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Abstract 

The main purpose of the pursued research presented in this thesis was to study whether a two-dimensional finite 
element model of thin timber members containing a single live knot and integrating surface grain data gathered 
by a laser scanner, could predict the load bearing capacity of such members with a satisfactory accuracy. In the 
modeling process, it was hypothesized that the scanning data could help obtain some additional information 
regarding the inner structure of the members in order to improve the predictions. Furthermore, it was put 
forward that the predictions could be correctly determined by the use of fracture mechanics theory.  
 
An analysis of the data files provided by the scanner demonstrated that the grain data is meaningless over the 
knots and therefore that no well defined boundary exists in the numerical grain pattern between the knots and 
the surrounding clear wood. Nevertheless, it was noticed that other data could help define the centre of the 
knots and might correspond, at least coarsely, to the orientation of the fibres in the out-of-plane direction 
(relating to the surface of the members). The data was then implemented into the numerical model both for 
attributing some particular mechanical properties to the knots in comparison to the clear wood and for 
attributing an out-of-plane angle (or dive angle) to the fibres located in the knots and their vicinity.  
 
The model was simulated in bending in order to determine the strains and the stress concentrations of two 
selected boards. The simulations were carried out with various configurations relating to the mechanical 
properties of the knots and to the dive angle of the fibres. Meanwhile, the boards were tested to failure in a 
bending test rig and the system Aramis® measured the strains and took photos during loading and up to the 
instant of failure. Afterwards, the numerical results were compared to the experimental tests to determine how 
the dive angle and the material properties can make the model tally with reality. The prediction of the load 
bearing capacity was achieved thoroughly for one board but resulted, at the best, in a 31.7% underestimation 
with respect to the actual strength of the board. Several additional predictions were made with modifications of 
the material properties (because most of the values came from the literature and not from measurements) and 
emphasized their influence on the variations of the predictions. Finally, the closest prediction was 14.6% lower 
than the actual strength. 
 
From the analysis of the model configurations and the predictions, it was concluded that the small number of 
tests does not enable one to distinguish the part of the material properties from the part of the modeling 
approach and from the part of the accuracy of the measurements in the gap between the predictions of the load 
bearing capacity and the actual strength of the board. However, some important questions regarding the 
modeling were raised through the analysis and the conclusions and some prospects were proposed for further 
research. 
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1. Introduction 

The timber industry plays an important role in the Swedish economy: it represented about 10% to 12% of 
the total employment in 2009 and sawn timber production reached 17 millions of m3 in 2010. In Sweden, 
wood is employed for a broad variety of applications, especially in building construction, owing to its 
numerous properties. Since 1994, a Swedish forestry policy ensures a sustainable forest management, making 
wood one of the most environment-friendly building resource1. 

The properties of wood widely vary from a tree to another one as well as within a single tree. Both 
economical and design considerations lead the timber industry to sort out members to be used for structural 
purposes on the basis of their mechanical properties. Various non-destructive grading methods based on an 
assumed correlation2 between the strength and some measurable parameters (such as density, resonance 
frequencies or flexural rigidity) have been used over the past decades to direct members to a proper 
utilization. Simultaneously, a prolific research has investigated the influence of different properties and flaws 
on the load-carrying capacity of timber. The ensuing observations of many researchers (Rochester, 
Kollmann, Côté, Hatayama, Isaksson, and others) emphasized the adverse influence of knots. 

Nowadays, new and more efficient grading methods are explored in order to properly link knots to strength 
predictions. A part of the current research is oriented towards a mapping of the structure of timber members 
with the help of, for instance, diffusion tensor magnetic resonance imaging (see [16])) or x-rays (in [14]). The 
Civil Engineering Department of Linnaeus University is currently investigating several possibilities that could 
appear as promising new manners for consideration in future grading processes. One of these methods is the 
one dealt with in this thesis and consists in laser scanning of the surface grain slope in combination with 
finite element modelling including linear elastic fracture mechanics theory.  

1.1 Background 

Current grading methods in use in the timber industry provide a relatively poor correlation factor ; its 
value being in the range of 0.60 for such methods. This situation compels the industry to employ important 
margins of safety causing the best members to be strongly downgraded, sometimes lower than half their 
actual strength. This can be partially explained by the fact that variations of properties inherent in knots have 
not really been included to current methods so far. For instance, European standard specifications (in [13]) 
enable seasoned workers (called graders) to determine if, through visual inspection, knots can cause a 
member to be rejected or classified in 2 categories (General Structural (GS) or Special Structural (SS)). Moreover, 
as Foley pointed out in [6], if literature contains a rich and sometimes contradictory amount of observations 
and results concerning specific experiments, it really lacks in generalization. 

Foley emphasized the importance of knot-related fibre angle distortion3 on strength of timber and concluded 
the necessity of using an accurate 3-dimensional model of fibres patterns in the vicinity of knots. Thanks to a 
3-dimensional mathematical paradigm, she obtained a sound tool to deepen her understanding of the role 
played by knots and proposed improvements for visual grading. Prior to her work, several 2-dimensional 
finite elements models, some of them including fracture mechanics theories (see Goodman & Bodig, Philips 
et al., Cramer & Goodman Stahl et al., in [6]), had been proposed. Nevertheless, all of those numerical 
models were elaborated from approximations of the actual fibres patterns, based on measured data or 
physical laws4. 

Conversely, new wood structure mapping technologies enable analyses of knots to be considered the other 
way around. Instead of elaborating mathematical approximations, the actual fibres orientation is known at a 
certain number of points in the wood and is used as input into a numerical model in view of simulating the 
mechanical behaviour (stiffness and load-carrying capacity) of a particular member. Researchers of the Civil 
Engineering Department of Linnaeus University put forward the possibility to use a commercial laser 

                                                 
1 More details can be found  in [17]. 
2 A statistic correlation factor  is generally employed. 
3 The meaning of fibre angle and its relation to mechanical properties is discussed in chapter 2. 
4 such as flow-grain analogy, see chapter 2. 
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scanning grader to obtain the fibre orientation and to use this as input for numerical analyses, including 
linear fracture mechanics theory, to improve the correlation factor . It is also believed that this could be 
adapted to an industrial utilization. Such a method must be proved to properly correlate the two-dimensional 
data, scanned on the surface of timber members, to strength predictions for an actual three-dimensional 
timber member.  

1.2 Purpose of the thesis 

Broadly speaking, the purpose of this thesis was to determine if the data gathered by the WoodEye® 
scanner5 on the surface of timber members could enable a suitable two-dimensional finite element model of 
single knots to be elaborated in order to predict the bending strength with satisfactory accuracy. This thesis 
work is part of a project whose objective is to determine if a laser scanning grading method could be 
successfully implemented in the timber industry on the long run.  

The main purpose can be split into 2 sub-goals: 

1) Elaborate a finite element model employing two-dimensional scanning data, fit the model with 
experiments and determine a suitable collection of parameters influencing the accuracy of the model. 

2) Provide a background and hints for the continuation of the project. 

1.3 Hypotheses and limitations 

Owing to the nature of the data gathered by the scanner, the work presented in this thesis was carried out on 
the basis of the following main hypothesis: 

 

The WoodEye® scanner is able to provide sufficient information regarding the surface of thin 
timber members, namely boards, to establish a two-dimensional finite element model that will 
permit to predict their strength, with satisfactory accuracy. It is surmised as well that the scanning 
data can reflect, via the structure of the surface, some additional information as to the interior of the 
members that could be implemented in the numerical model. The importance of possible additional 
information which would sketch the three-dimensional organization of fibres was emphasized previously in 
the background and is described in more details in chapter 2.  

 
Another hypothesis, put forward from the beginning of the project, consists in considering that the load 
bearing capacity of the boards can be correctly predicted by the use of the fracture mechanics 
theory. 

Limitations and assumptions 

After the hypotheses above, numerous assumptions and limitations conditioned the present work. For 
instance, the knots were assumed to be perfectly oriented with their axial axis perpendicular to the plane of 
the boards and were assumed to have a constant cross-section all along the thickness of the boards. The 
study was therefore limited to an analysis of tangentially sawn boards. Only a few additional limitations and 
assumptions are mentioned in this section, for example: 
 
• The two-dimensional numerical model did not implement the structure of the annual rings6. 
• The local material properties7 were assumed to be constant over a board. 

                                                 
5 A WoodEye scanner is employed in the Linnaeus University’s laboratories. A short description of its functioning can be 
found in chapter 4. 
6 The annual rings and the structure of timber is addressed in the section 2.1. 
7 Local is referred to as the expression of the material properties in a system of coordinates related to the fibres (i.e. 
longitudinal, radial and tangential direction) instead of an expression in the global system of coordinates related to the 
main directions of the board (x,y,z). The concept of local and global coordinates is discussed longer in the chapter 3. 
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• The thickness was assumed to be perfectly constant over a board. 
• Most of the mechanical properties of the boards were picked in the literature.  
• The constitutive relation between the stresses and the strains was limited to a pure linear elastic relation. 
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2. Literature review 

This section firstly addresses the description of knots and discusses their role regarding the mechanical 
properties in timber. Following this, several analytical and numerical models that have been proposed over 
the last decades are briefly swept. The discussion concludes with the incorporation of fracture mechanics 
into numerical models, the current research including fracture mechanics and the future prospects. 

2.1 Description of knots present in timber 

A few words concerning timber 

Timber is generally extracted from the trunk through various sawing processes. A short study of a trunk 
inner structure and its different parts enables one to understand how strongly the mechanical properties can 
vary with location and direction of applied loads8. Figure 2.1 shows the cross-section of a trunk with its main 
components. Wood fibres are very briefly considered next. A thorough description of a trunk can readily be 
found in the literature9 and is therefore not explained here. 

 

Figure 2.1: (a) Cross-section of a trunk, from [13]. (b) Cross-section and radial section, from [4]. 

According to [4], wood is defined as a low-density cellular composite material and as such does overlap 
different material classes. It is mainly made up of long thin cells of cellulose bounded together by a substance 
called lignin. In a trunk, 80 and 95% of the wood cells are oriented parallel to the longitudinal axis (see 
Figure 2.2 (a)) whereas the remainder, so-called rays, is oriented in the radial direction. The grain denotes the 
local 3-dimensional fibre orientation at a point with respect to the longitudinal axis. It may be observed 
constant along a fibre of may strongly vary depending of the inner structure of the trunk and the presence of 
flaws such as knots. The grain includes spiral grain as well, which is a helicoidal organization of fibres along 
the longitudinal axis (Figure 2.2 (b)). 

                                                 
8 Variations of mechanical properties are especially stressed in [6] 
9 For instance, the reader can refer to [4]. 
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Figure 2.2: (a) Longitudinal, tangential and radial directions related to a point in a trunk (from [5]). (b) Spiral 
grain (from [8]). 

Insight into the forming and the structure of knots 

A knot can be defined as “a portion of a branch enclosed by the natural growth of the tree, normally originating at the centre 
of the trunk or a branch” (in [13]). There exists a difference between live knots (called green or intergrown knots as 
well) and dead knots (or black or encased knots). A branch, similarly to a trunk, owns a cambium. A live knot is 
referred to as the portion in the trunk within which the cambium of the branch fuses with the cambium of 
the trunk in such a way that fibres of the trunk expand through the branch. Conversely, when a branch dies, 
the trunk keeps on growing but not the branch and the continuity between cambiums vanishes; the trunk 
gradually grows around the dead branch and can even completely cover a stub and its bark. This 
phenomenon forms a portion in the trunk referred to as a dead knot. Figures 2.3 (a) and (b) clearly show in a 
longitudinal-tangential plane the continuity between live knots and the trunk and the discontinuity in the case 
of dead knots. Figure 2.3 (c) illustrates the knot forming process.  

 

Figure 2.3: (a) Live knots (from [4]). (b) Dead knots (from [4]). (c) Forming of a live (intergrown) knot and 
of a dead (encased) knot, showed in a longitudinal cut of a stem (from Hoffmeyer, in [6]). 

In addition, it can be observed in Figures 2.3 (a) and (b) that the organization of fibres in the neighbourhood 
of live knots is really different from that found around dead knots. Shigo (in [6]) attempted, in a knot-
formation theory, to define how the fibres are organized around knots through the different layers making 
up a trunk. He presented his theory10 as follows: living branches grow in the beginning of the growth 

                                                 
10 See [6], p18,  
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season11, and this process is nearly complete when the trunk begins its growth. During the first part of the 
season, a layer is hence generated that intimately links the fibres of the trunk and the branches. The second 
part of the growth generates fibres in the trunk passing around the branches in a manner that firmly holds 
them in place. This alternation of fibre patterns along a complete growth season (see Figure 2.4 (a)), i.e. 
within each annual ring, explains the way fibres are organized around a live knot. Conversely, a single pattern 
is developed around dead knots. Shigo’s theory therefore enables the difference between Figure 2.3 (a) and 
(b) to be explained. It can be seen how well a live knot is intimately embedded in the structure of timber 
whereas dead knots can easily be removed, sometimes by hand. 

 

Figure 2.4: (a) Illustration of the alternation of layers during the growth, after Shigo (in [6]). (b) Dive angles 
related to the living and the dead portions of a knot (from [6]). 

Furthermore, according to Foley, a longitudinal-radial cut highlights the difference in dive angle values 
between live and dead knots (Figure 2.4 (b)). The continuity between the trunk and the live knots gives rise 
to an important fibre deviation12 whereas it is less pronounced due to the discontinuity existing for dead 
knots. It can be seen to the rightmost portion of the Figure 2.4 (b) that whereas the growth of the trunk 
covers a stub, the dive angle gradually decreases until the residual bump completely recedes. The Figure also 
illustrates somewhat an observation made by Wangaard (in [6]) and later by Shigo, concerning the manner a 
branch is attached to a trunk, namely that the dive angle is different below and above a branch and that the 
fibres’ continuity with the trunk mainly occurs below.  

2.2 The mechanical properties and their variations 

It has been shown by several researchers (see e.g. [4]) that wood behaves as a linear elastic material for small 
stresses and strains. The limit of proportionality varies with the species but also largely with the type of 
loading: about 60% of the ultimate strength for longitudinal tension (parallel to fibres) and from 30% to 50% 
for longitudinal compression13. As previously pointed out in section 2.1, the inner structure of a trunk 
implies important variability of timber properties, due to the growth and seasons but also due to 
environmental parameters such as forest management which changes the rate of growth and the way 
branches sprout. Variability of mechanical properties can either mean a low rate of change in mechanical 
properties along one axis (longitudinal, radial or tangential) or a high rate of change representing flaws, and 
especially knots.  
 
This point briefly describes the anisotropy of wood in the elastic domain and emphasizes the importance of 
knots and the knot-related fibre distortion. 

                                                 
11 Shigo’s theory presented in [6] does not mention the growth process for tropical trees. 
12 This deviation between the longitudinal axis of the trunk and the local orientation of fibres in a longitudinal-
radial plane is termed dive angle. 
13 Values from [4]. 
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Anisotropy and the importance of grain angle  

The structure of the wood material in a trunk is such that the mechanical properties can be assumed to be 
sufficiently accurately described as being orthotropic, with axes directed in the longitudinal (L), radial (R) and 
tangential (T) directions (illustrated in Figure 2.2 (a)). In other words, the 3-dimensional linear elastic 
behaviour of wood can be described by 9 independent elastic parameters: the moduli of elasticity ( ,  
and ), the moduli of rigidity ( ,  and ) and the Poisson’s ratios ( ,  and ).  
 
It is stated in section 2.1 that most of the fibres in a trunk are oriented to the direction of the longitudinal 
axis. With such a structure, timber exhibits a high degree of anisotropy between L-, R- and T-directions, and 
therefore there exists a great dependence of load-carrying capacity on orientation of the applied loads in 
relation to the fibre direction. For instance, the parallel to grain – perpendicular to grain tensile strength ratio 
varies between 25:1 and 45:1. Besides this, the stiffness in the longitudinal direction is 40 to 180 times the 
stiffness in the tangential direction and 20 to 90 times the stiffness in the radial direction14. Figure 2.6 (a) 
depicts how fast the modulus of elasticity lowers with the grain angle, whereas Figure 2.6 (b) shows 
variations of traction, compression and bending strengths. This latter figure indicates that an angle of about 
5° to 10° causes all the strengths to decrease between 10% and 30%. 

  

Figure 2.6: (a) variation of Young modulus in a sample of beech (from [4]). (b) Variation of strength with the 
grain angle , after R. Baumann (in [4]). 

Hankinson (in [4] and [6]) proposed an empirical formula to describe the variation of crushing strength at a 
certain grain angle. Kollmann and later Kollmann and Côté (in [6]) extended its application to tension, 
bending and toughness and different experiments carried out by Langlands and Kingston (in [6]) lead to 
close agreement with Hankinson’s formula. This relation has been found to be useful for elaborating 
different models (see section 2.3) describing the effect of knot-related fibre disturbance. 

Influence of knots on load-carrying capacity of timber members 

Prolific research about the relation between the strength of timber members and a collection of measurable 
parameters has been conducted over the last decades. The adverse influence of knots has long been 
emphasized by researchers such as Rochester (in [6]). Foley mentions in her thesis that many researchers (for 
instance: Kollmann, Côte, Isaksson, Dawe and Hatayama) concur through various experiments that 
parameters such as shape, size, type and position of knots and the knot-related fibre disturbance influence 
the tensile and the bending strength. Those researchers do not focus on the same parameters and do not 
stress the same parameters as being the most influential ones, however. It appears therefore that some 
experiments apparently lead to contradictory results. Foley showed that contradictions stem from a lack of 
generalization and can easily be explained. She concluded, on the basis of a large literature review and own 
experiments, to the importance of knot-related fibre angle distortion on strength of timber. According to 

                                                 
14 Values from [6], after Dinwoodie. 
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Dinwoodie (in [4]), the most important defect lowering the strength is probably the reaction wood. Reaction 
wood is an abnormal type of tissue originating in an unequal distribution of growth hormones below and 
above a branch15. This observation concurs with Foley’s conclusions, since reaction wood only exists in the 
neighbourhood of knots. Its presence merely makes the effect of knots worse. 
 
Finally, in agreement with Dinwoodie, who claimed that the influence of knots is very difficult to be 
quantified, Foley acknowledged that the influence of knots has not been thoroughly investigated so far. As 
an attempt of summarizing the effects of knots described in the literature, the different parameters are 
regrouped here below within 2 main points: 
 
1) Grain distortion around knots 
 
The marked influence of the grain angle with respect to the direction of the load has been emphasized 
previously. Although the local behaviour of the wood material, in a material point, can be regarded as 
constant, it is easily inferred that the distortion of fibre orientation in the vicinity of a knot will modify the 
stress distribution in a piece of timber and will, consequently, have an influence on the global stiffness and 
strength of that piece of timber. Indeed, Hatayama (in [6]) observed that local tension strength is 
considerably reduced in the vicinity of a knot. He also highlighted that live knots give rise to a larger zone 
containing fibre disturbance than dead knots do. 
 
On the other hand, Foley, according to the Shigo’s theory, noticed that fibres patterns existing within every 
annual ring skirt the knots in a relatively smooth manner. Therefore, if a knot modifies the fibre orientation, 
such smooth patterns prevent shear failure at an early stage around knots when compared with a hole of 
equal size. Finally, Foley also studied the effect spiral grain and discovered that its influence on stress 
distribution is negligible in spruce timber.  
 
2) Distribution,  location and size of knots 
 
The word distribution means the degree of spreading of knots over the flat-face surface area of a board or a 
member. Location means the position of knots within a cross-section. Their size corresponds to their cross-
sectional area. The influence of those parameters is complicated to determine because they can interact or 
counteract each other, depending on external factors such as the size of the piece of timber or the type of 
loading. Only the location is described here as an example: 
 
In tension and bending, the position of a knot with respect to the centre of the cross-section (the so-called 
eccentricity) will give rise to a new cross-sectional distribution of stresses; the more the eccentricity the more 
internal bending moments will arise and will decrease the strength of a member. Conversely, when a knot is 
close to an edge of a member, a part of the grain distortion area surrounding the knot is located outside the 
member, and the effective cross-section is larger than when compared to the situation where the same grain 
distortion area is entirely located within the member. It has also been observed that whether the influence of 
a knot, positioned close to an edge, is beneficial or not depends on the width of the member (Zhou and 
Smith and Isaksson, in [6]). 

2.3 Overview of the prediction methods and models 

Various methods have been developed over the past decades in order to predict the load-carrying capacity of 
timber members, as well in the industry as for specific experiments. This point shortly discusses a few 
analytical and numerical models that can be found in the literature and addresses the utilization of fracture 
mechanics. 

                                                 
15 The reaction wood is generated especially in some particular conditions such as sloping ground or windy climate. 
Softwoods are characterized by a growth of compression wood under the branches and hardwoods by a tension 
wood above the branches. 
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Analytical and numerical models 

Instead of former empirical methods, Goodman and Bodig, Philips et al., and later Hettiarachchi (in [6]) 
employed a flow-grain analogy to express the grain orientation around knots. This analogy compares fibres 
patterns around knots to the streamlines of a perfect fluid flowing frictionless around an ellipse (see Figure 
2.7 (a)). Goodman and Bodig were also the firsts to investigate the combination of the flow-grain analogy 
with the finite element method to determine the reducing effect of knots (Figure 2.7(b)). Afterwards, several 
authors developed 2-dimensional models in tangential-longitudinal planes. Among others, Stahl et al (in [6]) 
proposed a 2-dimensional model accounting for 3-dimensional orientation of fibres; they condensed out the 
3-dimensional compliance matrix along with a mean value of fibre orientation out of the plane. Their model 
showed good agreement with fracture patterns observed on southern pine specimens loaded in tension. 
Unfortunately, they failed to predict the strength with a good accuracy (correlation factor R2=0.79). 

 

Figure 2.7: (a) Illustration of the flow-grain analogy around an elliptical knot (from [6]). (b) Utilization of the 
finite element methods with a mesh based on the flow-grain analogy (Goodman and Bodig, in [6]). 

Foley concluded (in [6]) on the basis of her literature review that the role of knots in timber cannot 
thoroughly be understood based on a 2-dimensional description because the fibre patterns around knots are 
intimately linked with the growth of the branches out of the tangential-longitudinal plane. She developed a 3-
dimensional paradigm, inspired by Shigo’s knot-formation theory, within which the vicinity of live and dead 
knots are described by alternations of an α–pattern and a β-pattern (Figure 2.8). She conducted 3-
dimensional finite elements simulations with those patterns to determine how a critical knot could be defined, 
that is to determine how well a small collection of measurable parameters could predict the possibility for a 
knot to lead a member to failure. She proved the importance of a few visual parameters and proposed 
improvements for visual grading processes.  

 

Figure 2.8: Illustration of the fibres paradigm. (a) Projection of the α-pattern in a longitudinal-tangential 
plane. (b) Projection of the β-pattern. (c) View of patterns around a knot (from [6]). 
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Utilization of fracture mechanics 

Linear elastic fracture mechanics (LEFM) was applied to wood for the first time in 1961 ([4]). It was proved 
at that period that the stress intensity factor 16 could be used as a material constant. Cramer and Goodman 
(in [6]) explored incorporation of fracture mechanics within finite elements models. They suggested that 
most fractures in wood are cumulative, i.e. the initial crack starts to grow before the failure load is reached 
and stops to propagate before failure, and, meanwhile, other cracks appear at other locations. Foley quoted 
Cramer and Goodman and insisted on the fact that linear elastic fracture mechanics (LEFM) is not an 
appropriate tool to determine fracture in timber, except for the most brittle members. She suggested the 
possibility of employing the fibre paradigm to study a complete fracture process from initial to ultimate 
failure but acknowledged that the process would be rather complex.  
 
Contrary to Folley’s stance concerning linear fracture mechanics, this method has been employed for 
instance by P.J. Gustafsson (see [7]), H. Petersson (in [12]), and L. Blyberg (in [2]) in different situations. 
According to Serrano, no real material completely fits to the LEFM theory since this theory assumes that the 
material is perfectly brittle. Nevertheless, if the size of the fracture process zone is small in comparison with 
other dimensions of a member (including the size of the initial crack), LEFM is applicable and appears to be 
a suitable tool to predict failure loads through simple finite elements models. Serrano and Gustafsson 
discussed (in [15]) existing deterministic fracture mechanics analysis methods, ranging from LEFM to 
generalized LFEM-methods, quasi-non-linear approach and non-linear fracture mechanics methods 
(NLFM). They concluded with the fact that the concept of fracture mechanics has unhappily not often been 
used in timber engineering, except as a research tool, and that many practical applications could be 
investigated. Furthermore, they put forth the possibility of combining deterministic theories with stochastic 
descriptions of timber properties. 
 
Such stochastic expressions refer to probabilistic fracture mechanics method (PFM), based on the Weibull 
weakest link theory, and used for instance by Danielsson (in [3]) to predict the strength of glulam beams with 
holes. PFM appears to have a good ability to predict timber strength, apart from the case of small beams, 
and open way for future investigations. 

                                                 
16   is defined in the section 3.3. 
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3. Theory 

The purpose of this section is to recall the foundations necessary to a finite element plane stress analysis and 
to a linear elastic fracture mechanics analysis. First of all, the constitutive relation between stresses and 
strains is briefly addressed, as well as the transformation from a system of axes to another one. Next, the 
fundamentals of two- and three-dimensional linear elastic finite element analysis are presented. Finally, this 
section winds up with the generalized linear elastic fracture mechanics. 

3.1 Orthotropic elasticity 

3.1.1 Three-dimensional orthotropy 

Local orthotropy with respect to a longitudinal (L), radial (R) and tangential (T) axis respectively can be 
assumed in timber, as was stressed in section 2.2. Relations between stresses and strains for an orthotropic 
material are addressed below and are used for further modelling and calculation. 
 
In a cube of wood (Figure 3.1) with its edges aligned along the local coordinate axes, the stresses acting on 
each face can be denoted by the notation , where  is referred to as the normal to a face, and  to the 
direction of the stress acting on this face. Expression of stresses implies equilibrium, and therefore symmetry 
exists among the stress components, i.e. . The same notation and the symmetry can be applied to 
strains likewise: . 

 

Figure 3.1: components of stress acting on an elementary cube of wood. Left: notation with general indices. 
Right: indices corresponding to the longitudinal, axial and tangential directions (modified pictures, from [4]). 

For the sake of clarity, the stress and strain components can be organised into a more convenient form: 

_
_ _

_
_ _

_
_ _

 

_
_ _

_
_ _

_
_ _

 

The generalized Hooke’s law establishes a linear relation between each stress component and all the strain 
components, and vice versa. The relations between stresses and strains can be written: 
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.  

0 0 0
0 0 0
0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

    (3.1) 

 .

0 0 0
0 0 0
0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

                                  (3.2) 

Where  is the engineering shear strain:   , . C is denoted the compliance matrix and D is 
the stiffness matrix. Compliance and stiffness parameters correspond to linear relations between material 
properties. Insertion of compliance parameters into (3.1) and using notation to express the longitudinal, 
tangential and radial directions in wood give ([18]): 

1 0 0 0
1 0 0 0

1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

    (3.3) 

In the manner with (3.2): 
1 0 0 0

1 0 0 0
1 0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 (3.4) 

 

, where:   1  . 
 
The C and D matrices contain 9 independent coefficients; only 3 out of the 6 Poisson’s ratios are 
independent. 

3.1.2 Two-dimensional orthotropy for plane stress analysis 

In case of plane stress, the stress components relating to the dimension out of the plane are set to zero. In 
other words, the cube of wood only undergoes stresses in a plane and its third dimension is free to swell or 
to shrink. It follows that if the cube is loaded in a longitudinal-tangential plane, the non-zero stress 
components are ,  and  , and therefore, only their related rows and columns are kept in relations 
(3.3) and (3.4): 

1 0
1 0

0 0 1
         (3.5) 
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0

0
0 0

  (3.6) 

3.1.3 Transformation matrix 

In the three-dimensional space, the relations (3.3) and (3.4) can be transformed from the local coordinate 
system ( , , ) into a global coordinate system ( , , ) by means of a matrix  of direction cosines, which 
defines a relation between the local and the global axes. Assuming that ( , , ) and ( , , ) are the unit 
vectors along the axes of the local and the global coordinate systems, one can write ([9]): 

.       ;       .        ;         (3.7) 

, where:    

  (3.8) 

, and  denoting the direction cosines between the local and the global directions. 

3.2  The Finite Element Method (FEM) for plane stress analysis 

The Finite Element Method is a powerful numerical method to solve arbitrary differential equations. A 
general setup leads one from a physical description of equilibrium and constitutive relations between 
different parameters to an expression that can be easily implemented and solved on a computer. This setup 
consists in formulating a strong, a weak and a finite element formulations, respectively. Various mathematical 
tools enable one to incorporate a particular physical problem, such as one-, two- or three-dimensional heat 
conduction or elasticity, into the general setup. In the following, the theoretical background is oriented to 
linear elastic plane stress analysis. 

3.2.1 The strong formulation 

The so-called strong formulation is a system of equations established on the basis of 3 relations: equilibrium, 
kinematics and a constitutive relation addressed in section 3.1. If the longitudinal, transversal and radial 
directions at a point are renamed x, y and z respectively, the stress vector  can be written: 

                  (3.9)  
Furthermore, for two- and three-dimensional problems, the variation of a vector field (i.e. displacements or 
stresses) can be expressed by the use of a differential operator : 

    

0 0 0

0 0 0

0 0 0

   (3.10) 

For a state of plane stress, (3.9) and (3.10) become: 
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 (3.11)      ;    
0

0
           (3.12) 

Firstly, equilibrium equation for an arbitrary two-dimensional body subjected to body forces  
is (see Figure 3.2(a)): 

      (3.13) 

 
Secondly, the kinematic equation relates the strain vector  to the displacement vector  by the use of the 
same differential operator : 

       (3.14) 

Finally, the 2-dimensional strong formulation must incorporate the condensed constitutive matrix D 
established in (3.6) in order to relate stresses to strains, and must contain the boundary conditions, as well 
(Figure 3.2(b)): 

.       (3.15) 

  on    natural boundary condition (loads) 

 on        essential boundary condition (displacements) 

 

Figure 3.2: (a) two dimensional body undergoing body forces and external loads. (b) Arbitrary two-
dimensional body with boundaries and  (from [11]). 

3.2.2 The weak formulation 

In order to solve the strong formulation, according to the Galerkin method, expression (3.13) is integrated 
and multiplied by an “almost arbitrary” vector-valued function  ([11]): 

0

0
 

The use of Gauss’ divergence theorem incorporates the natural boundary condition into the formulation and 
provides a more convenient expression. After some manipulation, the weak form obtained is finally: 

. . . . . . . .      (3.16) 

 on     essential boundary condition 
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3.2.3 The finite element formulation 

The entire region over which the physical problem is expressed by use of the strong and the weak 
formulations can be discretised into small elements, or so-called finite elements. The FE method 
approximates the problem element-wise and carries the same approximation out over each element making 
up the region, instead of determining a unique and more complex approximation for the entire region. 
Elements are connected to each others at the nodes to form a mesh. The solution of the problem is next 
determined at the nodes; a discrete solution is obtained. A parameter (the displacements, the strains or the 
stresses) can be estimated at any point of an element from the values calculated at the nodes. A useful 
approximation for further computer implementation consists in using the so-called shape functions, i.e. 
linear, quadratic or more complex approximation of the influence of element nodes on the value at a point. 
The products of the shape functions and the values of a parameter at the different element nodes are 
combined in a polynomial expression describing the value of the parameter at any point of the element. The 
displacement vector  at any point ,  within an element e can therefore be written: 

0 0 … 0
0 0 … 0 . … .  

  (3.17) 

Where  and  denote the displacements at node  and  denotes the shape functions. By derivation, 
we also have an approximation of the strain vector at any point: 

      (3.18) 

With:   

0

0
0 0 … 0

0 0 … 0  

0 0 … 0

0 0 … 0

…

 

Furthermore, the “almost arbitrary” function  proposed by Galerkin is constructed in the same manner as 
is the approximation of the displacement field, thus each component of  is expressed as a polynomial made 
up of the same shape functions used to approximate the displacements function . 

 
 and  are therefore expressed as: 

  and        (3.19) 

where c is a matrix of arbitrary coefficients. 
 
Approximations are inserted in the weak form and lead to the FE form in local coordinates (for one 
element): 

. . . . . . . .    (3.20) 

Relation (3.17) corresponds to the linear relation between the element displacements vector  and the 
element load vector  due to an element stiffness matrix : 

       (3.21) 

On the basis of the form (3.20), finite element software makes a numerical integration and completes a 
global stiffness matrix and a global force vector. The global system of equations is solved and the nodal 
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displacements vector  is obtained. Later, it is transformed back to local displacements so that stresses  and 
the strains  are determined element-wise: 

       (3.22) 

       (3.23) 

3.2.4 Elements and isoparametric elements 

In this thesis, four-node rectangular elements have been used. In this case, displacements, strains or stresses 
are obtained at any point ,  by means of a bilinear approximation (with respect to x and y). For instance, 
displacements are described as:  

,     (3.24) 

The compatibility requirement demands that two adjacent elements deform in the same manner along their 
common boundary. This deformation is uniquely determined if the number of nodes along the boundary is 
enough to describe the displacements along the boundary in a unique manner. Four-node rectangular 
elements fulfil the compatibility requirements as long as their common edge is aligned with one of the global 
coordinate axes (see Figure 3.3(a)). 

 

Figure 3.3: (a) Four-node rectangular element (from [11]). (b) Distorted elements due to variations of data 
point coordinates. 

Nevertheless, the scanning data does not always enable a compatible mesh to be obtained. The accuracy 
inherent in the scanner causes variations of data points coordinates to occur, which leads to a certain ratio of 
distorted elements during meshing (Figure 3.3(b)). In order to extend the use of the four-node elements to 
oblique geometries, isoparametric elements can be used. A mapping, that is transformation from a parent 
region (element with aligned edges) to any element of the mesh, is introduced. The parent domain owns a 
local system of axes ,  and a one-to-one relation (Figure 3.4) based on the shape functions enables one 
to perform all calculations in the parent domain. Since the shape functions employed within the framework 
of this thesis are linear, it is assured that an edge of the distorted element is deformed linearly. 

 

Figure 3.4: One-to-one relation between the parent domain and an actual element of the mesh. 
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3.2.5 Numerical integration 

The relation (3.20) can be solved element-wise in the parent domain. Since the exact evaluation of the 
integrals in the finite element formulation is complicate, numerical methods are implemented into finite 
element software. The calculations have been performed by the use of the Gauss integration rule. The Gauss 
integration consists in summing the evaluation of (3.20) at  sampling points, denoted gauss points, which 
position and associated weight are determined from an exact evaluation of the integral of a polynomial 
function of order 2 1. The integration order influences the results and can leads to an exact integration 
or to a destruction of the finite element solution. According to [11]17, four gauss points have been used for 
the calculations in order to ensure a reliable integration (Figure 3.6). 

 

Figure 3.5: Locations of Gauss points for 1x1, 2x2 and 3x3 point integration in parent domain (from [11]). 

3.3  Generalized Linear Elastic Fracture Mechanics (LEFM) theory 

The presence of knots and other flaws in timber can generate stress concentrations leading to crack forming 
and propagation. Besides reality, in a numerical model which merely incorporates a linear elastic behaviour, 
the absence of plastic deformation will result in stress singularities during calculation, and, consequently, the 
standard maximum stress approach provides a poor prediction of the load-bearing capacity of a member. 
The linear elastic fracture mechanics theory has been widely employed in various applications because it 
enables one to establish a simple model based upon linear elastic behaviour in a view to study crack forming 
and growth. It is necessary to distinguish the linear elastic fracture mechanics from the generalized linear 
elastic fracture mechanics. Both theories assume the material to behave linear elastically, but the latter one is 
not subject to the limitations of the first one (i.e. the assumptions of the existence of a stress singularity),and 
this is the reason why the generalized formulation has been employed in this thesis. However, in the 
following, the linear elastic fracture mechanics is skimmed in order to lay the foundations of the generalized 
theory. Secondly, the generalized linear elastic fracture mechanics theory is presented, and a particular 
approach, named the mean stress approach, is described into more details.   

3.3.1 Linear Elastic Fracture Mechanics 

First of all, it is of interest to mention that a crack can propagate in a material with respect to three different 
modes, i.e. three possible types of relative displacements between the crack faces, such as it is illustrated in 
Figure 3.7.  

                                                 
17 Table 20.3, p401 
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Figure 3.6:  Modes of crack propagation in a material (in [1]). 

In mode I, the load is applied normal to the crack plane and tends to open the crack. Mode II corresponds 
to in—plane shear loading, which tends to slide one crack face with respect to the other one. Unlike most 
materials, fracture in timber can occur as frequently in mode II as in mode I. The out-of-plane shear, or 
mode III, is null for plane stress cases and is therefore not addressed anymore in the following. A crack can 
also grow following a so-called mixed mode, i.e. a combination of two or three modes. In timber, mixed 
modes easily occur since an initial crack almost always grows in the direction parallel to the grain, even 
though it is initiated in a different plane. 
 
The linear elastic fracture mechanics theory rests on two assumptions. Firstly, this theory is limited to 
situations where a crack or a sharp notch pre-exists in a body. In such situations, the LEFM provides a tool 
for predicting whether or not the crack will propagate when the body is loaded, but is not able to predict 
when and where a crack will arise. The second assumption is that the material is assumed to be ideally linear 
elastic. As stated previously, an elastic model is not able to account for a plastic deformation that arises at the 
highest stressed zone, i.e. in the so-called fracture process zone or singularity dominated zone, located at the tip of a 
sharp crack. Although this second assumption generates non-physical stress values close to the crack tip 
(Figure 3.8), two different methods, the energy balance approach and the stress intensity factor approach, presented 
below, may yield plausible results. A linear elastic theory is applicable whether the fracture process zone, 
whose dimensions depend on the material properties18, is small in comparison with the length of the crack 
and other dimensions of the body.  

 

Figure 3.7: Singularity dominated zone, located at the tip of a sharp crack (position r=0 on the r-axis). The 
curve depicts the asymptotic evolution of the stresses in the vicinity of the crack tip (from [1]). 

                                                 

18 For wood, according to Peer Haller and Per Johan Gustafsson (quoted in [2]), the length of the process 
zone is “in order of one or a few centimeters”.  
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3.3.1.1 Two alternative methods 

The energy balance approach 

The energy release rate G is a measure of the potential energy available for a unit increment of crack extension, 
or, in other words, the rate of change in potential energy with crack area. The energy balance approach states 
that a fracture propagates when loading conditions cause G to reach the value of the critical energy release rate 
GC, also named the crack driving force. A fundamental assumption of fracture mechanics, valid in the case of 
timber, is that GC is independent of the size and the geometry and is thus considered as a material property. 

The stress intensity approach 

It was shown by Irwin (in [1]) that it is possible to derive expressions for the displacements, the strains and 
the stresses in the vicinity of a crack tip present in a linear elastic material, using a single variable named the 
stress intensity factor K. K, which depends on the load, the geometry and the crack length, is used to predict a 
crack expansion by comparing its value to the critical stress intensity factor KC, also named the fracture toughness. KC 
is a characteristic of the material as GC. 

 

Figure 3.8:  polar coordinate system whose origin is located at the crack tip (from [1]). 

In a polar coordinate system ( , ) with the origin at the crack tip (Figure 3.8), the stress field for a linear 
elastic body, inside the singularity dominated zone, is given by: 

√
∑    (3.25) 

, where: _  is the stress tensor, proportional to 1
√

  

 _ 
√

 , with K depending on the mode of crack propagation 
 _  is a dimensionless function of , depending on the mode as well. 
 

Due to the stress singularity, the first term tends to infinity when  tends to 0 and the other terms therefore 
become negligible. By considering the stresses in the crack plane ( 0) and isolating K, close to the crack 
one has: 

√2        ;       √2        (3.26) 

 and  are the stress intensity factors for mode I and II, respectively. Although the stress components 
are infinite at the crack tip, the stress intensity factors are finite. It can be mentioned that orthotropic 
materials such as wood, unlike isotropic materials, do not only own 3 fracture toughness values ,  and 

 corresponding to the 3 principal modes of crack propagation, but 6 values of fracture toughness for 
each mode, namely a total of 18 values. Nevertheless, under certain conditions, as when the plane of the 
crack coincides with one of the three principal planes (related to longitudinal, tangential and radial 
directions), satisfactory crack prediction results can be obtained with only 3 fracture toughness values. 

Relation between the energy release rate and the stress intensity factor 

Both approaches presented above are essentially equivalent for linear elastic materials. For an orthotropic 
material, considering a state of plane stress and a fracture plane parallel to the direction of grain (x-direction), 
the relation between G and K for modes I and II is given by in [3]: 
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  where    (3.27) 

  where    (3.28) 

, with ,  and , being the modulus of elasticity parallel to the grain, perpendicular to the grain, and 
the shear modulus, respectively, and , the Poisson’s ratio (variation in the x-direction for uniaxial loading 
in the y-direction). 

3.3.1.2 Principle of superposition 

 
The assumption of linear elasticity enables a superposition of different contributions to be performed. In 
mixed mode problems, the stress components due to different modes are additive: 

                          (3.29) 

The same principle is applicable to displacements and strains. Conversely, stress intensity factors are 
summable within a same mode but not between different modes: 

    (3.30) 

    (3.31) 

In (3.30), A, B and C represent different loading configurations (bending, traction ...) contributing to the 
same mode. The total energy release rate G, unlike  , can be obtained by addition of the contribution of 
the different modes because it is a scalar quantity: 

   (3.32) 

3.3.1.3 Crack propagation criteria 

A crack propagation criterion related to the linear elastic fracture mechanics theory is a comparison between 
the stress intensity factor K and the fracture toughness KC, or a comparison between the energy release rate 
G and the crack driving force GC. In case of mixed modes, the crack propagation can be predicted by the use 
of a criterion such as the Wu criterion, for instance (in [2]). It is often used for timber and accounts for the 
interaction between the different modes:  

1.0   (3.33) 

3.3.2 Generalized Linear Elastic Fracture Mechanics 

LEFM studies how much the strength and the fracture toughness of a material affect the load-carrying 
capacity. However, unlike the LEFM theory, the generalized LEFM methods do not need that a crack pre-
exists for conducting the analysis. The method is general in the sense that, in two opposite stress distribution 
situations, one corresponding to a stress singularity and the other one corresponding to a soft stress gradient, 
the results are expected to coincide with those obtained from the LEFM and from a usual maximum stress 
criterion, respectively. The generalized LEFM is divided into two different approaches, each having 
advantages and drawbacks.  
 
The initial crack approach assumes the existence of a crack in a region of a body containing a stress 
concentration. The initial size of the crack is governed by material properties. The total energy release rate or 
the stress intensity factors related to each crack propagation mode involved are determined and the failure 
load is next calculated according to a conventional LEFM criterion. The advantage of this approach is that it 
produces in general strength predictions that are on the safe side. Notwithstanding, it has not been used 
within the framework of this thesis because, according to Gustafsson, it is required that a few nodes along 
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the crack path are gradually opened (Figure 3.9) to calculate the energy release rate; this manipulation is not 
handy at all with Matlab19. 

 

Figure 3.9 Opened nodes along the crack path (from [7]). 

Instead of a singularity occurring at one particular point, the mean stress approach assumes that a finite 
mean stress value acts over a certain potential failure area in the vicinity of this point. The size of the potential 
failure area is such that the mean stress approach gives the same strength prediction as the initial crack 
approach. The mean value can next be used for fracture prediction with a conventional stress-based failure 
criterion (Norris or Tsai-Hill). This approach is more convenient with Matlab because no manipulation of 
the mesh is required, and, furthermore, only a single simulation is required. The mean stress approach is 
described in more details below. 

Mean Stress Approach 

The mean stress approach requires that two basic criteria are chosen; a conventional stress failure criterion 
and a LEFM crack propagation criterion. The Norris failure criterion and the crack propagation criterion of 
Wu (3.33) are considered in the following. According to Norris (in [2]), if the failure is only influenced by 
tension perpendicular to grain and shear along the grain, a simplified criterion neglecting the tension along 
the grain can be written: 

 1.0   (3.34) 

, where  and are the transversal (perpendicular to grain) tensile stress and strength respectively, and  and 
 are the shear stress and strength, respectively. If  and  are replaced by the mean stresses  and  along a 

potential failure zone of length  , (3.34) becomes: 

1.0   (3.35) 

, with:  _ , a length along the possible crack path, chosen as stated previously (see Figure 3.10) 
_  and , based on relation (3.26), are expressed as: 

  ;   (3.36) 

If now, according to [2] and using the assumption of linear elasticity in wood, we assume a certain load  
applied on the body, the corresponding mean values of  and , calculated along the length , can be 
named  and  respectively. Moreover, if  is the critical load factor, the fracture will occur when the load is:  

      (3.37) 

, and the critical stresses are: 

  and       (3.38) 

The Norris criterion becomes: 

=1  ↔  
.

  (3.39) 

                                                 
19 It is addressed in chapter 4 how Matlab was used for the finite element analysis and the fracture mechanics 
analysis. 
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Figure 3.10:  Stress distribution close to the crack tip and length  along which the mean value is to be 
calculated (from [2]). 

An expression for the length  can be derived. By substituting (3.36) into (3.35) the length  is: 

1    (3.40) 

, where  is the magnitude of  at the instant of fracture at the actual mixed loading ratio .  is obtained 
from the Wu criterion (3.36) when it is solved for : 

   (3.41) 

, and  is obtained from (3.36) by dividing  by : 

    (3.42) 

Finally, (3.40) can be expressed on the basis of the critical stress intensity factor or the critical energy release 
rate. From (3.27), (3.28), (3.40) and (3.41), (3.40) becomes: 

1 4 1 1   (3.43) 

1 4 1 1   (3.44) 

The expressions (3.43) and (3.44) are convenient because they are expressed with the critical stress intensity 
factors or the critical energy release rates, which are material properties, and with the mixed mode ratio. The 
determination of  is iterative since  requires that  is known and  requires that  is known as well. It 
must be emphasized that one can expect accurate strength predictions only if the length  is reasonably 
small as compared to relevant dimensions of the body analyzed. 
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4. Methodology 

It was mentioned in section 1.2 that the purpose of this thesis work consisted in determining whether a 
numerical two-dimensional model of thin timber members could fit on the actual members. In the present 
chapter, one will find how the numerical model was established compared to the results of experiments. A 
first part describes the experimental setup, material and equipment. Afterwards, the preparation of the 
numerical model in Matlab is addressed both regarding simulations conducted in the elastic domain and a 
prediction of load bearing capacity. 

4.1 Experiments and data collecting 

4.1.1 Aim and scope 

The experiments were made up of two main parts:  
 
1) Gathering a collection of data related to the material properties and the structure of a few samples of 

timber, in order to implement them in a finite element model. It firstly consisted of measuring the 
longitudinal Young modulus of the samples. Secondly, a scanning operation, i.e. feeding the samples 
through a laser scanner, provided some numerical data about the surface grain.  

 
2) Obtaining data regarding the actual behavior and strength of the samples, by means of a four-point 

bending test. The aim was to compare the numerical model with reality and to determine some key 
parameters so as to fitting the model. The approach was twofold. Firstly, measurements were achieved 
during tests in order to study how longitudinal, transversal and shear strains are distributed in the vicinity 
of a knot located on the tension side. Secondly, the bending tests were conducted to fracture and 
permitted the observation of where and when the fracture arises. 

4.1.2 Material and equipment 

Samples 

Ten tangentially sawn boards of section 120mm by 24mm of Norway spruce were cut at a length of 
4500mm. Everyone of them contained several dead and live knots and some of them even contained pith. 
The boards had previously been stored in a climate room at a temperature of 20°C and 65% of relative 
humidity for a period of at least two months. 

Timber grader 

A handheld timber grader was employed to measure the longitudinal Young’s modulus of the samples. In its 
principle, the device is placed at the tip of a board, and a rod hits the surface.  The measurement of the first 
eigen frequency of the board and a measurement of the density permit to instantly obtain the Young’s 
modulus and a corresponding strength class of the board. 

Scanner 

The scanning operation was made by means of the Wood Eye® scanner, in the laboratories of Linnaeus 
University. The Wood Eye® scanner works on the basis of the so-called tracheid effect to determine the fibre 
angle at a point on the surface of a timber member; a laser dot projected on the surface is warped into an 
ellipse whose major axis is directed along the longitudinal axis of the fibre. The four sides of a board can be 
scanned at the same time with a transversal resolution of 4mm and a longitudinal resolution depending on 
the speed at which the boards are fed through the scanner by means of a conveyor. It is possible then to 
output text files containing the coordinates of the scanned points and their related data (for instance, the 



29 
 

major axis length , the minor axis length  and their ratio20 of the ellipse for every scanned point). Figure 
4.1 below illustrates how the scanner records the data: the x-coordinates of the scanned points tally with 
positions widthwise and the y-coordinates with the positions lengthwise.  

 

Figure 4.1:   x- and y-axis related to data files recorded by the scanner. The red arrow indicates the direction 
the conveyor inserts the boards into the scanner. 

It is noteworthy that owing to the orientation of the y-axis in the scanner software, a plot of the scanned 
grain angles in Matlab does not correspond to the board but to a symmetry of the board with respect to the 
x-axis, instead (Figure 4.7 illustrates this principle). 

Bending test rig 

The bending test rig is built up of a frame on which four columns are clamped. The two inner columns serve 
as a stand for two hydraulic actuators and the two outer columns prevent the board, placed on its edge, to 
translate vertically during the tests. The position of each column corresponds to the distances advocated for 
standard four-point bending tests. The two inner columns delimit a portion of the board undergoing a 
constant bending moment and around which a support can be required to prevent the board from being 
tilted or deflected out of its plane. 

AramisTM 

Aramis is a non-destructive contact-free system, based on white-light digital image correlation (DIC), which 
can be successfully employed for measuring two- or three-dimensional deformations and strains on timber 
surfaces21. Two Charge-Coupled Device (CCD) high resolution cameras (2048 x 2048 pixels) are placed in 
front of the sample, at a distance determined by a calibration procedure, and take photos during the loading 
setup. Thereafter, a piece of software allocates coordinates to the image pixels and Aramis compares the 
photos and calculates the displacements and the strains. For that purpose, the photos are split into a 
collection of rectangular image details or so-called facets (Figure 4.2(a)) within which the displacements are 
averaged out (Figure 4.2(b)).  

                                                 
20 The ratio is the coefficient  . 
21 Experiments were carried out at Linnaeus University by Jan Oscarsson, Anders Olsson and Bertil Enquist (in [8]) to 
determine to what extent the strain fields can be detected in the vicinity of knots. 
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Figure 4.2:   (a) Facets bounded by the software. (b) The software establishes an average from the 
displacements of points within a facet. (c) Overlapping of two particular facets ([16]). 

Deformations resulting in strain from 0.01% to several hundred percents can be measured on sample of size 
that can vary between a few millimetres and about 2m. The resolution depends upon the position of the 
cameras and upon the software configuration; as depicted in Figures 4.2(a) and (c), the facets can be 
overlapped, and the overlapping value is a trade-off between detail resolution, global resolution, and speed of 
computation. 

4.1.3 Experimental setup  

Scanning 

The ten boards were fed through the scanner with the pith pointing downwards and the direction of the 
crown of the tree pointing forwards; this placing enables the compression wood, when it is present in a 
board, to be easily located in the data files. Each board received an identification number (n1 to n10). The 
conveyor speed was set to 75m/min and gave a longitudinal resolution of approximately 1.3mm. A 
collection of text files was exported from the scanner software: x-positions and y-positions in µm, minor axis 
length of the ellipses, major axis length of the ellipses, ratios, x-relative positions, fibre angles22 (in degrees) 
and weights23.  

Bending tests 

In order to ensure that a fracture would occur near the knot cross section, only boards owning single live24 
or dead knots positioned close to edges were selected in the batch. Five boards had a well located single knot 
centered in a portion of clear wood of minimum 400mm: two boards with a dead knot (boards n1 and n6) 
and three with a live knot (boards n3, n4 and n8). Thereafter, the portion of each board containing the knot 
was prepared on a length of 500mm minimum by application of a stochastic pattern25 (Figure 4.3), in order 
to enable Aramis to trace the displacements on the surface.  

                                                 
22 The fibre angle corresponds to the angle between the x-axis of the board and the longitudinal direction of the fibres. 
23 The weight relates to the number of pixels used to form the ellipse. 
24  At the beginning of this project, it was planned to limit the present thesis work to a study of dead knots. However, a 
lack of proper samples and the fact that some problems were encountered during the bending tests, led to a study of 
live knots instead. This situation is exposed in section 5.1. 
25 The painted flat face was the face directed upwards in the scanning data. 
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Figure 4.3:  The surface of the board is prepared with a stochastic pattern 

A white background prevented reflection of light to occur when Aramis took photos of the board, whereas a 
layer of small black stains made up an appropriate surface pattern for the Aramis software. It is important to 
emphasize the necessity of marking this portion of the board with at least 3 benchmarks; a first benchmark is 
drawn at a known distance from the tips of the board (position), a second one at a known distance of the 
first benchmark along the x-axis and the third one along the y-axis (scale). In this manner, the results 
provided by Aramis can be compared with the calculations conducted in Matlab or any other finite element 
software. 
 
The two high resolution cameras were positioned, according to the calibration setup, in front of the test rig 
at such a distance that the cameras had a measurement window of 400mm by 400mm. The configuration of 
the software included a default facet size of 15x15 pixels and an overlapping of 2 pixels, providing a 
resolution of 2.7mm in the longitudinal direction and of 3.0mm widthwise. Aramis was connected to the 
actuators gauges and was configured to take a photo for every increment of 0.02V (referred to as more or 
less 200N) or every 10 seconds if the increment was not reached within this lapse of time. However, the 
actuators’ hydraulic pump was powered by a compressor controlled with a trigger, instead of a servo-
controller, and as a result, the signal sent from the gauges to Aramis was not perfect and led to increments 
ranging from 50N to 200N. 
 
The rig was adjusted to set the four contact points at a distance, from each other, of six times the height of 
the samples (Figure 4.4(a)), according to the standards advocacies. For each test, the board stood on its edge 
with the knot placed at mid-distance between the 2 actuators and located on the tension side (i.e. directed 
upwards). Three dummy tests were firstly conducted and the last one proved to be satisfactory to be used as 
comparative with the numerical model in the elastic domain. Afterwards, the tests were recorded until failure 
of the samples. Two additional devices were placed between the inner and the outer columns, slightly in 
contact with the boards, in order to prevent tilting out the plane of the boards without impeding their 
vertical deflection (Figure 4.4(b)).  

 

Figure 4.4:  (a) A board placed in the test rig. (b) Device preventing the boards from tilting out their plane during 
the bending test. 
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Nevertheless, none of the available device could be positioned between the two inner columns for the 
purpose of reducing the risk of tilting. It was noticed during the tests that the configuration of the rig was 
satisfactory if the location of the knot with respect to the tension edge enabled the board to start fracturing 
below a bending moment of more or less 1400 Nm. Above, tilting became important relative the vertical 
deflection and could not be neglected anymore.  

Output data 

The output data were photos taken at every load step plus a complete data file for each board containing the 
coordinates of all the points traced on the surface by Aramis, their displacements and their strains , , 

, major and minor. It is important to notice that Aramis outputs  (in radians) but not the angle  
which is obtained from the solution of the system of equations (3.31) and the relation (3.32), computed in 
Matlab;  must therefore be doubled before any comparison with the results of the simulations.  

 
Note: In Aramis, the x- and y-directions were referred to as the longitudinal and vertical axes of the 

cameras and so, owing to the position of the boards in the test rig, the x-axis in Aramis is 
parallel to the longitudinal direction of the boards. On the other hand, it was said in 4.1.2 that 
the scanner attributed the y-axis to the longitudinal direction of the board. For the sake of 
clarity, it was decided to set the scanner’s system of coordinates as a reference. In the 
remainder of this report, the y-axis is referred to as the longitudinal direction of the 
board, unless otherwise stated. 

 
The section 4.2.1 addresses a suitable transformation of axes for relating the system of axes 
of the scanner with the one of Aramis. 

4.2  The numerical model 

The numerical model was elaborated in Matlab on the basis of the theory established in the chapter 3. This 
section firstly comments on some necessary post-processing operations which were realized prior to the 
simulations. Afterwards, the simulations conducted in the elastic domain and the strength predictions are 
addressed. 

4.2.1 Data post-processing 

It had been noticed during the scanning operation that every boards had a much better surface finish on the 
upper flat face (directed upward on the scanner conveyor) than on the other one. It was thus decided to 
implement only the data relating to the upper flat face of the boards in the numerical model. However, a 
post-processing setup, addressed below, was required before implementing the data provided by the scanner. 
 
Missing points: In general, the boards are neither perfectly rectangular nor smooth, and in addition, the 
conveyor transmits vibrations to them. Accordingly, when a laser device scans the surface very close to the 
right or the left edge, this can result in missing points in the data files, as depicted in Figure 4.5(a) below.  
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Figure 4.5 (a) Illustration of a fibre angle plot, with several missing angle values along the right edge. (b) 
Extrapolation of the missing values with the function smoobe.m. 

When the data files are imported into Matlab, they are translated into matrices whose rows contain values 
related to the y-position of the scanned points and columns to their x-position. The function smoobe.m was 
created to detect the missing points in the leftmost and rightmost columns of the x-positions matrix, and to 
extrapolate new points on the basis of existing points along the same row. For this purpose, the value of the 
missing points were set at ‘-1’. In the first place, a comparison between values within the leftmost columns of 
the x matrix permitted to detect the maximum number of missing values to be extrapolated on the left, and 
an equivalent number of columns of ‘-1’ values were inserted to the left of all the matrices (x-position, y-
position, grain angle and ratio). It was then possible to extrapolate new values on the basis of existing values 
on the same row, and to overwrite the ‘-1’ values with the extrapolated values in the new columns, and finally 
to shift every rows still containing -1 values to the left. Afterwards, the missing values on the right were 
extrapolated row by row with a routine. All the extrapolations made in the grain angle matrix or the ratio 
matrix were based upon a detection of missing points in the x matrix. Regarding the y matrix, extrapolations 
were not necessary since there never exists a complete missing row in the data files, and appropriate y-values 
were simply added at a proper position to complete the y matrix. 

 
Interpolation: The resolution of the scanner (4mm in the x-direction, 1.3mm in the y-direction) was such 
that the grain angle could vary sharply from one scanned point to another one, in the vicinity of the knot. An 
interpolation of points in the transversal direction was therefore required to smooth the fibre pattern; this 
step prevents, at least partially, unexpected singularities to arise and therefore improves the accuracy of the 
simulations. A function InterpolNod.m was elaborated in order to interpolate the values of x-position, grain 
angle and ratio between every pair of nodes along the x-direction, as many times as demanded by the user. 
Since the interpolation was made on rows, i.e. for a constant y-position value on each row, proper values of 
y-position were added in the y matrix. For the sake of memory capacity and computation time, only one 
interpolation (Figure 4.6) was made during the numerical analyses, leading to 2mm x 1.3mm four-node 
elements26. 

                                                 
26 The standard distance for bending tests with boards of 120mm high is 720mm. A meshing of this portion of a 
board with one interpolation represented more or less 30000 elements. 
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Figure 4.6:  Plot of the grain angle in the area of a knot (a) with the data points only, (b) after one 
interpolation. 

Transformation  of coordinates: Sections 4.1.2 and 4.1.3 previously stressed the difference between the 
system of coordinates established by the scanner and the one established by Aramis. Another fact that must 
be addressed is the change in position between the conveyor and the test rig. Conversely to the conveyor, on 
which all the boards were positioned the same manner, the bending tests were conducted with the knots 
directed upwards, regardless the position of the board in the tree. Consequently, two transformations of 
coordinates were possible for each board, depending on the position of the knot when the board is on the 
conveyor. The Figure 4.7 illustrates the transformation for the boards n3 and n4. 
 

 
 
Figure 4.7:  Orientation of the boards with respect to the conveyor, with respect to a plot of the data files in 
Matlab, and with respect to the position of the boards in the test rig. (a) For the board n3. (b) For the board 

n4.  
 
 

In Matlab, a plot of the board n3 is made tally with the test rig by the transformation: 
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       (4.1) 

 
, and corresponds to a 90° counter-clockwise rotation from the position of the board on the conveyor to the 
position on the rig (Figure 4.7(a)). This relation (4.1) is convenient for further comparisons with Aramis. A 
90° clockwise rotation, such as performed for the board n4, simply consists in: 
 

       (4.2) 

 
Unlike (4.1), the plot in Matlab with (4.2) generates a minus sign for the x- and y-coordinates on the Figures; 
one can disregard the sign and only consider the values for x and y. It can be noted that it would have been 
easier to position all the boards on the conveyor with respect to the position of the knot on the test rig, in a 
way to avoid a particular transformation of axes for each board. 

4.2.2 Computation in the elastic domain 

4.2.2.1 Utilization of the ratio and the grain angle 

The model was meshed with four-node elements only, in such a way that to each node correspond a scanned 
or an interpolated point and grain angle. Linear shape functions were used to interpolate the grain angle at 
each gauss point. This grain angle data was implemented into the transformation matrix  (3.8) to calculate 
the global constitutive matrix D at each gauss point from the local material properties, in a view of 
performing the numerical integration of the relation (3.20). Nevertheless, the utilization of the grain angle 
was not possible within the knots, and more especially within the centre of the knots27, because the 
orientation of the fibres in this zone made the data unreliable. For instance, as depicted in Figure 4.8, 
numerous fibres in the knot of board n3 were set by the scanner to the transversal direction of the board, 
which is not realistic.  

 

Figure 4.8:  Miscellaneous orientations of fibres in the centre of the knot, approximately bordered here by 
means of a red circle. 

                                                 
27 The boundary between a knot and the surrounding clear wood is shadowy, especially in the case of live knots, 
because of the intermingling of fibres owning to the trunk and to the branches, respectively. The definition of the 
centre of a knot is vague as well. In the following, the centre of a knot is referred to as the portion of the knot 
characterized by miscellaneous fibre grain orientations in grain angle data, whereas the remaining of the fibres in the 
knot are organized as flow lines flowing pass the centre of the knot. The centre of the knot is defined, besides, as an 
area within which a concentration of high values of ratio can be observed (Figure 4.9). 
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It appeared that a correct localization of the centre of the knots was necessary for implementing the 
miscellaneous grain angles in a more coherent manner into the numerical model. A plot of the ratio28 at each 
scanned point (Figure 4.9(a)) had previously permitted to notice that the value of the ratio is generally low all 
over the board except at the centre of the knots. The ratio was thus used in the computations and 
interpolated at the gauss points to overcome the problem of fibres’ orientation into the knots; it was 
decided to set the longitudinal Young modulus  at the same value as the transversal Young 
modulus  whenever the ratio was beyond a certain threshold.  

Modification of ratio data file 

Prior to any use of the ratio in the model, the ratio data file needed to be modified, for two reasons. Firstly, 
the function smoobe.m had to be called for repairing some missing values of ratio along the board edges. In a 
second time, it was observed that some random values of ratio existed out of the knot and hindered a correct 
utilization of the ratio (for instance, see Figure 4.9(a) below). Moreover, some very low values of ratio were 
located within the knot. Although the ratio appeared to be a global indicator of the centre of knots, it is not 
efficient to depict their boundary in a correct manner, since a group of a few nodes with very low values of 
ratio could be found in a high values zone and vice versa. From those observations, a function clnknot.m was 
elaborated to replace both high values of ratio located outside the knot by low values and low values of ratio 
located inside the knot by high values. The utilization of clnknot.m is illustrated in Figure 4.9: as can be seen 
by comparing Figures 4.9(a) with 4.9(b), the function permitted to concentrate the high values of ratio into a 
region corresponding approximately to the centre of the knot. 

 

Figure 4.9: (a) Ratio plotted with the untreated data provided by the scanner. (b) Plot of the ratio after use of 
the function clnknot.m. 

In its principle, the function merely sweeps the ratio matrix, row by row, and detects single points or small 
groups of points surrounded by very different values. The value is then replaced by an average of the 
surrounding points. It is nevertheless important to raise a limitation regarding the utilization of the 
ratio. Several comparisons were conducted on various samples between the fibre plots and the modified 
ratio distribution and resulted in the problem that the ratio does not perfectly delimit the border of the 
centre of the knot. Figure 4.9(b) above, where small areas of high values of ratio, under and above the knot, 
are still separated from the remainder of the knot, is a good illustration of this problem.  

Implementing of the dive angle  

According to the main hypothesis put forward within the framework of this thesis in section 1.3, an attempt 
was made to use the data gathered on the surface of the boards for including some information about the 

                                                 
28 The ratio was defined in section 4.1.2 and is a dimensionless coefficient ranging from 0 to 1. 
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inner structure of the boards into the numerical model. For this purpose, a correlation was established 
between the tracheid effect, exposed in section 4.1.2, and the distribution of the ratio over a board. 
Indeed, it was seen that a laser dot projected onto the surface is warped by the fibres into an ellipse and that 
the major axis length of the ellipse is directed parallel to the longitudinal direction of the fibres. The 
definition of the ratio says that the more an ellipse is elongated the more the ratio tends to zero; for a fibre 
lying horizontally in the plane of the board, the value of the ratio is then supposed to be relatively low. On 
the other hand, it can be inferred that high values of ratio in the centre of the knot could consequently be 
due to the fact that the laser dot touches the cross section of some fibres. This interpretation was not 
verified during the work because of a lack of time, but this seems logical and has the advantage of explaining 
why the high values of the ratio are mainly located in the centre of the knots. 

 
Though a systematic study was not conducted during this thesis to determine how the ratio is influenced by 
the out-of-plane direction of fibres on the surface and by parameters such as the surface, it was assumed 
that it could be possible to attribute a coherent dive angle to each fibre of the two-dimensional fibre 
pattern, on the basis of the distribution of the ratio over the boards, in order to improve the 
numerical model. To support this idea, and according to the description of knotted boards related fibre 
patterns in the section 2.1, it was also noticed that the value of the ratio above and below29 most of the live 
knots contained in the data files does not vary suddenly from high to low values but takes intermediate 
values that could be referred to as the β-pattern introduced by Shigo and Foley (in [6]); Figure 4.10 illustrates 
this observation. In other words, the ratio could reflect the gradual out-of-plane divergence of fibres that 
exists under and above live knots.   

    

Figure 4.10:  A plot of live knots highlights a gradual variation of ratio values above and below the knots (the 
vertical direction corresponds to the root-crown direction in a tree).  

Furthermore, Figure 4.10 also depicts the fact that the minimum value for the ratio in clear wood is generally 
about 0.3 and not 0.0, whereas the maximum value is close to 1.0. Now, the hypothesis that was put forward 
above stipulates that the minimum value of the ratio represents, in theory, fibres with a dive angle of 0° and 
the maximum value of the ratio represents fibres with a dive angle of 90°. Consequently, a value of dive 
angle was attributed to each node, and more precisely to each gauss point, by means of a linear interpolation 
between the value of the ratio at the points, the range of ratio values defined by the minimum and the 
maximum values over a sample, and the range of dive angles going from 0° to 90°. For this purpose, a three-
dimensional constitutive matrix (3.4) was attributed to each gauss point and condensed into (3.6) to establish 
a two-dimensional model for further plane stress analyses. One can notice that this step is like the method 
employed by Stahl et al., mentioned in section 2.3. 

                                                 
29 Namely, above and below the branch with respect to the directions in a tree 
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4.2.2.2 Gain of computation time 

The gain of computation time can be of interest in Matlab when a large number of elements is generated 
during simulations. As to whether the computation time will hinder or not the current project on the long 
run is clearly a question out of the scope of this thesis. However, for the sake of keeping the computation 
time within reasonable limits, some small modifications were proposed for the routines, albeit the 
contribution presented here is modest. 

Straight calculation of stresses and strains at the nodes 

According to numerical integration exposed in section 3.2.5, the gauss points are employed to integrate the 
element stiffness matrices and the element load vectors, for the purpose of obtaining the displacements. 
Once the system is solved, the displacements at the nodes are known and the calculation of the strains and 
the stresses by means of the relations (3.22) and (3.23) can be directly performed at the nodes whether the 
matrix  contains the derivatives of the shape functions at the nodes and whether the stiffness matrix  is 
determined on the basis of the grain angles at the nodes, as well. This procedure is emphasized here because 
the functions plani4s.m and plani4s_wood.m30 propose to use the gauss points to calculate the stresses and the 
strains at the nodes. This entails a useless computation time because the value of the displacements, the grain 
angle and the ratio are first determined at the gauss points by use of the standard element shape functions 
(linear interpolation). Next, when the strains and the stresses are calculated with (3.22) and (3.23), a linear 
extrapolation determines the stresses and the strains at the nodes. It was proved during the elaboration of 
the code that a straight calculation at the nodes provides the same results as the routine proposed in plani4s.m 
and plani4s_wood.m; only an average on each element leads to a different result, and this is logical. 

Computation of shape functions and gauss points 

In plani4e.m, plani4s.m, plani4e_wood.m and plani4s_wood.m, the routine compute the shape functions and the 
coordinates and the weight of the gauss points every time they are called, that is for each element. Since the 
shape functions and the gauss points are used by the routine in the parent domain, it is enough to compute 
them once and to insert them as inputs for the calculation of displacements, stresses or strains.  

4.2.2.3 Simulation of bending tests in the elastic domain 

For each of the selected boards, the nodal displacements, the strains and the stresses were calculated in the 
elastic domain with a nominal load 1000 . The calculations were then employed to produce two 
different kinds of results: 

 
1)  By virtue of the theory of elasticity, the displacements, stresses and strains are proportional to the 

external bending moment exerted on the model. They were thus multiplied by a coefficient to make the 
external moment tally with a particular load step measured and photographed by Aramis. The resulting 
strain fields were plotted and compared with Aramis’ output data for the purpose of determining 
whether the numerical model correctly fits with reality. 
 

2) Secondly, the left-hand side of the Norris criterion31 (3.34) was determined at each node along with the 
values of stresses obtained for the nominal load. Later, the plot of the Norris criterion permitted to 
compare the position of stress singularities in the model with the actual position of the initial cracks on 
the samples. This step is exposed in the next section. 

 
A few different model configurations were tested in order to determine what the influence of the dive angle 
and the material properties on the strain distribution and the location and the intensity of stress singularities, 
could be. 

                                                 
30 The versions of plani4s.m and plani4s_wood.m discussed here were proposed by M. Ristinmaa, 1995-10-25, Lund 
Institute of Technology. 
31 The left-hand side of relation (3.34) is named the Norris coefficient in the following. 
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4.2.3 Prediction of board failure 

In the continuity of the different configurations tested in the elastic domain, it was studied what could be the 
influence of the different configurations on the prediction of the board failure (or strength prediction). The 
prediction was based upon the mean stress approach, as discussed in 3.3.2. The mean stress approach and 
the plot of the Norris coefficient required the local components ,  and  of nodal stresses to be 
obtained via a transformation of the global components ,  and . The value of ,  and  
and the Norris criterion were calculated at each node of each element, and the local components of stress 
were averaged later on to obtain a unique value at the nodes of the mesh for further tests of strength 
prediction. The routine in Matlab was elaborated in such a manner that the Norris coefficient was first 
determined on each element on the basis of the local stress components determined on each element, and 
next averaged at the nodes. Actually, the approach was arbitrarily set by the routine, because it would have 
been possible to calculate directly a unique value of the Norris coefficient at the nodes on the basis of the 
average of the local stress components at the nodes; this would not have come up exactly with the same 
values of the Norris coefficient at the nodes.  

 
According to the mean stress approach, an integration of the local stress components along an initial length 

 leads, after a few iterations, to a convergent mean value of stress normal to the grain  (3.38) and of 
shear stress  (3.38). Gustafsson mentioned in [7] that the calculation can be achieved by means of either 
the nodal forces or the nodal stress components, and this latter possibility was selected in the present work. 
According to Louise (in [2]), only positive components  were involved in a crack initiation, and any 
negative value existing along the path was set to zero for the determination of ; the material was therefore 
assumed to be infinitely strong in compression normal to the grain. The Figure 4.10 illustrates how the 
average of the normal and the shear components was performed. 

 

Figure 4.10:   Local stress components at the nodes, used to calculate the mean value  along  . The 
vectors illustrate the positive values of  which tend to initiate the crack and the components  in the 

plane of the crack (modified picture from [7]). 

The stress components located at the nodes 1, … ,  are entirely involved in the average, whereas the 
components at 0 and 1 are included in the average with respect to the ratios ∆

∆
 and ∆

∆
 

respectively, where ∆  is the length of the element between 0 and 1 and ∆  is the length of the 
element between  and 1  . Since the model is based on the linear elastic theory, it was possible 
to calculate the stress components  and  for a nominal moment 1000  and to predict the 
strength by means of the critical load factor in relation (3.36). 
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5. Results 

5.1 Experimental results: bending tests 

In section 4.1.3 it was mentioned that the bending tests were carried out with 5 boards only, as a result of the 
fact that only a few interesting samples could be selected from the batch. In addition, an important limitation 
encountered during the tests was the risk of out-of-plane deflection; indeed, the thickness ( 24 ) was 
small in comparison with the span of the samples between the 2 actuators (720 ), and the boards were 
quite likely to start deflecting in the out-of-plane direction during the loading setup. This limitation comes 
from the fact that no appropriate device was available to reduce the risk of deflection between the two 
actuators. 
 
Prior to the tests, three dummy tests had been successfully conducted with live knots bordering the tension 
edge, and no problem of out-of-plane deflection had arisen before failure. Nevertheless, during the series of 
tests, the sample n6 (dead knot) was not tested successfully, because the knot was located at few centimeters 
under the edge. This location caused the first crack to occur for a distinctly higher bending moment than if 
the knot would have been located on the edge and, consequently, the out-of-plane deflection appeared to 
become very important. For this reason, the results obtained with n6 were not used in this study and no test 
was performed with the sample n1. As regards the tests with live knots, the sample n8 started to crack 
outside the tested portion of the board, in a knot localized a bit closer to the tension edge than the knot 
thought to be the critical one. Happily, the samples n3 and n4 were successful. Their deflection was 
monitored throughout the loading setup and traced by Aramis: the maximal deflection before failure was 
2.5mm for the sample n3 (load step 24) and less than 1mm for the sample n4 (load step 27).  
 
The final experimental data used for further processing was thus achieved with the boards n3 and n4 (zoom 
in Figure 5.1), whose deflection out of the plane never exceeded 2.5mm during the tests. This was deemed to 
be acceptable with respect to the dimensions of the samples and to the vertical deflection (about 25mm for 
board n3 and 16mm for board n4). For n3 and n4, a measure of the longitudinal Young modulus with a 
timber grader gave 11368MPa and 18709MPa respectively. The fibre plot and the ratio plot realized in 
Matlab, the load curves measured by the actuators’ gauges and the photos taken by Aramis at the instant of 
failure can be found in Appendix 1. Appendix 2 regroups the strain fields measured with Aramis (plotted in 
Matlab from Aramis’ data files), the strain fields provided by the simulations, and the plots of the Norris 
criterion (for the external bending moment ). In the following descriptions and discussions, the 
positions up, down, right and left will refer to the horizontal and vertical directions of the boards 
when placed in the test rig (i.e. horizontal and vertical directions on photos and plots). The x- and y-
direction, for their part, still respect the convention established in 4.1. 

 

Figure 5.1:  Zoom on the knots. (a) Knot in the board n3. (b) Knot in the board n4. 
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Photos I.9 and I.10 in Appendix 1 show that in the board n3, the crack and the complete rupture happened 
all of a sudden to the left of the knot; indeed, the load curve does not point out any fall of load before the 
rupture, at load stage 25. Aramis indicates a rupture at stage 24 for a load of 2441.1N at each actuator, 
namely for an external moment of 1757.8Nm. In board n4, the load curve shows a more gradual rupture 
because four falls of load occurred before the end of the test: a slight fall between stages 4 and 5 (at 97.8N or 
70.4Nm), and more significant ones between stages 27 and 28 (at 2246.2N or 1617.3Nm), between stages 40 
and 41 (at 3027.4N or 2179.7Nm) and finally between stages 72 and 73 (at 4248.1N or 3058.6Nm).The first 
crack arose underneath the knot and expanded quickly whereas and a second one started to the right of the 
knot. 
 
The strain fields measured by Aramis were compared with the simulations for 2 particular load stages of the 
elastic domain: at stage 10 for the sample n3 and at stage 20 for n4. 

5.2 Numerical results 

Since the ratio can be implemented for attributing particular material properties and/or values of dive angle 
with respect to a threshold value that can be decided by the experimenter, the simulations and the related 
strength predictions can be conducted for numerous possible configurations. Four main configurations were 
tested in the elastic domain within the framework of this thesis, whereof two of them with several variants. 
In each case, it was assumed that the material properties relating to the local coordinate system of the fibres 
were constant over the samples (see section 1.3), except where the ratio attributed some particular values. 
Owing to the fact that only the longitudinal Young’s modulus had been measured prior to the bending tests, 
it was conjectured too that other material properties could be satisfactorily found in the literature. The values 
inserted into the model were found in Dinwoodie [9]: 

710  ; 430  ; 620   ;  500   ;  23  

0.51   ;           0.38    ;  0.51  

The configurations tested in the elastic domain were: 
 
Config 1: A pure two-dimensional model without any modification of the scanning data 

(except the data post-processing detailed in section 4.2.1). In this configuration, the knot 
was attributed the same mechanical properties as in the surrounding clear wood and the 
miscellaneous orientations of grain given by the scanner were not modified. 

 
Config 2: A pure two-dimensional model with a modification of the material properties within 

the knot. The ratio was conditioned by a threshold val to set  to the value of  at the 
nodes having a value of delta ratio above val32. This configuration was derived into three 
variant versions: Config 2a with 0.30, Config 2b with 0.25 and Config 2c 
with 0.20. 

 
Config 3: Attribution of a dive angle at each node. A dive angle was attributed at each node of the 

board, by means of the ratio distribution. The minimum value of ratio over a sample 
corresponded to a dive angle of 0° and the maximum to an angle of 90° out of the plane as 
explained in 4.2.2.1. 

 
Config 4: Local attribution of a dive angle and modification of the material properties within 

the knot. This configuration is a combination of configurations 2 and 3. Nevertheless, a 
threshold div was added in the configuration to attribute a non null dive angle at nodes only 
above a certain value of delta ratio. Five variant versions were tested: Config 4a, Config 4b 
and Config 4c along with 0.3 and along with 0.0, 0.1 and 
0.18 respectively, and finally Config 4d with 0.25 and 0.1 and Config 4e 
with 0.20 and 0.1. Beyond the threshold , a dive angle was attributed 

                                                 
32 val was not a value of ratio but rather the delta between the minimum value of ratio over a sample and a value of ratio 
which is decided to be representative to delimit the knot with respect to the clear wood. The delta ratio at a node is then 
the delta between the minimum value over a sample and the value at the node. 
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proportionally to the comparison between the value of the delta ratio at each node and the 
range of delta ratio going from  to the maximum value of ratio over a sample. 

5.2.1 Strain distribution 

A plot of the strain fields was realized with the board n4 for each variant of the above configurations, in 
order to compare the influence of the ratio and the parameters  and  on the strain distributions and to 
determine which configuration fits the best with experiments. Unlike n4, it was decided to limit the 
simulations for the board n3 to the configuration 2a because of a problem of missing data along the tension 
edge that the function smoobe.m was not able to extrapolate correctly. A simulation was also conducted with 
the configuration 2a and a modified fibre pattern, but this step and the problem of extrapolation are 
discussed deeper in section 6.2. The analyses were made at a single load stage on each board, in the elastic 
domain: an external moment of 703Nm was applied to board n3 and a moment of 1054.7Nm to board n4, 
and a comparison was made with Aramis’ measurements at stage 10 and stage 20 respectively. The plots 
resulting from the simulations are given in the Appendix 2. 

5.2.2 Location of stress singularities 

In a similar way, a plot of the Norris coefficient over the board n4, for configurations 2 and 4, was compared 
with the photos pointing out the location of the first crack during the experiments. The configurations 1 and 
3 were deemed to be unrealistic when comparing with Aramis’ results but their strain fields were still plotted 
for the board n4 to observe the influence of the mechanical properties and the dive angle on the variation of 
the strain distribution.  

5.2.3 Prediction of board failure 

A prediction of board failure was only conducted with the board n4 and only for the variants 4b and 4d 
because they were reckoned to provide the best similarities with the experiments; such similarities are 
analyzed in section 6.2. As explained above, the case of board n3 is discussed longer in 6.1.3 and 6.1.4. 

 
The configurations 4b and 4d pointed out a singularity below the knot, and more especially at (-103,-2125) as 
it is depicted in Figure 5.2 below (or in Figures II.62 and II.76 in Appendix II). This location corresponds 
pretty well to the actual location photographed during the tests (Figures 5.2(c) and 5.2(d) or photos I.11 and 
I.12 in Appendix I). It was assumed for the prediction that the point of highest stress singularity, 
outside the centre of the knot, was the point where the crack leading to failure initiated. In other 
word, no crack propagation was studied and the crack initiation was related to the failure of the 
board. Moreover, it is of interest to emphasize that a conventional strength criterion is meaningless for the 
study of the load bearing capacity of the board n4. Firstly, it was observed during the study that the value of 
the stress concentrations increases with a refinement of the mesh. Secondly, the nominal moment , which 
is widely on the safe side with respect to the actual strength of the board, generates values of the Norris 
coefficient beyond 1.1 around the point (-103,-2125), and this would lead to a very load and inconsistent 
prediction. 
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Figure 5.2:  Plot of the Norris criterion. (a) For the configuration 4b. (b) For the configuration 4d. Some 
small stress concentrations are located in the knot (along the top edge in the figures) and lower 

concentrations are located under the knot, between y = -90 and -105. (c) and (d) Location of the actual crack 
photographed during the bending test. 

Accordingly, the local stress components were averaged along a length  ,and for this purpose, it was 
assumed that the crack path could simply be modeled by pieces of straight lines passing through the nodes 
and sketching as best as possible a propagation along the longitudinal direction of fibres. Nevertheless, the 
distorted pattern existing in the vicinity of knots raised an important question as to the crack path to be 
adopted, because the elements size does not permit to obtain a suitable path which either respects the 
longitudinal direction of the fibres all along  or passes through a sufficient number of nodes for calculating 

 and  correctly. Happily, the location of the singularity in board n4 (in Figure 5.2 above and in Figure 5.3 
below) corresponded to a zone where the local longitudinal axis of fibres is more or less parallel to the y-axis. 
Consequently, and due to the small value of  (between 10mm and 30mm), the local stress components 
were conveniently averaged along a horizontal path relating to a crack which propagated both leftwards and 
rightwards from the singularity point. 
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Figure 5.3: Illustration of an estimated crack path from the point of highest stress value outside the knot 
(highlighted by an arrow). The dive angle is plotted as well for each node (line segments). 

The fracture prediction was conducted on the basis of wood properties proposed by Gustafsson in [7]:  

9   ,   , 3    ,  300 / ²   ,    1050 / ² 

On the basis of these properties and the relation (3.44), Gustafsson showed that a length  approximately 
equal to 20 mm is obtained in pure mode I for a crack starting from an edge. This value was taken to start 
the iterations in the relation (3.44). After 5 iterations for both configurations 4b and 4d, the convergence was 
deemed satisfactory and led to a prediction of  for 4b and  for 4d, whereas the actual 
sample started to crack at a moment of . That is to say that 4b predicted a failure for a moment 
31.7% lower than the actual moment and 4d for a moment 34.4% lower. Since only the longitudinal Young 
modulus had been measured for the different samples, it was surmised that at least a part of this gap could 
be explained by the difference between the true material properties and the properties found in the literature. 
Accordingly, configurations 4b and 4d were tested for various values of , , , , , elastic moduli (E) 
and shear moduli (G), consisting in increasing the value of one or several parameters by 25% whereas the 
other ones were frozen. The Table 1 below summarizes the tests and the results. The last test is the closest to 
the actual strength of the board (highlighted in orange), with a gap of 14.6% for 4b and 18% for 4d. 

Table 1:  Prediction of the load bearing capacity for different material properties (length ). 

CONFIGURATION 4b  CONFIGURATION 4d 

Modified Parameters  increase  length xo [mm]  alpha  prediction [Nm]  Modified Parameters  increase length xo [mm]  alpha  prediction [Nm] 

_  _  18.5  1.1046 1105  _  _  18.5  1,0609  1061 

Gic,Giic  25%  23.2  1.1785 1179  Gic,Giic  25%  23.2  1,1318  1132 

fv,ft  25%  11.9  1.279 1279  fv,ft  25%  11.9  1,2275  1228 

Modulii E,G  25%  23.2  1.1785 1179  Modulii E,G  25%  23.2  1,1318  1132 

E,G,Gic,Giic  25%  28.9  1.3109 1311  E,G,Gic,Giic  25%  28.9  1,2579  1258 

E,G,fv,ft  25%  14.8  1.322 1322  E,G,fv,ft  25%  14.8  1,2693  1269 

Gic,Giic,fv,ft  25%  14.8  1.322 1322  Gic,Giic,fv,ft  25%  14.8  1,2693  1269 

Gic,Giic,fv,ft,E,G  25%  18.5  1.3808 1381  Gic,Giic,fv,ft,E,G  25%  18.5  1,3261  1326 

In this table, the standard configuration obviously represents the configurations with the properties proposed 
by Gustafsson and the coefficient alpha is the coefficient obtained from (3.39) to determine the fracture load 
on the basis of a nominal moment .  
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However, since the crack in the board n4 was an internal crack, it was pointed out during the study that it 
could probably be more logical to take twice the value of  for starting the iterations. Since nothing could 
be found in the literature to support or to go against this assumption, the same series of tests as the one 
exposed in Table 1 was carried out with 2  (Table 2). This led to a prediction ranging from  to 

 for 4b and from  to  for 4d. This time, the closest predictions (in orange in 
Table 2) look pretty good. 

Table 2:  Prediction of the load bearing capacity for different material properties (length 2 ). 

CONFIGURATION 4b  CONFIGURATION 4d 

Modified Parameters  increase length xo [mm]  alpha  prediction [Nm] Modified Parameters  increase length xo [mm]  alpha  prediction [Nm]

_  _  37.1  1.4960 1496  _  _  37.1  1.4795  1480 

Gic,Giic  25%  46.3  1.8098 1810  Gic,Giic  25%  46.3  1.7963  1796 

fv,ft  25%  23.7  1.4276 1428  fv,ft  25%  23.7  1.4089  1409 

Modulii E,G  25%  46.3  1.8098 1810  Modulii E,G  25%  46.3  1.7963  1796 

E,G,Gic,Giic  25%  57.9  2.2200 2220  E,G,Gic,Giic  25%  57.9  2.2134  2213 

E,G,fv,ft  25%  29.6  1.5949 1595  E,G,fv,ft  25%  29.6  1.5750  1575 

Gic,Giic,fv,ft  25%  29.6  1.5949 1595  Gic,Giic,fv,ft  25%  29.6  1.5750  1575 

Gic,Giic,fv,ft,E,G  25%  37.1  1.8700 1870  Gic,Giic,fv,ft,E,G  25%  37.1  1.8494  1849 

It can however be noticed that this second series of tests does not provide a realistic prediction when  and 
,  are increased by 25%. Indeed, increasing  and ,  should also increase  , in (3.39), and thus the 

prediction as well. It is inferred that using a length 2  does not seem to be a correct approach for internal 
cracks and, therefore, only the results in Table 1 are considered in further discussions and conclusions. 
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6. Analysis of  the results and discussion 

The results of the simulations for the samples n3 and n4, exposed in chapter 5, are compared below with the 
experiments. Firstly, an analysis of n4 is conducted for the purpose of determining how the various 
configurations influence the strain distribution and the position and intensity of singularities. Secondly, the 
strength prediction is compared with the actual strength of the board. The study of n4 ends with a short 
summary which repeats the main observations and addresses other observations and remarks. Next, the 
particular case of the sample n3 is addressed and another simulation with a modified fibre pattern is carried 
out by way of illustration.. 

6.1 Analysis of the board n4 

6.1.1 A few words about the experimental results 

The strain fields measured by Aramis on the surface show the influence of the knot in the distribution of 
,  and  (see for instance Figures II.16, II.18 and II.20 in Appendix II).  is negative all along the 

tension side of the sample except in the region of the knot. Indeed, although the Poisson’s ratio causes the 
tension side of the board to shrink in the x-direction, when fibres are not parallel to the y-direction of the 
board, they undergo a lower longitudinal tension load and therefore their shrinkage is lower than elsewhere; 
this difference explains why a transversal elongation (in red in Figure II.16) appears under the knot. In 
addition, a small flaw which can be observed in Figure 5.1(b) generates a small elongation area in the knot, 
around (-85,-2125) in the plots. It can also be seen that the elongation  is especially important at the 
middle of the knot (middle with respect to the y-axis) because the fibres diverge out of the plane of the 
board. Finally,  exhibits maximum and minimum values where the grain angle is close to 45°, that is 
under the knot, on the left and on the right. Regarding the crack, it appeared under the knot, around (-103,-
2126), as observed by means of the photo I.12 in Appendix I. 

6.1.2 Analysis of the strain fields from FE-modelling 

Configuration 1 

This first configuration shows a good overall distribution in comparison with Aramis, especially regarding 
 and . That the approximation of the strain distribution by means of a pure two-dimensional model 

including surface grain data corresponds relatively well with the experimentally found strain distribution can 
be explained by the fact that the fibre pattern at some distance from the knot is not distorted out of the 
plane of the board. Indeed, it can be seen that the strains are not well determined by the model within the 
knot, owing to a miscellaneous grain pattern and the attribution of the same material properties as in clear 
wood.  

Configuration 2a 

The use of the ratio is really noticeable in all the strain plots (Figures II.21 to II.26) because the values of the 
strains in the zone of the knot vary in a discontinuous manner along a contour corresponding to the border 
between high and low values of delta ratio (see Figure I.6). Unlike the configuration 1, the plot of  shows 
that the entire knot is in compression, because the stiffness of the fibres in the x-direction is now 
approximately the same within the knot as in the surrounding clear wood. This configuration does not seem 
to improve the strain distribution in the zone of the knot, in comparison with Aramis, but this can be 
explained, at least partially, by the presence of a flaw in the knot (as stressed in 6.1.1); the current numerical 
model is not able to account for such flaws on the basis of the scanning data. On the other hand, the plot of 

 is roughly the same as previously and  has decreased considerably. 
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Configuration 2b 

There is no noticeable difference between the configurations 2a and 2b (Figures II.28 to II.33), except a 
small area of high values of  and  in the knot, at (-90,-2120). Apart from that, the distributions of 
strains are the same with a slight shift in the scales.  

Configuration 2c 

An additional decrease of val (Figures II.35 to II.40) leads to a slightly smoother strain distribution in the 
zone of the knot, but none improvement can be noticed in the plots of   and  with respect to the 
experiments. Regarding , the gap between the highest values obtained with the simulation and those 
obtained with Aramis is smaller, but the model predicts a zone of high positive values at about 2100 
along the edge, namely out of the knot, which does not correspond to the measurements. The maximum 
positive values of  and  are lower than in configuration 2a, but high positive or negative values arise 
on the compression side. This situation points out a limitation related to the use of the ratio for attributing 
particular material properties, that is, a too low value for val leads to an alteration of the mechanical 
properties outside the zone of the knot. 

Configuration 3 

With a dive angle (Figures II.42 to II.47), the knot becomes softer, as expected, whereas the overall 
distribution on the tension side does not really change. Owing to the dive angle, the zone of the knot with an 
elongation   beyond 0.2% extends. 
 
On the compression side, the maximum negative values of  and  are more important than in any 
previous configuration, because numerous nodes have a rather high value of delta ratio, especially along the 
edge. It can therefore be inferred that none of the strain distributions obtained by the utilization of the dive 
angle as a single parameter represent any improvement. It was explained in chapter 5 that this simulation is 
not realistic and that its purpose was simply to observe the influence of the dive angle on the strain 
distribution. 

Configuration 4a 

The overall distribution of  is similar to that measured by Aramis (Figures II.48 and II.49), except some 
slightly higher values over a part of the compression side near the edge and an marked difference within the 
knot; a high compression area is predicted within the knot instead of an area with positive values. This has 
already been emphasized for the test with the configuration 2a. In comparison with the configuration 2a, the 
maximum positive values of  are a bit higher whereas the maximum negative values are much more 
important. Regarding  (Figures II.50 and II.51), the configuration 4a does not provide proper values. 
However, a global decrease of the strain values could enable one to see that the global distribution is more or 
less the same as those of the experiments. Finally, for , the utilization of a dive angle causes the overall 
distribution to be altered, probably because of the fairly high values of delta ratio located on the compression 
side (Figures II.52 and II.53). The maximum values appear to be higher than for the test with the 
configuration 2a, especially on the compression side. Furthermore, the three other small areas in the knot 
that are characterized by high positive values are correlated with the location of the highest values of delta 
ratio. Two of them are located on the border between the centre of the knot and the remainder of the knot, 
at (-80,-2110) and (-90,-2120). They have already been observed with the configuration 2a, but it can be seen 
here that the combination of the dive angle with a modification of the material properties increases this 
phenomenon.   

Configuration 4b 

The distribution of  and  are appreciably the same as for the configuration 4a, along with a lower level 
of strain values and lower maximum positive and negative values (Figures II.56 to II.59). The analysis of  
results in the same observation, except the fact that some new small high values areas arise out of the knot, 
around (-100,-2100). In short, the configuration 4b stiffens the sample; this is logical since the fibres are 
diverted of the y-direction only beyond a relatively high value of delta ratio. It can also be pointed out that 
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this configuration is more realistic than the configuration 4a in so far as a dive angle is supposed not to exist 
in the clear wood. 

Configuration 4c 

The values of  (Figure II.63) slightly decrease in comparison with the configuration 4b, but the 
distribution does not change, except around (-100,-2100). Few nodes in the vicinity of the knot are affected 
by the change in div because the plot of the delta ratio (Figure I.6) shows that the values vary suddenly from 
low values to values beyond 0.2 on the border with the centre of the knot. Unlike , the change of div 
makes the values of  more similar to those found in the experiments and improve the distribution of . 

Configuration 4d and 4e 

The distribution obtained with the configuration 4d (Figure II.70 to II.75) does not differ that the 
distribution given by the configuration 4b, except a slight change in the values scale. The implementation of 
the dive angle therefore does not influence what was observed between the configurations 2a and 2b. This is 
true for the configuration 4e with respect to 4b, as well; like 4d in comparison with 4b, only a slight variation 
of values can be observed in the distribution, but unlike 4d a modification of the material properties arises 
along the compression edge.   

6.1.3 Analysis of the Norris coefficient 

Preliminary remark regarding the Norris coefficient 

It was said in 4.2.2.1 that a portion of the fibres in the centre of the knot are set in the transversal direction 
by the scanner (see the fibre plot in Figure I.3, in Appendix I). As illustrated in Figure 6.1 below, this causes 
high values of  to occur at certain nodes of the knot, because the tension load which exists in the y-
direction acts in a direction normal to the fibres. One can notice that a parallel can be drawn between Figure 
6.1 below and all the plots of the Norris coefficient in Appendix II, insofar as, according to what was 
exposed in 4.2.3, only the positive values of  are involved in the Norris coefficient. 

 
 

Figure 6.1:  plot of the local component  for the configuration 4d 

The purpose of this remark is to emphasize the fact that there are two good reasons to disregard the high 
values of the Norris coefficient in the knot as possible locations for a crack initiation: 
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1)  The particular concentrations of high values in the knot are due to an arbitrary attribution of fibre 

orientations by the scanner, which were previously reckoned to be unrealistic.  
2) If the actual fibre pattern in knots can lead to crack initiations, on the other hand, a parallel can be 

established between the photos taken by Aramis and the load curve to prove that cracks arose in the 
knot during the test without altering the strength of the sample. 

Configurations 2a, 2b and 2c 

The plots of the Norris coefficient for the configurations 2a (Figure II.27), 2b (Figure II.34) and 2c (Figure 
II.41) enable one to observe that neither 2a nor 2b nor 2c predicts properly the position where the crack 
initiated in the board n4. 2a and 2b indicate, provided that the high values located in the knot are 
disregarded, that a failure should appear outside the knot around (-95,-2115), whereas 2c indicates a crack 
around (-90,-2140), namely in the compression wood.  

 
However, a decrease of val modifies the stress distribution around the knot, especially under the knot. This 
modification is slight between 2a and 2b; only a reduced scale of value (see Figure 6.2 below) shows that the 
intensity of stress concentration is slightly transferred from the location (-95,-2115) to (-103,-2125) and to 
the left of this region. If val continues to decrease, the transfer between (-95,-2115) and (-103,-2126) becomes 
more important. 

 

Figure 6.2: Plot of the Norris criterion in the area of the knot (a) with the configuration 2a, (b) with the 
configuration 2b. 

The variation in the stress distribution between 2a, 2b and 2c can be explained by the distribution of the 
ratio, because two areas with a value of delta ratio between 0.20 and 0.25 are located both on the left and the 
right of the centre of the knot (Figure 6.3(a)). For 0.30, those two areas own the same value of 
longitudinal Young’s modulus as clear wood and the stresses flow pass the centre of the knot, which is 
softer, with respect to a path similar to the path A drawn in Figure 6.2(a). When val is set to 0.25, few 
additional nodes are attributed new material properties but even though the stresses follow a lower path; this 
explain the slight redistribution between the different areas under the knot. When val is set to 0.20, the two 
areas on the left and the right which were mentioned previously soften and the stresses follow another path 
corresponding to the path B. The description of the stress redistribution by means of the paths A and B is 
reinforced by the location of some high values of stress found for 2a and 2c; a location at (-95,-2115) for 2a 
and rather lower vertical position for 2c, at (-103,-2126).  
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Figure 6.3:  (a) Plot of the delta ratio for the board n4 with two different load paths relating to two different 
values of val. (b) Plot of the complete cross section, with some rather high values (around 0.2) on the 

compression edge. 

Nevertheless, the Figure 6.3(b) shows that the comparison between 2a and 2c must account also for the fact 
that when val is set at 0.20, the material properties are altered along the compression edge and lead to a 
redistribution of stresses over the cross section of the board. This could partially explain why the value of the 
Norris coefficient increases at (-103,-2126) and in the singularities located in the knot, since a softer 
compression edge causes higher tension stresses to occur on the tension side.  Therefore, the comparison 
between the configurations 2a and 2c is probably not a good indicator of the influence of the threshold val 
on the strength prediction. On the other hand, the configuration 2b does not lead to such a problem and the 
comparison with 2a indicates a slight variation which was explained above by the distribution of ratio. It can 
therefore be noticed that the influence of the threshold val may vary from a knot to another one, since the 
distribution of ratio may also vary from a knot to another one. 

Configurations 4a, 4b and 4c 

The configuration 4a (Figures II.54 and II.55) points out the fact that the implementation of a dive angle 
softens all the board, and more especially the centre of the knot, and results in a noticeable modification of 
the stress distribution between the centre of the knot and its immediate vicinity; indeed, the more the 
material properties in the y-direction are lowered the more the stresses flow pass the centre of the knot. 
However, it has already been emphasized in 6.1.2 that 4a is not a realistic configuration, and the plot of the 
Norris coefficient reinforces that point because the higher value predicted by 4a is located at (-92,-2120), 
namely on the right-hand side border of the knot at the level of the centre of the knot. 

 
On the other hand, it is very interesting to note that a more realistic implementation of the dive angle with 
the configuration 4b (Figure II.62) localizes the crack at (-103,-2125), where it is supposed to appear. As 
can also be observed, the singularities within the knot recede in comparison with 4a. 

 
Nevertheless, if the configuration 4b demonstrates the interest of the threshold div for predicting the location 
of the crack, 4c (Figure II.69) shows that the choice of this threshold must be correctly adjusted. Indeed, as 
illustrated with the plot of the configuration 4c, an increase of div up to 0.18 causes the highest values of 
stress to regroup around (-92,-2120), instead of reinforcing the stress concentration at (-103,-2125). 

Configurations 4d and 4e 

A parallel between the configurations 4b (Figure II.62), 4d (Figure II.76) and 4e (Figure II.83) can be drawn 
with the configurations 2a (Figure II.27), 2b (Figure II.34) and 2c (Figure II.41) because, as previously, a 
redistribution of stresses occurs over the cross section when val is decreased from 0.30 to 0.20.  
 
When val is set to 0.25, the stress concentrations under the knot, on the left and around (-103,-2125) and (-
95,-2115), are reinforced, as it was observed previously between 2a and 2b. Now, the decrease of val does not 
exactly causes the same effects, owing to an interaction of val with div. For instance, a stress concentration 
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arises with the configuration 2b at (-90,-2140) and not with the configuration 4d. In the case of the 
configuration 4e, the stress concentration at (-103,-2125) is reinforced even more, the gap of values existing 
between the concentrations at (-103,-2125) and at (-95,-2115) grows bigger, and the maximum values within 
the knot increase as well.  

 
Finally, a comparison between 4d and 4e (in Figure 6.4 below) indicates a higher maximum value at (-103,-
2125) with 4d than with 4e. Moreover, the analysis of the strain fields in 6.1.2 permits to infer that the plot of 
the Norris coefficient is more realistic with 4d instead of 4e, because 4e caused a modification of the 
mechanical properties to occur on the compression side. 

 
Figure 6.4: Plot of the Norris criterion in the area of the knot (a) with the configuration 4d, (b) with the 

configuration 4e. 

6.1.4 Prediction of strength 

The prediction of the load bearing capacity of the board n4 was carried out on the basis of the setup 
established in 4.2.3 and the justification in 5.2.3, to the effect that the prediction was made by means on the 
mean stress approach at the point (-103,-2125), because this points exhibited the maximum value of the 
Norris coefficient. Since the discussion above established that the configurations 4a, 4c and 4e are not 
adapted to determine a correct prediction of the load bearing capacity in the board n4, the prediction was 
achieved with the configurations 4b and 4d. 

 
Table 1, in chapter 5, indicates how much the strength prediction is influenced by the variation of the 
material properties: a 25% increase of   and  or of the longitudinal, transversal, radial and shear 
moduli corresponds to a 6.7% increase of strength, whereas a 25% increase of  and  leads to a 15.7% 
increase of strength. The different combinations which were tested, and especially the one in the last row of 
the Table, raise an important point: since all the material properties but the longitudinal Young’s modulus 
were collected in the literature, it is not possible to estimate the part of the material properties regarding the 
gap between the actual strength and the prediction. A 25% of increase of one or several or even all the 
material properties could be a too important or a non sufficient modification. Besides, it is interesting to 
observe that an increase of E and G or an increase of Gic and Giic leads to the same load bearing capacity, 
as predicted by the theory33. Finally, since a decrease of div causes the intensity of stress concentrations to 
increase, it is logical to obtain a lower prediction along with 4d than along with 4b.  
 
It can also be of interest to discuss the assumption that was put forward in section 5.2.3, namely the fact that 
the point of highest stress singularity, outside the centre of the knot, was considered as the point where the 
crack related to failure initiated. Nevertheless, as mentioned in section 2.3, Cramer and Goodman claimed 
that the failure process in wood is generally cumulative, and Foley ([6]) insisted on that point. Therefore, it 
would have been possible to study a crack propagation with other configurations and an assumption of 

                                                 
33 The theory mentions that the normalized ultimate strength of the board, i.e. the ultimate strength according to an 
assumed stress distribution, given for instance by the beam theory, is related to the value of a dimensionless coefficient 
of ductility .  . This coefficient has the same value whether  or  are changed in the same proportion. 
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cumulative fracture process. For instance, the configuration 4c (Figure II.69) indicates that a first crack could 
have appeared around (-92,-2120) and would have been stopped a few millimetres farther because of the fact 
that the fibre pattern skirts the centre of the knot. In this case, this first crack would lead to a stress 
redistribution around the knot and its propagation could require more energy than initiating a new crack 
under the knot, for example around the point (-103,-2125). It can be imagined that such a study would be 
likely to lead to a good strength prediction.  
 
However, the assumption regarding the strength prediction that was conducted within the framework of this 
study seems to be consistent with the photos taken by Aramis, because, for the board n4, the crack arose 
relatively suddenly at the point (-103,-2125) and propagated very quickly along a length of more than 10 cm. 
This stance obviously encounters a limitation, to the effect that only one surface of the board was 
photographed by Aramis and that only a crack with a certain length could be detected on the photos. 
 
 

6.1.5 Summary and additional remarks 

 
A collection of some important points have been raised by the analysis of the board n4. They are regrouped 
and summarized below along with some additional comments: 

 
1. The configurations 1 and 3 proved the untreated scanning data to be not satisfactory for modelling the 

knot in a correct manner; it is necessary to localise the centre of the knot in order to attribute some 
particular properties or fibre orientations.  

 
2. The threshold val, through the comparisons between the configurations 2a, 2b, 2c, 4b, 4d and 4e, 

appeared to be a parameter that influences the strain and stress distribution in the vicinity of the knot. 
The analysis of the ratio distribution in parallel with the plot of the strains and the Norris coefficient 
showed that the value of val must not be selected arbitrarily; a too low value causes non-coherent strains 
to appear in the clear wood, and too high values generate a sharp variation of strains which do not tally 
with the measures of Aramis. 

 
3. A comparison between the configurations 4a, 4b and 4c highlighted the role of the coefficient div in the 

location and intensity of the singularities. Beyond 0.1, the increase of div appeared to improve the 
similarity between the model and the sample as to the distribution of  and , whereas no change in 
the plot of  could be noticed, except a slight change of values. Furthermore, the configurations 4d 
and 4e illustrated the fact that a combination of div and val can influence the distribution in a way that is 
not predicted by the analysis of a single parameter. Like val, the choice of div is not arbitrary; for div = 
0.1, the model predicted a stress singularity at the location of the actual crack, whereas a lower or a 
higher value increases the intensity of the singularities within the knot, instead. Moreover, too low 
values of div mean that a dive angle is attributed in the clear wood, which is not consistent with reality. 

 
4. A comparison of the configuration 4a with 2a pointed out the fact that an improvement in the strain 

distribution is not necessarily related to an improvement in the location of the crack. Indeed, the 
attribution of a dive angle with the configuration 4a generated a deterioration of the strain distribution, 
except for , whereas 4a improved the location of the highest singularities under the knot. It can be 
inferred from this that the search of a correct adjustment of the parameters seems to require a study of 
both the strain distribution and the Norris coefficient. 

 
5. The comparison of the strain fields depicted by Aramis and by the model in the area of the knot 

emphasized the fact that the model is not able to account for flaws such as holes existing in the actual 
board. This should however not have an influence on the strength prediction if a flaw is small or located 
within the knot. 
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6. The modification of the material properties within the knot was made in a simplified manner which 

does not necessarily correspond to reality. Indeed, in reality, the longitudinal direction of the fibres in 
the knot is directed out of the plane of the board and the influence of the longitudinal Young’s modulus 
on the stiffness of the knot with respect to the x- and y-direction depends on the location of each fibre 
in the knot, because such fibres own a local longitudinal, radial and tangential direction with respect to 
the knot, exactly like a fibre in clear wood with respect the trunk. When  is simply replaced by , the 
influence of the longitudinal Young’s modulus of each fibre on the mechanical properties in the plane of 
the board is neglected and, furthermore, the knot is supposed to have an homogeneous distribution of 
material properties with respect to the x- and y-direction. On the other hand, Foley (in [6], chapter 7) 
simulated a knot with different material properties, and went to the conclusion that the material 
properties of the knot do not have a large influence on the stress distribution outside the knot. 
However, it can be noticed that Foley studied a perfect knot (cylinder) and that the influence of the 
material properties in a fibre pattern such as that provided by the scanner is not known. 

 
7. Regarding the gap between the actual load bearing capacity and the prediction, it is not really possible to 

determine the part of the model itself and the part related to the experimental setup and the numerous 
assumptions and simplifications. The simulations conducted with a 25% increment of one or several 
material properties pointed out their influence on the prediction and, therefore, the importance of using 
material properties as close as possible to the true ones. However, it does not seem to be the single 
cause of the gap between the model and the reality, and other elements can be taken under 
consideration. For instance, it was highlighted in 6.1.4 that the setup could have included a cumulative 
fracture assumption and a crack propagation study. In addition, the influence of the resolution both of 
the scanner and of Aramis on the prediction is not known. Besides, if the ratio was assumed to be able 
to sketch a three-dimensional pattern, at least coarsely, it is obvious that the ratio is not able to account 
thoroughly for the inner structure of a board. Since the true relation between the ratio, the actual inner 
structure of the board and other parameters such as the surface finish of the board was not verified in 
the present study, the part of the model in the error of prediction cannot be determined. Finally, the 
influence of the threshold div on the intensity of the stress singularities was emphasized by the 
difference in the results between the configuration 4b and the configuration 4d; it is however not 
possible to determine which value of div fits the best to the actual structure of the board and therefore 
what is the part of the threshold in the prediction. 

 
8. A global comparison between the configurations 2 and 4 can be summarized in the following way: 

 
• A pure two-dimensional model seems to provide a correct strain distribution if an appropriate value 

of val is selected. The weak point of this configuration is its incapacity to make the crack location 
tally with the actual sample n4.  

 
• The use of the dive angle improves the location of the crack initiation and provides a correct strain 

distribution if appropriate values of val and div are combined.  

6.2  Analysis of the board n3 

It was mentioned in 5.2.1 that some missing data were not correctly extrapolated along the tension edge. The 
Figure 6.5 shows that the centre of the actual knot (Figure 6.5(a)) is separated from the edge by a strip of 
fibres flowing around the knot, unlike the scanning data (Figure 6.5(b)). The dissimilarity comes from the 
fact that the scanner did not measure the edge over an interval of more than 4mm in the transversal 
direction. Since smoobe.m is a fairly simple function, as was explained in 4.2.1, two rows were merely 
extrapolated from the closest row available in the data, and this resulted in an elongated knot. Consequently, 
the main interest in discussing the case of the board n3 is to point out the fact that sometimes missing data 
can prevent a strength prediction to be achieved successfully. 
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Figure 6.5:  (a) The knot in the board n3, located at some distance from the edge. (b) The scanning data with 
an extrapolation made with smoobe.m. 

Configuration 2a 

Besides the fact that the values of strains are not similar between 2a and the experimental results (Figures 
II.1 to II.6), the comparison shows a very different distribution, except maybe for . The measurement of 

 by Aramis indicates that the highest values of longitudinal strains are located within the knot, and not 
along the edge as predicted by the configuration 2a, because the edge is more stiffen than the centre of the 
knot. Regarding , the actual knot is mostly in compression, with some small portions in traction which 
can be explained by the heterogeneity of the knot and a possible presence of flaws. The compression of the 
knot and the elongation on the left and on the right of the knot is due to the position of the centre of the 
knot with respect to the tension edge; the simulation does not predict such a compression in the knot and 
such an elongation along the edge. Finally, the calculation of the Norris coefficient (Figure II.7) shows that, 
outside the knot, two stress concentrations could lead to a failure: one located on the border with the centre 
of the knot, around (180,2640), and another one under the knot, around (150,2660), whereas the crack arose 
around (200,2640) during the experiments. 

Configuration 2a modified 

In an attempt to obtain a more similar fibre pattern, the extrapolation made by smoobe.m was replaced by two 
rows located under the knot; they were copied and pasted along the edge after symmetry with respect to the 
longitudinal y-axis of the board. Furthermore, the delta ratio along those two rows was replaced by the 
values of the two rows under the knot. The result of this post-processing operation is illustrated in the Figure 
6.6.  

 

Figure 6.6:  A fibre pattern closer to reality was made by copying-pasting existing data rows. 
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A simulation was conducted with the modified configuration 2a (Figures II.8 to II.14). Although the strain 
distribution is not exactly the same, at least a stress path exists above the knot. In addition, the plot of the 
Norris coefficient (Figure II.14) clearly shows that the crack is likely to arise along the edge. On the basis of 
the observations above, it is clear that a complete test setup including a fracture prediction is meaningless in 
the case of the board n3. The configuration 2a was merely selected to illustrate and to raise an important 
problem that can arise when the simulations are conducted. Indeed, the function smoobe.m is well adapted for 
extrapolating missing points in clear wood or in a knot located on an edge, but not for the present case. 

 
The tests carried out with the board n3 were therefore a good opportunity to point out the fact that it is not 
necessarily possible to obtain a meaningful strength prediction, at least neither with the function smoobe.m nor 
with the current resolution of the scanner. 
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7. Conclusions 

The present study, carried out according to the experimental setup developed in the chapter 4, came up to a 
prediction of the load bearing capacity of one board (board n4) and to some interesting observations with 
another board (board n3). A numerical two-dimensional model was elaborated on the basis of various 
theories, assumptions and limitations which were addressed in the section 1.3 and the chapters 4 and 5. 
Finally, the numerical results were discussed and compared with the experimental results in the chapter 6.  

  
The limited number of simulations which were conducted in relation to only two boards is justified by the 
fact that this study, in the allotted time, was supposed to elaborate a numerical model and to determine 
which parameters could be adjusted to make the model as coherent as possible with experimental tests, on 
the basis of the data gathered by the scanner on the surface of the boards, and this, without any reference to 
related pre-existing research or databases.  

 
The modeling operation, the analysis of the scanning and experimental data, and the results were an 
opportunity to highlight the influence of a few parameters on the prediction and to raise some important 
questions as to the problem of developing a suitable model. Although a collection of parameters could, 
through a larger and systematic study, probably prove to be efficient to adjust the numerical model, this 
thesis work claimed to be an attempt to establish whether a particular hypothesis, namely the link between 
the ratio and the inner structure of a board, could be an interesting track to be explored. Through the 
present study and within the framework delimited by the assumptions and limitations which were addressed, 
the utilization of the ratio for attributing a dive angle to the fibres proved, by a comparison between the 
configurations 2 and 4, to give some encouraging results in the localization of the actual zone of crack 
initiation. Nevertheless, the relation between the location of stress singularities and the strength prediction 
was not established in a satisfactory manner. The discussion in the chapter 6 emphasized the fact that it is 
not possible, at least on the basis of the few experiments conducted in this study, to know how the approach 
influence the results. Beside the main hypothesis regarding the implementation of the dive angle, the other 
elements that were surmised to be likely to explain the gap between the strength prediction and the true load 
bearing capacity can be regrouped within four main points:  

 
1. Distribution of the ratio and definition of a boundary between a knot and clear wood. It was 

emphasized in the present study that determining a boundary between a knot and the surrounding clear 
wood on the basis of the scanning data is not obvious. The ratio was presented as an interesting tool 
since the centre of the knot is related to a zone of high values of ratio, but, at the same time, is was 
noticed that the ratio does not delimit the centre of the knot in an precise manner, even after utilization 
of the function smoobe.m. 
 

2. Utilization of material properties from literature. Several strength predictions conducted with 
variations of the material properties highlighted the influence of the material properties on the 
predictions and the necessity of using properties as close to the true properties of the samples as 
possible. This point echoes the conclusions of Foley (see the abstract and the conclusions in [6]) 
regarding her three-dimensional study of the knots. 

 
3. Simplifications. Numerous simplifications are inherent in the theories employed within the framework 

of this thesis and generated dissimilarities between the model and the reality. In addition, other 
simplifications were adopted for the sake of conducting the study to a strength prediction, such as a 
simplified crack path or a simplified attribution of material properties to the knots. Moreover, the 
utilization of a two-dimensional model limited the use of the dive angle to constant values along the 
thickness of the boards. 

 
4. Resolution of measurement and resolution of mesh. The accuracy of the model’s predictions rests 

on the measures provided by Aramis and by the scanner and it can be stressed that the influence of the 
resolution which was decided for both Aramis and the scanner on the prediction of the load bearing 
capacity is not known. 
 

Moreover, although it was not possible to achieve a strength prediction for the board n3, the problem 
encountered with some missing rows in the data appeared to be an opportunity to raise an important 
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question regarding the scanning operation. Indeed, a simple extrapolation of the missing data, performed 
with the function smoobe.m, proved to be inefficient in some particular situations and leads to wonder about 
other possibilities for further research.  
 
Finally, it is interesting to observe that a modeling of thin sawn boards by means of a two-dimensional model 
showed a pretty good similarity as to the strain distribution, outside the knots, in comparison with the 
measurements of Aramis. Consequently, it appears that the assumption made in section 1.3 relating to the 
annual rings is consistent with reality.  

Prospects for further research 

The similarities and dissimilarities between the model and the reality and the problems which were raised 
through the present work enable one, it is hoped, to make out some possible tracks for further research. A 
short list of possibilities is proposed below: 
 
1.  A systematic analysis, involving a large number of samples, is required in order to establish whether the 

model could provide a correct strength prediction and how it could. Elements such as the influence of 
the type of knot (live or dead) and of the resolution of the scanner and of Aramis on the strength 
prediction, as well as the relation between the ratio and the dive angle, or the relation between the ratio 
and the surface finish, could be studied in a systematic. 
 

2. The problem of missing data highlighted in the analysis of the board n3 could be solved either by a 
much more elaborate extrapolation function or by an increase of the resolution of the scanner. The 
latter solution seems to be the easiest to be achieved because such an extrapolation function would be 
tricky to be made; indeed, it would be supposed to determine the trend of the fibre pattern in order to 
perform a correct extrapolation. 
 

3. The determination of a trend in the fibre pattern and an approximation with flow lines (see the flow 
grain analogy in chapter 2) or with polynomials would also provide an interesting tool to obtain a correct 
crack path, wherever the crack initiates in the vicinity of the knots. 
 

4. It could be interesting to study the dive angle by gradually slicing the samples in the region of the knot 
and scanning the grain pattern over the thickness. It is hope that such a setup could provide a useful 
scanning database and could help deepen the understanding of the fibre patterns in the region of the 
knots. 
 

5. The numerical model proposed in this work could be employed for predicting the strength in boards 
containing dead knots and for making a comparison with a prediction made for live knots.  

6. The implementation of the scanning data in commercial software (e.g. Abaqus) would permit to gain 
computation time and flexibility in the meshing. 
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Appendix I 
 

Scanning data and experimental data 
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1. Fibre plots 

 

Figure I.1 :  Fibre grain of board n3 (0 interpolation). 

 

 

Figure I.2 :  Modified fibre grain of board n3 (0 interpolation). 
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Figure I.3 :  Fibre grain of board n4 (1 interpolation). 

 

2. Plots of the delta ratio 

 

Figure I.4 :  Delta ratio of board n3. 
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Figure I.5:  Modified delta ratio of board n3. 

 

 

Figure I.6:  Delta ratio of board n4. 
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3. Load curves (Test rig) 

 

Figure I.7 :  Load curve of board n3. 

 

Figure I.8 :  Load curve of board n4. 
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4. Photos at the instant of failure (Aramis) 

 

 

Figure I.9 :  Location of the failure in Board n3. Axes related to the numerical model. 

 

 

Figure I.10 :  Failure in Board n3. 
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Figure I.11 :  Location of the failure in Board n4. Axes related to the numerical model. 

 

 

 

Figure I.12 :  Failure in Board n4. 
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Appendix II 
 

Experimental results and results of simulations 
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1. Board n3 
 

1.1 Configuration 2a 

 

Figure II.1 : Plot of  . Result from Matlab. 

 

Figure II.2 : Plot of  . Result from Aramis. 
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Figure II.3 : Plot of   . Result from Matlab. 

 

Figure II.4 : Plot of   . Result from Aramis. 
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Figure II.5 : Plot of  . Result from Matlab. 

 

Figure II.6 : Plot of  . Result from Aramis. 
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Figure II.7 : Plot of the Norris coefficient. Result from Matlab. 
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1.2 Configuration 2a (modified fibre pattern) 

 

Figure II.8 : Plot of  . Result from Matlab. 

 

Figure II.9 : Plot of  . Result from Aramis. 
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Figure II.10 : Plot of  . Result from Matlab. 

 

Figure II.11 : Plot of  . Result from Aramis 
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Figure II.12 : Plot of  . Result from Matlab. 

 

Figure II.13 : Plot of  . Result from Aramis 
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Figure II.14 : Plot of the Norris coefficient. Result from Matlab. 
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2. Board n4 
 

2.1 Configuration 1 

 

Figure II.15 : Plot of  . Result from Matlab. 

 

Figure II.16 : Plot of  . Result from Aramis. 
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Figure II.17 : Plot of  . Result from Matlab. 

 

 

Figure II.18 : Plot of  . Result from Aramis. 
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Figure II.19 : Plot of  . Result from Matlab. 

 

 

Figure II.20 : Plot of  . Result from Aramis. 
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2.2 Configuration 2a 

 

Figure II.21 : Plot of  . Result from Matlab. 

 

Figure II.22 : Plot of  . Result from Aramis. 
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Figure II.23 : Plot of  . Result from Matlab. 

 

 

Figure II.24 : Plot of  . Result from Aramis. 
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Figure II.25 : Plot of  . Result from Matlab. 

 

 

Figure II.26 : Plot of  . Result from Aramis. 
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Figure II.27 : Plot of the Norris coefficient. Result from Matlab. 
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2.3 Configuration 2b 

 

Figure II.28 : Plot of  . Result from Matlab. 

 

Figure II.29 : Plot of  . Result from Aramis. 
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Figure II.30 : Plot of  . Result from Matlab. 

 

Figure II.31 : Plot of  . Result from Aramis. 
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Figure II.32 : Plot of  . Result from Matlab. 

 

 

Figure II.33 : Plot of  . Result from Aramis. 
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Figure II.34 : Plot of the Norris coefficient. Result from Matlab. 
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2.4 Configuration 2c 

 

Figure II.35 : Plot of  . Result from Matlab. 

 

Figure II.36 : Plot of  . Result from Aramis. 
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Figure II.37 : Plot of  . Result from Matlab. 

 

 

Figure II.38 : Plot of  . Result from Aramis. 
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Figure II.39 : Plot of  . Result from Matlab. 

 

 

Figure II.40 : Plot of  . Result from Aramis. 
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Figure II.41 : Plot of the Norris coefficient. Result from Matlab. 
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2.5 Configuration 3 

 

Figure II.42 : Plot of  . Result from Matlab. 

 

Figure II.43 : Plot of  . Result from Aramis. 
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Figure II.44 : Plot of  . Result from Matlab. 

 

 

Figure II.45 : Plot of  . Result from Aramis. 
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Figure II.46 : Plot of  . Result from Matlab. 

 

 

Figure II.47 : Plot of  . Result from Aramis. 
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2.6 Configuration 4a 

 

Figure II.48 : Plot of  . Result from Matlab. 

 

Figure II.49 : Plot of  . Result from Aramis. 
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Figure II.50 : Plot of  . Result from Matlab. 

 

 

Figure II.51 : Plot of  . Result from Aramis. 
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Figure II.52 : Plot of  . Result from Matlab. 

 

 

Figure II.53 : Plot of  . Result from Aramis. 
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Figure II.54 : Plot of the Norris coefficient. Result from Matlab. 

 

Figure II.55 : Plot of the Norris coefficient. Result from Matlab. 
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2.7 Configuration 4b 

 

Figure II.56 : Plot of  . Result from Matlab. 

 

Figure II.57 : Plot of  . Result from Aramis. 
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Figure II.58 : Plot of  . Result from Matlab. 

 

Figure II.59 : Plot of  . Result from Aramis. 
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Figure II.60 : Plot of  . Result from Matlab. 

 

 

Figure II.61 : Plot of  . Result from Aramis. 
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Figure II.62 : Plot of the Norris coefficient. Result from Matlab. 
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2.8 Configuration 4c 

 

Figure II.63 : Plot of  . Result from Matlab. 

 

Figure II.64 : Plot of  . Result from Aramis. 
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Figure II.65 : Plot of  . Result from Matlab. 

 

 

Figure II.66 : Plot of  . Result from Aramis. 
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Figure II.67 : Plot of  . Result from Matlab. 

 

 

Figure II.68 : Plot of  . Result from Aramis. 
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Figure II.69 : Plot of the Norris coefficient. Result from Matlab. 
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2.9 Configuration 4d 

 

Figure II.70 : Plot of  . Result from Matlab. 

 

Figure II.71 : Plot of  . Result from Aramis. 
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Figure II.72 : Plot of  . Result from Matlab. 

 

Figure II.73 : Plot of  . Result from Aramis. 
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Figure II.74 : Plot of  . Result from Matlab. 

 

Figure II.75 : Plot of  . Result from Aramis. 
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Figure II.76 : Plot of the Norris coefficient. Result from Matlab. 
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2.10 Configuration 4e 

 

Figure II.77 : Plot of  . Result from Matlab. 

 

Figure II.78 : Plot of  . Result from Aramis. 
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Figure II.79 : Plot of  . Result from Matlab. 

 

Figure II.80 : Plot of  . Result from Aramis. 
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Figure II.81 : Plot of  . Result from Matlab. 

 

 

Figure II.82 : Plot of  . Result from Aramis. 
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Figure II.83 : Plot of the Norris coefficient. Result from Matlab. 

 




