Abstract
Nilsson, Per (2006). Exploring Probabilistic Reasoning - A Study of How Students Contextualise Compound Chance Encounters in Explorative Settings. Acta
Wexionensia No 103/2006. ISSN: 1404-4307, ISBN: 91-7636-522-0. Written in
English.
This thesis aims at exploring how probabilistic reasoning arises in explorative
learning situations that are random in nature. The focus is especially on what
learners with scant experience of formal theories of probability do and can do
when dealing with compound random situations in which they are offered opportunities to integrate different probabilistic lines of reasoning.
Three studies were carried out for the purpose of gaining an understanding
of how learners’ probabilistic reasoning is organised and re-organised in explorative, random-dependent situations. In two of the studies 12 to 13 year-old students acted within a dice-game setting, which was based on the total of two dice.
The third study examined 14 to 16 year-old students’ ways of dealing with ICTversions of compound, independent events viewed in a random-dependent ramified structure.
To uncover the basis and the content of the students’ reasoning, behaviour
has been regarded in terms of intentions. That is, to understand and make sense
of the students’ reasoning, their activities have been matched and re-matched
with conjectures about their intents to fulfil certain goals.
Although the students were acting on the same learning material, the analyses revealed various kinds of probabilistic reasoning among the students. It has
been argued that students’ various ways of dealing with chance encounters may
be understood and explained with reference to the ways in which they interpret
the learning situations. Thus, this thesis suggests that probabilistic reasoning
takes form through a process of contextualisation, i.e. through a compound process where the cognitive activity oscillates between interpretations and reflections
about context, the focal event and new information that comes into play.
This thesis reveals that students, prior to instruction, are able to devise ideas
of an underlying probability distribution in the case of compound random phenomena. The students bring into the discussion geometrical and numerical considerations, as well as arguments reflecting principles of the law of large numbers.
Key words/phrases: Probabilistic reasoning, randomness, compound chance encounters, contextualisation, differentiation, elaborative variation.
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Disposition
This thesis is based on three case studies, each with the purpose of
investigating students’ probabilistic reasoning in explorative settings. The
papers of these studies are attached at the end of this volume.
The objective of the first section of this thesis is to provide a comprehensive account of the entire work and to deepen and extend the conclusions of the three
papers.
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1 Introduction
Random phenomena consist of variability in outcomes, whose appearance cannot
be completely forecast through causal or deterministic means (Steinbring,
1991a). Probability is a way of describing events that are random in nature, that
is, the distinguishing feature of a probability model is that it incorporates randomness (Borovcnik, Bentz & Kapadia, 1991). Assigning probabilities to a random phenomenon means that we explain its outcomes with varying degrees of
certainty (Hawkins & Kapadia, 1984).
In recent years probability has emerged as a mainstream area in the school
mathematics curriculum. This is especially opportune because as members of a
society we increasingly meet chance variation, and random phenomena not only
in mathematics but also in the media, in meteorological and financial forecasting,
and in social activities such as games, sports and gambling (Jones et al., 2005).
Much research on people’s probabilistic reasoning has involved the explication and documentation of personal heuristics and biases concerning different
kinds of random phenomena, such as representativeness (Kahneman & Tversky,
1972) and availability (Tversky & Kahneman, 1973), as well as the equiprobability bias (Lecoutre, 1992). However, this tradition has gradually been subjected to
criticism for its narrowness and lack of explanatory power (Pratt, 1998). In order
to better guide probability education, more productive research approaches have
been suggested (cf. Smith, diSessa & Roschelle, 1993).
A basic assumption of the current approaches to probability teaching is that
instruction should be built upon the children’s own ideas (Metz, 1998). Understanding how students reason about probability helps teachers to initiate conversations and design learning environments that may facilitate the development of
students’ probabilistic knowledge growth (Konold, 1991). Hence, the primary
aim of research on learning probability would be to account for what the students
can do instead of focusing on what they cannot do when they reason probabilistically (Hawkins & Kapadia, 1984). By focusing on the underlying principles of
students’ articulated strategies we may discover some encouraging conceptions
and skills that remain unnoticed from a perspective that is too limited or normative (Shaughnessy, 1997). However, research on probabilistic thinking seems to
lack proper analytical tools to account for the underlying mechanisms of and potential in students’ probabilistic reasoning.
From the heuristic research tradition we know that people tend to deal with
random phenomena in certain personal manners, which may contradict a normative way of handling the phenomena. However, there may be aspects of a personal idea that reflect probabilistic principles and thus could be applicable in
random situations (see section 3.1.4). Hence, in order to enhance our understand-
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ing of learning probability we should not only focus on the students’ beliefs and
intuitions per se. We should not only identify the ideas the students bring to
school, but also pay serious attention to how and why the students organise and
re-organise their ideas during their interaction with randomness. I intend to account for such processes by applying constructivist principles to the analysis of
students’ understanding. From a constructivist perspective individual meaningmaking processes are in focus (Smith, 1994), which will enable us to understand
in detail how students, who are trying to learn probability, are thinking about the
topic.
The construction of a probability model depends on the random nature of the
event that is to be modelled (see section 2.2). Different probability models are
preferable depending on the nature of randomness involved (Shaughnessy,
1992). Hence, to account for students’ range of abilities to reason probabilistically, a perspective on learning probability will be adopted in which random
situations showing a multitude of different sources of inspiration are considered
as essential (Steinbring, 1991a). In addition, the three studies presented in this
thesis concern compound random encounters. By confronting students with
compound events in experimental settings we may be able to explore how they
deal with a wide range of probabilistic principles.
The challenge of exploring experimental situations in which students are
given the opportunity to devise and reflect on different ways of reasoning about
probability makes it necessary to consider the contextual character of cognition
and meaning making. However, we do not have to repudiate the constructivist
principles in order to take into account the contextual nature of learning (Wistedt
& Brattström, 2005). Taking into consideration how individual students interpret
social and situational elements of a setting in which learning occurs and how
they integrate such elements in their interpretations of a subject-specific content,
we can talk about students’ different ways of experiencing and dealing with
chance encounters as a process of contextualisation (Halldén, 1999; Wistedt &
Brattström, 2005). Expressed differently, by employing the construct of contextualisation to the analysis of a learning activity, we aim at covering how different
knowledge elements interact in the learners’ attempts to make sense of and understand a learning situation. (A detailed presentation of the analytical construct
of contextualisation is outlined in section 4.4).
To sum up, the general aim of the research presented in this thesis is to contribute to the understanding of students’ chance encounters and, particularly, to
the understanding of how learners devise probabilistic reasoning in order to account for compound random events in explorative settings. This overall concern
is operationalised into two research aims. The first aim refers to meta-level structures and deals with questions of how we should talk about students’ understanding and knowledge growth in the case of learning probability. More specifically,
the first aim of this thesis is to explain students’ ways of experiencing compound
random phenomena where opportunities are provided for them to integrate different ways of reasoning about probabilities, by accounting for the ways in
which they organise and re-organise their contextualisations. The second aim refers to the characterisation of typical probability-oriented principles that the students make accessible through their varying ways of contextualising the tasks

2

given. These two aims will be further described and specified in section 4.5 after
the introduction of the necessary terminology.
The thesis is based on three studies. In two of the studies students are asked
to play a dice game, which is based on the total of two dice. In the third study the
students act on compound random events that are viewed in an explicit several
step structure within an ICT-environment. Common to all the three studies is that
they are intended to provide information about students’ ways of dealing with
compound chance encounters, in which the students are provided opportunities
to act on different probabilistic principles in explorative settings.

3

2 The Theoretical Nature of
Probability
This chapter introduces the reader to the knowledge domain of randomness and
probability. The purpose is not to give an exhaustive account of the philosophical
and epistemological traditions in the historical development of probability, but to
give a view of the area, its multifaceted character and fundamental principles and
concepts that are of relevance for the understanding and development of this thesis.

2.1

Randomness

Modelling implies that there is some object to be modelled. In the case of probability randomness is that object (Batanero, Green & Serrano, 1998). Maybe this
is too simple a definition of the relationship between randomness and probability. Viewed as a case of circularity of concept definitions, Steinbring (1991b)
stresses that the two concepts are mutually dependent: “what probability is can
only be explained by means of randomness and what randomness is can only be
modelled by means of probability” (p. 505). However, in either case we have to
deal with the question of what we mean by saying that something is random or
happens at random.
Historically there have been different answers to such questions and even at
the present time there is no simple definition allowing us to determine with certainty whether a given event is random or not (Steinbring, 1991b). In everyday
situations, randomness seems to incorporate intuitions of arbitrariness, unpredictability and even fairness (Pratt, 1998). In our everyday lives we have all been
involved in situations when random processes have been used to make fair selections, for instance in the activity of drawing lots to decide who will be first, or
for that matter, who is to be last (Beltrami, 1999, p. 3).
From a more formal point of view one could say that a random experiment
consists of several outcomes whose appearance cannot be totally forecast (Steinbring, 1991a). The variability in outcomes involves aspects of uncertainty
(Beltrami, 1999). Hence, one way to define randomness would be on the basis of
the uncertain character of a process.
Batanero et al. (1998) start their historical exploration of the meaning of
randomness by referring to the notion of cause:”…what is random should be opposed to that whose causes are known…” (p. 2). Beltrami (1999) joins this line
of reasoning by arguing that a random process could be perceived as one where
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events occur without some underlying deterministic cause or design that is fully
predictable. A slightly different argument would be to hold that every phenomenon has a cause and that randomness is only the measure of our ignorance
(Batanero, Henry & Parzysz, 2005).
Henri Poincaré found cause-related definitions of randomness unsatisfactory
(Batanero et al., 1998) since some phenomena with unknown laws are nevertheless considered deterministic. There are events that are fundamentally random,
that is, with no unknown law waiting to be found and there are events that would
be, even if a theoretical possibility existed, too complex to account for with deterministic models.
Another way of approaching the meaning of randomness would be to look
not at the underlying causes of a random process, but at the properties of an outcome, for example, whether the arrangement of heads and tails after a series of
coin tosses looks unordered or ”random” (Gal, 2005). However such a definition
entails difficulty since it contradicts the idea that there are no underlying deterministic rules determining the outcomes of a random process: Even if the arrangement itself looks ordered, as when obtaining only heads in 10 tosses, this
could nevertheless be the product of a random process.
To sum up, following Batanero et al. (1998) the concept of randomness refers to those effects whose cause we do not know or which are truly unpredictable. This interpretation reflects many philosophical, epistemological, social and
personal aspects of the nature of randomness and thus constitutes an important
source for probability modelling.

2.2

Probability Modelling

Assigning probabilities to a random phenomenon means that we explain its outcomes with varying degrees of certainty (Hawkins & Kapadia, 1984). Thus,
probability modelling begins by assuming that some mechanism of uncertainty is
at work, giving rise to what is called randomness. The crucial point is to find out
on which grounds, or on which conditions and underlying regularities, a model
for assigning probabilities should be based. Historically there have been different
interpretations developed of what should count as a probability model. For a
more detailed description of the historical and philosophical development of
probability the reader is suggested to consult e.g. Borovcnik et al. (1991), Ritson
(1998) or Batanero et al. (2005). Based on a detailed discussion of the nature and
study of probability from a probabilistic perspective, Borovcnik et al. (1991)
propose and discuss four modern approaches to the nature of probability which
are relevant in the teaching and learning of school mathematics. These are summarised as a classical, frequentist, subjectivist and structural view of probability.

2.2.1

The Classical View

The classical view of probability is often referred to as theoretical probability
(Steinbring, 1991a, 1991b) and is historically related to discussions about winning expectations (Batanero et al., 2005). The correspondence between Pascal
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and Fermat in the middle of the 17th century is often referred to as the starting
point for the development of the classical approach. This correspondence dealt
with two questions about gambling, outlined by the Chevalier de Méré, who was
a gambler but not a mathematician. Of the letters that passed between Pascal and
Fermat only the first is missing. Translations (into English) of the others may be
found in Smith (1959) and David (1962).
According to the classical view a combined event is obtained by the fraction
of outcomes favourable for this event out of all cases possible (Borovcnik et al.,
1991). Thus, the approach implies the need of a ratio-skill (Hawkins and Kapadia, 1984). It is an a priori approach to probability in that it allows calculation
of probabilities before any trial is made. The model is based on the (subjective)
assumption of symmetry in deciding which the equally likely single outcomes
are. However, the assumptions of symmetry and equiprobability raise serious
questions about the relevance of the approach. On the one hand, the same physical experiment can reveal several different symmetries (Borovcnik et al., 1991),
and on the other hand, equiprobability would hardly be found in complex human
and natural situations apart from games of chance (Batanero et al., 2005).

2.2.2

The Frequentist View

Contrary to the previous view, a frequentist approach to probability modelling is
posterior in that the probability of an event is obtained from the observed relative
frequency of that event in several trials (Borovcnik et al., 1991). In the didactic
research literature the frequentist view is also referred to as experimental probability (Jones, Langrall, Thornton, & Mogill, 1999) or as empirical probability
(Steinbring, 1991a, 1991b; Konold, 1991).
A central idea of the frequentist view is the law of large numbers, which
provides an opportunity for explaining the fundamental relationship between
chance and regularity, between randomness and mathematical ideas. The law
means that the stable relative frequency of an event, emerging from repeated experimental trials, is an approximate value for the ideal value calculated according
to elementary theory (Steinbring, 1991b). Exemplified in the experiment of rolling a fair die, this means that the relative frequency of, say, sixes stabilises to the
theoretically derived value 1/6 as the number of trials increase.
The relationship between relative frequencies and classical probability is
mathematically formalised in Bernoulli’s Theorem of the law of large numbers
(Steinbring, 1991b, p. 505):
Let hn be the relative frequency of 0 in n independent trials with two outcomes 0 and 1, which have the probability p∈[0, 1] and q=1-p, then

"# > 0,"$ > 0,%n 0 ,"n & n 0 : P( hn ' p < #) & 1' $.

!

The theorem says that there is a very great probability that the difference between the relative frequency and the probability vanishes as the number of
throws, n, becomes large.
However, even if the frequency approach is intuitively reliable for the conceptualisation of the long-term behaviour of a random experiment, this approach
encounters some practical problems when it is physically impossible to repeat
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the experiment a very large number of times. A related problem concerns the
question of deciding how many trials are needed to get a good estimation for the
probability of an event. Moreover, the approach provides no instruments for interpreting the probability of a single event, i.e. it occurs only one time under
identical conditions (Batanero et al., 2005).

2.2.3

The Subjectivist View

The basic assumption of the subjectivist view is that subjects have their own
probabilities (Borovcnik et al., 1991), an assumption which is derived from the
idea that events are not merely a grading of reality free from the subject’s
knowledge: “to a greater or lesser extent the probability is an expression of personal belief or perception” (Hawkins & Kapadia, 1984, p. 349). Hence, subjective probability estimates are manifestations of personal consideration of varied
sources of information. Subjective probabilities are framed in terms of an individual’s degree of confidence that a particular event will occur (Metz, 1998).
For the subjectivist, prior information, independent of any empirical data, as
well as empirical observations of repeated experiments are important factors
when judging the probability of an event. In Bayes’ formula the interplay between the two types of information are formalised. The formula updates the
probability of various causes when one of their consequences is observed
(Batanero et al., 2005).
An argument against the subjectivist position concerns the scientific relevance of such results, which depend on judgements that vary with the observer
(Batanero et al., 2005). However, since the present thesis is interested in the students’ ideas of probability a subjectivist view on probability modelling will best
serve the purpose (Hawkins & Kapadia, 1984). In the thesis however, a broad
subjectivist approach will be adopted. This means that the importance of students’ probabilistic understanding of symmetry, combinatorics or frequencies is
not denied. Essential however, is how the individuals make such considerations
explicit and available for reflection (Borovcnik et al.1991).

2.2.4

The Structural View

The structural approach does not in itself account for the nature of probability.
Probabilities are derived from other probabilities according to mathematical
theorems. This view should be thought of as an underlying framework for formalising the conceptual structure through the classical, frequentist or subjectivist
position. In a structural view it does not matter whether assigned probabilities are
realistic or not: “What matters more is that they are internally consistent”
(Borovcnik et al.1991, p. 46). It is generally agreed that a probability model
should satisfy Kolmogorov’s three axioms (Kolmogorov, 1950):
i)

P(A) ≥ 0, for any event A

ii) P(Ω)=1, for the whole sample space Ω
iii) If A and B are mutually exclusive events, then P(A∪B) = P(A) + P(B)
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This system of axioms covers some basic ideas of probability modelling, which
are uncontested and used as a common language accepted by most positions.

2.2.5

Some Basic Ideas in Probability Modelling

Events and sample space
Every result of a random experiment is called an outcome. Once a situation is
identified as random, the construction of a probability model begins by identifying the set of possible outcomes of the situation. What should count as an outcome depends on the precision of the model. Take for instance the toss of a fair
coin; the outcomes assigned to this experiment are heads and tails. The model
excludes the (possible) case of the coin landing on edge. The set of all possible
outcomes sets up the sample space Ω.
An event is defined as a cluster of outcomes. In other words, an event is a
sub-set of the sample space. A sub-set of only one outcome defines an elementary event. The sample space of a fair six-sided die takes the format:
Ω = {1,2,3,4,5,6}
Based on this we may single out the events: A = “odd number of spots” or B =
“number of spots to be at least four”. Using the notation of outcomes these
events are presented formally as:
A = {1,3,5}; B = {4,5,6}
Now we may be prepared to make some clarifications of Kolmogorov’s axiom
system. According to the notion of events the first axiom means that probabilities
of events are non-negative. The probability of an impossible event is 0 and the
probability of a certain event is 1. Axiom 2 concerns the whole sample space,
which is a certain event; one of the outcomes of the entire sample space will appear. In the case of tossing a coin for example, the probability is 1 that we will
obtain either head or tail. The throwing of an ordinary die can illustrate axiom 3
(Jonsson & Norell, 1999): The event of obtaining one, C = {1} or six, D = {6},
are defined as C∪D = {1,6}. The two elementary events C and D are exclusive;
one could not get both one and six in the same throw. The number of throws resulting in either ones or sixes is thereby the same as the number of throws resulting in ones plus the number of throws resulting in sixes.
Random variable and probability distribution
When we approach a random experiment theoretically the notion of a random
(stochastic) variable is of particular importance. A random variable X is defined
as a function which maps the events of a sample space Ω with an associated
probability P into the set of real numbers R (Borovcnik et al., 1991). A random
variable serves the purpose of quantifying events of a sample space. To illustrate
the principles of a random variable and its intimate relationship to a sample
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space we look at the random experiment of two sequential tosses of a fair coin.
Let X be the number of heads. The random variable X is defined on the sample
space Ω = {(tail, tail), (head, tail), (tail, head), (head, head)}, and gets its values
in the range {0, 1, 2}.
After defining the sample space and the associated random variable, the concept of probability distribution is used to describe in a concise manner how a
random variable varies and behaves probabilistically (Blom, 1984). The basis on
which the probabilistic values are assigned to the different outcomes of a random
variable depends on the experiment and on the philosophical view adopted. In
the classical approach, the probability distribution of the random variable X, defined on the number of heads in two sequential tosses of a fair coin, has the format: P(0) = ¼, P(1) = ½, P(2) = ¼.
Independence and the product law of probability
In the present study the focus is on students’ reasoning about combined random
experiments. A fundamental idea in compound random events is the notion of
independence (Heitele, 1975). Historically the notion of independence refers to
the intuitive idea that: “two events were considered to be independent if there
was no reason to think that one of them could influence the other” (Batanero et
al., 2005, p. 28). The product law of probability expresses the probabilistic translation of this idea:
P(A∩B) = P(A)⋅P(B).
Combinatorics
In probability modelling it is important to identify the complete set of outcomes
for the random experiment. In the case of compound events, this idea establishes
strong connections between combinatorial capacities and probability estimates
(Heitele, 1975; Polaki, 2005). Approaching a random experiment from a combinatorial (classical) view requires reflection on whether the experiment concerns
ordered or non-ordered sampling and if the sampling procedure is with or without replacement (Batanero et al., 2005). For the purpose of structuring the outcomes of a compound random experiment the tree diagram as an iconic representation is of fundamental importance (Fischbein, 1975). Heitele (1975) expresses
the potential of such a diagram: “it visualises the multi-step structure of the experiment as well as all possible results…” (p. 198). We will return to the underlying ideas of tree diagrams when accounting for the research program conducted by Fischbein (section, 3.2.2).
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3 Research on Probability
Reasoning
There are two main research perspectives within the area of learning probability.
First there is the psychology/cognitive perspective including Kahneman’s and
Tversky’s work, quoted and developed in Gilovich et al. (2002), with a focus on
analysing patterns in order to identify misconceptions and judgmental heuristics.
The second perspective is that of mathematicians and mathematics educators, with a stronger focus on learning probability from a mathematical point of
view (Keeler and Steinhorst, 2001). According to Shaughnessy (1992)
“…educators are not usually content just to observe the troubles that people have
with reasoning under uncertainty; rather they wish to change the students’ conceptions and beliefs about probability and statistics” (p. 469).
Many implications of the results of the psychologists can be seen in the research of mathematics educators, as the psychologists have provided an extensive mapping of subjective (intuitive) notions about probability. However, this
sharing seems so far to have been unidirectional, as the psychological view
seems to be that misconceptions are difficult to overcome (Shaughnessy, 1992).
In the following some specific results from the two research traditions will
be presented and discussed. For the sake of relevance to the present thesis, the
presentation foregrounds people’s reasoning about compound random phenomena.

3.1

Judgemental Heuristics and Biases

Many studies relating to students’ probabilistic reasoning have identified common strategies that students use to solve probability tasks. These strategies often
lead to inappropriate reasoning and can result in a misunderstanding of probabilistic situations (Drier, 2000). The three strategies most relevant to the current
thesis are described in terms of representativeness, availability and equiprobability assumptions.

3.1.1

Representativeness

Let us assume that you pick six marbles out of a box, containing as many red
marbles as blue marbles. After each draw you put the marble back so the proportion of marbles in the box is kept constant. The probability of obtaining three red
and three blue marbles is greater than the probability of, say, obtaining five red
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and only one blue. But this is only true if we do not account for the relative order
of the marbles drawn. Following the notion of Independence and the product law
of probability we find that both of the two special sequences RRRBBB and
RRRRRB receive the probability 0.56. However, the two equally likely sequences RRRBBB and BBBRRR have both contributed to the total probability
of obtaining three blue and three red marbles. The total number of possibilities
for this is:
" 6%
$ ' = 20
# 3&
Comparing these 20 outcomes to the six of obtaining five red and only one blue
marble we realise that it is more probable to obtain a sequence of marbles, inde!
pendent of the order, consisting of three red and three blue marbles.
This introductory reasoning may seem rather obvious. However, what research has found is that people have difficulty in dealing with this kind of probability task. Often they tend to apply a heuristic identified as representativeness
(Kahneman & Tversky, 1972). In the case of the red and blue marbles we see
this heuristic expressed in two ways. In the fist case the heuristic refers to the
fact that individuals tend to base their judgements on how well the relative frequency of a sample reflects the process by which it has been generated. Accordingly, RRBRBB seems more probable than BRRRRR since the former better reflects the 50-50 process underlying the experiment. Connected to this, when
asked to predict the next outcome after they have obtained for example
BRRRRR, subjects believe it is more likely for a blue marble to appear. Such
reasoning illustrates the so-called negative recency effect (the negative gambler’s
fallacy) (Fischbein, 1975) and the law of small numbers (Gilovich et al., 2002),
both of which refer to representativeness as the willingness to ‘balance’ a sample
towards the underlying process or the long-time behaviour of the experiment.
Another case of representativeness may appear when a sample is matched
against a class of outcomes. For instance among the class of randomly generated
sequences of red and blue marbles, BRRBRB is judged as more likely than
RRRBBB since it best represents irregularity, a feature that people tend to ascribe to randomness (Pratt, 2000).

3.1.2

Availability

In the subjectivist view, probability relies on personal experiences and prior
knowledge. A probabilistic judgment depends heavily on the information available to the individual (Drier, 2000).
When people estimate the probability of an event by how easy it is for them
to recall relevant instances of the event, they are applying the availability heuristic (Tversky & Kahneman, 1973). This means that the heuristic is based on one’s
own narrow experience and personal perspective (Shaughnessy, 1992). For example, the estimated probability of an extremely snowy winter will be relatively
low if one’s memory recalls only a few such winters from many years ago.
The heuristic may also come into play when people are asked to give estimates for combinatorial tasks. Tversky and Kahneman (1973) and Shaughnessy
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(1997) report that if subjects who are not familiar with the counting technique of
combinations are asked if they think it is possible, from a group of 10, to make
up more different committees of two people than of eight people, they choose
committees of two people by a wide range. According to availability such responses are explained in terms of subjects thinking that committees of two people were easier to construct than committees of eight, and therefore the former
must be more numerous than the latter.

3.1.3

Equiprobability

Either in school or through experiences with games of chance, people are mainly
introduced to probability and chance by encountering random occurrences that
are equiprobable. Teachers often use a regular six-sided die, two-coloured counters, fair coins, and equal-sized proportions of marbles to pull out of an urn for an
introduction to probability (Drier, 2000). Such experiences may encourage students to initiate an equiprobable assumption when solving probability tasks.
Sometimes this assumption applies to a situation and is advantageous to the
problem solver, but other times a student overgeneralises the assumption to
situations that are not equiprobable.
Lecoutre (1992) found that students often associated chance and luck with
events being equally likely by nature. In the case of throwing two dice, this bias
might be articulated as “different totals are equally likely – it is just a matter of
chance” (Pratt, 2000, p. 603).
Lecoutre (1992) carried out an experiment in which she tried to challenge 15
to 17 year olds students’ equiprobability thinking. When the students were asked
about the combinations of geometrical constructions the equiprobability bias diminished significantly. Lecoutre argued that this was because the chance aspect
(the random character) was masked when the subjects’ attention was directed to
combinatorial reasoning.
However, since there are only a limited numbers of studies with a clear intention to explain equiprobabilistic reasoning, it is difficult to account for the nature of this kind of thinking pattern.

3.1.4

Summarised Reflections of the Heuristic Research

Pratt (1998) points to some critical issues about the heuristic research tradition.
Above all he finds reason to question how it emphasises fallibility, leaving us
with an impression that human behaviour is essentially irrational. Pratt stresses
that there are two inferences that could be drawn from the heuristic research,
each reflecting a different interpretation of the nature of those heuristics.
 Either, people make these errors in making judgements of chance because
minds are somehow hard-wired to obey the intuitions that give rise, for
example, to representative thinking; or
 intuitions are insufficiently developed to deal with the tasks in a more sophisticated way than that observed (Pratt, 1998, p. 33).
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The first inference is the strong one, which implies that we will only succeed in
teaching probability as a formal subject, disconnected from prior, everyday intuitions. Like Pratt I find the second inference more appealing in that it leaves open
the question of how we might improve probabilistic reasoning by designing more
effective learning environments. What Pratt finds lacking in the heuristic research is a theoretical framework by which heuristic reasoning could be explained. Without an explanatory model it seems difficult, if not impossible, to
account for how psychological processes and pedagogical efforts would fit subjective heuristics. Moreover, it could be argued that the methodology used within
the heuristic research constrains the possibilities of answering questions about
the underlying mechanisms of intuitive reasoning: “The imperative must surely
be to look closely at the process rather than taking a snapshot of students’ intuitions as seems to be the case in questionnaire/interview methodology” (Pratt,
1998, p. 34).
In connection to the critique of heuristic research’s inability to account for
the basis of heuristic reasoning, Keren (1984) found reason to question one of
Kahneman’s and Tversky’s earlier results concerning representativeness. In
Kahneman and Tversky (1972) subjects were asked which of the following two
random distributions of 20 marbles was the most likely:

Alan
Ben
Carl
Dan
Ed

I

II

4
4
5
4
3

4
4
4
4
4

Figure 1.
Even if distribution II is more likely from a mathematical perspective to appear
randomly – P(1) = 0.00257 and P(II) = 0.00321 – a considerable percentage of
Kahneman’s and Tversky’s subjects (69%) chose distribution I. Kahneman and
Tversky argued that distribution I is judged as the most likely as it best represents irregularity, a feature that people tend to ascribe to randomness. Keren
(1984) found reason to question such an inference. Maybe the participants did
not connect the distribution of marbles to specific children at all. Recalling the
urn situation described in the introduction to the heuristic research: What if the
students saw distribution I as including all of a group of outcomes in which three
children get four marbles, one child gets three marbles and another child gets
five marbles? Since we can construct 20 such specific sequences the probability
for this group of outcomes results in 20·0.00257 = 0.0514, which is considerably
more than the probability for the single possible distribution with only fours.
Keren (1984) conducts a similar experiment from which he finds further reason to doubt Kahneman’s and Tversky’s conclusion regarding representativeness. Keren’s findings point to the crucial importance of taking into consideration which sample space the students base their decisions on: “the knowledge of
the sample space used by the students is crucial for understanding their re-

13

sponses” (p. 127). Such decision-making is consistent with the availability heuristic, that the students’ responses depend on information made accessible (Tversky & Kahneman, 1973).
Another thing that seems to be particularly problematic in the heuristic research program is that although there are situations in which heuristics such as
representativeness and availability can result in biased, non-normative probability estimates, such strategies may involve characteristics which could be useful
in some situations (Shaughnessy, 1992). For instance, the availability heuristic
implies that we rather spontaneously account for the number of favourable ways
to estimate probability; it may be the case that we apply proper probabilistic reasoning, but base it on a sample space that is incomplete. Similarly, we may be
able to account for representativeness as rather fruitful in stochastic reasoning.
The basic idea of a random sample, drawn from a certain population, is that we
wish to infer to the population any traits we discover in the sample (Shaughnessy, 1992).
Hence, the documentation of people’s judgemental heuristics may, on the
one hand, be of particular importance in research on learning probability in that
it provides valuable insight about what people actually say and do regarding a
wide range of probabilistic principles. On the other hand, its weak theoretical
value and methodological limitations highlight aspects of the research tradition
that could be questioned. Hence, the present thesis aims to contribute to our understanding of probabilistic thinking by adopting a perspective on learning which
accounts for the basis of the students’ reasoning.

3.2

Research in Mathematics Education

The works of Piaget and Inhelder (1975) and Fischbein (1975) are two classic
texts supporting a mathematics educational view, as they describe the development of probabilistic cognition in individuals and particularly in children. Even
if several aspects of Fischbein’s work are to be found in the theory of Piaget –
such as the emphases on the complexity in developing probabilistic concepts,
schema dependence in cognition and adaptation to environment (Greer, 2001) –
some essential differences can nevertheless be seen.
The most striking difference is that Fischbein considers intuition to be the
origin of the development of probabilistic thinking while Piaget links this origin
to his cognitive framework and relates probabilistic thinking to proportionality
reasoning based on operational aspects such as combinatorial abilities (Piaget &
Inhelder, 1975; Fischbein, 1975). Piaget seems to be more concerned with observing the lack of completed conception whereas Fischbein is looking for the
existence of partially formed probability concept (Hawkins & Kapadia, 1984):
“Fischbein’s perspective allows an exploration of intuitive foundations and precursors to probabilistic knowledge” (p. 352).
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3.2.1

The Work of Piaget and Inhelder

Piaget and Inhelder conclude that we cannot identify any probabilistic development before the concrete operational stage. To understand an event to be random implies that the child first is able to understand deterministic phenomena.
With a deterministic worldview the child may sooner or later encounter situations which they are not capable to explain in operational terms. Such a conflict,
which could be identified as how the child perceives randomness, does not finds
its solution until the child is able to construct a formal system based on proportionality (Piaget & Inhelder, 1975). Hence, the capability of dealing with situations involving uncertainty relies on the child’s ability to think operatively, in
terms of combinatoric:
...the formation of the ideas of chance and probability depend in a very
strict manner on the evolution of combinatoric operations themselves.
It is from the ability to conceive mixture and interferences according to
an operative scheme of permutations and combinations that the child
comes to what is properly called the notion of random mixture, that is,
to the notion of chance. (Piaget & Inhelder, 1975, p. 161)
However, this explanatory model has been subject to critique. Pratt (1998) for
instance asks: “How is it that children come to interpret stochastic phenomena at
a time when determinism is their main, if not their only, way of looking at the
world /.../ If accommodation happens, how does it happen?” (p. 28). Critique is
also directed towards the clinical research methods used, since they tend to ignore contextual considerations (Ritson, 1998).
However, since the present thesis deals with compound random events
Piaget and Inhelder contribute to our awareness of possible connections between
people’s probability thinking and their ability to reason about proportionality and
combinatorics.

3.2.2

The Work of Fischbein

The reason for presenting and discussing in more detail the research conducted
by Fischbein and his colleagues is not only that it has been dominant in research
on children’s conceptual development of probability but also because it illuminates how this development comes into play in explorative settings.
Fischbein – who also adopts a constructivist view on learning, based on the
construction of mental schemes (For a discussion of constructivism see 4.1) – argues that we are able to stimulate children towards more sophisticated reasoning
even before the operational stage (Fischbein, 1975; Greer, 2001). Fischbein’s
thesis relies on the assumption that intuitions and conceptual understanding of
probability are socially modified and developed, a thesis that stands in stark contrast to Piaget’s stage-oriented explanation (Greer, 2001).
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Fischbein (1975) also distinguishes between primary intuitions and secondary intuitions:
 Primary intuitions – Defined as cognitive acquisitions, derived from
individual experiences, without systematic instruction.
 Secondary intuitions – Refer to cognitive acquisitions with all the features
of intuition, but shaped by systematic instruction (p. 9).
Primary intuition can be perceived as paradigmatically oriented, involving and/or
prioritising specific features of an event, whereas secondary intuitions orient towards denoting and structural characteristics (Howard, 1987). For instance, for
many children it could be difficult to understand intuitively that a two year-old
child could be an aunt, since that does not fit with their (paradigmatic) model of
how an aunt should look like. This we understand when we learn to take into account features that denote a concept, independent of the situation. However,
Fischbein points to two essential aspects of the relationship between primary and
secondary intuitions. First; “It would be very difficult to draw a clear distinction
between the two types of intuitions” (Fischbein, 1975, p. 140) and second; “It is
important to emphasise that new, correct intuitions do not simply replace primitive, incorrect ones. Primary intuitions are usually so resistant that they may coexist with new, superior, scientifically accepted ones.” (Fischbein, 1987, p. 213)
Intuitive models
Hence, similar to the heuristic research, Fischbein’s program points to the fact
that our probabilistic judgements are intuitively anchored. However, Fischbein
seems not to be concerned with the fallacies intuitive thinking may bring about.
Rather he stresses how the functional character of intuitions is essential for the
learning of probability. By analogy with representations, i.e. mental patterns
schematising a perceptual experience, intuitions facilitate actions by involving
characters of visualisation and global synthesis: An intuitive model is perceived,
interpreted and manipulated like concrete objects (Fischbein, 1987).
Thus, an important feature of intuition and intuitive models is to mediate between what is intellectually incomprehensible and what is already accepted and
possible to manipulate. Fischbein (1975) argues that for such a process to be
productive the intuitive models we use have to involve generative features. This
means that it should be possible to make iterative as well as constructive generalisation of the model. Fischbein (1975) states: “The construction of secondary
intuitions by pedagogical methods may ultimately be reduced to a matter of creating and using adequate generative models.” (p. 116)
Fischbein stresses the tree diagram as a particular nice example of such constructions. The diagram possesses the potentiality to render the combinatorial nature
of a problem while it also enables iterative as well as constructive generalisations. Fischbein (1975) illustrates the principles of the tree diagram by viewing
the number of ways to arrange three numbers, including repetition, using only
the numbers 1 and 2 (Figure 2).

16

1

2

1
1

2
2

1

1
2

1

2
2

2

1

1

2

Figure 2. The arrangement of three
numbers using the numbers 1 and 2.
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Figure 3. The permutations with
three elements 1, 2 and 3.

The iterative character of the model accounts for the unlimited change in the
number of repetitions and in the number of elements to combine. The constructive feature of the model is illustrated in the visualisation of all permutations
with three elements (Figure 3). Even if the construction of the diagram is different, the general principle is the same.
Since tree diagrams are considered to have essential pedagogical implications in learning combinatorics, and thereby also in learning aspects of the classical ideas of probability, it would be interesting to investigate how learners experience such structures in experimental environments. For that reason, Paper III
reported on in this thesis deals with how students act on compound events
viewed in explicit several-step structures.

3.2.3

Further Relevant Research on Compound Events

The probabilistic focus of the current study is on students’ reasoning about compound and independent events. In Paper I and Paper II the students are confronted with a specifically designed dice game, based on the total of two dice.
Paper III deals with compound events viewed in a several-step structure within a
specifically designed ICT environment (Iversen, 2004). This section complements the discussion above of previous research by pointing to some specific
findings relevant to these three studies.
One-object stochastic phenomenon
One-object stochastic phenomenon (OOSP) refers to compound independent
events, which are viewed in a random-dependent ramified structure (Iversen &
Nilsson, in press). Hence, in terms of ramification, an OOSP has much in common with a tree diagram. However, in a tree diagram the case is rather normative
and idealised. The focus is on the static visualisation of the inherent several-step
structure of a compound event and on combining given probabilistic values.
With OOSP the case is a bit different. The one-object refers to one object’s (e.g.,
a robot’s or a marble’s, see below) continuous journey through a ramified structure. Based on the implicit probability distributions of each ramification, the
question of OOSP concerns the estimation of the probabilistic relationship be-
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tween the different endings in which that one object could appear. Hence, the
compound character between different steps is still in focus. However, asking
students to account for the journey of a more or less concrete object within a system of chance encounters may provide a richer picture of students’ ways to account for random-dependent ramified structures.
Although the structure of OOSP has much in common with the structure of
tree diagrams, we find that there is a limited amount of research conducted on
such issues. However, two previous studies are of particular interest to the current study.
In a survey by Green (1983) the structure of an OOSP came into play in the
form of a robot walking through a maze (Figure 4). Data for the study were collected through a written test. Of the 2930 students (age 11 to 16) who took this
test, only 7% gave a mathematically correct response. Moreover, only 11% of
the oldest students (age 15 to 16) gave a correct response, although they had
been working with tree diagrams as well as the product law for probabilities
prior to the study. Green’s study was quantitative, focusing on students’ spontaneous intuitions by means of multiple-choice questions. The study did not focus
on the grounds for the students’ responses and consequently provided little information about students’ actual reasoning about the underlying principles of the
OOSP.

Figure 4. The maze in the Robot-problem in Green’s survey.
The following question was used: “In which trap or traps is the
robot most likely to finish up, or are all traps equally alike?”
In Fischbein, Pampu & Mînzat (1975) students were confronted with an experimental research setting of OOSPs. The participating students were interviewed
during the presentation of six different devices (Figure 5). Multiple-choice questions were used to test students’ ways to account for where marbles would come
out at the bottom. The students’ responses were judged as correct or incorrect
from a mathematical point of view. In this setting a majority of the students gave
a correct response to all the questions. Regarding the pagoda (Figure 5b) as
many as 69% among the oldest students (age 11 to 13) responded mathematically correctly. Green argued that this particular structure was equivalent to the
Robot-task.
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Figure 5a. The five "two-dimensional" random devices used
by Fischbein. When a marble is released from the top, it
passes through one or more bifurcations on its way down.

Figure 5b. A model of the three-dimensional pagoda. First
the marbles have four options. On the second level their options are 3, 4, 5 or 6.
The total of two dice
In a quantitative study of 618 participants Fischbein, together with Maria Sciolis
Marino and Maria Nello, follows up his previous research on compound events
(Fischbein et al., 1991). Of the findings, two are of particular interest for the present thesis.
In one case the authors find that students distinguish between the throwing
of one die three times and the throwing of three dice simultaneously. On the basis of follow-up interviews, it was argued that such a prediction was based on a
belief that the individual can control the outcome of a throw. The researchers
concluded that such a belief is incompatible with the notion of Independence, i.e.
that the probability of each number of the dice remains constant. Another finding
concerns students’ apparent possession of an intuitive notion about the relationship between the probability of an event and its corresponding sample space (cf.
Keren, 1984). However, concerning the total of two dice, there seems to be no
natural intuition regarding the order of two dice. Hence, even if the number of
favourable representations is taken into account when predicting the chance of
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the totals of two dice, the proper responses may still not be given because one is
not aware of all the possible configurations (cf. availability heuristic).
In Vidacovic, Berenson, and Brandsma (1998), eighth-grade students arrived
at two different explanations for the behaviour of two dice. In one case they constructed a sample space based on the distinctly different representations of the totals, not over the ordered pairs, resulting in a 21-element possibility space (e.g.,
(5,2) being separated from (4,3) but not from (2,5)). In the other case they took
into consideration the order of the dice, resulting in a 36-element possibility
space. Speiser and Walter (1998) report similar results from their investigation of
preservice teachers’ reasoning in the setting of two dice.
In Making sense of the total of two dice, Pratt (2000) studies how 10 and 11
year-old students interact within a computer-based microworld called Chancemaker. The object of study is what different kinds of meaning the students ascribe to specific randomly generated phenomena. The analysis is based on the interaction of internal and external resources. The notion of external resources is
heavily influenced by the situated cognition movement (Lave, 1988) “…the setting provides meanings for knowledge in such a deep way that the knowledge
seems to be embedded in the setting” (Pratt, 2000, p. 604). Hence, external resources refer to components of the surroundings – tools, the task, the teacher and
so on – as opposed to internal resources, which are defined as individual decision
models.
The idea of internal resources is based on diSessas’s theoretical framework
of phenomenological primitives (p-prims). These resources (meanings) are differentiated into local and global (Pratt & Noss, 2002). Four local resources
(meanings of randomness) are identified, referring to features that emerge from
short-term behaviour and trial-by-trial variations of random phenomena: unpredictability (the next outcome is not predictable), irregularity (no patterned sequence is evident), unsteerability (incapability to exert control over the outcomes) and fairness (the random device looked symmetrical). As the students
took notice of the frequencies of outcomes and modified a gadget’s working box
to influence the appearance of its associated graphical display, two new meanings for the behaviour of two dice emerged: the Large Number Resource – “the
larger the number of trials, the more even the pie chart” (Pratt & Noss, 2002, p.
471) and the Distribution Resource – “the more frequent an outcome in the
working box, the larger its sector in the pie chart” (Pratt & Noss, 2002, p. 472).
In accordance with diSessa’s idea of p-prims, Pratt stresses that new global resources do not generally ‘replace’ pre-existing resources. In learning, primitive
(local) resources are restructured and connected with new global resources.
However, since new global resources are not automatically cued in different circumstances these processes of restructuring and coordination are intimately connected to mechanisms of priority. In the present thesis ideas regarding the priority and re-organisation of thoughts will take a prominent role as well. However,
according to constructivist principles, a perspective on learning is adopted in
which interactions are viewed from the students’ perspective, i.e. from the ways
in which the students interpret and experience different chance encounters. This
will give us an opportunity to understand on which ground certain resources are
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cued and for what reasons certain lines of reasoning are structured and restructured.

3.3

A Suggested Way to Proceed

Summarising the thesis so far, we note that a good deal of research on people’s
probabilistic reasoning has involved the identification, classification and evaluation of personal heuristics and biases concerning different kinds of random phenomena. However, this tradition has gradually been subjected to critique for its
narrowness and lack of explanatory power. It would be of more pedagogical
value to understand what students are able to do and need to do to improve their
knowledge of probability (Hawkins & Kapadia, 1984; Shaughnessy, 1992; Pratt,
1998). By focusing on the underlying principles of students’ articulated strategies we may discover some encouraging conceptions and abilities that remain
unnoticed from a perspective that is too limited or normative (Shaughnessy,
1997).
The present thesis aims to contribute to this latter view in that it accounts not
only for the description of strategies but also for how certain strategies come into
play, are given priority and vary during interaction with compound random phenomena in explorative settings.
In the three studies reported on in this thesis, social as well as situational aspects are assumed to constitute important parts in learning. The basic assumption
of learning processes is that cognition is context dependent. In contrast to the
situated cognition movement, however, the view of the present thesis is that
there is nothing externally embedded that is transmitted to internal structures. Instead, a perspective on learning is adopted in which interactions are viewed from
the students’ perspective, from the different ways in which the students interpret
and experience chance encounters (cf. Konold, 1991).
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4 Theoretical Framework
To account for the student’s reasoning processes and their ability to think about
and learn probability a constructivist approach to learning and understanding will
be adopted. This chapter begins by describing some key principles of the constructivist view of cognitive activity. After that the main critique raised against
that perspective in general and the “conceptual change” movement in particular
is discussed. However, it should be stressed that the purpose of this discussion is
not to render an exhaustive view of constructivism. Rather the particular themes
brought up for discussion are chosen to serve as a basis for the theoretical foundation of the current study.

4.1

Constructivism

The constructivist research tradition has its roots in cognitivism, i.e. it focuses on
mental processes such as individuals’ thinking and memory. The main interest is
on individuals’ intellectual repertoire such as its creation, features and purposes
(Cobb, 1989; Philips, 1995).
Even if constructivism has been the subject of many different interpretations,
the basis for many of its ideas is Piaget’s theories about cognitive development
(Cravita & Halldén, 1994). According to Piaget knowledge is constructed actively by the learner and not passively received from the surroundings
“...knowledge does not result from a mere recording of observations without a
structuring activity on the part of the subject” (Piaget, 1980, p. 23). There is no
access to an objective reality independent of our knowledge of it. Rather, “we
construct our knowledge of our world from our perceptions and experiences,
which are themselves mediated through our previous knowledge” (Simon, 1995,
p. 115).
The most stringent version of the constructivist position, Radical Constructivism as developed by Ernest von Glasersfeld, culminated in von Glasersfeld
(1995). Hence, the following discussion of constructivism will be based mainly
on Piaget’s and von Glasersfeld’s theories respectively.
To bring order to the discussion the principles of constructivism will be
viewed along two dimensions. First we will look at the question of why constructions are made. Second we will discuss the underlying processes of how we construct. It should be stressed, however, that there are no clear boundaries between
these two dimensions. Instead they should be regarded as interrelated.

22

4.1.1

Why We Construct Knowledge

From a constructivist point of view mental behaviour is assumed to be rational in
terms of being goal-directed. The goals referred to relate to the biologically established processes of adaptation and equilibration.
Adaptation
Piaget theories of knowledge development relate to Darwinian evolution and
biological growth (Sfard, 2003). An organism’s biological growth can be said to
occur if it contributes to increasing the organism’s possibilities to survive. In a
similar manner, the occurrence of cognitive growth becomes a consequence of
our struggle to understand our experiences. If biological adaptation refers to the
process of increasing our survival potentialities, cognitive growth or learning
should be viewed as the processes in which we strive to adapt our thought patterns in order to increase our capacity to act in and understand our experiential
world.
Equilibrium, disequilibrium and equilibration
An individual’s striving for adaptation may be thought of as an ambition to establish equilibrium. In cases when new experiences give rise to disturbances of
earlier ones a state of disequilibrium appears. Equilibration, which is the generic
term for the elimination of perturbations, is used by Piaget to characterise cognitive development: It is through equilibration one tries to re-establish balance,
equilibrium, and “…expanding equilibration/…/ means an increase in the range
of perturbations the organism is able to eliminate” (von Glasersfeld, 1995, p. 67).
Of course a perturbation might look different to different people.
This biological metaphor of knowledge, von Glasersfeld (1989b) argues,
implies that knowledge never is a simple reproduction of a real world. Instead it
is the set of conceptual structures that are adapted within the boundaries of the
learning subject’s experiences. The degree of adaptation then, in terms of an ability to maintain equilibrium, is a question of the viability of an actor’s knowledge.
Thus, knowledge is explicitly instrumental and relates to how viable such instruments are in helping the actors to achieve goals in their interaction with the
world they experience (von Glasersfeld, 1995).
This initial discussion on adaptation and equilibrium may in a condensed
form be postulated in the following two principles for constructivism (von Glasersfeld, 1989a):
 Knowledge is not passively received but actively built up by the cognising subject;
 The function of knowledge is adaptive and serves the organisation of the
experiential world, not the discovery of ontological reality.
Adopting only the first principle constitutes the foundations of a weak approach
to constructivism. The metaphor of constructions and the central notion of individual sense-making processes relates to this principle. Strong or radical con-

23

structivism also incorporates the second principle. This principle points to
knowledge as being relative, i.e. relative to the situation and the context in which
it is experienced by the individual knowledge generating subject (Jaworski,
1998).

4.1.2

How We Construct Knowledge

The two fundamental processes involved in the work of establishing equilibrium
are assimilation and accommodation (Piaget, 1985). Broadly speaking, assimilation is the process by which new experiences become incorporated in already existing mental structures. Accommodation, on the other hand, concerns psychological phenomena when existing structures are not able to make sense of new
encounters in the world. In the case of accommodation the structure of knowledge have to be re-organised to some extent.
Assimilation
In The origin of intelligence in the child, Piaget (1953) refers to assimilation as
the basic fact of psychic life. In particular he points to three reasons why we
have to consider assimilation as the basis for psychological development. First,
assimilation is similar to the process under which life as such organises. As with
adaptation above, we assimilate what appears to be functional. Related to this,
secondly, is the repetitive character of assimilation. We only assimilate (reproduce) matters that have had explanatory value to us before, or in other words,
proved previously to be viable. The third reason relates to the notion of knowledge growth as an active process instead of just passive transmission. New information has to be actively coordinated with old information and thereby assimilation becomes the fundamental process.
In conclusion, we assimilate because we rely on the functionality of previous
experiences. Moreover, assimilation may be thought of as a mediating process in
that new information is viewed from the perspective of old information, which,
in turn, implies that knowledge must be considered as a psychologically continuous process. How learning relates to assimilation is central in the theoretical framework of the current study.
Accommodation
As mentioned above, when we experience some sensation or phenomenon that
we cannot fully assimilate into previous experiences, we have to re-organise our
structure of thought in order to adapt. Piaget explains such a re-organisation in
terms of accommodation. Learning in a Piagetian view then is based on a compound process of assimilation and accommodation. The learning theory that
emerges from Piaget’s work can be summarised by saying that concept development in a specific situation takes place when a perturbation leads to an accommodation that maintains or re-establishes equilibrium (von Glasersfeld,
1995).
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Extension and intention are two particular modes of outcome from accommodation. For instance, an extension of a particular concept means that we are
able to add a new object to the class of objects that come under the concept in
question. The intention mode of a concept relates to the concept’s set of defining
properties (Engström, 1998). In the latter case, concept development means that
a new feature of a concept is added to already existing features.
To be explicit about knowledge construction and the models of assimilation
and accommodation we discuss empirical and reflective abstractions, two other
central mechanisms in the construction of knowledge.
Two different kinds of abstractions
In Piaget’s theory of learning the relation between the assimilationaccommodation process and the notion of abstractions becomes explicit in the
following two postulates for abstractions:
 First postulate: Every assimilatory scheme tends to incorporate external
elements that are compatible with it.
 Second postulate: every assimilatory scheme has to be accommodated to
the elements it assimilates, but the changes made to adapt it to an object’s
peculiarities must be effected without loss of continuity (Piaget, 1985, p.
6)
Piaget distinction between figurative and operative raw material is central to the
two kinds of abstraction addressed here. The term ‘figurative’ refers to experienced sensations generated by motions and to the composition of specific sensory data in perception. By empirical abstraction, recurring sensory-motor particulars are retained and coordinated in more or less stable patterns (von Glasersfeld, 1995).
Reflective abstractions, on the other hand, do not depend on specific sensory
material. Instead, the material from which these abstractions are formed consists
of operations that the thinking subject itself performs and reflects upon (von Glasersfeld, 1995).

4.1.3

The Principles of an Action Scheme

The constructivist principles are clarified in Piaget’s scheme theoretical approach, which in turn can be exemplified by an example from von Glasersfeld
(1989b). The reason for using this example is two-fold. First it captures the essential mechanisms of the previous discussion. Second we will see that the
course of a scheme that von Glasersfeld argues for may be the subject of some
comments, which will be used in the theoretical considerations of the current
thesis.
An infant quickly learns that a rattle it was given makes a rewarding noise
when it is shaken, and this provides the infant with the ability to generate the
sound at will. Piaget sees this as a “construction of a scheme”, which, like all
schemes consists of three parts:
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 Recognition of a certain situation (e.g., the presence of a graspable item
with a rounded shape at the end);
 association of a specific activity with that kind of item (e.g., picking up
and shaking it);
 expectation of a certain result (e.g., the rewarding result) (von Glasersfeld, 1989b, p. 127).
It is very likely, von Glasersfeld says, that this infant, when placed at the dinner
table, will pick up and shake a graspable item that has a rounded shape at the
end. We might call that item a spoon, and may say that the infant is assimilating
it to its rattling scheme. But from the infant’s perspective the item is a rattle at
that point. What the infant perceives is nothing like what an adult would consider
the characteristics of a spoon, but rather those that fit with the rattling scheme.
Here von Glasersfeld points to two possible perturbations. When the shaking
of the spoon does not produce the expected result: ‘the spoon does not rattle’.
This kind of generated perturbation, or disappointment, may make the infant pay
attention to the item in its hand, which in turn may lead to a perception of some
aspects that will enable the infant in the future to recognise spoons as non-rattles.
Such a development we call accommodation. Alternatively, it is not unlikely that
the spoon, being vigorously shaken, will hit the table and produce a different
noise. This too will generate a perturbation which we may call ‘enchantment’,
von Glasersfeld says, leading to a different accommodation, initiating a ‘spoon
banging scheme’.
To me, the latter case serves as an example of the extension mode of an accommodation: a new way of making sounds adds to the class of objects under
the sound concept. An example of the intension mode of accommodation, i.e. the
extension of defining properties of the sound concept, could be the relation between loudness and hardness: ‘the harder the spoon hit the table, the louder the
sound will be’.
To serve the theoretical considerations of the current thesis a comment on
this particular example will be added. The issue of concern is why does the infant pick up the object and shake it and, in turn, why does the child expect a certain result? From the brackets in the scheme one could interpret von Glasersfeld
as if this is only a matter of empirical association: The infant identifies the object
on the table as a rattle and this assimilation will trigger him/her to shake it,
which will end in either a disappointing or a delighting result. What this trajectory of thought omits, I argue, is the goal-aspect of the infant’s activity. For me it
may be the infant’s intention of making a sound that explains why he or she
picks up the object and chooses to shake it. From this example I conclude that
students’ problematising of a learning situation, along with figurative inspiration
and operative material, work as integrated parts of their understanding. Naturally
this problematising play a part in how we explain their understanding. This will
be further explored when we specify the theoretical as well as the methodological models of the current thesis.
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4.2

Critique of Constructivism

In constructivist research the focus is on people’s mental processes. Cobb, Wood
& Yackel (1991) stress that: “Constructivism, at least as it has been applied to
mathematics education, has focused almost exclusively on the processes by
which individual students actively construct their own mathematical realities” (p.
162).
To begin with, the methodological approach of constructivism has been
questioned. Since it is impossible in a direct sense to observe what goes on in a
learner’s mind, one could point to the difficulty of validating conclusions of
mental constructions in a satisfactory way (Halldén, Peterson, Scheja, Ehrlén,
Haglund, Österlind, & Stenlund, 2002). When arguing for and strengthening the
conclusions of the present thesis, we will make use of intentional analysis (von
Wright, 1971), which we will come back to in section 5.4.

4.2.1

The Situated Character of Learning

The main object of criticism of the constructivist agenda is the constructivists’
purported neglect of the situational and social aspects of learning. Even if social
interaction, together with sensory-motor material, is seen as fundamental in providing perturbations that lead to the adaptation of concepts constructivist has
given scant consideration to how one accounts for such situational and social
elements of learning (Lerman, 1996).
In order to understand what is meant by not paying enough attention to social phenomena in learning processes we will look briefly into the sociocultural
program from which this kind of critique mainly stems.
The sociocultural perspective reflects several anthropological principles in
that it focuses on cultural and social elements and on identifying patterns of interaction (Cobb, 1989). This perspective sets out to examine how different kinds
of intellectual, discursive and physical tools are appropriated and used in a social
community (Säljö, 2000). Essential to such a socialisation process is the acquisition of semiotic systems that are inherent in the situation: “…processes and
structures of semiotic mediation provide a crucial link between historical, cultural and situational contexts on the one hand and the mental functioning on the
other” (Linell, 1998, p. 62). How a semiotic system, like for instance our speech,
represents and mediates content and how the learner appropriates such a system
takes its point of departure in the theories of Vygotsky (Confrey, 1995; Cobb,
1994). His theories can therefore be considered as laying the foundation for
much of what is currently known as the sociocultural research interest (Säljö,
2000).
Hence, when speaking of the sociocultural perspective one attends to the
construction of communicative talk, of a discourse and its regularities and content. The content of a discourse and the meaning-making processes involved are
not considered to be the product of single individuals but as something discursively constructed (Linell, 1998). In such a view learning becomes a question of
socialisation or enculturation into communicative practices (Bereiter, 1994;
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Cobb, 1994). A task and its intended content to be learnt can therefore not be distinguished from the learning material presented or from cultural aspects of teaching. Such issues become integrated parts of the actual learning outcomes (Säljö
& Wyndhamn, 1990).

4.2.2

Criticism of the Conceptual Change View

The critique of the constructivists’ scant consideration of the situational and social aspects of learning relates to the constructivist striving to identify and account for generalised and stabilised competences. Studies have shown that individually constructed domain-specific knowledge is not stable across situations,
which are in principle conceptually similar (Säljö & Wyndhamn, 1990). The notion of generalised knowledge laid the foundation of the so-called “Alternative
framework movement” and the model of conceptual change connected to it. In
this model of conceptual change learning is usually considered a process in
which naïve alternative frameworks are abandoned in favour of more scientific
conceptualisations (Halldén et. al., 2002; Posner, Strike, Hewson & Gertzog,
1982). However, such a linear model of knowledge development could be questioned (Steinbring, 1991b). From a constructivist perspective it is difficult to justify learning as a process by which naïve states of belief, i.e. misconceptions, are
abandoned in favour of the scientifically ‘correct’ ones. A basic assumption in
constructivism is that new knowledge is constructed from previous knowledge.
How does a metaphor of replacing knowledge fit into that? Put differently, how
can we explain the development of new knowledge on the basis of previous
structures if the new and the old structures are so distinct that only the latter
should be left (cf. Smith, diSessa, & Roschelle, 1993)? Consequently, difficulties
in the model of conceptual change discussed here are founded not only on the
frequent observations of knowledge instability but also on the fact that the model
fails to explain the relations among different kinds of conceptions held by the
learner.

4.2.3

What is Primary, the Individual or the Group?

The transfer problem within the conceptual change model explicates the main
critique of the constructivist approach in that it points to the crucial importance
of why we have to take into consideration how the context of situational and sociocultural elements interact in learning. However, to understand the critique of
constructivism, or rather the difference in opinion between constructivist and sociocultural researchers, one should take into account a fundamental methodological difference. Proponents of the sociocultural research paradigm not only
argue for the importance of taking situational and cultural aspects into account
when explaining learning phenomena, they also regard learning as a flow from
the situational and social plane to the individual plane, and the former plane or
dimension is considered to be superordinate to the latter: “…the individual is
/…/ a product of her or his time and space (Lerman, 1996, p. 136). The process
by which the individuals become products of the sociocultural time and space,
that is, by which what is external to the learner is brought across a barrier into
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the mind of the leaner, is described as internalisation (Vygotsky, 1978; Cobb,
1994). In contrast, constructivists view learning as gounded in students’ experiences. The individuals’ current beliefs, their ways of experiencing and making
sense of their experiences, are viewed as superordinate to the social dimension.
Situational and social elements are regarded as sources of influences and inspirations in that they support the occurrence of tensions and conflicts in the experienced world of an individual (von Glasersfeld, 1995).

4.3

A Constructivist Way to Proceed

Although aspects of, or rather interpretations of, constructivism have been exposed to significant critique, this thesis will continue to draw on constructivist
principles. There are two interrelated reasons for choosing constructivism as an
interpretative framework instead of a sociocultural approach. First, as articulated
by Berieter (1994) “Schools can not abandon their fundamental concern…their
value to society lies in the changes they are able to produce in individual minds.
So, as far as schooling is concerned, the mind is where the constructivist says it
is – in individual nervous systems” (p. 23).
To understand how students are thinking about probability implies the need
for a justification of student’s individual meaning-making processes. The focus
on individual meaning-making processes points to a second reason to abandon a
sociocultural approach. Even if the sociocultural perspective does not dismiss the
higher mental activities in learning situations (Confrey, 1995), the unit of analysis is social interaction in culturally organised practices (Cobb, 1994). The analysis of social interaction does not in itself provide a full account of students’
mathematical interaction. The interaction with mathematics also includes the enactment of the students’ operative schemes (Steffe & Tzur, 1994). Moreover, it is
a fundamental problem for the sociocultural perspective to account for the internalisation process, i.e. to explain the transmission of the ‘external’ to the ‘internal’ (cf. Rogoff in Cobb, 1994).
However, in order to proceed with a constructivist approach to learning we
have to pay serious attention to the critique raised above. I attempt to do this by
introducing the principles of contextualisation.

4.4

A Constructivist Contextual View
on Learning

The question that this section sets out to answer is: how we can account for the
multi-faceted meanings of probability when analysing students’ ways of dealing
with randomness? Or even more explicit: how should we construct our analytical
model in order to account for students’ understanding and meaning-making
processes of compound random phenomena in situations where opportunities are
provided for them to integrate different ways of reasoning about probabilities?
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4.4.1

Contextualisation, Differentiation and Elaborative
Variation

The theoretical construct of contextualisation is central to a constructivist contextual view on leaning, i.e. central to a constructivist response to the critique
from sociocultural researchers that constructivist theories do not adequately take
into account the situational character of cognition (Ryve, 2006a).
The principles of this contextual view originate from research (e.g., Halldén,
1982, Wistedt, 1987) showing that students’ ways of experiencing a study activity can vary, both in relation to the teacher’s and to other students’ interpretations. Subsequent research on learners’ conceptual understanding has shown that
beliefs on different levels are involved when learners interpret tasks (Halldén,
1988, Caravita & Halldén, 1994, Wistedt, 1994; Wistedt & Brattström, 2005).
The learners not only employ beliefs about domain-specific concepts. They also
bring about discursively oriented elements, such as beliefs about learning and
what counts as an explanation in a particular setting, when trying to make sense
of learning material.
The four conditions for conceptual change identified by Posner et al. (1982)
frame the valuable role of contextualisation:





There must be dissatisfaction with existing conceptions
A new conception must be intelligible
A new conception must appear initially plausible
A new conception should suggest the possibility of a fruitful research programme (p. 214).

Subsequently, most of the discussion on these conditions has concerned dissatisfaction with an existing, naïve conception and, related to this, the establishment
of cognitive conflict in order to bring about a change through which the naïve
idea is abandoned in favour of more scientific conception (see 4.2.2). Less interest has been directed to how a learner makes a concept intelligible and why it
appears to be plausible (for the learner) (Halldén, 1999). Halldén himself however, argues that learning involves a process of contextualisation, which speaks
directly to these two interrelated learning mechanisms. With empirical studies
carried out on learning in biology, history and probability, Halldén (1999) shows
that learning involves a process where the learner situates the learning activity in
a context in which it makes sense, i.e. is both intelligible and plausible.
Context here does not refer to the spatiotemporal setting of the learning activity but to a mental device, referring to students’ personal constructions shaped
by individual interpretations. In Cobb’ (1986) terms, because context is a mental
device referring to students’ personal constructions, that context is defined by the
students’ goals, intentions and expectations: “To infer the context within which
an individual is operating is to infer the overall goals that specify the framework
within which action and thought is carried out” (p. 4). In general constructivist
terms, this highlights the relative character of knowledge that knowledge is relative to the experiential world of the learner (Jaworski, 1998).
Against this background the construct of contextualisation strengthens the
role of assimilation in learning. The contexts the students bring about, or have
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given form to through their activity, become almost imperative for how new encounters should be experienced. Put differently, the construct of contextualisation is based on the assumption that it is the assimilation process that drives a
study activity (Piaget, 1953) and that this process, according to the first postulate
regarding compatibility (see 4.1.2), is determined to a great extent by the perspective the learner adopts, that is by the cognitive context within which the
learner operates when dealing with a task. Of course, such a process involves
elements of interpretations. However, why we just not only talk about students’
different ways of making sense of a study activity as acts of interpretations is
that we also want to cover how interpretations on different levels, or with different characteristics, interact in the process of forming a coherent and intelligible
whole for the learner.
In practice the theoretical framework of contextualisation has helped to account for students’ ways of dealing with learning tasks in a variety of settings.
For that reason, Halldén (1999) suggested a re-interpretation of one of Kahneman’s and Tversky’s earlier results (cf. Cobb, 1986). In one of their studies Kahneman and Tversky (1982) presented the participants with the following personal
sketch:
Linda is 31 years old, single, outspoken and very bright. She majored
in philosophy. As a student she was deeply concerned with issues of
discrimination and social justice, and also participated in anti-nuclear
demonstrations. (p. 496)
The participants were then asked to select which of the following two statements
about Linda was the more probable: (i) Linda is a bank teller, or (ii) Linda is a
bank teller who is active in the feminist movement.
Kahneman and Tversky found that a considerable number of students chose
the less probable conjunction statement (ii) as being the more probable one and
concluded that the students had poor knowledge of probability theory, thus resorting to the representativeness heuristic. After presenting a group of 50 students of education with the same task used by Kahneman and Tversky, with the
addition that he also asked them to give reasons for their choice, Halldén argues
that the reason why the students chose statement (ii) was to be found, not in their
understanding of the conceptual content of the task, but in the fact that they had
placed the task within an every-day context where they found the rules of probability inappropriate. (A more detailed presentation of Halldén’s re-interpretation
is to be found in Paper I)
Another way of rationalising students’ activities has been to view them as
expressions of norms and expectations of teaching. An example of how previous
teaching experiences were used to explain students’ learning activities is found
in a study by Wistedt and Brattström (2005), where undergraduate students were
presented with a task about the concept of mathematical induction. In that study,
the students were asked to use induction to carry out a somewhat unconventional
task. The task was not algebraic in nature, but called for a geometrical application. However, the study describes how the students’ previous encounters with
mathematics led them to believe that proofs are algebraic in essence. Hence, the
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students made sense of the task by framing it with goals and expectations of an
algebraic context.
Differentiation
As the two examples above illustrate, the construct of contextualisation has been
used primarily to explain why students act as they do. It has been possible to explain students’ responses to a task and particularly why their responses may differ from the ones expected. To some extent, this presupposes that there already
exist (mental) contexts to which the students are able to allocate the learning material. Learning in such a view concerns coming to understand why a context
seems theoretically relevant for the learning material at hand. The students
should develop a reflective behaviour in order to be able to differentiate between
contexts. In the “Linda-example” for instance, Halldén (1999) argued that the
relevant statistical context was available to his students. If these students had
taken notice of the statistical character of the task, the number of ‘correct’ responses would have increased. Dealing with uncertainty by varying between a
classical and a frequentist chance model provides another example of differentiation.
A conscious reflection on the relevance of different contextualisations relates to meta-cognitive processes. However, such conscious processes are not of
primary interest in this thesis. As concerns all other theoretical and methodological constructions of this thesis, differentiation is a construct used by the observer
when modelling students’ reasoning. This means that differentiation, as used in
this thesis, does not require a conscious act of the learner. Instead, differentiation
refers to instances in which we as observers are able to ascribe to students the
ability to view a phenomenon in different ways. Even if such an approach does
not cover the entire learning process, it will provide valuable information about
students’ potential to develop probabilistic reasoning.
Elaborative variation
How then does the theoretical framework of contextualisation account for learning phenomena when, for the subject matter being dealt with, there are no relevant context available to the learners? The learning of something new has been
given less consideration in research on contextualisations. However, findings on
students’ contextualisation processes offer preliminary suggestions about how
even the act of learning something entirely new could be viewed as a process of
contextualisation (Halldén, 1999). The learning of something new in this constructivist contextual view requires the establishment of new contextual ideas,
which are unfamiliar to or vaguely understood by the learner rather than the
process of just bringing about an already known context, relevant to the task at
hand.
In the beginning of learning something new, or developing a fuzzy understanding, problems are formulated on rather vague grounds. In an attempt to enhance their understanding, the students may be challenged to support or complement ideas that they have previously expressed, or argue against certain
propositions put forward (Wistedt & Martinsson, 1996). That is, vague and un-
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structured lines of reasoning may gain further support in subsequent interaction,
which in turn may lead the students to restructure the context within which he or
she is operating (cf. Pratt, 2000). This process is what is called elaborative variation (Marton, Asplund-Carlsson & Halász, 1992; Wistedt & Martinsson, 1996).
To describe elaborative variation is to describe the processes by which the students vary their ways of dealing with a learning object and by which they explore the implications of these variations, in order to exceed their initial understanding of a given task (Wistedt & Martinsson, 1996). Through ‘mapping’ and
‘coordination’ between and among different representations of a learning object
one may avoid the constraints imposed by one representation and be able to utilise the opportunities for reasoning and perception from another (Carey & Spelke,
1994). Hence, one could talk of contextualisation as a compound process, where
the cognitive activity oscillates between interpretations and reflections about the
construction of a coherent whole, the focal event and new information that
comes into play (Halldén, 1999). To illustrate elaborative variation we could
think about students reflecting upon various ways of representing the underlying
possibility space when trying to figure out the probability of the total of two dice
(cf. Speiser and Walter, 1998; Vidacovic et al, 1998). As suggested by the Distribution resource (Pratt & Noss, 2002), students’ understanding of such structures gains support by being coordinated with information about a frequentist
representation.
Central structuring components
A process of contextualisation includes some specific points of reference, no
matter if a learner operates on the basis of a fully fledged context or on a vague
and unspecified understanding of goals, relevance and expectations. These points
of reference take on the role of the central structuring components of the students’ reasoning; they represent central parts of the students’ understanding and
guide how new information that comes into play should be interpreted. These
components therefore are of particular interest when analysing learning by means
of the construct of contextualisation. To clarify how different contextual elements interact and serve as points of reference in the learners’ processes of contextualisation, we can delineate at least three types of sub-contexts. First there is
the conceptual context denoting personal constructions of concepts and subject
matter-structures brought to the fore in a study situation. Second, there is the
situational context, which refers to interpretations made in the interaction between the individual and the immediate surroundings, including interpretations
of figurative material, possible actions and directly observable sensations. This
context may have a more prominent role in an explorative learning environment
than in a static one in that the former offers greater opportunities for feed-back in
terms of applications and evaluations (cf. Tiberghien, 1994). Third is the cultural
context, referring to constructions of discursive rules, conventions, patterns of
behaviour and other social aspects of the environment (Halldén, 1999).
In line with the constructivist idea that students’ understanding refers to their
experiential world, these three contexts should be seen as inseparable. That is,
students’ mathematical experiences depend on the perceived structures of the
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content talked about (conceptual elements), possible actions and available means
of representations (situational elements) and also on the students’ beliefs of what
is accepted and what they are expected to do (cultural, discursive elements).
However, depending on what becomes central to the students in a learning activity, different contextual elements get different explanatory values and different
priorities in the contextualisation process. Recalling the ‘infant-example’ described above (von Glasersfeld, 1989b), elements of the situational context might
serve as central structuring component: the child’s assimilation of the shape of
the spoon, inducing the child to pick it up and shake it as a rattle. On the other
hand, the conceptual context of sound could also play a prominent role. Maybe
the child wants to make sounds because he/she knows that this should make the
food come faster (discursive elements of the child’s food context). This would
then guide the child to pick up the spoon in order to evoke noise.
To sum up, the contextual view adopted in the present thesis should be seen
as an explanatory model for structuring and investigating students’ worlds of experience. The construct of contextualisation emphasises mechanisms of assimilation, variation and coordination of different frames of reference in learning. In
turn, these mechanisms are operationalised in processes of differentiation and
elaborative variation. Differentiation concerns students’ ability to discern and
differentiate between alternative ways of viewing a study object. This echoes the
Piagetian notion of decentering (Caravita & Halldén, 1994). Elaborative variation concerns students’ ability to deepen their understanding by strengthen a particular way of viewing a study object. If differentiation points to the potential
variation in students’ reasoning, elaborative variation points to cases when students operate on such a potential (Wistedt & Martinsson, 1996).
Hence, in a contextual view, learning is viewed as the extension of the
learner’s conceptual repertoire as well as the differentiated organisation of different contexts (Caravita & Halldén, 1994). Accordingly, the focus of the current
thesis is on the different ways in which students organise and re-organise their
experiences of certain compound random phenomena in situations where opportunities are provided for them to integrate different ways of reasoning about
probabilities.

4.5

Aims of the Thesis

As mentioned above, much research on probability understanding has dealt with
mapping and evaluating peoples’ misunderstandings and judgmental heuristics
on different probabilistic items. Less interest has been directed towards explaining and understanding students’ reasoning processes. To better understand learning and teaching in the field of probability, research must focus not on the students’ failures and inabilities, but on what the students’ do and are able to account for when reasoning probabilistically (Hawkins & Kapadia, 1984). Since
this thesis adopts a perspective on learning probability in which explorative random situations showing a multitude of different sources of inspiration are considered essential (Steinbring, 1991a), the contextual character of cognition and
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meaning-making has to be taken into consideration. These overall concerns of
this thesis are operationalised in two interrelated aims.
The first aim of this thesis refers to meta-level structures. It concerns questions about how we should understand students’ probabilistic reasoning and its
opportunities to evolve. More precisely, the first aim of this thesis is to explain
students’ ways of contextualising compound random phenomena where opportunities are provided for them to integrate different ways of reasoning about probabilities. The research questions guiding this aim are: How does the interaction
of different frames of reference take shape? How do the students differentiate between various ways of reasoning about certain random phenomena? How does a
certain line of reasoning evolve?
A constructivist contextual view is not limited to describing normative structures. Such a view stresses the possibility of different ways of understanding a
random phenomenon. If we can stimulate students to vary their contextualisations, we may be able to explore more of their potential to reason probabilistically. Hence, the second aim refers to a subject-level and concerns the identification and characterisation of typical probability-oriented principles that the students make accessible when varying their ways of contextualising a given task.
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5 Methodological
Considerations
Before we go into details about the methodological approaches of the studies reported on in this thesis, I want to make explicit the overall objectives for and the
relations between these approaches. The aims of the thesis are not to conduct experimental research, that is, I do not intend to evaluate whether we are able to
provoke ‘correct’ probabilistic reasoning by developing certain methodological
approaches. Instead, the purpose of the thesis is to contribute to the understanding of students’ probabilistic reasoning. In connection with that, the thesis draws
on the idea that students act on multiple sources of inspiration when learning
probability. Hence, the methodological approaches of this thesis should be
thought of in terms of how they contribute to the understanding of students’ different ways of contextualising explorative situations where they are offered opportunities to reason probabilistically. In the discussion of the results however, I
will make some remarks on how the thesis may inform the teaching of probability in schools.
Four studies were conducted to gather information on how students contextualise compound events in explorative situations of uncertainty. In a pilot study
(Nilsson, 2002) and in Paper I and Paper II different versions of a dice game, the
Game of Totals, was used. Paper III is based on a situation in which students interacted within Flexitree, which is a carefully designed ICT-environment.
Regarding Paper III it should be mentioned that the construction of Flexitree,
and all the practical work of collecting and transcribing data (into Norwegian)
was made by Iversen before we began our collaboration. However, in these transcripts the possibility to apply Iversen’s methodological approach and connect it
to my own research. Moreover, using different methodological approaches
would provide an opportunity for me to gain a richer picture of probabilistic reasoning processes. My contribution to the collaboration is the analytical construct
of contextualisation. By applying this construct to Iversen’s data we were able to
argue for the design of the Flexitree environment, to develop research questions
and analytical procedures.

5.1

Design Objectives

The basic notions guiding the design of the Flexitree environment fit well with
the methodological principles employed in the development of the Game of Totals. In both cases an exploratory situation offers the students the opportunity to

36

reason about probability and the researcher the opportunity to observe, document
and analyse students’ activities when they deal with compound random events,
and to interpret the processes by which they develop an understanding, processes
such as contextualisation, differentiation and elaborative variation.
Two of the studies involve game situations, challenging the students’ probabilistic reasoning (Vidakovic et al., 1998; Speiser & Walter, 1998). However,
games are not generally developed for research purposes, nor are they necessarily based on valid psychological findings (Hawkins & Kapadia, 1984). Hence,
there is cause to establish some basic ideas about how we may aid the development of students’ reasoning about probability, ideas that will guide the design of
the tasks used in the empirical studies. A more detailed description of the specifics of the respective studies will follow (see 5.2 below).

5.1.1

Three Global Demands

Three global demands were in focus when designing the tasks used in the empirical studies (cf. Wistedt, Brattström & Jacobsson, 1993, p. 15):
 They should concern phenomena that students are familiar with and may
have intuitive models about,
 they should also encourage variations in contextualisations and thereby
promote discussion and coordination of ideas, and
 they should at the same time invite reflection about mathematical aspects.
Furthermore, to support the aim of investigating processes, the development of
the games was based on how patterns of variation might challenge the students’
probabilistic reasoning.

5.1.2

Principles of Variation

Thompson (1985) stresses that from a constructivist perspective particularly favourable opportunities for the learning of mathematical ideas are created if a
study situation is problem based, promotes reflective abstractions, raises questions that focus on the relations and structures of the subject matter, and generates feed-back, against which the students can judge the efficiency of their reasoning.
To open up for such favourable learning possibilities Marton, Runesson &
Tsui (2004) argue for the particular importance of variations in the design of a
learning material. They claim that, a learning situation that accounts for variation
of experienced phenomena offers the learner certain possibilities to discern, explore and compare features of phenomena with corresponding elements experienced previously. Aspects of the phenomena that are varied are more likely to be
experienced. Aspects that are kept invariant cannot be experienced, unless the
student creates the variation by her/himself by using previous experience. Hence,
and we notice that this is in accordance with the character of assimilation: “Attending to a certain aspect means comparing something we experience with other
things that we have experienced earlier” (Marton et al., 2004, p. 7).
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Based on their different studies, Marton and his colleagues address the following patterns of variation as being of particular importance for bringing about
learning:
Contrast: To experience something, one has to compare it with something
else. For instance, in order to understand what a possible outcome is one
must experience something that is an impossible outcome.
Generalisation: However, to fully understand what constitutes a possible
outcome we must also experience varying appearances of this idea. More
generally expressed, this variation means that it is necessary for us to grasp
the basic ideas of a phenomenon (e.g. the outcomes of a die) and separate it
from irrelevant features (e.g. the colour of the die).
Separation: To be able to discern and experience some certain aspect of a
phenomenon, the aspect must vary while other aspects remain invariant. In
the case of possible outcomes in throwing a die, this could imply varying the
numbers displayed on the die.
Fusion: If there are several critical aspects of a phenomenon that a learner
has to take into consideration at the same time, they must all be experienced
simultaneously. In the case of throwing a die this could imply aspects of
symmetry and of frequency information.
The authors particularly stress the importance of the last two points since it is
quite rare that we meet (explorative) situations in which only one aspect varies.
The main reason for including principles of variation in the design of the present
thesis was to provoke the students to develop contexts in which aspects of a
probabilistic character would be reflected on, prioritised and considered functionally viable.

5.2
5.2.1

Specifics of the Respective Studies
The Game of Totals

The Game of Totals aims to invite ideas of randomness and structures of probability. The description of the game will be made from the design used in a pilot
study, carried out in 2002. That study can be considered as representing a basic
version of the Game of Totals.
The game was introduced to me by Ulla Öberg, who works with teacher
education at Malmö University College. The game is based on the total of two
dice and originates from The Mathematics Task Centre Project in Australia. The
idea of using dice as random generators (RG) relies on the fact that it offers opportunities to generate interactive relations between everyday experiences and
some desired mathematical aspect:
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Some RG, such as dice, coins and urns, are common in western culture. All three are devices where a number of outcomes are clearly
specified, and which can be manipulated in a well-defined way to
produce one of these outcomes without it being possible for anyone
or any machine to predict which outcome (Truran, 2001, s. 94)
The game consists of a playing board, two dice and a certain number of markers.
In the pilot study the playing board was numbered from 0 to 12 (Figure 6). In
Paper I and Paper II the playing board was numbered from 1 to 12. More radical
changes in the design between the studies concern features of the dice and the
number of markers to distribute among the values on the playing board. These
changes will be explained when the studies are summarised. In the pilot study
two ordinary dice – numbered from 1 to 6 – and 14 markers were used.

0

1

2

3

4

5

6

7

8

9

10

11 12

Figure 6. The first set-up of one team in the pilot study.
Two teams competed in the game, in which they were to distribute the 14 markers among the 13 numbers on the playing board on the basis of the total of two
dice. If one team or both had at least one marker in the area marked with the sum
of the dice, they were allowed to remove exactly one marker from this area regardless of which team rolled the dice. The team that first succeeded in removing
all markers from the board won the game.
Eight children, 12-13 year olds, were divided into four pairs. Similar to the
other dice-studies the groups were separated during their discussions about how
to increase their opportunity to win the game. Three repetitions of the game were
conducted in the pilot study.

5.2.2

Rationale and Implications of the Pilot Study

It should be stressed that the design of the pilot study was not founded on a solid
theoretical discussion. The intended overall objective of this study was to provide suggestions for my subsequent work. However, the basic ideas of this version of the game are similar to those of the following versions.
In the pilot study two ordinary dice were used. Above all, it was assumed
that the game would exhibit aspects of randomness and thereby elicit probabilistic reasoning in terms of how to regulate the random character of the situation. It
was assumed that ideas regarding possible and impossible outcomes would be
highlighted in the situation, as would considerations of sample space compositions. Repeating the game three times was also intended to promote reflections
about frequency information.
Some specific findings obtained in the pilot study guided the re-design of the
game. To start with, the students’ interpretations of the ordinary features of the
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dice encouraged too much of everyday reasoning. Everyday-based intuitions
were indeed something that was sought after. However, in everyday situations,
one is rarely expected to make fine-grained analyses of probabilistic ideas, and
since the design never challenged the students to re-consider their everyday approach, reflection on probabilistic regularities were rare. This was a reason to
make the game more ‘un-familiar’ by presenting to the students dice that differed
from ordinary ones (see specifics in the summary of Paper I). Based on outcomes
from the pilot study and theories of variation, it was assumed that presenting the
participants with differently designed dice in each round, with specific similarities and differences, would encourage reflections on relevant and functional
regularities in the situation. Moreover, since the probabilities between consecutive totals of two ordinary dice are too similar (e.g. the probability for 6 is 5/36,
whereas the probability for 7 is 6/36, leading to a difference in probability of
only 1/36) the relative frequencies might not stand out noticeably when rolling
two ordinary numbered dice a number of times. Hence, a new design should involve better opportunities for the students to act on distinct frequency information.

5.2.3

Rationale for Research Design of Flexitree

In 6.3 the Flexitree study will be summarised. In this section a brief presentation
of the software will be made together with some clarifications of the rationale for
its design.
Fischbein et al. (1975) and Pratt (1998) inspired the development of Flexitree (Iversen, 2004). The software consists of different “pipeline” systems, designed to offer the students possibilities to explore a One-object stochastic phenomenon (OOSP).

Figure 7. a) The nine different systems available in Flexitree. b) A picture of the
Flexitree-environment with its tools.
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An OOSP is a compound independent event, viewed in a random-dependent
ramified structure (see section 3.2.3). Nine different setups of OOSPs are available in Flexitree (Figure 7a), and common to all is that one or more marbles can
be “dropped” from the top and after a random process end up in one of several
possible boxes at the bottom.
An important feature of the Flexitree-environment is its capacity to represent
OOSPs in different ways. Three representations are particularly prominent: 1)
static representation 2) dynamic representation 3) frequency representation (Figure 8). The aim of the static representation was to direct the student’s contextualisations towards the structure of an OOSP and its implicit symmetrical features. In the Flexitree environment the OOSPs are displayed vertically. Hence,
by following the behaviour of marbles, which are observed as dropped under the
influence of gravity, the students were given the opportunity to reflect on dynamic representations of OOSPs. Such a simulation gives a more physical experience of an OOSP and, consequently, may serve to challenge ideas other than
the static case.
By means of a simulation device a high number of marbles can be ‘released’,
offering results only in a table and a diagram. Such a frequency representation
(Figure 8) can hardly be done with ‘real devices’ (e.g. Fischbein et al.’s devices),
and it was designed to make the students focus on numbers (percentages). Underlying probabilistic structures and mechanisms are masked.
When interacting with Flexitree, all three approaches can be made available
for reflection. However, depending on what the students focus on or are trying to
account for, the three representations are assumed to have different explanatory
value in the students’ reasoning processes.

Figure 8. Different representations of an OOSP-structure: 1)
Static 2) Dynamic 3) Frequency representation
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The setups of OOSPs
The OOSP-setups, of which several are ICT-versions of the systems used by
Fischbein et al. (1975), were carefully designed to challenge students’ reasoning
about different probabilistic principles. Setup 1, 3 and 8 (Figure 7a) offer opportunities to act on a uniform distribution of OOSPs. Setup 1 was designed to challenge the students’ ways of accounting for the basic, uniform probability distribution implicit in a single bifurcation. Setup 8 was merely outlined to show how
the students’ reasoning about system 1 would be applicable within a more complex structure of combinations. The objective of setup 3 was to investigate to
what extent the probabilistic structure was detached from spatial influences by
the students. Setup 2 aimed to challenge equiprobability thinking. As such the
setup would provoke the students into developing their understanding of the multiplication of probabilities. In the remaining setups additive as well as multiplicative aspect of probability reasoning were offered as matters for investigation.

5.3

Collection of Data

All of the dice studies were carried out in the students’ ordinary classroom. In
each of the studies eight students (12-13 years old) were divided into four pairs.
The observations took about 70 minutes, of which 10 were spent on presenting
the rules of the game.
At the age of 12-13 years, students have not been formally introduced to
compound events in the Swedish school system. There was therefore little risk
that the students would just adopt a rote-learned strategy in order to handle the
game. Moreover, to make it possible to account for the students’ own interpretations, probabilistic ideas and developed strategies, the presentation of the game
mentioned nothing about chance, probabilities, randomness etc. The rules of the
game concerned how to play the game, in terms of distributing and removing
markers on the basis of the total of two dice. The students were not able to base
any decisions on how their opponents bet since the small-group discussions of
each team took place in each corner of a classroom. In the small groups the students had access to paper and pencils. When they had finished their discussions
the teams sat at the playing board, placed in the middle of the classroom, and
started to play against one of the other teams.
As already mentioned, three rounds were played in the pilot study, with the
same dice in each round. In the two other studies four rounds were played and in
each round a new set of dice was used (for details, see 6.1 and 6.2).
In the pilot study and in Paper I the students’ small-group discussions were
tape-recorded and fully transcribed. The students’ were asked to refrain from
commenting on the game while at the playing board. However, spontaneous reactions during the play were videotaped. During the work with the transcripts of
Paper I, however, it became evident that using only tape-recordings might leave
out important information. Hence, in an attempt to enrich the picture of the students’ activities with body language and other sensory-motor activities, the
small-group discussions in Paper II were videotaped.
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In all of the dice-game studies the author of the thesis was present during the
sessions, taking the role of an observer, introducing the game to the students and
sometimes interrupting the small-group discussions to ask the students to clarify
their reasoning. On one occasion only, an explicit intervention was made, in order to change the students’ focus of attention (see Paper 1, p. 33).
In the Flexitree study the case was somewhat different. Here the researcher
(Iversen) was more active, probing the students (14-16 years old) with questions
during their activities with Flexitree. The analysis of this study is built on transcripts from two rounds of interviews. In the first round four students were interviewed individually. However, during these individual interviews Iversen noticed that the students were rather hesitant to speak and quite receptive to suggestions made by him. Based on these observations Iversen decided that pairs of
students would be used in the second round of sessions. The second group consisted of 12 students (6 pairs). Each session was video-recorded, and together
with the transcripts of the students’ articulated reasoning these videos served as
data for the analysis.

5.4

Processes of Validation

In order to be explicit about the analysis of the students’ contextualisations the
analysis has been based on the principles of intentional analysis. Since we have
no direct access to the learners’ thinking, and thus, neither to their interpretative
work per se, we have to rely on the students’ behaviour and their articulated expressions when interpreting the meaning of their actions. Based on the notion of
context as a construction of goals, beliefs and expectations (Cobb, 1984) we assume that students’ behaviour and expressions rest on personal, rational considerations. Following the tradition of research on processes of contextualisation a
method of analysis, intentional analysis, was used in which the students’ explicit
performance is explained in terms of intentions (Halldén, 1999; Scheja, 2002;
Wistedt & Brattström, 2005; Ryve, 2006b). The principles of intentional analysis
as introduced by von Wright (1971), served as a basis for the analysis of the
meaning of human behaviour. This means that in order to understand a sequence
of activities, these activities have to be regarded as goal-directed, i.e. intentional.
Practically, the researcher’s way of reasoning when analysing the data can be described in the following way: Our interpretation of the student’s behaviour as a
means to achieving a goal is the basis for deciding what act the student performs.
On the basis of the student’s activities and speech we hypothesise a problem that
the student is trying to solve and a set of ways in which the student perceives that
problem. By systematically matching the hypotheses on these two levels of action we create a model of the student’s contextualisation described in terms of its
conceptual, situational and cultural features. This matching procedure makes it
possible to test and determine how well the model serves as an explanation of the
observed behaviour.
To take a concrete example, in Paper I the students point to and talk about
which numbers of the two single dice are the lowest and which numbers are the
highest. To understand the content of this conversation we ascribe to them the in-
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tention, or goal, of constructing what possible totals they are able to get by rolling the dice. They aim to accomplish that goal by adding together the extremes
of the single dice. We put forward an interpretation of one of the students’ beliefs of a sample space, an interpretation which is made explicit in the analysis
and which can be compared to alternative interpretations.
Tentative results of each study have also been subject to review processes
and critical discussions in seminars and conferences. For instance, earlier versions of Paper I have been involved in review processes and discussions at
Cerme 3 in Bellaria, Italy (Nilsson, 2003) and at PME-28 in Bergen, Norway
(Nilsson, 2004). Results of the Flexitree study have been discussed at Cerme 4 in
Sant Feliu de Guíxols, Spain (Iversen & Nilsson, in press). All studies have been
the subject of seminar discussions with a critical audience of researchers at the
School of Mathematics and Systems Engineering at Växjö University.
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6 Summary of Papers
A driving force behind this thesis, and particularly behind the methodological
approaches employed, has been an increasing interest in exploring how students
experience compound random phenomena in situations where opportunities are
provided for them to integrate different ways of reasoning about probabilities. In
this enterprise, the design of Paper II follows from some implications of Paper I,
which relates in a similar way to the design of the pilot study. The Flexitree
study contributes to the overall aims of this thesis in that it provides a broader
picture of students’ processes of contextualisation, regarding situations that invite reflection on different representations of compound random phenomena.

6.1

Paper I

Different ways in which students handle chance encounters in the explorative
setting of a dice game
The aim of this study was to examine how eight students (12-13 years old) contextualise aspects of compound random phenomena, brought to the fore in the
explorative setting of a dice game. Based on the pilot study, on the theory of
variations and on findings from similar research, a system of four specifically
designed dice was arranged for the game. The overall guiding principle of the
system was to challenge the students’ abilities to base probability predictions on
sample space composition. It was assumed that the idea of the game, to reduce a
set of markers, would provide information about students’ ideas of the implicit
probability distribution of the total of two dice. In other words, it was assumed
that the game would encourage the students to do additional thinking when distributing their markers, i.e. encourage them to reproduce the probability distribution of the total of two dice with the number of markers (cf. the Distribution resource of Pratt). The dice were presented to the students in the following order:
Round 1 (The yellow set) – The faces were marked with one and two dots,
distributed as (111 222) and (111 222).
Round 2 (The red set) – Included two different dice, each with a distribution
of two outcomes among the faces as (222 444) and (333 555).
Round 3 (The blue set) – Similar to the yellow setting, with the difference
that the dice now had four sides marked one and two sides marked two, that
is (1111 22) and (1111 22).
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Round 4 (The white set) – These dice were a mix of the red and the blue setting. The dice displayed the distribution (2222 44) and (3333 55).
In each set there are three resulting totals. In the two first rounds the students
played with 24 markers, and in the two last rounds they were asked to distribute
36 markers. The number of markers was chosen according to sample-space compositions and empirical reflections. With 24 markers the students would be able
to mirror exactly the proportions of favourable outcomes, inherent in the underlying possibility space of the two first sets of dice (see below). However, the students would also be able to express equiprobability approaches, since a distribution of 24 markers on three outcomes could results in an equal number (8) of
markers on each outcome. The choice of 36 markers in the third and the fourth
rounds was based on the same thinking.
In the pilot study the students tended to distribute the markers equally, i.e.
reflecting the equiprobability bias (Lecoutre, 1992). To challenge such approaches it was conjectured that the part-part relation between observed frequencies had to stand out noticeably. Changing from 14 markers, which was the case
in the pilot study, to 24 and 36 markers would generate longer series of throws
during a play. To further support the appearance of distinct frequencies the probabilistic relationships between consecutive totals differ in the present design by
as much as 1/4.
The implicit probability distribution of the totals between set one and two is
consistent in sample-space structure. In Figure 9 the 36-element possibility space
is illustrated for the two first designs.
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Figure 9. Illustrations of the 36-element possibility
space of a) the yellow and b) the red sets of dice.
The symmetry of the distributions of the single dice reduces the calculations of
the 36-element possibility space to a sample space of four equally likely outcomes. Hence, the theoretical probabilities for the totals of the yellow set are
P(2) = P(4) = 1/4 and P(3) = 1/2.
The second set enables the students to operate on a compound event in
which the order of the dice is in no way an issue of concern. The underlying
sample space can be reduced to the four equally likely outcomes (2,3), (2,5),
(4,3), and (4,5), with the corresponding probabilities of each total P(5) = P(9) =
1/4 and P(7) = 1/2.
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In the third and the fourth sets the underlying sample space and implicit
probability distribution match (Figure 10).
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Figure 10. Illustrations of the 36-element possibility
space of a) the blue and b) the white sets of dice.
After division by four, the 36-elemented possibility space of the third round is
reduced to four pairs of (1,1), two pairs of (1,2), two pairs of (2,1), and one pair
of (2,2), generating the theoretical probabilities P(2)=P(3)=4/9 and P(4)=1/9.
Like the second set the fourth set offers the opportunity to construct four distinct
representations of each total. In Figure 10b we outline the proportions of four
pairs of (2,3), two pairs of (2,5), two pairs of (4,3) and one pair of (4,5). Hence,
the implicit probability distribution of the fourth design takes the format:
P(5)=P(7)=4/9 and P(9)=1/9.
Two overall contextualisations were singled out in the analysis. During the
two first rounds the students mainly tried to distinguish impossible (resulting) totals from possible ones, and it was argued that conceptual elements such as continuity thinking and delimitations in extremes were highlighted in that process.
The feature of ordinary dice was suggested to be a central structuring factor in
this line of reasoning. With ordinary dice, gaps in the sample space of the sums
never appear.
In the third and the fourth rounds the students changed the meaning to the
game in that they turned their attention to the chance of the totals. To succeed in
the game, they distributed their 36 markers by reproducing their perception of
the totals probabilistic relationship. In doing so they followed the principles of
the distribution resource (Pratt & Noss, 2002). The students accounted for the
probability distribution of the totals by means of a number model. This means
that the chance of the totals of two dice was matched to the proportions of numbers displayed on the individual dice. In the uniform case such a matching procedure is known as the fairness resource (Pratt, 2000). The number model implies that we find good reasons to extend the principles of fairness thinking to
count also for cases where the individual dice are perceived as not being uniformly numbered. The number model also points to the fact that students who
have not yet been taught probability theory, spontaneously reflect on the number
of favourable representations when predicting the chance of the totals of two
dice.
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However, the study also points to the necessity of methodological reconsideration, in order to gain additional information about students’ meaningmaking processes regarding compound random events in the case of the total of
two dice. Specifically, it seemed as if the students’ probabilistic capacity was
constrained by symmetry thinking. Lecoutre (1992) discusses how geometrical
concerns may promote combinatorial reasoning. The physical shape of the ordinary dice in Paper I seemed to have challenged the students to take into account
only the numbers displayed on the dice, resulting in number-model reasoning.
What if the students were allowed to act on physical, asymmetrically shaped
dice? Moreover, using asymmetrical dice would probably encourage the students
to reflect further on frequency data. With symmetrical dice the equiprobabilistic
relationship between the outcomes of the single dice seems to be rather obvious
to the students. With asymmetrical dice, samples may be needed in order to gain
a picture of the behaviour of the dice.

6.2

Paper II

Investigating contextual variation in students’ probabilistic reasoning
The aim of Paper II was to further the understanding of students’ chance encounters by investigating interactions in which the students were offered the opportunity to integrate the logic of sample-space reasoning (combinatorial context),
physical considerations (geometrical context) and experimental evidence (frequentist context) when reasoning about compound random phenomena. The
theoretical constructs of differentiation and elaborative variation were introduced
in this paper, to account for different elements of variation in the students’ processes of contextualisation.
This time the design of the dice not only concerned the ways in which the
sides of the dice were numbered. It also involved a dimension of physical variation, in terms of asymmetrical dice (Figure 11).
B
17 mm
S
21 mm
21 mm
Figure 11. S refers to small sides
and B refers to big sides
The underlying idea of the design of the dice was that the different shapes and
sizes of the sides would encourage sample space reasoning by bringing attention
to geometrical aspects of the situation (Lecoutre, 1992). Moreover, it was assumed that a physical design that makes it (nearly) impossible to construct a
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probability model of the totals solely on symmetrical and combinatorial grounds
would promote reflections on experimental evidence, which is considered essential for learning probability (Jones, et al., 1999). The game situation consisted of
four sets of dice, presented to the students in the following order:
Round 1 (The yellow set) – The dice display the distribution D1={2B, 2B, 2S,
4S, 4S, 4S} and D2={3B, 3B, 3S, 5S, 5S, 5S}. Indices S and B indicate if the
numbers are displayed on the small or the big sides of the die (Figure 11).
Round 2 (The red set) – Values distributed as D1={1B, 1B, 1S, 3S, 3S, 3S}
and D2={2B, 2B, 2S, 4S, 4S, 4S}.
Round 3 (The blue set) – Values distributed as D1={3B, 3B, 3S, 5S, 5S, 5S}
and D2={4B, 4B, 4S, 6S, 6S, 6S}.
Round 4 (The white set) – Values distributed as D1={2B, 2 B, 2S, 5S, 5S, 5S}
and D2={2B, 2B, 2S, 5S, 5S, 5S}.
This time the students were asked to distribute 25 markers. In each set of dice
there were three resulting totals, and one point of using 25 markers was to challenge equiprobability approaches since it is impossible to distribute 25 markers
exactly uniformly among three outcomes. Imagine that the students find it proper
to distribute as uniformly as they can (for instance, 8 marker on each of 3 totals).
Where then would they place the 25th marker and how would they account for
the choice they make?
From a combinatorial perspective the implicit probability distribution of the
totals is consistent between the sets. Figure 12 illustrates the combinatorial sample space and geometrical features of the yellow dice.
4S
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2B
2B
3B 3B 3S 5S 5S 5S
Figure 12. Illustrations of the 36-element possibility
space of the yellow set.
Regarding combinatorial and physical aspects we had good reason to assume that
the activity of reducing the number of markers would produce rather distinct frequencies of the totals. From figure 12, for instance, we see that we are able to
achieve the totals 5 and 9 in nine ways each. However, only one representation
of the sum 5 consists of the combination of two small sides. All nine outcomes
of the sum 9, however, consist of a combination of two small sides. Therefore,
during the game there would be a great chance for the students to observe substantial differences in empirical evidence between the sum 5 and the sum 9.
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To further stimulate reflection on how different numbers of configurations
may influence the chance of the totals and their observed frequencies, the three
first sets of dice were made to offer the students an opportunity to outline four
distinct representations of the totals. In the fourth set combinatorial concerns relate to the notion of the order of the dice – (2,5) is different from (5,2) – which is
known to be a difficult conceptual step (Fischbein, Nello & Marino, 1991). The
idea was that the students’ experience from previous rounds, that a sum can be
represented in two different ways, would help them to overcome such a difficulty. To support reflective processes further the participants in this study were
also asked to record the obtained outcomes in frequency tables during the game.
The two overall contextualisations that were reported in Paper I also appeared in Paper II. Initially the students only elaborated on the resulting totals.
When the students experienced the shortcomings of this approach, they felt a
need to reconsiderate. In terms of differentiation in meaning, the students also
turned from attending to the possible, resulting totals to the chance of the totals.
However, this time the shift was not encouraged by the variation of the numbers
displayed on the dice. Instead, it is argued that it was the students’ ways of perceiving the evident difference between the number of outcomes of the sum 5 and
the sum 9 that served a the central structuring component in this shift.
The assimilation process is central to our understanding of this shift. When
the students view the game from a different perspective, new contextual elements are cued and given priority. The ways in which they elaborated on the
chance of the totals during the game is discussed in terms of how they assimilated, coordinated and made distinctions among aspects of combinatorial, geometrical/physical and frequentist reasoning.
Throughout the entire game the students adjusted their plans on the basis of
the observed frequencies. However, the students did not limit their reflections to
the frequency tables which they were asked to fill in. During the small-group
discussions they also conducted test-samples of the dice, spontaneously and to
varying degrees. With reference to such test-samples, a variant of the positive recency effect appeared, reflecting aspects of general frequency thinking. According to the classical view of probability modelling, aspects of sample-space composition and corresponding ratio thinking occurred in some of the groups’ chance
models. The students took into consideration the number of ways the different
totals could be represented. Concerning geometrical/physical frames of reference, the results indicate that such items not only concern dice colour or throwing strengths (Pratt, 2000), but also include elaboration on more physical fundamentals, such as the dice shape.
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6.3

Paper III

Students’ reasoning about one-object stochastic phenomena in an ICTenvironment
The methodology adopted in much previous research on students’ understanding
of compound random events almost exclusively relates to how students account
for combinatorial and sample space reasoning (e.g., Fischbein, Nello & Marino,
1991; Speiser & Walter, 1998; Vidacovic, 1998; Lecoutre, 1992; Pratt, 2000).
Hence, in order to extend our understanding of how students’ reason about compound random phenomena this study aimed to examine how students would deal
with compound events viewed as one-object stochastic phenomena (OOSP, see
section 3.2.3). In addition, we notice that there is little research conducted on
students’ understanding of compound independent events, viewed in a randomdependent ramified structure. Those that do exist, e.g. the studies by Green
(1983) and Fischbein et al. (1975), have been quantitative, giving an overall orientation of students’ ideas of OOSPs. Therefore, the aim of Paper III was to contribute to research on the learning of compound random events by accounting for
the ways in which students (14-16 years old) contextualise OOSPs in an explorative ICT-environment (see 5.2.3).
In line with the contextual view, the paper aimed at rationalising the ways in
which students’ deal with OOSPs and, particularly, to account for those elements
that served the role of being the central structuring components of the students’
contextualisations.
Two main types of contextualisations were singled out, labelled PhysicalGeometrical Contextualisations (P-GC) and Numerical Contextualisations (NC).
Regarding P-GC some students found it difficult to neglect physical and geometrical concerns when explaining the distributions of marbles within a Flexitreesystem. The students’ reasoning seemed to be oriented towards causal relationships as they attended to and emphasised the directly perceivable structures of
the systems. It was basically the wedge and the vertical distances, and the relationship between these distances that appealed to the students. To be explicit, the
wedge parts of a system were perceived to force the marbles out towards the
sides, whereas the vertical parts were believed to decrease such effects.
Two typical NC appeared in the analysis, a division strategy and reasoning
about part-whole relations regarding the number of paths. Common to both was
that they involved a notion of equiprobability as a central structuring component
(cf. Lecoutre, 1992). In the case of the ‘division strategy’ the students saw the bifurcations of an OOSP as a fifty-fifty chance and in the case of ‘Part-Whole relations regarding the number of paths’ it was the single paths that were perceived
as being equally likely. The division strategy consisted of re-using and coordinating the distribution of a single bifurcation to achieve the distribution of the
entire OOSP. Starting with a set of markers, say 16, and then using division by
two the same number of times as the number of bifurcations encountered, the
probabilistic relationship between the boxes was obtained by calculating the proportions of marbles entering each box. In the cases of Part-Whole relations re-
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garding the number of paths the probability for a marble to appear in a certain
box was based on the number of possible paths to that box, related to the total
number of paths to all boxes. However, this strategy is only applicable when the
paths are equiprobable. Hence, in cases when the paths are not equally likely the
students using this strategy had difficulty in accounting for the observed frequencies after the run of a high number of marbles. It was suggested that the
rather surface-oriented way of reasoning in terms of Part-Whole relations regarding the number of paths was profoundly influenced by the students’ conceptions
of norms and expectations relevant to school-mathematical practices (Cobb &
Yackel, 1996). The students knew from experience that they were supposed to
calculate when doing mathematics in order to arrive at a numerical answer to the
assignment (cf. Säljö, 1991).
The analysis also showed how the interaction with Flexitree challenged the
students to further their understanding of OOSP. In this respect the possibility of
generating and displaying experimental evidence played a prominent role in that
frequency information confirmed, contradicted and/or inspired a specific thinking route.
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7 Conclusions
7.1

First Aim

The overall objective of this thesis is to contribute to understanding of how
learners develop their probabilistic reasoning when dealing with compound
chance encounters. To approach this problem, the first aim of this thesis is to explain, on a meta-level, students’ ways of experiencing compound random phenomena where opportunities are provided for them to integrate different ways of
reasoning about probabilities, by accounting for the ways in which they organise
and re-organise their contextualisations. Of course, accounting for meta-level
processes also calls for a discussion of aspects of a subject-specific nature.
Hence, the discussion of the first aim will reflect aspects of the second aim, and
arguments relevant to the first aim will be further supported and clarified in the
discussion of the second aim.
In this thesis the theoretical construct of contextualisation is viewed as a basic mechanism in learning. By focusing on students’ processes of contextualisation we are able to trace the growth in students’ understanding of probability by
accounting for the central structuring components that guide students’ routes of
assimilation. Dimensions of variation in the students’ ways of contextualising
random encounters are accounted for in terms of differentiation and elaborative
variation. With reference to the research questions guiding the first aim of the
thesis, we will point to some typical instances of differentiation and elaborative
variation and to the central principles guiding students’ reasoning.
When the students make sense of the learning material, their reasoning is
guided by a set of central structuring components. In their attempts to picture a
coherent whole of their experience, such central principles frame their reasoning
and their acts of perceiving new information. In the dice studies the overall guiding principle of the students’ reasoning was their desire to win the game. This
enterprise guided the construction of two main contextualisations. In both of the
dice studies the students differentiated between the ideas of delimiting possible,
resulting totals and of modelling the chance of the totals. In the former case the
students’ reasoning seemed to be supported by expectations relevant to an everyday approach. In every-day situations, one is rarely expected to make finegrained analyses of the probability of different outcomes. However, players often
want to know what numbers of the dice to throw (or not throw), to reach (or to
avoid) a certain area on a playing board. We also noticed how the majority of the
students in both of the dice studies rather spontaneously made sense of resulting
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totals in terms of the extremes. In order to identify the resulting totals, the students considered it sufficient to identify the lowest and the highest total and believed that all totals between these extremes would appear. As a result of that
contextualisation, i.e. identifying all resulting totals, the students were never encouraged to process any additional information about the totals and seemed not
to need to process any. Thus, in their context of interpretation only one representation of the totals was made available. In such a context it seemed reasonable
for the students to place their markers equally among the totals.
Affected by situational elements such as winning or losing, observed frequencies or variations in how the dice were numbered, the students started to reconsider their initial approach of only focusing on delimiting resulting totals. Instead, they turned their focus to the differences in the chance of the totals. Within
the overall context of winning the game we could talk about this as an instance
of elaborative variation, that is, the students elaborated on the problem of winning the game by incorporating aspects of the different chances of the totals into
their thinking about the resulting totals. However, since delimiting the resulting
totals was given a lower and more implicit status and did not play a central role
in the students’ subsequent activities, this shift is viewed as an instance of differentiation.
In Paper II in particular, it seemed as if it was the prominent difference in
observed frequencies that prompted the students to shift their attention towards
the chance of the totals. It was obvious to the students that some of the equally
distributed piles of markers disappeared faster then others in a series of throws.
This encouraged them to adopt a more attentive approach to the game, which led
them to re-arrange their contextualisations on the conceptual level as well. In order to make sense of the different situational encounters, the students started to
give priority to the probability distribution of the totals. The importance of this
shift relates to how it served to enhance the students’ understanding of the game.
Basically, viewing the game from the perspective of the chance of the totals
guided the students to bring into play a new range of references. The students’
activities were pushed forward as new goals posed new problems to be solved,
which, in turn, called for different explanatory models. This emphasises the role
of the assimilation process in learning: learners’ understanding is driven forward
as new perspectives open up and promote new ways of understanding information and coordinating frames of reference. Consequently, by shifting their focus
to the chance of the totals the students established frames of a different context,
in which new information was interpreted and new meanings and thinking strategies were worked out.
The Flexitree study adds to the above discussion by illustrating how the students’ understanding of OOSPs varied with their interpretations of the activities
and how their reasoning was guided by some central overriding principles (see
6.3).
To be more explicit about how we should understand the learning of probability in terms of elaborative variation we turn to discuss the second aim of this
thesis.
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7.2

Second Aim

The second aim of this thesis concerns the identification and characterisation of
typical probability-oriented principles that the students made accessible through
their varying ways of contextualising the tasks given.
The compound character of the three study activities is not the same. The
Game of Totals concerns combinatorial issues in terms of favourable outcomes.
In the case of OOSPs, the compound character refers to the combination of probabilities. However, we do find connections, which serve to support the claim that
students, without or with scant formal instruction on probability, are able to devise rather sound probabilistic reasoning in order to account for compound random phenomena.
Above we reflected on the observation that the students’ reasoning was
stimulated by the ways in which their piles of markers vanished during the dice
games. Students articulated this in terms of “we rolled a lot of fives”, “it was difficult to roll a nine” and “we needed fewer (markers) on four”. Based on such
data it could be argued that one overriding guiding principle in the students’
probabilistic reasoning seemed to be the question of how a considerable set of
outcomes will distribute among the possible outcomes of a random phenomenon.
In the Game of Totals this appeared natural since the rule of the game was to get
rid of a known set of markers with an unknown set of dice throws. In the Flexitree setting however, the students were initially asked to explain the likelihood of
the marbles entering a certain box. However, to explain this several students
made use of a strategy in which they followed a starting set of marbles through
an OOSP. This line of reasoning has been explained in 6.3 as the division strategy. To illustrate how the three studies relate to the notion of how a series of trials will distribute among different outcomes one could think of the implicit
probability distribution of the total of two dice as one big bifurcation. That is,
how would, say, 40 marbles (dice throws) distribute in a bifurcation which is
based on the probability distribution of the total of two dice?
In the three papers it became evident that several students reflected on how
to control the random nature of the situation by accounting for aspects of an underlying probability distribution. Regarding such concerns the students brought
into the discussion geometrical and numerical issues as well as aspects of the
law of large numbers.
In the Flexitree study several students reasoned with a division strategy in
order to account for the marbles’ chances to end up in the different boxes. In the
division strategy, a bifurcation was geometrically perceived as symmetrical,
leading the students towards equiprobability thinking. On the basis of that thinking, the probabilistic relationship of an OOSP was accounted for by conducting a
thought experiment in which a starting set of marbles were repeatedly divided by
two as many times as the number of (uniform) bifurcations.
The dice game interactions showed evidence of geometrical considerations
as well. In Paper I the students perceived the physical shape of the dice as symmetrical, and it was argued that this observation encouraged them to focus on the
numbers displayed on the single dice (see the discussion of the number model
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below). In contrast, the asymmetrical features of the dice in Paper II constituted
for the students a particular source of information for modelling the behaviour of
the dice. When modelling the probabilistic relationship between the totals, they
took into consideration how the numbers were distributed on the differently
shaped sides on the single dice.
Students employing part-whole relations regarding the number of paths to
an OOSP-task showed evidence of the classical view of probability modelling. In
this way of reasoning the probability of a marble entering a certain box is based
on the number of possible paths to that box and the total number of paths entering all boxes. Hence, this approach demonstrated learners’ ability to reason in
line with the classical position of probability modelling, in that it implies that the
students reflect on the number of favourable outcomes for an event out of all
possible outcomes. That students, previous to instruction, are able to take into
consideration the idea of the number of favourable outcomes for an event when
judging probabilities is further stressed in Paper I and II. In Paper I the students
coordinated this kind of ratio thinking to a sample space, which was derived
from a number model. To be concrete, if rolling two dice, each displaying (1111
22), the number model implies that there is twice as big a chance of obtaining the
sum 2 than obtaining the sum 4 since there are twice as many 1s than 2s displayed on the single dice. In Paper II the sample space to which the ratio skill refers was elaborated a bit more. In this study the single dice were marked uniformly. However, challenged by frequency information in particular the students
felt a need to make sense of such numbers that were not immediately connected
to geometrical differences. What was left aside by the students in Paper I, that
they were able to construct four distinct representations of the three resulting totals, became an issue of concern for the students in Paper II. Moreover, even in
the last round one group reflected on the proportions of a sample space in order
to account for the order of the dice.
In both Paper II and Paper III the students’ reasoning reflected underlying
principles of the law of large numbers. In the Flexitree study the students were
able to run large-scale samples of OOSPs, and we found that the students used
this opportunity to return to the figure and evaluate a deductive-logical approach.
When statistical evidence of a long-term simulation contradicted the theoretically
derived explanatory model, the students found it necessary to re-organise their
thinking. Hence, they trusted, or understood, the regularities of long-term generated data.
In Paper II some students employed test-samples in order to model the implicit probability distribution of the dice game. Starting with a series of ten
throws the students received a picture of how a set of outcomes would distribute.
Using additive thinking the series of ten throws was translated to the distribution
of the 25 markers. This frequentist approach was further elaborated throughout
the game. In the forth round the students chose to generate two separate testsamples of ten throws each, which were coordinated to give further support for
the distribution of markers. This implies an understanding of the fact that the
proportions between outcomes in a sample would stabilise as an increasing number of throws is considered.
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8 Discussion
In this thesis focus is put on what students’ do and can do when faced with a
learning task rather than on their ‘misconceptions’ and fallacies. For this reason,
the thesis has been concerned with the students’ experiential world of random
encounters and probability modelling, in order to better understand how they organise and re-organise their understanding of compound random events in explorative interactions. A constructivist contextual view was introduced to account for such meaning-making processes. The implications of this thesis will be
discussed with reference to how the results of the study contribute to advancing
the theoretical framework of contextualisation and to improving our understanding of the development of learners’ probabilistic reasoning. I will also discuss
some teaching implications and propose topics for further research on students’
understanding of compound random phenomena.

8.1

Implications for the Theoretical
Framework of Contextualisation

As mentioned above (section 4.4), the construct of contextualisation aims to
model a learning process where the learner tries to make sense of a learning material by allocating it to a (cognitive) context in which it makes sense for the
learner (Scheja, 2002). This view is based on the idea that assimilation is the basis for acquiring knowledge and, accordingly, that learning requires that the
learning object appears intelligible and plausible for the learner (Posner et al.,
1982). However, the construct of contextualisation as used in e.g. Halldén
(1999), Scheja (2002), Wistedt and Brattström (2005) and Ryve (2006b) should
be seen as an evolving theory where further work has to be done before it could
be regarded as a full-fledged theory (Ryve, 2006a). In this respect the current
thesis addresses two particular issues: Terminological inconsistency and the
process of learning something new.
Terminological inconsistency refers to the ways previous research on students’ contextualisation processes have chosen to define the three sub-contexts,
used for structuring the analysis. In Halldén (1999), Scheja (2002) and Wistedt
and Brattström (2005) the sub-contexts defined are the cognitive, situational and
cultural context. Similar to the definition of a conceptual context used in the current study, the cognitive context in these earlier studies refers to constructions of
concepts and subject-matter structures. But if only such constructions are defined
as cognitive, what is the ontological status of the situational and cultural ele-
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ments? In a constructivist view the world is constituted through mental operations. There is no objective knowledge; the only knowledge existing is the
knowledge within the experiential world of the individual (Simon, 1995). It
might seem as if this objection is of a minor, petty character. However, by being
inconsistent in the terms used, a theoretical framework may lose in credibility.
Hence, in order to maintain consistency with the principles of constructivism,
saying that every act is an act of cognitive actions, this thesis suggests a change
from cognitive to conceptual context, when analysing students’ processes of contextualisation.
Earlier research on students’ processes of contextualisation has mainly focused on the discrepancies between students’ contextualisations of a learning
task and the contextualisations which, from a normative view, would be the expected and preferred outcomes of teaching. Learning from such a point of view
means to understand the relevance of a certain contextualisation and to differentiate between alternative contextualisations (Caravita & Halldén, 1994). The
construct of contextualisation has been applied less often to research on learning
something new, or something not yet encountered in a school setting (Halldén,
1999, however, see Wistedt, 1994; Wistedt & Martinsson, 1994).
This thesis, however, emphasises the importance of contextual variation in
the process of developing an understanding. When the students vary their interpretation of a task, the priority given to an idea or the focus of their attention in a
given situation, their reasoning is given substance to elaborate on. Hence, the
thesis supports the idea of elaborative variation (Marton et al., 1992; Wistedt
and Martinsson, 1996). However, this thesis also emphasises that a process of
elaboration is dependent to a great extend on the mechanisms of contextualisation. We notice how the students’ elaborations emerge around some central principles not previously encountered but brought to the fore as the students attempts
to make sense of the tasks given. These principles, or goals, guide the students’
elaboration by facilitating certain routes of assimilation in favour of others. For
example, in Paper I we noticed that during round two in the dice game several
groups placed their markers on impossible events. Fischbein et al. (1991) argue
that students fail to make sound identifications of sample spaces since they lack a
clear definition of the terms possible, impossible and certain outcomes. However, from the analysis made in Paper I, the reasons for involving impossible
events was not to be found in the students’ conceptual capacity but in the ways in
which they contextualised the situation by adopting an approach of extremes.
Identifying the lowest and the highest possible total respectively, all possible totals were viewed as being constituted by these extremes and the numbers inbetween. However, when the students during round two experienced the inadequacy of this strategy, they changed their contextualisation of the meaning of
possible and impossible events. Instead of only identifying the extremes they
made explicit all resulting totals. However, this is not to say that the students
abandoned or replaced one understanding in favour of another. The new approach is contrasted to the previous approach and designed to rectify its shortcomings. We observe that the students continue to use the notion of extremes, for
instance by not bothering about the totals outside of the lowest observed total
and the highest observed total. However, recognising the shortcomings of their
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initial approach, they elaborated their understanding of possible events, taking
into consideration the fact that it is not always the case that possible outcomes
follow in numbered order between the extremes.
How the principles of contextualisation, differentiation and elaborative
variation contribute to our understanding of the development of probabilistic reasoning will be further stressed in the next section.

8.2

Understanding Probabilistic
Reasoning

Given the theoretical framework of contextualisation, in which ways does this
thesis contributes to the understanding of students’ probabilistic reasoning?
With reference to the first aim of this thesis, the strength of the construct of
contextualisation lies in its potential to particularise individual students’ ways of
experiencing and dealing with learning material (Scheja, 2002). This follows the
general analytical ideas of constructivism; “Without an individual perspective,
one loses access to the richness of individual constructions that are at the core of
the learning process” (Smith, 1994, p. 82). Therefore this thesis contributes to research on learning probability in that the construct of contextualisation allows us
to better understand students’ probabilistic reasoning and knowledge growth
when interacting with compound random phenomena in explorative settings.
The designs of my explorative settings were based on the theory of variations (Marton et al., 2004) and on a view on learning probability in which explorative stochastic situations showing a multitude of different sources of inspiration are considered as essential (Steinbring, 1991a; Jones et al., 1999). However, research on probability learning seems to lack detailed analyses of how different frames of reference are brought to the fore and how they interact when opportunities are provided for the students to integrate different ways of reasoning
about probabilities. Based on an epistemological survey Steinbring (1991a), for
instance, addresses the problem that neither the empirical situation in itself (the
random object), nor the mathematical model (the calculus) can express what randomness and probability means.
Jones et al., (1999), evaluate third-grade students’ probability thinking in relation to an instructional program. This involved experimental as well as theoretical probabilities and was informed by a cognitive framework for students’
probabilistic thinking. The framework consisted of four levels of probabilistic
thinking across a set of probabilistic constructs. Even if the analysis demonstrated that the instruction groups showed significant growth in performance following the instruction, the analysis also showed several instances of unstable
student thinking according to the cognitive framework used for the evaluation.
The suggestions based on the theoretical framework used in the present thesis
would be that the lack of stability could be due to the students’ contextualisations
of the different tasks. That is, to better understand how the levels in Jones’ et al’s
instructional program were related to each other in the students’ understanding of
the tasks and why students differed in levels across probabilistic ideas, one has to
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develop a rich picture of how they contextualised their experiences of the chance
encounters.
The approach of this thesis corresponds in several respects to the approach
of Pratt (1998, 2000; Pratt & Noss, 2002). Even if Pratt’s work is oriented towards the situated cognition movement, viewing knowledge as embedded in the
situation, Pratt also acknowledges individual meaning-making processes. As described in 3.2.3, he accounts for the connection between these two research paradigms with the analytical constructs of internal and external resources. With respect to diSessa's (1993) theoretical framework of phenomenological primitives
(p-prims), Pratt’s analysis demonstrates how new (internal) global resources are
cued and given priority through the interplay between the students’ internal resources and the external resources offered by the ICT-environment Chancemaker. However, it is unclear how the external resources of the Chance-maker
impose changes in internal structures. If knowledge, as Pratt assumes, is embedded in the situation, ‘flows’ from the outside to the inside of the individual, how
does that happen? This question is similar to the general question of how a sociocultural approach accounts for the problem of how something ‘external’ becomes ‘internal’ through a process of internalisation (cf. Rogoff in Cobb, 1994).
Pratt offers little information about how the interplay between external and internal structures cue and give priority to the development of new meanings. However, I believe in Pratt’s idea to view learning in terms of how resources are cued
and given priority. Conceptual change does not necessarily mean that a new
more potent conception replaces a previous one (Halldén et al., 2002). As the
present thesis has shown, much learning concerns a restructuring of a certain line
of reasoning. Hence, by means of the constructs of contextualisation, differentiation and elaborative variation we are offered analytical tools to account for the
organisation and reorganisation of students’ learning experiences.
Below we will discuss how the findings of this thesis may improve our understanding of similar results gained in previous research on probabilistic reasoning.
Jones et al. (1999) claim, with reference to their cognitive framework, that a
critical moment for probabilistic growth is the development of students’ understanding of part-part and part-whole relationships. In the present study such relations are referred to as ratio thinking and concern how the number of favourable
outcomes of an event influences the probability of that event in relation to the
probability of other events. In Paper III this kind of reasoning came to the fore
when some students based their chance models on the proportions of paths entering each box. In the dice study, ratio thinking referred to the number of ways in
which each total could be constructed.
Both in Paper I and Paper II the students initially approached the dice game
by distributing their markers uniformly over the playing board. Lecoutre (1992)
argues that equiprobability approaches mainly stem from a notion of random experiments as being only a matter of chance. However, the analyses of Paper I and
Paper II show that equiprobabilistic responses may also reflect aspect of ratio
thinking. It would seem as if the students focused and based their judgments only
on the resulting totals. They were apparently unaware of different representations
of the resulting totals. Hence, since only one representation of each total was

60

available in the students’ contexts of interpretations it appeared reasonable for
the students to place their markers uniformly among the different totals. That the
students, prior to instruction, were able to develop access to ratio thinking when
judging probabilities was evident when they perceived that the totals differed in
the number of favourable outcomes. In Paper I this became evident in that the
students coordinated their ratio thinking to a sample space derived from a number model.
The number model could be viewed as an extension of what Pratt (2000)
identifies as the fairness resource. Based on such a resource the totals of two
dice are perceived as equally likely since the single dice are uniformly distributed. The number model generalises this idea to include cases as well when the
individual dice are not uniformly numbered. However, supported by the results
from Paper II, it seems reasonable to believe that number-model thinking, and
consequently also the fairness resource, not only are guided by the uniform distribution of numbers on the single dice but also by subjective assumptions of
physical symmetry. In Paper II the dice were uniformly numbered during the entire game. However, when the students turned to the chance of the totals, none of
them used the fair distribution of the single dice as an argument for distributing
the markers uniformly. Put differently, by observing different ways of representing the totals (e.g. 5+2 and 4+3 were separated) and evaluating the effects of the
different sizes of the individual dice sides the students moved from equiprobability thinking even if the single dice were still uniformly numbered. This was interpreted as the physical asymmetry of the dice taking on a central role in the
students’ experiences. In terms of contextualisation, the physical, asymmetrical
shape came to have a more prominent role in the students’ reasoning than the
uniform distribution of numbers on the individual dice, which guided the students away from equiprobability approaches.
All three studies reported on in this thesis support the notion of a Distribution resource as described by Pratt (2000; Pratt & Noss, 2002). In the Chance
maker environment this resource refers to “the more frequent an outcome in
the working box, the larger its sector in the pie chart” (Pratt & Noss, 2002,
472). In the Flexitree study this kind of frequency thinking appears in cases
when probabilistic estimates are based on the number of paths entering a certain
box. In these cases the Distribution resource could be expressed in nearly the
same manner as in the case of the Chance maker interaction: “The more frequently paths enter a box, the larger its number of marbles”.
When the students noticed how the piles of markers vanished at different
speeds during the dice game, they were encouraged to reflect on the different
chance of the totals. The students’ thinking was similar to the Distribution resource in that they realised that the totals would appear a different number of
times in a series of throws since the number of favourable outcomes of each total
differed.
The division strategy also shows how the students integrated frequency thinking into classical ideas such as symmetry and equiprobability assumptions. The
division strategy has probably much in common with the supportive arguments
for the Distribution resource. However, the strategy does not incorporate aspects
of sample-space compositions. The frequency thinking of the approach rather
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rather seems to be the other way around. In the cases referred to earlier, the Distribution resource has its point of departure in the sample space, and based on
that it concerns how a number of trials will distribute among possible events.
The division strategy on the other hand, takes its point of departure in the trials,
or more general, in a set of outcomes to be distributed along a system of several
steps. The division strategy will be further discussed when stressing the pedagogical implications of this thesis,
Some final remarks will be made on students’ sample reasoning and the heuristic of representativeness (Kahneman & Tversky, 1972). In Paper II frequency
information took on a more prominent role than it did in Paper I. The physical
asymmetry of the dice, and particularly the students’ goal to determine how this
asymmetry would affect the behaviour of the dice, was interpreted as an incitement for the students to use test-samples. In Paper II two groups tried small testsamples, and not just to support or complement other sources of references: such
tests constituted more or less the students’ entire contextualisation of the game.
According to representativeness, people base probabilistic judgements on how
well a sample reflects the underlying process by which it has been generated.
Fischbein (1975) found two variants of such thinking: the negative recency effect
and the positive recency effect. The positive recency effect is more in line with a
frequentist way of thinking, and it will be argued that using test-samples exemplifies this. When speaking of the negative recency effect the probability of new
outcomes is estimated on the basis of how well the resulting series of outcomes
matches an available probability distribution; new activities (observations) are
assimilated within a context of a given probability model. With the positive recency effect the situation is the other way around. From a contextualisation perspective this effect appears when no probability model is available, formally or
intuitively. Instead of assimilating frequency data to a given probability model,
the positive recency effect refers to the process by which a probability model
takes form out of data. Hence, in a rather rational manner, conducting testsamples implies that the probabilistic relationship between the different totals is
assimilated to and based on the observation of experimental data. One of the
groups elaborated their sample approach by generating a broader range of dice
throws in the last round, that is, they took into consideration that the proportion
among outcomes of a sample would stabilise when an increasing number of
throws was considered. In that sense their reasoning reflected the underlying
principles of the law of large numbers (cf. Pratt, 2000).

8.3

Teaching Implications

This section deals with ideas of how the thesis may contribute to the development of teaching probability in school. The discussion is divided into the two
parts, theoretical and methodological implications. The theoretical contributions
relate to the two aims of the thesis, whereas the methodological ideas refer to
specifics of the Game of Totals and the Flexitree environment.
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8.3.1

Theoretical Implications for Teaching

The present thesis has investigated learners’ different ways of experiencing and
accounting for compound random phenomena. The focus has particularly been
on students’ probabilistic accounts in terms of what students do and are capable
of doing in order to regulate situations involving elements of uncertainty. In order to understand the basis of students’ ideas, and to capture their potentials to
reason probabilistically, the theoretical construct of contextualisation was
adopted. Based on such a view of students’ abilities to develop their reasoning I
will discuss what this thesis implies for the teaching of probability at school.
The three studies reported on in this thesis show how students, although they
were acting in the same learning environment, differed in their modelling of the
random encounters. This is probably not surprising to most teachers. However,
the theoretical constructs used in this study may offer the teachers instruments to
trace and understand why such differences may occur.
Applying the theoretical framework of contextualisation to the analysis of
students’ probabilistic reasoning means that we are rejecting the idea of knowledge growth as a linear enterprise (Steinbring, 1991a). In a linear model teachers
must initially define some basic concepts in order to be able to gradually introduce additional elements. In this thesis we notice that this is not a natural way for
knowledge to grow. Conceptual elements are not pure, isolated items which are
added to already existing elements in a strictly linear manner. Content-related
concepts and ideas are brought about and prioritised on the basis of how well
they fit into the construction of an overall context of interpretation (Halldén,
1999); “…what we are trying to learn, becomes intelligible when put in context
and it is the context that can make the interpretation of the focal event plausible”
(p. 64). This means that a teacher has to be clear about the context a student operates in. A teacher has to pay serious attention to finding out which central
principles the student’s reasoning relies on in order to understand what efforts
s/he should make to support learning. To exemplify, in Paper I we observed how
two of the four groups did not on their own make available how the third set of
dice differed from the two previously sets. Nothing in their ways of reasoning
suggested that they were aware of the non-uniform distribution of numbers displayed on the single dice. Thus, these two groups also started the third round by
thinking in terms of equiprobability when distributing markers on the playing
board. However, since the students did not by themselves reflect on the difference in design, the observer chose to ask them whether they considered if the
dice used in the third round differed from the dice used in the two previous
rounds. Following this intervention the difference in design was made explicit in
all groups. The consequence of this intervention by the observer was that the two
groups who had not previously observed the difference in the dice design also
moved from the equiprobability thinking they had relied on during the two first
rounds and started to reflect on the different chances of the totals.
The example illustrates how students may possess capabilities beyond those
that may appear within a certain line of reasoning. If the students do not act as
we expect them to, the problem may not be that they are incapable of reasoning
in the intended way. Instead, as illustrated above, the case may often be that the
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students’ reasoning is guided by some central component (such as uniformly distributed single dice), which distracts students from relevant information. Therefore, the framework of contextualisation stresses that teaching has to take seriously the structure of the context within which students are operating. Teaching
may concern rather small efforts, just a case of shifting the students’ focus of attention.

8.3.2

Methodological Implications for Teaching

We could say that the students reported on in this thesis were able to devise
rather sound probabilistic reasoning in situations of uncertainty. We recall that in
the Swedish school system 12-13 year old students have not been introduced to a
formal theory of probability, which was the age of the students who took part in
the dice games. Theories of compound chance events are part of the curriculum
as late as at the upper secondary level (age 16-19). What curriculum designers
may learn from this study is that the teaching of probability in general and compound events in particular could start much earlier than is presently the case.
However, the contextual analyses showed that the students’ conceptual ability to
reason probabilistically in the dice game situations was tightly connected to the
ways in which they interpreted and made sense of situational as well as cultural
frames of reference. Hence, when we consider changes in the curriculum we
must also take the teaching methods into account.
In this thesis the Game of Totals and Flexitree were used to gain information
about students’ different ways of contextualising compound chance encounters.
Among others things, these two situations were considered to offer the students
an opportunity to act on several sources of inspiration in an explorative environment. In this section we will look much closely at the ways in which the Game of
Totals and Flexitree seemed to offer certain opportunities for the learning of
probability.
During the dice game the students worked on their own. In this respect, the
dice game was more similar to ordinary group work than the Flexitree situation.
The Flexitree environment was outlined as a semi-structured interview situation,
in which the researcher had a prominent role. Therefore, the discussion of this
section is mainly based on what the Game of Totals may contribute to the teaching of probability. However, the section ends with a short discussion of how the
results of the Flexitree study may also inform the teaching of probability.
Methodological teaching implications of the Game of Totals
The design of the Game of Totals was based on theories of how patterns of
variation might promote students’ probabilistic understanding. In Paper I the described aspects of variation referred to the ways in which the sides of the four
dice were labelled. In the two first rounds of that study, the single dice displayed
a uniform distribution of the numbers involved. In the last two rounds the same
numbers as in the two first settings re-appeared, but now the numbers were uniformly distributed over the dice. In Paper II all pairs of dice displayed a uniform
distribution of numbers. The main dimension of variation referred to the physical

64

shape of the dice. In contrast to the symmetrical shape of ordinary dice, the dice
used in Paper II were asymmetrical (see section 6.2).
With reference to how the students thought about the dice in the two papers,
I intent to point to some particular arguments for why there seem to be good reason to not only use ordinary dice when teaching compound events based on the
total of two dice in explorative settings.
In both of the studies questions about possible and impossible outcomes
were initially the students’ main focus. In order to discern the totals the students
developed an extreme value approach. This means that the lowest and the highest possible totals were identified and all possible totals were viewed as being
constituted by these extremes and the numbers in-between. In the two papers we
have tried to make sense of this way of thinking by referring to the students’ everyday experiences of ordinary dice. With ordinary dice, gaps in the sample space
of the sums never appear. However, in the analyses we observed that the students
enhanced their understanding of possible events during their interaction with the
Game of Totals. Students who lost because they had incorporated impossible
outcomes when modelling the outcomes by the extremes, re-arranged their reasoning and started to look more carefully at what actually could happen between
the extremes. Hence, experiencing unfamiliar and specifically designed dice
challenged the students to reflect on questions about possible and impossible
events in a way that probably would not have appeared if only ordinary (everyday related) dice had been used.
Students’ focus on only the resulting totals resulted in that the markers were
uniformly distributed among these totals. With reference to sample space compositions we could argue that such a context never challenged the students to reflect on the different number of ways in which the totals could be represented.
However, in both of the studies we found that prior to instruction the students
were able to reflect on how the number of favourable representations would render differences in the chance of the totals. In both of the studies reported on in
paper I and II the students differentiated between attending to the resulting totals
only and attending to the chance of the totals. However, we found some significant differences in how this shift took place and how the students dealt with the
chance model of the totals. In Paper I it was mainly the non-uniform distribution
displayed on the single dice that constituted the basis for this shift. In terms of a
number model, the students matched the number of totals to the proportion of
numbers on the individual dice. Explicit frequency reasoning had low priority in
the students’ reasoning, even if the number model to some extent was adjusted
on the basis of empirical observations of the perceived ease and/or difficulty in
obtaining the different totals when playing. That the dice used in Paper I did not
challenge the students enough to reflect on frequency information was one important consideration when the dice used in Paper II were designed. A particular
reason for not using ordinarily numbered dice in Paper I was to have the differences in frequencies stand out saliently. This guiding principle was further
stressed in paper II. It was also assumed that the number-model thinking in Paper
I was to a great extent stimulated by and connected to the symmetrical shape of
the dice. Hence, asymmetrical dice were used in Paper II (See Figure 11 section
6.2) in order to improve our possibilities of understanding students’ probabilistic
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reasoning and potential to grow. In Paper II we observe that frequency information not only contributed substantially to the shift in the students’ attention from
the resulting totals to the chance of the totals. Frequency information from testsamples also became an integrated part of the students’ chance models when
they prepared their strategies for the next round.
The findings reported on in Paper I and Paper II stress that to increase the
power of frequency information the part-part relation between the observed frequencies has to stand out noticeably. Hence, there are good reasons for not only
using ordinary dice when teaching compound events based on the total of two
dice in explorative settings: When rolling two ordinary dice the probability to get
the sum six is 5/36, whereas the probability to get the sum seven is 6/36, leading
to a difference in probability of only 1/36. The findings of Paper II also imply
that a physical design that makes it (nearly) impossible to construct a probability
model of the totals solely on symmetrical and combinatorial grounds further stimulates reflections on empirical evidence.
Two other implications for teaching probability refer to the observation that
the dice used in Paper II stimulated a greater variety of contextualisations among
the groups than the dice used in Paper I did. Both implications refer to the fact
that education is always intended, that is, a teacher must reflect on why s/he
teaches as s/he does. The first issue concerns the case where a teacher aims at stimulating the students to focus on a specific probabilistic idea. In such cases it
could be counterproductive to create a situation which is too open for variation in
interpretations. In Paper II for instance we observed that in two of the four
groups the students never reflected on the underlying sample space. The second
issue stands in contrast to the first in that it draws on the potential of situations
that may stimulate a variety of interpretations. From a contextual perspective on
learning, variations in interpretations are of particular importance. By reflecting
on and coordinating different ways of reasoning about a phenomenon, we may
avoid the constraints imposed by one idea and be able to utilise the opportunities
for reasoning and perception from another (Carey & Spelke, 1994). However, to
draw on the variations that result from the interactions with an explorative situation such as the Game of Totals, we have to view such activities as part of a
broader teaching agenda. Challenging the group-members to explain their strategies to other small groups or to the class would provide adequate raw material
for reflections on and arguments for or against the standpoints adopted. On similar pedagogical grounds, another fruitful approach would be to re-arrange the
members of the teams and play the game again.
Methodological teaching implications of Flexitree
The Flexitree interaction adds to the above line of reasoning in that students’
probabilistic growth may profit if they are given the opportunity to reflect on
frequency information. The Flexitree interaction points to how such possibilities
to generate and display experimental evidence may play prominent roles in confirming, contradicting and/or inspiring thinking routes (see Paper III for details).
In this paragraph, however, I will not discuss the power of confronting students with empirical evidence when teaching probability in any explicit manner.
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Instead, the discussion of teaching implications of the Flexitree study will be
based on the fact that many of the students in a rather natural way adopted a division strategy when accounting for OOSPs. However, aspects of frequency thinking will be considered since such a strategy appears to incorporate interplay between empirical and theoretical ideas of probability. We recall that the division
strategy refers to the thought experiment in which students follow a starting set
of marbles through an OOSP. Based on symmetrical observations, the two ways
out of a bifurcation are modelled as equiprobable, and in a rather idealised way
the students translate this notion into division by two. To be concrete, the strategy means that the students start with a fictive number of marbles (often 16 marbles were used), and by using division by two the same number of times as the
number of bifurcations encountered, the probabilistic relationship between the
boxes is judged on the basis of the proportions of marbles calculated to reach
each box. The pedagogical implication of knowing that students rather spontaneously are able to develop such a line of thinking lies in the fact that the approach
relates in several respects to the mathematically valid idea, the product law of
probability. According to the product law of probability the probability of a
compound event is obtained by multiplying the theoretical values of the independent single events. In the case of Flexitree the connection between the division strategy and the product law is to be found in the fact that division is the reverse operation of multiplication and that repeated division by 2 of the independent single bifurcations corresponds to repeated multiplication by 0.5. Hence,
since it seems rather natural for many of the students in Paper III to deal with
OOSPs from a division point of view, the study suggests that it would be a good
idea to integrate OOSPs in the teaching of compound events. That is, in the interaction with OOSP-systems the understanding of the general law of multiplication could be connected to and supported by division.

8.4

Further Research

This thesis shows how the theoretical construct of contextualisation helps to
broaden the field of understanding learners’ chance encounters. Taking into account the students’ interpretations of a learning situation makes it possible to understand and explain how different kinds of resources evolve and interact when
learners deal with situations that are random in nature. Hence, a natural continuation of this research would be to implement the constructs of contextualisation,
differentiation and elaborative variation in different explorative research settings
in order to enhance our understanding of students’ probabilistic reasoning and
knowledge building over a range of probabilistic ideas.
However, the possibilities that the Game of Totals and the Flexitree environment offer for investigations of probabilistic reasoning are not yet fully explored. Even if the students reported on in this thesis interacted with the Game of
Totals and Flexitree for only about one hour, there is good reason to believe that
they enhanced their probabilistic understanding. Hence, in order to develop and
refine powerful practical and pedagogical devices for teaching probability, it
would be of great interest to examine students’ ways of organising and re-
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organising their contextualisations when interacting within these situations for a
longer period of time. In such an enterprise, the idea of variations in design
(Marton et al., 2004) should be given a prominent role.
When using the division strategy, the students saw a crossroad as a fifty-fifty
chance for the marbles to take either of two routes. It could be argued that these
students in a direct way took into consideration the number of paths leaving a bifurcation; i.e. they should divide by two since there were two ways out. To gain
even more information about such reasoning and to learn whether the students
are able to generalise it, it would be interesting to create a Flexitree situation
similar to Fischbein’s pagoda, consisting of crossroads with three or more exits.
Two final remarks could be made to extend the power of the dice game situations as a research setting. Both concern how to encourage the participants to be
more explicit about how they explain their decisions. One idea is to have the
students design their own dice for the game. Asking each team to design and
play against other teams with their own dice would probably provide more information about how the students deal with issues of possible and impossible
outcomes as well as how they assign probabilities to different totals. Another
methodological idea is to follow up the playing sessions in individual interviews.

8.5

Concluding Remarks

This thesis establishes the importance of contextual variation both for students’
probabilistic reasoning and for the design of effective research into how such
reasoning arises. We have seen how multifaceted ways of reasoning probabilistically (Borovcnik et al., 1991) appear rather naturally in students’ different ways
of dealing with randomness and how the students invoke and coordinate different
contextual elements in their attempts to make sense of situations that are random
in nature. This implies that, for learning to develop students’ need to know that
different explanatory models are preferable in different situation, depending on
the nature of randomness involved (Shaughnessy, 1992).
However, although all of the students who took part in the three studies reported on in this thesis were introduced to the same learning situations, the thesis
nevertheless reveals an apparent diversity and different degrees of richness in
probabilistic reasoning among these students. How should we explain such variation if knowledge is conceived as embedded in the situation? In line with the
constructivist idea – that knowledge refers to students’ experiential world
(Smith, 1994) – the construct of contextualisation suggests that it is not knowledge that is embedded in the situation, it is the situation, together with other contextual elements, that is embedded in knowledge.
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