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Abstract

In this thesis we study the short-time Fourier transform. The short-time
Fourier transform of a function f(x) is obtained by restricting our function to
a short time segment and take the Fourier transform of this restriction. This
method gives information locally of f in both time and frequency simultaneously.
To get a smooth frequency localization one wants to use a smooth window, which
means that the windows will overlap.

The continuous short-time Fourier transform is not appropriate for practical
purpose, therefore we want a discrete representation of f . Using Gabor theory,
we can write a function f as a linear combination of time- and frequency shifts
of a fixed window function g with integer parameters a, b > 0. We show that if
the window function g has compact support, then g generates a Gabor frame
G(g, a, b). We also show that for such a g there exists a dual frame such that
both G(g, a, b) and its dual frame has compact support and decay fast in the
Fourier domain. Based on [2], we show that B-splines generates a pair of Gabor
frames.

Key words: short-time Fourier transform, time-frequency analysis, Gabor
frames, B-splines.
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Chapter 1

Introduction

In the beginning of the 19th century the French mathematician Jean-Baptiste
Joseph Fourier studied the problem of a one-dimensional heat equation. His
results introduced a branch of mathematics named Fourier analysis with appli-
cations found in for example electrical- and computer-engineering e.g. signal
processing and data compression.

This thesis starts with an brief introduction to the Fourier transform and
its properties. If we consider x as a time-variable of a function f(x), then the

Fourier transform, f̂ expresses f as a function of frequency.
For example we can consider a given function f(x) as a piece of music. Then

|f(x)| represent the amplitude of the vibration of a speaker membrane at time
x. On the other hand, the human ear can distinguish different tones of the
music as well as just rhythmical patterns. By taking the Fourier transform we
can extract information about the frequency behavior of f .

Even though f and its Fourier transform describes the same object, it can be
difficult to determine properties in both time and frequency just by investigating
f and f̂ individually. Another disadvantage of the Fourier transform is that it
is not stable under local changes or perturbations, that is a local change in time
domain gives a global change in the frequency domain and vice versa.

In time-frequency analysis we want a single function that describes the prop-
erties of a function in both time and frequency. In order to obtain this we mul-
tiply with a window function and take the Fourier transform of this restriction.
This method is called the short-time Fourier transform and is the main subject
of this thesis.

In order to improve the possibilities for performing numerical computations
in the theory we shall consider strongly related objects to the continuous short-
time Fourier transform. We are especially interested in discrete representations
using windows called Gabor frames generated by B-splines which are well-suited
for the short-time Fourier transform.
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Chapter 2

Fourier Analysis

In this chapter we introduce some definitions and theorems concerning Fourier
series and the Fourier transform. The space Lp(R), consists of all measurable
functions f such that the Lp-norm

‖f‖p =

(∫
R

|f(x)|p dx
)1/p

is finite. If p = 2, L2(R) becomes a Hilbert space with inner product

〈f, g〉 =

∫
R

f(x)g(x) dx.

We will be mostly concerned with functions in a Hilbert space, since an inner
product will be available.

2.1 Fourier Series

Fourier’s idea to solve the heat problem was that any integrable 2π-periodic
function, i.e. f(x) = f(x+2π), could be decomposed into a sum of trigonometric
series of the form

f(x) ∼ a0
2

+

∞∑
n=1

(an cosnx+ bn sinnx) , n ∈ N (2.1)

where the real numbers an and bn are given by

an =
1

π

∫ π

−π
f(x) cosnx dx, bn =

1

π

∫ π

−π
f(x) sinnx dx. (2.2)

The series (2.1) is called the real Fourier series of f and an and bn are called
Fourier coefficients. The complex Fourier series is given by

f(x) ∼
∑
n∈Z

cne
inx (2.3)

where the coefficients are given by

cn =
1

2π

∫ π

−π
f(x)e−inx dx. (2.4)
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If f belongs to a Hilbert spaceH and the sequence {en}n∈N forms a orthonormal
basis for H then every f ∈ H has a unique series representation of the form

f =

∞∑
n=1

〈f, en〉en. (2.5)

Furthermore, by taking inner product of (2.5) we have that

‖f‖2 =

∞∑
n=1

|〈f, en〉|2 . (2.6)

The identity (2.6) is called Parseval’s identity. In some situations it may be be
impossible to find a orthonormal basis. The concept of frames, will be discussed
in Chapter 4 and generalizes the concept of basis with the loss of orthogonality
and unique representation of elements.

2.2 The Fourier Transform

The Fourier transform is a versatile mathematical. In the area of differential
equations it can be used to transform differential equations into algebraic equa-
tions. In the sense of signal processing, it can be used to analyze functions of
time as a function of frequency. Our point of view in this thesis will be latter
one.

Definition 1. Let f ∈ L1(Rn) then the Fourier transform of f is defined as

f̂(ξ) = (2π)−n/2
∫
Rn

f(x)e−i〈ξ,x〉 dx, (2.7)

where ξ, x ∈ Rn and 〈ξ, x〉 =
∑n
i=1 ξixi is the inner product on Rn.

By taking absolute values of (2.7) we see that

ess sup |f̂ | def= ‖f̂‖∞ ≤ (2π)−n/2‖f‖1. (2.8)

Theorem 1 (Inversion formula). Suppose that f ∈ L1(Rn) and f̂ ∈ L1(Rn)
then

f(x) = (2π)−n/2
∫
Rn

f̂(ξ)ei〈ξ,x〉 dξ. (2.9)

In this thesis we will work in R1 and write

f̂(ξ) = (2π)−1/2
∫
f(x)e−iξx dx. (2.10)

Lemma 1 (Riemann-Lebesgue). If f ∈ L1(R) then f̂ is uniformly continu-

ous and lim
|ξ|→∞

|f̂(ξ)| = 0.

To study the Fourier transform we consider a suitable space of functions.
The space S (R) is the Schwarz’ class that consists of all functions f that are
infinitely many times differentiable on R and satisfies

sup
x

∣∣Daxbf(x)
∣∣ <∞ (2.11)
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for all a, b ∈ Z+. That is, functions in S (R) and its derivatives tends to
zero faster than the growth value of any polynomial xb, as x → ±∞. All
functions in S (R) have convergent integrals over R and if f ∈ S (R) then

f̂ ∈ S (R) and the map f 7→ f̂ is bijective from S (R) to itself. The space of
tempered distributions, S ′(R) is the dual space of S (R). In [5], one shows that
S ⊂ Lp(R) and Lp(R) ⊂ S ′(R) for every p.

Theorem 2. Let f, g ∈ S (R). Then∫
f(x)ĝ(x) dx =

∫
f̂(ξ)g(ξ) dξ. (2.12)

Proof. Both sides of (2.12) are equal to

(2π)−1/2
∫∫

f(x)g(ξ)e−iξx dx dξ. (2.13)

Theorem 3 (Parseval). Let f, g ∈ S (R). Then∫
f(x)g(x) dx =

∫
f̂(ξ)ĝ(ξ) dξ. (2.14)

Proof. By the inversion formula we have

g(x) = (2π)−1/2
∫
ĝ(ξ)e−iξx dξ. (2.15)

Multiplying both sides with f(x), integrate with the respect x and apply Fubini’s
theorem (permitted since f, g ∈ S (R)) yields (2.14)

Theorem 4 (Plancherel). Let f, g ∈ S (R) then

‖f‖2 = ‖f̂‖2. (2.16)

Proof. Choose g = f in Parseval’s formula.

An interpretation in signal analysis of Plancherel’s theorem is that the
Fourier transform is energy preserving.

Theorem 5 (Hausdorff-Young). Let f ∈ Lp, 1 ≤ p ≤ 2 and let p′ be such

that 1
p + 1

p′ = 1 then f̂ ∈ Lp′ and

‖f‖p′ ≤ ‖f‖p. (2.17)

Hausdorff-Young’s theorem indicates that a function and its Fourier trans-
form exchanges smoothness and rapid-decay properties at infinity.

In time-frequency analysis, two fundamental operators are the translation
operator and modulation operator defined by

Taf(x) = f(x− a) (2.18)

and
Mbf(x) = eibxf(x) (2.19)
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respectively, where a, b ∈ R. Compositions of the translate and modulation op-
erators of the form TaMb and MbTa are called time-frequency operators and are
fundamental of time-frequency analysis. We see that time-frequency operators
does not always commute since

TaMbf(x) = (Mbf)(x− a) = eib(x−a)f(x− a) =

= e−ibxeibaf(x− a) = e−ibxMbTaf(x).

Thus, Ta and Mb only commute if b · x = 2πn, n ∈ Z. Furthermore is

T̂af = M−af̂ (2.20)

and
M̂bf = Tbf̂ . (2.21)

This follows from the computations

(2π)−1/2
∫
f(x− a)e−iξx dx = (2π)−1/2

∫
f(x)e−i(x+a)ξ dx = M−af̂(ξ)

and

(2π)−1/2
∫
eibxf(x)e−iξx dx = (2π)−1/2

∫
f(x)e−i(ξ−b)x dx = Tbf̂(ξ).

Definition 2. Suppose f, g ∈ L1(R). The convolution, f ∗ g of f and g is
defined as

(f ∗ g)(x) =

∫
f(x− y)g(y) dy =

∫
f(y)g(x− y) dy. (2.22)

Theorem 6 (Convolution theorem). The convolution of two functions f
and g has property

(̂f ∗ g)(ξ) = (2π)1/2f̂(ξ) · ĝ(ξ) (2.23)

Proof. By applying Fubini’s theorem and making the change of variables u =
t− y, v = y the proof follows by

(̂f ∗ g)(ξ) = (2π)−1/2
∫ (∫

f(x− y)g(y) dy

)
e−iξx dx

= (2π)−1/2
∫∫

f(x− y)g(y)e−iξx dx dy

= (2π)−1/2
∫∫

f(u)g(v)e−iξ(u+v) du dy

= (2π)1/2
(

(2π)−1/2
∫
f(u)e−iξu du

)(
(2π)−1/2

∫
g(v)e−iξv dv

)
= (2π)1/2f̂(ξ) · ĝ(ξ). (2.24)

For more comprehensive overview of the Fourier transform and its properties
see [6].
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Chapter 3

The Short-Time Fourier
Transform

The main purpose of the Short-Time Fourier transform (STFT) is to locally
investigate the behavior of function in the frequency domain. In order to do this
we split up the function into intervals in the time domain by multiplying with
a window function and take the Fourier transform in each interval. Intuitively
one may think of a window function as a rectangle pulse. Since such a window
introduce artificial discontinuities and can create unwanted problems we want
to choose a window function with smooth cut-off. By choosing such windows,
they will overlap in their compact supports as the window ”slides” along the
time variable.

Even though f and f̂ describes the same object, a disadvantage of the Fourier
transform is that local perturbations in time domain, causes a global changes in
frequency domain. By taking the STFT we obtain better location of a function
in both time domain and frequency domain.

Example. Figure (3.1a) shows a sinc function and (3.1b) its Fourier transform.
If a local perturbation is added, the Fourier transform will be changed globally
as seen in Figure (3.2b).
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(a)
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1.5

(b)

Figure 3.1: A sinc function (a) and its Fourier transform (b).
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Figure 3.2: A sinc function with perturbation (a) and its Fourier transform (b).

Definition 3. Let g ∈ S ′(R) be a non-zero window function. Then the short-
time Fourier transform of f ∈ S ′(R) with the respect to g is defined as

Vgf(x, ξ) = (2π)−1/2
∫
f(y)g(y − x)e−iyξ dy. (3.1)

Using time-frequency operators we can write the STFT as

Vgf(x, ξ) = (2π)−1/2〈f,MξTxg〉. (3.2)

If g is kept fixed, the STFT is map from R to R2 and is linear in f and
conjugate linear in g. An interpretation in signal analysis that Vgf is a map
from the time domain into the time-frequency plane.

Example. Consider the function f(x) = sinx− 1
2 cos 2x. Its Fourier transform

is given by

f̂(ξ) =
1

2i

(
δ(ξ − 1)− δ(ξ + 1)

)
− 1

4

(
δ(ξ − 2) + δ(ξ + 2)

)
(3.3)

where δ is the Dirac delta distribution.

-4 -2 2 4 6 8

-0.5

0.5

1.0

1.5

Figure 3.3: The curve y = f(x)

Figure (3.5) shows the modulus of the short-time Fourier transform of f(x).
The gray strips indicate the region of the time-frequency concentration of f and
is proportional to |Vgf |
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Figure 3.4: The curve y = |f̂(ξ)|

-3 -2 -1 0 1 2 3

-4

-2

0

2

4

Figure 3.5: STFT of f(x) in the time-frequency plane

Theorem 7 (Moyal). Let f, g ∈ L2 then

‖Vgf‖2 = ‖f‖2‖g‖2 (3.4)

Proof. We have

‖Vgf‖22 =

∫∫
|Vgf(x, ξ)|2 dx dξ =

∫∫ ∣∣〈f, g(·− x)ei·ξ〉
∣∣2 dx dξ

=
(Parseval)

∫∫
|f(u)|2 |g(v)|2 du dv =

∫
|f(u)|2 du ·

∫
|g(v)|2 dv

= ‖f‖22‖g‖22. (3.5)

If we choose g such that ‖g‖2 = 1, then (3.5) reduces to‖Vgf‖2 = ‖f‖2, then
we see that the STFT is an isometric map and satisfy Plancherel’s theorem.
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Chapter 4

Gabor Frames

In this chapter we will introduce the concept of frames in Hilbert spaces. We are
especially interested in Gabor frames generated by B-splines. Such frames gives
small overlap in their compact support and fast decay in the Fourier domain.

4.1 Frame theory

A frame generalizes the concept of basis in a vector space. From elementary
linear algebra one knows that a set of n linearly independent vectors spans a
vector space of dimension n and every element has a unique representation with
the respect to the given basis. A frame is any set of vectors that spans the
vector space. Thus the representation of an element might not be unique.

Definition 4. Let H be a (separable) Hilbert space. A sequence {ej}j∈J ∈ H
is called a frame in H if there exists constants A,B > 0 such that

A‖f‖2H ≤
∑
j∈J
|〈f, ej〉|2 ≤ B‖f‖2H (4.1)

for all f ∈ H. The constants A and B are called frame bounds. If we can choose
A = B, then we call {ej}j∈J a tight frame. In the case A = B = 1 inequality
(4.1) becomes Parseval’s identity.

If only the upper bound is satisfied, then {ej}j∈J is called a Bessel sequence.
In the case H is finite-dimensional, Cauchy-Schwartz’ inequality

n∑
j=1

|〈f, ej〉|2 ≤
n∑
j=1

‖ej‖2‖f‖2H (4.2)

gives that there always exists an upper bound. A sufficient condition of the
existence of the lower bound is span {ej}j∈J = H

Definition 5. The analysis operator T : H → `2(J), is defined by

Tf = {〈f, ej〉}j∈J (4.3)

and the adjoint operator of T , called the synthesis operator T ∗ : `2(H)→ H is
defined by

T ∗c =
∑
j∈J

cjej , (4.4)

10



where c = {cj}j∈J is a finite sequence in H.

Definition 6. The frame operator S : H → H is defined by

Sf = TT ∗f =
∑
j∈J
〈f, ej〉ej (4.5)

Lemma 2. Let {ej}j∈J be a frame in a Hilbert space H with frame operator S
and frame bounds A,B, then

(i) S is invertible and self-adjoint.

(ii) {S−1ej}j∈J is a frame with frame operator S−1 with frame bounds B−1, A−1.

The sequence {S−1ej}j∈J is called the dual frame of {ej}j∈J . The most im-
portant result in frame theory is the frame decomposition. If {ej}j∈J is frame for
H, then every element inH has a representation an of infinite linear combination
in the form

f =

∞∑
k=1

〈f, S−1ej〉ej =

∞∑
k=1

〈f, ej〉S−1ej (4.6)

for all f ∈ H.

Example. The vectors e1 = (1, 0) and e2 = (0, 1) forms a orthonormal basis
for a two-dimensional vector space V . Put

f1 = e1 = (1, 0), f2 = e1 + 4e2 = (1, 4), f3 = 2e1 − e2 = (2,−1)

Then {fj}3j=1 forms a frame for V . Furthermore by using the definition of the
frame operator S we get that

Se1 =

3∑
j=1

〈e1, fj〉fj = 〈e1, f1〉f1 + 〈e1, f2〉f2 + 〈e1, f3〉f3

= e1 + e1 + 4e2 + 2e1 − e2 = 4e1 − 3e2 = (4,−3)

Se2 =

3∑
j=1

〈e2, fj〉fj = 〈e2, f1〉f1 + 〈e2, f2〉f2 + 〈e2, f3〉f3

= 0 + e1 + 4e2 − 2e1 + e2 = −e1 + 5e2 = (−1, 5)

Hence

S−1e1 =
1

5
(4, 3), S−1e2 =

1√
26

(−1, 5)

This gives that the dual frame is given by{
S−1fj

}3
j=1

=

{
1

5
(4, 3),

1

5
(4, 3) +

4√
26

(−1, 5),
2

5
(4, 3)− 1√

26
(−1, 5)

}
By Lemma 2 we can write f in terms of frames as

f =

3∑
k=1

〈f, S−1fk〉fk

=
1

5
〈f, (4, 3)〉(4, 3) + 〈f, 1

5
(4, 3) +

4√
26

(−1, 5)〉(1, 4)

+ 〈f, 2

5
(4, 3)− 1√

26
(−1, 5)〉(2,−1)
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4.2 Gabor Frames

The theory of Gabor analysis is based on the operators (2.18) and (2.19), i.e. the
time-frequency operators Taf(x) = f(x− a) and Mbf(x) = eibxf(x). The idea
of Gabor analysis is to represent a function f by translating and modulating a
fixed function g. If we restrict the time-frequency operators to a discrete set of
parameters we can consider such operations a discretization of f .

Definition 7. Let g be a non-zero window function in L2(R) and let a, b > 0,
then the set

G(g, a, b) =
{

(2π)−1/2MmbTnag
}
m,n∈Z

(4.7)

is called a Gabor system. A Gabor system G(g, a, b) is a frame, if there exists
constants A,B > 0 such that

A‖f‖2 ≤
∑∑
m,n∈Z

∣∣∣〈f, (2π)−1/2MmbTnag〉
∣∣∣2 ≤ B‖f‖2 (4.8)

for all f ∈ L2(R). Then G(g, a, b) is called a Gabor frame and its associated
frame operator denoted by Sg is

Sgf =
∑∑
m,n∈Z

〈f, (2π)−1/2eibm·g(·− na)〉MmbTnag

=
∑∑
m,n∈Z

(2π)−1/2
∫
f(x)g(x− na)e−ibmx dx MmbTnag

=
∑∑
m,n∈Z

Vg(na,mb)MmbTnag. (4.9)

The function g is called the window function or generator.

The window h is called the dual frame or dual generator

Lemma 3. Two Bessel sequences {EmbTng}m,n∈Z and {EmbTnh}m,n∈Z forms
a pair of dual frames for L2(R) if and only if∑

k∈Z

g(x− n/b− ka)h(x− ka) = bδ0,n (4.10)

almost everywhere for x ∈ [0, a].

The following theorem is the main result of [2]. We present and give the
proof of the theorem in the case a = 1.

Theorem 8. Let n ∈ N and let g ∈ L2(R) be a real-valued function with
supp g ⊆ [0, n] such that ∑

n∈Z

g(x− n) = 1. (4.11)

Let b ∈
]
0, 1

2n−1

]
. Then g and the function h defined by

h(x) = bg(x) + 2b

n−1∑
n=1

g(x− n) (4.12)

generates dual frames {EmbTng}m,n∈Z and {EmbTnh}m,n∈Z for L2(R).
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Proof. Since g is bounded and has compact support, so does h. Since g and
h are bounded {EmbTng}m,n∈Z and {EmbTnh}m,n∈Z are Bessel sequences. To
verify that these sequences form dual frames we have, according to Lemma 3
show that for x ∈ [0, 1],∑

k∈Z

g(x− n/b− k)h(x− k) = bδn,0. (4.13)

Since g has compact support in [0, N ], h has compact support in [−N+1, N ], so

(4.13) is satisfied for n 6= 0 when 1/b ≥ 2N − 1 or equivalently if b ∈
]
0, 1

2n−1

]
.

In the case n = 0 (4.13) reduces to∑
k∈Z

g(x− k)h(x− k) = b. (4.14)

Since g has compact support in [0, N ], this is equivalent to

n−1∑
k=0

g(x+ k)h(x+ k) = b. (4.15)

To verify (4.14) we have that for x ∈ [0, 1]

1 =

(
n−1∑
k=0

g(x+ k)

)2

= [g(x) + g(x+ 1) + . . .+ g(x+ n− 1)]2

+ g(x)[g(x) + 2g(x+ 1) + . . .+ 2g(x+ n− 1)]

+ g(x+ 1)[g(x+ 1) + . . .+ 2g(x+ n− 1)]

+ . . .

+ g(x+ n− 1)g(x+ n− 1)

=
1

b

n−1∑
k=0

g(x+ k)h(x+ k). (4.16)

Thus, (4.14) is satisfied.

4.3 Gabor Frames generated by B-splines

In this section we will focus on frames generated by B-splines. Let B1 = χ[0,1]

then the B-spline of order N + 1 is inductively given by

BN+1 = BN ∗B1 =

∫
BN (x− y)B1(y) dy. (4.17)

Theorem 9. Let n ∈ N, the B-spline Bn has following properties

(i) Bn has compact support on [0, N ] and Bn > 0 on (0, n)

(ii)

∫
Bn(x) dx = 1

13
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Figure 4.1: B-spline of order 2
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Figure 4.2: B-spline of order 3

(iii) For n ≥ 2 we have
∑
k∈Z

Bn(x− k) = 1 for all x ∈ R. If n = 1 this property

holds almost everywhere.

B-splines can be defined to have their compact support on other intervals,
for example let Bn = χ[−1,1] then

Bn+1 =

∫ 1

−1
Bn(x− y) dy,

then Bn has compact support in [−n, n]. Furthermore, one can show that

B̂n(ξ) = (sinc ξ)n.

We will now give a concrete example how to construct a Gabor frame and find
its dual frame

Example. The B-spline B2 can be written as

B2(x) = (1− |x− 1|)(H(x)−H(x− 2)) (4.18)

where H(x) is the Heaviside step function. By Theorem 8 we choose b ∈ [0, 1/3].
In the case b = 1/4 the dual frame is given by

h2(x) =
1

4
(x− 2)H(x− 2)− 3xH(x) + 2(x+ 1)H(x+ 1)) (4.19)

14
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Figure 4.3: The B-spline B2 and the dual frame h2 (thick) for b = 1/4.
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Figure 4.4: The B-spline B3 and the dual frame h3 (thick) for b = 1/5.

15



Bibliography

[1] O. Christensen, An Introduction to frames and Riesz bases. Birkhäuser,
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[5] L. Hörmander, The Analysis of Linear Partial Operators I. Springer, 1983.

[6] A. Vretblad, Fourier Analysis and its applications. Springer, 2003.

16


	Abstract
	Acknowledgments
	Introduction
	Fourier Analysis
	Fourier Series
	The Fourier Transform

	The Short-Time Fourier Transform
	Gabor Frames
	Frame theory
	Gabor Frames
	Gabor Frames generated by B-splines

	Bibliography

