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Abstract
The field of inverse problems is an area in applied mathematics that is of

great importance in several scientific and industrial applications. Since an
inverse problem is typically founded on non-linear and ill-posed models it is
a very difficult problem to solve. To find a regularized solution it is crucial
to have a priori information about the solution. Therefore, general theories
are not sufficient considering new applications.

In this thesis we consider the inverse problem to determine the beam
bending stiffness from measurements of transverse dynamic displacement.
Of special interest is to localize weak parts, i.e. parts with reduced bending
stiffness. For the mathematical modelling we use the Euler-Bernoulli beam
equation in the frequency domain. Different regularization strategies are
considered in the developing of time-efficient methods.

For the problem to localize weak parts we first consider the Euler-Bernoulli
beam equation with piecewise constant material parameters. Regularized so-
lutions are obtained by including the a priori information that there is a weak
part in the modelling. The constant bending stiffness in the weak part and
in the surrounding areas are found together with the coordinates of the weak
part by minimizing an error-functional depending on the difference between
measured and modelled transverse displacement. Errors due to noise are
reduced by using a frequency near an eigen frequency for the measurement.

The problem to determine continuously varying beam bending stiffness
is a much harder problem. A numerical efficient method without non-linear
regularization, is developed for the simpler problem to determine the string
refractive index from measurement of the transverse displacement, and then
generalized for the beam problem. To avoid non-linear regularization the
problem is transformed to the problem of solving a Fredholm integral equa-
tion of the first kind followed by a simpler division operation. The linear
regularization problems, for the string and for the beam, are solved by the
method of Tikhonov together with the discrepancy principle of Morozov.

To localize weak parts from the reconstructed bending stiffness a recently
developed convex image segmentation method is considered. A great advan-
tage with this method is that spurious details due to noise can be removed.
The entire procedure for reconstructing the bending stiffness and localizing
weak parts is much simpler compared with the method based on non-linear
and non-convex optimization considered first for the problem with piecewise
constant material parameters.

Keywords: Euler-Bernoulli beam equation, parameter identification, bend-
ing stiffness, refractive index, Tikhonov regularization
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Sammanfattning
Området inversa problem är en gren inom tillämpad matematik som är av
stor betydelse inom flera vetenskapliga och industriella tillämpningar. Då ett
inverst problem oftast är baserat på icke-linjära och illa-ställda modeller är
det ett mycket svårt problem att lösa. För att finna regulariserade lösningar
är det avgörande med a priori information om lösningen. Därför är det inte
tillräckligt att betrakta generella teorier för nya tillämpningar.

I den här avhandlingen betraktar vi det inversa problemet att bestämma
balkens böjstyvhet utifrån mätdata av transversell förskjutning. Av särskilt
intresse är det att finna svaga delar, dvs. delar med reducerad böjstyvhet. För
den matematiska modelleringen använder vi Euler-Bernoullis balkekvation i
frekvensdomänen. Olika regulariseringsstrategier betraktas i utvecklandet av
tidseffektiva metoder.

För problemet att lokalisera svaga delar börjar vi med att betrakta Euler-
Bernoullis balkekvation med styckvis konstanta material parametrar. Regu-
lariserade lösningar fås genom att inkludera a priori information om att det
finns en svag del i modellen. Den konstanta böjstyvheten i den svaga delen
och i de omgivande områdena bestäms tillsammans med koordinaterna till
den svaga delen genom att minimera en felfunktional som beror på differ-
ensen mellan uppmätt och modellerad transversell förskjutning. Fel på grund
av brus reduceras genom att använda en frekvens nära en egenfrekvens för
mätningarna.

Problemet att bestämma böjstyvhet som varierar kontinuerligt är ett my-
cket svårare problem. En numeriskt effektiv metod utan icke-linjär regularis-
ering är utvecklad för det enklare problemet att bestämma brytningsindexet
för en sträng utifrån mätning av den transversella förskjutningen. Metoden
är sedan generaliserad för balkproblemet. För att undvika icke-linjär regu-
larisering transformeras problemet till problemet att lösa en Fredholm inte-
gralekvation av första slaget följt av en enklare division operation. De linjära
problemen för strängen och för balken är lösta med Tikhonovs regulariser-
ingsmetod tillsammans med Morozovs diskrepansprincip.

För att lokalisera svaga delar utifrån rekonstruerad böjstyvhet betrak-
tas en nyligen utvecklad konvex bildsegmenteringsmetod. En stor fördel med
metoden är att små felaktiga detaljer på grund av brus kan tas bort. Den
totala proceduren för att rekonstruera böjstyvheten och lokalisera svaga de-
lar är mycket enklare i jämförelse med metoden baserad på icke-linjär och
icke-konvex optimering som betraktades först för problemet med styckvis
konstanta material parametrar.

Nyckelord: Euler-Bernoullis balkekvation, parameteridentifiering, böjstyvhet,
brytningsindex, Tikhonov regularisering
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Chapter 1

Introduction

According to Keller [1] two problems are each others inverses if the formula-
tion of each of them involves all or part of the solution of the other. Usually,
one of the problems has been studied extensively for some time and in more
detail. This problem is often called the direct problem, whereas the newer is
called the inverse problem. However, sometimes it is not clear which problem
is the inverse of the other. In science and technology direct problems are com-
monly associated with the problem of solving a partial differential equation.
Often, the inverse problems are more interesting: to find the coefficients of a
differential equation given the solution, or parts of the solution. Such inverse
mathematical problems are called problems of parameter identification.

In general the inverse problem is much harder than the direct. Even
though the direct problem is linear, the inverse problem is in general non-
linear. What makes it even harder is that the inverse problem is often ill-
posed [2] in the meaning that the solution lacks at least one of the properties
existence, uniqueness and stability. The numerical methods for handling un-
stable solutions are called regularization methods and are of great importance
in applications where measurement errors are present.

The basic idea when solving ill-posed problems is to add as much a priori
information about the solution as possible. The general principle stated by
Lanczos [3]: “A lack of information cannot be remedied by any mathematical
trickery.” is fundamental. There is an extensive amount of mathematical
methods for both general inverse problems, see e.g. [4], and methods for cer-
tain problems like inverse scattering [5], and inverse mechanical vibration [6].
Despite of this, special attention must be carried out for each new application
in order to take advantage of the specific properties of the problem.

A well established method for mathematical applications, where the strength
of the mathematical stringency can be used in full, is mathematical modelling
[7]. Eykhoff defines in [8] a mathematical model as “a representation of the
essential aspects of an existing system (or a system to be constructed) which
present knowledge of that system in usable form”. For that reason, the for-
mulation of the mathematical model requires knowledge of the theory and
the application which the model is founded on as well as the mathematical
methods used for the mathematical analysis of the model. Requirements on
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Chapter 1. Introduction

usefulness concern how well the model is suited for mathematical analysis
and numerical calculations as well as simulation of the system it represents.
It is not always the model which simulates the system with high accuracy
that is the most useful. A complicated model with high accuracy where sim-
ulations can not be performed in the available time period is not useful from
a practical point of view, while a simpler less accurate model can be more
useful. Further, mathematical modelling can be used to gain more knowledge
about a system. A simple model simulating a system fairly accurate gives
usually more information about the system than a complicated model with
high accuracy. Even though knowledge from other sciences is required for
the formulation and evaluation of the mathematical model, it is only math-
ematical methods that can be used in the mathematical analysis. This can
not be emphasized enough. For example, it is impossible to refer to practical
experience as a proof for the existence of a mathematical solution. Mathe-
matical modelling is a method well suited for providing a priori information
in the regularization of an inverse problem.

Justifying the chosen mathematical models based on the usability we give
a discussion about the underlying engineering problem, physical conditions
for modelling, and restrictions coupled to measurements. The engineering
problem is to localize mechanically weak parts in wooden logs and boards
(only referred to as logs in the following) moving in a sawmill. From measure-
ment of the transverse displacement logs with undesirable properties should
be sorted out or weak parts should be cut off. The higher accuracy in the
localization the better, but accuracy in the the order of the log diameter is
sufficient. To convert the measurements from a moving log to a stationary
one is not considered to be complicated. However, there is an extremely
hard restriction on calculation time when logs are moving with a speed up
to 10 m/s. For that reason the modelling is made for a stationary log with
high restrictions on calculation time. The physical model is constructed on
the basis that there is a strong relation between mechanical strength and
stiffness in wood [9]. Strength can be determined statically by applying a
load and measure the stresses and strains. A static, or time-independent,
measurement is to prefer from the perspective of modelling but the analysis
of measurement results is impossible to perform fast enough. A dynamic, or
time-dependent, measurement where the log is excited in vibration is possi-
ble to analyse in reasonable time but results in more advanced mathematical
analysis regarding regularization. The following procedure for measurements
are proposed: Excite the log with a hammer-blow, with or without a sensor
for measuring force, and measure the displacement on the surface of the log
at a distance with laser. In this way it is not necessary to mount a sensor
on the log which will slow down the measurement. The displacement of the
material inside the log can be modelled with the theory of linear elasticity
[10] but a three-dimensional spatial analysis is too slow compared to available
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time. Instead we use a one-dimensional spatial analysis with beam equations
[11]. A drawback is that beam equations are limited to wavelengths larger
than about the transverse dimension of the beam. This means that the re-
construction of stiffness, varying along the log, could only be known to be
accurate to within this approximate size. If a higher accuracy is required
there are generalized beam theories [12, 13] which presumably should give
higher accuracy without increasing the calculation time too much.

In the proposed model it is assumed that the problem is solved in the
frequency domain, i.e. the transformation from time to frequency is already
done in the measurement procedure. Nevertheless, there are arguments for
time domain analysis, e.g. it is easier to apply the physical principle of
causality. The following advantages with the frequency domain have been
decisive for our choice. A Fourier transformation simplifies the solution since
the time-dependent partial beam differential equations are converted into or-
dinary differential equations. Errors can be reduced by choosing a frequency
as an eigen frequency or near an eigen frequency. Further it is natural to
describe the validity of the model in terms of a relation between wavelength
and cross dimension of the beam.

A typical beam model can be written as

(L − ω2)u(x, ω) = q(x, ω), x ∈ Ω = (0, 1), (1.1)

and additional boundary conditions at x = 0 and x = 1. Here

L =
4∑

n=1

an(x)
(

d
dx

)n

is a fourth order differential operator, u(x, ω) the transverse displacement,
ω the angular frequency, and q(x, ω) the applied force. The aim is to de-
termine an(x), n = 1, 2, 3, 4, from measurement of the displacement u(x, ω).
Two cases are of interest. Either the eigenfunction ui(x) and eigenvalue
ω2

i are measured for free vibrations when q(x, ω) = 0 or the displacement
u(x, ω), ω �= ωi is measured for a given force q(x, ω) where ω is treated as a
parameter.

An interesting question is whether it is possible or not to use inverse
spectral theory, i.e. to determine an(x), n = 1, 2, 3, 4 from measurements
of ωn, n ∈ Z

+ only. One application of such a theory is to determine a
quantum mechanic potential function from measurements of energy levels for
bounded states that actually are measurable. If model errors are neglected
this is possible [6]. However, beam equations are limited to large wavelengths,
i.e. low frequencies. Hence, only measurements of low frequencies ωn, n =
1, 2, ..., Nω can be used for the determination of the coefficients in the beam
equation to avoid modelling error. These numbers can only give a rough
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Chapter 1. Introduction

picture of the coefficients. Eigenfunctions give considerable more information.
Since the modelling error is small for small eigen frequencies the number of
Fourier coefficients Nu, characterizing such an eigenfunction, is much larger
than Nω. With Nω number of modes we get Nω ·Nu number of measurements
for the determination of coefficients an(x), n = 1, 2, 3, 4. The conclusion is
that inverse spectral theory is not a useful method for our problem.

One sub area within the subject of parameter identification, which has
been studied intensively, is inverse scattering theory. A significant part of
the problem here, not treated in this thesis, is that measurements are per-
formed at the boundary ∂Ω of the domain Ω of the unknown function or even
outside Ω. Essentially all algorithms for target identification in inverse scat-
tering were based on either a weak scattering approximation or on non-linear
optimization techniques for a long time [14]. According to Cakoni and Colton
[14], the modelling error in a weak scattering approximation results in major
drawbacks and the a priori information required for non-linear optimization
was in general not available. Hence, alternative methods have been devel-
oped where only limited information about the scatterer is sought. These
kind of methods are referred to as qualitative methods in inverse scattering.
The factorization method [15, 16], the linear sampling method [17, 18], and
the method of singular sources [19, 20] are examples of such methods.

The problem to localize weak parts in a beam is a target identification
problem even if inverse scattering is not used. The search for finding effective
methods for this problem is in many ways related to the motivations [14] for
qualitative methods. Examples on similarities is the limitation in information
that is sought and the wish to use linear methods. However, there is a differ-
ence. While the mathematical model is determined in advance for qualitative
methods in inverse scattering we are free to settle the model in the current
work. The use of qualitative methods for simulation of three-dimensional
models, which reveals more information about the weak parts than beam
models, should presumably reduce the calculation time significantly. An in-
teresting question, beyond the scope of the current investigation, is if the
simulation can be done fast enough for our engineering application.

An outline of the thesis will be done in two ways. First, the thesis is pre-
sented from the view of results, where the choice of problems and methods are
motivated. After follows a presentation of included chapters in chronological
order.

As mentioned above, parameter identification is originally a non-linear
problem. Since the main purpose is to localize parts in wooden logs with
reduced stiffness this a priori information is first included in the model by
piecewise constant parameter values. The problem is then a non-linear min-
imization problem of an error-functional depending on four parameters: the
two coordinates that describe the location of the weak part, and two values
of bending stiffness one value for the weak part and one for the surround-
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ing parts. A conclusion from this study, which is appended as Paper I, is
that the material parameters can be determined if frequencies near an eigen
frequency are used for the measurement. Interestingly enough, wavelengths
much larger than the weak part can be used. Even for this simple model,
the optimization problem is complicated with local minima and cancellation
error when calculating the error-functional. Since difficulties increase with
growing complexity we seek alternative methods with more efficient numerics.

In the first step of the development of new methods we study the param-
eter problem for the string. Our hope is that this model includes enough
of the mathematical problem so that the methods can be generalized to the
beam. In the same time the two problems are closely related to each other
from a physical and engineering point of view. It turns out that the study
is well justified. The study, which is a revision of the included Paper II, is
presented in Chapter 3. The complicated non-linear optimization is avoided
even though the sought refractive index n varies continuously over the string.
Instead the product u = ny with the displacement y is regularized, which is a
linear operation. The division u/y to determine n is a simple non-linear reg-
ularization problem. Except for being a simple method it has no drawbacks
with local minima, a consequence of the linear regularization.

Finally we return to the beam model which is reformulated such that the
methodology with linear regularization followed by division is useful. While
the study of the string and the beam with constant material properties where
made for a frequency dependent force, the current analysis is for eigenfunc-
tions, which is motivated by the result in Paper I. In this way we can re-
construct the bending stiffness D along the beam. To localize parts with
reduced stiffness a recently developed convex image segmentation method is
considered. With this method the total problem from the reconstruction of
bending stiffness to the localization of weak parts is convex, e.g. without
local minima. A great advantage with this method is that small spurious de-
tails due to noise can be removed in the reconstructed bending stiffness. The
method is much more simple compared with the method based on non-linear
and non-convex minimization, like in Paper I.

Here follows a chronological declaration of the included chapters. The the-
sis consists of two papers and an extended summary. The first two chapters
are the Introduction and the Theoretical background. The purpose of the
latter is to provide the reader with mathematical notions and basic theory in
the subject, i.e. to make it easy for the reader to follow the discussion. Chap-
ter 3 treats the problem of reconstructing continuous string refractive index.
Convergence estimates are made for the regularized solutions of the refractive
index and a numerical method for solving the direct problem is presented. In
Chapter 4 we consider the problem of reconstructing continuous beam bend-
ing stiffness; focus is on numerical procedures. An optimization procedure for
finding weak parts from the reconstructed bending stiffness and a numerical

5



Chapter 1. Introduction

method for the direct problem are presented. In the last section of Chapter
4 different strategies for numerical differentiation of beam displacement data
are demonstrated. Finally in Chapter 5, the main conclusions of the thesis
are summarized.

6



Chapter 2

Theoretical background

In this chapter we present necessary theoretical background to this thesis.
Our first concern is fundamental aspects of beam models given in Section 2.1.
In Section 2.2 we define the Green’s function and boundary value problems
related to the parameter problem of the string. A description of general
inverse mathematical problems is given in 2.3. Finally, in Section 2.4 the
Tikhonov regularization method is presented.

2.1 Beam models

We consider one-dimensional linear models for the transverse displacement
of beams. In real life all objects are three-dimensional. However, one-
dimensional modelling may be justifiable depending on the symmetries of the
problem and the aim of the modelling. The mathematical models, i.e. the
partial differential equations, originate from the theory developed by Euler-
Bernoulli in the 18-th century. Later in the 19-th century, Rayleigh improved
this theory by including the effects of rotational inertia. In 1921 Timoshenko
derived, in [21], an equation including the effects of both rotational inertia
and shear deformation. The models mentioned here can be found in many
textbooks on vibrations, see for example [22].

Consider the beam illustrated in Figure 2.1. In its undeformed state the
x-axis is in the longitudinal direction and the y-axis is in the vertical direction
of the beam. Assume that the cross-sectional area A and the density ρ are
constant. Let w(x, t) denote the displacement of the centroid in the vertical
direction and f(x, t) an external force per unit length.

As is shown in Figure 2.2, the total slope ∂w/∂x is assumed to be a
combination of the bending slope φ(x, t), and the shear slope γ(x, t),

∂w

∂x
= γ + φ.

The bending moment M(x, t) and the shear force V (x, t) are related to w(x, t)

7



Chapter 2. Theoretical background

Figure 2.1: A beam in bending. The vertical displacement w(x, t) of the
centroid is due to an external force f(x, t) per unit length of the beam.

and φ(x, t) by the constitutive equations,

M = −EI
∂φ

∂x
, (2.1)

V = κAGγ = κAG

(
∂w

∂x
− φ

)
, (2.2)

where E is the modulus of elasticity (Young’s modulus), I the cross-sectional
area moment of inertia, G is the modulus of rigidity, and κ is Timoshenko’s
shear coefficient which depends on the shape of the cross section. The product
EI defines the bending stiffness which plays a central role in this thesis.
Under the influence of an external force per unit length f(x, t) the beam
satisfies the equations of motion,

ρA
∂2w

∂t2
=

∂V

∂x
+ f, (2.3)

ρI
∂2φ

∂t2
= −∂M

∂x
+ V, (2.4)

which can be derived by applying Newton’s second law of motion for trans-
verse and rotational acceleration respectively. Non-linear terms are omitted
in this presentation. Inserting the constitutive equations (2.1) and (2.2) in the
equations (2.3) and (2.4) we obtain the coupled partial differential equations

ρA
∂2w

∂t2
=

∂

∂x

(
κAG

(
∂w

∂x
− φ

))
+ f, (2.5)

ρI
∂2φ

∂t2
=

∂

∂x

(
EI

∂φ

∂x

)
+ κAG

(
∂w

∂x
− φ

)
, (2.6)

representing the Timoshenko beam model.

8



2.1. Beam models

Figure 2.2: An element of the beam in Figure 2.1 illustrating the conventions
for the bending moment M(x, t) and the shear force V (x, t). If the effect of
shear deformation is neglected the tangent line T coincides with the normal
line N , i.e. since the shear slope γ = 0 the total slope of deflection ∂w/∂x is
the slope of deflection due to bending φ alone.

9



Chapter 2. Theoretical background

The effects of shear is negligible for slender beams. In the Rayleigh model
only the effect of rotational inertia is considered. This implies that the con-
stitutive equation (2.2) is redundant and cross-sections remain plain during
bending, i.e ∂w/∂x = φ. Combining the equations (2.3) and (2.4) we get

ρA
∂2w

∂x2
=

∂

∂x

(
ρI

∂2

∂t2

(
∂w

∂x

))
− ∂2

∂x2

(
EI

∂2w

∂x2

)
+ f, (2.7)

for the Rayleigh model.
The simplest beam model, but still sufficient for many engineering appli-

cations, is governed by the Euler-Bernoulli beam equation

∂2

∂x2

(
EI

∂2w

∂x2

)
+ ρA

∂2w

∂t2
= f. (2.8)

The equation (2.8) can be derived directly from the Rayleigh equation (2.7)
by neglecting the term of rotational inertia,

ρI
∂2

∂t2

(
∂w

∂x

)
.

All three models presented here are derived under the assumption that
the wavelength is larger than the cross-dimensions of the beam. If this as-
sumption is not fulfilled it is necessary to consider two and three dimensional
models, with beams acting as an elastic waveguide. An alternative model
for cylindrical anisotropy is given in [12] using power series in the radial
coordinate.

Considering transient phenomena both the Euler-Bernoulli and Rayleigh
models predicts an infinite speed of propagation [23]. This unphysical be-
havior is removed in the Timoshenko model which is more accurate for short
wavelength deformations.

2.2 Green’s function
In this section we define Green’s function and review three theorems essential
for the parameter problem of the string. The theorems concern solutions of
the inhomogeneous boundary value problem{

(p(x)y′)′ + q(x)y = −f(x), x ∈ (0, a),
y(0) = y(a) = 0,

(2.9)

where p(x), p′(x), q(x) and f(x) are real and continuous on [0, a] and p(x) > 0
there. The description is based on [24] and [25]. Omitted proofs for theorems
given in this section can be found in these books.

Let L : C2[0, a] → C[0, a] denote the operator Ly = (py′)′ + qy. The
Green’s function is fundamental for solving (2.9).

10



2.2. Green’s function

Definition 1 Green’s function G(x, x0) of (2.9), is a function of x, for fixed
x0, satisfying the following conditions:

1. LG = 0, x �= x0

2. G(0, x0) = G(a, x0) = 0

3. G(x, x0) is continuous at x = x0

4. G′(x0+, x0) − G′(x0−, x0) = −1/p(x0).

The Green’s function for (2.9) with constant coefficients p(x) = 1 and q(x) =
c, 0 � c < 1, is considered repeatedly through this thesis. For 0 < c < 1 we
have that

G(x, ξ) =
{

sin
√

cx sin
√

c(a − ξ)/
√

c sin
√

ca, x � ξ,
sin

√
cξ sin

√
c(a − x)/

√
c sin

√
ca, x � ξ,

(2.10)

and for c = 0

G(x, ξ) =
{ −x(ξ − a)/a, x � ξ,

−ξ(x − a)/a, x � ξ.
(2.11)

The following theorems give conditions for the existence of a unique so-
lution to (2.9). In addition it is shown how the solution is obtained through
the Green’s function.

Theorem 2 If the homogeneous problem{
Ly = 0,
y(0) = y(a) = 0,

(2.12)

has only the trivial solution, then the Green’s function G(x, x0) for the prob-
lem (2.9) exists and is unique.

Theorem 3 If (2.12) has only the trivial solution, then the problem (2.9)
has a unique solution y ∈ C2[0, a] given by

y(x) =
∫ a

0
G(x, ξ)f(ξ)dξ. (2.13)

Consider the special case of (2.9),{
y′′ + k2n(x)y = 0, x ∈ (0, π) ,
y(0) = y(π) = 0,

(2.14)

where n(x) > 0 is a continuous function. The homogeneous problem (2.14)
has only the trivial solution for all k2 /∈ K, where

11



Chapter 2. Theoretical background

K =
{

λm : 0 < λ1 < λ2 < ... < λm < ..., lim
m→∞λm = ∞

}
, (2.15)

see for example [25]. In Chapter 3 and in Paper II the transverse displacement
of a vibrating string is modelled by (2.14) with a source term in the differential
equation, i.e. the right hand side is different from zero. According to the
Theorems 2 and 3, the transverse displacement y ∈ C2[0, π] can be solved
uniquely given a source term f ∈ C[0, π] for all k2 /∈ K.

2.3 Inverse problems

Our purpose in this section is to establish basic mathematical definitions
relevant for inverse problems. The presentation is based on [26], [4] and [27].
Omitted proofs for theorems in this section can be found in these books.

The definition of an inverse problem is often given according to Keller [1]:

We call two problems inverses of one another if the formulation of each
involves all or part of the solution of the other. Often for historical reasons,
one of the two problems has been studied extensively for some time, while the
other is newer and not so well understood. In such cases, the former is called
the direct problem, while the latter is called the inverse problem.

For our problem it is desirable to distinguish the two problems inverses of
one another. In a mathematical formulation the two problems relate to the
operator equation

Ax = y. (2.16)

We consider compact linear operators A between normed spaces X, Y . For
this operator we define the inverse problem as the problem to solve x given
y. Contrary the direct problem is to determine y given x. An important
difference between direct and inverse problems is that the inverse problem
is usually ill-posed while the direct problem is well-posed. In fact, linear
equations on the form Ax = y with compact operators A are always ill-posed
for infinite dimensional spaces [4]. The definition of a well-posed problem
stems from Hadamard [2].

Definition 4 A problem is well-posed if the following three conditions are
satisfied:

1. Existence: There exists a solution of the problem.

12



2.3. Inverse problems

2. Uniqueness: There is at most one solution of the problem.

3. Stability: The solution depends continuously on the data.

If a problem lacks at least one of the three properties given by this def-
inition it is an ill-posed problem. In a mathematical formulation (2.16) is
well-posed if A is bijective and the inverse operator A−1 : Y → X is con-
tinuous. The equation is accordingly ill-posed if it possess one or more of
the following three properties: A is not surjective (nonexistence), A is not
injective (nonuniqueness) or A−1 is not continuous (instability).

In the analysis of solutions x to (2.16), exact and approximate, we will
use formulations in terms of the singular system of the operator A. Here
follows a formal definition of the singular values of a compact operator A
and a theorem for the existence of the related singular system.

Definition 5 Let X and Y be Hilbert spaces and A : X → Y a compact
linear operator with adjoint A∗ : Y → X. The nonnegative square roots
μj =

√
λj, j ∈ J , of the eigenvalues λj of the self-adjoint operator A∗A are

called singular values of A. J ⊂ N could be either finite or J = N.

Theorem 6 Let μ1 � μ2 � μ3 . . . > 0 be the ordered sequence of nonzero
singular values of the compact linear operator A repeated accordingly to their
multiplicity. Then there exist orthonormal systems {ej} ⊂ X and {fj} ⊂ Y
with the following properties:

Aej = μjfj and A∗fj = μjej , for all j ∈ J.

The system {μj , ej , fj} is called the singular system for A. Every x ∈ X
possesses the singular value decomposition

x = x0 +
∑
j∈J

(x, ej)ej

for some x0 of the nullspace N (A) and

Ax =
∑
j∈J

μj(x, ej)fj .

In other words, {ej} is a complete orthonormal system in the orthogonal com-
plement of the nullspace of A, N (A)⊥, and {fj} is a complete orthonormal
system in the closure of the range of A, R(A).

In the following theorem, the solution to (2.16) is expressed in terms of
the singular system.

13



Chapter 2. Theoretical background

Theorem 7 (Picard)
Let A : X → Y be a linear compact operator with singular system {μj , ej , fj}.
The equation

Ax = y (2.17)

is solvable if and only if y belongs to the orthogonal complement N (A∗)⊥ and
satisfies ∑

j∈J

1
μ2

j

|(y, fj)|2 < ∞. (2.18)

In this case
x =

∑
j∈J

1
μj

(y, fj)ej (2.19)

is the solution of (2.17).

It follows from Picard’s theorem and Theorem 6 that the general solution
to the inverse problem of (2.16) is given by

x = x0 + A†y,

where x0 ∈ N (A) and A† is the generalized inverse given by

A†y =
∑
j∈J

1
μj

(y, fj)ej . (2.20)

For most applications the right hand side of (2.16) is never known exactly
but with some noise η,

yε = y + η. (2.21)

The Picard theorem clearly demonstrates the ill-posedness of compact oper-
ators with J = N. Because singular values μj → 0 as j → ∞ a small error η
will blow up in the series expansion (2.19).

2.4 Tikhonov Regularization
There are several methods for the construction of a stable approximate so-
lution of an ill-posed problem. This section shortly describes the method of
Tikhonov regularization which is used for the inverse problems in this thesis.
The presentation is based on [4] and [26]. For further reading we refer to
[27], [28] and [29]. We start this section with a description of the inverse
problem and a brief introduction to the general theory about regularization
strategies. Finally, when the Tikhonov regularization strategy is defined, we
present the discrepancy principle of Morozov [30] for a posteriori choices of
the regularization parameter.
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2.4. Tikhonov Regularization

We consider inverse problems formulated as operator equations on the
form

Ax = y, (2.22)

where A is a one-to-one, compact linear operator between Hilbert spaces X
and Y . Further we have that y ∈ R(A). For a perturbed equation yε = Ax+η
on the other hand, we can not assume that yε ∈ R(A). Therefore, to find
stable approximate solutions from yε we need a bounded linear operator
R : Y → X that approximates A−1 : A(X) → X.

The following definition of a regularization strategy is central for this
section.

Definition 8 A regularization strategy is a family of linear and bounded op-
erators

Rα : Y → X, α > 0,

such that
lim
α→0

RαAx = x, for all x ∈ X.

Note that a regularization strategy is defined for unperturbed data. Let Rα

be any regularization strategy applied on yε where ‖yε − y‖ � ε is a known
error bound. A regularization strategy together with a rule for choosing
the parameter α is called a regularization method. Further, it is called an
admissible or a convergent regularization method if

sup
‖y−yε‖�ε

α → 0 as ε → 0,

where α depends on ε and yε, and

sup
‖y−yε‖�ε

‖Rαyε − x‖ → 0 as ε → 0.

With the a priori information x ∈ X1 ⊂ X the error in the worst case ("the
worst-case error") is:

E(ε, X1, Rα) = sup{‖Rαyε − x‖ : x ∈ X1, y ∈ Y, ‖yε − y‖ � ε}. (2.23)

For any Rα(0) = 0 we have that

E(ε, X1, Rα) � F (ε, X1), (2.24)

where
F (ε, X1) = sup{‖x‖ : x ∈ X1, ‖Ax‖ � ε}. (2.25)

A regularization method is optimal if convergence is of the same order as
(2.25). Note that for compact operators and norm ‖ · ‖X1 = ‖ · ‖X , (2.25)
does not converge to zero as ε → 0.
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Chapter 2. Theoretical background

As already pointed out, there are several strategies for constructing a
stable approximate solution of an ill-posed problem. Here follows a short
description of the Tikhonov regularization strategy which we define by the
problem

arg min
x∈X

(‖yε − Ax‖2
Y + α‖x‖2

X

)
, α > 0. (2.26)

The minimizing element xε
α keeps the residual ‖yε−Ax‖2

Y small and is stabi-
lized through the penalty term α‖x‖2

X . The Tikhonov functional (2.26) has
properties according to the following theorem.

Theorem 9 Let X, Y be Hilbert spaces and A : X → Y a linear and bounded
operator. Let Jα(x) denote the Tikhonov functional,

Jα(x) = ‖yε − Ax‖2
Y + α‖x‖2

X .

1. Jα(x) has a minimum xε
α ∈ X

2. xε
α minimizes Jα(x) if and only if

(yε − Axε
α, Au)Y = α(xε

α, u)X

for any u ∈ X, or equivalently xε
α minimizes Jα(x) if and only if

xε
α = (αI + A∗A)−1A∗yε,

where A∗ is the adjoint operator to A.

3. xε
α is unique

Proof. A proof can be found in [4].

It is often convenient to represent regularization strategies in terms of
a singular system. Let {μj , ej , fj} be the singular system of the compact
operator A, then the solution xε

α to (2.26) can be formulated by

Rαyε =
∞∑

j=1

μjy
ε
j

α + μ2
j

ej . (2.27)

The inverse problem of (2.22) is now a one-dimensional problem in finding
the parameter α. There are several methods for the parameter-choice; one
can for example study the L-curve, see [28], or use the Generalized cross
validation method [31]. Using the discrepancy principle of Morozov [30], the
parameter α is chosen such that

‖yε − Axε
α‖ ≈ ε.
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2.4. Tikhonov Regularization

It can be shown, see for example [4], that the best order of convergence for
‖xε

α−x‖ is O(ε1/2) when choosing α by the discrepancy principle of Morozov.
Convergence estimates for the Tikhonov regularization strategy founded on
a priori parameter choices are given in Section 3.2.
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Chapter 3

Reconstruction of the string
refractive index

As a first step toward the solution of continuous beam bending stiffness we
study the corresponding parameter problem for the second order string equa-
tion. The essential physical difference is that the string does not resist to
bending forces. The fourth order beam equation is replaced by{

y′′ + k2n(x)y = −δ(x − x0), x, x0 ∈ (0, π) ,
y(0) = y(π) = 0,

(3.1)

where n(x) > 0 is the square of the refractive index and k is the constant wave
number. Equation (3.1), derived in [5], describes the transverse displacement
y of small amplitude in a non-absorbing string with slowly varying inhomoge-
neous material properties. The source term in the right hand side describes
a time-harmonic force acting in one point x0. The same equation governs the
longitudinal displacement of a thin straight rod of constant cross-sectional
area. Here we prefer the picture of transverse displacement.

In Section 3.1 we give a mathematical description of the parameter prob-
lem. Convergence rates of regularized solutions of the parameter problem
is considered in Section 3.2 and a numerical solution to the direct string
problem is presented in Section 3.3.

3.1 Mathematical description of the problem

The reconstruction of the continuous square of refractive index n(x) from
measurements of the transverse displacement y(x) is considered. In Paper II,
for the reconstruction of n(x), we rewrite (3.1) as{

y′′ + cy = f(x), x ∈ (0, π) ,
y(0) = y(π) = 0,

(3.2)

where 0 � c < 1 and f(x) = −δ(x − x0) − (k2n(x) − c)y(x). The operator L
defined by Ly = y′′+cy, is central for the study of solutions to (3.2). Suitable
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Chapter 3. Reconstruction of the string refractive index

domain and range spaces are defined and discussed in the current section. In
addition the regularization strategy is formulated.

Let p be a non-negative integer. We use the notation Hp[0, π] for the
Sobolev space, i.e. the space of functions u ∈ L2[0, π] such that Dαu ∈
L2[0, π], |α| � p, where D is the differentiation operator. The norm is given
by

‖u‖2
Hp =

∑
|α|�p

‖Dαu‖2
L2 . (3.3)

Further we define the Sobolev space H−p[0, π], p > 0, as the set of linear
functionals on Hp

0 [0, π]. The subscript 0 indicates

u =
du

dx
=

d2u

dx2
= ... =

dp−1u

dxp−1
= 0

at the boundary. Note that for u ∈ Hp
0 [0, π] the norm

‖u‖2
Hp

0
=
∑
α=p

‖Dαu‖2
L2 (3.4)

is equivalent to (3.3).
Considering L : C2[0, π] → C[0, π], it follows from Theorem 2 and 3,

Section 2.2, that the problem{
Ly = f,
y(0) = y(π) = 0 , (3.5)

has a unique solution

y(x) = −
∫ π

0

G(x, ξ)f(ξ)dξ, (3.6)

where G(x, ξ) is the Green’s function for (3.5). For our problem (3.2) we have
L : H1

0 [0, π] → H−1[0, π] with inverse operator K : H−1[0, π] → H1
0 [0, π]

defined by

Kf(x) = −
∫ π

0

G(x, ξ)f(ξ)dξ. (3.7)

Let u = (k2n − c)y, then (3.2) is equivalent to the integral equation

Ku = y − g0, (3.8)

where g0(·) = G(·, x0). The problem of determining u from (3.8) is a linear
ill-posed problem. The non-linearity in reconstructing n is now the simple
operation

n =
1
k2

(
c +

u

y

)
.
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Note that for c = 0 and x �= x0 the problem to determine u is equivalent
with the problem to determine the second order derivative of y.

Given perturbed data yε, where ‖yε − y‖L2 � ε, regular solutions uε
α to

(3.8) are achieved in Paper II by minimizing the Tikhonov functional

Jα,su = ‖yε − g0 − Ku‖2
L2 + α‖u(s)‖2

L2 , α > 0, (3.9)

for s = 0 and s = 1 respectively. The functional (3.9) was introduced previ-
ously in Section 2.4. Note that for s = 1 we assume that n ∈ H1[0, π] and
the last term in (3.9) is equal to α ‖u‖2

H1
0
. Convergence estimates for the

solutions uε
α,s that minimizes (3.9) are given in the following section.

3.2 Convergence estimates

We are interested in the convergence of regularized solutions to

Ku = yε − g0, (3.10)

as ε → 0, where K is the operator defined by (3.7). The presentation is to
be based on the singular system {μj , ej , fj} of K where

μj =
1

j2 − c
, ej = fj =

√
2
π

sin jx, j ∈ Z
+. (3.11)

We study approximate solutions that minimizes the functional (3.9) for s =
0, 1 when the additional information ‖u(m)‖L2 � E is given. For the calcula-
tions we let

‖u(m)‖2
L2 =

∞∑
j=1

(
uj/μ

m/2
j

)2

, m = 1, 2 . . . ,

and yε − g0 is denoted by yε only. Minimizing (3.9) in terms of the singular
system we get the operator

Rα,sy
ε =

∞∑
j=1

μs+1
j

α + μs+2
j

yε
jej , s = 0, 1, (3.12)

where

yε
j =

√
2
π

∫ π

0

yε(ξ) sin jξdξ.

The results of the following theorem can be found in [29], we give a proof
for the convenience of the reader.
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Theorem 10 Let K : L2[0, π] → L2[0, π] be the linear compact operator de-
fined by (3.7) with the singular system {μj , ej , fj} given in (3.11). Let uε

α,s,
s = 0, 1 denote regularized solutions determined from yε = y + η, ‖η‖L2 � ε
by the operator Rα,s defined in (3.12). There are the following rates of con-
vergence when the a priori information ‖u(m)‖L2 � E is given:

a. ‖uε
α,s − u‖L2 � Am,sE

2/(m+2)εm/(m+2) for α = am,s

(
ε
E

)(2s+4)/(m+2)

when 2(s + 2) > m

b. ‖uε
α,s − u‖L2 � BsE

1/(s+3)ε(s+2)/(s+3) for α = bs

(
ε
E

)(s+2)/(s+3) when
2(s + 2) � m.

Here Am,s, Bs, am,s, bs are constants.

Proof. We can estimate Rα,sy
ε − u = Rα,s(Ku + η) − u by the triangle

inequality
‖uε

α,s − u‖L2 � ‖Rα,sKu − u‖L2 + ‖Rα,s‖ε.
We start to estimate ‖Rα,s‖ = sup‖y‖L2�1 ‖Rα,sy‖L2 . In terms of the singular
system we have

‖Rα,s‖ � sup
μj

μs+1
j

α + μs+2
j

=
(s + 1)(s+1)/(s+2)

s + 2
α−1/(s+2). (3.13)

For the estimation of ‖Rα,sKu−u‖L2 we use the additional information that
‖u(m)‖2

L2 � E2, then

‖Rα,sKu − u‖2
L2 =

∞∑
j=1

(
α

α + μs+2
j

)2

μm
j

u2
j

μm
j

� sup
μj

α2μm
j(

α + μs+2
j

)2 E2. (3.14)

a. When 2(s + 2) > m we get

‖Rα,sKu − u‖L2 �
(mα)m/(2s+4)(2s + 4 − m)(2s+4−m)/(2s+4)

2s + 4
E. (3.15)

Together with (3.13) it follows from (3.15) that an upper bound of
‖uε

α,s − u‖L2 is

‖uε
α,s − u‖L2 � (s + 1)(s+1)/(s+2)

s + 2
α−1/(s+2)ε+

(mα)m/(2s+4)(2s + 4 − m)(2s+4−m)/(2s+4)

2s + 4
E. (3.16)
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With minimizing parameter

α =
(

4(s + 1)(s+1)/(s+2)ε

m(m+2s+4)/(2s+4)(2s + 4 − m)(2s+4−m)/(2s+4)E

)(2s+4)/(m+2)

,

inserted in (3.16) we get

‖uε
α,s − u‖L2 � Am,sE

2/(m+2)εm/(m+2). (3.17)

b. For 2(s + 2) � m we have, different from (3.15), that

‖Rα,sKu − u‖L2 � sup
μj

αμ
m/2
j

α + μs+2
j

E � αE, (3.18)

since μj is a decreasing sequence. Together with (3.13) it follows from
(3.18) that

‖uε
α,s − u‖L2 � αE +

(s + 1)(s+1)/(s+2)

s + 2
α−1/(s+2)ε. (3.19)

With minimizing parameter

α =
(s + 1)(s+1)/(s+3)

(s + 2)2(s+2)/(s+3)

( ε

E

)(s+2)/(s+3)

,

inserted in (3.19) we get

‖uε
α,s − u‖L2 � BsE

1/(s+3)ε(s+2)/(s+3). (3.20)

Theorem 10 illustrates that when penalizing the s’th derivative in L2 the
rate of convergence increases with stronger assumptions ‖u(m)‖L2 � E on the
smoothness of the solution up to m = 2(s+2). For even stronger assumptions,
m � 2(s+2) the rate of convergence remains unchanged. Further it illustrates
that for the assumption ‖u(m)‖L2 � E the rate of convergence is unchanged
for a stronger norm in the penalty term when m � 4 while the rate of
convergence increases with a stronger norm in the penalty term when m > 4.

In the Table 3.1 below the rate of convergence is listed for different as-
sumptions ‖u(m)‖L2 � E on the smoothness of the solution using the operator
Rα,s, s = 0, 1. The stars ∗ indicate m = 2(s + 2).
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Table 3.1: Convergence estimates, i.e. upper bounds for ‖uε
α,s − u‖L2 with

optimal α for different assumptions ‖u(m)‖L2 � E on the smoothness of the
solutions uε

α,s = Rα,sy
ε, s = 0, 1.

E � ‖u(1)‖L2 ‖u(2)‖L2 ‖u(3)‖L2 ‖u(4)‖L2

Rα,0 ε1/3E2/3 ε1/2E1/2 ε3/5E2/5 ε2/3E1/3 ∗

Rα,1 ε1/3E2/3 ε1/2E1/2 ε3/5E2/5 ε2/3E1/3

E � ‖u(5)‖L2 ‖u(6)‖L2 ‖u(7)‖L2 ‖u(8)‖L2

Rα,0 ε2/3E1/3 ε2/3E1/3 ε2/3E1/3 ε2/3E1/3

Rα,1 ε5/7E2/7 ε3/4E1/4 ∗ ε3/4E1/4 ε3/4E1/4

In Paper II relative errors ‖uε
α,s − u‖L2/‖u‖L2 are calculated from com-

puter experiments. In the following section we describe the method used
for simulating the measured transverse displacement in the computer exper-
iments.

3.3 Simulation of measured data

Here, we describe a projection method [32] for solving the transverse displace-
ment y(x) of a vibrating string given the square of the refractive index n(x).
With a time-harmonic point force acting in x0 and fixed ends, the problem
is described by{

y′′ + k2n(x)y = −δ(x − x0), x, x0 ∈ (0, π) ,
y(0) = y(π) = 0,

(3.21)

which was introduced previously in this chapter. Let A : H1
0 [0, π] → H1

0 [0, π]
be the compact operator

Ay(x) = k2

∫ π

0

G(x, ξ)n(ξ)y(ξ)dξ,

where G is the Green’s function for y′′ = 0, y(0) = y(π) = 0, and n ∈ C[0, π].
The problem (3.21) is equivalent to

(I − A)y = f, (3.22)

where f(x) = G(x, x0) and (I −A) is injective for all k2 /∈ K, see Section 2.2.
Everywhere below we will assume that k2 /∈ K.
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3.3. Simulation of measured data

Let Pm be the projection operator on H1
0 [0, π] defined by

Pmy(x) =
m∑

j=1

yj

√
2
π

sin jx,

where

yj =

√
2
π

∫ π

0

y(ξ) sin jξdξ

are the Fourier coefficients of y. The projection operator Pm converges point-
wise,

‖Pmy − y‖2
H1

0
=

∥∥∥∥∥∥
∞∑

j=1+m

yj

√
2
π

sin jx

∥∥∥∥∥∥
2

H1
0

=
2
π

∞∑
j=1+m

(jyj)2 → 0, when m → 0,

since the series
∑∞

j=1(jyj)2 converges for y ∈ H1
0 [0, π]. (In the following of

this section we use ‖·‖ for the norm ‖·‖H1
0
.)

For numerical calculations we don’t know A and f exactly in (3.22). In-
stead we solve

ỹm − PmAmỹm = Pmf, (3.23)

where Am is an approximation of A. It follows from Theorem 13.9 in [32]
that if ‖PmAm − A‖ → 0,m → ∞, then the solution ỹm to (3.23) is unique
and the projection method converges, i.e. ỹm → y, m → ∞ where y is the
true solution of (I − A)y = f .

The operator A can be represented by an infinite matrix with elements⎧⎪⎪⎪⎨⎪⎪⎪⎩
Ap,q =

k2

√
2πp2

(n|p−q| − np+q), p �= q

Ap,q =
k2

√
2πp2

(2n0 − n2p), p = q

, (3.24)

where

nj =

√
2
π

∫ π

0

n(ξ) cos jξdξ

are the Fourier coefficients of n, and p, q ∈ Z
+. We let Am be the approx-

imation of A with elements equal to the elements of A for p, q = 1, 2, . . . m
and elements equal to zero for p, q > m. It can be shown that

‖A − Am‖ = sup
y 	=0

‖(A − Am)y‖
‖y‖ → 0,m → ∞, (3.25)
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by insertion of the explicit expressions of the matrix elements of A and Am

given in (3.24). From Am = PmAPm we have

‖(Pm − I)Am‖ � ‖(Pm − I)A‖ . (3.26)

Pointwise convergence Pmy → y, m → ∞ for all y ∈ H1
0 [0, π] implies that

‖(Pm − I)A‖ → 0,m → ∞ (3.27)

by Theorem 10.6 in [32]. According to (3.25), (3.26) and (3.27) we have

‖PmAm − A‖ � ‖(Pm − I)A‖ + ‖Am − A‖ → 0,m → ∞, (3.28)

and the projection method (3.23) converges.
Since (Im −PmAm) is a linear operator between finite dimensional spaces

(3.23) defines a finite dimensional linear system of equations. The elements
are given by:⎧⎪⎪⎪⎨⎪⎪⎪⎩

(Im − PmAm)p,q = − k2

√
2πp2

(n|p−q| − np+q), p �= q

(Im − PmAm)p,q = 1 − k2

√
2πp2

(2n0 − n2p), p = q

, (3.29)

where Im is the identity matrix of size m-by-m and p, q = 1, ...,m. The
proposed method is used for simulations of measured transverse displacement
in Paper II using matlab [33].
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Chapter 4

Reconstruction of the beam
bending stiffness

This chapter is concerned with the reconstruction of the beam bending stiff-
ness. The underlying equation is the Euler-Bernoulli beam equation and
given measurement is the transverse displacement. In contrast to the problem
analysed in Paper I we assume that the bending stiffness varies continuously
along the beam rather than being piecewise constant. Another difference is
that we consider the Euler-Bernoulli beam equation without source term, i.e.
the Euler-Bernoulli eigenvalue problem.

In Section 4.1 we present numerical procedures for the reconstruction of
continuous beam bending stiffness. An optimization procedure for finding
weak parts from the reconstructed bending stiffness is described in Section
4.2. In Section 4.3 a solution to the direct problem using the software com-
sol [34] is presented. Different strategies for numerical differentiation of
displacement data are demonstrated in the last section.

4.1 Numerical procedures
In this section we present two procedures for the reconstruction of beam
bending stiffness from transverse displacement data. It is assumed that the
available data are for resonance frequencies of the beam. In this way we
can reduce the errors due to noise. The resonance frequencies and their
corresponding eigenfunctions are modelled by the Euler-Bernoulli eigenvalue
problem ⎧⎨⎩ (D(x)u′′)′′ − ρAω2L4u = 0, x ∈ (0, 1) ,

u(0) = u(1) = 0,
u′′(0) = u′′(1) = 0,

(4.1)

i.e. the Euler-Bernoulli beam equation without source term. Here, the bend-
ing stiffness D(x) ∈ C2(0, 1) is strictly positive and ρ, A and L are constant
parameters describing the density, cross-sectional area and the length of the
beam, respectively. The eigenfunction u is the transverse displacement for
the corresponding eigenvalue ω2, ω being the angular frequency. Mathemat-
ical properties of the direct problem, e.g. under which conditions it has a
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Chapter 4. Reconstruction of the beam bending stiffness

unique solution is not treated here, we refer to [6] for more mathematical
details.

For the first numerical procedure the reconstruction of D from displace-
ment data u follows in two steps. Consider the coupled equations⎧⎪⎪⎨⎪⎪⎩

M ′′ + ρAω2L4u = 0, x ∈ (0, 1) ,
u′′ + M/D = 0, x ∈ (0, 1) ,
M(0) = M(1) = 0,
u(0) = u(1) = 0,

(4.2)

equivalent to (4.1), where M is the bending moment. For the first step we
determine M from the first equation in (4.2)

M(x) =
∫ 1

0

G(x, ξ)ρAω2L4u(ξ)dξ, (4.3)

where G(x, ξ) is the Green’s function. For the second step we determine
D = −M/u′′ from the second equation in (4.2). When the measurement u
contains noise, the derivative u′′ is found by regularization, see Section 4.4
about numerical differentiation. It is clear that D can not be reconstructed
where u′′ ≈ 0. Nevertheless, there are several ways to overcome this problem.
For example one can use several eigenfunctions u(x, ωi) in the reconstruction,

D(x) = −
√∑

i

(M(x, ωi))2/
∑

i

(u′′(x, ωi))2. (4.4)

By adding squares of the second order derivatives u′′(x, ωi) for different eigen
frequencies ω2

i in the denominator we can avoid division by zero in the domain
x ∈ (0, 1). However, we still have division by zero at the boundaries x = 0
and x = 1. The problem in reconstructing D at the boundaries is also clear
from a physical point of view because the beam will not have a displacement
there. It is also problematic to reconstruct D near the boundaries since the
relative measurement error is very large here. A procedure equivalent to (4.4)
is presented in (15) Paper II, for the reconstruction of the string refractive
index.

In Figure 4.1 results using the numerical procedure described above is
presented. The exact bending stiffness is represented by a blue solid line in
all subfigures. The red dashed lines represent the bending stiffness recon-
structed from measurements of the first four eigenfunctions of the transverse
displacement. The transverse displacement is simulated with comsol, see
Section 4.3. It is important that the method used for simulation of the di-
rect problem is independent of the method for the inverse problem to avoid
excessively optimistic predictions regarding the stability and accuracy [5].
To simulate measured data normally distributed noise η with zero mean is
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4.1. Numerical procedures

added such that ‖η‖L2 = 0.01 ‖u‖L2 . The second order derivative of the
transverse displacement is found by Tikhonov regularization together with
the discrepancy principle of Morozov and the bending moment is determined
from a discrete approximation of (4.3). We can see the effect of large relative
measurement errors near the end points and jumps where u′′ ≈ 0.
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Figure 4.1: Reconstructions of the beam bending stiffness from measurements
of the first four eigenfunctions of the transverse displacement following the
procedure described above. The second order derivative of the transverse
displacement is calculated by Tikhonov regularization together with the dis-
crepancy principle of Morozov and 500 terms are used in the series. The
bending moment is calculated by a finite dimensional approximation of (4.3)
where 500 terms are used in the Fourier series. The transverse displacement
is solved with comsol in 1920 elements for the bending stiffness described by
the function D = 2− e1−100(0.5−x)2/4 and the constant parameter ρAL4 = 1
kgm2. Normally distributed noise η with zero mean is added to the trans-
verse displacement data which are sampled in 1000 equidistant points. The
level of noise is such that ‖η‖L2 = 0.01 ‖u‖L2 .
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Chapter 4. Reconstruction of the beam bending stiffness

In Figure 4.1b the bending stiffness is reconstructed using several eigen-
functions uε(x, ωi), i = 1, 2, 3, 4 in (4.4). The procedures for simulating the
measured data and solving the bending moment and the second order deriva-
tive are the same as we used for the example in Figure 4.1.
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2.4 Figure 4.1b: Reconstruc-
tion of the beam bend-
ing stiffness by (4.4) from
uε(x, ωi), i = 1, 2, 3, 4. The
total procedure for simulating
measurements and calculating
M(x, ωi) and (uε(x, ωi))′′ is
the same as for the exam-
ple presented in Figure 4.1.

The procedure for parameter identification described above is restricted
to equations of the form (4.1). Without describing any details we present an
alternative procedure. A more general approach is to consider equations of
the form ⎧⎨⎩

uiv + a3u
′′′ + a2u

′′ + a1u = 0, x ∈ (0, 1),
u(0) = u(1) = 0,
u′′(0) = u′′(1) = 0.

(4.5)

For the specific Euler-Bernoulli beam equation, we have⎧⎨⎩
a1 = −k4/D(x)
a2 = D′′/D(x)
a3 = 2D′/D(x)

, (4.6)

where k4 = ρAω2L4. With given u and its derivatives up to the fourth
order it is possible to solve the unknown parameters a1, a2, a3 from the linear
system ⎧⎨⎩

a3u
′′′
1 + a2u

′′
1 + a1u1 = −uiv

1

a3u
′′′
2 + a2u

′′
2 + a1u2 = −uiv

2

a3u
′′′
3 + a2u

′′
3 + a1u3 = −uiv

3

, (4.7)

where un, n = 1, 2, 3 are eigenfunctions corresponding to the first three eigen-
values ω2

n. Accordingly, the procedure consists in solving four linear ill-posed
problems, i.e. to determine the first four derivatives of u, and division when
solving (4.7).

With an image segmentation model, presented in the following section,
we can localize weak parts from the reconstructed bending stiffness.
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4.2. An optimization procedure for finding weak parts

4.2 An optimization procedure for finding weak
parts

For the problem of localizing weak parts from the reconstructed bending
stiffness we study models for image segmentation and denoising presented in
[35] and [36]. A segmentation problem consists in finding distinct objects in
a given image and a denoising problem consists in removing noise in it. Of
special interest is the algorithm presented in [35] where global minimizers of
an original non-convex problem are constructed. The theory about image
processing is beyond the scope of this thesis. At the moment we consider it
as a tool for our problem. We give in this section a brief description of the
models and numerical examples.

To explain basic concepts of the models consider Figure 4.2. Assume that
we are given the first or possibly the second (noisy) image. Let f(x) denote
the given image and D ⊂ R

2 its domain. The problem consists in finding
distinct objects in f . For this purpose a two-phase segmentation problem is
considered, i.e. an approximation u of f that takes only two values c1 and c2

is sought. Let Σ = {x ∈ D : u(x) = c1} denote the domain of the detected
objects. For our example there are two objects to be detected, namely the
circle in the third image or the triangle and the circle together in the fourth
image.

Figure 4.2: Images for demonstrating the idea behind two-phase segmentation
models. The second image is a corrupted version of the first image. With
a two-phase segmentation model the given image, the first or the second, is
approximated with an image that takes only two values e.g. the third or the
fourth image.
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Chapter 4. Reconstruction of the beam bending stiffness

A two-phase segmentation and denoising model is given in [37] by the
minimization problem

min
c1,c2∈R

Σ⊂D

{
μPer(Σ;D) + λ

∫
Σ

(c1 − f(x))2dx + λ

∫
D\Σ

(c2 − f(x))2dx

}
, (4.8)

where μ ≥ 0 and λ > 0 are fixed parameters and Per(Σ;D) is the total
perimeter of the objects. For fixed Σ the value of c1 is the mean value of the
image f in Σ and c2 the mean value of f in D \ Σ. The term Per(Σ;D) is a
constraint on the length of the boundary ∂Σ of the objects. That is, with a
small value of μ, i.e. no hard constraint on the length of the boundary, small
objects are detected. With a large value of the parameter μ only large objects
are detected. In addition, with a large value of μ we get a smooth boundary.
The models described in [35] and [36] are based on the minimization problem
(4.8).

Our problem, to find weak parts from the reconstructed bending stiff-
ness, can be treated as a two-phase segmentation problem in R. For the
example demonstrated in Figure 4.3 the implemented algorithm [38] for the
method described in [36] is used. Parameters to the algorithm, besides μ,
are the default given in [38]. The exact bending stiffness is represented by
a blue solid line in all four subfigures. A weak part is located in the middle
of the beam. The black dashed lines represent the bending stiffness recon-
structed by the procedure presented in Section 4.1 from noisy data uε for
the fourth eigenfunction of the transverse displacement. The added noise
η is normally distributed with zero mean and ‖η‖L2 = 0.01 ‖u‖L2 . Jumps
in the reconstructed bending stiffness are due to division by (uε)′′ ≈ 0, i.e.
spurious details of the bending stiffness. There are several ways to overcome
the problem of division by zero, see for example the procedure (4.4). As will
be demonstrated here, small details, e.g. jumps in the reconstructed bending
stiffness, can be neglected by choosing a large value of the parameter μ in
the model (4.8). It is also shown that other errors due to noise, e.g. the
fluctuations near the boundaries, are removed when using this model. The
result with a small value of the parameter μ in (4.8) and λ = 1 is represented
by a red line in the second subfigure. One small spurious detail is detected
besides the true weak part. In the third subfigure it is shown that with a
large value of the parameter μ and λ = 1 only large objects are detected, i.e.
only the weak part of the beam is detected. A simpler procedure is shown in
the last subfigure. Here we let all parts of the reconstructed bending stiffness
with values less than 1.75 represent weak parts to be detected. Mean values
of the reconstructed bending stiffness are calculated inside and outside these
parts. For this method further processing of the result data is required to
remove the spurious details.
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Figure 4.3: The blue solid lines represent the bending stiffness for a beam
with a weak part located in the middle. The black dashed lines represent the
bending stiffness reconstructed from noisy data of the fourth eigenfunction of
the transverse displacement. In the second and third subfigure results using
the the implemented algorithm [38] are shown for μ = 0.001 and μ = 1000,
respectively. Other parameters in the algorithm are the default given in [38].
In the last subfigure the result calculating mean values of the reconstructed
bending stiffness in intervals where it is larger and less than 1.75 is shown.
The total procedure for simulating measurements and reconstructing D is
the same as for the example presented in Figure 4.1.

In Figure 4.4 we consider a problem equivalent with the problem to localize
weak parts from the reconstructed bending stiffness but with string data. The
square of refractive index for a string is represented by a blue solid line in
all four subfigures. A part with increased refractive index is located in the
middle of the string. The black dashed lines represent the square of refractive
index reconstructed by the procedure presented in Paper II from noisy data
yε of the transverse displacement. The added noise η is normally distributed
with zero mean and ‖η‖L2 = 0.01 ‖y‖L2 . Jumps in the reconstructed square
of refractive index are due to division by yε ≈ 0, i.e. spurious details of the
refractive index. The procedures with an image segmentation model used
for localizing the part with increased refractive index follows the procedure
described above for the example with beam data. The results are shown in
the second and third subfigures. In the last subfigure the result calculating
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Chapter 4. Reconstruction of the beam bending stiffness

mean values of the reconstructed square of refractive index in intervals where
it is larger and less than 0.5 is shown.
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Figure 4.4: The blue solid lines represent the square of refractive index for
a string with a part of increased refractive index located in the middle. The
black dashed lines represent the square of refractive index reconstructed by
the procedure presented in Paper II from noisy data of the transverse displace-
ment. In the second and third subfigure results using the the implemented
algorithm [38] are shown for μ = 0.001 and μ = 1000, respectively. Other
parameters in the algorithm are the default given in [38]. In the last subfigure
the result calculating mean values of the reconstructed square of refractive
index in intervals where it is larger and less than 0.5 is shown.

A drawback with the problem (4.8) is that minimizing is over non-convex
sets. In [35] it is shown that a global minimizer of (4.8) can be found for any
given fixed c1, c2 ∈ R by carrying out the following convex minimization

min
0�u�1

{∫
D

|∇u|dx + λ

∫
D

{
(c1 − f(x))2 − (c2 − f(x))2

}
u(x)dx

}
, (4.9)

and then setting the domain Σ of detected objects to be Σ = {x : u(x) ≥ c}
for any c ∈ [0, 1]. In addition, a steepest descent based algorithm for solv-
ing (4.9) is presented and numerical examples are carried out where the
values of c1 and c2 are updated occasionally by c1 =

∫
Σ

f(x)dx/ |Σ| and
c2 =

∫
D\Σ f(x)dx/ |D \ Σ|. Of most importance for our problem in finding

weak parts is that there is a parameter λ that can be tuned to remove small
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4.3. Simulation of measured data

details in the image. As already mentioned, modelling with beam equations
restricts the accuracy of the reconstruction to be within the cross-dimension
of the beam. Therefore, small details in the reconstructed bending stiffness
are probably due to noise. The strength with a convex minimization proce-
dure can not be emphasized enough. It is much more simple compared with
the method based on non-linear and non-convex minimization, like in Paper
I.

4.3 Simulation of measured data
In this section we present a numerical solution to the Euler-Bernoulli beam
equation using the software comsol, which is based on finite element meth-
ods. The presentation focuses on the eigenvalue formulation⎧⎨⎩

(Du′′)′′ − ρAω2L4u = 0, x ∈ (0, 1) ,
u(0) = u(1) = 0,
u′′(0) = u′′(1) = 0

(4.10)

introduced in Section 4.1. In comsol we can solve the eigenvalue problem{
λ2eay − λday + ∇ · (−c∇y − αy + γ) + β · ∇y + ay = 0, x ∈ (0, 1) ,
hy(0) = hy(1) = 0,

(4.11)
where y is a vector of variables, λ the eigenvalue, and remaining coefficients
are depending on the problem under consideration. The one-dimensional
equation (4.10) is, in the eigenvalue form (4.11), equivalent to⎧⎪⎪⎨⎪⎪⎩

M ′′ + ρAω2L4u = 0, x ∈ (0, 1) ,
u′′ + M/D = 0, x ∈ (0, 1) ,
u(0) = u(1) = 0,
M(0) = M(1) = 0,

(4.12)

also introduced in Section 4.1 For implementation in comsol we have y =
(u(x) M(x))T , λ = iω, β = γ = α = da = 0,

c =
(

0 1
−1 0

)
, a =

(
0 0
0 1/D

)
, and ea =

(
ρAL4 0

0 0

)
.

The bending stiffness D can be defined as a constant, a continuous or a piece-
wise continuous function. The boundary conditions in (4.12) corresponds to

h =
(

1 0
0 1

)
.

Solutions from comsol are used for simulations of measured transverse dis-
placement in Section 4.1 and 4.2.
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Chapter 4. Reconstruction of the beam bending stiffness

4.4 Numerical differentiation of measured data

The derivative of perturbed displacement data is important in the procedures
for parameter identification described in this thesis. For certain parameters
the regularization problem described in Section 3.1 is equivalent with reg-
ularization of the second order derivative of transverse string displacement.
In the procedures for reconstruction of continuous beam bending stiffness
described in Section 4.1 numerical differentiation of beam displacement data
is required. Here we consider the differentiation of measured transverse dis-
placement for the procedure to localize weak parts in a wooden log, presented
in Paper I. It is shown in Paper I that the accuracy in the localization may
be improved by including the derivative of the measured transverse displace-
ment in an error-functional. The improvement in the accuracy depends to
a great extent on how well the derivative can be approximated. In this sec-
tion we apply three regularization strategies for finding stable approximate
derivatives of measured transverse displacement, namely the Spectral cut-
off and the Tikhonov regularization strategies with penalty term in L2 and
H1, respectively. The rate of convergence for the regularized solutions are
estimated according to the procedure in Theorem 3.2. In the presentation
we define the regularization operators by filter functions. There exist many
other methods for numerical differentiation of perturbed data. See for ex-
ample the paper [39] about finite differences and the monograph [40] about
mollification. The focus is on derivatives as solutions to integral equations
since it is of main interest. We start with a description of the function spaces
and a formulation of the problem.

Consider transverse displacement y ∈ L2[0, 1], y(0) = y(1) = 0 and dif-
ferentiated transverse displacement x ∈ X. Here, X denotes the space of all
functions X ∈ L2[0, 1] such that

x =
∞∑

j=1

xj

√
2 cos jπt, where xj =

√
2
∫ 1

0

x(ξ) cos jπξdξ, j ∈ Z
+.

The problem of differentiating the displacement y is formulated as an operator
equation Ax = y, where

Ax(t) =
∫ t

0

x(s)ds, t ∈ [0, 1]. (4.13)

The operator A has the singular system {μj , ej , fj}, where

μj =
1
jπ

, ej =
√

2 cos
t

μj
, fj =

√
2 sin

t

μj
, j ∈ Z

+.
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4.4. Numerical differentiation of measured data

It follows that the derivative x of the displacement y is given by

x =
∞∑

j=1

1
μj

yjej , (4.14)

where

yj =
√

2
∫ 1

0

y(ξ) sin
ξ

μj
dξ, j ∈ Z

+,

are the Fourier sine coefficients.
Let yε be the specific perturbed displacement data described in Paper I,

Figure 1. A naive attempt to differentiate yε by a finite approximation of
(4.14) is shown in the first graph of Figure 4.5. We can see that the approx-
imate solution does not give us much information about the true solution.
Trying to improve the accuracy by adding more terms in the series (4.14)
actually makes the result even worse. This is characteristic for an ill-posed
problem and it originates from the fact that μj → 0 as j → ∞. A stable
approximation of the derivative requires damping of the factor 1/μj .

For our inverse formulation (4.13), we study three filter functions q(α, μj)
such that

Rαyε =
∞∑

j=1

q(α, μj)
μj

yε
jej (4.15)

defines a regularization strategy, i.e. Rα : Y → X and RαA converges
pointwise to the identity operator. Let xε

α denote the solution xε
α = Rαyε.

For the first regularization strategy we consider the function q which com-
pletely eliminates all terms of the differentiated function for μ2

j < α

q(α, μj) =

⎧⎨⎩
1 for all j : μ2

j � α

0 for all j : μ2
j < α

. (4.16)

This strategy is called Spectral cut-off. With the the additional information
‖x′‖L2 � E the rate of convergence is of order O(ε1/2). For stronger as-
sumptions on the smoothness of the solution see Table 4.1. A regularized
solution using (4.16) for the differentiation of the specific displacement data
yε is shown in the second graph of Figure 4.5. The parameter α is chosen
from a comparison between regularized solutions with the exact derivative.

For the second and third regularization strategies we consider the function

q(α, μj) =
μ2s+2

j

μ2s+2
j + α

, (4.17)

for s = 0 and s = 1. Again we have the additional information ‖x′‖L2 � E
about the solution x. The operator (4.15) with filter functions defined by
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Chapter 4. Reconstruction of the beam bending stiffness

(4.17) can also be derived by minimizing the Tikhonov functional, introduced
in Section 2.4,

Jα,s(x) = ‖yε − Ax‖L2 + α‖x(s)‖L2 , s = 0, 1, (4.18)

where x(s) is the s’th derivative. The rates of convergence are of order O(ε1/2)
for both s = 0 and s = 1. With stronger assumptions on the smoothness
of the solution the rate of convergence is improved according to Table 4.1.
Regularized solutions using (4.17) with s = 0 and s = 1 for the differentiation
of the specific displacement data yε are shown in the third and fourth graph
of Figure 4.5, respectively. The parameter α is chosen by the discrepancy
principle of Morozov, i.e. the best order of convergence is O(ε1/2). The
solution for s = 1 is used for the example presented in Figure 1, Paper I, to
illustrate that the accuracy in the localization of a weak part can be improved
by involving the derivative in an error-functional.

Table 4.1: Convergence estimates, i.e. upper bounds for ‖xε
α − x‖L2 , with

optimal α for different assumptions ‖x(m)‖L2 � E on the smoothness of solu-
tions xε

α calculated by the Tikhonov operator Rα,s, s = 0, 1, and the Spectral
cut-off, denoted S.C.. The stars indicate when the rate of convergence can
not be improved further by stronger assumptions on the smoothness of the
solutions. There is no such limit for the Spectral cut-off.

E � ‖x(1)‖L2 ‖x(2)‖L2 ‖x(3)‖L2 ‖x(4)‖L2 ‖x(5)‖L2

Rα,0 ε1/2E1/2 ε2/3E1/3 ∗ ε2/3E1/3 ε2/3E1/3 ε2/3E1/3

Rα,1 ε1/2E1/2 ε2/3E1/3 ε3/4E1/4 ε4/5E1/5 ∗ ε4/5E1/5

S.C. ε1/2E1/2 ε2/3E1/3 ε3/4E1/4 ε4/5E1/5 ε5/6E1/6

The regularization strategies described here can be generalized for higher
order derivatives, see for example Section 3.1 for regularized second or-
der derivative of measured transverse string displacement by the method
of Tikhonov.
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Figure 4.5: Graphs of differentiated displacement data. The red curves repre-
sent approximations from perturbed displacement data and the blue curves
represent exact derivatives. The first graph illustrates the ill-posedness of
the problem by a direct application of (4.14) on the perturbed data; 1000
terms are used in the series. In the second graph the result using the cut-off
function (4.16) is shown; 11 terms are used in the series and the parameter
α is optimal. The third and fourth graphs show approximations using the
function (4.17) with s = 0 and s = 1 respectively for the regularization op-
erator (4.15). Here 1000 terms are used in the series and the parameter α is
found by the Discrepancy principle of Morozov. For all strategies the differ-
entiated data yε, describing the perturbed displacement data are simulated
from uniform samples y(ti) + η(ti), i = 1, 2, . . . , 2000 where η(ti) is normally
distributed noise with zero mean, ‖η‖L2 = 0.05‖y‖L2 and y is modelled with
the Euler-Bernoulli beam equation for the specific parameters presented in
Paper I, Figure 1.
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Chapter 4. Reconstruction of the beam bending stiffness
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Chapter 5

Conclusions

This thesis deals with the modelling of beams for determination of bending
stiffness. The underlying engineering problem is to localize in the sawmill
parts in a log having reduced stiffness. Available measured data is the trans-
verse displacement of the entire log. The short calculation times required in
wood-processing is the premier reason for studying simple one-dimensional
beam models. Since beam models are derived under the assumption that the
wavelength is greater than the cross dimension of the beam we are restricted
to low frequencies in the measurements.

In Paper I we consider a log with piecewise constant material properties
modelled by the Euler-Bernoulli beam equation. The log is driven by a force
acting in one point to generate the displacements and weak parts with reduced
stiffness are found by minimizing an error-functional. The conclusion is that
eigen frequencies or frequencies near an eigen frequency should be used for
measurements to reduce the influence of measurement errors. Further, since
much a priori information is built into the model, i.e. the fact that there is
a weak part, makes it possible to use very low frequencies. Drawbacks with
this procedure are the non-convex minimization procedure and the numerical
complexity.

If a continuous variation of the bending stiffness is required a much harder
problem is revealed. In Paper II, as a first step in the developing of a cal-
culation method for reconstructing continuous beam bending stiffness, we
consider the corresponding problem with the second order string equation.
The problem of reconstructing the square of refractive index n for the string
follows in two steps. In the first step we solve u = ny, where y is the
transverse displacement. This is a linear ill-posed problem stated as a Fred-
holm integral equation of the first kind. A regular solution is determined by
Tikhonov regularization together with the discrepancy principle of Morozov.
For the second step we divide u by y, a simple non-linear operation. The
results using this theory show that the method works well for parameter de-
termination and that the regularization strategy with penalty term in H1

could be useful.
The reconstruction of continuous beam bending stiffness from displace-

ment data is treated in Chapter 4. Based on the results for the Euler-
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Chapter 5. Conclusions

Bernoulli beam equation with piecewise constant bending stiffness in Paper
I, a modelling of eigenfunctions rather than forced displacements is employed
to get a higher accuracy. From the investigation of the continuous param-
eter problem for the string, Paper II, the nonlinear regularization problem
is transformed to a linear one. When the bending stiffness is reconstructed,
weak parts can be found by an image segmentation model. A big advantage
with the total procedure, from the reconstruction of bending stiffness to the
localization of weak parts, is that it is convex and numerical efficient.
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wooden logs

Sara Rydström and Börje Nilsson
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School of Mathematics and Systems Engineering, Växjö University, Sweden

Abstract. This study presents a model of transverse vibrations in a log with a weak part. The aim is
to use this model for the inverse application to find the weak part from measurements of transverse
vibrations. More precisely, an optimization procedure based on the square of the difference, between
measurements and simulations from the model is formulated. The error in the location of the
weak part, caused by noise in measurements, can be reduced by including the spatial derivative
of transverse vibrations in the optimization and by choosing an optimal frequency. It is shown that
for a weak part with no spatial extension along the log, a weak layer, the optimal frequency is a
resonance frequency. The a priori information that there is a weak part makes it possible to use
wavelengths much longer than the size of the weak part.

Keywords: vibrations, Euler-Bernoulli beam equation, elastic properties, inverse scattering
PACS: 43.40.Cw, 62.20.mt

1. INTRODUCTION

Non-destructive determination of material parameters is often of inverse character and
then also a difficult problem. Not only is such a problem usually ill posed but it is also
nonlinear. A golden rule is therefore to get as much a priori information as possible
to build into the solution. A rich general theory exists for inverse problems, see, e.g.,
[1, 2], and several methods have been developed for certain problem areas like inverse
scattering from bounded objects, see [2]. Despite of this, there are no general methods.
For a new application, modified old or newly developed methods are used in order to
take advantage of the specific properties of the problem with the purpose of finding an
acceptable solution. Often several methods are compared.

To include the most important pieces of information in the formulation of the problem
is the main idea in mathematical modelling. The mathematical modelling part of an
inverse problem is therefore of utmost importance and should for applications not be
separated from the selection of mathematical methods. At a later stage it may of course
be of high interest to develop the mathematical theory independently.

Important ingredients in the problem formulation is to determine 1) the material
parameter functions including accuracy and priority that are required; 2) the properties
and their accuracy that can be measured within available economical resources; 3) the
technical limitations like calculation time that is of highest importance in the current
paper.

The engineering problem of interest for the current paper is the following: Localize
mechanically weak parts in wooden logs and boards moving with up to 10 m/s in a
sawmill. Weak parts may be due to cracks across the log causing a decrease of the
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modulus of elasticity E , or crack along the log causing a decrease of the cross-sectional
area moment of inertia I. Since longitudinal movements at the end of the log are only
related to the elasticity E transverse displacements which relates to the bending stiffness
D = EI are considered in this paper.

A number of methods exist to characterize wood nondestructively. Bucur in her review
[3] from 2003, describes x-rays, infrared waves (thermal imaging), microwaves, ultra-
sound, nuclear magnetic resonance, and neutrons. These methods can be combined. The
only method related to the elastic properties of wood is ultrasound. Measurements with
x-rays, e.g., give density that is not strongly correlated with strength properties whereas
the elastic properties are. Certainly is it possible to use both x-rays and microwaves
to determine the directional structure of wood, but to get information on strength, ad-
ditional measured data in combination with time consuming calculations would be re-
quired. Such calculations as well as image analysis are therefore abandoned. We there-
fore choose an acoustic method for the localization of weak parts in logs and boards
with a limitation to low frequencies in order to avoid time consuming image analysis.

Wood is usually modelled sufficiently accurate as an orthotropic elastic material [4]
and its acoustical properties are reviewed thoroughly by Bucur [4]. Ultrasonic imaging,
which has successfully been applied within both engineering and medicine, is far too
slow for using on fast moving objects. The other main category within ultrasonic testing
as mentioned by Bucur [3] is scattering-based techniques; these techniques [3] are based
on travel time, frequency, amplitude ratio, wave form shape etc. In its simplest possible
form, scattering-based techniques is used to determine the mean value of the modulus of
elasticity E along a log or board by measuring the travel time or resonance frequencies
for longitudinal waves.

The variation of the elastic properties along a log or board can be determined by
scattering-based techniques in combination with scanning. In such methods, it is usually
the transversal travel time that has been used, see [3]. In order to overcome the large
difference in wave impedance between wood and the surrounding medium for both
excitation and radiation, mechanical contact and immersion in water have been used.
However, the measuring time is a big problem as expressed by Bucur [3]: "The main
problem in grading lumber and veneer using the ultrasonic transmission method is the
very high rate of production." It is worth commenting that this rate of production has
since then increased from 3 m/s to up to 10 m/s in modern sawmills in northern America.

We use in this paper the simplest possible model in the frequency domain having
an axial dependence of the elastic properties (bending stiffness) D = EI: the Euler-
Bernoulli beam equation. If the propagation of pulses in the time domain is of interest,
it would be better to use the Timoshenko beam equation that has the physically cor-
rect property of having an upper limit of the propagation speed. The major reason for
choosing such a simple model is the extremely hard restriction on calculation times. It
is important to note that beam equations are limited to wavelengths that are larger than
about the transverse dimension of the beam. However, the beam model may be gener-
alized to lower wavelengths by including more modes of vibrations for cylinders [5].
An analog theory for rectangular cross-sections would be required for applications on
boards. An advantage of the generalized theory in addition to allowing shorter wave-
lengths is that the orthotropic properties of wood enter for higher modes of vibration.
The price to pay for using the generalized theory is longer calculation times. Therefore,
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the simple Euler-Bernoulli beam equation is employed in the first step.
It is possible, within the Euler-Bernoulli beam model, to determine the axial variation

of the bending stiffness from the resonance frequencies [6]. However, only the low
resonance frequencies are useful in the current formulation of the problem; the error for
higher frequencies are too high in the Euler-Bernoulli beam model. Additional measured
data are thus required.

Boards are often scanned in a modern sawmill with photographic technology to
detect knots and with laser to determine deviations in the direction of the grain. It
seams reasonable to extend the laser system to include measurements of the transverse
vibrations of the board and such a system could also be used for logs. Without entering
into details we assume in the current paper that the transverse vibrations are possible to
measure.

A big advantage with a laser system is that no mechanical contact would be required.
Also the excitations can be executed quickly and efficiently with a hammering technique.
Although being aware of that several variants are possible and may also be better in some
respects, we assume for simplicity that the excitation is located at one fixed point in the
beam model. Finally, we assume as a priori information that there is one part in the beam
with a lower bending stiffness than the rest of the beam. Such a model would describe
a large portion of the damages in, e.g., a storm. It is obvious how several damaged parts
can be included in the model. A research project is in progress on how to determine a
continuous variation of the bending stiffness with the same type of measured data as
in the current paper. An introductory study [7] is published in the current conference
proceedings.

The paper is organized in the following way. In section 2 we present the Euler-
Bernoulli beam equation used to model time-harmonic transverse displacements in a
cylindrical log with equal elastic material properties in radial and tangential directions.
We assume in section 3 that the log has a weak part and solve the transverse displacement
in intervals, each of them having constant elastic properties. The intervals are coupled at
the boundaries of the weak part and in the point of excitation. For the inverse problem,
section 4, we minimize the integrated square of the difference between measurements
and simulations of the displacement from the model. When measurements contain noise
this may be a very hard optimization problem. A sharper minimum can be achieved
by choosing an optimal frequency. The minimum may be further enhanced by also
including spatial derivatives. In section 5 special considerations are made for the case
when the weak part has an infinitesimal spatial extension along the log, a weak layer.
The transverse displacement is then solved in three intervals each of them having equal
constant elastic properties. The intervals are coupled in the point of excitation and in the
point of the weak layer. For the inverse problem of finding the weak layer, section 6,
we apply the optimization procedure presented previously for the localization of a weak
part. A study of the frequency dependence for this inverse problem is made. The results
are discussed in the last section.
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2. TRANSVERSE VIBRATIONS IN A LOG

A cylindrical model of a log with axial dependence of the elastic properties is used.
We consider a Cartesian coordinate system with the x∗-axis in longitudinal direction
and the y-axis in vertical direction. It is assumed that the cross dimensions are small in
comparison with the length of the log. The time-harmonic transverse vibrations in such
a log are assumed to be given by the Euler-Bernoulli beam equation [8]

d2

dx∗2

(
D

d2u
dx∗2

)
−ρAω2u = 0, (1)

where u is the transverse displacement in the y-direction, D is the bending stiffness, ρ
is the density, ω is the circular frequency and A is the cross-sectional area. The bending
stiffness D is the product EI of the modulus of elasticity in the x∗-direction E = Ex∗ , and
the cross-sectional area moment of inertia

I =
∫∫
A

y2 dydz (2)

about the z-axes. The time-harmonic dependence e−iωt is implicit in (1).
We consider a log with constant material properties. Let x be a dimensionless co-

ordinate in longitudinal direction, which means that the endpoints x∗ = 0 and x∗ = L
correspond to x = 0 and x = 1 in the new coordinate. This transforms (1) to{

uiv − k4u = 0
k4 = ρAω2L4/D

, (3)

where uiv is the fourth derivative with respect to x.
To excite the log, a force q = k3Dδ (x− x0)e−iωt acting in the vertical direction is

applied in x0. The right hand side of the first equation in (3) is then replaced by
k3δ (x − x0). The delta-function gives that u′′′(x0+)− u′′′(x0−) = k3 while u, u′ and
u′′ are continuous at x0. A simply supported log is assumed, implying that u and u′′ are
zero at x = 0 and x = 1.

3. TRANSVERSE VIBRATIONS IN A LOG WITH A WEAK PART

We assume that the log has a weak part in the interval a < x < b where we have the
constant parameters k0 and D0 instead of k and D. On the boundary of the weak part the
following quantities are continuous:

Du′′′,Du′′,u′,u. (4)

These quantities correspond to the shear force, the bending moment, the slope and the
transverse displacement.
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We solve the transverse displacement in four intervals (0,x0), (x0,a), (a,b) and (b,1),
denoted by 1, 2, 3 and 4. From (3) we have the solution:⎧⎪⎨⎪⎩

u1 = C1 sinhkx+D1 sinkx
u2 = A2 coshkx+B2 coskx+C2 sinhkx+D2 sinkx
u3 = A3 coshk0x+B3 cosk0x+C3 sinhk0x+D3 sink0x
u4 = C4 sinhk(1− x)+D4 sink(1− x)

, (5)

where the indexes refer to the interval under consideration. Equation (5) fulfills the
boundary conditions at x = 0 and x = 1 and the twelve coupling conditions in x0, a
and b are enough to determine the coefficients. Let ccc be a column vector containing
the coefficients in the order in which they are given in (5), and let qqq = (3 ∗ 0,1,8 ∗ 0)T,
where n ∗ 0 is a row vector with n number of zeros. Then, the problem for determining
the coefficients can be written as

QQQccc === qqq,,, (6)

where QQQ is a 12x12 matrix. The first four rows of QQQ describe the coupling conditions
of u, u′, u′′ and u′′′ in x0, the following four rows describe the coupling conditions
of u,u′,Du′′ and Du′′′ in a and the last four rows describe the coupling conditions of
u,u′,Du′′ and Du′′′ in b. Using ccc as the solution of (6), our model for the transverse
displacement u of the log is given by (5). In applications with high frequencies (6) must
be solved cautiously to avoid cancellation errors.

4. THE INVERSE PROBLEM FOR A LOG WITH A WEAK PART

Using the model for the transverse displacement u described in the previous section and
its spatial derivative u′ together with corresponding measured data umeas and the spatial
derivative u′meas we find the weak part of the log. That is, we determine a, b, D0 and D.
For this purpose we minimize

F(a,b,D,D0) =
∫ ω2

ω1

∫ 1

0
(u(x,a,b,D,D0,ω)−umeas(x,ω))2 +

α
(
u′(x,a,b,D,D0,ω)−u′meas(x,ω)

)2
dxdω , (7)

where ω1 and ω2 define a frequency interval. It is assumed that ρ,A, and L are known
and the parameter α is for tuning the influence of the term involving the derivative.

In an ideal measurement situation without noise, F has zero as a minimum when
u = umeas and u′ = u′meas. For measurements containing noise the minimum of F is
strictly positive. This causes problem when the gradient of (7) is small around the
minimum, or when there are local minima. To avoid errors a more distinct minimum is
required. For this purpose a positive value of the parameter α may be useful, depending
on the specific parameter values and the noise. The spatial derivative of the transverse
displacement u, reveals more information about the weak part since second and third
order derivatives are discontinuous at a and b. When umeas contains noise the problem
of finding the derivative u′meas does not depend continuously on the data. This is an ill-
posed problem that can be solved with a regularization strategy [1] combined with time
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mean values. Second and third order spatial derivatives of the transverse displacement
u, would also reveal more information about the weak part, the problem to find u′′meas

and u′′′meas is harder due to the ill-posedness.
For simplicity in numerical examples we restrict to the case with one frequency ω ,

assuming also that D and D0 are known. To this end we minimize

G(a,b) =
∫ 1

0 (u(x,a,b)−umeas(x))2 +α (u′(x,a,b)−u′meas(x))2 dx, (8)

rather than F(a,b,D,D0). In practise the parameters D and D0 must be included in the
optimization. The minimum of (8) can be found with standard methods of optimization
[9].

Graphs of G(a,b)/maxa,b G(a,b) for α = 0 and α = 1, respectively, are depicted
in Figure 1 for specific realistic parameter values and additive noise in umeas. In this
example we model a log with a weak part in the interval a ≤ x ≤ b, where a = 0.6 and
b = 0.75. In the weak part the bending stiffness D0 is one third of D. For the specific
realistic parameter values used here the minimum is more distinct in the second graph
where the spatial derivative is taken into consideration.
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FIGURE 1. Graphs of G(a,b)/maxa,b G(a,b) in the ab-plane for α = 0 and α = 1, respectively, for
localization of the weak part in the log. The vibration excitation is located at x0 = 0.2 with the frequency
f = 300 Hz. Values of the parameters are ρ = 480 kg/m3, Ez = 10 GPa, L = 2 m, A = 0.07 m2 and
I = 0.0004 m4. The measured data umeas(x) are simulated from uniformly sampled data u(xi,0.6,0.75)+
ηi, i = 1, ..,2000 where ηi is noise normally distributed with zero mean and a standard deviation of
0.05maxi |u(xi,0.6,0.75)|. The derivative u′meas is found from umeas by Tikhonov regularization.

The accuracy in the localization of the weak part from (8) depends on the frequency.
Thus it is possible to tune the measurement set-up by choosing an optimal frequency.
Figure 2 shows graphs of G(a,b)/maxa,b G(a,b) for α = 0 calculated for different
frequencies. We can see that the accuracy of the boundary a is better than the accuracy
of the boundary b. This is natural since a is closer to the source and b > a is closer to
the end.
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FIGURE 2. Graphs of G(a,b)/maxa,b G(a,b) for α = 0 calculated for the frequencies f=300 Hz, f=600
Hz and f=900 Hz which represent wavelengths 2.69 m 1.90 m and 1.55 m. Other parameters describing
the problem are the same as used in Figure 1.

5. TRANSVERSE VIBRATIONS IN A LOG WITH A WEAK
LAYER

We consider a weak part with no spatial extension along the log, a weak layer. The
transverse displacement u is solved from (3) in three intervals: u1 in (0,x0), u2 in (x0,a)
and u3 in (a,1) where a is the location of the weak layer:⎧⎨⎩ u1 = C1 sinhkx+D1 sinkx

u2 = A2 coshkx+B2 coskx+C2 sinhkx+D2 sinkx
u4 = A4 sinhk(1− x)+B4 sink(1− x)

. (9)

The solution (9) fulfills the boundary conditions for a log simply supported at its ends
x = 0 and x = 1. Coupling conditions describing the weak layer in x = a are derived from
a time-independent solution in the interval (a− ε,a+ ε) where ε → 0, considering that
the width 2ε of the layer is negligible in comparison with the wavelength. Assuming
that the displacement u, the slope of the displacement u′ , the bending moment Du′′ and
the shear force Du′′′ are different from zero at x = a, the two sets of coupling conditions
for each end of the weak part reduce to one set⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

u2(a) = u4(a)

u′2(a)−u′4(a) = μu′′4(a)

u′′2(a) = u′′4(a)

u′′′2 (a) = u′′′4 (a)

(10)

at the weak layer at x = a, where μ = 2D/3D̃0 with D̃0 = limε→0 D0/ε . This implies that
the displacement, the bending moment and the shear-force are continuous in a and that

55



the slope has a discontinuity in a proportional to the bending moment and the bending
stiffness μ . The coupling conditions in x0 and a are enough to solve the eight coefficients
in (9) which is done analytically.

6. THE INVERSE PROBLEM FOR A LOG WITH A WEAK
LAYER

For the localization of the weak layer we apply the optimization procedure used previ-
ously for the localization of a weak part. When the weak part has an infinitesimal spatial
extension this becomes a two dimensional problem in finding the minimizers D and a
representing the bending stiffness and the location of the weak layer:

FL(a,D) =
∫ ω2

ω1

∫ 1

0
(u(x,a,D,ω)−umeas(x,ω))2 +

α
(
u′(x,a,D,ω)−u′meas(x,ω)

)2 dxdω . (11)

Here u is our model of the transverse displacement in a log with a weak layer, umeas is
the measured transverse displacement in a log with a weak layer and u′ and u′meas are
the spatial derivatives.

For measurements it is important to choose an optimal frequency interval or one
optimal frequency to reduce errors in the localization of the weak layer. To investigate
the frequency dependence of the optimization we study (11) without integrating over a
frequency interval:

GL(a,ω) =
∫ 1

0 (u(x,a,ω)−umeas(x,ω))2 +α (u′(x,a,ω)−u′meas(x,ω))2 dx. (12)

The parameter D is assumed to be known, as for the problem for localization
of a weak part to simplify the numerical examples. Figure 3 shows a graph of
GL(a, f )/maxa, f GL(a, f ) in the a f -plane where f = ω/2π . In the frequency interval
chosen here there are one minimum for all frequencies in a = 0.5 representing the
location of the weak layer. The local minima vary with the frequencies which point out
the usefulness of integrating over a frequency interval.

Resonance frequencies are calculated for a log with a weak layer. Comparisons of
GL(a, f1) and GL(a, f2) where f1 is a resonance frequency and f2 is a frequency between
two resonance frequencies are made. Figure 4 shows graphs of GL(a, f1) and GL(a, f2)
for a log with a weak layer in a = 0.5. From the model we have that maxx |u(x, f )| → ∞
when f → f1 since there is no damping. This implies that maxx |u(x, f )| is much larger
for frequencies close to or equal to a resonance frequency in a real measurement situation
but it does not tell us anything about the real value of maxx |u(x, f )|. Consequently
a resonance frequency causes a larger variation of GL along a compared with other
frequencies. Thus, it is much easier to find the minimum using resonance frequencies.
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FIGURE 3. Graph of GL(a, f )/maxa, f GL(a, f ) in the a f -plane for α = 0 and 2% noise in the measured
vibrations. The frequency interval from 8.58 kHz to 27.8 kHz represents wavelengths from 30 cm to 50
cm approximately. The weak layer is located in a = 0.5. Other parameters describing the problem are the
same as used in Figure 1.
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FIGURE 4. Graphs of GL(a, f1) and GL(a, f2) where f1 ≈ 19.5 kHz represents a resonance frequency
and f2 ≈ 25.0 kHz represents a frequency between resonance frequencies. This corresponds to wave-
lengths 33 cm and 29 cm respectively. Calculations are made for α = 0, 2% noise in the measured
vibrations and a weak layer in a = 0.5. Other parameters describing the problem are the same as used
in Figure 1.

7. CONCLUSIONS

The background for the current study is the need of a method in saw mills, for find-
ing parts of logs with reduced mechanical strength. For this purpose the study presents a
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model of transverse vibrations in a log with a weak part. Special considerations are made
for a weak part with no spatial extension along the log, a weak layer. The corresponding
inverse problems, to determine the location and size of the weak part or the location
of the weak layer, are formulated as optimization problems, depending on the differ-
ence between simulations from the model and measurements of transverse vibrations.
When the measurements contain noise this may be a difficult optimization problem. To
improve the accuracy the spatial derivative of the difference between simulations and
measurements can be useful to involve in the optimization. Errors in the localization of
the weak part can be reduced by choosing an optimal frequency. It is shown in the case
of a weak layer that resonance frequencies give better accuracy of the localization. The
a priori information that there is one weak part or layer makes it possible to use much
longer wavelengths than the size of the weak part.

The Euler-Bernoulli beam equation used to model transverse vibrations do not ac-
count for causality, however, it is not critical for a time harmonic excitation. If a time
domain formulation should be taken into consideration the Timoshenko beam equation
[8] could be useful but for our application the inverse problem would be much more
difficult.

The intension of this paper is to use simple modelling for a method that is carefully
selected for the industrial problem under consideration. In the next step we will consider
continuous varying elastic properties in modelling with the Euler-Bernoulli beam equa-
tion. This work will be based on the current paper and on [7] which treats continuous
varying elastic properties modelled with the string equation. Our aim is also to involve
an error analysis. The Cramér-Rao bound [10, 11] can provide information about the er-
ror of the localization and the variation of this error with the parameters included. From
this analysis the measurement set-up can be further tuned and the influence of resonance
frequencies can be studied further.
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Abstract. This work is a part in the developing of a method for localizing parts in wooden logs
and boards with reduced strength. The calculation method shall be used in real time on logs and
boards moving up to 10 m/s. When moving through a laser system the transversal movement
along the entire log is available. The intension here is to use simple modelling for a method that
is carefully selected for the industrial problem under consideration. In a parallel study transverse
vibrations are modelled with the Euler-Bernoulli beam equation considering logs with piecewise
constant elastic properties. If also a continuous variation of the elastic properties is required a much
harder problem is revealed. As a first step toward the determination of continuous inhomogeneous
elastic properties modelled with the Euler-Bernoulli beam equation we study the corresponding
problem with transverse vibrations for the string equation. The inverse problem is solved using two
regularizing strategies. The results of simulations show that the strategies works quite well and that
the regularization strategy with penalty term in H1 could be very useful in such problems.

Keywords: string vibrations, Tikhonov regularization, elastic properties, inverse problem
PACS: 43.20 Mv, 43.40 Cw

INTRODUCTION

Wave analysis is a useful technology for investigating the interior of objects. When non-
destructive testing is required it is often the only working method. Examples are ultra
sound examination of humans and radar using elastic and electromagnetic waves. Often
inverse theory [1] is used incorporating one or several regularizing strategies [1, 2] that
make possible and optimize the measuring process.

The current note is motivated from requirements in the wood industry. It is there
of high interest to have a method for finding parts in a wooden log or board with
reduced stiffness. For this application mechanical waves are appropriate in contrast
to microwaves and x-rays that determine dielectric constant and density, respectively,
quantities that have a low correlation with mechanical strength. Even though only logs
are mentioned in the following text boards are not excluded.

The calculation method shall be used in real time on logs that are moving up to
10 m/s. Considering present computer technology and cost level in wood industry, it
is not possible to use three-dimensional modelling; hardly the direct problem would
be possible to solve in real time. The objective is then at this stage to describe the
elastic properties along the log with a moderate resolution rather than getting a high
resolved image of the internal properties including variation in the transverse dimension.
Therefore modelling on the one-dimensional level with the beam equation should be
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adequate. A price to pay is that such a modelling is restricted to wavelengths larger than
the thickness of the log.

When passing through a laser system the vibrations of the log are measured making
available the transversal movement of the entire log. It is worth noting that the transverse
vibrations are related to the bending stiffness EI, being the engineering quantity of
interest. Cracks in the log that mainly effects the moment of inertia I can be determined
in this way but not by measurements of the longitudinal movements at the end of the log
that are related to the elasticity E only.

In a parallel study [3] it is assumed that a part with reduced stiffness as well as the
rest of the log has constant but different elastic properties. This a priori information
makes it possible to use wavelengths much longer than the length of the weak part. If
such information is not available much shorter wavelengths would be required implying
a harder determination problem. If in addition a continuous variation of the elastic
properties are requested, an ill posed problem is revealed requiring a regularization
strategy.

As a first important step toward the determination of continuous inhomogeneous
elastic properties modelled with the fourth order Euler-Bernoulli beam equation, the
corresponding problem with transverse vibrations for the second order string equation
is considered. Although simple methods exist for the string, like regularization for the
ill posed problem of twofold numerical differentiation, we present methods that can
be generalized to the fourth order beam equation and have potentials for even more
elaborate models. For the purpose of investigating the critical elements of the theory,
the model is simplified as far as possible by choosing Helmholtz equation, like in text
books by Colton & Kress and Kirsch, rather than the so-called Horn equation which
is the second degree correspondence to the Euler-Bernoulli beam equation. The use of
one-dimensional modelling is driven by the extreme requirement of calculation speed in
real time industrial applications whereas the use of a second order differential equation
is motivated from the mathematical strategy of starting with simple problems. This
simplification in modelling but carefulness in selecting methods for the first step is a
useful strategy in mathematical modelling for industrial problems.

The paper is organized such that the mathematical model is formulated in the second
and solved in the third section, whereas the results from simulations using this theory is
presented in the fourth section in both graphs and tables. The results are discussed in the
last section.

MATHEMATICAL FORMULATION OF THE PROBLEM

For the simplified model of our beam problem we consider the reduced wave equation
for the string with source term and homogeneous boundary conditions{

−y′′ − k2n(x)y = δ (x− x0), x,x0 ∈ [0,π] ,
y(0) = y(π) = 0.

(1)

Here n(x) is the square of the diffractive index and k is the constant wave number. Let
y = y(x) be the exact solution to the problem (1). We need to find a function n(x) if we
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know the disturbed solution yε = y + η . We assume that η is a white Gaussian noise
with the norm in L2 less than ε:

‖η‖ = ‖yε − y‖L2 < ε.

It is well known (see for example [4]) that the solution of the problem (1) exists and
is unique if the problem {

−y′′ − k2n(x)y = 0,
y(0) = y(π) = 0,

(2)

has only the trivial solution y = 0.
The problem (2) is a particular case of the homogeneous Sturm-Liouville problem{

− d
dx(p(x)dy

dx)+q(x)y−λω(x)y = 0,

y(0) = y(π) = 0,
(3)

when p(x) ≡ 1, q(x) ≡ 0, λ = k2 and ω(x) = n(x) is a positive continuous function. It
is known, see for example [5], that (3) has only the trivial solution for all λ except for
λ ∈ K , where K is the countable set

K =
{

λm : λ1 < λ2 < ... < λm < ..., lim
m→∞

λm = ∞
}

.

Everywhere below we will assume that k2 = λ /∈ K and therefore the problem (1) has
a unique solution y.

To reconstruct n(x) we rewrite the problem (1) as{
y′′ + cy = −δ (x− x0)− (k2n(x)− c)y,
y(0) = y(π) = 0,

(4)

where x,x0 ∈ [0,π] and 0 ≤ c < 1. Let H p
0 , p ≥ 1 denote the space of all functions φ that

belongs to the Sobolev space H p([0,π]) with the property φ(0) = φ(π) = 0. Consider
the operator L [y] = y′′ + cy. It is clear that L : H2

0 ([0,π]) → L2([0,π]) has the inverse
operator K : L2([0,π]) → H2

0 ([0,π]) given by the formula

K [ f ] (x) =
π∫

0

g0(x,ξ ) f (ξ )dξ ,

where

g0(x,x0) =
∞

∑
j=1

1
j2 − c

√
2
π

sin jx

√
2
π

sin jx0.

The constant c in (4) is not necessary positive in our Dirichlet case, but it is required for
the Neumann case to guarantee the existence of K = L−1.

As K [δ (ξ − x0)] (x) = g0(x,x0), then (4) is equivalent to the Fredholm integral equa-
tion of the first kind
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K [u] (x) = y(x)−g0(x,x0), (5)

where
u(x) = (k2n(x)− c)y(x). (6)

SOLUTION OF THE PROBLEM

The problem of reconstructing n(x) will be solved in two steps. At the first step we
will solve (5) to find u(x). Note that we know the right hand side of (5) only up to the
noise η and that the operator K : L2 → L2 is compact. Therefore (5) is ill-posed and the
solution u(x) is very sensitive to noise. So to find u(x) we need to apply an appropriate
regularization strategy. At the second step we reconstruct n(x) from (6).

Let us consider in details the first step. To find the approximate solution uα , we use
two regularization strategies. As noted above the operator K : L2 → L2 is compact and the
noise η belongs to L2. Therefore it is natural to use the classical Tikhonov regularization
method. In this method as an approximate solution uα we choose a minimizer of the
Tikhonov functional

Jα [u] = ‖yε −g0 −K [u]‖2
L2 +α ‖u‖2

L2 , α > 0, (7)

i.e. the element uα such that

‖yε −g0 −K [uα ]‖2
L2 +α ‖uα‖

2
L2 = inf

u∈L2
Jα .

As follows from the regularization theory (see for example [2]) the minimizer uα is
unique and can be found by the formula

uα = Rα [yε −g0] = (αI +K∗K)−1K∗[yε −g0].

The operator K has the singular system μ j,e j, f j , where

μ j =
1

j2 − c
, e j = f j =

√
2
π

sin jx, j = 1,2,3, ... (8)

and therefore

Rα [yε −g0] =
∞

∑
j=1

μ j(yε −g0) j

α + μ2
j

e j,

where

(yε −g0) j =

√
2
π

π∫
0

(yε(ξ )−g0(ξ ,x0))sin( jξ )dξ

are the Fourier coefficients.
In the second regularization strategy we consider the functional

J1
α [u] = ‖yε −g0 −K [u]‖2

L2 +α ‖u‖2
H1

0
,α > 0 (9)
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instead of (7). The reason of choosing the functional J1
α is based on the fact that the exact

solution y(x) to (1) belongs to H1
0 and hence if n(x)∈ H1 then u(x) = (k2n(x)−c)y(x)∈

H1
0 .
In the space H1

0 we consider the equivalent norm

‖u‖H1
0

=

⎛⎜⎝ ∞

∑
j=1

⎛⎝ u j

μ1/2
j

⎞⎠2
⎞⎟⎠

1/2

, u j =

√
2
π

π∫
0

u(ξ )sin( jξ )dξ ,

expressed through the singular values μ j of the operator K. Then the minimizer of the
functional (9) is

u1
α = R1

α [yε −g0] =
∞

∑
j=1

μ2
j (y

ε −g0) j

α + μ3
j

e j. (10)

Let us assume that the exact solution u ∈ H1
0 and ‖u‖H1

0
≤ E and let ci, i = 1,2, . . .6,

be constants. For optimal α = α(ε,E) we can obtain the following error estimations

‖u−uα‖L2 ≤ c1ε1/3E2/3 (11)

and ∥∥u−u1
α
∥∥

L2 ≤ c2ε1/3E2/3, (12)

where ε is the estimation of the noise η in L2. The inequalities (11)-(12) show that both
uα and u1

α converge to u as ε → 0 with the same order. Note that the optimal value of α
in (11) and (12) is c3( ε

E )4/3 and c4( ε
E )2 respectively. However, if the exact solution u is

more smooth, namely, if the fifth derivative u(5) belongs to L2 and u(0) = u(π) = 0 then
it is possible to show that we can choose the optimal α such that∥∥u−u1

α
∥∥

L2 ≤ c5ε5/7, (13)

while from the general theory it follows that the first strategy (the operator Rα ) cannot
give us a better estimation than

‖u−uα‖L2 ≤ c6ε2/3.

To understand better what we can achieve by using operators Rα and R1
α we consid-

ered some concrete examples in which we chose the optimal values of α by minimizing
the errors ‖uα −u‖L2 /‖u‖L2 and

∥∥u1
α −u

∥∥
L2 /‖u‖L2 .

We also considered the Discrepancy Principle of Morozov to find an appropriate
values of a parameter α , i.e. we chose α such that

‖yε −g0 −K [uα ]‖L2 ≈ ε,

for the first strategy and ∥∥yε −g0 −K
[
u1

α
]∥∥

L2 ≈ ε
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for the second. In the considered cases the Discrepancy Principle of Morozov worked
rather good.

At the second step we need to find an approximate solution of n from uα and yε . From
(6) we have the relation

n(x) =
1
k2

(
c+

u(x)
y(x)

)
. (14)

It is clear that we can not reconstruct n from uα and yε inserted in (14) where yε ≈
0. Nevertheless, there are several ways to overcome this problem. We consider two
procedures. Let ki, i = 1,2, . . .m be different wave numbers. In the first procedure, to
avoid division by zero we solve n from

n(x) =

√
∑i(u(x,ki)+ cy(x,ki))2

∑i k
4
i (y(x,ki))2

, (15)

where y(x,ki) is the vibration for the wave number ki and u(x,ki) the corresponding
solution of (6). In the second procedure we compare solutions n from (14) for different
wave numbers. Intervals of n that can not be trusted for one wave number is replaced
with an interval solved for a different wave number. Since we know where yε ≈ 0 for
each wave number we know where we can not trust the approximation of n.

RESULTS OF SIMULATIONS

In our computer experiments we considered 3 different functions n(x): a smooth function

n1(x) = 3+ cos2x+ cos3x,

a piecewise differentiable function

n2(x) = max{1,1−0.5sin(10x)χ(0.3π,0.4π)} ,

and a piecewise constant function

n3(x) = 1+0.5χ(0.3π,0.4π),

where χ(0.3π,0.4π) is the characteristic function of the interval (0.3π,0.4π) and x ∈
[0,π].

For a given function n we calculate the "exact" solution y to (1) by using a Galerkin
method.

In Table 1 we present the relative errors ‖u−uα‖L2 /‖u‖L2 and
∥∥u−u1

α
∥∥

L2 /‖u‖L2

of the approximate solutions uα = Rα [yε −g0] and u1
α = R1

α [yε −g0] to the integral
equation (5) in the norm L2([0,π]) with n(x) = ni(x), i = 1, 2, 3 and k = 2, 4, 6, 8. Here
calculations are made for ‖η‖L2 ≈ 0.01‖y‖L2 , x0 = 0.54π and c = 1/4. The measured
data yε(x) are simulated from uniformly sampled data y(xi) + η(xi), i = 1,2, . . . ,101
where η(xi) is normally distributed noise with zero mean. In the regularization 100
terms are used for the series of Rα and R1

α . We can see that the operator R1
α gives

66



better results than the operator Rα . For example, from the third column of Table 1
we can see that for k = 2 if n(x) = n1(x) then ‖u−uα‖L2 /‖u‖L2 ≤ 0.0530 while∥∥u−u1

α
∥∥

L2 /‖u‖L2 ≤ 0.0360.

TABLE 1. Relative errors

n R k = 2 k = 4 k = 6 k = 8

n1 Rα 0.0530 0.0427 0.0311 0.0476

n1 R1
α 0.0360 0.0317 0.0206 0.0311

n2 Rα 0.0381 0.0487 0.0407 0.0327

n2 R1
α 0.0374 0.0435 0.0375 0.0284

n3 Rα 0.0701 0.0541 0.0503 0.0580

n3 R1
α 0.0692 0.0498 0.0473 0.0535

In Figure 1 it is shown how the exact solution u to the integral equation (5) is
approximated by uα and u1

α with n(x) = n2(x) and k = 3. In this example 15% noise
is added to the right hand side of the integral equation to make differences between
the approximate solutions visibly clear. We can see that u1

α found by the operator R1
α

approximates the exact solution u better than uα found by the operator Rα .

0 0.5 1 1.5 2 2.5 3
−150

−100

−50

0

50
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FIGURE 1. Exact and approximate solutions u(x) to the integral equation (5) with n(x) = n2(x),
x0 = 0.54π , k = 3, c = 1/4 and 15% noise. Exact solution u: ; u1

α : ; uα : .
The measured data yε(x) are simulated from uniformly sampled data y(xi)+η(xi), i = 1,2, . . . ,101 where
η(xi) is normally distributed noise with zero mean. In the regularization 100 terms are used for the series
of Rα and R1

α .

It is worth noting that u(x) is reconstructed quite well for a noise level as high as 15%.
As follows from (14), we cannot reconstruct n(x) at the points where yε ≈ 0. It is

essential that in our problem we can choose the value of the parameter k (the wave
number). In Figure 2 the function n1(x) is reconstructed from (15) with k = 2,3,4,5.
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FIGURE 2. Reconstruction of n1(x) from (15) with k = 2,3,4,5, x0 = π/2 and 1% noise. Exact n1(x):
; reconstruction using the operator R1

α : . The measured data yε(x) are simulated from
uniformly sampled data y(xi)+η(xi), i = 1,2, . . . ,513 where η(xi) is normally distributed noise with zero
mean. In the regularization 512 terms are used for the series of Rα and R1

α .

CONCLUSIONS

The computer experiments show that the problem is very sensitive to the noise and
that the regularization that we used for the first step, to determine u, works quite
well. Moreover, as can be seen from Table 1 of relative errors and from Figure 1 of
approximate solutions, the operator R1

α gives a better result than the operator Rα . For
the second step we present a procedure for reconstruction of nα where yε ≈ 0. It would
also be interesting for a given level of noise to describe the class of functions n(x) for
which our method gives satisfactory results.

In a parallel study [3] transverse vibrations in a log with piecewise constant elastic
properties are modelled with the Euler-Bernoulli beam equation. Together with [3] this
paper is a first step in the developing of a calculation method for localizing weak parts
in wooden logs or boards. In the next step we will consider modelling with the Euler-
Bernoulli beam equation with continuously varying elastic properties.
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