (x, p) ≡ x+ip. The unitary
group U(n,C) acts in a natural way on (R2n

z , σ) and that action preserves the
symplectic structure. Let us make this statement somewhat more explicit:

Proposition 23 The monomorphism µ : M(n,C) −→ M(2n,R) defined
by u = A + iB 7−→ µ(u) with

µ(u) =
[
A −B
B A

]

(A and B real) identifies the unitary group U(n,C) with the subgroup

U(n) = Sp(n) ∩O(2n,R). (1.26)

of Sp(n).

Proof. In view of (1.22) the inverse of U = µ(u), u ∈ U(n,C), is

U−1 =
[

AT BT

−BT AT

]
= UT
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hence U ∈ O(2n,R) which proves the inclusion U(n) ⊂ Sp(n) ∩ O(2n,R).
Suppose conversely that U ∈ Sp(n) ∩O(2n,R). Then

JU = (UT )−1J = UJ

which implies that U ∈ U(n) so that Sp(n) ∩O(2n,R) ⊂ U(n).

We will loosely talk about U(n) as of the “unitary group” when there
is no risk of confusion. Notice that it immediately follows from conditions
(1.20), (1.21) that we have the equivalences:

A + iB ∈ U(n) (1.27)
⇐⇒

AT B symmetric and AT A + BT B = I (1.28)
⇐⇒

ABT symmetric and AAT + BBT = I; (1.29)

of course these conditions are just the same thing as the conditions

(A + iB)∗(A + iB) = (A + iB)(A + iB)∗ = I

for the matrix A + iB to be unitary.

In particular, taking B = 0 we see the matrices

R =
[
A 0
0 A

]
with AAT = AT A = I (1.30)

also are symplectic, and form a subgroup O(n) of U(n) which we identify
with the rotation group O(n,R). We thus have the chain of inclusions

O(n) ⊂ U(n) ⊂ Sp(n).

Let us end this subsection by mentioning that it is sometimes useful to
identify elements of Sp(n) with complex symplectic matrices. The group
Sp(n,C) is defined, in analogy with Sp(n), by the condition

Sp(n,C) = {M ∈ M(2n,C) : MT JM = J}.

Let now K be the complex matrix

K =
1√
2

[
I iI
iI I

]
∈ U(2n,C)

and consider the mapping

Sp(n) −→ Sp(n,C) , S 7−→ Sc = K−1SK.
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One verifies by a straightforward calculation that Sc ∈ Sp(n,C). Notice
that if U ∈ U(n) then

Uc =
[
U 0
0 U∗

]
.

We know from elementary linear algebra that one can diagonalize a sym-
metric matrix using orthogonal transformations. From the properties of the
eigenvalues of a symplectic matrix follows that when this matrix is in ad-
dition symplectic and positive definite this diagonalization can be achieved
using a symplectic rotation:

Proposition 24 Let S be a positive definite and symmetric symplectic ma-
trix. Let λ1 ≤ · · · ≤ λn ≤ 1 be the n smallest eigenvalues of S and set

Λ = diag[λ1, ..., λn; 1/λ1, ..., 1/λn]. (1.31)

There exists U ∈ U(n) such that S = UT ΛU .

Proof. Since S > 0 its eigenvalues occur in pairs (λ, 1/λ) of positive num-
bers (Proposition 22). If λ1 ≤ ·· · ≤ λn are n eigenvalues then 1/λ1, ..., 1/λn

are the other n eigenvalues. Let now U be an orthogonal matrix such that
S = UT ΛU with, Λ being given by (1.31). We claim that U ∈ U(n). It
suffices to show that we can write U in the form

U =
[
A −B
B A

]

with
ABT = BT A , AAT + BBT = I. (1.32)

Let e1, ..., en be n orthonormal eigenvectors of U corresponding to the eigen-
values λ1, ..., λn. Since SJ = JS−1 (because S is both symplectic and
symmetric) we have, for 1 ≤ k ≤ n,

SJek = JS−1ek =
1
λj

Jek

hence ±Je1, ...,±Jen are the orthonormal eigenvectors of U corresponding
to the remaining n eigenvalues 1/λ1, ..., 1/λn. Write now the 2n×n matrix
(e1, ..., en) as

[e1, ..., en] =
[
A
B

]

where A and B are n× n matrices. We have

[−Je1, ...,−Jen] = −J

[
A
B

]
=

[−B
A

]

hence U is indeed of the type

U = [e1, ..., en;−Je1, ...,−Jen] =
[
A −B
B A

]
.
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The symplectic conditions (1.32) are automatically satisfied since UT U = I.

An immediate consequence of Proposition 24 is that the square root of
a positive-definite symmetric symplectic matrix is also symplectic. More
generally:

Corollary 25 (i) For every α ∈ R there exists a unique R ∈ Sp(n), R > 0,
R = RT , such that S = Rα.

(ii) Conversely, if R ∈ Sp(n) is positive definite, then Rα ∈ Sp(n) for
every α ∈ R.

Proof. Proof of (i). Set R = UT Λ1/αU . Then Rα = UT ΛU = S.
Proof of (ii). It suffices to note that we have

Rα = (UT ΛU)α = UT ΛαU ∈ Sp(n).

The symplectic algebra

Sp(n) is a Lie group. We will call its Lie algebra the “symplectic algebra”,
and denote it by sp(n). There is one-to-one correspondence between the ele-
ments of sp(n) and the one-parameter groups in Sp(n). this correspondence
is the starting point of linear Hamiltonian mechanics.

Let
Φ : GL(2n,R) −→ R4n2

be the continuous mapping defined by Φ(M) = MT JM − J . Since S ∈
Sp(n) if and only if ST JS = J we have Sp(n) = Φ−1(0) and Sp(n) is thus
a closed subgroup of GL(2n,R), hence a “classical Lie group”. The set of
all real matrices X such that the exponential exp(tX) is in Sp(n) is the Lie
algebra of Sp(n). We will call it the “symplectic algebra” and denote it by
sp(n):

X ∈ sp(n) ⇐⇒ St = exp(tX) ∈ Sp(n) for all t ∈ R. (1.33)

The one-parameter family (St) thus defined is a group: StSt′ = St+t′ and
S−1

t = S−t.
The following result gives an explicit description of the elements of the

symplectic algebra:

Proposition 26 Let X be a real 2n× 2n matrix.
(i) We have

X ∈ sp(n) ⇐⇒ XJ + JXT = 0 ⇐⇒ XT J + JX = 0. (1.34)

(ii) Equivalently, sp(n) consists of all block-matrices X such that

X =
[

U V
W −UT

]
with V = V T and W = WT . (1.35)
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Proof. Let (St) be a differentiable one-parameter subgroup of Sp(n) and a
2n × 2n real matrix X such that St = exp(tX). Since St is symplectic we
have StJ(St)T = J that is

exp(tX)J exp(tXT ) = J .

Differentiating both sides of this equality with respect to t and then setting
t = 0 we get XJ + JXT = 0, and applying the same argument to the
transpose ST

t we get XT J + JX = 0 as well. Suppose conversely that X
is such that XJ + JXT = 0 and let us show that X ∈ sp(n). For this it
suffices to prove that St = exp(tX) is in Sp(n) for every t. The condition
XT J + JX = 0 is equivalent to XT = JXJ hence ST

t = exp(tJXJ). Since
J2 = −I we have (JXJ)k = (−1)k+1JXkJ and hence

exp(tJXJ) = −
∞∑

k=0

(−t)k

k!
(JXJ)k = −Je−tXJ .

It follows that
ST

t JSt = (−Je−tXJ)JetX = J

so that St ∈ Sp(n) as claimed.

Remark 27 The symmetric matrices of order n forming a n(n + 1)/2-
dimensional vector space (1.35) implies, by dimension count, that sp(n) has
dimension n(2n + 1). Since Sp(n) is connected we consequently have

dim Sp(n) = dim sp(n) = n(2n + 1). (1.36)

One should be careful to note that the exponential mapping

exp : sp(n) −→ Sp(n)

is neither surjective nor injective. This is easily seen in the case n = 1. We
claim that

S = exp X with X ∈ sp(1) =⇒ TrS ≥ −2. (1.37)

(We are following Frankel’s argument in [21].) In view of (1.35) we have
X ∈ sp(1) if and only TrX = 0, so that Hamilton-Cayley’s equation for X
is just X2 + λI = 0 where λ = det X. Expanding exp X in power series it
is easy to see that

expX = cos
√

λI +
1√
λ

sin
√

λX if λ > 0

expX = cosh
√
−λI +

1√−λ
sinh

√
−λX if λ < 0.

Since Tr X = 0 we see that in the case λ > 0 we have

Tr(expX) = 2 cos
√

λ ≥ −2
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and in the case λ < 0

Tr(expX) = 2 cosh
√

λ ≥ 1.

However:

Proposition 28 A symplectic matrix S is symmetric positive definite if
and only if S = exp X with X ∈ sp(n) and X = XT . The mapping exp is
a diffeomorphism

sp(n) ∩ Sym(2n,R) −→ Sp(n) ∩ Sym+(2n,R)

(Sym+(2n,R) is the set of positive definite symmetric matrices).

Proof. If X ∈ sp(n) and X = XT then S is both symplectic and sym-
metric positive definite. Assume conversely that S symplectic and sym-
metric positive definite. The exponential mapping is a diffeomorphism
exp : Sym(2n,R) −→ Sym+(2n,R) (the positive definite symmetric ma-
trices) hence there exits a unique X ∈ Sym(2n,R) such that S = exp X.
Let us show that X ∈ sp(n). Since S = ST we have SJS = J and hence
S = −JS−1J . Because −J = J−1 it follows that

exp X = J−1(exp(−X))J = exp(−J−1XJ)

and J−1XJ being symmetric, we conclude that X = J−1XJ that is JX =
−XJ , showing that X ∈ sp(n).

We will refine the result above in Subsection 1.5, Proposition 31, by using
the Cartan decomposition theorem. This will in particular allow us to obtain
a precise formula for calculating X in terms of the logarithm of S = expX.

1.5 Factorization Results in Sp(n)

Factorization (or “decomposition”) theorems for matrices are very useful
since they often allow to reduce lengthy or complicated calculations to sim-
pler typical cases. In this section we study three particular factorization
procedures symplectic matrices.

Polar and Cartan decomposition in Sp(n)

Any matrix M ∈ GL(m,R) can be written uniquely as M = RP (or PR)
where R is orthogonal and P positive definite: this is the classical polar
decomposition theorem from elementary linear algebra. Let us specialize
this result to the symplectic case. We begin with a rather weak result:

Proposition 29 For every S ∈ Sp(n) there exists a unique U ∈ U(n) and
a unique R ∈ Sp(n), R symmetric positive definite, such that S = RU (resp.
S = UR).
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Proof. Set R = ST S and define U by S = (ST S)−1/2U . Since (ST S)−1/2 ∈
Sp(n) in view of Corollary 25, we have U ∈ Sp(n). On the other hand

UUT = (ST S)−1/2SST (ST S)−1/2 = I

so that we actually have

U ∈ Sp(n) ∩O(2n) = U(n).

That we can alternatively write S = UR (with different choices of U and R
than above) follows by applying the result above to ST .

We are going to precise Proposition 29. For this we need a suitable notion
of logarithm for invertible matrices. Recall from elementary linear algebra
that if K = R or C and M is an invertible m×m matrix with entries in K
then there exists a m×m matrix L such that M = eL.

Let us define

Log M =
∫ 0

−∞

[
(λI −M)−1 − (λ− 1)−1I

]
dλ; (1.38)

it is straightforward to check that when m = 1 and M is a scalar λ > 0
formula (1.38) reduces to the usual logarithm Log λ.

It turns out that formula (1.38) defines a bona fide logarithm for matrices
having no eigenvalues on the negative half-axis:

Proposition 30 Assume that M has no eigenvalues λ ≤ 0. Then
(i) Log M defined by (1.38) exists;
(ii) We have

eLog M = M , (Log M)T = Log MT

and also

Log M−1 = −Log M , Log(AMA−1) = A(Log M)A−1 (1.39)

for every invertible matrix A.

Proof. It is no restriction to assume that M = λI + N with λ > 0. Set

f(M) =
∫ 0

−∞

[
(λ−M)−1 − (λ− 1)−1I

]
dλ.

We have

(λI −M)−1 = ((λ− µ)I −N)−1 =
k0∑

j=0

(λ− µ)−k+1N j
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and hence

f(M) =
∫ 0

−∞

(
1

λ− µ
− 1

λ− 1

)
Idλ +

k0∑

k=1

(∫ 0

−∞
(λ− µ)−k−1dλ

)
Nk

that is, calculating explicitly the integrals,

f(M) = (Log µ)I +
k0∑

k=1

(−1)k+1

k
(µ−1N)k

= (Log µ)I +
k0∑

k=1

(−1)k+1

k
(µ−1M − I)k.

Direct substitution of the sum in the right-hand side in the power series for
the exponential yields the matrix µ−1M . Hence exp f(M) = M which we
set out to prove. Formulae (1.39) readily follow from definition (1.38) of the
logarithm, and so does the equality (Log M)T = Log MT .

The following consequence of Proposition 30, which refines Proposition
28, will be instrumental in the proof of the symplectic version of Cartan’s
decomposition theorem from the theory of Lie groups (Varadarjan [73]):

Proposition 31 If S ∈ Sp(n) is positive definite, then X = Log S be-
longs to the symplectic Lie algebra sp(n). That is, for every S ∈ Sp(n) ∩
Sym+(2n,R) (the set of symmetric positive-definite symplectic matrices) we
have

S = eLog S , Log S ∈ sp(n).

Proof. Since S is symplectic we have S−1 = JST J−1. Taking the logarithm
of both sides of this equality, and using Proposition 30 together with the
equality J−1 = −J we get

X = −J(Log ST )J−1 = J(Log ST )J .

We claim that XJ + JXT = 0. The result will follow. We have

XJ = −J Log ST = (J−1(Log ST )J)J = −(Log S−1)J

hence, using the fact that Log ST = (Log S)T ,

XJ = (Log S)J = −JXT

proving our claim.

Let us refine the results above by using Cartan’ decomposition theorem
from the theory of Lie groups:

Proposition 32 Every S ∈ Sp(n) can be written S = UeX where U ∈ U(n)
and X = 1

2 Log(ST S) is in sp(n) ∩ Sym(2n,R).
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Proof. The symplectic matrix ST S has no negative eigenvalues hence its
logarithm Log(ST S) exists and is in sp(n) in view of Proposition 31. It is
moreover obviously symmetric. It follows that X ∈ sp(n) and hence eX and
R are both in Sp(n). Since we also have U ∈ O(2n) in view of Cartan’s
theorem, the proposition follows since we have Sp(n) ∩O(2n) = U(n).

A first consequence of the results above is that the symplectic group Sp(n)
is contractible to its subgroup U(n) (which, by the way, gives a new proof
of the fact that Sp(n) is connected):

Corollary 33 (i) The standard symplectic group Sp(n) can be retracted to
the unitary group U(n).

(ii) The set Sp(n) ∩ Sym+(2n,R) is contractible to a point.

Proof. Proof of (i). Let t 7−→ S(t), 0 ≤ t ≤ 1, be a loop in Sp(n). In
view of Proposition 32 we can write S(t) = U(t)eX(t) where U(t) ∈ U(n)
and X(t) = 1

2 Log(ST (t)S(t)). Since t 7−→ S(t) is continuous, so is t 7−→
X(t) and hence also t 7−→ U(t). Consider now the continuous mapping
h : [0, 1]× [0, 1] −→ Sp(n) defined by

h(t, t′) = U(t)e(1−t′)X(t) , 0 ≤ t ≤ t′ ≤ 1.

This mapping is a homotopy between the loops t 7−→ h(t, 0) = S(t) and
t 7−→ h(t, 1) = R(t). Obviously h(t, t′) ∈ Sp(n) hence (i). Part (ii) follows,
taking R(t) = 1 in the argument above.

It follows from Corollary 33 that the fundamental group π1[Sp(n)] is
isomorphic to π1[U(n,C)], that is to the integer group (Z,+). Let us make
a precise construction of the isomorphism π1[Sp(n)] ∼= π1[U(n,C)].

Proposition 34 The mapping ∆ : Sp(n) −→ S1 defined by ∆(S) = det u
where u is the image in U(n,C) of U = S(ST S)−1/2 ∈ U(n) induces an
isomorphism

∆∗ : π1[Sp(n)] ∼= π1[U(n,C)]

and hence an isomorphism π1[Sp(n)] ∼= π1[S1] ≡ (Z, +).

Proof. In view of Corollary 33 above and its proof any loop t 7−→ S(t) =
R(t)eX(t) in Sp(n) is homotopic to the loop t 7−→ R(t) in U(n). Now
ST (t)S(t) = e2X(t) (because X(t) is in sp(n) ∩ Sym(2n,R)) and hence

R(t) = S(t)(ST (t)S(t))−1/2.

The result follows, composing ∆∗ with the isomorphism π1[U(n,C)] ∼=
π1[S1] induced by the determinant map (see Lemma 62 in Subsection 2.2).

Let us now introduce the useful notion of free symplectic matrix, and the
associated concept of generating function.
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Free symplectic matrices

The notion of free symplectic matrix plays a very important role in many
practical issues. For instance, it is the key to the definition of the metaplectic
group [50, 26]. A noticeable fact is, in addition, that every symplectic matrix
can be written as the product of exactly two free symplectic matrices.

Definition 35 Let ` be an arbitrary Lagrangian plane in (R2n
z , σ) and S ∈

Sp(n). We say that the matrix S is “free relatively to `” if S`∩` = 0. When
` = `P = 0× Rn

p we simply say that S is a “free symplectic matrix”.

That it suffices to consider free symplectic matrices up to conjugation
follows from the fact that S ∈ Sp(n) is free relatively to ` if and only if
S−1

0 SS0 is a free symplectic matrix for every S0 ∈ Sp(n) such that S0` = `P .
Writing S as a block matrix one has:

S =
[
A B
C D

]
is free ⇐⇒ det B 6= 0. (1.40)

Suppose in fact that z ∈ S`P ∩ `P . This is equivalent to x = 0 and Bp = 0,
that is to z = 0. It follows from condition (1.40) that

S is free ⇐⇒ det
(

∂x

∂p′
(z0)

)
6= 0. (1.41)

This suggests the following extension of definition 35:

Definition 36 Let f be a symplectomorphism of (R2n
z , σ) defined in a

neighborhood of some point z0. We will say that f is free at the point z0 if

det (∂x/∂p′(z0)) 6= 0.

Equivalently: the symplectic matrix S = Df(z0) is free.

The equivalence of both conditions follows from the observation that the
Jacobian matrix

Df(z0) =




∂x
∂x′ (z0) ∂x

∂p′ (z0)

∂p
∂x′ (z0) ∂p

∂p′ (z0)




is indeed free if and only if its upper right corner ∂x
∂p′ (z0) is invertible.

A very useful property is that every symplectic matrix is the product
of two free symplectic matrices. This is a particular case of the following
very useful result which will yield a precise factorization result for symplec-
tic matrices, and is in addition the key to many of the properties of the
metaplectic group we will study later on:

Proposition 37 For every (S, `0) ∈ Sp(n)×Lag(n) there exist two matri-
ces S1, S2 such that S = S1S2 and S1`0 ∩ `0 = S2`0 ∩ `0 = 0. In particular,
choosing `0 = `P , every symplectic matrix is the product of two free sym-
plectic matrices.
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Proof. The second assertion follows from the first choosing `0 = 0 × Rn
p .

Recall that Sp(n) acts transitively on the set of all pairs (`, `′) such that
` ∩ `′ = 0. Choose `′ transverse to both `0 and S`. There exists S1 ∈
Sp(n) such that S1(`0, `′) = (`′, S`0), that is S1`0 = `′ and S`0 = S1`

′.
Since Sp(n) acts transitively on Lag(n) we can find S′2 such that `′ = S′2`0
and hence S`0 = S1S

′
2`0. It follows that there exists S′′ ∈ Sp(n) such that

S′′`0 = `0 and S = S1S
′
2S
′′. Set S2 = S′2S

′′. Then S = S1S2 and we have

S1`0 ∩ `0 = `′ ∩ `0 = 0 , S2`0 ∩ `0 = S′2`0 ∩ `0 = `′ ∩ `0 = 0.

The proposition follows.

Free generating functions

Another interesting property of free symplectic matrices are that they can
be “generated” by a function W defined on Rn

x × Rn
x , in the sense that:

(x, p) = S(x′, p′) ⇐⇒ p = ∂xW (x, x′) and p′ = −∂x′W (x, x′). (1.42)

Suppose that

S =
[
A B
C D

]
(1.43)

is a free symplectic matrix. We claim that a generating function for S is
the quadratic form

W (x, x′) = 1
2

〈
DB−1x, x

〉− 〈
B−1x, x′

〉
+ 1

2

〈
B−1Ax′, x′

〉
. (1.44)

In fact,

∂xW (x, x′) = DB−1x− (B−1)T x′

∂x′W (x, x′) = −B−1x′ + B−1Ax′

and hence, solving in x and p,

x = Ax′ + Bp′ , p = Cx′ + Dp′.

Notice that the matrices DB−1 and B−1A are symmetric in view of (1.20)).
In fact if conversely W is a quadratic form of the type

W (x, x′) = 1
2 〈Px, x〉 − 〈Lx, x′〉+ 1

2 〈Qx′, x′〉 (1.45)

with P = PT , Q = QT , and det L 6= 0, then the matrix

SW =

[
L−1Q L−1

PL−1Q− LT L−1P

]
(1.46)

is a free symplectic matrix whose generating function is (1.45). To see this,
it suffices to remark that we have

(x, p) = SW (x′, p′) ⇐⇒ p = Px− LT x′ and p′ = Lx−Qx′
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and to solve the equations p = Px− LT x′ and p′ = Lx−Qx′ in x, p.

If SW is a free symplectic matrix, then its inverse (SW )−1 is also a free
symplectic matrix, in fact:

(SW )−1 = SW∗ , W ∗(x, x′) = −W (x′, x). (1.47)

This follows from the observation that if

S = SW =
[
A B
C D

]

is free then its inverse

S−1
W =

[
DT −BT

−CT AT

]

(see (1.22)) is also free. It is generated by the function

W ∗(x, x′) = − 1
2

〈
AT (BT )−1x, x

〉
+

〈
(BT )−1x, x′

〉− 1
2

〈
(BT )−1DT x′, x′

〉

= − 1
2

〈
B−1Ax, x

〉
+

〈
B−1x′, x

〉− 1
2

〈
DB−1x′, x′

〉

= −W (x′, x).

There is thus a bijective correspondence between free symplectic matrices
in Sp(n) and quadratic polynomials of the type W above. Since every such
polynomial is determined by a triple (P, L, Q), P and Q symmetric and
detL 6= 0 it follows that the subset of Sp(n) consisting of all free symplectic
matrices is a submanifold of Sp(n) with dimension (n + 1)(2n − 1). In
particular, Sp0(n) has codimension 1 in Sp(n).

Recall that if P and L are, respectively, a symmetric and an invertible
n× n matrix then

VP =
[

I 0
−P I

]
, UP =

[−P I
−I 0

]
, ML =

[
L−1 0
0 LT

]
. (1.48)

Proposition 38 If S is a free symplectic matrix (1.40), then

S = V−DB−1MB−1U−B−1A (1.49)

and
S = V−DB−1MB−1JV−B−1A. (1.50)

Proof. We begin by noting that

S =
[

I 0
DB−1 I

] [
B 0
0 DB−1A− C

] [
B−1A I
−I 0

]
(1.51)

for any matrix (1.40), symplectic or not. If now S is symplectic, then the
middle factor in the right-hand-side of (1.51) also is symplectic, since the
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first and the third factors obviously are. Taking the condition ADT−BCT =
I in (1.21) into account, we have DB−1A− C = (BT )−1and hence

[
B 0
0 DB−1A− C

]
=

[
B 0
0 (BT )−1

]

so that

S =
[

I 0
DB−1 I

] [
B 0
0 (BT )−1

] [
B−1A I
−I 0

]
. (1.52)

The factorization (1.49) follows (both DB−1 and B−1A are symmetric, as
a consequence of the relations BT D = DT B and BT A = AT B in (1.20)).
Noting that [

B−1A I
−I 0

]
=

[
0 I
−I 0

] [
I 0

B−1A I

]

the factorization (1.50) follows as well.

Conversely, if a matrix S can be written in the form V−P MLJV−Q, then
it is a free symplectic matrix. In fact:

S = SW =

[
L−1Q L−1

PL−1Q− LT L−1P

]
(1.53)

as is checked by a straightforward calculation.

From this result together with Proposition 37 follows that every element
of Sp(n) is the product of symplectic matrices of the type VP , ML and J .
More precisely:

Corollary 39 Each of the sets

{VP ,ML, J : P = PT , detL 6= 0}

and
{UP ,ML : P = PT , detL 6= 0}

generates Sp(n).

Proof. Taking `0 = 0×Rn in Proposition 37 every S ∈ Sp(n) is the product
of two free symplectic matrices. It now suffices to apply Proposition 38.

1.6 Hamiltonian Mechanics

In this section we review the basics of Hamiltonian mechanics and show that
it is actually tightly linked to symplectic geometry. For details and proofs
see for instance Abraham and Marsden [1], Arnol’d [3], Hofer and Zehnder
[38].
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Hamiltonian vector fields and flows

In what follows H denotes an infinitely differentiable function R2n
z −→ R

(“Hamiltonian”).
By definition the Hamilton equations associated with H is the system of

2n ordinary differential equations

ẋj =
∂H

∂pj
(x, p) , ṗj = − ∂H

∂xj
(x, p) (1.54)

(1 ≤ j ≤ n). In terms of the standard symplectic matrix

J =
[

0 I
−I 0

]

this system can be rewritten for short as

ż(t) = J∂zH(z(t)) (1.55)

where ∂z is the gradient operator in the variables x1, ..., xn; p1, ..., pn.
We will make in what follows the simplifying assumption that the solu-

tions of Hamilton’s equations exist and are unique for every initial condition
z = z(0).

Definition 40 The operator J∂z is called “symplectic gradient”. The vec-
tor field XH = J∂zH is called the “Hamiltonian vector field” associated
with H.

In terms of the coordinates x, p the Hamiltonian vector field is given by

XH = (∂pH,−∂xH). (1.56)

Recalling from the elementary theory of dynamical systems that the “flow”
of a vector field X on R2n

z is the family (ft) of mappings ft : R2n
z −→ R2n

z

such that
d

dt
ft(z) = XH(ft(z))

or, equivalently,
ż(t) = X(z(t)) , z(t) = ft(z)

we see that the flow (fH
t ) determined by the Hamiltonian H is obtained by

solving Hamilton’s equations: let t 7−→ z(t) be the solution of the Cauchy
problem

ż(t) = J∂zH(z(t)) , z(0) = z;

then z(t) = fH
t (z). Notice that Hamiltonian flows satisfy, as all flows do,

the group properties:

fH
t ◦ fH

t′ = fH
t+t′ , (fH

t )−1 = fH
−t , fH

0 = I. (1.57)

The fundamental link between Hamiltonian mechanics and symplectic
geometry lies in the fact that each fH

t is symplectomorphism. Let us prove
the following complete result, the first part of which is important in the
understanding of the theory of periodic orbits:
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Proposition 41 For fixed z set SH
t (z) = DfH

t (z).
(i) The function t 7−→ St,t′(z) satisfies the differential equation

d

dt
SH

t (z) = JD2H(z(t))SH
t (z) , SH

0 (z) = I (1.58)

where D2H(z(t)) is the Hessian matrix of H calculated at z(t) = fH(z);
(ii) We have SH

t (z) ∈ Sp(n) for every z and t hence fH
t is a symplecto-

morphism.

Proof. Proof of (i). Taking Hamilton’s equation into account the time-
derivative of the Jacobian matrix St(z) is

d

dt
St(z) =

d

dt
(DfH

t (z)) = D

(
d

dt
fH

t (z)
)

that is
d

dt
St(z) = D(XH(fH

t (z))).

Using the fact that XH = J∂zH together with the chain rule, we have

D(XH(fH
t (z))) = D(J∂zH)(fH

t (z), t)

= JD(∂zH)(fH
t (z), t)

= J(D2H)(fH
t (z), t)DfH

t (z)

hence St(z) satisfies the variational equation (1.58), proving the statement
(i).
Proof of (ii). Set St = St(z) and At = (St)T JSt. Using the product rule
together with (1.58) we have

dAt

dt
=

d(St)T

dt
JSt + (St)T J

dSt

dt

= (St)T D2H(z, t)St − (St)T D2H(z, t)St

= 0.

It follows that the matrix At = (St)T JSt is constant in t, hence At(z) =
A0(z) = J so that (St)T JSt = J proving that St ∈ Sp(n).

Remark 42 The differential equation (1.58) is called the “variational equa-
tion” in the literature on dynamical systems. It describes the time-evolution
of the linearized flow.

Remark 43 All the results and definitions above can be extended to the
case where H is time-dependent, that is defined on R2n

z × Rt. One must
however slightly redefine the notions of Hamiltonian vector field and flow.
(For instance the group property (1.57) does not hold any longer. This is
remedied at by introducing the notion of time-dependent flow (fH

t,t′). See for
instance [1, 38]).
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Let H be a Hamiltonian function as above, and (fH
t ) the flow determined

by the associated vector field XH = J∂z.

Definition 44 Let z0 ∈ R2n
z . The mapping

γ : Rt −→ R2n
z , γ(t) = fH

t (z0)

is called “(Hamiltonian) orbit through z0”. If there exists T > 0 such that
fH

t+T (z0) = fH
t (z0) for all t ∈ R one says that the orbit γ through z0 is

“periodic with period T”. [The smallest possible period is called “primitive
period”].

The following properties are obvious:

• Let γ, γ′ be two orbits of H. Then the ranges Im γ and Im γ′ are
either disjoint or identical.

• The value of H along any orbit is constant (“theorem of conservation
of energy”)..

The first property follows from the uniqueness of the solutions of Hamil-
ton’s equations, while the second property follows from the chain rule, set-
ting γ(t) = (x(t), p(t)):

d

dt
H(γ(t)) = 〈∂xH(γ(t)), ẋ(t)〉+ 〈∂pH(γ(t)), ṗ(t)〉

= −〈ṗ(t), ẋ(t)〉+ 〈ẋ(t), ṗ(t)〉
= 0

where we have taken into account Hamilton’s equations.
Assume now that γ is a periodic orbit through z0. We will use the notation

St(z0) = DfH
t (z0).

Definition 45 Let T be the primitive period of the periodic orbit γ through
z0. The symplectic matrix ST (z0) is called “monodromy matrix”. The eigen-
values of ST (z0) are called the “Floquet multipliers” of γ.

The following property is well-known in Floquet theory, and independent
of the Hamiltonian nature of the periodic orbit:

Lemma 46 Let ST (z0) be the monodromy matrix of the periodic orbit γ.
We have

St+T (z0) = St(z0)ST (z0) (1.59)

for all t ∈ R. In particular SNT (z0) = ST (z0)N for every integer N .
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Proof. We have, in view of the first formula (1.57), taking into account the
equality fH

T (z0) = z0:

fH
t+T (z0) = fH

t (fH
T (z0))

hence, by the chain rule,

DfH
t+T (z0) = DfH

t (fH
T (z0))DfH

T (z0)

that is (1.59) since fH
T (z0) = z0.

Evidently the orbit through any point z(t) of the periodic orbit γ is also
periodic. The Floquet multipliers do however not depend on the choice of
origin of the orbit, and are thus a feature of the orbit itself.

Lemma 47 (i) Monodromy matrices corresponding to the choice of differ-
ent origins on the periodic orbit are conjugate of each other in Sp(n) hence
the Floquet multipliers do not depend on the choice of origin on the periodic
orbit. (ii) Each periodic orbit has an even number > 0 of Floquet multiplier
equal to one.

Proof. (i) We begin by noting that if z0 and z1 are points on the same
orbit γ then there exists t0 such that z0 = fH

t0 (z1). We have, by the first
group property (1.57),

fH
t (fH

t0 (z1)) = fH
t0 (fH

t (z1))

hence, applying the chain rule of both sides of this equality,

DfH
t (fH

t0 (z1))DfH
t0 (z1) = DfH

t0 (fH
t (z1))DfH

t (z1).

Choosing t = T we have fH
t (z0) = z0 and hence

ST (fH
t0 (z1))St0(z1) = St0(z1)ST (z1)

that is, since fH
t0 (z1) = z0,

ST (z0)St0(z1) = St0(z1)ST (z1).

It follows that the monodromy matrices ST (z0) and ST (z1) are conjugate
and thus have the same eigenvalues. (ii) We have, using the chain rule
together with the relation fH

t ◦ fH
t′ = fH

t+t′

d

dt′
fH

t (fH
t′ (z0))

∣∣∣∣
t′=0

= Dft(z0)XH(z0) = XH(fH
t (z0))

hence ST0(z0)XH(z0) = XH(z0) setting t = T ; XH(z0) is thus an eigenvec-
tor of ST (z0) with eigenvalue one. The Lemma follows the eigenvalues of a
symplectic matrix occurring in quadruples (λ, 1/λ, λ̄, 1/λ̄).

One has the following theorem, going back to Poincaré (see Abraham and
Marsden [1]):
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Theorem 48 Let E0 = H(z0) be the value of H along a periodic orbit
γ0. Assume that γ0 has exactly two Floquet multipliers equal to one. Then
there exists a unique smooth 1-parameter family (γE) of periodic orbits of
E with period T parametrized by the energy E, and each γE is isolated on
the hypersurface ΣE = {z : H(z) = E} among those periodic orbits having
periods close to the period T0 of γ0 Moreover limE→E0 T = T0.

One shows, using “normal form” techniques that when the conditions of
the theorem above are fulfilled, the monodromy matrix of γ0 can be written
as

ST (z0) = ST
0

[
U 0
0 S̃(z0)

]
S0

with S0 ∈ Sp(n), S̃(z0) ∈ Sp(n − 1) and U is of the type
[
1 β
0 1

]
for some

real number β. The 2(n−1)×2(n−1) symplectic matrix S̃(z0) is called the
stability matrix of the isolated periodic orbit γ0. It plays a fundamental role
not only in the study of periodic orbits, but also in semiclassical mechanics
(“Gutzwiller’s formula” [35]). We will return to the topic when we discuss
the Conley–Zehnder index in Chapter 3.
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2 Multi-Oriented Symplectic Geometry

Multi-oriented symplectic geometry, also called q-symplectic geometry, is a
topic which has not been studied as it deserves in the mathematical litera-
ture; see however Leray [50], Dazord [17], de Gosson [25, 26]. The idea is
the following: one begins by observing that since symplectic matrices have
determinant one, the action of Sp(n) on a Lagrangian plane preserves the
orientation of that Lagrangian plane. Thus, ordinary symplectic geometry
is not only the study of the action

Sp(n)× Lag(n) −→ Lag(n)

but it is actually the study of the action

Sp(n)× Lag2(n) −→ Lag2(n)

where Lag2(n) is the double covering of Lag(n). In a more general way,
q-symplectic geometry will be the study of the action

Spq(n)× Lag2q(n) −→ Lag2q(n)

where Spq(n) is the q-th order covering of Sp(n) and Lag2q(n) is the 2q-th
order covering of Lag(n).

The study of q-symplectic geometry makes use of an important general-
ization of the Maslov index, the “Leray index”. That index plays a crucial
role in at least two other areas of mathematics and mathematical physics:

• It is instrumental in giving the correct phase shifts through caustics
in semiclassical quantization (Leray [50], Maslov [56, 57], Mischenko
et al. [59]) because it allows to define the argument of the square root
of a de Rham form on a Lagrangian manifold.

• It allows a simple and elegant calculation of Maslov indices of both
Lagrangian and symplectic paths. These indices play an essential role
in the study of “spectral flow” properties related to the theory of the
Morse index. In [10] Booss–Bavnbek and Wojciechowski study related
properties for Dirac operators.

2.1 The Signature of a Triple of Lagrangian Planes

In this section we introduce a very useful measure of the relative position
of a triple of Lagrangian planes, due to Wall [72], and later redefined by
Kashiwara (as exposed in Lion–Vergne [54]). Related notions are introduced
in Dazord [17] and Demazure [18]. The Wall–Kashiwara index, as we will
call, it is a refinement of the notion of index of inertia of Leray [50] in the
sense that is defined for arbitrary triples, while Leray’s definition only works
when some transversality condition is imposed (the same restriction applies
to the index used in Guillemin–Sternberg [33]).
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First properties

Let us introduce the following terminology and notation: let Q be a quadra-
tic form on some real Euclidean space. The associated symmetric matrix
M = D2Q has µ+ positive eigenvalues and µ− negative eigenvalues. We
will call the difference µ+ − µ− the signature of the quadratic form Q and
denote it by signQ:

sign Q = µ+ − µ−.

Definition 49 Let (`, `′, `′′) be an arbitrary triple of Lagrangian planes in
a symplectic space (E, ω). The “Wall–Kashiwara signature” (or, for short:
signature) of the triple (`, `′, `′′) is the signature of the quadratic form

Q(z, z′, z′′) = ω(z, z′) + ω(z′, z′′) + ω(z′′, z)

on `⊕ `′ ⊕ `′′.

Let us illustrate this definition in the case n = 1, with ω = − det. The
quadratic form Q is here

Q(z, z′, z′′) = −det(z, z′)− det(z′, z′′)− det(z′′, z).

Choosing ` = `X = Rx× 0, `′′ = `P = 0×Rp, and `′ = `a : p = ax, we have

Q = −axx′ − p′′x′ + p′′x.

After diagonalization this quadratic form becomes

Q = Z2 − (X2 + (sign a)Y 2)

and hence, by a straightforward calculation:

τ(`X , `a, `P ) =




−1 if a > 0
0 if a = 0
+1 if a < 0

(2.1)

(this formula will be generalized to (R2n
z , σ) in Corollary 52). The signature

τ(`, `′, `′′) of three lines is thus 0 if any two of them coincide, −1 if the
line `′ lies “between” ` and `′′ (the plane being oriented in the usual way),
and +1 if it lies outside. An essential observation is that we would get
the same values for an arbitrary triple `, `′, `′′ of lines having the same
relative positions as `X , `a, `P because one can always reduce the general
case to that of the triple (`X , `a, `P ), by using a matrix with determinant
one. Thus the signature is here what one sometimes call the “cyclic order”
of three lines. It is easy to check that the following formula holds:

τ(`, `′, `′′) = 2
[
θ − θ′

2π

]

anti

− 2
[
θ − θ′′

2π

]

anti

+ 2
[
θ′ − θ′′

2π

]

anti

(2.2)
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The line ` : x cos α + p sin α = 0 is here identified with θ = 2α and [·]anti is
the symmetrized integer part function, that is

[s]anti = 1
2 ([s]− [−s]) , [s] = k if k ≤ s < k + 1

(for k an integer).
Let us now return to the general case. The following properties of the

signature are immediate:

WK1 τ is Sp(E,ω)-invariant: for every S ∈ Sp(E, ω) and `, `′ and `′′ ∈
(Lag(E,ω)) we have

τ(S`, S`′, S`′′) = τ(`, `′, `′′) (2.3)

(because σ(Sz, Sz′) = σ(z, z′), and so on).

WK2 τ is totally antisymmetric: for any permutation p of the set {1, 2, 3}
we have

τ(`p(1), `p(2), `p(3)) = (−1)sgn(p)τ(`1, `2, `3) (2.4)

where sgn(p) = 0 if p is even, 1 if p is odd (this immediately follows
from the antisymmetry of σ).

WK3 Let τ ′ and τ ′′ be the signature in Lag(E′, ω′) and Lag(E′′, ω′′) re-
spectively, and τ the signature in Lag(E,ω) with (E,ω) = (E′, ω′)⊕
(E′′, ω′′). Then

τ(`′1 ⊕ `′′1 , `′2 ⊕ `′′2 , `′3 ⊕ `′′3) = τ ′(`′1, `
′
2, `

′
3) + τ ′′(`′′1 , `′′2 , `′′3)

for (`′1, `
′
2, `

′
3) ∈ (Lag(E′, ω′))3 and (`′′1 , `′′2 , `′′3) ∈ (Lag(E′′, ω′′))3.

At this point we want to mention that the properties listed above charac-
terize the Wall–Kashiwara signature up to a factor: Cappell, Lee, and Miller
[14] have shown that if (χn)n≥1 is a family of functions χn : (Lag(n))3 −→
Z satisfying (WK1)–(WK2), then each χn is proportional to the Wall–
Kashiwara signature τn = τ on Lag(n).

Here are two results which sometimes simplify calculations of the signa-
ture:

Proposition 50 Assume that ` ∩ `′′ = 0, then τ(`, `′, `′′) is the signature
of the quadratic form

Q′(z′) = ω(P (`, `′′)z′, z′) = ω(z′, P (`′′, `)z′)

on `′, where P (`, `′′) is the projection onto ` along `′′ and P (`′′, `) = I −
P (`, `′′) is the projection on `′′ along `.
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Proof. We have

Q(z, z′, z′′) = ω(z, z′) + ω(z′, z′′) + ω(z′′, z)
= ω(z, P (`′′, `)z′) + ω(P (`, `′′)z′, z′′) + ω(z′′, z)
= ω(P (`, `′′)z′, P (`′′, `)z′)− ω(z − P (`, `′′)z′, z′′ − P (`′′, `)z′).

Let u = z − P (`, `′′)z′, u′ = z′, u′′ = z′′ − P (`′′, `)z′. The signature of Q is
then the signature of the quadratic form

(u, u′, u′′) 7−→ ω(P (`, `′′)u′, P (`′′, `)u′)− ω(u, u′′)

hence the result since the signature of the quadratic form (u, u′′) 7−→
ω(u, u′′) is obviously equal to zero.

Proposition 51 Let (`, `′, `′′) be a triple of Lagrangian planes such that an
` = ` ∩ `′ + ` ∩ `′′. Then τ(`, `′, `′′) = 0.

Proof. Let E′ ⊂ `∩ `′ and E′′ ⊂ `∩ `′′ be subspaces such that ` = E′⊕E′′.
Let

(z, z′, z′′) ∈ `× `′ × `′′

and write z = u′ + u′′, (u, u′) ∈ E′ × E′′. We have

σ(z, z′) = σ(u′ + u′′, z′) = σ(u′′, z′)
σ(z′′, z) = σ(z′′, u′ + u′′) = σ(u′′, z)

and hence
Q(z, z′, z′′) = σ(u′′, z′) + σ(z′, z′′) + σ(z′′, u′).

Since σ(u′, u′′) = 0 this is

Q(z, z′, z′′) = σ(z′ − u′, z′′ − u′′)

so that τ(`, `′, `′′) is the signature of the quadratic form (y′, y′′) 7−→ σ(y′, y′′)
on `′ × `′′. This signature is equal to zero hence the result.

The following consequence of Proposition 50 generalizes formula (2.1):

Corollary 52 Let (E, ω) be the standard symplectic space (R2n
z , σ). Let

`X = Rn × 0, `P = 0 × Rn, and `A = {(x,Ax), x ∈ Rn}, A being a
symmetric linear mapping Rn 7−→ Rn. Then

τ(`P , `A, `X) = sign(A) , τ(`X , `A, `P ) = − sign(A). (2.5)

Proof. Formulae (2.5) are equivalent in view of the antisymmetry of τ . In
view of the proposition above τ(`P , `A, `X) is the signature of the quadratic
form Q′ on `A given by

Q′(z) = σ(P (`P , `A, `X)z, P (`X , `P )z)

hence Q′(z) = 〈x, Ax〉 and the corollary follows.
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The cocycle property of τ

Less obvious –but of paramount importance for the general theory of the
Leray index is the following “cocycle property” of the Wall–Kashiwara sig-
nature.

Theorem 53 For `1, `2, `3, `4 in Lag(E, ω) we have

τ(`1, `2, `3)− τ(`2, `3, `4) + τ(`1, `3, `4)− τ(`1, `2, `4) = 0. (2.6)

Proof. We begin by rewriting the quadratic form Q defining τ in a more
tractable form. Let `, `′, `′′ be three arbitrary Lagrangian planes and choose
a symplectic basis

B = {e1, ..., en} ∪ {f1, ..., fn}
of (E, ω) such that

` ∩ `0 = `′ ∩ `0 = `′′ ∩ `0 = 0

where `0 = Span{f1, ..., fn}. Let dim E = 2n and write a vector z in the
basis B as

z =
n∑

i=1

xiei +
n∑

j=1

pjifj ,

there exist symmetric matrices M, M ′,M ′′ such that

` : p = Mx , `′ : p = M ′x , `′′ : p = M ′′x

(Proposition 14, (ii)). The integer τ(`, `′, `′′) being a symplectic invariant,
it is the signature of the quadratic form

R(z, z′, z′′) = σ(x,Mx; x′,Mx′)+
σ(x′,M ′x′; x′′,M ′′x′′) + σ(x′′,M ′′x′′; x,Mx)

which we can rewrite after a straightforward calculation as

R(z, z′, z′′) =
1
2
XT RX , X = (x, x′, x′′)

where R is the symmetric matrix

R =




0 M −M ′ M ′′ −M
M −M ′ 0 M ′ −M ′′

M ′′ −M M ′ −M ′′ 0


 .

The quadratic form R has same signature τ(`, `′, `′′) as R ◦ V for any in-
vertible matrix V . Choosing

V =




0 I I
I 0 I
I I 0
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the matrix of the quadratic form R ◦ V is

1
2
V T RV =




M ′ −M ′′ 0 0
0 M ′′ −M 0
0 0 M −M ′




and hence

τ(`, `′, `′′) = sign(M −M ′) + sign(M ′ −M ′′) + sign(M ′′ −M). (2.7)

The theorem now easily follows: writing, with obvious notations

τ(`1, `2, `3) = sign(M1 −M2) + sign(M2 −M3) + sign(M3 −M1).
τ(`2, `3, `4) = sign(M2 −M3) + sign(M3 −M4) + sign(M4 −M2).
τ(`1, `3, `4) = sign(M1 −M3) + sign(M3 −M4) + sign(M4 −M1)

we get, since sign(Mi −Mj) = − sign(Mj −Mi):

τ(`1, `2, `3)− τ(`2, `3, `4) + τ(`1, `3, `4) =
sign(M1 −M2) + sign(M2 −M4) + sign(M4 −M1)

that is

τ(`1, `2, `3)− τ(`2, `3, `4) + τ(`1, `3, `4) = τ(`1, `2, `4).

Formula (2.6) has a straightforward combinatorial interpretation. Recall
the following terminology from algebraic topology (see for instance Spanier
[68]): let X be a set, k an integer ≥ 0, (G, +) an Abelian group. By
definition, a (G-valued) k-cochain on X (or just cochain when the context
is clear) is a mapping

c : Xk+1 −→ G.

To every k-cochain one associates its coboundary : it is the (k + 1)-cochain
∂c defined by

∂c(x0, ..., xk+1) =
k+1∑

j=0

(−1)jc(x0, ..., x̂j , ..., xk+1), (2.8)

where the cap ˆ suppresses the term it covers. The operator

∂k : {k-cochains} −→ {(k + 1)-cochains}

defined by (2.8) is called the coboundary operator. We will use the collective
notation ∂ whenever its range is obvious. The coboundary operator satisfies
the important (but easy to prove) equality ∂2c = 0 for every cochain c. A
cochain c is called coboundary if there exists a cochain m such that c = ∂m.
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A cochain c is called a cocycle if ∂c = 0. Obviously every coboundary is a
cocycle.

With this terminology the Wall–Kashiwara index is a 2-cochain on
Lag(E, ω) and we have

∂τ(`1, `2, `3) = τ(`1, `2, `3)− τ(`2, `3, `4) + τ(`1, `3, `4)− τ(`1, `2, `4)

so that Theorem 53 can be restated in concise form as:

∂τ = 0.

Topological properties of τ

Consider three lines `, `′, `′′ through the origin in the symplectic plane. As
discussed in the beginning of the section the signature τ(`, `′, `′′) determines
the relative positions of these lines. If we now move these three liner continu-
ously, in such a way that their intersections do not change, the signature will
remain unaltered. The same property remains true in higher dimensions.
To prove this, we need the following elementary lemma which describes the
kernel of the quadratic form defining τ . In order to avoid a deluge of multi-
ple “primes” in the proof we slightly change notations and write (`1, `2, `3)
instead of (`, `′, `′′) so that the defining quadratic form becomes

Q(z1, z2, z3) = σ(z1, z2) + σ(z2, z3) + σ(z3, z1)

with (z1, z2, z3) ∈ `1 × `2 × `3.
Recall that the kernel of a quadratic form is the kernel of the matrix of

the associated bilinear form.

Lemma 54 Let KerQ be the kernel of the quadratic form Q. There exists
an isomorphism

KerQ ≡ (`1 ∩ `2)× (`2 ∩ `3)× (`3 ∩ `1). (2.9)

Proof. Let A be the matrix of Q. The condition u ∈ KerQ is equivalent
to

vT Au = 0 for all v ∈ `1 × `2 × `3. (2.10)

In view of the obvious identity

(u + v)A(u + v)T = vAvT

valid for every u in Ker Q, formula (2.10) is equivalent to the condition:

(u + v)A(u + v)T − vAvT = 0 for all v ∈ `1 × `2 × `3 (2.11)

that is, to

Q(z1 + z
′
1, z2 + z

′
2, z3 + z

′
3)−Q(z

′
1 + z

′
2, z

′
3) (2.12)

= ω(z1, z
′
2) + ω(z2, z

′
3) + ω(z

′
1 + z2) + ω(z

′
2, z3) + ω(z

′
3, z1)

= ω(z1 − z3, z
′
2) + ω(z2 − z1, z

′
3) + ω(z3 − z2, z

′
1)

= 0.
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Taking successively z
′
1 = z

′
3 = 0, z

′
1 = z

′
2 = 0, and z

′
2 = z

′
3 = 0 the equality

(2.12) then implies

ω(z1 − z3, z
′
2) = 0 for all z

′
2 ∈ `2,

ω(z2 − z1, z
′
3) = 0 for all z

′
3 ∈ `3,

ω(z3 − z2, z
′
3) = 0 for all z

′
1 ∈ `1,

hence, since `1, `2, `3 are Lagrangian planes:

(z3 − z2, z1 − z3, z2 − z1) ∈ `1 × `2 × `3.

It follows that

z1 + z2 − z3 = z1 + (z2 − z3) = (z1 − z3) + z2 ∈ `1 ∩ `2
z2 + z3 − z1 = z2 + (z3 − z1) = (z2 − z1) + z3 ∈ `2 ∩ `3
z3 + z1 − z2 = z3 + (z1 − z2) = (z3 − z2) + z1 ∈ `3 ∩ `1.

The restriction to Ker Q of the automorphism of z3 defined by

(z1, z2, z3) 7−→ (z
′
1, z

′
2, z

′
3)

with
z
′
1 = z1 + z2 − z3, z

′
2 = z2 + z3 − z1, z

′
3 = z3 + z1 − z2

is thus an isomorphism of Ker Q onto (`1 ∩ `2)× (`2 ∩ `3)× (`3 ∩ `1).

We are now in position to prove the main topological property of the
signature. Let us introduce the following notation: if k, k′, k′′ are three
integers such that 0 ≤ k, k′, k′′ ≤ n. we define a subset Lag3

k,k′,k′′(n) of
Lag3(n) by

Lag3
k,k′,k′′(E,ω) = {(`, `′, `′′) : dim(` ∩ `′) = k,

dim(`′ ∩ `′′) = k′, dim(`′′ ∩ `) = k′′} .

Proposition 55 The Wall–Kashiwara signature has the following proper-
ties:

(i) It is locally constant on each set Lag3
k,k′,k′′(E,ω).;

(ii) If the triple (`, `′, `′′) move continuously in Lag3(E,ω) in such a way
that dim `∩ `′, dim `′∩ `′′ = k′, and dim `′′∩ ` do not change then τ(`, `′, `′′)
remains constant;

(iii) We have

τ(`, `′, `′′) = n + dim ` ∩ `′ + dim `′ ∩ `′′ + dim `′′ ∩ ` mod 2 (2.13)

Proof. Properties (i) and (ii) are equivalent since Lag(E,ω) (and hence
also Lag3(E, ω)) is connected. Property (iii) implies (i), and hence (ii). It
is therefore sufficient to prove the congruence (2.13). Let A be the matrix
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in the proof of Lemma 54. In view of the isomorphism statement (2.9) we
have

rank(A) = 3n− (dim ` ∩ `′ + dim `′ ∩ `′′ + dim `′′ ∩ `).

Let (τ+, τ−) be the signature of A, so that (by definition) τ(`, `′, `′′) =
τ+ − τ−. Since rank(A) = τ+ + τ− we thus have

τ(`, `′, `′′) ≡ rank(A) mod 2

hence (2.13).

Remark 56 Define a 1-cochain dim on Lag(n) by dim(`, `′) = dim(`∩ `′).
In view of the obvious relation

dim ` ∩ `′ + dim `′ ∩ `′′ + dim `′′ ∩ ` ≡
dim ` ∩ `′ − dim `′ ∩ `′′ + dim `′′ ∩ ` mod 2

we can rewrite formula (2.13) as

τ(`, `′, `′′) ≡ ∂ dim(`, `′, `′′) , mod 2. (2.14)

For short: τ = ∂ dim, mod 2.

2.2 The Souriau Mapping and the Maslov Index

The locution Maslov index has become a household name in mathematics.
It is actually a collective denomination for a whole constellation of discrete-
values functions defined on loops (or, more generally, on paths) in Lag(n) or
Sp(n), and which can be viewed as describing the number of times a given
loop (or path) intersects some particular locus in Lag(n) or Sp(n) known
under the omnibus name of “caustic”.

In this section we will only deal with the simplest notion of Maslov index,
that of loops in Lag(n), and whose definition is due to Maslov and Arnol’d.
We will generalize the notion to paths in both Lag(n) and Sp(n) when we
will deal with semiclassical mechanics.

There are several (but equivalent) ways of introducing the Maslov index
on Lag(n). The simplest (especially for explicit calculation) makes use of
the fact that we can identify the Lagrangian Grassmannian Lag(n) with a
set of matrices, using the so-called “Souriau mapping”. This will provide
us not only with a simple way of defining correctly the Maslov index of
Lagrangian loops, but will also allow us to construct the “Maslov bundle”
in Subsection 2.3.

The Souriau mapping

Recall that the mapping

A + iB 7−→
[
A −B
B A

]

45



identifies U(n,C) with a subgroup U(n) of Sp(n). That subgroup consists
of all

U =
[
A −B
B A

]

where A and B satisfy the conditions

AT A + BT B = I , AT B = BT A (2.15a)

AAT + BBT = I , ABT = BAT . (2.15b)

Also recall that the unitary group U(n,C) acts transitively on the La-
grangian Grassmannian Lag(n) by the law u` = U` where U ∈ U(n) is
associated to u ∈ U(n,C).

We denote by W(n,C) the set of all symmetric unitary matrices:

W(n,C) =
{
w ∈ U(n,C) : w = wT

}

and by W the image of w ∈ W(n,C) in U(n) ⊂ Sp(n). The set of all such
matrices W is denoted by W(n). Applying the conditions (2.15) we thus
have

W =
[
A −B
B A

]
∈ W(n) ⇐⇒





A2 + B2 = I
AB = BA

A = AT , B = BT .

Observe that neither W(n,C) nor W(n) are groups: the product of two
symmetric matrices is in general not symmetric.

Interestingly enough, the set W(n,C) is closed under the operation of
taking square roots:

Lemma 57 For every w ∈ W(n,C) [respectively W ∈ W(n)] there exists
u ∈ W(n,C) [resp. U ∈ W(n)] such that w = u2 [respectively W = U2].

Proof. Let w = A + iB. The condition ww∗ = I implies that AB =
BA. It follows that the symmetric matrices A and B can be diagonalized
simultaneously: there exists R ∈ O(n,R) such that G = RART and H =
RBRT are diagonal. Let gj and hj (1 ≤ j ≤ n) be the eigenvalues of G
and H, respectively. Since A2 + B2 = I we have g2

j + h2
j = 1 for every j.

Choose now real numbers xj , yj such that x2
j − y2

j = gj and 2xjyj = hj

for 1 ≤ j ≤ n and let X and Y be the diagonal matrices whose entries are
these numbers xj , yj . Then (X + iY )2 = G + iH, and u = RT (X + iY )R
is such that u2 = w.

We are now going prove that Lag(n) can be identified with W(n,C) (and
hence with W(n)). Let us begin with a preparatory remark:

Remark 58 Suppose that u`P = `P . Writing u = A + iB this implies
B = 0, and hence u ∈ O(n,R). This is immediately seen by noting that
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the condition u`P = `P can be written in matrix form as: for every p there
exists p′ such that [

A −B
B A

] [
0
p

]
=

[
0
p′

]
.

Theorem 59 (i) For ` ∈ Lag(n) and u ∈ U(n,C) such that ` = u`P

the product w = uuT only depends on ` and not on the choice of u. The
correspondence ` −→ uuT is thus the mapping

w(·) : Lag(n) −→ W(n,C) , w(`) = w = uuT (2.16)

(ii) That mapping is a bijection, and satisfies

w(u`) = uw(`)uT (2.17)

for every u ∈ U(n,C).

Proof. Proof of (i). Let us show that if two unitary matrices u and u′ are
both such that u`P = u′`P then uuT = u′(u′T ). This will prove the first
statement. The condition u`P = u′`P is equivalent to u−1u′`P = `P . In
view of the preparatory remark above, this implies that we have u−1u′ = h
for some h ∈ O(n,R). Writing u′ = uh we have

u′(u′)T = (uh)(uh)T = u(hhT )uT = uuT

since hhT = I.
Proof of (ii). Let us show that the mapping w(·) is surjective. In view
of Lemma 57 for every w ∈ W(n,C) there exists u ∈ W(n,C) such that
w = u2 = uuT (since u is symmetric). The Lagrangian plane ` = u`P is
then given by w(`) = w, hence the surjectivity. To show that w(·) is injective
it suffices to show that if uuT = u′u′T , then u`P = u′`P , or equivalently,
that (u′)−1u ∈ O(n,R). Now, the condition uuT = u′u′T implies that
(u′)−1u = u′T (uT )−1 and hence

(u′)−1u
(
(u′)−1u

)T
= (u′)−1u

(
u′T (uT )−1

)T
= I

that is (u′)−1u ∈ O(n,R) as claimed. There remains to prove formula (2.17).
Assume that ` = u′`P . Then u` = uu′`P and hence

w(u`) = (uu′)(uu′)T = u(u′(u′T ))uT = u′(u′T )

as claimed.

The Souriau mapping is a very useful tool when one wants to study
transversality properties for Lagrangian planes. For instance

` ∩ `′ = 0 ⇐⇒ det(w(`)− w(`′)) 6= 0. (2.18)

This is immediately seen by noticing that the condition det(w(`)−w(`′)) 6= 0
is equivalent to saying that w(`)(w(`′))−1 does not have +1 as an eigenvalue.
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The equivalence (2.18) is in fact a particular case of the more general result.
We denote by W (`) the image of w(`) in U(n):

w(`) = X + iY ⇐⇒ W (`) =
[
X −Y
Y X

]
(2.19)

Proposition 60 For any two Lagrangian planes ` and `′ in we have

rank(W (`)−W (`′)) = 2(n− dim(` ∩ `′)). (2.20)

Proof. Since Sp(n) acts transitively on Lag(n) it suffices to consider the
case `′ = `P , in which case formula (2.20) reduces to

rank(w(`)− I) = 2(n− dim(` ∩ `P )).

Let w(`) = uuT where u = A + iB. Then, using the relations (2.15),

w(`)− I = −2(BT B − iAT B) = −2BT (B − iA)

hence, with notation (2.19).

W (`)− I = −2
[
BT 0
0 BT

] [
B A
−A B

]
.

It follows that
rank(W (`)− I) = 2 rank B,

which is equivalent to (2.20).

The Souriau mapping w(·) can also be expressed in terms of projection
operators on Lagrangian planes. Let ` be a Lagrangian plane and denote
by P` the orthogonal projection in R2n

z on `:

P 2
` = P` , Ker(P`) = J` , (P`)T = P`.

We have:

Proposition 61 The image W (`) of w(`) in U(n) is given by

W (`) = (I − 2P`)C (2.21)

where P` is the orthogonal projection in R2n
z on ` and C =

[
I 0
0 −I

]
is the

“conjugation matrix”.

Proof. Since U(n) acts transitively on Lag(n), there exists U ∈ U(n) such
that ` = U`P . Writing

U =
[
A −B
B A

]
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it follows from the relations (2.15) that the vector (Ax,Bx) is orthogonal
to `. One immediately checks that the projection operator on ` has matrix

P` =
[

BBT −ABT

−BAT AAT

]

and hence

(I − 2P`)C =
[
AAT −BBT −2ABT

2BAT BBT −AAT

]

that is:

(I − 2P`)C =
[
A −B
B A

] [
AT −BT

BT AT

]
= W (`).

Definition and properties of the Maslov index

We are going to use the Souriau mapping to show that π1 [Lag(n)] is iso-
morphic to the integer group (Z, +). This will also allow us to define the
Maslov index of a loop in Lag(n).

Let us begin with a preliminary result, interesting by itself. It is a “folk
theorem” that the Poincaré group π1[U(n,C)] is isomorphic to the integer
group (Z,+). Let us give a detailed proof of this property. This will at the
same time give an explicit isomorphism we will use to define the Maslov
index. We recall that the special unitary group SU(n,C) is connected and
simply connected (see e.g. Leray [50], Ch. I, §2,3).

Lemma 62 The mapping π1[U(n,C)] −→ Z defined by

γ 7−→ 1
2πi

∫

γ

d(det u)
detu

(2.22)

is an isomorphism, and hence π1[U(n,C)] ∼= (Z, +).

Proof. The kernel of the epimorphism u 7−→ detu is SU(n,C) so that we
have a fibration U(n,C)/ SU(n,C) = S1. The homotopy sequence of that
fibration contains the following exact sequence

π1[SU(n,C)] i−→ π1[U(n,C)]
f−→ π1[S1] −→ π0[SU(n,C)]

where f is induced by U(n,C)/ SU(n,C) = S1. Since SU(n,C) is both
connected and simply connected π0[SU(n,C)] and π1[SU(n,C)] are trivial,
and the sequence above reduces to

0 −→ π1[U(n,C)]
f−→ π1[S1] −→ 0

hence f is an isomorphism. The result now follows from the fact that the
mapping π1[S1] −→ Z defined by

α 7−→ 1
2πi

∫

α

dz

z
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is an isomorphism π1[S1] ∼= Z.

Next result is important since it shows, among other things, that the
fundamental group of the Lagrangian Grassmannian Lag(n) is isomorphic
to the integer group (Z,+). That isomorphism Lag(n) ∼= (Z, +) is, by
definition, the Maslov index :

Theorem 63 (i) The mapping

π1 [W(n,C)] 3 γW 7−→ 1
2πi

∫

γW

d(det w)
detw

∈ Z (2.23)

is an isomorphism π1 [W(n,C)] ∼= (Z, +).
(ii) The composition of this isomorphism with the isomorphism

π1 [Lag(n)] ∼= π1 [W(n,C)] induced by the Souriau mapping is an isomor-
phism

mLag : π1 [Lag(n)] ∼= (Z, +). (2.24)

(iii) In fact π1 [Lag(n)] has a generator β such that mLag(βr) = r for
every r ∈ Z.

Proof. The statement (ii) is an obvious consequence of the statement (i).
Let us prove (i). Since W(n,C) ⊂ U(n,C) It follows from Lemma 62 that

1
2πi

∫

γW

d(detw)
detw

∈ Z

for every γW ∈ π1 [W(n,C)] and that the homomorphism (2.23) is injective.
Let us show that this homomorphism is also surjective. It suffices for that
to exhibit the generator β in (iii). Writing (x, p) = (x1, p1; ...; xn, pn) the
direct sum Lag(1)⊗ · · · ⊕ Lag(1) (n terms) is a subset of Lag(n). Consider
the loop β(1) : t 7−→ e2πit, 0 ≤ t ≤ 1, in W (1,C) ≡ Lag(1). Set now
β = β(1) ⊕ I2n−2 where I2n−2 is the identity in W (n − 1,C). We have
βr = βr

(1) ⊕ I2n−2 and

mLag(βr) =
1

2πi

∫ 1

0

d(e2πirt)
e2πirt

= r

which was to be proven.

The isomorphism π1 [Lag(n)] ∼= (Z,+) constructed in Theorem 63 is pre-
cisely the Maslov index of the title of this section:

Definition 64 (i) The mapping m
(n)
Lag which to every loop γ in Lag(n) as-

sociates the integer

m
(n)
Lag(γ) =

1
2πi

∮

γ

d(detw)
detw

(2.25)
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is called “Maslov index” on Lag(n). When the dimension n is understood
we denote it by mLag as in Theorem 63.

(ii) The loop β = β(1) ⊕ I2n−2 in Lag(n) is called the generator of
π1 [Lag(n)] whose natural image in Z is +1.

We will construct an extension of m
(n)
Lag under the name “Leray index”. It

will lead us to the definition of quite general Lagrangian intersection indices.
If γ and γ′ are loops with same origin we denote by γ ∗ γ′ their concate-

nation, that is the loop γ followed by the loop γ′:

γ ∗ γ′(t) =

{
γ(2t) for 0 ≤ t ≤ 1/2

γ(2t− 1) for 1/2 ≤ t ≤ 1.

The following result characterizes the Maslov index:

Proposition 65 The family (m(n)
Lag)n∈N is the only family of mappings

m
(n)
Lag : Lag(n) −→ Z

having the following properties:
(i) Homotopy: two loops γ and γ′ in Lag(n) are homotopic if and only if

m
(n)
Lag(γ) = m

(n)
Lag(γ

′);
(ii) Additivity under concatenation: for all loops γ and γ′ in Lag(n) with

same origin
m

(n)
Lag(γ ∗ γ′) = m

(n)
Lag(γ) + m

(n)
Lag(γ

′);

(iii) Normalization: the generator β of π1 [Lag(n)] has Maslov index
m

(n)
Lag(β) = +1.
(iv) Dimensional additivity: identifying Lag(n1)⊕ Lag(n2) with a subset

of Lag(n), n = n1 + n2, we have

m
(n)
Lag(γ1 ⊕ γ2) = m

(n1)
Lag (γ1) + m

(n2)
Lag (γ2)

if γj is a loop in Lag(nj), j = 1, 2.

Proof. The additivity properties (ii) and (iv) are obvious and so is the
normalization property (iii) using formula (2.25). That m

(n)
Lag(γ) only de-

pends on the homotopy class of the loop γ is clear from the definition
of the Maslov index as being a mapping π1 [Lag(n)] −→ (Z, +) and that
m

(n)
Lag(γ) = m

(n)
Lag(γ

′) implies that γ and γ′ are homotopic follows from the in-

jectivity of that mapping. Let us finally prove the uniqueness of (m(n)
Lag)n∈N.

Suppose there is another family of mappings Lag(n) −→ Z having the same
property. Then the difference (δ(n)

Lag)n∈N has the properties (i), (ii), (iv) and

(iii) is replaced by δ
(1)
Lag(β(1)) = 0. Every loop γ in Lag(n) being homotopic

to βr for some r ∈ Z it follows from the concatenation property (ii) that
δ
(n)
Lag(γ) = δ

(n)
Lag(β

r) = 0.
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Remark 66 Notice that we did not use in the proof of uniqueness in Propo-
sition 65 the dimensional additivity property: properties (i), (ii), and (iii)
thus characterize the Maslov index.

The Maslov index on Sp(n)

Let γ : [0, 1] −→ Sp(n) be a loop of symplectic matrices: γ(t) ∈ Sp(n)
and γ(0) = γ(1). The orthogonal part of the polar decomposition γ(t) =
U(t)eX(t) is given by the formula

U(t) = γ(t)(γ(t)T γ(t))−1/2. (2.26)

Definition 67 The Maslov index of the symplectic loop γ is the integer

mSp(γ) =
1
2π

(θ(1)− θ(0))

where θ is the continuous function [0, 1] −→ R defined by detu(t) = eiθ(t)

where u(t) is the image in U(n,C) of the matrix U(t) ∈ U(n) defined by
(2.26).

Let us exhibit a particular generator of π1[Sp(n)]. In addition to the fact
that it allows easy calculations of the Maslov index it will be useful in the
study of general symplectic intersection indices in Chapter 3.

Let us rearrange the coordinates in R2n
z and identify (x, p) with the vector

(x1, p1..., xn, pn). Denoting by Sp(1) the symplectic group acting on pairs
(xj , pj) the direct sum

Sp(1)⊕ Sp(1)⊕ · · · ⊗ Sp(1) (n terms)

is identified with a subgroup of Sp(n) in the obvious way. We will denote
by J1 the standard 2× 2 symplectic matrix:

J1 =
[

0 1
−1 0

]
.

With these notations we have (cf. the proof of Theorem 63):

Proposition 68 (i) The fundamental group π1[Sp(n)] is generated by the
loop

α : t 7−→ e2πtJ1 ⊕ In−2 , 0 ≤ t ≤ 1 (2.27)

where I2n−2 is the identity on R2n−2.
(ii) The Maslov index of any symplectic loop γ is mSp(γ) = r where the

integer r is define by the condition: ” γ is homotopic to αr”.

Proof. Proof of (i). Clearly J1 ∈ sp(1) hence α(t) ∈ Sp(n). Since

e2πtJ1 =
[
cos 2πt − sin 2πt
sin 2πt cos 2πt

]
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we have α(0) = α(1). Now α(t)T α(t) is the identity hence

α(t)(α(t)T α(t))−1/2 = α(t) =
[
A(t) −B(t)
B(t) A(t)

]

where A(t) and B(t) are the diagonal matrices

A(t) = diag[cos(2πt), 1, ..., 1]
B(t) = diag[sin(2πt), 0, ..., 0].

Let ∆ be the mapping Sp(n) −→ S1 defined in Corollary 34 above. We
have

∆(α(t)) = det(A(t) + iB(t)) = e2πit (2.28)

hence t 7→ ∆(α(t)) is the generator of π1[S1]. The result follows.
Proof of (ii). It suffices to show that mSp(α) = 1. But this immediately
follows from formula (2.28).

Definition 69 (i) The loop α defined by (2.27) will be called the “generator
of π1[Sp(n)] whose image in Z is +1”.

(ii) Let γ be an arbitrary loop in Sp(n). The integer r such that γ is
homotopic to αr is called “Maslov index of γ”.

The following result is the analogue of Proposition 65. Its proof being
quite similar we do not give it:

Proposition 70 The family (m(n)
Sp )n∈N Maslov index is the only family of

mappings m
(n)
Sp : Sp(n) −→ Z having the following properties:

(i) Homotopy: two loops γ and γ′ in Sp(n) are homotopic if and only if
m

(n)
Sp (γ) = m

(n)
Sp (γ′);

(ii) Additivity under concatenation: for all loops γ and γ′ in Sp(n) with
same origin

m
(n)
Sp (γ ∗ γ′) = m

(n)
Sp (γ) + m

(n)
Sp (γ′);

(iii) Normalization: the generator α of π1 [Sp(n)] has Maslov index
m

(n)
Sp (β) = +1.
(iv) Dimensional additivity: identifying Sp(n1)⊕ Sp(n2) with a subset of

Lag(n), n = n1 + n2 we have

m
(n)
Sp (γ1 ⊕ γ2) = m

(n1)
Sp (γ1) + m

(n2)
Sp (γ2)

if γj is a loop in Sp(nj), j = 1, 2.
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2.3 The Leray Index

Following the ideas of Maslov [56] and Arnol’d [4] Leray constructed in
[50, 51, 52] an index m having the property

m(`∞, `′∞)−m(`∞, `′′∞) + m(`′∞, `′′∞) = Inert(`, `′, `′′)

for all triples (`∞, `′∞, `′′∞) with pairwise transversal projections:

` ∩ `′ = `′ ∩ `′′ = `′′ ∩ ` = 0. (2.29)

The integer Inert(`, `′, `′′) is the index of inertia of the triple (`, `′, `′′) (Leray
[50]). It is defined as follows: the conditions

(z, z′, z′′) ∈ `× `′ × `′′ , z + z′ + z′′ = 0

define three isomorphisms z 7−→ z′, z′ 7−→ z′′, z′′ 7−→ z whose product is
the identity. It follows that

σ(z, z′) = σ(z′, z′′) = σ(z′′, z)

is the value of a quadratic form at z ∈ ` (or z′ ∈ `′, or z′′ ∈ `′′). These
quadratic forms have the same index of inertia, denoted by Inert(`, `′, `′′).

Since Leray’s index of inertia Inert(`, `′, `′′) is defined in terms of quadratic
forms which only exist when the transversality conditions (2.29) are satis-
fied, it is not immediately obvious how to extend m(`∞, `′∞) to arbitrary
pairs (`∞, `′∞). The extension we will present first appeared in [23] and was
then detailed in [25]. (Dazord has constructed in [17] a similar index using
methods from algebraic topology). The main idea is to use the signature
τ(`, `′, `′′) instead of Inert(`, `′, `′′). This idea probably goes back to Lion
and Vergne [54], albeit in a somewhat incomplete form: see the discussion
in [23, 24]. For a very detailed study of related indices see the deep paper
[14] by Cappell et al.

The theory of the Leray index is a beautiful generalization of the theory
of the Maslov index of Lagrangian loops. It is a very useful mathematical
object, which can be used to express various other indices: Lagrangian and
symplectic path intersection indices, and, as we will see, the Conley–Zehnder
index.

The problem

Recall that the Wall–Kashiwara signature associates to every triple (`, `′, `′′)
of Lagrangian planes in (R2n

z , σ) an integer τ(`, `′, `′′) which is the signature
of the quadratic form

(z, z′, z′′) 7−→ σ(z, z′) + σ(z′, z′′) + σ(z′′, z)

on ` ⊕ `′ ⊕ `′′. Besides being antisymmetric and Sp(n)-invariant, τ is a
cocycle, that is:
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τ(`1, `2, `3)− τ(`2, `3, `4) + τ(`1, `3, `4)− τ(`1, `2, `4) = 0. (2.30)

As shortly mentioned in the statement of Theorem 53 this property can be
expressed in terms of the coboundary operator ∂ in the abbreviated form

∂τ(`1, `2, `3, `4) = 0.

Let us look for primitives of the cocycle τ . By primitive we mean a “1-
cochain”

µ : Lag(n)× Lag(n) −→ Z

such that
∂µ(`1, `2, `3) = τ(`1, `2, `3)

where ∂ is the usual “coboundary operator”. That primitives exist is easy to
see: for instance, for every fixed Lagrangian plane ` the cochain µ` defined
by

µ`(`1, `2) = τ(`, `1, `2) (2.31)

satisfies, in view of (2.30),

µ`(`1, `2)− µ`(`1, `3) + µ`(`2, `3) = τ(`, `1, `2)− τ(`, `1, `3) + τ(`, `2, `3)
= τ(`1, `2, `3)

and hence ∂µ` = τ . We however want the primitive we are looking for
to satisfy, in addition, topological properties consistent with those of the
signature τ . Recall that we showed that τ(`1, `2, `3) remains constant when
the triple (`1, `2, `3) moves continuously in such a way that the dimensions
of the intersections dim(`1, `2), dim(`1, `3), dim(`2, `3) do not change. It is
therefore reasonable to demand that the primitive µ also is locally constant
on all pairs (`1, `2) such that dim(`1, `2) is fixed. It is easy to see why the
cochain (2.31) does not satisfy this property: assume, for instance, that
the pair (`1, `2) moves continuously while remaining transversal: `1 ∩ `2 =
0. Then, τ(`, `1, `2) would –if the desired condition is satisfied– remain
constant. This is however not the case, since the signature of a triple of
Lagrangian planes changes when we change the relative positions of the
involved planes (see Subsection 2.1). It turns out that we will actually
never be able to find a cochain µ on Lag(n) which is both a primitive of τ
and satisfies the topological condition above: to construct such an object
we have to pass to the universal covering Lag∞(n) (“Maslov bundle”) of
Lag(n).

Let π : Lag∞(n) −→ Lag(n) be the universal covering of the Lagrangian
Grassmannian Lag(n). We will write ` = π(`∞).

Definition 71 The Leray index is the unique mapping

µ : (Lag∞(n))2 −→ Z
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having the two following properties:
(i) µ is locally constant on the set {(`∞, `′∞) : ` ∩ `′ = 0};
(ii) ∂µ : (Lag∞(n))3 −→ Z descends to (Lag(n))3 and is equal to τ :

µ(`∞, `′∞)− µ(`∞, `′′∞) + µ(`′∞, `′′∞) = τ(`, `′, `′′). (2.32)

Notice that property (2.32) implies, together with the antisymmetry of
the signature, that if the Leray index exists then it must satisfy

µ(`∞, `′∞) = −µ(`′∞, `∞) (2.33)

for all pairs (`∞, `′∞).
Admittedly, the definition above is not very constructive. And, by the

way, why is µ (provided that it exists) unique? This question is at least
easily answered. Suppose there are two mappings µ and µ′ satisfying the
same conditions as above: for all triples (`∞, `′∞, `′′∞)

µ(`∞, `′∞)− µ(`∞, `′′∞) + µ(`′∞, `′′∞) = τ(`, `′, `′′)
µ′(`∞, `′∞)− µ′(`∞, `′′∞) + µ′(`′∞, `′′∞) = τ(`, `′, `′′).

It follows that δ = µ− µ′ is such that

δ(`∞, `′∞) = δ(`∞, `′′∞)− δ(`′∞, `′′∞). (2.34)

Since µ and µ′ are locally constant on {(`∞, `′∞) : ` ∩ `′ = 0} the same
is true of δ. Choosing `′′ such that `′′ ∩ ` = `′′ ∩ `′ = 0 we see that in
fact δ is locally constant on all of (Lag∞(n))2. Now Lag∞(n), and hence
(Lag∞(n))2, is connected so that δ is actually constant. Its constant value
is

δ(`∞, `∞) = δ(`∞, `′′∞)− δ(`∞, `′′∞) = 0

hence µ = µ′ and the Leray index is thus uniquely characterized by proper-
ties (i) and (ii) in the definition above.

We will see that the action of fundamental group of Lag(n) on Lag∞(n)
is reflected on the Leray index by the formula

µ(βr`∞, βr′`′∞) = µ(`∞, `′∞) + 2(r − r′) (2.35)

where β is the generator of π1[Lag(n)] ∼= (Z,+) whose image in Z is +1.
This formula shows that the Leray index is effectively defined on (Lag∞(n))2

(i.e., it is “multi-valued” on (Lag(n))2 ). It also shows why we could not
expect to find a function having similar properties on Lag(n) itself: if such
a function µ′ existed, we could “lift” it to a function on (Lag∞(n))2 in an
obvious way by the formula µ′(`∞, `′∞) = µ′(`, `′). But the uniqueness of
the Leray index would then imply that µ′ = µ which is impossible since µ′

cannot satisfy (2.35).
An important consequence of this uniqueness is the invariance of the

Leray index is under the action of the universal covering group Sp∞(n) of
Sp(n):
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Proposition 72 For all (S∞, `∞, `′∞) ∈ Sp∞(n)× (Lag∞(n))2 we have

µ(S∞`∞, S∞`′∞) = µ(`∞, `′∞). (2.36)

Proof. Set, for fixed S∞ ∈ Sp∞(n), µ′(`∞, `′∞) = µ(S∞`∞, S∞`′∞). We
have

µ′(`∞, `′∞)− µ′(`∞, `′′∞) + µ′(`′∞, `′′∞) = τ(S`, S`′, S`′′)

where S ∈ Sp(n) is the projection of S∞. In view of the symplectic invari-
ance of the Wall–Kashiwara signature we have τ(S`, S`′, S`′′) and hence

µ′(`∞, `′∞)− µ′(`∞, `′′∞) + µ′(`′∞, `′′∞) = τ(`, `′, `′′).

Since on the other hand S` ∩ S`′ = 0 if and only if ` ∩ `′ = 0, the index µ′

is locally constant on {(`∞, `′∞) : ` ∩ `′ = 0} and must thus be equal to µ,
that is (2.36).

There now remains the hard part of the work, namely the explicit con-
struction of the Leray index. Let us show how this can be done in the case
n = 1. The general case will definitely require more work. The Lagrangian
Grassmannian Lag(1) consists of all straight lines through the origin in the
symplectic plane (R2

z,− det). Let ` and `′ be the lines with equations

x cos α + p sin α = 0 , x cos α′ + p sinα′ = 0

and identify `∞ and `′∞ with θ = 2α and θ′ = 2α′. Denoting by [r] the
integer part of r ∈ R we then have

µ(θ, θ′) =

{
2

[
θ−θ′
2π

]
+ 1 if θ − θ′ /∈ πZ

k if θ − θ′ = kπ
. (2.37)

Introducing the antisymmetric integer part function

[r]anti =
1
2
([r]− [−r]) =

{
[r] + 1

2 if r /∈ Z
r if r ∈ Z

definition (2.37) can be rewritten in compact form as

µ(θ, θ′) = 2
[
θ − θ′

2π

]

anti

. (2.38)

The coboundary ∂µ is the function

∂µ(θ, θ′, θ′′) = 2
[
θ − θ′

2π

]

anti

− 2
[
θ − θ′′

2π

]

anti

+ 2
[
θ′ − θ′′

2π

]

anti

and this is precisely the signature τ(`, `′, `′′) in view of formula (2.2) in
Section 2.1.

To generalize this construction to arbitrary n we need a precise “numer-
ical” description of the universal covering of Lag(n).
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The Maslov bundle

The Maslov bundle is, by definition, the universal covering Lag∞(n) of the
Lagrangian Grassmannian Lag(n).

The homomorphism

π1 [U(n,C)] 3 γ 7−→ kγ ∈ Z
defined by

kγ =
1

2πi

∫

γ

d(detu)
detu

is an isomorphism π1 [U(n,C)] ∼= (Z, +). Set now

U∞(n,C) =
{
(u, θ) : u ∈ U(n,C), detu = eiθ

}

and equip this set with the topology induced by the product U(n,C) × R.
Define a projection π∞ : U∞(n,C) −→ U(n,C) by π∞(U, θ) = W , and let
the group π1 [U(n,C)] act on U∞(n,C) by the law

γ(u, θ) = (u, θ + 2kγπ).

That action is clearly transitive, hence U∞(n,C) is the universal covering
group of U(n,C), the group structure being given by

(U, θ)(U ′, θ′) = (UU ′, θ + θ′).

Let us now identify the Maslov bundle with a subset of U∞(n,C):

Proposition 73 The universal covering of W(n,C) is the set

W∞(n,C) =
{
(w, θ) : w ∈ W(n,C), detw = eiθ

}

equipped with the topology induced by U∞(n), together with the projection
π∞ : W∞(n,C) −→ W(n,C) defined by π∞(w, θ) = w.

Proof. It is sufficient to check that W∞(n,C)) is connected: W∞(n) will
then cover all coverings of W(n,C) and will thus be the universal covering.
Let U∞(n,C) act on W∞(n,C) via the law

(u, ϕ)(w, θ) = (uwuT , θ + 2ϕ). (2.39)

The stabilizer of (I, 0) in U∞(n) under this action is the subgroup of U∞(n)
consisting of all pairs (U,ϕ) such that UUT = I and ϕ = 0 (and hence
detU = 1). It can thus be identified with the rotation group SO(n) and
hence

W∞(n,C) = U∞(n,C)/ SO(n,R).

Since U∞(n,C) is connected, so is W∞(n,C).

The Maslov bundle Lag∞(n) is the universal covering of the Lagrangian
Grassmannian. Quite abstractly, it is constructed as follows: choose a “base
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point” `0 in Lag(n): it is any fixed Lagrangian plane. Let ` be an arbitrary
element of Lag(n). Since Lag(n) is path-connected, there exists at least one
continuous path λ : [0, 1] 7−→ Lag(n) going from `0 to `: λ(0) = `0 and
λ(1) = `. We say that two such paths λ and λ′ are ‘homotopic with fixed
endpoints’ if one of them can be continuously deformed into the other while
keeping its origin `0 and its endpoint ` fixed. Homotopy with fixed endpoints
is an equivalence relation. Denote the equivalence class of the path λ by `∞.
The universal covering of Lag∞(n) is the set of all the equivalence classes
`∞ as ` ranges over Lag(n). The mapping π∞ : Lag∞(n) −→ Lag(n) which
to `∞ associates the endpoint ` of a path λ in `∞ is called the ‘covering
projection’. One shows that it is possible to endow the set Lag∞(n) with
a topology for which it is both connected and simply connected, and such
that every ` ∈ Lag(n) has an open neighborhood U` such that π−1

∞ (U`) is the
disjoint union of open neighborhoods U (1)

` , ...,U (k)
` , ... of the points of π−1

∞ (`),
and the restriction of π∞ to each U (k)

` is a homeomorphism U (k)
` −→ U`.

Explicit construction of the Leray index

Let us now give the promised explicit formula for the Leray index in arbi-
trary dimension. Assume first that ` ∩ `′ = 0. Then we define an integer
µ(`∞, `′∞) by the formula

µ(`∞, `′∞) =
1
π

[
θ − θ′ + i Tr log(−w(w′)−1)

]
(2.40)

where we are identifying `∞ with (w, θ), w being the image of ` in W(n,C)
by the Souriau mapping and det w = eiθ. (Notice that the transversality
condition `∩`′ = 0 is equivalent to−w(w′)−1 having no negative eigenvalue).
If ` ∩ `′ 6= 0 one chooses `′′ such that ` ∩ `′′ = `′ ∩ `′′ = 0 and one then
calculates µ(`∞, `′∞) using the property

µ(`∞, `′∞) = −µ(`′∞, `′′∞)− µ(`′′∞, `∞) + τ(`, `′, `′′) (2.41)

and the expressions for µ(`∞, `′′∞) and µ(`′∞, `′′∞) given by (2.40).
We will see that the function µ is actually the Leray index in arbitrary

dimension. In particular we will always have

µ(`∞, `′∞)− µ(`∞, `′′∞) + µ(`′∞, `′′∞) = τ(`, `′, `′′). (2.42)

Let us begin by showing that µ(`∞, `′∞) always is an integer:

Proposition 74 We have

µ(`∞, `′∞) ≡ n mod2 when ` ∩ `′ = 0. (2.43)

More generally

µ(`∞, `′∞) ≡ n + dim(` ∩ `′) mod 2. (2.44)
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Proof. Setting µ = µ(`∞, `′∞) we have

eiπµ = exp[i(θ − θ′)](exp[Tr log(−w(w′)−1)])−1

= exp[i(θ − θ′)](det(−w(w′)−1)])−1

= exp[i(θ − θ′)](−1)n exp[−i(θ − θ′)]
= (−1)n

hence (2.43). Formula (2.44) follows, using (2.42) together with the value
modulo 2 of the index τ given by formula (2.13) in Section 2.1).

Let us now prove the main result of this subsection:

Theorem 75 The Leray index µ exists and is calculates as follows:
(i) If ` ∩ `′ = 0 then

µ(`∞, `′∞) =
1
π

[
θ − θ′ + i TrLog(−w(w′)−1

]
;

(ii) In the general case choose `′′ such that ` ∩ `′′ = `′ ∩ `′′ = 0 and
calculate µ(`∞, `′∞) using the formula:

µ(`∞, `′∞) = µ(`∞, `′′∞)− µ(`′∞, `′′∞) + τ(`, `′, `′′)

[the right-hand side is independent of the choice of `′′].

Proof. It is clear that µ defined by (2.40) is locally constant on the set of
all (`, `′) such that ` ∩ `′ = 0. Let us prove that

µ(`∞, `′∞)− µ(`∞, `′′∞) + µ(`′∞, `′′∞) = τ(`, `′, `′′)

when
` ∩ `′ = ` ∩ `′′ = `′ ∩ `′′ = 0;

the formula will then hold in the general case as well in view of (2.41). We
begin by noting that the function µ is locally constant on its domain. It
follows that the composed mapping S∞ 7−→ µ(S∞`∞, S∞`′∞) is (for fixed
(`∞, `′∞) such that `∩ `′ = 0) is locally constant on Sp∞(n). Since Sp(n) is
connected this mapping is in fact constant so we have µ(S∞`∞, S∞`′∞) =
µ(`∞, `′∞) and it is thus sufficient to show that

µ(S∞`∞, S∞`′∞)− µ(S∞`∞, S∞`′′∞) + µ(S∞`′∞, S∞`′′∞) = τ(`, `′, `′′)

for some convenient S∞ ∈ Sp(n). Since Sp(n) acts transitively on pairs of
Lagrangian planes then exists S ∈ Sp(n) such that S(`, `′′) = (`P , `X) where
`X = Rn×0 and `P = 0×Rn. The transversality condition `′∩` = `′∩`′′ = 0
then implies that

`′ = {(x, p) : p = Ax} = `A
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for some symmetric matrix A with detA 6= 0. We have thus reduced the
proof to the case (`, `′, `′′) = (`P , `A, `X) and we have to show that

µ(`P,∞, `A,∞)− µ(`P,∞, `X,∞) + µ(`A,∞, `X,∞) = τ(`P , `A, `X). (2.45)

Now, in view of formula (2.5) (Corollary 52, Section 2.1) we have

τ(`P , `A, `X) = sign(A) = p− q

where p (resp. q) is the number of > 0 (resp. < 0) eigenvalues of the sym-
metric matrix A. Let us next calculate µ(`∞, `′′∞) = µ(`P,∞, `X,∞). Identi-
fying Lag∞(n) with W∞(n) there exist integers k and k′ such that

`P,∞ = (I, 2kπ) and `X,∞ = (−I, (2k′ + n)π)

and hence

µ(`P,∞, `X,∞) =
1
π

(2kπ − (2k′ + n)π + i TrLog I) = 2(k − k′)− n.

Let us now calculate µ(`P,∞, `A,∞). Recall that V−A and ML (det L 6= 0)
denote the symplectic matrices defined by (1.48) in Subsection 1.5:

V−A =
[
I 0
A I

]
, ML =

[
L−1 0
0 LT

]
.

We begin by noting that we have `A = V−A`X hence ML`A = VA′`X , using
the intertwining formula

MLV−A = V−A′ML , A′ = LT AL.

We may thus assume, replacing `A by M−1
L `A and A by LT AL where L

diagonalizes A, that

A = diag[+1, ..., +1,−1, ...,−1]

with p plus signs and q = n − p minus signs. Let now B = {e1, ..., en-
; f1, ..., fn} be the canonical symplectic basis of (R2n

z , σ). The n vectors

gi =
1√
2
(ei + fi) , 1 ≤ i ≤ p

gj =
1√
2
(ej + fj) , p + 1 ≤ j ≤ n

(with obvious conventions if p = n or q = n) form an orthonormal basis of
`A = V−A`X . We thus have `A = U`P where

UR =
1√
2

[
A I
−I A

]
∈ U(n).
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The identification of U with u = 1√
2
(A − iI) in U(n,C) identifies `A with

uuT = −iA. We have det(−iA) = iq−p hence

`A,∞ ≡ (iA, 1
2 (q − p)π + 2rπ)

for some r ∈ Z. To calculate µ(`P,∞, `A,∞) we need to know

Log(−I(−iA)−1 = Log(−iA).

The choice of the logarithm being the one which is obtained by analytic
continuation from the positive axis we have

Log(−iA) = Log(−i diag[+1, ..., +1,−1, ...,−1])
= Log diag[−i, ...,−i, +i, ..., +i]

= diag[ 12π(−i, ...,−i, +i, ..., +i)]

(p plus signs and q minus signs) hence, by definition (2.40) of µ,

µ(`P,∞, `A,∞) =
1
π

[
2kπ − ( 1

2 (q − p)π + 2rπ) + i TrLog(−iA)
]

=
1
π

[
2kπ − ( 1

2 (q − p)π + 2rπ) + i( 1
2π(q − p)i)

]

= 2(k − r) + p− q.

Similarly

µ(`A,∞, `X,∞) = −µ(`X,∞, `A,∞)

= − 1
π

[
(2k′ + n)π − ( 1

2 (q − p)π + 2rπ) + i TrLog(iA)
]

= 2(r − k′)− n

hence

µ(`P,∞, `A,∞)− µ(`P,∞, `X,∞) + µ(`A,∞, `X,∞) = p− q

= τ(`P , `A, `X)

which was to be proven.

The following consequence of the theorem above describes the action of
π1[Lag(n)] ∼= (Z, +) on the Leray index, and shows why the Leray index is
an extension of the usual Maslov index defined and studied in Section 2.2:

Corollary 76 Let β be the generator of π1[Lag(n)] whose natural image in
Z is +1. We have

µ(βr`∞, βr′`′∞) = µ(`∞, `′∞) + 2(r − r′) (2.46)

for all (`∞, `′∞) ∈ (Lag(n))2 and (r, r′) ∈ Z2 and hence

µ(γ`∞, `′∞)− µ(`∞, `′∞) = 2m(γ) (2.47)

for every loop γ in Lag(n) (m(γ) the Maslov index of γ).
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Proof. Formula (2.47) follows from formula (2.46) since every loop γ is
homotopic to βr for some r ∈ Z. Let us first prove (2.46) when ` ∩ `′ = 0.
Assume that `∞ ≡ (w, θ) and `′∞ ≡ (w′, θ′) with w, w′ ∈ W(n,C), det w =
eiθ, and det w′ = eiθ′ . Then

βr`∞ ≡ (w, θ + 2rπ) , βr′`′∞ ≡ (w′, θ′ + 2r′π)

and hence, by definition (2.40)

µ(βr`∞, βr′`′∞) =
1
π

[
θ + 2r − θ′ − 2r′ + i TrLog(−w(w′)−1

]

= µ(`∞, `′∞) + 2(r − r′).

The general case immediately follows using formula (2.41) and the fact that
βr`∞ and βr′`′∞ have projections ` and `′ on Lag(n).

2.4 q-Symplectic Geometry

Now we can study the action of Spq(n) on Lag2q(n). Due to the properties
of the fundamental groups of Sp(n) and Lag(n) the general case will easily
follow from the case q = +∞. We begin by identifying Lag∞(n) with
Lag(n) × Z and Sp∞(n) with a subgroup of Sp(n) × Z equipped with a
particular group structure.

The identification Lag∞(n) = Lag(n)× Z
The title of this Subsection is at first sight provocative: how can we identify
the Maslov bundle Lag∞(n), which is a connected manifold, with a Carte-
sian product where one of the factors is a discrete space? The answer is
that we will identify Lag∞(n) and Lag(n) × Z as sets, not as topological
spaces, and equip Lag(n) × Z with the transported topology –which is of
course not the product topology.

Let us justify this in detail. We denote by ∂ dim the coboundary of the
1-cochain dim(`, `′) = dim ` ∩ `′ on Lag(n). It is explicitly given by

∂ dim(`, `′, `′′) = dim ` ∩ `′ − dim ` ∩ `′′ + dim `′ ∩ `′′.

Definition 77 (i) The function m : Lag∞(n) −→ Z defined by

m(`∞, `′∞) =
1
2
(µ(`∞, `′∞) + n + dim ` ∩ `′) (2.48)

is called the “reduced Leray index” on Lag∞(n).
(ii) The function (Lag(n))3 −→ Z defined by

Inert(`, `′, `′′) =
1
2
(τ(`, `′, `′′) + n + ∂ dim(`, `′, `′′))

where τ is the signature is called the “index of inertia” of (`, `′, `′′).

63



That m(`∞, `′∞) is an integer follows from the congruence (2.44) in Propo-
sition 74 (Subsection 2.3). That Inert(`, `′, `′′) also is an integer follows from
the congruence (2.13) in Proposition 55 (Subsection 2.1). These congru-
ences, together with the antisymmetry of the signature τ moreover imply
that

m(`∞, `′∞) + m(`′∞, `∞) = n + dim ` ∩ `′ (2.49)

for all (`′∞, `∞) ∈ (Lag∞(n))2.

Proposition 78 The reduced Leray index has the following properties:
(i) For all (`∞, `′∞, `′′∞) ∈ (Lag∞(n))3

m(`∞, `′∞)−m(`∞, `′′∞) + m(`′∞, `′′∞) = Inert(`, `′, `′′); (2.50)

(ii) Let β be the generator of π1[Lag(n)] whose natural image in Z is +1;
then

m(βr`∞, βr′`′∞) = m(`∞, `′∞) + r − r′ (2.51)

for all (r, r′) ∈ Z2.

Proof. Formula (2.50) is equivalent to the property (2.32) of the Leray
index. Formula (2.51) follows from (2.46) in Corollary 76.

Remark 79 Formula (2.51) shows that the range of the mapping

(`∞, `′∞) 7−→ m(`∞, `′∞)

is all of Z.

Let us state and prove the main result of this subsection:

Theorem 80 Let `α,∞ be an arbitrary element of Lag∞(n) and define a
mapping

Φα : Lag∞(n) −→ Lag(n)× Z
by the formula

Φα(`∞) = (`,m(`∞, `α,∞)) , ` = πLag(`∞).

(i) The mapping Φα is a bijection whose restriction to the subset {`∞ :
` ∩ `α = 0} of Lag∞(n) is a homeomorphism onto {` : ` ∩ `α = 0} × Z.

(ii) The set of all bijections (Φα)`α,∞ form a system of local charts of
Lag∞(n) whose transitions Φαβ = ΦαΦ−1

β are the functions

Φαβ(`, λ) = (`, λ + Inert(`, `α, `β)−m(`α,∞, `β,∞)). (2.52)

Proof. Proof of (i). Assume that Φα(`∞) = Φα(`′∞). Then ` = `′ and
m(`∞, `α,∞) = m(`′∞, `α,∞). Let r ∈ Z be such that `′∞ = βr`∞ (β the
generator of π1[Lag(n)]). In view of formula (2.51) we have

m(`′∞, `α,∞) = m(βr`∞, `α,∞) = m(`∞, `α,∞) + r
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hence r = 0 and `′∞ = `∞, so that Φα is injective. Let us show it is
surjective. For (`, k) ∈ Lag(n) × Z choose `∞ ∈ Lag∞(n) such that ` =
πLag(`∞). If m(`∞, `α,∞) = k we are done. If m(`∞, `α,∞) 6= k replace `∞
by βr`∞ such that m(`∞, `α,∞) + r = k (cf. Remark 79). The Leray index
µ is locally constant on the set

{(`∞, `′∞) : ` ∩ `′ = 0} ⊂ (Lag∞(n))2

hence so is m. It follows that the restriction of Φα to {`∞ : ` ∩ `α = 0}
indeed is a homeomorphism onto its image {` : ` ∩ `α = 0} × Z.
Proof of (ii). The mapping Φαβ = ΦαΦ−1

β takes (`, λ) = (`,m(`∞, `β,∞))
to (`′, λ′) = (`, m(`∞, `α,∞)) hence

Φαβ(`∞) = (`, λ + m(`∞, `α,∞)−m(`∞, `β,∞))

which is the same thing as (2.52) in view of formula (2.50).

We are going to perform a similar identification for the universal covering
of the symplectic group. This will allow us to exhibit precise formulas for
q-symplectic geometry.

The universal covering Sp∞(n)

Recall that the Leray index is Sp∞(n)-invariant:

µ(S∞`∞, S∞`′∞) = µ(`∞, `′∞)

for all (S∞, `∞, `′∞) ∈ Sp∞(n)× Lag2
∞(n) (Proposition 72, Subsection 2.3).

Definition 81 Let ` ∈ Lag(n). We call “Maslov index” on Sp∞(n) relative
to ` the mapping µ` : Sp∞(n) −→ Z defined by

µ`(S∞) = µ(S∞`∞, `∞) (2.53)

where `∞ is an arbitrary element of Lag∞(n) with projection πLag(`∞) = `.

This definition makes sense in view of the following observation: suppose
that we change `∞ into another element `′∞ with same projection `. Then
there exists an integer m such that `∞ = βm`′∞ and

µ(S∞`∞, `∞) = µ(S∞(βr`′∞), βr`′∞)
= µ(S∞(βr`′∞), `′∞)− 2r

= µ(βr`′∞, S−1
∞ `′∞)− 2r

= µ(`′∞, S−1
∞ `′∞) + 2r − 2r

= µ(S∞`′∞, `′∞)

where we have used successively (2.46), (2.66), again (2.46), and finally the
Sp∞(n)-invariance (2.53) of the Leray index.

Here are a few properties which immediately follow from those of the
Leray index:
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• In view of property (2.44) (Proposition 74) of the Leray index we have

µ`(S∞) ≡ n− dim(S` ∩ `) mod 2 (2.54)

for all S∞ ∈ Sp∞(n).

• The antisymmetry (2.33) of the Leray index implies that we have

µ`(S−1
∞ ) = −µ`(S∞) , µ`(I∞) = 0 (2.55)

(I∞ the unit of Sp∞(n)).

• Let α be the generator of π1[Sp(n)] ∼= (Z,+) whose image in Z is +1.
Then

µ`(αrS∞) = µ`(S∞) + 4r (2.56)

for every S∞ ∈ Sp(n) and r ∈ Z: this immediately follows from
formula (2.46) for the action of π1[Lag(n)] on the Leray index.

The following properties of µ` are immediate consequences of the charac-
teristic properties of the Leray index:

Proposition 82 (i) For all S∞, S′∞ in Sp∞(n)

µ`(S∞S′∞) = µ`(S∞) + µ`(S′∞) + τ`(S, S′) (2.57)

where τ` : (Sp(n))2 −→ Z is defined by

τ`(S, S′) = τ(`, S`, SS′`). (2.58)

(ii) The function (S∞, `, `′) 7−→ µ`(S)−τ(S`, `′, `′′) is locally constant on
the set

{(S∞, `, `′) : S` ∩ `′′ = ` ∩ `′′ = 0} ⊂ Sp∞(n)× (Lag(n))2.

In particular, µ` is locally constant on {S∞ : dim(S` ∩ `) = 0}.
(iii) We have

µ`(S∞)− µ`′(S∞) = τ(S`, `, `′)− τ(S`, S`′, `′) (2.59)

for every S∞ ∈ Sp(n) and (`, `′) ∈ (Lag(n))2.

Proof. Proof of (i). By definition of µ`

µ`(S∞S′∞)− µ`(S∞)− µ`(S′∞) =
µ(S∞S′∞`∞, `∞)− µ(S∞`∞, `∞)− µ(S′∞`∞, `∞)

that is, using the Sp∞(n)-invariance and the antisymmetry of µ:

µ`(S∞S′∞)− µ`(S∞)− µ`(S′∞) = µ(S∞S′∞`∞, `∞) + µ(`∞, S∞`∞)
− µ(S∞S′∞`∞, S∞`∞).
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In view of the cocycle property (2.42) of the Leray index the right-hand side
of this equality is equal to

τ(SS′`, `, S`) = τ(`, S`, SS′`) = τ`(S, S′)

hence (2.57). Property (ii) immediately follows from the two following
observations: the Leray index is locally constant on

{(`∞, `′∞) : ` ∩ `′ = 0} ⊂ (Lag(n))2

and the signature τ(`, `′, `′′) is locally constant on

{(`, `′, `′′) : ` ∩ `′ = `′ ∩ `′′ = `′′ ∩ ` = 0} ⊂ (Lag(n))3.

Proof of (iii). Using again the property (2.42) and the Sp∞(n)-invariance
of µ we have

µ(S∞`∞, `∞)− µ(S∞`∞, `′∞) + µ(S∞`∞, S∞`′∞) = τ(S`, `, `′)
µ(S∞`∞, S∞`′∞)− µ(S∞`∞, `′∞) + µ(S∞`′∞, `′∞) = τ(S`, S`′, `′)

which yields (2.59) subtracting the first identity from the second.

The practical calculation of µ`(S∞) does not always require the determi-
nation of a Leray index. Formula (2.57) can often be used with profit. Here
is an example:

Example 83 Assume that n = 1. Let (−I)∞ be the homotopy class of the
symplectic path t 7−→ eπtJ , 0 ≤ t ≤ 1, joining I to −I in Sp(1). We have
(−I)2∞ = α (the generator of π1[Sp(n)]) hence

µ`((−I)2∞) = µ`(α) = 4.

But (2.57) implies that

µ`((−I)2∞) = 2µ`((−I)∞) + τ(`, `, `) = 2µ`((−I)∞)

hence µ`((−I)∞) = 2.

It turns out that the properties (i) and (ii) of the Maslov index µ` listed
in Proposition 82 characterize that index. More precisely:

Proposition 84 Assume that µ′` : Sp∞(n) −→ Z is locally constant on
{S∞ : dim(S` ∩ `) = 0} and satisfies

µ`(S∞S′∞) = µ`(S∞) + µ`(S′∞) + τ`(S, S′) (2.60)

for all S∞, S′∞ in Sp∞(n) (S = πSp(S∞), S′ = πSp(S′∞)). Then µ′` = µ`.
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Proof. The function δ` = µ` − µ′` satisfies

δ`(S∞S′∞) = δ`(S∞) + δ`(S′∞)

and is locally constant on {S∞ : dim(S` ∩ `) = 0}. In view of Proposition
37 every S ∈ Sp(n) can be written S = S1S2 with S1`0∩ `0 = S2`0∩ `0 = 0.
Since

δ`(S∞) = δ`(S1,∞) + δ`(S2,∞)

it follows that δ` is actually constant on Sp∞(n). Taking S∞ = S′∞ we thus
have δ`(S∞) = 0 for all S∞ hence µ′` = µ`.

We have the following result:

Lemma 85 Let SW and SW ′ be two free symplectic matrices and write

SW =
[

A B
C D

]
, SW ′ =

[
A′ B′

C ′ D′

]
, SW SW ′ =

[
A′′ B′′

C ′′ D′′

]
.

Let `P = 0× Rn
p . We have

τ(`P , SW `P , SW SW ′`P ) = sign(B−1B′′(B′)−1). (2.61)

Proof. Let us first prove (2.61) in the particular case where SW ′`P = `X ,
that is when SW ′ is of the type

SW ′ =
[

A′ B′

C ′ 0

]

in which case B′′ = AB′. Using the Sp(n)-invariance and the antisymmetry
of the signature, we have, since SW ′`P = `X :

τ(`P , SW `P , SW SW ′`P ) = τ(`X , S−1
W `P , `P ). (2.62)

The inverse of SW being the symplectic matrix

S−1
W =

[
DT −BT

−CT AT

]

we thus have

S−1
W

[
0
p

]
=

[ −BT p
AT p

]

so the Lagrangian plane S−1
W `P has for equation Ax + Bp = 0. Since B is

invertible (because SW is free) this equation can be rewritten p = −B−1Ax.
Using the second formula (2.5) (Section 2.1) together with the identity (2.62)
we have

τ(`P , SW `P , SW SW ′`P ) = − sign(−B−1A)

= sign(B−1(AB′)(B′)−1)

= sign(B−1B′′(B′)−1)
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which proves (2.61) in the case SW ′`P = `X . The general case reduces to
the former, using the fact that the symplectic group acts transitively on all
pairs of transverse Lagrangian planes. In fact, since

SW ′`P ∩ `P = `X ∩ `P = 0

we can find S0 ∈ Sp(n) such that (`P , SW ′`P ) = S0(`P , `X), that is SW ′`P =
S0`X and S0`P = `P . It follows, using again the antisymmetry and Sp(n)-
invariance of σ that:

τ(`P , SW `P , SW SW ′`P ) = τ(`X , (SW S0)−1`P , `P )

which is (2.62) with SW replaced by SW S0. Changing SW ′ into S−1
0 SW ′

(and hence leaving SW SW ′ unchanged) we are led back to the first case.
Since S0`P = `P , S0 must be of the type

S0 =
[

L 0
P (L−1)T

]
, det(L) 6= 0, P = PT ;

writing again SW in block-matrix form, the products SS0 and S−1
0 SW ′ are

thus of the type

SS0 =
[ ∗ B(LT )−1

∗ ∗
]

, S−1
0 SW ′ =

[ ∗ L−1B′

∗ ∗
]

(the stars “*” are block-entries that are easily calculated, but that we do
not need to write down), and hence

τ(`P , SW `P , SW SW ′`P ) = sign(LT B−1B′′B′−1L) = sign(B−1B′′B′−1)

proving (2.61) in the general case.

Remark 86 Formula (2.61) identifies τ(`P , S`P , SS′`P ) with the “compo-
sition index” Q(S, S′) defined by Robbin and Salamon in [62]. Notice how-
ever that τ(`P , S`P , SS′`P ) is defined for all S, S′ ∈ Sp(n) while Q(S, S′) is
only defined for S, S′ when they are free.

For ` ∈ Lag(n) define a function m` : Sp∞(n) −→ Z by

m`(S∞) =
1
2
(µ`(S∞) + n + dim(S` ∩ `)) (2.63)

that is
m`(S∞) = m(S∞`∞, `∞)

where `∞ has projection πLag(`∞) = `. Since m(`∞, `′∞) ∈ Z for all
(`∞, `′∞) ∈ (Lag∞(n))2 it follows that m`(S∞) ∈ Sp∞(n).

Definition 87 The mapping m` : Sp∞(n) −→ Z defined by (2.63) is called
the reduced Maslov index on Sp∞(n) relatively to ` ∈ Lag(n).
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The properties of the reduced Maslov index immediately follow from those
of µ`. In particular (2.56) implies that

m`(αrS∞) = m`(S∞) + 2r (2.64)

for every integer r (α being the generator of π1[Sp(n)]). An immediate
consequence of (2.64) is that the value modulo 2 of m`(S∞) only depends
on the projection S = πSp(S∞). We will denote by m`(S) the corresponding
equivalence class:

m ∈ m`(S) ⇐⇒ m ≡ m`(S∞) mod 2.

The following result is the symplectic equivalent of Theorem 80. It iden-
tifies Sp∞(n) with a subset of Sp(n)× Z:

Theorem 88 For `α ∈ Lag(n) define a mapping

Ψα : Sp∞(n) −→ Sp(n)× Z
by the formula

Ψα(S∞) = (S,m`α
(S∞)).

(i) The mapping Ψα is a bijection

Sp∞(n) −→ {(S, m) : S ∈ Sp(n), m ∈ m`α
(S)}

whose restriction to the subset {S∞ : S`α ∩ `α = 0 } is a homeomorphism
onto

Sp`α
(n) = {(S, m) : S ∈ Sp(n), S`α ∩ `α = 0 , m ∈ m`(S)}.

(ii) The set of all bijections (Ψα)`α form a system of local charts of
Sp∞(n) whose transitions ΨαΨ−1

β are the functions

Ψαβ(S, m) = (S,m + Inert(S`α, `α, `β)− Inert(S`α, S`β , `β).

Proof. Proof of (i). By definition of m`(S) the range of Ψα consists of all
pairs (S,m) with m ∈ m`(S). Assume that (S,m`α(S∞)) = (S′,m`α(S′∞)).
Then S = S′ and S′∞ = αrS∞ for some r ∈ Z (cf. the proof of (i) in
Theorem 80). In view of (2.64) we must have r = 0 and hence S∞ = S′∞ so
that Ψα is injective.
Proof of (ii). It is identical to that of the corresponding properties in The-
orem 80.

The theorem above allows us to describe in a precise way the composition
law of the universal covering group Sp∞(n):

Corollary 89 Let `α ∈ Lag(n). Identifying Sp∞(n) with the subset

{(S, m) : S ∈ Sp(n),m ∈ m`α(S)}
of Sp(n)× Z the composition law of Sp∞(n) is given by the formula

(S,m) ∗`α (S′,m′) = (SS′,m + m′ + Inert(`α, S`α, SS′`α). (2.65)
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Proof. This is obvious since we have

m`α
(S∞S′∞) = m`α

(S∞) + m`α
(S′∞) + Inert(`α, S`α, SS′`α)

in view of property (2.57) of µ` and definition (2.63) of m`.

Let us now proceed to prove the main results of this section.

The action of Spq(n) on Lag2q(n)

Let St(`P ) be the isotropy subgroup of `P = 0×Rn
p in Sp(n): S ∈ St(`P ) if

and only if S ∈ Sp(n) and S`P = `P . The fibration

Sp(n)/ St(`P ) = Lag(n)

defines an isomorphism

Z ∼= π1[Sp(n)] −→ π1[Lag(n)] ∼= Z

which is multiplication by 2 on Z. It follows that the action of Sp(n) on
Lag(n) can be lifted to a transitive action of the universal covering Sp∞(n)
on the Maslov bundle Lag∞(n) such that

(αS∞)`∞ = β2(S∞`∞) = S∞(β2`∞) (2.66)

for all (S∞, `∞) ∈ Sp∞(n) × Lag∞(n). As previously α (resp. β) is the
generator of π1[Sp(n)] (resp. π1[Lag(n)]) whose natural image in Z is +1.

The following theorem describes ∞-symplectic geometry:

Theorem 90 Let `α ∈ Lag(n). Identifying Sp∞(n) with the subset

{(S, m) : S ∈ Sp(n),m ∈ m`α(S)}

of Sp(n) × Z defined in Theorem 88 and Lag∞(n) with Lag(n) × Z as in
Theorem 80 the action of Sp∞(n) on Lag∞(n) is given by the formula

(S, m) ·`α (`, λ) = (S`,m + λ− Inert(S`, S`α, `α)). (2.67)

Proof. We have λ = m(`∞, `α,∞) for some `∞ covering `, and m =
m(S∞`α,∞, `α,∞) for some S∞ covering S. Let us define the integer ∂
by the condition

m + λ + δ = m(S∞`∞, `α,∞)

that is

δ = m(S∞`∞, `α,∞)−m(`∞, `α,∞)−m(S∞`α,∞, `α,∞).

We have to show that

δ = − Inert(S`, S`α, `α). (2.68)
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In view of the Sp∞(n)-invariance of the reduced Leray index we have

m(`∞, `α,∞) = m(S∞`∞, S∞`α,∞)

and hence

δ = m(S∞`∞, `α,∞)−m(S∞`∞, S∞`α,∞)−m(S∞`α,∞, `α,∞);

on the other hand

m(S∞`α,∞, `α,∞) + m(`α,∞, S∞`α,∞) = n + dim(S`α ∩ `α)

(formula (2.49)) so that

δ = m(S∞`∞, `α,∞)−m(S∞`∞, S∞`α,∞) + m(`α,∞, S∞`α,∞)
− n− dim(S`α ∩ `α).

Using property (2.50) of m this can be rewritten

δ = Inert(S`, `α, S`α)− n− dim(S`α ∩ `α)

The equality (2.68) follows noting that by definition of the index of inertia
and the antisymmetry of τ

Inert(S`, `α, S`α)− n− dim(S`α ∩ `α) = − Inert(S`, S`α, `α).

Recall that there is an isomorphism

Z ∼= π1[Sp(n)] −→ π1[Lag(n)] ∼= Z

which is multiplication by 2 on Z. In fact (formula (2.66))

(αS∞)`∞ = β2(S∞`∞) = S∞(β2`∞)

for all (S∞, `∞) ∈ Sp∞(n)×Lag∞(n). Also recall that the Leray and Maslov
indices satisfy

µ(βr`∞, βr′`′∞) = µ(`∞, `′∞) + 4(r − r′)

(formula (2.46) and
µ`(αrS∞) = µ`(S∞) + 2r

(formula (2.56) for all integers r and r′.
Let now q be an integer, q ≥ 1. We have

π1[Lag(n)] = {βk : k ∈ Z}
hence:

Lagq(n) = Lag(n)/{βqk : k ∈ Z}. (2.69)
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Similarly, since
π1[Sp(n)] = {αk : k ∈ Z}

we have
Spq(n) = Sp(n)/{αqk : k ∈ Z}. (2.70)

Let us now identify π1[Lag(n)] with Z. Recalling that the natural homo-
morphism π1[Sp(n)] −→ π1[Lag(n)] is multiplication by 2 in Z (cf. formula
(2.66) π1[Sp(n)] is then identified with 2Z. This leads us, taking (2.69) and
(2.70) into account, to the identifications

Lagq(n) ≡ Lag∞(n)/qZ , Spq(n) ≡ Sp∞(n)/2qZ. (2.71)

The Leray index on Lagq(n) is now defined as being the function

[µ]q : (Lagq(n))2 −→ Zq = Z/qZ

given by
[µ]q(`(q), `′(q)) = µ(`∞, `′∞) mod q

if (`∞, `′∞) ∈ (Lag∞(n))2 covers (`(q), `′(q)) ∈ Lagq(n))2. Similarly the Mas-
lov index relative to ` ∈ Lag(n) on Spq(n) is the function

[µ`]2q : Spq(n) −→ Z2q = Z/2qZ

defined by
[µ`]2q(S(q)) = µ`(S∞) mod 2q

if S∞ ∈ Sp∞(n) covers S(q) ∈ Spq(n).
Exactly as was the case for ∞-symplectic geometry the study of q-sym-

plectic geometry requires the use of reduced indices:

Definition 91 The reduced Leray index on Lag2q(n) is defined by

[m]2q(`(q), `′(q)) = m(`∞, `′∞) mod 2q

and the reduced Maslov index [m`]2q on Spq(n) by

[m`]2q(S(q)) = m`(S∞) mod 2q.

Let us denote by [r]2q the equivalence class modulo 2q of r ∈ Z. Corollary
89 and Theorem 90 immediately imply that:

Corollary 92 Let `α ∈ Lag(n) and identify Spq(n) with the subset

{(S, m) : S ∈ Sp(n),m ∈ m`α(S)}
of Sp(n)× Z2q equipped with the composition law

(S, [m]2q) ∗`α (S′, [m′]2q) = (SS′, [m + m′ + Inert(`α, S`α, SS′`α)]2q)

and Lag2q(n) with Lag(n)×Z2q. The action of Spq(n) on Lag2q(n) is then
given by the formula

(S, [m]2q) ·`α (`, [λ]2q) = (S`, [m + λ− Inert(S`, `, `α)]2q).

We have now achieved our goal which was to describe the structure of
q-symplectic geometry.
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3 Lagrangian and symplectic Intersection In-
dices

We will generalize the notion of Maslov index to arbitrary paths (not just
loops) in Lag(n) and Sp(n). We will study two (related) constructions of
these “intersection indices”: the Lagrangian and symplectic “Maslov in-
dices”, which extend the usual notion of Maslov index for loops to arbitrary
paths in Lag(n) and Sp(n), and which are directly related to the notion of
“spectral flow”, and the Conley–Zehnder index, which plays a crucial role
in Morse theory.

The results in the two first Sections have appeared in de Gosson [27] and
in M. de Gosson and S. de Gosson [30]. For applications to Morse theory
and to functional analysis, see Booss–Bavnbek and Furutani [9].

3.1 Lagrangian Path Intersection Index

A Lagrangian path is a continuous mapping Λ : [0, 1] −→ Sp(n). The
vocation of a Lagrangian intersection index is to keep a precise accountancy
of the way that path intersects a given locus (or “Maslov cycle”) in Lag(n).
It can be viewed as a generalization of the usual Maslov index in Lag(n),
to which it reduces (up to the factor two) when Λ is a loop. We begin by
briefly discussing the notion of stratum in Lag(n).

The strata of Lag(n)

LetMm be a m-dimensional topological manifold. A stratification ofMm is a
partition of Mm in a family {Mk

α}α∈A of connected submanifolds (“strata”)
of dimension k ≤ m such that:

• The family {Mk
α}α∈A is a locally finite partition of Mm;

• If Mk
α ∩Mk′

α′ 6= ∅ for α 6= α′ then Mk
α ⊂Mk′

α′ and k ≤ k′;

• Mk
α \Mk

α is a disjoint union of strata of dimension < k.

It turns out that to every Lagrangian plane ` we can associate a natural
stratification of Lag(n):

For ` ∈ Lag(n) and 0 ≤ k ≤ n set

Lag`(n, k) = {`′ ∈ Lag(n) : dim ` ∩ `′ = k} .

We will call Lag`(n; k) the stratum of Lag(n) of order k, relative to the
Lagrangian plane `. Clearly

Lag`(n; k) ∩ Lag`(n; k′) = ∅ if k 6= k′

and
Lag(n) = ∪0≤k≤n Lag`(n; k).

74



3 Lagrangian and symplectic Intersection Indices

One proves (see e.g. Trèves [70] or Robbin and Salamon [62]) that the sets
Lag`(n, k) form a stratification of Lag(n). Moreover Lag`(n; 0) is an open
subset of Lag(n) and the sets Lag`(n; k) are, for 0 ≤ k ≤ n, connected
submanifolds of Lag(n) with codimension k(k + 1)/2.

Definition 93 The closed set

Σ` = Lag(n) \ Lag`(n; 0) = Lag`(n, 1)

is called the “Maslov cycle relative to `”: it is the set of Lagrangians that
are not transverse to `. When ` = `P we call Σ` simply the “Maslov cycle”,
and denote it by Σ.

Let us now enunciate a system of “reasonable” axioms that should be
satisfied by a generalization of the Maslov index for loops.

The Lagrangian intersection index

The definition we give here is sightly more general than those of, for in-
stance, Robbin and Salamon [62]. We do not in particular impose from the
beginning any “dimensional additivity”. This property is however satisfied
by the explicit indices we construct in next subsection.

Let C(Lag(n)) be the set of continuous paths Λ : [0, 1] −→ Lag(n). If Λ
and Λ′ are two consecutive paths (i.e., if Λ(1) = Λ′(0)) we shall denote by
Λ ∗ Λ′ the concatenation of Λ and Λ′, that is, the path Λ followed by the
path Λ′:

Λ ∗ Λ′(t) =

{
Λ(2t) if 0 ≤ t ≤ 1

2

Λ′(2t− 1) if 1
2 ≤ t ≤ 1.

We will use the notation Λo for the inverse of the path Λ:

Λo(t) = Λ(1− t) , 0 ≤ t ≤ 1.

Finally, we shall write Λ ∼ Λ′ when the paths Λ and Λ′ are homotopic with
fixed endpoints.

Definition 94 A ”Lagrangian intersection index” is a mapping

µLag : C(Lag(n))× Lag(n) −→ Z
(Λ, `) 7−→ µLag(Λ, `)

having the following four properties:

(L1) Homotopy invariance: If the paths Λ and Λ′ have the same endpoints,
then µLag(Λ, `) = µLag(Λ′, `) if and only if Λ ∼ Λ′;

(L2) Additivity under composition: if Λ and Λ′ are two consecutive paths,
then

µLag(Λ ∗ Λ′, `) = µLag(Λ, `) + µLag(Λ′, `)

for every ` ∈ Lag(n);
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(L3) Zero in strata: if the path Λ remains in the same stratum Lag`(n; k),
then µLag(Λ, `) is zero:

dim(Λ(t) ∩ `) = k (0 ≤ t ≤ 1) =⇒ µLag(Λ, `) = 0;

(L4) Restriction to loops: if γ is a loop in Lag(n) then

µLag(γ, `) = 2m(γ)

(m(γ) the Maslov index of γ) for every ` ∈ Lag g(n).

We note in particular that the axioms (L2) and (L4) imply that an inter-
section index is antisymmetric in the sense that

µLag(Λo, `) = −µLag(Λ, `). (3.1)

Indeed, by (L2) we have

µLag(Λ ∗ Λo, `) = µLag(Λ, `) + µLag(Λo, `)

and since the loop Λ ∗ Λo = γ is homotopic to a point (L4) implies that

µLag(Λ ∗ Λo, `) = 2m(γ) = 0.

The system of axioms (L1)–(L4) is in fact equivalent to the system of
axioms obtained by replacing (L1) by the apparently stronger condition
(3.2) below. Let us first define the notion of “homotopy in strata”:

Definition 95 Two Lagrangian paths Λ and Λ′ are said to be “homotopic
in the strata relative to `” (denoted Λ ≈` Λ′) if there exist a continuous
mapping h : [0, 1]× [0, 1] −→ Lag(n) such that

h(t, 0) = Λ(t) , h(t, 1) = Λ′(t) for 0 ≤ t ≤ 1

and two integers k0, k1 (0 ≤ k0, k1 ≤ n) such that

h(0, s) ∈ Lag`(n; k0) and h(1, s) ∈ Lag`(n; k1) for 0 ≤ s ≤ 1.

Intuitively Λ ≈` Λ means that Λ and Λ′ are homotopic in the usual sense
and that the endpoints Λ(0) and Λ′(0) (resp. Λ(10) and Λ′(1)) remain in
the same stratum during the homotopy taking Λ to Λ′.

The intersection indices µLag have the following property that strengthens
(L1):

Proposition 96 If the paths Λ and Λ′ are homotopic in strata relative to
`, then µLag(Λ, `) = µLag(Λ′, `):

Λ ≈` Λ′ =⇒ µLag(Λ, `) = µLag(Λ′, `). (3.2)
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Proof. Suppose that Λ ≈` Λ′ and define the paths ε0 and ε1 joining
Λ′(0) to Λ(0) and Λ(1) to Λ′(1), respectively, by ε0(s) = h(0, 1 − s) and
ε1(s) = h(1, s) (0 ≤ s ≤ 1). Then Λ ∗ ε1 ∗Λ′−1 ∗ ε0 is homotopic to a point,
and hence, in view of (L2) and (L4):

µLag(Λ, `) + µLag(ε1, `) + µLag(Λ′−1, `) + µLag(ε0, `) = 0.

But, in view of (L3),

µLag(ε1, `) = µLag(ε0, `) = 0

and thus
µLag(Λ, `) + µLag(Λ′−1, `) = 0;

the conclusion now follows from the antisymmetry property (3.1).

Let us next construct explicitly a Lagrangian intersection index using the
properties of the Leray index previously studied.

Explicit construction

Our approach is purely topological, and does not appeal to any differen-
tiability conditions for the involved paths, as opposed to the construction
given in, for instance, Robbin and Salamon [62].

Theorem 97 For (Λ12, `) ∈ C(Lag(n))×Lag(n) let us define `∞, `1,∞ and
`2,∞ in the following way:

(i) `∞ is an arbitrary element of Lag∞(n) covering `;
(ii) `1,∞ is the equivalence class of an arbitrary path Λ01 ∈ C(Lag(n))

joining `0 to `1;
(iii) `2,∞ is the equivalence class of Λ02 = Λ01 ∗ Λ12 .
Then the formula

µLag(Λ12, `) = µ(`2,∞, `∞)− µ(`1,∞, `∞) (3.3)

defines a intersection index on Lag(n).

Proof. Let us first show that µLag(Λ12, `) is independent of the choice of
the element `∞ of Lag∞(n) covering `. Assume in fact that

πLag(`′∞) = πLag(`∞) = `;

then there exists r ∈ Z such that `′∞ = βr`∞ (β is as usual the generator
of π1[Lag(n)]) and hence

µ(`2,∞, `′∞) = µ(`2,∞, `∞)− 2r , µ(`1,∞, `′∞) = µ(`1,∞, `∞)− 2r

in view of property (2.46) of the Leray index; it follows that

µ(`2,∞, `′∞)− µ(`1,∞, `′1,∞) = µ(`2,∞, `∞)− µ(`1,∞, `∞).
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Let us next show that µLag(Λ12, `) is also independent of the choice of Λ01

and hence of the choice of the element `1,∞ such that πLag(`1,∞) = `1. Let
us replace Λ01 by a path Λ′01 with same such that `′1,∞ = βr`1,∞. `2,∞ will
thus be replaced by `′2,∞ = βr`2,∞. Using again (2.46) we have

µ(`′2,∞, `∞)− µ(`′1,∞, `∞) = µ(`2,∞, `∞)− µ(`1,∞, `∞)

hence our claim. It remains to prove that the function µLag defined by (3.3)
satisfies the axioms (L1)–(L4). Axiom L1. Let us replace the path Λ12 by
any path Λ′12 homotopic (with fixed endpoints) to Λ12. Then Λ02 = Λ01 ∗
Λ12 is replaced by a homotopic path Λ′02 = Λ01∗Λ′12 and the homotopy class
`2,∞ does not change. Consequently, µLag(Λ′12, `) = µLag(Λ12, `). Axiom L2.
Consider two consecutive paths Λ12 and Λ23. By definition

µLag(Λ23, `) = µ(`3,∞, `∞)− µ(`′2,∞, `∞)

where `′2,∞ is the homotopy class of an arbitrary path Λ′02 and `3,∞ that of
Λ′02 ∗ Λ23. Let us choose Λ′02 = Λ02. Then `′2,∞ = `2,∞ and

µLag(Λ12, `) + µLag(Λ23, `) =
µ(`2,∞, `∞)− µ(`1,∞, `∞) + µ(`3,∞, `∞)− µ(`2,∞, `∞)

that is
µLag(Λ12, `) + µLag(Λ23, `) = µLag(Λ13, `)

which we set out to prove. Axiom L3. Let Λ12 be a path in the stratum
Lag`(n; k) and denote by `∞(t) the equivalence class of Λ01 ∗ Λ12(t) for
0 ≤ t ≤ 1. The mapping t 7−→ `∞(t) being continuous the composition
mapping t 7−→ µ(`∞(t), `∞) is locally constant on the interval [0, 1]. It
follows that it is constant on that interval since Lag`(n; k) is connected. Its
value is

µ(`∞(0), `∞) = µ(`∞(1), `∞)

hence µ(Λ12, `) = 0. Axiom L4. Let γ ∈ π1[Lag(n), `0)]. In view of formula
(2.47) in Corollary 76 we have the equality

µLag(γ, `) = µ(γ`0,∞, `∞)− µ(`0,∞, `∞) = 2m(γ)

which concludes the proof.

Remark 98 We have shown in [29, 30], using the methods above, that the
so-called “Hörmander index” ξ intervening in the study of Fourier integral
operators is given by

ξ(`1, `2, `3, `4) = 1
2 (τ(`1, `2, `3)− τ(`1, `2, `4)). (3.4)

Let us now proceed to the study of symplectic intersection indices.
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3.2 Symplectic Intersection Indices

The theory of symplectic intersection indices is analogue to the Lagrangian
case. In fact each theory can be deduced from the other. For the sake of
clarity we however treat the symplectic case independently.

The strata of Sp(n)

Similar definitions are easy to give for the symplectic group Sp(n). For
` ∈ Lag(n) and k an integer we call the set

Sp`(n; k) = {S ∈ Sp(n) : dim S` ∩ ` = k}

the stratum of Sp(n) of order k, relative to the Lagrangian plane `. The
sets Sp`(n; k) form a stratification of Sp(n). Clearly Sp`(n; k) is empty for
k < 0 or k > n, and we have

Sp`(n; 0) = St(`)

(the stabilizer of ` in Sp(n)). We have of course

Sp(n) = ∪0≤k≤n Sp`(n; k).

The strata Sp`(n; k) are not in general connected. It is in fact easy to see
that Sp`(n; 0) has two connected components (this is more generally true of
all Sp`(n; k)).

Construction of a symplectic intersection index

Let us now define symplectic intersection indices. We denote by C(Sp(n))
the set of continuous paths [0, 1] −→ Sp(n):

C(Sp(n)) = C0([0, 1], Sp(n)).

Definition 99 A symplectic intersection index is a mapping

µSp : C(Sp(n))× Lag(n) −→ Z
(Σ, `) 7−→ µSp(Σ, `)

satisfying the following four axioms:

(S1) Homotopy invariance: if the symplectic paths Σ and Σ′ are homotopic
with fixed endpoints, then µSp(Σ, `) = µSp(Σ′, `) for all ` ∈ Lag(n).

(S2) Additivity under concatenation: if Σ and Σ′ are two consecutive sym-
plectic paths, then

µSp(Σ ∗ Σ′, `) = µSp(Σ, `) + µSp(Σ′, `)

for all ` ∈ Lag(n).
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(S3) Zero in strata: if Σ and ` are such that Im(Σ`) ⊂ Lag`(n), then
µSp(Σ, `) = 0.

(S4) Restriction to loops: is ψ is a loop in Sp(n), then

µSp(ψ, `) = 2m(ψ`)

for all ` ∈ Lag(n). m(ψ`) is the Maslov index of the loop t 7−→ ψ(t)`
in Lag(n).

The following result is just a symplectic version of Proposition 96:

Proposition 100 If the symplectic paths Σ and Σ′ are such that Σ` and
Σ′` are homotopic in strata relative to `, then µSp(Σ, `) = µSp(Σ′, `).

The data of an intersection index on Lag(n) is equivalent to that of an
intersection index on Sp(n). Indeed, let µLag be an intersection index on
Lag(n) and let Σ ∈ C(Sp(n)) be a symplectic path. Then then function

C(Sp(n))× Lag(n) 3 (Σ, `) 7−→ µ(Σ`, `) ∈ Z (3.5)

(Σ` being the path t 7−→ Σ(t)`) is an intersection index on Sp(n).
Conversely, to each intersection index µSp we may associate an intersec-

tion index µLag on Lag(n) in the following way. For each ` ∈ Lag(n) we
have a fibration

Sp(n) −→ Sp(n)/ St(`) = Lag(n)

(St(`) the stabilizer of ` in Sp(n)), hence, every path Λ ∈ C(Lag(n)) can be
lifted to a path ΣΛ ∈ C(Sp(n)) such that Λ = ΣA`. One verifies that the
mapping

µLag : C(Lag(n))× Lag(n) −→ Z

defined by
(Λ, `) 7−→ µSp(ΣΛ, `)

is an intersection index on Lag(n).
In Theorem 97 we expressed a Lagrangian intersection index as the dif-

ference between two values of the Leray index. A similar result holds for
symplectic intersection indices:

Proposition 101 Let Σ12 ∈ C(Sp(n)) be a symplectic path joining S1 to
S2 in Sp(n). Let S1,∞ be an arbitrary element of Sp∞(n) covering S1 and
S2,∞ the homotopy class of Σ01 ∗ Σ12 (Σ01 a representative of S1,∞). The
function µSp : C(Sp(n)) −→ Z defined by

µSp(Σ12, `) = µ`(S2,∞)− µ`(S1,∞) (3.6)

is an intersection index on Sp(n).
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Proof. Consider `∞ to be the homotopy class of an arbitrary path Λ joining
`0 (the base point of Lag(n)∞) to `. We have

S1,∞`∞ = class [t 7−→ Σ01(t)Λ(t), 0 ≤ t ≤ 1]

(where “class” means “equivalence class of”) and

S2,∞`∞ = class

[
t 7−→

{
Σ01(2t)Λ(2t), 0 ≤ t ≤ 1

2

Σ12(2t− 1)Λ(2t− 1), 1
2 ≤ t ≤ 1

]

hence, using (3.5) and (3.3),

µSp(Σ12, `) = µLag(n)(Σ12`, `) = µ∞(S2,∞`∞, `∞)− µ∞(S1,∞`∞, `∞)

that is (3.6).

Let us illustrate the notions studied above on a simple example.

Example: spectral flows

Here is a simple application of the constructions above. Let (A(t))0≤t≤1 be
a family of real symmetric matrices of order n depending continuously on
t ∈ [0, 1]. By definition the “spectral flow” of (A(t))0≤t≤1 is the integer

SF(A(t))0≤t≤1 = sign A(1)− signA(0) (3.7)

where sign A(t) is the difference between the number of eigenvalues > 0 and
the number of eigenvalues < 0 of A(t).

We have the following result, which has been established in a particular
case by Duistermaat [19], and which relates the spectral flow to the notions
of Lagrangian and symplectic intersection indices:

Proposition 102 Let Λ be the Lagrangian path associated to the family
(A(t))0≤t≤1 by

Λ(t) = {(x,A(t)x) : x ∈ Rn} , 0 ≤ t ≤ 1, (3.8)

Then the spectral flow of (A(t))0≤t≤1 is given by

SF(A(t))0≤t≤1 = µLag(Λ, `X) (3.9)

or, equivalently
SF(A(t))0≤t≤1 = µSp(Σ, `X) (3.10)

where ΣA the symplectic path defined by

Σ(t) = V−A(t) =
[

I 0
A(t) I

]

for 0 ≤ t ≤ 1.
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Proof. Formula (3.10) follows immediately from formula (3.9) observing
that [

I 0
A(t) I

] [
x
0

]
=

[
x

A(t)x

]
.

To prove formula (3.9) we begin by noting that dim(Λ(t) ∩ `P ) = n for
0 ≤ t ≤ 1, and hence

µ̄Lag(Λ, `P ) = 0 (3.11)

in view of the axiom (L3) of nullity in the strata. By definition of µLag we
have, with obvious notations,

µLag(Λ, `X) = µ(Λ(1)∞, `X,∞)− µ(Λ(0)∞, `X,∞).

In view of the property ∂µ = τ of the Leray index

µ(Λ(t)∞, `X,∞)− µ(Λ(t)∞, `P,∞) = −µ(`X,∞, `P,∞) + τ(Λ(t), `X , `P )

for 0 ≤ t ≤ 1, and hence, taking (3.11) into account,

µLag(Λ, `X) = τ(Λ(1), `X , `P )− τ(Λ(0), `X , `P )
= τ(`P , Λ(1), `X)− (`P , Λ(1), `X).

In view of formula (2.5) in Corollary 52 (Subsection 2.1) we have

τ(`P , Λ(t), `X) = sign(A(t))

and formula (3.9) follows.

The result above is rather trivial in the sense that the spectral flow (3.7)
depends only on the extreme values A(1) and A(0). The situation is however
far more complicated in the case of infinite dimensional symplectic spaces
and its analysis requires elaborated functional analytical techniques. Let
us very shortly and concisely explain the problem. Let H be a Hilbert
space and T a Fredholm operator on H: this means that both ker(T ) and
coker(T ) = H/ Im(T ) are finite dimensional spaces. The difference

Index(T ) = dim ker(T )− dim coker(T )

is then, by definition, the index of the operator T . Suppose now that we
are dealing with a whole family T (t) of Fredholm operators, depending on
a real parameter t. One defines the spectral flow of that family as being the
net change in negative eigenvalues of the T (t) as t varies from −∞ to +∞.
It turns out that it is possible to establish formulas of the type

“spectral flow = Maslov index”

when the Hilbert space H is finite-dimensional (see Cappell et al. [14],
Robbin and Salamon [62], and the references in these papers). A crucial
generalization of theorems of that type have very recently been obtained
by Booss-Bavnbek and Furutani [9]. They define an intersection in infinite-
dimensional spaces and it seems likely that most of the constructions de-
scribed above can be generalized to the infinite dimensional case.
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3.3 The Conley–Zehnder Index

The Conley–Zehnder index plays a very important role in the theory of
periodic Hamiltonian orbits and related topics (such as Morse theory and
Floer homology). In this last section we extend this index in a non-trivial
way using again the properties of the Leray index. We foresee that this
extension could be used in the of study spectral flows, but we do not give
any such application here.

Definition of the Conley–Zehnder index

Let Σ be a continuous path [0, 1] −→ Sp(n) such that Σ(0) = I and
det(Σ(1) − I) 6= 0. Loosely speaking, the Conley–Zehnder index [16, 37]
counts algebraically the number of times this path crosses the locus

Sp0(n) = {S : det(S − I) = 0}.
To give a more precise definition we need some additional notations. Let us
define

Sp+(n) = {S : det(S − I) > 0}
Sp−(n) = {S : det(S − I) < 0}.

These sets partition Sp(n), and Sp+(n) and Sp−(n) are moreover arcwise
connected (this is proven in [16]). The symplectic matrices S+ = −I and

S− =
[
L 0
0 L−1

]
, L = diag[2,−1, ...,−1]

belong to Sp+(n) and Sp−(n), respectively.
Let us denote by ρ the mapping Sp(n) −→ S1 defined as follows:

S ∈ Sp(n) 7−→ U = S(ST S)−1/2 ∈ U(n) 7−→ detC U ∈ S1

where

detC U = det(A + iB) if U =
[
A −B
B A

]
.

We obviously have ρ(S+) = (−1)n and ρ(S−) = (−1)n−1.
We now have all we need to define the Conley–Zehnder index. Let us

denote by C±(2n,R) the space of all paths Σ : [0, 1] −→ Sp(n) with Σ(0) = I

and Σ(1) ∈ Sp±(n). Any such path can be extended into a path Σ̃ : [0, 2] −→
Sp(n) such that Σ̃(t) ∈ Sp±(n) for 1 ≤ t ≤ 2 and Σ̃(2) = S+ or Σ̃(2) = S−.
The orthogonal part of the polar decomposition of Σ̃(t) is given by the
formula

U(t) = Σ̃(t)(Σ̃(t)T Σ̃(t))−1/2

(cf. the definition of the Maslov index on Sp(n), formula (2.26)). When
t varies from 0 to 2 the complex number detC U(t) = eiθ(t) varies from
eiθ(0) = 1 to eiθ(2) = ±1 so that θ(2) ∈ πZ.
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Definition 103 The mapping iCZ : C±(2n,R) −→ Z defined by

iCZ(Σ) =
θ(2)
π

is called the Conley–Zehnder index on C±(2n,R).

It turns out that iCZ(Σ) is invariant under homotopy as long as the end-
point S = Σ(1) remains in Sp±(n). In particular it does not change under
homotopies with fixed endpoints so we may view iCZ as defined on the
subset

Sp∗∞(n) = {S∞ : det(S − I) 6= 0}
of the universal covering group Sp∞(n). With this convention one proves
(see [37]) that the Conley-Zehnder index is the unique mapping

iCZ : Sp∗∞(n) −→ Z

having the following properties:

(CZ1) Antisymmetry : For every S∞ we have

iCZ(S−1
∞ ) = −iCZ(S∞)

where S−1
∞ is the homotopy class of the path t 7−→ S−1

t ;

(CZ2) Continuity : Let Σ be a symplectic path representing S∞ and Σ′

a path joining S to an element S′ belonging to the same component
Sp±(n) as S. Let S′∞ be the homotopy class of Σ ∗ Σ′. We have

iCZ(S∞) = iCZ(S′∞);

(CZ3) Action of π1[Sp(n)]:

iCZ(αrS∞) = iCZ(S∞) + 2r

for every r ∈ Z.

The uniqueness of a mapping Sp∗∞(n) −→ Z satisfying these properties is
actually rather obvious: suppose i′CZ : Sp∗∞(n) −→ Z has the same proper-
ties and set δ = iCZ−i′CZ. In view of (CZ3) we have δ(αrS∞) = δ(S∞) for all
r ∈ Z hence δ is defined on Sp∗(n) = Sp+(n)∪Sp−(n) so that δ(S∞) = δ(S)
where S = S1, the endpoint of the path t 7−→ St. Property (CZ2) implies
that this function Sp∗(n) −→ Z is constant on both Sp+(n) and Sp−(n).
We next observe that since det S = 1 we have det(S−1 − I) = det(S − I)
so that S and S−1 always belong to the same set Sp+(n) or Sp−(n) if
det(S − I) 6= 0. Property (CZ1) then implies that δ must be zero on both
Sp+(n) or Sp−(n).

One proves that the Conley–Zehnder in addition satisfies:
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(CZ4) Normalization: Let J1 be the standard symplectic matrix in Sp(1).
If S1 is the path t −→ eπtJ1 (0 ≤ t ≤ 1) joining I to −I in Sp(1) then
iCZ,1(S1,∞) = 1 (iCZ,1 the Conley–Zehnder index on Sp(1));

(CZ5) Dimensional additivity : if S1,∞ ∈ Sp∗∞(n1), S2,∞ ∈ Sp∗∞(n2), n1 +
n2 = n, then

iCZ(S1,∞ ⊕ S2,∞) = iCZ,1(S1,∞) + iCZ,2(S2,∞)

where iCZ,j is the Conley–Zehnder index on Sp(nj), j = 1, 2.

These properties will actually easily follow from the properties of the
extended index we will construct. Let us first introduce a useful notion of
Cayley transform for symplectic matrices.

The symplectic Cayley transform

Our extension of the index iCZ requires a notion of Cayley transform for
symplectic matrices. If S ∈ Sp(n), det(S − I) 6= 0, we call the matrix

MS =
1
2
J(S + I)(S − I)−1 (3.12)

the “symplectic Cayley transform of S”. Equivalently:

MS =
1
2
J + J(S − I)−1. (3.13)

It is straightforward to check that MS always is a symmetric matrix: MS =
MT

S . In fact:

MT
S = −1

2
J − (ST − I)−1J = −1

2
J + (JST − J)−1

that is, since JST = S−1J and (S−1 − I)−1 = (I − S)−1S:

MT
S = −1

2
J + (S−1J − J)−1 = −1

2
J − J(I − S)−1S.

Noting the trivial identity (I − S)−1S = −I + (I − S)−1 we finally obtain

MT
S =

1
2
J − J(I − S)−1 = MS .

The symplectic Cayley transform has the following properties:

Lemma 104 (i) We have

(MS + MS′)−1 = −(S′ − I)(SS′ − I)−1(S − I)J (3.14)

and the symplectic Cayley transform of the product SS′ is (when defined)
given by the formula

MSS′ = MS + (ST − I)−1J(MS + MS′)−1J(S − I)−1. (3.15)

(ii) The symplectic Cayley transform of S and S−1 are related by

MS−1 = −MS. (3.16)
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Proof. (i) We begin by noting that (3.13) implies that

MS + MS′ = J(I + (S − I)−1 + (S′ − I)−1) (3.17)

hence the identity (3.14). In fact, writing SS′ − I = S(S′ − I) + S − I, we
have

(S′ − I)(SS′ − I)−1(S − I) = (S′ − I)(S(S′ − I) + S − I)−1(S − I)

= ((S − I)−1S(S′ − I)(S′ − I)−1 + (S′ − I)−1)−1

= ((S − I)−1S + (S′ − I)−1)

= I + (S − I)−1 + (S′ − I)−1.

The equality (3.14) follows in view of (3.17). Let us prove (3.15). Equiva-
lently

MS + M = MSS′ (3.18)

where M is the matrix defined by

M = (ST − I)−1J(MS + MS′)−1J(S − I)−1

that is, in view of (3.14),

M = (ST − I)−1J(S′ − I)(SS′ − I)−1.

Using the obvious relations ST = −JS−1J and (−S−1 + I)−1 = S(S− I)−1

we have

M = (ST − I)−1J(S′ − I)(SS′ − I)−1

= −J(−S−1 + I)−1(S′ − I)(SS′ − I)−1

= −JS(S − I)−1(S′ − I)(SS′ − I)−1

that is, writing S = S − I + I,

M = −J(S′ − I)(SS′ − I)−1 − J(S − I)−1(S′ − I)(SS′ − I)−1.

Replacing MS by its value (3.13) we have

MS + M =

J( 1
2I + (S − I)−1 − (S′− I)(SS′ − I)−1− (S − I)−1(S′ − I)(SS′− I)−1).

Noting that

(S − I)−1 − (S − I)−1(S′ − I)(SS′ − I)−1 =

(S − I)−1(SS′ − I − S′ + I)(SS′ − I)−1)
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that is

(S − I)−1 − (S − I)−1(S′ − I)(SS′ − I)−1

= (S − I)−1(SS′ − S′)(SS′ − I)−1

= S′(SS′ − I)−1)

we get

MS + M = J( 1
2I − (S′ − I)(SS′ − I)−1 + S′(SS′ − I)−1)

= J( 1
2I + (SS′ − I)−1)

= MSS′

which we set out to prove. (ii) Formula (3.16) follows from the sequence of
equalities

MS−1 = 1
2J + J(S−1 − I)−1

= 1
2J − JS(S − I)−1

= 1
2J − J(S − I + I)(S − I)−1

= − 1
2J − J(S − I)−1

= −MS .

Definition and properties of ν(S∞)
We define on R2n ⊕ R2n a symplectic form σª by

σª(z1, z2; z′1, z
′
2) = σ(z1, z

′
1)− σ(z2, z

′
2)

and denote by Spª(2n) and Lagª(2n) the corresponding symplectic group
and Lagrangian Grassmannian. Let µª be the Leray index on Lagª∞(2n)
and µªL the Maslov index on Spª∞(2n) relative to L ∈ Lagª(2n).

For S∞ ∈ Sp∞(n) we define

ν(S∞) =
1
2
µª((I ⊕ S)∞∆∞, ∆∞) (3.19)

where (I ⊕ S)∞ is the homotopy class in Spª(2n) of the path

t 7−→ {(z, Stz) : z ∈ R2n} , 0 ≤ t ≤ 1

and ∆ = {(z, z) : z ∈ R2n} the diagonal of R2n ⊕R2n. Setting Sªt = I ⊕ St

we have Sªt ∈ Spª(2n) hence formulae (3.19) is equivalent to

ν(S∞) =
1
2
µª∆(Sª∞) (3.20)

where µª∆ is the relative Maslov index on Spª∞(2n) corresponding to the
choice ∆ ∈ Lagª(2n).
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Note that replacing n by 2n in the congruence (2.43) (Proposition 74) we
have

µª((I ⊕ S)∞∆∞, ∆∞) ≡ dim((I ⊕ S)∆ ∩∆) mod 2
≡ dimKer(S − I) mod 2

and hence
ν(S∞) ≡ 1

2
dimKer(S − I) mod 1.

Since the eigenvalue 1 of S has even multiplicity ν(S∞) is thus always an
integer.

The index ν has the following three important properties. The third
is essential for the calculation of the index of repeated periodic orbits (it
clearly shows that ν is not in general additive):

Proposition 105 (i) For all S∞ ∈ Sp∞(n) we have

ν(S−1
∞ ) = −ν(S∞) , ν(I∞) = 0 (3.21)

(I∞ the identity of the group Sp∞(n)). (ii) For all r ∈ Z we have

ν(αrS∞) = ν(S∞) + 2r , ν(αr) = 2r (3.22)

(iii) Let S∞ be the homotopy class of a path Σ in Sp(n) joining the identity
to S ∈ Sp∗(n), and let S′ ∈ Sp(n) be in the same connected component
Sp±(n) as S. Then ν(S′∞) = ν(S∞) where S′∞ is the homotopy class in
Sp(n) of the concatenation of Σ and a path joining S to S′ in Sp0(n).

Proof. (i) Formulae (3.21) immediately follows from the equality (Sª∞)−1 =
(I ⊕ S−1)∞ and the antisymmetry of µª∆. (ii) The second formula (3.22)
follows from the first using (3.21). To prove the first formula (3.22) it suffices
to observe that to the generator α of π1[Sp(n)] corresponds the generator
I∞ ⊕ α of π1[Spª(2n)]. In view of property (2.56) of the Maslov indices it
follows that

ν(αrS∞) =
1
2
µª∆((I∞ ⊕ α)rSª∞)

=
1
2
(µª∆(Sª∞) + 4r)

= ν(S∞) + 2r.

(iii) Assume in fact that S and S′ belong to, say, Sp+(n). Let S∞ be the
homotopy class of the path Σ, and Σ′ a path joining S to S′ in Sp+(n) (we
parametrize both paths by t ∈ [0, 1]). Let Σ′t′ be the restriction of Σ′ to the
interval [0, t′], t′ ≤ t and S∞(t′) the homotopy class of the concatenation
Σ∗Σ′t′ . We have det(S(t)−I) > 0 for all t ∈ [0, t′] hence Sª∞(t)∆∩∆ 6= 0 as
t varies from 0 to 1. It follows from the fact that the µª∆ is locally constant
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on the set {Sª∞ : Sª∞∆ ∩∆ = 0} (property (ii) in Proposition 82) that the
function t 7−→ µª∆(Sª∞(t)) is constant, and hence

µª∆(Sª∞) = µª∆(Sª∞(0)) = µª∆(Sª∞(1)) = µª∆(S′ª∞ )

which was to be proven.

The following consequence of the result above shows that the indices ν
and iCZ coincide on their common domain of definition:

Corollary 106 The restriction of the index ν to Sp∗(n) is the Conley–
Zehnder index:

ν(S∞) = iCZ(S∞) if det(S − I) 6= 0.

Proof. The restriction of ν to Sp∗(n) satisfies the properties (CZ1), (CZ2),
and (CZ3) of the Conley–Zehnder index listed in §3.3. We showed that
these properties uniquely characterize iCZ.

Let us prove a formula for the index of the product of two paths:

Proposition 107 If S∞, S′∞, and S∞S′∞ are such that det(S − I) 6= 0,
det(S′ − I) 6= 0, and det(SS′ − I) 6= 0 then

ν(S∞S′∞) = ν(S∞) + ν(S′∞) + 1
2 sign(MS + MS′) (3.23)

where MS is the symplectic Cayley transform of S. In particular

ν(Sr
∞) = rν(S∞) + 1

2 (r − 1) sign MS (3.24)

for every integer r.

Proof. In view of (3.20) and the product property (2.57) of the Maslov
index (Proposition 82) we have

ν(S∞S′∞) = ν(S∞) + ν(S′∞) + 1
2τª(∆, Sª∆, SªS′ª∆)

= ν(S∞) + ν(S′∞)− 1
2τª(SªS′ª∆, Sª∆,∆)

where Sª = I ⊕ S, S′ª = I ⊕ S′ and τª is the signature on the symplectic
space (R2n ⊕ R2n, σª). The condition det(SS′ − I) 6= 0 is equivalent to
SªS′ª∆ ∩ ∆ = 0 hence we can apply Proposition 50 with ` = SªS′ª∆,
`′ = Sª∆, and `′′ = ∆. The projection operator onto SªS′ª∆ along ∆ is
easily seen to be

PrSªS′ª∆,∆ =

[
(I − SS′)−1 −(I − SS′)−1

SS′(I − SS′)−1 −SS′(I − SS′)−1

]

hence τª(SªS′ª∆, Sª∆,∆) is the signature of the quadratic form

Q(z) = σª(PrSªS′ª∆,∆(z, Sz); (z, Sz))
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that is, since σª = σ ª σ:

Q(z) = σ((I − SS′)−1(I − S)z, z))− σ(SS′(I − SS′)−1(I − S)z, Sz))

= σ((I − SS′)−1(I − S)z, z))− σ(S′(I − SS′)−1(I − S)z, z))

= σ((I − S′)(I − SS′)−1(I − S)z, z)).

In view of formula (3.14) in Lemma 104 we have

(I − S′)(SS′ − I)−1(I − S) = (MS + MS′)−1J

hence
Q(z) = − 〈

(MS + MS′)−1Jz, Jz
〉

and the signature of Q is thus the same as that of

Q′(z) = − 〈
(MS + MS′)−1z, z

〉

that is − sign(MS + MS′). This proves formula (3.23). Formula (3.24)
follows from (3.23) by induction on r.

It is not immediately obvious that the index µγ of the periodic orbit γ is
independent on the choice of the origin of the orbit. Let us prove that this
property always holds:

Proposition 108 Let (ft) be the flow determined by a (time-independent)
Hamiltonian function on R2n and z 6= 0 such that fT (z) = z for some
T > 0. Let z′ = ft′(z) for some t′ and denote by ST (z) = DfT (z) and
ST (z′) = DfT (z′) the corresponding monodromy matrices. Let ST (z)∞ and
ST (z′)∞ be the homotopy classes of the paths t 7−→ St(z) = Dft(z) and
t 7−→ St(z′) = Dft(z′), 0 ≤ t ≤ T . We have ν(ST (z)∞) = ν(ST (z′)∞).

Proof. We have proven in Lemma 47 that monodromy matrices ST (z) and
ST (z′) are conjugate of each other. Since we will need to let t′ vary we write
ST (z′) = ST (z′, t′) so that

ST (z′, t′) = St′(z′)ST (z)St′(z′)−1.

The paths t 7−→ St(z′) and t 7−→ St′(z′)St(z)St′(z′)−1 being homotopic
with fixed endpoints ST (z′, t′)∞ is also the homotopy class of the path
t 7−→ St′(z′)St(z)St′(z′)−1. We thus have, by definition (3.19) of ν,

ν(ST (z′, t′)∞) =
1
2
µª∆t′

(SªT (z)∞)

where we have set

∆t′ = (I ⊕ St′(z′)−1)∆ and SªT (z)∞ = I∞ ⊕ ST (z)∞.

Consider now the mapping t′ 7−→ µª∆t′
(SªT (z)∞). We have

SªT (z)∆t′ ∩∆t′ = {z : Sz = z}
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hence the dimension of the intersection SªT (z)∆t′ ∩∆t′ remains constant as
t′ varies. In view of the topological property of the relative Maslov index
the mapping t′ 7−→ µª∆t′

(SªT (z)∞) is thus constant and hence

ν(ST (z′, t′)∞) = ν(ST (z′, 0)∞) = ν(ST (z)∞)

which concludes the proof.

Relation between ν and µ`P

The index ν can be expressed in simple – and useful – way in terms of the
Maslov index µ`P

on Sp∞(n). The following technical result will be helpful
in establishing this relation. Recall that S ∈ Sp(n) is free if S`P ∩ `P = 0
and that this condition is equivalent to detB 6= 0 when S is identified with
the matrix

S =
[
A B
C D

]
(3.25)

in the canonical basis. The set of all free symplectic matrices is dense in
Sp(n). The quadratic form W on Rn

x × Rn
x defined by

W (x, x′) =
1
2
〈Px, x〉 − 〈Lx, x′〉+

1
2
〈Qx′, x′〉

where
P = DB−1, L = B−1, Q = B−1A (3.26)

then generates S in the sense that

(x, p) = S(x′, p′) ⇐⇒ p = ∂xW (x, x′) , p′ = −∂x′W (x, x′).

We have:

Lemma 109 Let S = SW ∈ Sp(n) be given by (3.25).We have

det(SW − I) = (−1)n detB det(B−1A + DB−1 −B−1 − (BT )−1) (3.27)

that is:

det(SW − I) = (−1)n det(L−1) det(P + Q− L− LT ).

In particular the symmetric matrix

P + Q− L− LT = DB−1 + B−1A−B−1 − (BT )−1

is invertible.

Proof. Since B is invertible we can factorize S − I as
[
A− I B

C D − I

]
=

[
0 B
I D − I

] [
C − (D − I)B−1(A− I) 0

B−1(A− I) I

]
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and hence

det(SW − I) = det(−B) det(C − (D − I)B−1(A− I))

= (−1)n detB det(C − (D − I)B−1(A− I)).

Since S is symplectic we have C −DB−1A = −(BT )−1 and hence

C − (D − I)B−1(A− I)) = B−1A + DB−1 −B−1 − (BT )−1

the Lemma follows.

Let us now introduce the notion of index of concavity of a Hamiltonian
periodic orbit γ, defined for 0 ≤ t ≤ T , with γ(0) = γ(T ) = z0. As t goes
from 0 to T the linearized part Dγ(t) = St(z0) goes from the identity to
ST (z0) (the monodromy matrix) in Sp(n). We assume that ST (z0) is free
and that det(ST (z0)− I) 6= 0. Writing

St(z0) =
[
A(t) B(t)
C(t) D(t)

]

we thus have det B(t) 6= 0 in a neighborhood [T − ε, T + ε] of the time T .
The generating function

W (x, x′, t) =
1
2
〈P (t)x, x〉 − 〈L(t)x, x′〉+

1
2
〈Q(t)x′, x′〉

(with P (t), Q(t), L(t) defined by (3.26) thus exists for T − ε ≤ t ≤ T + ε.
By definition Morse’s index of concavity [60] of the periodic orbit γ is the
index of inertia

Inert W ′′
xx = Inert(P + Q− L− LT )

of W ′′
xx, the matrix of second derivatives of the function x 7−→ W (x, x; T )

(we have set P = P (T ), Q = Q(T ), L = L(T )).
Let us now prove the following essential result. Recall that m` denotes

the reduced Maslov index associated to µ`:

Proposition 110 Let t 7−→ St be a symplectic path, 0 ≤ t ≤ 1. Let S∞ ∈
Sp∞(n) be the homotopy class of that path and set S = S1. If det(S−I) 6= 0
and S`P ∩ `P = 0 then

ν(S∞) =
1
2
(µ`P

(S∞) + sign W ′′
xx) = m`P

(S∞)− Inert W ′′
xx (3.28)

where Inert W ′′
xx is the index of concavity corresponding to the endpoint S

of the path t 7−→ St.

Proof. We will divide the proof in three steps. Step 1. Let L ∈ Lagª(4n).
Using successively formulae (3.20) and (2.59) we have

ν(S∞) =
1
2
(µªL (Sª∞) + τª(Sª∆,∆, L)− τª(Sª∆, SªL,L)). (3.29)
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Choosing in particular L = L0 = `P ⊕ `P we get

µªL0
(Sª∞) = µª((I ⊕ S)∞(`P ⊕ `P ), (`P ⊕ `P ))

= µ(`P,∞, `P,∞)− µ(`P,∞, S∞`P,∞)
= −µ(`P,∞, S∞`P,∞)
= µ`P

(S∞)

so that there remains to prove that

τª(Sª∆, ∆, L0)− τª(Sª∆, SªL0, L0) = −2 sign W ′′
xx.

Step 2. We are going to show that

τª(Sª∆, SªL0, L0) = 0.

In view of the symplectic invariance and the antisymmetry of τª this is
equivalent to

τª(L0,∆, L0, (Sª)−1L0) = 0. (3.30)

We have
∆ ∩ L0 = {(0, p; 0, p) : p ∈ Rn}

and (Sª)−1L0∩L0 consists of all (0, p′, S−1(0, p′′)) with S−1(0, p′′) = (0, p′).
Since S (and hence S−1) is free we must have p′ = p′′ = 0 so that

(Sª)−1L0 ∩ L0 = {(0, p; 0, 0) : p ∈ Rn}.
It follows that we have

L0 = ∆ ∩ L0 + (Sª)−1L0 ∩ L0

hence (3.30) in view of Proposition 51. Step 3. Let us finally prove that.

τª(Sª∆, ∆, L0) = −2 sign W ′′
xx.

This will complete the proof of the proposition. The condition det(S−I) 6= 0
is equivalent to Sª∆ ∩∆ = 0 hence, using Proposition 50, the number

τª(Sª∆,∆, L0) = −τª(Sª∆, L0, ∆)

is the signature of the quadratic form Q on L0 defined by

Q(0, p, 0, p′) = −σª(PrSª∆,∆(0, p, 0, p′); 0, p, 0, p′)

where

PrSª∆,∆ =

[
(S − I)−1 −(S − I)−1

S(S − I)−1 −S(S − I)−1

]

is the projection on Sª∆ along ∆ in R2n⊕R2n. It follows that the quadratic
form Q is given by

Q(0, p, 0, p′) = −σª((I − S)−1(0, p′′), S(I − S)−1(0, p′′); 0, p, 0, p′)
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where we have set p′′ = p− p′. By definition of σª this is

Q(0, p, 0, p′) = −σ((I − S)−1(0, p′′), (0, p)) + σ(S(I − S)−1(0, p′′), (0, p′)).

Let now MS be the symplectic Cayley transform (3.12) of S. We have

(I − S)−1 = JMS + 1
2I , S(I − S)−1 = JMS − 1

2I

and hence

Q(0, p, 0, p′) = −σ((JMS + 1
2I)(0, p′′), (0, p))

+ σ((JMS − 1
2I)(0, p′′), (0, p′))

= −σ(JMS(0, p′′), (0, p)) + σ(JMS(0, p′′), (0, p′))
= σ(JMS(0, p′′), (0, p′′))
= −〈MS(0, p′′), (0, p′′)〉 .

Let us calculate explicitly MS . Writing S in usual block-form we have

S − I =

[
0 B

I D − I

][
C − (D − I)B−1(A− I) 0

B−1(A− I) I

]

that is

S − I =
[
0 B
I D − I

] [
W ′′

xx 0
B−1(A− I) I

]

where we have used the identity

C − (D − I)B−1(A− I)) = B−1A + DB−1 −B−1 − (BT )−1

which follows from the relation C − DB−1A = −(BT )−1 (the latter is a
rephrasing of the equalities DT A − BT C = I and DT B = BT D, which
follow from the fact that ST JS = ST JS since S ∈ Sp(n)). It follows that

(S − I)−1 =

[
(W ′′

xx)−1 0
B−1(I −A)(W ′′

xx)−1 I

][
(I −D)B−1 I

B−1 0

]

=

[
(W ′′

xx)−1(I −D)B−1 (W ′′
xx)−1

B−1(I −A)(W ′′
xx)−1(I −D)B−1 + B−1 B−1(I −A)(W ′′

xx)−1

]

and hence

MS =[
B−1(I −A)(W ′′

xx)−1(I −D)B−1 + B−1 1
2I + B−1(I −A)(W ′′

xx)−1

− 1
2I − (W ′′

xx)−1(I −D)B−1 −(W ′′
xx)−1

]

from which follows that

Q(0, p, 0, p′) =
〈
(W ′′

xx)−1p′′, p′′
〉

=
〈
(W ′′

xx)−1(p− p′), (p− p′)
〉
.
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The matrix of the quadratic form Q is thus

2

[
(W ′′

xx)−1 −(W ′′
xx)−1

−(W ′′
xx)−1 (W ′′

xx)−1

]

and this matrix has signature 2 sign(W ′′
xx)−1 = 2 sign W ′′

xx, proving the first
equality (3.28). The second equality follows because µ`P (S∞) = 2m`P (S∞)−
n since S`P ∩ `P = 0 and the fact that W ′′

xx has rank n in view of Lemma
109.

Remark 111 Lemma 109 above shows that if S is free then we have

1
π

arg det(S − I) ≡ n + arg det B + arg det W ′′
xx mod 2

≡ n− arg det B + arg det W ′′
xx mod 2.

The reduced Maslov index m`P (S∞) corresponds to a choice of arg det B
modulo 4. Proposition 110 thus justifies the following definition of the ar-
gument of det(S − I) modulo 4:

1
π

arg det(S − I) ≡ n− ν(S∞) mod 4.

Let us finish with an example. Consider first the one-dimensional har-
monic oscillator with Hamiltonian function

H =
ω

2
(p2 + x2).

All the orbits are periodic with period 2π/ω. The monodromy matrix is
simply the identity: ΣT = I where

Σt =
[

cos ωt sin ωt
− sin ωt cosωt

]
.

Let us calculate the corresponding index ν(Σ∞). The homotopy class of
path t 7−→ Σt as t goes from 0 to T = 2π/ω is just the inverse of α,
the generator of π1[Sp(1)] hence ν(Σ∞) = −2 in view of (3.22). If we
had considered r repetitions of the orbit we would likewise have obtained
ν(Σ∞) = −2r.

Consider next a two-dimensional harmonic oscillator with Hamiltonian
function

H =
ωx

2
(p2

x + x2) +
ωy

2
(p2

y + y2).

We assume that the frequencies ωy, ωx are incommensurate, so that the
only periodic orbits are librations along the x and y axes. Let us focus
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on the orbit γx along the x axis. Its prime period is T = 2π/ωx and the
corresponding monodromy matrix is

S1 =




1 0 0 0
0 cos χ 0 sin χ
0 0 1 0
0 − sin χ 0 cos χ


 , χ = 2π

ωy

ωx
;

it is the endpoint of the symplectic path t 7−→ St, 0 ≤ t ≤ 1, consisting of
the matrices

St =




cos 2πt 0 sin 2πt 0
0 cos χt 0 sin χt

− sin 2πt 0 cos 2πt 0
0 − sin χt 0 cos χt


 .

In Gutzwiller’s trace formula [35] the sum is taken over periodic orbits,
including their repetitions. We are thus led to calculate the Conley–Zehnder
index of the path t 7−→ St with 0 ≤ t ≤ r where the integer r indicates the
number of repetitions of the orbit. Let us calculate the Conley–Zehnder
index ν(S̃r,∞) of this path. We have St = Σt ⊕ S̃t where

Σt =
[

cos 2πt sin 2πt
− sin 2πt cos 2πt

]
, S̃t =

[
cos χt sin χt
− sin χt cosχt

]
.

In view of the additivity property of the relative Maslov index we thus have

ν(Sr,∞) = ν(Σr,∞) + ν(S̃r,∞)

where the first term is just

ν(Σr,∞) = −2r

in view of the calculation we made in the one-dimensional case with a dif-
ferent parametrization. Let us next calculate ν(S̃r,∞). We will use formula
(3.28) relating the index ν to the Maslov index via the index of concavity,
so we begin by calculating the relative Maslov index

m`P (S̃r,∞) = m(S̃r,∞`P,∞, `P,∞).

Here is a direct argument. In more complicated cases the formulas we proved
in [31] are useful. When t goes from 0 to r the line S̃t`P describes a loop
in Lag(1) going from `P to S̃r`P . We have S̃t ∈ U(1). Its image in U(1,C)
is e−iχt hence the Souriau mapping identifies S̃t`P with e−2iχt. It follows,
using formula (2.40), that

m`P
(S̃r,∞) =

1
2π

(−2rχ + i Log(−e−2irχ)
)

+
1
2

=
1
2π

(
−2rχ + i Log(ei(−2rχ+π))

)
+

1
2
.
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The logarithm is calculated as follows: for θ 6= (2k + 1)π (k ∈ Z)

Log eiθ = iθ − 2πi

[
θ + π

2π

]

and hence
Log(ei(−2rχ+π)) = −i(2rχ + π + 2π

[rχ

π

]
).

It follows that the Maslov index is

m`P (S̃r,∞) = −
[rχ

π

]
. (3.31)

To obtain ν(S̃r,∞) we note that by (3.28)

ν(S̃r,∞) = m`P (S̃1,∞)− Inert W ′′
xx

where Inert W ′′
xx is the concavity index corresponding to the generating

function of S̃t. The latter is

W (x, x′, t) =
1

2 sin χt
((x2 + x′2) cos χt− 2xx′)

hence W ′′
xx = − tan(χt/2). We thus have, taking (3.31) into account,

ν(S̃r,∞) = −
[rχ

π

]
− Inert

(
− tan

rχ

2

)
.

A straightforward induction on r shows that this can be rewritten more
conveniently as

ν(S̃r,∞) = −1− 2
[rχ

2π

]
.

Summarizing, we have

ν(Sr,∞) = ν(Σr,∞) + ν(S̃r,∞)

= −2r − 1− 2
[rχ

2π

]

hence the index in Gutzwiller’s formula corresponding to the r-th repetition
is

µx,r = −ν(Sr,∞) = 1 + 2r + 2
[rχ

2π

]

that is, by definition of χ,

µx,r = 1 + 2r + 2
[
r
ωy

ωx

]
.

Remark 112 The calculations above are valid when the frequencies are
incommensurate. If, say, ωx = ωy, the calculations are much simpler: in
this case the homotopy class of the loop t 7−→ St, 0 ≤ t ≤ 1, is α−1 ⊕ α−1

and by the second formula (3.22),

µx,r = −ν(Sr,∞) = 4r

which is zero modulo 4.
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