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1 Introduction
In this thesis electron transport through a quantum point contact with and without
an applied magnetic field will be studied theoretically. The low electron concentra-
tion in this type of devices gives rise to a Fermi wavelength so long that quantum
effects occur on a length scale lying in between the microscopic and macroscopic -
the so called mesoscopic scale. Observing these properties on a micrometer scale
requires a low temperature - normally up to only a few Kelvin - and a very clean
sample.

When treating electrons quantum mechanically, i.e., as waves, the classical laws
of physics breaks down. For example Ohm’s law, the classical Hall effect and the
magnetic flux starts to follow laws which are less intuitive. It turns out that the
resistance, the Hall effect and the magnetic flux are all quantized in terms of the
electron charge and Planck’s constant. However, there should allways be some kind
of correspondance between classical physics and quantum mechanics, and on the
mesoscopic scale the straight-forward classical arguments are very appropriate for
claryfying the expected quantum mechanical results. These predictions normally
match well in a number of theoretical experiments as we will see in the upcoming
sections. The aim of the thesis is to confirm some experimental results, such as

• the quantized resistance/conductance of a quantum point contact, with and
without an applied magnetic field,

• the decreasing sensitivity to impurities in a high magnetic field regime, as a
consequence of the quantum Hall effect,

• the magnetoconductance of an Aharonov-Bohm ring, where the magnetic flux
quantum is revealed,

• imaging the probability density distribution, which on the mesoscopic scale
shows the connection between classical and quantum mechanics.

These investigations will be implemented with a recursive Green’s function al-
gorithm written in a Matlab environment. To make the text appear as readable as
possible, some technical parts are moved to an appendix.
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2 What is a quantum point contact?
A quantum point contact (QPC) is a narrow constriction between two conductors -
a constriction in size of a magnitude comparable to the electron wavelength, given
by the de Broglie relation λ = h/p. One type of a QPC is a metallic wire stretched
out until it breaks [17]. The thickness around the breakpoint just before the wire
breaks can then be comparable to the Fermi wavelength of the metal, which usually
is relatively short due to the high Fermi energy. Another type of QPC is the tip of
a scanning tunneling microscope (STM).The STM tip form a narrow constriction
when it comes into contact with a metallic surface. This was first observed in 1987
by James K. Gimzewski and R. Möller (IBM, Zürich), when they pressed an Ir tip
onto a Ag surface. The conductance went from exponentially small to a finite value
of ∼ 1/16 (kΩ)−1[12].

However, these three dimensional, metallic QPC’s will not be treated in this
thesis, but instead a semiconductor QPC where the electrons are limited propagating
in only two dimensions.

2.1 Two-dimensional electron gas (2DEG)
The idea of confining the electrons in two dimensions is to make a heterostructure of
two slightly different semiconductors. A semiconductor commonly used in electronic
devices, is gallium-arsenide (GaAs). By replacing some of the gallium to aluminum,
it is possible to control the bandgap, and thus the electronic states. For example,
in a sample of AlxGa1−xAs, where x = 0.35, the band gap becomes ∼ 30% larger
than for pure GaAs. It is also important that the lattice matching is good for the
just mentioned impurity doping, which it is for all x. The lattice constant in GaAs
is 5.6533 Å, compared to 5.6560 Å in Al0.35Ga0.65As [1].

When these materials are joined together this yields an abrupt change in the
conduction- and valence band around the constriction. Now, n-doping of the AlGaAs
layer (see figure 1) contributes to extra electrons, which are seeking a lower potential,
and are therefore moving over to the GaAs side. If the direction perpendicular to
the heterojunction is said to be the z-direction we then see that the electrons from
the n-doped AlGaAs layer form an electrostatic potential in the x-y-plane which is
increasing in the z-direction (c.f. potential from a charged plate in the electrostatic).
This yields a bandbending of the GaAs and a nearly triangular potential well is
formed, where the electrons have very limited freedom to move perpendicular to the
heterojunction. This goes on until the chemical potential is equal on both sides. To
minimize scattering from the donors of the doped AlGaAs, a spacer layer of undoped
AlGaAs is often inserted in between the n-doped AlGaAs and GaAs.
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Figure 1: The heterostructure of AlGaAs-GaAs, with a sandwiched spacer layer,
creates a nearly triangular potential well due to the different band gaps and the
bandbending of the n-doped AlGaAs and the undoped AlGaAs (spacer layer) [8],[15].

This type of heterostructure constrains the electrons to move perpendicular to
the constriction. The constriction can furthermore be constructed such that only
one bound state exist below the Fermi energy. The n-doped AlGaAs layer is seen
to be separated from the 2DEG, which reduces scattering from the potential of the
dopant atoms. The mean free path of the electrons is therefore very long in these
devices - up to 10 µm [3].
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Figure 2: Model of a semiconducting QPC, created by the heterojunction AlGaAs-
GaAs.

Figure 2 shows the construction of a GaAs QPC, and the different layers in the
three-dimensional model are seen to be the materials mentioned previously. The
depletion gates are negatively charged plates, depleting the electrons beneath the
gates, making it to a forbidden area in the 2DEG. As the gate voltage increases the
depletion regions increase, and the distance between the gates increases by coloumb
repulsion. This procedure provides very high control of the distance,W , between the
depletion gates, and this is very imortant for high controlled electronic properties of
a QPC, as will be explored in depth later. Typical distances between the depletion
gates are W ∼ 100− 300 nm, and the dimensions of the whole QPC is measured in
micrometer, e.g., 2× 6 µm [8],[15].

Benefits of such a GaAs heterostructure are the low electron density giving a
relatively low Fermi energy, 14-16 meV [3],[8], giving a Fermi wavelength of ∼ 40
nm, and the previously mentioned long mean free path of several micrometers.
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These properties give a possibility to observe quantum effects on a scale larger than
the normal microscopic (Å→nm) scale, which is why this research area is called
mesoscopic physics.

The experimental discovery of quantized conductance of a semiconductor 2DEG
QPC was reported in 1988, by the Delft-Philips and Cambridge groups, as the width
of the constriction was changed by the gate voltage [2].

2.3 Applications
These type of semiconducting devices can be enginered to become extremely sensi-
tive charge detectors, actually able to detect single electrons. In addition, detection
of single spins have been suggested, which is an essential property of a readout device
in a quantum computer [14].

Quantum dot

| >
| >

e

QPC

e

Figure 3: Suggested gate structure which could detect the spin polatization. Spin
up states are supposed to easily be transmitted through the system, while the spin
down states with much higher probability get trapped in the quantum dot. If a
spin down state is trapped in the quantum dot, this changes the conductivity of
the QPC, since the extra charge gives rise to higher resonance levels in between the
gates, which in turn may result in a readable difference of the current through the
QPC part.

Even though this is a hypothetic quantum computer readout device, the problem
by reading off the spin polarization (which has not yet been realised experimentally)
may be solved with semiconducting devices like these. The reasoning in the caption
will be much clearer after reading chapter 7.

Another application of such a high-mobility semiconductor device is the verifica-
tion of the fine-structure constant with high accuracy, as will be described in section
3.1.
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3 The effects of an applied magnetic field

3.1 Why an applied magnetic field?
Classically, electrons, due to the Lorentz force, move in circular paths when exposed
to a magnetic field. This gives rise to a voltage difference over the QPC, since
the electrons localize to one side in the propagation direction (c.f. the classical
Hall effect). As will be explained more detailed later, the electrons become less
sensitive to impurities the stronger the magnetic field is, making backscattering
unlikely. Experimentally, this gives a possibility to measure the resistance quantum1,
RK = h/e2, more precise, and an accuracy better than one part in a billion have
been reported [9]. This is an effect occuring due to the so called quantum Hall effect
(or integer2 quantum Hall effect). Due to the the discovery of QHE (1980, [16]),
the precision of experimental measurement of the resistance quantum enabled to
estimate the fine-structure constant with a much better accuracy than earlier. This is
due to the definition of the fine-structure constant, which is α = µ0ce

2/(2h) ' 1/137,
where µ0 = 4π · 10−7 N/A2, and c = 299 792 458 m/s are convensionally exactly
defined constants. The relative error in α thus scales linearly with the relative error
in RK.

3.2 The Fermi sphere for B > 0 T
The classical cyclotron orbits lie in a plane perpendicular to an applied magnetic
field, and the corresponding radius is given by the relation rc = m∗|~v|/(|e|B), i.e.,
rc changes continuously with the velocity or the applied magnetic field. Even quan-
tum mechanically, the cyclotron orbits of course lie in a plane perpendicular to the
magnetic field , but now the cyclotron radii can only take certain values, since the
circumference of the cyclotron has to correspond to an integer number of electron
wavelengths3. Since the wavelength is related to the wavevector by λ = 2π/k, this
means there will only be certain allowed values in k-space up to the Fermi energy -
the Fermi sphere is transformed to a stack of cylinders.

kF kF

B=0 T B=0 TB>0 T B>0 T

Figure 4: Fermi spheres for three and two dimensional systems, with and without
an applied magnetic field.

To observe this fine structure a small number of cylinders within the Fermi
sphere is required. For a Fermi energy of a a few electron volts (bulk metal), and

1von Klitzing constant - named after the discoverer of QHE
2The integer QHE can take values of the Hall conductivity: σ = νe2/h, where ν is an integer,

which can be explained in terms of single particle orbitals of an electron in a magnetic field. In
the so called fractional QHE ν can take certain fractional numbers (1/3, 2/5, 3/7,...), explained by
the electron interactions, not treated in this thesis.

3Both the wavefunction and its derivative have to be continuous.
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an applied magnetic field of 1 Tesla the number of cylinders is of the magnitude
104, making it difficult to detect the cylinders. The radius (wavevector) of the
Fermi sphere is proportional to the magnetic field, so by increasing B the orbits are
pushed outside the Fermi sphere, one by one, making the fine structure easier to
measure. Recalling that due to the low electron density of GaAs, the Fermi energy
is only about 14-16 meV, and experiments on a semiconductor QPC are typically
performed in a temperature range of 0-4 K, keeping the Fermi-Dirac distribution
fairly sharp. These facts combined with a strong applied magnetic field result in a
small number of cylinders, maybe a few dozen down to a single cylinder. According
to the properties of a QPC, the 2DEG is assumed to lie in the x-y-direction, and
the magnetic field is for simplicity assumed to be constant and perpendicular to the
x-y-plane, i.e., the Fermi sphere will have the shape to the right in figure 4.

3.3 Landau levels
It can be shown (see Appendix A for a derivation) that the Hamiltonian in the
presence of a magnetic field has the same form as for the one-dimensional harmonic
oscillator potential. The classical analogy, figure 5, is that a circular motion has the
same equations as the harmonic oscillation.

x-y

y-z

Harmonic oscillation
Circular motion

Small mass

p(t)

Figure 5: A mass oscillating in a spring, and a mass attached on a circle seen from
the side, are both performing the same motion, i.e., the position versus time is the
same (sine) function for both motions in the absence of friction.

Thus, the Landau levels are

En = ~ωc(n+ 1/2), (3.1)

where ωc = qB/m∗ is the cyclotron frequency, and n takes integer values (from
n = 0) up to the corresponding Landau level closest to the Fermi energy. The
lowest Landau level is denoted "LLL" in the following chapters. The number of
degeneracies in each Landau level are

BA

Φ0
, (3.2)

where A is the area of the sample, and Φ0 = h/e is the magnetic flux quantum.
Thus, there will be exactly one state per flux quantum. When spin is taken into
account this gives rise to a factor 2 in Equation 3.2, or, equivalently, a factor 1/2 of
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the magnetic flux quantum.

3.4 Landau levels ⇒ QHE
Since the electrons localize to certain energies (Landau levels) in presence of a mag-
netic field, the resistance/conductance can only take certain values. Observing this
phenomena does not have to include such a narrow constriction as the distance be-
tween the depletion gates - the quantized resistance occurs even though the gates are
removed. The whole idea is that the cyclotron radius is significantly smaller than
the sample width. Thus in the upcoming chapters, when refering to the quantum
Hall regime, this usually means that the cyclotron radius is small compared to any
part of the device, e.g., between the depletion gates.

The reasons that we do not observe the quantized Hall resistance under "normal"
conditions, even though the cyclotron radius is much smaller than the sample size,
are many. It is not difficult to realize that the classical Hall resistance increases
linearly with the magnetic field, i.e., ρxy = Bz/(Ne), where ρxy is referred to as
the resistivity tensor, as well as the Hall resistance, and N is the density of states
in the 2DEG. Now, to observe a somewhat stepwise increment of the resistance
(figure 19), the Landau level splitting has to be much larger than kBT , which in
room temperature corresponds to very strong magnetic fields. Thus, to observe
the quantum Hall effect a low temperature and a high magnetic field is required,
and, nevertheless, the electrons have to propagate only in two dimensions. The
numerical simulation in this thesis should therefore be appropriate to observe the
(integer) QHE theoretically.

3.5 Neglect of Zeeman splitting due to the spin
In the presence of a constant homogeneous magnetic field, there will be an energy
spitting around each energy level by an amount of 1/2gsµB|Bz|, where gs ' 2,
and µB is the Bohr magneton. If the spin angular momentum is parallel to the
magnetic field, then the energy is shifted downwards with the mentioned amount,
and if the spin is antiparallel, the energy is shifted upwards by the same amount.
This representation just creates two Hamiltonians (see the end of the tight-binding
chapter) with an energy difference of ∆E ' 1 meV for Bz = 10 T, which is much
smaller than the Fermi energy of GaAs, even for such a strong magnetic field. We
have therefore neglected the electron spin in the following numerical simulation. We
furthermore neglect spin-orbit coupling, which occurs due to the non-zero gradient
of the triangular potential explained in section 2.1, and which might be important
in specific devices.
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4 Conduction of electrons in a QPC
As mentioned previously, the resistance/conductance is quantized in terms of the
electric charge and Planck’s constant. The context of this chapter will become
clearer by the result part of this thesis, and it may be a good idea reading section
7.1 already now.

When using the fact that the transmssion increases in steps through a narrow
channel when electrons are treated as waves, the unit of one step can be realised in
the following equations. The current is given by summing over all transverse modes4
and integration over all energies, and is seen to be [1],[5]

I = 2e

N∑
n=0

∫ ∞
−∞

[f(E,µL)− f(E,µR)]dEvg(E)g(E)Tn(E). (4.1)

The factor two arises from spin, vg = 1
~
dEn

dk is the electron group velocity, g =
1
2π

1
dEn/dk

is the density of states, n is the mode index, and f(E,µL,R) are the Fermi-
Dirac distributions for the different sides of the point contact. Note that the product
of the group velocity and the density of states is a constant, which means that each
mode carries the same current.

By assuming zero temperature, the difference between the Fermi-Dirac distribu-
tions is equal to one. Furthermore, the applied source-drain voltage, VSD, i.e., the
potential difference of the left- and right-hand side of the QPC, is assumed to be
small, giving a negligible change of the transmission coefficient over the limits of
integration. Thus, we may set T (E) = T (EF). These simplifying assumtions give a
new expression for the current:

I =
2e

h

N∑
n=0

Tn(EF)

∫ EF+eVSD

EF

dE =
2e2VSD
h

N∑
n=0

Tn(EF) (4.2)

We choose unitary transmission probability for each mode, i.e., Tn = 1, and the
conductance is now seen to be

G =
2e2

h
i, i = 1, 2, ... (4.3)

This is called the Landauer-Büttiker formula [6]. Thus, the conductance is seen to
be quantized in steps of

GQ =
2e2

h
≈ 77

µA
V
≈ 1/13 (kΩ)−1. (4.4)

This theoretical value of the conductance quantum can be compared to the first
experimental STM tip conductance, ∼ 1/16 (kΩ)−1, mentioned in the initial part
of chapter 2.

For a finite temperature we again assume a small source-drain voltage which
makes it possible to approximate the Fermi-Dirac expression in equation 4.1 in
terms of the partial derivatives as

f(E,µ+eVSD)− f(E,µ) ≈ eVSD
∂f

∂µ
= eVSD

∂f

∂EF
. (4.5)

By setting the previously calculated zero temperature conductance to G(E, 0) we
obtain a new expression for the conductance:

GT>0 =

∫ ∞
0

dEG(E, 0)∂f/∂EF (4.6)

4see figure 16
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As T → 0, ∂f/∂E → δ(E−EF), we again obtain the zero temperature step function
conductance, as expected. The integral∫ ∞

0

dE∂f/∂EF (4.7)

is equal to
∞∑
n=0

f(E − EF) =

∞∑
n=0

1

exp(En−EF
kBT

) + 1
, (4.8)

where En is the bottom of the n’th subband (see figure 13). While the gates push
apart, making the energies of the subbands pass the Fermi energy one by one (see
figure 23), equation 4.8 now shows that the surrounding of each transmission jump
will be smeared out as the temperature increases. Thus, it is important that the
subband splitting around the Fermi level is small compared to the thermal energy,
obtaining the quantization. The subband splitting for an AlGaAs-GaAs QPC is of
meV-magnitude which means only a few Kelvin.

The previously derived conductance quantum for a quantum point contact is
almost the same as the Hall conductance in a 2DEG. Recalling that the classical
Hall resistance is given by RH = Bz/(Ne), where N is the density of states in
the 2DEG. The density of states is equal to the number of Landau levels below EF
times the number of states per unit area. By equation 3.2 each Landau level contains
Φ/Φ0 states, and by assuming i states below EF the density of states is seen to be
N = ieBz/h, i = 1, 2, ... Substituting N into the classical Hall resistance expression
gives that RH = h/(ie2). This is seen to give a half integer quantization, compared
to equation 4.3, explained by the Zeeman effect which lifts the spin degeneracy if
the Fermi energy lies in a spin gap. This is preferably observed in the high magnetic
field regime in a resistance versus magnetic field plot. The inverse of one step in this
half-integer (Hall) conductance is just the von Klitzing constant, RK = h/e2, i.e.,
the resistance quantum of a 2DEG in presence of a strong applied magnetic field.
Since spin is not taken into consideration in the following numerical calculations,
the unit of the conductance quantum may thus be wrongly stated in some figures,
involving a strong magnetic field.

Note that since the conductance and the transmission are related to each other
by a constant, both terms will be used frequently in the upcoming chapters, and
should therefore not be confusing.
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5 Tight-binding method
Solving the electron transport through a QPC analytically is in most cases impos-
sible, and a numerical approximation method is therefore necessary. A popular
method, often used for this type of problems, is the so called tight-binding metod.

Ψ

overlap

Figure 6: The idea of the tight-binding method is that wavefunctions over adjacent
sites only overlap with their nearest neighbor, like atoms with tightly bounded
electrons.

The electrons in GaAs are not really assumed to be tightly bounded to the
nuclei, so the name may be a little misleading here. Instead, in the mathematics,
the first derivative (1D) is approximated by a finite difference quotient ∂xψ(x) ≈
[ψ(x+a/2)−ψ(x−a/2)]/a, where a is fixed and non-zero, giving the second derivative
∂2xψ(x) ≈ [ψ(x + a) − 2ψ(x) + ψ(x − a)]/a2. The second derivative, and obiously
the Hamiltonian of the system, is now seen operating at one site, referred to as the
on-site term, plus the two adjacent sites at a time, which justifies the name of the
method.

5.1 When is the tight-binding method accurate?
When the tight-binding method is used on a well-known setup - a free particle in
one dimension - it can be shown (see Appendix B for a derivation) that the discrete
approximation is good for a small value of the product kxa (see figure 7 and 8) where
kx is the wave number and a is the lattice constant. The fact that a small a gives a
better approximation is consistent by the definition of the first derivative, since we
then get closer to the continuous derivative. A small wavenumber is equivalent to a
long wavelength, and a wave is of course better described on a certain discrete lattice
the longer it is. This one-dimensional result has a direct analogy in two dimensions.
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Figure 7: Illustrative comparison of the exact (parabol) and the approximate
(trigonometric) free particle kinetic energy curves in a one-dimensional example.
The region where we have a good approximation, kxa� 1, is clearly seen.
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Figure 8: Sine wave with the Fermi wavelength λF = 39 nm, represented in a
discretized lattice with a lattice spacing (a.) a = 1 nm, (b.) a = 5 nm, and (c.)
a = 10 nm. The product kxa is 0.16, 0.81 and 1.6 respectively.

5.2 One-dimensional lattice
By replacing the exact second derivative in a one-dimensional Hamiltonian to the
finite difference quotient in the preceding section, the new discrete Hamiltonian, H,
acting on a wavefunction, ~Ψ, is expressed by

H~Ψ = − ~2

2ma2
(ψn+1 − 2ψn + ψn−1) + V (xn)ψn, (5.1)

and by setting ~2/(2ma2) = b, one obtains

H~Ψ = −bψn+1 + (2b+ V )ψn − bψn−1. (5.2)

Finally, in Dirac notation one finds that

H =
∑
n

[−b|n+ 1〉〈n|+ (2b+ V )|n〉〈n| − b|n− 1〉〈n|] , (5.3)

which in a numerical simulation is represented by a tri-diagonal matrix of dimension
M ×M , where M is the number of unit cells.
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5.3 Two-dimensional lattice
The extension to two dimensions is straight-forward. We will discretize the central
device area, i.e., the area where the electrons are propagating in two dimensions, in
a square lattice with a lattice spacing a. From now on, we think of the mass as the
effective electron mass in a AlGaAs-GaAs heterojunction, which is reported to be
m∗ = 0.067 me [3],[8]. By the one-dimensional idea one obtains

Ĥ ~Ψ =

[
− ~2

2m∗
∇2 + V

]
~Ψ ≈

H~Ψ = −bψn−1,m − bψn+1,m + (4b+ V )ψn,m − bψn,m−1 − bψn,m+1. (5.4)

The approximate Hamiltonian in Dirac notation can be expressed as

H =
∑
n

∑
m

[−bxnm|n− 1,m〉〈n,m| − bxnm|n+ 1,m〉〈n,m|+

−bynm|n,m− 1〉〈n,m| − bynm|n,m+ 1〉〈n,m|+

(4b+ Vnm)|n,m〉〈n,m|]. (5.5)

The Hamiltonian of a two-dimensional system of a central device of M ×N lattice
points is therefore seen to be a (M · N) × (M · N) matrix. In equation 5.5, the
hopping parameter, b, is seen to be denoted bxnm and bynm in the x- and y-direction
respectively. However, for a zero magnetic field these quantities are the same.

5.3.1 Tight-binding Hamiltonian for B > 0

The momentum operator of a charged particle in the presence of a magnetic field is
not the usual canonical momentum, p̂ = m∗v̂, but instead

P̂ = p̂− qÂ, (5.6)

where Â is the electromagnetic vector potential, related to the magnetic field by the
relation

B = ∇×A. (5.7)

Thus, the corresponding Hamiltonian for an electron in a magnetic field perpendic-
ular to the x-y-plane is

Ĥ =
1

2m∗
(−i~∇+ eÂ)2. (5.8)

The eigenstates to the Hamiltonian are no longer planewaves, but Landau states,
described in a preceding section. The gauge invariance of the Hamiltonian gives a
possibility to add the gradient of a scalar field to the vector potential since ∇ ×
(∇Φ) = ~0. This just cause a phase shift in the wave function, and the physical
properties are unchanged, except for the Aharonov-Bohm oscillations, as will be
explained later. This gives us some freedom in choosing the vector potential. From
now on, we will use the gauge

Â = (0, Bzx̂, 0), (5.9)

where x̂ is the x-position operator.
Furthermore, it is possible to show that a charged particle which propagates in

a magnetic field, picks up a phase (a so called Peierls phase, see [7] for a longer
discussion) over each unit of length. The Peierls phase is proportional to the line
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integral of the vector potential along the hopping path ~r1 → ~r2. Thus, the hopping
parameters in the tight-binding model is changed to

bx,ynm → b · exp

[
iq/~

∫ ~r2

~r1

A · d~̀
]
, (5.10)

which in our choice of the gauge (equation 5.9) means that only the bynm parameter
is changed. The phase shift over one unit cell is then seen to be

q

~

∫ (m+1)·a

m·a
A · d~̀= qBza

2/~ = 2π
Φ

Φ0
, (5.11)

and the hopping parameter changes to

bynm → b · exp[2πiΦ/Φ0]. (5.12)

To have a good approximation with the tight-binding metod, the phase shift has to
be small, which here means that the magnetic flux through one unit cell should be
much smaller than one magnetic flux quantum.

As mentioned in section 3.5, if spin is included in the numerical simulation, each
element should be replaced with a constant times a Pauli spin matrix,

|σz〉 =

(
1 0
0 −1

)
, (5.13)

due to the energy shift caused by the spin in a magnetic field. Since this spin
operator only operates in spin space, this leads to an addition of the on-site terms
in the tight-binding Hamiltonian by an amount of

Hspin =
1

2
gsµBBz

∑
m

∑
n

|m,n〉〈m,n| ⊗ σz, (5.14)

consequently giving two Hamiltonians with slightly different energies, if the magnetic
field is fairly weak. However, this Zeeman term is ignored in our numerical model.

14



6 Greens function method (GF)
Having defined the Hamiltonian of the QPC central device in a tight-binding lan-
guage, a tool for calculating the electron propagation through the system is now re-
quired. We will here make use of the Green’s function method in the non-equilibrium
case, which gives us a number of demanded physical properties, such as transmission
coefficients and possibility of imaging electrons probability density distribution of
a wide range of different shapes of point contacts and other types of mesoscopic
structures.

6.1 Direct Green’s functions
The aim of this section is to give a brief introduction to Green’s functions in the
non-equilibrium case (NEGF), and thereby to find the GF’s for a simple rectangular
central device attached to perfect leads straight to the left and right of the central
device (figure 9). For technical details, see [4].

Definition, GF:
(E − Ĥ)Ĝ(E) = I, (6.1)

where I is the identity matrix. A direct solution to this operator equation is of
course

Ĝ(E) = (E − Ĥ)−1, (6.2)

which is singular at the eigenvalues if the Hamiltonian is finite. For an infinite
Hamiltonian, two solutions for the Green’s functions can be formed: the retarded, G,
and the advanced, G†. The retarded Green’s function is a responce to the outgoing
waves in the contacts, and the advanced GF are the corresponding incoming waves.
A classical, time dependent, analogy is a stone dropped into water, which there
actually can be seen existing two solutions to. The first solution is what we observe,
i.e., the rings on the water etc, which is the retarded evolution of the event. The
second solution is the time-reversal, which consequently is the advanced evolution
of the event.

Now, to calculate the Green’s function for the infinite case, we divide the system
into the device region and leads, figure 9.

Central deviceLead 1 Lead 2

τ τ
N

M

1 2

Figure 9: The central device discretized on a M × N lattice attached to the semi-
infinite leads with the same width, straight to the left and right. τ1&2 describe the
coupling between the central device and the leads.
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The corresponding (discrete) Schrödinger equation of the system can now be
expressed in matrix form:

H~Ψ =

 H1 τ1 0

τ †1 HCD τ †2
0 τ2 H2

 ψ1

ψCD
ψ2

 = E

 ψ1

ψCD
ψ2

 , (6.3)

where H1 and H2 are the infinite Hamiltonians for the two-dimensional perfect leads
coupled to the central device, with the corresponding Hamiltonian HCD, and τ1&2

describe the coupling between the central device and the leads. In order to know
which quantities we are looking for in the next matrix equations, we anticipate
events, and immediately write down the expressions for the transmission coefficient,
and the charge density matrix, which are [4]

T (E) = Tr[GCDΓ2G
†
CDΓ1] (6.4)

and
ρ(E) =

1

2π

∫ ∞
−∞

(
fLGCDΓ1G

†
CD + fRGCDΓ2G

†
CD

)
dE, (6.5)

where
Γ1,2 = i(Σ1,2 − Σ†1,2) (6.6)

and fL,D are the Fermi-Dirac distribution functions for the left- and right hand
side of the point contact, which in the non-equilibrium case have different chemical
potentials and then give rise to a current. We will soon return to the physical
interpretation of the self-energies, Σ.

Combining the definition of the Green’s functions with the discrete Schrödinger
equation gives (after dropping the operator notation) E −H1 −τ1 0

−τ †1 E −HCD −τ †2
0 −τ2 E −H2

×
 G1 G1,CD G12

GCD,1 GCD GCD,2
G21 G2,CD G2

 =

 I 0 0
0 I 0
0 0 I

 . (6.7)

Finding GCD requires a few matrix multiplications, resulting in the system of
equations:

(E −H1)G1,CD − τ1GCD = 0

−τ †1G1,CD + (E −HCD)GCD − τ †2G2,CD = I

(E −H2)G2,CD − τ2GCD = 0

In the first and third equation one obtains

G1CD = (E −H1)−1τ1GCD,

G2,CD = (E −H2)−1τ2GCD.

By setting (E − H1,2)−1 = g1,2, the previous expressions plugged into the second
equation yields

−τ †1g1τ1GCD + (E −HCD)GCD − τ †2g2τ2GCD = I (6.8)
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and GCD is seen to be

GCD = (E −HCD − Σ1 − Σ2)−1, (6.9)

where
Σ1,2 = τ †1,2g1,2τ1,2 (6.10)

are the so called self-energies, mentioned previously. Roughly speaking, the self-
energies are (complex) contributions from the contacts between the leads and the
central device to the Hamiltonian of the central device, which give us an effective
Hamiltonian

HEff = HCD + Σ1 + Σ2. (6.11)

Since g1,2 and thus Σ1,2 can be calculated by recursion (see Appendix C), equation
6.9 can be used to calculate GCD, which in turn, using equation 6.4 - 6.6 gives the
transmission and charge density.

Note that the self-energy description solves an important problem by these di-
rect calculations - namely the surface Green’s functions of the contacts which are
assumed being connected to leads with or semi-infinite Hamiltonians. The reason
that this works at all is our nearest neighbor tight-binding model, which gives non-
zero contributions only for the on-site term and the nearest neighbor at each side.

The direct inversion, equation 6.9, is unfortunately very time-consuming, but as
will be explained in the upcoming section, there are more efficient methods.
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6.2 Recursive Green’s functions (RGF)
The reason that the former method is so time-consuming is mainly the direct in-
version of the whole Green’s function of the central device, GCD. A central device
of the size M × N is associated with a (M × N)2 matrix, and multiplication, or
inversion, of a (M × N)2 matrix scales as (M × N)3 in calculation time. A full
scale quantum point contact is reported to be approximately (2× 5) µm. Recalling
the Fermi wavelength ∼ 40 nm requires a lattice spacing far shorter for having an
accurate approximation, say 5 nm. This then means a lattice of ∼ (400×1000) unit
cells. A central device of dimension (50 × 50) cells takes approximately a minute
to calculate, which then in the full-scale case results in a calculation time measured
in years. Another troublesome aspect of the direct inversion making these compu-
tations impossible, is that the required memory space grows rapidly with the size
of the central device. For example, a central device with (200× 200) lattice points
is associated with a 2002 × 2002 Hamiltonian, and thus a GCD of the same size,
requires a memory space of 25 GB.

The main idea with recursive technique is to slice the central device into columns,
calculate the Green’s functions of each of them separately and glue them together.
The calculation time for such a setup scales as M3 ×N , i.e., a gain by a factor N2

compared to the direct inversion method.

τ τ

G11 G22 G33

τ τ ττ

GN-1,N-1 GNN

GN1

Figure 10: Illustration of the sliced central device showing the idea of calculating
the Green’s functions for the isolated columns and glue them together.

Attaching the central device to the leads is performed by the same procedure as
in the direct inversion method in previous section, and the surface Green’s function
in the contacts are therefore obtained by the same iterative method.

6.3 Transmission coefficient
The full Green’s function of a central device made up of N coloums is

GCD =

 G11 · · · G1N

...
. . .

...
GN1 · · · GNN

 (6.12)

Note that all Gkl (1 ≤ k, l ≤ N) are subspaces with dimensions M ×M , which
means that GCD has the dimensions (M × N)2, as said before. Recalling that the
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transmission from the left is given by Tr[GCDΓ2G
†
CDΓ1], where Γ1 = i(Σ1 − Σ†1)

which in matrix representation is

Γ1 = i


Σ1 0 · · ·

0
. . .

...
... · · · 0

− i


Σ1 0 · · ·

0
. . .

...
... · · · 0


†

= i


Σ1 − Σ†1 0 · · ·

0
. . .

...
... · · · 0

 (6.13)

Consequently Γ2 in matrix representation is seen to be

Γ2 = i


0 · · · · · ·
...

. . .
...

... · · · Σ2 − Σ†2

 . (6.14)

We see that almost the whole Γ matrices are zeroes. The transmission coefficient
through the N ’th coumn can then be expressed in several ways. One way is

T (EF) = Tr[GNNΓ2′G
†
NNΓ1′ ], (6.15)

where
Γ2′ = i(τ12GN−1,N−1τ21 − (τ12GN−1,N−1τ21)†), (6.16)

i.e., without connection to the right lead. Γ1′ is given by equation 6.13, but without
all the zeroes in the matrix, i.e.,

Γ1′ = i(Σ1 − Σ†1). (6.17)

The required Green’s function for calculation of the transmission is only a fraction
of GCD, so the next natural step is to calculate GNN without calculate the full GCD.

GNN

The "gluing" process of the slices is performed by the so called Dysons equation,
which is defined by

G = g + gτG (6.18)

where G is the Green’s function of the connected system, g is the Green’s functions of
the separated systems, and τ describes the coupling between the systems. Starting
by attach the first column of the central device to the left contact, gives

G11 = (E −H11 − Σ1)−1. (6.19)

Then G22 can be expressed in terms of G11 by equation (6.18). Now, captial G is
G22, and g is the first column plus Σ1 and Gisol

22 . The Green’s function of the k’th
isolated column is

Gisol
kk = (E + iε−Hkk)−1, ε→ 0+. (6.20)
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Now we proceed with evaluating the Green’s functions of the adjacent columns
finding a recursive formula ending up in GNN . Further use of Dysons equation gives

G22 = Gisol
22 +Gisol

22 τ21G12 (6.21)

where
G12 = 0 +G11τ12G22 (6.22)

⇒
G22 = (1−Gisol

22 τ21G11τ12)−1Gisol
22 . (6.23)

The zero-term in equation 6.22 is g12, since g is for the disconnected system only.
Thus, g13, g14, ..., g1N are all zero. In this way, we can proceed, and finally find
Gk+1,k+1 recursively, in terms of G11, which by the pattern in equation 6.23 is seen
to be

Gk+1,k+1 = (1−Gisol
k+1,k+1τk+1,kGkkτk,k+1)−1Gisol

k+1,k+1. (6.24)

Since GNN is the last column of the central device it has to be connected to the
right hand side lead (by Σ). If Gkk is the second last column of the central device,
then GNN is given by

GNN = (E −HNN − Σ− τk,NGkkτN,k)−1Gisol
kk . (6.25)

This is the Green’s function of the N ’th column when starting from the left-most
column of the central device, and thus we will denote this Green’s function GL

NN .
GL
NN is enough for obtaining the wanted transmission coefficient from the left-

to the right hand side, but for other physical properties we also need the response
from the system - namely the Green’s functions obtained by step from the right
hand side of the central device: GR

kk (c.f. G†CD).

GR
kk

Starting from GNN , i.e., the last Green’s function obtained in the previous recursive
formula ending up in equation (6.25), we have

GR
NN = (E −HNN − Σ− τk,NGkkτN,k)−1Gisol

kk . (6.26)

τ τ

G11 G22 G33

τ τ

GN-1,N-1 GNN

GN1
R

RRRRR

† τ† τ†

Figure 11: Illustration of the sliced central device showing the idea of calculating
the Green’s functions for the isolated columns and glue them together from the right
hand side of the central device. Observe that the gluing parameter is shifted from
τ to τ †.
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The shifting of τ can be understood by the definition of the hopping matrix
defined in section (5.3). For a zero magnetic field, keeping the notation in section
(5.3), we have

τ =
∑
n

∑
m

bynm|n,m+ 1〉〈n,m|. (6.27)

Since all τk+1,k are diagonal sub matrices and bynm are purely real, then τ † are the
same matrices but displaced, i.e., if τ = τk+1,k, then τ † = τk,k+1. Furthermore, if
the applied magnetic field is non-zero, then

τ =
∑
n

∑
m

b · exp(2πinΦ/Φ0)|n,m+ 1〉〈n,m|, (6.28)

and its adjoint is in a similar way seen to be

τ † =
∑
n

∑
m

b · exp(−2πinΦ/Φ0)|n,m− 1〉〈n,m|. (6.29)

Observe the index shifting and the complex conjugate of the imaginary exponent5.
The changed sign of the phase factor can be realised classically, since the force on
an electron is opposite directed for the opposite velocity sign - and this is the case
when stepping from the right hand side of the central device.

Now, GR
kk is obtained in exactly the same way as GL

k+1,k+1, equation (6.24), with
the only difference in τ , discussed previously. Thus, the requested Green’s function
is

GR
kk = (1−Gisol

k,kτk,k+1G
R
k+1,k+1τk+1,k)−1Gisol

kk . (6.30)

Having defined these Green’s functions, it is now possible to find the transmission
from the left- and the right hand side of the central device, which mathematically
should be equal. In the following chapter, only the transmission from the left hand
side will be taken into account, since it is the only one of physical interest in this
thesis.

6.4 Charge density matrix
Recalling the charge density matrix is given by

ρ(E) =
1

2π

∫ ∞
−∞

(
fLGCDΓ1G

†
CD + fRGCDΓ2G

†
CD

)
dE. (6.31)

Again, assuming zero temperature and a constant energy, preferably close to the
equilibrium Fermi energy, one obtains that the contribution from the left contact is

ρ(EF) =
1

2π
GCDΓ1G

†
CD. (6.32)

By identifying equation (6.32) with the matrices (6.12) and (6.13), it is easy to
realize that the only required part of the GCD matrix is the first column, i.e., G11,
G21,... GN1. In the same manner as for the transmission, we want to find GN1

without first defining the whole GCD, where we in the first approach begin on the
left hand side of the central device.

5(Anm)† = A∗mn for a matrix A with complex elements.
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GL
N1

The first submatrix is of course G11 given by equation (6.19). By Dyson’s equation
we find the next submatrix to be

GL
21 = 0 +Gisol

22 τ21G
L
11, (6.33)

and we will therefore end up with the k’th submatrix to be

GL
k1 = Gisol

kk τk,k−1G
L
k−1,k−1, 2 ≤ k ≤ N. (6.34)

This is GN1 in figure 10.

GN1

The final step is to join the previous calculated Green’s functions GL and GR one
by one to find the full GN1 and thereby the charge density matrix. This can be seen
as some kind of "knitting" with Green’s function matrices. For clarity we start with
the first column, gluing this together with the second one. By Dyson’s equation,
and by observing that there are two non-zero coupling matrices, τ21 and τ12 (since
we are taking both GL

kk and GR
k+1,k+1 into account now) we obtain

G21 = GL
21 +GL22τ12G

R
33τ21G21. (6.35)

Thus
G21 = (1−GL

22τ12G
R
22τ21)−1GL

21, (6.36)

which easily is extended to the desired Green’s function

Gk1 = (1−GL
kkτk,k+1G

R
k+1,k+1τk+1,k)−1GL

k1. (6.37)

Having access to the charge density matrix, ρ(EF), the probability density distri-
bution or, more correctly, the electronic position-space density from the scattering
states in contact 1, |ψCD|2, is given by reshaping the diagonal elements of ρ to the
dimensions of the QPC [18]. If normalized, then ρ is a trace 1 matrix, i.e., if we
know the electron is positioned somewhere in the central device area, the probability
of finding it there is one. The normalization is not important here, since the relative
difference is of interest.

G
L
kk

+

G
R
k+1,k+1

G
L
k1

τ

τ†

 =

Gk1

Figure 12: Illustrative approach for obtaining Gk1, required for imaging the proba-
bility density distribution of the QPC.
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6.5 Conclusions, Green’s functions
First we, by the definition and the discrete Schrödinger equation, found the Green’s
function for a central device. By the contributions from the self-energies, which
are said to be (complex) contributions from the contacts to the Hamiltonian of the
central device, the problem with the semi-infinite leads connected on the left- and
right hand side, with their infinite Hamiltonians, is solved. However, the calculation
time increases by an amount of (M ×N)3 for a M ×N central device, and thereby
puts severe limitations on the size of the central device, and quickly makes this
technique numerically unusable. Thus, we are using the efficient recursive technique,
which allows to calculate the Green’s functions for each columns at time and gluing
them together by Dysons equation. The calculation time for the recursive technique
scales as M3 ×N , a gain of a factor N2 compared to the direct inversion method.
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7 Results
To demonstrate the numerical method we will examine a few experimentally verified
results. The simulations will primary treat the following:

• Calculate the transmission coefficients, with and without an applied magnetic
field, for a few different mesoscopic structures.

• Confirm the decreasing sensitivity to a certain amount of impurities for an
increasing applied magnetic field.

• Calculate the probability density distributions in a few mesoscopic devices.

• Demonstrate the existence of the magnetic flux quantum by sending electrons
through a mesoscopic ring, a so called Aharonov-Bohm ring, and plot the
conductance versus magnetic field.

As mentioned in the beginning, the Fermi energy is 14-16 meV in a AlGaAs-GaAs
heterostructure, giving a Fermi wavelength of ∼ 40 nm. Thus, in a discretized
tight-binding lattice, the lattice constant has to be much smaller than the Fermi
wavelength keeping the approximation good enough. In the transmission plots, we
primary focus on the environment close to the gate separation, which in this model
normally has the size of a 40×40 square lattice. The heaviest numerical constraints
in these transmission versus energyplots, T (E), is the calculation of the self-energy
for each Fermi energy, which is found by an iterative method mentioned earlier. The
calculation time thus increases fast with the number of lattice sites (in y-direction)
due to the large amount of energies. With our choice of square lattice, a T (E)
plot with a few hundred energies takes a few minutes. Despite this relatively short
calculation time, the approximation is good.

When investigating the Aharonov-Bohm oscillations, the Fermi energy is con-
stant, while we instead change the magnetic field. Since a zero magnetic field is
assumed in the contacts, the self-energy need only be calculated once. A 100× 120
lattice is used, giving a calculation time of approximately one second per magnetic
field. Due to the short periods occuring in a magnetoconductance plot, the trans-
mission is calculated for several thousand magnetic fields, givning a calculation time
of approximately one hour for a few Tesla range.

In section 7.7, when looking at the probability density distribution for one certain
energy (15 meV), the lattice constant is set to 6 nm, giving an accurate approxima-
tion (figure 8). Furthermore, the effective mass is set to 0.067 me.

7.1 Flat potential
Before investigating the transport properties through a realistic quantum point con-
tact, i.e., with a realistic potential between the depletion gates and realistic dimen-
sions, it is very convenient starting with the case when the gates are "hard", giving
a flat potental in between the gates. The allowed resonance energies in the one-
dimensional channel are then easy to find analytically, both without and with an
applied magnetic field.

A flat potential is defined by{
V =∞ gate
V = 0 else

(7.1)

The approximation will be good if the gate potential times the electron charge is
large compared to the Fermi energy, and we will make use of both infinite and finite
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gate voltages. The gates in figure 14 are seen to have the latter structure. The
allowed energies in between the gates are then (close to) the same as the particle-in-
a-box levels. These levels are referred to as transverse modes, since they are bound
states perpendicular to the electrons propagation direction. Thus, the constriction
is said to be a conducting channel in the 2DEG, also called an electron waveguide.
Recalling that in our Landau gauge, A = (0, Bzx, 0), the Hamiltonian for a free
electron in a 2DEG is

Ĥ =
1

2m∗
[
p2x + (py + eBzx)2

]
. (7.2)

Since py commutes with the Hamiltonian, equation 7.2, each eigenvalue ~k of py
means a discrete spectrum of eigenvalues En(ky), n = 1, 2, 3, ..., of the Hamiltonian.
Thus, the corresponding eigenfunctions are

|n, k〉 = Ψn,k(y)eikx, (7.3)

where n = 1, 2, 3, ... is the mode index, and consequently the transmission coefficient.
For a zero magnetic field, which we will begin to investigate, an electron with energy
EF in an eigenstate |n, kn〉, i.e., in the mode n with a longitudinal wave vector kn,
the n’th transverse mode is related to kn by

En(k) = En + ~2k2n/2m∗. (7.4)

This relation can be visualized in a so called dispersion relation plot, figure 13 (a.).
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a. b.

Figure 13: (a.) Dispersion relation for the flat potential setup, without an applied
magnetic field. (b.) The waveguide, illustrating a long channel and the first two
bound states in y-direction.

The conductance is seen to make a jump when the kinetic energy in the x-
direction becomes equal to the next bound state in the y-direction, and the conduc-
tance of the constriction is obtained by summing over all contributing transverse
modes. This tells us that the conductance depends upon the constriction width, but
is independent of its length, in absence of scattering impurities.

In experiments, the gate separation is changed by changing the gate voltage,
which pushes them apart by coloumb repulsion. If the gate separation increases
enough, the Fermi energy corresponds to a new transverse mode, giving rise to a
conductance jump, i.e., the number of channels are increasing in the waveguide.
In this thesis, the quantized conductance primary is obtained by keeping the gate
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separation constant, and instead change the Fermi energy, which in principle gives
the same result.

V>>EF

Figure 14: Subset of a flat potential QPC, around the gate opening.

If the distance between the gates is 100 nm, the allowed transverse energies in
the energy range 0 ≤ E ≤ 20 meV are 0.6, 2.3, 5.1, 9.1, 14 and 20 meV, which are
seen to be close to the conductance jumps in figure 15. The transmission coefficients
in figure 15 are given by equation 6.15, and are calculated on a 40×40 square lattice
during a few minutes.
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Figure 15: Conductance versus energy plot for a 100 nm gate separation

By choosing an energy lying somewhere just above the first resonance energy,
this means that one mode is open for transmission. Increasing the gate separation
by a factor two then means that two modes are open for transmission, since the gate
separation and the mode index scales linearly in the 1D-particle-in-a-box levels. This
is visualized in figure 16, where the two first open modes in the hard potential setup
are seen as propability density distributions, |ψ|2, propagating inwards, consequently
associated with the first and second conductance step in figure 15.
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Figure 16: (a.) Probability density distribution seen in the electrons velocity direc-
tion, for an energy just above the first resonance level, for a gate separation, d, and
(b.) for the double gate separation, 2d. The number of open modes is one and two,
giving a transmission coefficient of one and two, respectively.

We have now seen the quantized transmission theoretically calculated in a simple
example. The tight-binding model combined with the Green’s functions gave us the
predicted result - the conductance increased stepwise with a good approximation,
compared to the analytical calculations.
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7.2 Transmission with an applied magnetic field
Now, let us see what happens when applying a homogeneous, constant magnetic
field over the point contact in the preceding section. Recalling that an applied
magnetic field makes that the electrons get trapped in the Landau levels, and the
number of levels (cylinders) within the Fermi sphere are fewer the stronger the
magnetic field is. If the applied magnetic field is weak, this means the Landau level
splitting are dense compared to the difference in the resonance energies between
the gates, giving rise to a conductance plot looking approximately the same as the
zero field setup. On the other hand, if the magnetic field is large, then the diffence
between the Landau levels is large compared to the resonance levels, which results
in a conductance-energy plot with jumps around the Landau levels.

Gate

b.

Gate

a.

Figure 17: (a.) Classical idea of the motion of an electron (for one certain en-
ergy) in a magnetic field weak enough giving rise to a cyclotron radius so large that
backscattering is possible, and (b.) for a strong magnetic field making the trans-
mission coefficient independent of the gate separation, i.e., 2rc � gate separation.
The magnetic field is pointing into the paper.
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Figure 18: Conductance-energy plot for (a.) an applied magnetic field, Bz = 0.7
T, weak enough giving rise to correspondning cyclotron radii larger than the gate
separation for all Landau levels in the given energy range, and (b.) an applied
magnetic field strong enough, Bz = 5 T, giving cyclotron radii small compared to
the gate separation. The red (dotted) line is the conductance in presence of the
magnetic field (Hall conductance), and the blue (solid) line is the same as figure 15,
i.e., conductance versus energy for Bz = 0 T.
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It may be hard to see in the plot, but the two graphs in figure 18 (a.) are
overlapping. In figure 18 (b.), however, the Landau levels are large compared to
the resonance levels, and the conductance thus makes a jump close to the Landau
levels, which are 4.3 and 13 meV. A special feature for the setup in figure 18 (b.) is
that the strong magnetic field gives rise to a cyclotron radius significantly smaller
than the gate separation and makes the transmission coefficient independent of the
resonance energies. The conductance can not make a jump until the energy is equal
to the lowest Landau level, since this is the lowest possible energy for an electron in
the 2DEG for such an applied magnetic field. The next jump consequently occurs
around the first excited Landau level. This is the first theoretical sign of the quantum
Hall regime - the Landau levels rule over the resonance levels. The QHE can thus
be observed in a 2DEG even if the gates are removed, as mentioned in section 3.4.
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Figure 19: The Hall resistance, also referred to as the resistivity tensor ρxy, as
function of the perpendicular applied magnetic field in a 500 nm wide 2DEG. EF =
15 meV.

In figure 19 the transverse energies are very small compared to the high magnetic
field regime. This fact combined with the magnetic field dependence makes this
figure different from the other plots. However, this figure clearly shows the quantized
resistance/conductance in a strong magnetic field - the quantum Hall regime. The
Hall resistance is seen to be expressed in 1/n-fractions of h/2e2, where n = 1, 2, 3, ....
Again, the factor two occurs due to the overlooked spin degeneracy. In a strong
magnetic field the Fermi energy may lie in a spin gap, and therby giving rise to half
integer steps.

The sharp gates in a flat potential gives rise to conductance plots that are easy
to understand, and for such a setup it is possible to predict with very high accuracy
how a conductance plot should look like, with or without an applied magnetic field,
without first having worked through the Green’s functions formalism. However,
for more complex gate structures, e.g., a soft potential explained in the upcoming
section, or a double gate structure, it is much harder to predict the shape of a
conductance plot - especially by the influence of a magnetic field.
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7.3 Saddle point potential
It is actually not of big importance which type of potential is inserted in between
the depletion gates, since we know from the preceding section that the conductance
does a jump around the resonance levels in the (quasi) one-dimensional domain
in between the depletion gates, for a zero magnetic field, and around the Landau
levels for a strong magnetic field - the quantized transmission will occur anyway.
However, such a potential with sharp corners is unrealistic since the electrostatic
potential decreases with the distance from the depletion gates. One choice of a
somewhat realistic potential is

V (x, y) = C1y
2e−(x/C2)

2

, (7.5)

where C1 and C2 are constants. This is one shape of a saddle point potential, with a
Gaussian behaviour in the x-direction and a harmonic oscillator in the y-direction.

Figure 20: Shape of a Gaussian-harmonic oscillator saddle point potential.

The resonance levels of the quasi one-dimensional center are of course the well-
known harmonic oscillator eigen-energies, En = ~ωy(n+ 1/2), and thus it is easy to
predict where the conductance will do a jump in a conductance versus energy plot.
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Figure 21: Conductance versus energy plot for a saddle point potential simulating
a 200 nm gate separation and a 1 V gate voltage.
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The conductance jumps start to occur around 6 and 18 meV, which can be com-
pared to the exactly calculated resonance levels of the central harmonic oscillator,
which are 6.3 and 18.9 meV. The smooth behaviour around the jumps is a result
of the longitudinal modes occuring in such a soft potential. Even though this is a
simple model, we are able to predict what will happen with a remarkable precision.
By apply a magnetic field there is a reason to believe that the curve will shift to the
right, as in the flat potential model.
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Figure 22: Blue: The setup in figure 21. Red (dotted): The same setup with a
strong magnetic field.

The difference between the zero and non-zero magnetic field setup is significant
when the difference between the Landau levels are comparable, or large compared
to the resonance levels of the saddle point potential. The Landau levels in presence
of a 5 Tesla magnetic field (dotted line, figure 22) are 4.3, 13 and 22 meV, which
do not coincide with the conductance jumps except for 22 meV, which here is a
coincidence. Other strong magnetic fields exhibit the same mis-match between the
Landau levels and the conductance jumps. Since the electron localizes to the edge
of the QPC in the presence of a magnetic field, the probability density distribution
will be assymetric over the saddle point potential, giving rise to a different cyclotron
radius and thereby locally different Landau levels, depending on where in the soft
potential the electron is positioned. Based on these facts, the conductance jumps
may be hard to estimate in a simple way. However, the principle that a strong
magnetic field gives rise to shifting of the conductance jumps to the right combined
with longer steps, in a realistic potential, is an important theoretical result.
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7.4 Varying the gate separation
Having defined the saddle point potential, it is possible to simulate a more realistic
conductance plot. The gate separation is simulated by changing the curvature of the
harmonic potential in the y-direction, and thereby the resonance levels in between
the gates, which thus should give a somewhat realistic conductance plot.
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Figure 23: Quantized conductance obtained by changing the gate separation, or
changing the curvature of the harmonic potential, which in principle is the same. In
(a.), the conductance for a zero magnetic field is showed, and (b.) is an illustration of
change in the resonance levels by changing the curvature in the harmonic potential.
Reduction of ωy means a lowering of the resonance levels.

By lowering the angular frequency, ωy, the curvature of the harmonic potential
will change, giving rise to reduction of the resonance levels. This means an increment
of the number of allowed energies below the Fermi energy. The first conductance
jump is not shown in figure 23 (a.), so the first step corresponds to a Fermi energy
lying in between the first and second resonance level. When ωy is low enough, this
press down the second resonance level below the Fermi energy, giving rise to a jump.
The second mode starts to conduct around 16 meV, and the third mode around 15
meV, which is close to the Fermi energy (=15 meV), as it should.
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Figure 24: Blue (solid): Conductance for Bz = 0 T. Red (dotted): Bz = 3 T.

Figure 24 is interesting since the applied magnetic field sets an upper limit on
the maximum conductance of the QPC, by the Landau levels. For low enough res-
onance levels (small ωy), the conductance is dominated by the quantum Hall effect
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(Hall conductance). For the given field (the dotted line in figure 24), the number of
Landau levels below the Fermi energy is three, which then is the maximum conduc-
tance. Equivalent, the Fermi sphere contains three cylinders (six, if including spin).
Consequently this number sets the upper limit for the conductance. The steplength
is also seen to increase for higher fields, and the steplengths are roughly (the soft
potential makes the steplengths a little fuzzy) the difference between the Landau
levels. This leads us to the temperature dependence for obtaining the quantized
conductance in a QPC.
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7.5 Temperature limit for the detection of quantization
The thermal smearing of the conductance steps caused by the Fermi-Dirac distribu-
tion function is approximately6 4kBT [10]. If the difference between the resonance
levels around the Fermi energy is of meV-magnitude, then the conductance steps
are all smeared out for a few Kelvin. Experiments confirm that this temperature
limit is around 4 K, which then corresponds to a ∆En of 1.4 meV.

Now, a strong magnetic field lengthens the conductance steps significantly, and
for Bz = 3 T the difference between the modes around the Fermi energy is around
5 meV, which then result in a temperature limit of 15 K. Thus, in principle, an
increased magnetic field, thereby increases the temperature limit for obtaining the
conductance plateaus. However, there is a problem with QHE for higher tempera-
tures for a GaAs heterostructure due to the low electron concentration, giving rise
to a low Fermi energy. Obtaining the QHE requires that the Fermi energy lies ap-
proximately in between the LLL and the first excited LL, which for EF = 15 meV
corresponds to LLL' 8 meV and first excited LL' 24 meV, giving a LL separation
of ' 16 meV. The theoretical maximum temperature obtaining QHE in such a GaAs
heterotstructure thus is a few tens of Kelvin.

This handwaving interpretation of the temperature dependence of a QPC is a
little naive, but the main idea is still valid. Thus, for materials with a high electron
density and thereby a high Fermi energy, there are more space for a larger LL
splitting. Furthermore, having access to ultra high magnetic fields then gives a
possibility obtaining QHE even up to room temperature [11].
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Figure 25: (a.) Eigenvalues of a 2DEG in a 415× 415 nm box with Bz = 1.2 T. (b.)
Corresponding density of states plot clearly showing the Landau level separation.

The eigenvalue and DOS plot above is, as mentioned in the caption, for a two-
dimensional box with hard walls, giving several bound states in x- and y-direction.
However, the applied magnetic field are strong enough for trapping the electrons
in Landau levels significantly higher than the bound states in the box, and secure
for appropriate figures. The flat steps in the eigenvalue plot are the Landau levels,
and for a higher applied field the steps become longer, giving a larger LL splitting
in the DOS plot. The bound states in the box may affect the approximation, and
the peaks in the DOS plot in figure 25 should have Gaussian or sin2 shape instead
of these sharp peaks. The rough approximation is due to the big computational
effort picking eigenvalues out of a large Hamiltonian, but the principle should be
clear from the plots. In a perfect setup, every peak in the DOS plot should contain
the degeneracy number of each landau level, as well as the distance between the

6The standard deviation of the ∂f(E)/∂E curve is ' 4kBT
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steps in the eigenvalue plot. The "distance" between the steps in the eigenvalue
plot is seen to be approximately 50 states, which is in remarkable agreement with
the theoretical degeneracy of the Landau levels, which is given by BA/Φ0 = 50.

The higher the applied field becomes, the longer the steps in the eigenvalue
plot become, giving higher and more separated peaks in the DOS plot. For a zero
magnetic field, the energy of the bound states in the box increase approximately
linear, giving a constant DOS plot. Thus, the temperature limit is totally dependent
of the subband splitting in the electrostatic (SPP) potential in between the gates,
c.f. figure 23 (b.).

Experiments involving a GaAs QPC are normally performed in liquid helium
temperature, i.e., below ∼4 K, and we have now seen a hint of why such a low
temperature is required. For high magnetic fields, in the quantum Hall regime,
the temperatures for obtaining the Hall conductivity are estimated to be higher -
perhaps a few tens of Kelvin.
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7.6 Impurities
To explain the next important property of the conductance of a QPC with an applied
magnetic field, we for the sake of clarity return to the conductance versus energy
representation. As mentioned in chapter 3.1, the electrons become less sensitive to
impurities, the stronger the applied magnetic field is. This is a side effect of the
quantum Hall effect, and it has a straight-forward classical interpretation.

a. b. c.

Figure 26: Classical interpretation in a flat potential of electron scattering caused by
an impurity for (a.) a magnetic field with 2rc>gate separation, (b.) a magnetic field
so strong that the distance between the gate and the impurity is significantly longer
than 2rc, and (c.) the same magnetic field as in (b.), but the distance between the
impurity and the gate is shorter, making scattering (but still not backscattering)
possible.

The electron locates to the edge of the central device, and for a magnetic field
strong enough, backscattering is unlikely, i.e., the distance between the edges in the
QPC is si than 2rc. The impurity is simulated by simply ad an on-site potential to
a few sites close to the gate separation, implying a sharp "spike" in the potential
landscape. This is of course a little unrealistic, but the results are still relevant.

impurity

Figure 27: The saddle point potential seen from above with an inserted impurity
close to the gate opening.
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Figure 28: Transmission with the impurity described in figure 27 for an applied
magnetic field giving rise to a cyclotron radius larger than the distance from the
impurity to the edge of the central device (for both G = 2e2/h and G = 4e2/h).

For such a, relatively weak, magnetic field as in figure 28 the difference between
the magnetic field curve and the zero-field curve is small. However, the magnifica-
tion in the figure indicates that the red line is a little closer to the ballistic7 curve,
as it should. This is due to the small asymmetry of the probability density distribu-
tion, and the slightly elevated probability of not being backscattered if interacting
with the impurity. Note that the cyclotron radius becomes larger for an increasing
electron kinetic energy, so to talk about one certain radius is in fact wrong for this
setup. However, the magnetic fields are chosen in a way making this principle clear
on the first conductance step, where the relative difference to the zero field setup
is the point. The magnetic field in figure 28 may correspond to the scattering, and
backscattering, visualized classically in figure 26 (a.).
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Figure 29: The same setup as figure 28, but for a stronger magnetic field.

In figure 29 the applied magnetic field is so strong that the classical cyclotron
radii on the first step all are small compared to the distance from the impurity to the
edges of the sample. Quantum mechanically there are only two allowed cyclotron
radii (30 and 43 nm) on the first conductance step due to the strongly discrete
division in such a strong applied magnetic field. However, the cyclotron radii on the
first step are small regardless of the approach, and this is clearly visualized in the
figure. The magnetic field conductance line is seen to be closer to one than in the
weak field setup.

Despite the limited assumptions in this thesis, the decreasing sensitivity of sam-
ple impurities is now confirmed numerically, and is certainly likely made by the
classical analogies in figure 26. The stronger the applied magnetic field for a certain

7no-scattering electron transport
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setup is, the closer the Hall conductance will be the theoretical inverse of the von
Klitzing constant, G = 1/RK = e2/h. Recalling that the Zeeman effect, ignored in
the numerical simulation, may split the levels if EF lies in a spin gap, and thus may
result in half-integer steps. However, since the split is only ∼1 meV for Bz = 10 T
this is difficult to distinguish, at least when thermal smearing is considered.
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7.7 Probability density distributions in a QPC
Recalling that the powerful recursive Green’s functions allows us to find the charge
density matrix, and thereby calculate the probability density distribution, |ψCD|2,
in a QPC. These distributions are useful for understanding where the electrons
probably are positioned in the device, and to detect interference phenomena due to
different types of scattering. Moreover, these distributions reveals the connection
between quantum mechanics and classical mechanics.

Experimentally, this mapping can be performed by a scanning probe microscope
(SPM) [13]. A negatively charged SPM tip is placed directly above the 2DEG,
depleting the electrons below it, giving rise to backscattering and changing in the
conductance. Images are then found by sweeping the tip over the 2DEG and record-
ing the conductance.

Figure 30: Calculated probability density distribution for a 15 meV electron in a
1.2× 2.4 µm central device with no applied magnetic field.

The assumptions of non-interacting electrons, an absolute clean sample (giving
a flat potential landscape in the 2DEG), and a sharp potential difference of the
depletion gates except for the saddle point potential, thus gives a numerical picture of
the distribution of the QPC, which differ from an experimental SPM map. However,
there are some interesting phenomena in the probability density distribution, figure
30, such as interference pattern due to scattering of the edge of the sample. The
transmission coefficient is equal to two for this gate voltage, which is shown magnified
in figure 31. Of course the probability density distribution should be symmetric in
a zero magnetic field, which seems a bit doubtful in figure 30. The reason is a light
effect used in the program, to make the interference pattern more clear.

T=1 T=2

T=5

Figure 31: A magnification of the probability density distribution around the point
contact, which directly reveals the transmission coefficient for the given setup.
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The transmission coefficent for a given setup is seen on a probability density
distribution plot (c.f. figure 16) by simply counting the number of modes in the
point contact. Recalling that the transmission coefficient is given by the number of
allowed transverse modes in between the gates - clearly visualized in figure 31.

Now, let us take a look at the probability density distributions in the presence of
an applied magnetic field. As mentioned in a preceding section the electrons lokalize
to the edges when exposed to an magnetic field, due to the Lorentz force.

1μm 1μm

B=50 mT B=150 mT

Figure 32: Probatility density distributions in the presence of a weak magnetic
field with corresponding cyclotron radii of the same magnitude as the whole central
device.

Just as classical physics predicts, the influence of an applied magnetic field bends
the electrons probability density distributions to the lower edge of the central device.
However, in the 50 mT density plot, the electron’s position is relatively indetermi-
nate in such a weak applied magnetic field. In the 150 mT figure the electron’s
position is slightly more well-defined, and the periodic behaviour becomes visible.
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Figure 33: Calculated image of the probability density distribution in precense of a
0.7 Tesla field, where the skipping orbits are clearly visible in the transmitted part,
with rC ' 150 nm.

According to figure 33, the electron entering the lower left corner, traveling along
the lower edge. The reason that the probability probability density distribution looks
completeley smooth in the x-direction along the lower edge is that no impurities are
inserted in the 2DEG. The point contact has the previously explained saddle point
potential adjusted to one mode open for transmission which consequently gives the
transmission equal to one for this setup. The applied magnetic field is 0.7 Tesla,
giving a classical cyclotron radius of approximately 150 nm, in good agreement with
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the most likely radii of the skipping orbits, visible in the transmitted part. For the
kinetic energy (EF = 15 meV) there will be 12 allowed Landau levels, consequently
giving a reflection coefficient of 11, which is the reason that the most is reflected up
along the upper edge of the device. It is also possible to observe the missing part in
reflected beam along the upper depletion gate, of course with the same periodicity
as the skipping orbits in the transmitted part.

The reason that the transmission actually is equal to one in this setup is that the
difference between the Landau levels is small compared to the difference between
the resonance levels in the saddle point potential, and the Fermi energy lies just
above the first resonance energy, consequently giving transmission one. Since a
strong magnetic field gives rise to a Hall resistance close to an integer multiple of the
resistance quantum (due to the decreasing sensitivity to impurities), RK = h/e2, the
transverse voltage over the central device is seen to be quantized, which consequently
is referred to as the quantum Hall effect.

0.7 Tesla is not a particularly strong magnetic field, but since the size of the
QPC is much larger than the cyclotron radius but due to the "large" dimensions
of a quantum point contact, and the low Fermi energy, the quantum Hall effect is
visualized after all.

Figure 34: Classical view of the electron propagation in the presence of a strong
magnetic field.

Not surprisingly, the classical skipping orbits, with their corresponding cyclotron
radii, are nothing but a probability density distribution where the cyclotron radii
are the most likely radii, just like in the atoms. This fact has now been visualized
with the preceding figures, under relatively simple assumptions.

Figure 35: Quantum mechanical and classical visualization of the low probability
for impurity backscattering in a strong magnetic field - the distance to the opposite
edge is too large.

The probability density distribution, figure 35, shows what we have predicted
classically, and seen in a preceding section in terms of the transmission coefficients
- the electrons reduced sensitivity to impurities. This is one way measuring the
resistance quantum with a high accuracy.
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An even more convincing density distribution, showing the skipping orbits, is a
narrow central device with the point contact attached to one of the side edges. Then,
the probability density distribution does not have to do a 90-degree turn, making
the probability density messy in the outgoing channels. In figure 36 the probatility
density distribution is mapped for a 0.9 T magnetic field with the kinetic energy
15 meV, on a central device of 0.24 × 1.8 µm. The classcial cyclotron radius is
rc = m∗v

|q|Bz
' 120 nm, and since the Landau level splitting is small compared to the

Fermi energy, the classical and quantum mechanical cyclotron radius should be in
good agreement, which the figure below confirms.

250 nm

Figure 36: Probability density distribution in a long central device with a point
contact attached to the left side, showing the skipping orbits more convincingly
than a realistic sized QPC setup.

7.7.1 Conclusions

Mapping the probability density distributions in a few different setups confirmed
some of our classical predictions of what is actually happening in a full scale quan-
tum point contact, especially in presence of an applied magnetic field. Despite our
simple assumptions, we obtained convincing images of the distributions, such as the
localization to the edges, the classical cyclotron radius and the quantum Hall ef-
fect. In particular the mapping of the cyclotron radius confirms the correspondance
between quantum mechanics and classical physics.
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7.8 Aharonov-Bohm effect
7.8.1 Experiments and theory

The final experimental result that will be investigated numerically in this thesis
is the so called Aharonov-Bohm (AB) oscillations. These are found by sending
electrons (with a constant kinetic energy) through a mesoscopic ring with quasi
one-dimensional in- and output channels, while increasing the applied magnetic
field. Then it is experimentally well-known (both in metal and semiconductor rings
[19]) that the conductance oscillates with a period Φ0/AC, where AC is the inner
area of the ring and Φ0 is the magnetic flux quantum. The oscillations occur even
though the arms of the ring are totally isolated from the magnetic field inside the
ring. This phenomena has its origin in the vector potential, which need not be zero
in the arms, even though the magnetic field is. Another experimental setup, maybe
more convincing from the magnetic field insulation point of view, is the double slit
experiment, where applying a solenoid behind the double slit [20]. The solenoid is
an electromagnet encased in an iron tube confining the magnetic field entirely to
the solenoid itself. This thus provides various interference pattern depending on if
the electromagnet is turned on or off.

1 2
e

100 nm

Figure 37: A mesoscopic ring for obtaining the Aharonov-Bohm oscillations in a
conductance versus magnetic field plot. The applied (homogeneous) magnetic field
is confined to the interior of the ring. The inner radius is ri ' 200 nm.
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Figure 38: Illustration of the similarities between a conductor in vacuum and our
mesoscopic ring setup.

Figure 38 (a.) illustrates a conductor in vacuum with its associated circulating
magnetic field. The strength of the magnetic field is proportional to the conductors
current density, ~J , times its cross section (i.e., the electrical current), and inversely
proportional to the distance to the center of the conductor, |B| = µ0|I|

2π|r| . An imme-
diate consequence of this is of course that there will be a measurable magnetic field
outside the conductor even though the current is entirely confined to the conductor.
The vector potential from an isolated magnetic field is described by the same equa-
tions as the magnetic field from an isolated conductor, which by the same reason
makes it possible to describe the vector potential in terms of the magnetic field,
even though the magnetic field is equal to zero in the ring arms.

Recalling (section 5.3) that the magnetic vector potential, A, gives rise to a
phase shift ∆ϕ = e/~

∫
A · d~̀, where d~̀ is an element of the path length. Now,

by Stokes’ theorem, this line integral can be written as a surface integral, namely∫
Ad` =

∫
∇ × AdS =

∫
BdS. The line integral of the vector potential is now

mathematically described in terms of the total magnetic flux through the inner area
of the ring. The phase difference in contact 2, figure 37, is Bzπr2i e/~, giving an
absolute phase shift of 2πΦ/Φ0, where Φ is the flux through the inner ring, and
Φ0 is the magnetic flux quantum. Since the ring arms are narrow compared to the
radius of the ring, and the magnitude of the vector potential scales linearly with the
inverse distance to the center of the ring, the vector potential will not differ much
from the inner to outer contour of the ring. However, searching the best possible
approximation, this is a significant factor.

One period in a magnetoconductance plot of the ring, figure 37, is by this rea-
soning equal to Φ0/AC ' 33 mT.
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7.8.2 AB oscillation plots
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Figure 39: (a.) Magnetoconductance for the ring in figure 37, EF = 15 meV,
indicating in particular oscillations on a aperiodic background and the onset of the
QHE around 7 Tesla, and (b.) the corresponding frequency spectrum.

Figure 39 (a.) shows a magnetoconductance of a mesoscopic ring described in figure
37 for a wide range of magnetic fields. The amplitude of the oscillations is seen
to decrease for an increasing magnetic field, which is explained by the increasing
probability for propagation through one of the arms (figure 41). In the high quantum
Hall regime, i.e., when the cyclotron radius is much smaller than the width of the
ring arms, the electron has nothing to interfere with, and the oscillations will finally
dissapear.

The peaks in (b.) are the most frequent periods in (a.) given in inverse Tesla.
The fundamental frequency is then seen to correspond to the period ∼ 9×1/280 ' 32
mT, consequently in a satisfying agreement with the exact period length calculated
previously. The frequency spectrum also contains two smaller peaks - the first and
the second harmonic. In fact, there are several more harmonics, which are cut off
in the figure. These harmonics occur primary in the low magnetic field regime, due
to the probability of multiple windings around the ring before being transmitted.
These windings are suppressed in the high magnetic field regime, due to the lower
probability for backscattering, and only the fundamental frequency remains.

The large amplitudes in the low magnetic field regime can be strongly reduced by
introducing a gate over one of the ring arms. Simply by changing the gate voltage,
the amplitudes change. These gates work in exactly the same way as the depeletion
gates in a QPC, but the gate voltage is adjusted to primary be close to the Fermi
energy.
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Figure 40: Left: Conductance of the same ring, but with a gate arm, which works
just like a depletion gate, over the upper arm of the ring. EF = 15 meV. Right:
Same setup, but with halv the electron kinetic energy, EF = 7.5 meV, again showing
the onset of a quantum Hall conductance.

The thick parts of each conductance line in figure 40 are the same Φ0/AC-periodic
oscillations as in the preceding AB figures, and the periods are in good agreement
even for this setup. The amplitude of the oscillations are significantly smaller for
the gate arm setup, which depends on a lower probability for transmission in the
upper arm. Thus, the electrons will have more choices through the ring, for example
reflected back to the in-contact, out-contact, miss the out-contact and be reflected
again at the other side on the gate arm etc. These opportunities give rise to new
interference phenomena, and a different aperiodic magnetoconductance background
in the conductance versus magnetic field plots. If the gate voltage is set to Vg � EF,
then the oscillations will disapear.

The gate arm approach is experimentally [19] interesting, since the gate arm
locally gives rise to a higher electron concentration, i.e., a higher Fermi energy
and a shorter Fermi wavelength. Thus, it is possible to control the conductance
of the ring and make it oscillate with a period given in terms of the difference in
Fermi wavevectors, (kF − k′F)∆L = 2πn, where ∆L is the width of the gate arm,
and n is an integer. However, these oscillations can of course not be visualized in
by our numerical simulation, since the electron-electron interactions are neglected.
Nevertheless, the plots in figure 40 are interesting.
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7.8.3 Probability density distributions in a AB ring

a. b. c. d.

Figure 41: Probability density distribution, |ψ|2, of a ring with ri ' 400 nm, EF = 15
meV, for the applied fields (a.) Bz = 0 T, (b.) Bz = 1 T, (c.) Bz = 3 T, (d.) Bz = 3
T for an output channel narrower than (c.), making the reflected part visible.

The different rings in figure 41 are the probability density distributions for some
different applied magnetic fields. The radii of the rings are twice compared to figure
37, and the magnetoconductance plots in the preceding section would have been
different for this ring size. However, the density distributions in figure 41 give an
idea of the electron propagation through the ring.

The shape of the probability densities are intuitive (see section 7.7), and can
roughly be explained in a classical way. In (a.) the magnetic field is exactly zero,
which gives rise to a symmetric distribution. In (b.) the magnetic field gives rise
to a slightly asymmetric distribution due to the Lorentz force on the electrons. In
(c.) the magnetic field is strong enough making the electrons only propagating
along the lower arm of the circle. Consequently, the conductance is in the quantum
Hall regime, and the transmission coefficient is close to three here (three allowed
Landau levels below EF). In (d.) the output channel of the ring is narrower than in
(c.) which makes the backscattering process visible, and the electron may do several
loops before being transmitted (or reflected). The periodicity in the reflected pattern
in (d.) is equal to two cyclotron radii, as it should.

7.8.4 Conclusions, AB effect

We have briefly, under simple conditions, theoretically observed the experimentally
verified conductance oscillations in a mesoscopic ring, and much more can be in-
vestigated and discussed around these experiments. The experimental value of one
period is Φ0/AC, which we achieved with a good approximation in our numerical
model, and these oscillations are closely related to the quantization of the magnetic
field.
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8 Conclusions
The assumptions in this thesis are relatively simple. We have investigated the trans-
port through some mesoscopic devices by assuming single particle orbitals propagat-
ing in a two dimensional perfectly clean sample, with and without a perpendicular,
homogeneous magnetic field. Improvements can be made by taking into account the
electron-electron interactions, the spin, and introducing random impurities in the
samples, making the calculations more realistic. Nevertheless, we have been able
to observe, using numerical calculations, a few interesting, experimental verified
phenomena:

• The conductance of a quantum point contact is quantized in steps of 2e2/h.

• The conductance becomes less sensitive to sample impurities for higher applied
magnetic fields, due to a lower probability for backscattering.

• We have calculated the electron’s probability density distribution in a quan-
tum point contact, which clearly shows the expected skipping orbits with the
corresponding, correct cyclotron radius. These density maps strongly indicates
the correspondence between classical physics and quantum mechanics.

• We have observed the conductance fluctuations in an Aharonov-Bohm ring in
a few G(Bz) plots.

The extension from the direct inversion Green’s functions to the RGF method turned
out to be necessary to draw deeper conclusions of mesoscopic semiconductor devices.
Neither the reasonably realistic images of the probability density distributions of the
whole QPC at a time, nor the Aharonov-Bohm ring investigation would have been
possible perfoming with the direct inversion method.

If there had been more time available, I had certainly studied the Aharonov-
Bohm oscillations more thoroughly. I would also have tried to improve the numerical
simulations, making them more efficient to create more high resolution images.
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A Landau levels and -degeneracy
The physical momentum of an electron in a magnetic field is not the same as the
usual canonical momentum, but P̂ = p̂−eÂ, where Â is the electromagnetic vector
potential, giving a new Hamiltonian (with V = 0)

H =
1

2m∗
(−i~∇+ eÂ)2, (A.1)

where B̂ = ∇ × Â. By choosing Landau gauge, i.e., Â = Bxŷ, the Schrödinger
equation now becomes

Hψ(r) =
~2

2m∗

[
−∇2

x +

(
i∇y −

eB

~
x̂

)2
]
ψ(r) = Eψ(r). (A.2)

Since Landau gauge is chosen, the Hamiltonian is independent of y making ψ(x, y)
separable. i∇y can then be replaced with its eigenvalue−ky, and by setting ψ(x, y) =
eikyyφ(x) and factoring out eikyy one obtain the effective one-dimensional Hamilto-
nian

Hx =
p̂2x

2m∗
+
e2B2

2m∗
(x̂+

~ky
eB

)2 (A.3)

and since the cyclotron frequency is ωc = qB/m∗ this is nothing but the harmonic
oscillator Hamiltonian

Hx =
p̂2x

2m∗
+

1

2
m∗ω2

c (x̂+ x0)
2
, (A.4)

where x0 = ~ky/(m∗ωc). Thus, the corresponding energy (Landau) levels are

En = ~ωc(n+ 1/2). (A.5)

The fact that Hx is independent of y leads to degeneracy of the Landau levels.
Considering a system of dimension Lx×Ly with periodic boudary conditions in the
y-direction, the number of allowed ky are

ky =
2π

Ly
my, my = 1, 2, 3... (A.6)

Introducing the magnetic length (i.e, the cyclotron radius corresponding to the
smallest cylinder in the Fermi sphere), `B = (~/eB)1/2, the shifting in coordinate
space in equation (A.4), x0 = `2Bky. The allowed values of x0 are therefore separated
by `2B∆ky = 2π`2B(my + 1 − my)/Ly = 2π~/(eBLy) = Φ0/(BLy), where Φ0 is
the magnetic flux quantum. Thus, the total number of independent states for the
sample, i.e., the number of degeneracies of each Landau level, are Lx(∆x)−1 =
BLxLy/Φ0. This means there comes out one state per flux quantum.
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B Derivation: numerical versus exact solution for a
1D free particle

The continuous Hamiltonian

H = − ~2

2m

d2

dx2
+ V (x) (B.1)

written in a tight-binding language, and acting on ~Ψ, is seen to be

H~Ψ ≈ − ~2

2ma2
(ψn+1 − 2ψn + ψn−1) + V (xn)ψn = E~Ψ. (B.2)

For a free electron, V = 0, and setting ~2

2ma2 = b, one obtains

H~Ψ ≈ −bψn+1 + 2bψn − bψn−1. (B.3)

To solve this equation we make use of the one-dimensional Bloch wavefunction

ψk(x) = eikxuk(x), (B.4)

where uk(x) has a periodicity of the lattice spacing a. Combining the Bloch wave-
function with the tight-binding Hamiltonian gives

Hψk(xn) ≈ −beikxn+1uk(xn+1) + 2beikxnuk(xn)− beikxn−1uk(xn−1) =

−beika(n+1)uk(xn + a) + 2beikanuk(xn)− beika(n−1)uk(xn − a)), (B.5)

which is equal to
Eψk(xn) = Eeikxuk(xn). (B.6)

Since xn = an and uk are periodic with a, we see that uk(xn + a), uk(xn) and
uk(xn − a) all are equal to uk(a), which is a constant. We have

−beika(n+1)uk(a) + 2beikanuk(a)− beika(n−1)uk(a)) =

−beikanuk(a)[eika + e−ika − 2] = −2beikanuk(a)[cos(ka)− 1] = Eeikanuk(a)

⇔

2b[1− cos(ka)] = E ⇔ ~2

ma2
[1− cos(ka)] = E (B.7)

After a Taylor expansion of cos(ka) one obtains

~2

ma2
[1− cos(ka)] ≈ ~2

ma2

[
1− (1− (ka)2

2
)

]
=

~2

ma2
(ka)2

2
=

~2k2

2m
, (B.8)

which is just the kinetic energy for a free particle. This shows that the approximation
works good for small values of the product ka.
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C Finding the self-energies by iteration
The self-energies are given by the contacts surface Green’s functions, g, multiplied
with the coupling parameter between the adjacent columns, τ1&2. The idea of the
iterative method is to create an old surface Green’s function, gold, and a new, gnew,
and simply minimize the difference between them. When the relative difference
between these functions (matrices) is small, say one part in a million, then we have
a good approximation of the surface Green’s function, and thereby the self-energies.

Starting by setting an initial value for the old surface Green’s function, e.g.,
gold = 1, and gnew = 0× gold, and defining the energy by adding a small imaginary
part, E → E + iε, ε → 0, we now proceed with the iteration. We define the new
surface Green’s function as

gnew = (E −H− τ †goldτ)−1 (C.1)

and the old surface Green’s function as a mixture of the new and the old, e.g.,

gold = ηgnew + (1− η)gold, 0 < η < 1. (C.2)

Finally, after several iterations when ||gnew − gold|| ' 10−6, we have obtained gnew,
and thereby Σ, given by

Σ = τ †gnewτ. (C.3)
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