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Abstract

Volatility clustering is a stylized fact common in �nance. Large changes in prices tend to
cluster whereas small changes behave likewise. The higher the volatility of a market, the more
risky it is said to be and vice versa .

Below, we study volatility clustering using an agent-based model. This model looks at
the reaction of agents as a result of the variation of asset prices. This is due to the irregular
switching of agents between fundamentalist and chartist behaviors generating a time varying
volatility. Switching depends on the performances of the various strategies. The expectations
of the excess returns of the agents (fundamentalists and chartists) are heterogenous.

Keywords: Volatility Clustering, Fundamentalists, Chartists, Switching.
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1 Introduction

The importance of �nance in our daily lives cannot be overemphasized. The study of statistical
properties of data in our �nancial markets [1, 6],shows a number of stylized facts which are com-
mon to a vast variety of markets. These stylized facts are: Heavy tail distribution of returns,
Excess volatility, Absence of autocorrelations in returns, volume/volatility correlation
and volatility clustering. The change of prices in our markets are unpredictable but the magni-
tude of the subsequent price changes can be �gured out. This is because the size of the asset price
change which is measured by the returns or absolute returns shows that "`large changes tend to be
followed by large changes of either sign and small changes tend to be followed by small changes"' .
This property also referred to as "`volatility clustering was �rst studied by Mandelbrot [12]. The
variation of an asset price is thus characterized by periods of low volatility as a result of small
price changes which are randomly followed by periods of high volatility as a result of high price
�uctuation. Financial assets such as exchange rates, stocks, market indices and interest rate secu-
rities all exhibit this property of volatility clustering. A lot of statistical models such as (G)ARCH,
multi-fractal models by Mandlebrot [30] have been used to study volatility clustering. As a matter
of fact, the GARCH models were among the �rst models to study this property which even led the
volatility clustering phenomenom to be referred to as the "GARCH e�ect". These models assume
that clustered volatility is caused by an exogenous source an example being the clustered arrival of
random news into the market and the agents reacting according. These models, though very useful
for statistical explanation of the data cannot reveal in detail the origin of volatility clustering [13].
Some behavioral economic mechanisms are needed to better understand the origin of this property.

Asset volatility is an instrumental feature for measuring risk and therefore in�uences the in-
vestment decisions of the agents in the market needs to be properly studied. What really are the
forces behind volatility or volatility clustering? Work has been done on the role that "`market
psychology"' [7] or "`investors sentiment"' [9] play in our �nancial market as related to volatility
clustering. Other studies [8] show that the investors are subject to waves of optimism and pes-
simism and therefore create a kind of momentum that causes prices to temporarily swing away
from their fundamental price.

Our study below is subdivided into four parts. Firstly, we look at the components of a �nan-
cial model and various mechanisms generating volatility clustering some of which are: Evolution,
di�erent information arrival times, behavioral switching and investor inertia. These mechanisms
have led to the development of di�erent models to study volatility clustering.

The second part looks at a heterogeneous agent based model for volatility clustering. This
model deals with a heterogenous set up where it is assumed that the market is made up of two
groups; the technical analysts and the fundamentalists and the asset prices are given by random
news about fundamentals and evolutionary forces which drives the trading process itself. The
heterogenous market accounts for the irregular switching between faces of high and low volatilities.
In this heterogenous model, we look at a brief description of the model, the construction of the
model and the driving forces generating volatility.

The agent can decide to send a buy order, sell order or even be inactive based on the exogenous
news. Some advantages of the use of this model for the study of volatility clustering are then
looked at.

Finally some concluding remarks are made about both models and volatility clustering in
general.

2 Volatility

The asset price model is made up of a variable Xt which is the value of the observed asset at time
t, a component σ which is a measure of the uncertainty(volatility) of the market population price
with respect to its future value.

Generally speaking a �nancial model is well speci�ed with three components:

1. A variable Xt, e.g stock.
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2. A mechanism to re�ect uncertainty denoted by σ

3. Arbitrage free conditions.

De�nition 1. Volatility is a statistical measure of the dispersion of returns for a given market
index or security and can be measured using variance or standard deviation between returns from
that same security or index. Generally, the higher the volatility, the riskier the security.

Given that:
The sample size of a given population is N ,
The mean return in the sample is:

x̄ =
1

N

N∑
i=1

xi

The arithmetic return and logarithmic return are xi = pi+1+pi
pi

and xi =ln
(
pi+1

pi

)
respectively.

Then the sample volatility s is given by:

s =
1

N

N∑
i=1

(xi − x̄)
2
. where

N∑
i=1

(xi − x̄)
2
<∞. (1)

Provided we are dealing with a small sample data, the mean return x̄ produces a lot of noise.
To reduce this noise and better the accuracy of the volatility, x̄ is assumed to be zero which reduces
equation (1) to

s =
1

N

N∑
i=1

x2
i (2)

The volatility described so far is a re�ection of the data sample. To get the population estimate
of volatility σ, some transformation is carried out on the sample volatility as shown by Kenny and
Keeping below using the k-statistic.

2.1 Getting Population volatility (σ) from sample volatility(s)

As carried out by Kenny and Keeping 1951, �rst of all we look at the distribution generating
this volatility from where the cumulants(moments) Ki can be got. The k-statistic is the unbiased
estimator of these cumulants. That is the expected value of the k-statistics gives the corresponding
value of the cumulant.

k1 = E(K1)

k2 = E(K2)

k3 = E(K4)

k3 = E(K4)

A few k-statistics for a sample of size N is de�ned below.

K1 = m1 (3)

K2 = N
N−1m2 (4)

K3 = N2

(N−1)(N−2)m3 (5)

K4 =
N2[(N+1)m4−3(N−1)m2

2]
(N−1)(N−2)(N−4) (6)

The k-statistics are got by inverting the above four relationships and thus getting:

E(m1) = µ (7)

E(m2) = N−1
N µ2 (8)

E(m2
2) =

(N−1)[(N−1)µ4+(N2−2N+3)µ2
2]

N3 (9)

E(m3) = (N−1)(N−2)
N2 µ3 (10)

E(m4) =
(N−1)[(N2−3N+3)µ4+3(2N−3)µ2

2]
N3 (11)

5



Equations (8), (9), (10) and (11)can easily be proven.

Proof. Proof of equation (8):

m2 = E[(x− µ)2]

= E[x2]− 2µE(x) + µ2

= E[x2]− µ2

=
1

N

N∑
i=1

x2
i −

(
1

N

N∑
i=1

xi

)2

=
1

N

N∑
i=1

x2
i −

1

N2

 N∑
i=1

x2
i +

N∑
i,j=1,i6=j

xixj


=

N − 1

N

N∑
i=1

x2
i −

1

N2

N∑
i,j=1,i6=j

xixj

E(m2) = E

N − 1

N

N∑
i=1

x2
i −

1

N2

N∑
i,j=1,i6=j

xixj


=

N − 1

N
E

(
1

N

N∑
i=1

x2
i=1

)
− 1

N2
E

 N∑
i,j=1,i6=j


=

N − 1

N
µ1

2 −
N(N − 1)

N2
µ2

where there are N(N-1) termsxixj ,

using

E(xixj) = E(xi)E(xj)

= (E(xi))
2
.

Use the identity

µ1
2 = µ2 + µ2 to convert to the momentµ2

about the mean, simplyfying gives

E(m2) =
N − 1

N
µ2

Likewise the third and fourth moments can be proven using similar approach.
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Proof. Proof of equation 9

m3 = E
(
(x− µ)3

)
= E

(
x3 − 3µx2 + 3µ2x− µ3

)
= E(x3)− 3µE(x2) + 3µ2E(x)− µ3

= E(x3)− 3µE(x2) + 2µ3

=
1

N

∑
x3
i − 3

(
1

N

∑
xi

)(
1

N

∑
x2
j

)
+ 2

(
1

N

∑
xi

)3

substituting the two identities below(∑
x2
i

)(∑
xj

)
=

∑
x3
i +

∑
x2
ixj(∑

xi

)3

=
∑

x3
i + 3

∑
x2
ixj + 6

∑
xixjxk

into the above equation gives

m3 =
(
1/N − 3/N2 + 2/N3

)∑
x3
i

+

(
−3/N2 + 3.

2

N3

)∑
x2
ixj + 6.

2

N3

∑
xixjxk

take the expected value to get

E(m3) =
(
1/N − 3/N2 + 2/N3

)
Nµ1

3 +
(
−3/N2 + 6/N3

)
N(N − 1)µ1

2µ

+
12

N3
.1/6N(N − 1)(N − 2)µ3

where µ1
2 is moment about zero.

Put into the identities below

µ1
2 = µ2 + µ2

µ1
3 = µ3 + 3µ2µ+ µ3

then simplifying yields

E(m3) =
(N − 1)(N − 2)

N2
µ3
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Proof. Proof of equation (10):
The fourth moment:

m4 = E
(
(x− µ4)

)
= E

(
x4 − 4x3µ+ 6x2µ2 − 4xµ3 + µ4

)
= E(x4)− 4µE(x3) + 6µ2E(x2)− 4µ3E(x) + µ4

=
1

N

∑
x4
i −

4

N2

∑
xi
∑

x3
j +

6

N3

(∑
xi

)2

E(x2
j )−

3

N4

(∑
xi

)4

∗ ∗

Substitute the identities(∑
xi

)(∑
x3
j

)
=

∑
x4
i +

∑
x3
ixj(∑

xi

)2 (∑
xj

)2

=
∑

x4
i + 2

∑
x3
ixj + 2

∑
x2
ixj + 2

∑
x2
ixjxk(∑

xi

)4

=
∑

x4
i + 4

∑
x3
ixj + 6

∑
x2
ix

2
j + 12

∑
x2
ixjxk + 24

∑
xixjxk

in ** then simplify to get

m4 =

(
1

N
− 4

N2
+

6

N3
− 3

N4

)∑
x4
i

+

(
− 4

N
+ 2.

6

N3
− 4.

3

N4

)∑
x3
ixj

+

(
2.

6

N3
− 6.

3

N4

)∑
x2
ix

2
j

+

(
2.

6

N3
− 12.

3

N4

)
x2
ixjxk − 24.

3

N4

∑
xixjxkxl

the expected value value is

E(m4) =

(
1

N
− 4

N2
+

6

N3
− 3

N4

)
Nµ1

4 +

(
− 4

N
+

12

N3
− 12

N4

)
N(N − 1)µ1

3µ

+

(
12

N3
− 18

N4

)
1

2
N(N − 1)

(
µ1

2

)2
+

(
18

N3
− 36

N4

)
1

2
N(N − 1)(N − 2)µ1

2µ
2

+
−72

N4
.

1

24
N(N − 1)(N − 2)(N − 3)µ4

whereµ1
i are moments about0.

use the identities below

µ1
2 = µ2 + µ2

µ1
3 = µ3 + 3µ2µ+ µ3

µ1
4 = µ4 + 4µ3µ+ 6µ2µ

2 + µ4

to simplify the above equation to

E(m4) =
(N − 1)[(N2 − 3N + 3)]µ4 + 3(2N − 3)µ2

2

N3

With the general population size, the volatility of the total population can be computed with
the knowledge of population cumulants. The variance of k2 is given by

var(k2) =
k4

N
+

2

(N − 1)k2
2

(12)

Recall that the transformations of Kenny and Kenny and Keeping 1951 are very helpful when
taking the total population into consideration. However, in most cases a sample of the total data
is considered. Where
m1 = x̄ = sample mean.
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m2 = variance
mi = sample ith moment about the mean. From the above equations,

E(m1) = x̄

E(m2) = N−1
N s2

being the expected values of the �rst and second moments respectively. From above, the sample
mean

m1 ≡ E(x) =
1

N

N∑
i=1

xi

and the expectation of the �rst moment

E(m1) = E

(
1

N

N∑
i=1

xi

)
= s (13)

We are going to limit ourselves just to the �rst and second moments because volatility deals with
the square root of the second moment. Therefore, the expected value of the second moment is
given by

E(m2) = E
(
(x− s)2

)
= E[X2]− 2sE(X) + s2

= E(X2)− s2

=
1

N

N∑
i=1

x2
i −

(
1

N

N∑
i=1

xi

)2

=
1

N

N∑
i=1

x2
i −

1

N2

 N∑
i=1

x2
i +

N∑
i,j=1

xixj

 i 6= j

=
N − 1

N2

N∑
i=1

x2
i=1 −

1

N2

N∑
i,j=1

xixj

=
N − 1

N
E

(
1

N

N∑
i=1

x2
i

)
−E

 N∑
i,j=1

xixj


Let

E[xixj ] = E[xi]E[xj ]

= (E(xi))
2

and µ1
2 be the moment about zero, then

E(m2) =
N − 1

N
s1

2 −
N(N − 1)

N2
s2

Using the identity s1
2 = s2 + s2 to convert to the moment s2 about the mean and simplifying gives

E(X2) =
N − 1

N
s2 (14)

where E(X2) = σ2 is the population variance and s2 is the sample variance. With this, the estimate
of the population volatility can be got from the sample volatility.
Other authorities prefer to de�ne the sample variance directly as:

s2 =
1

N − 1

N∑
i=1

(xi − x̄)
2

(15)

From equations (14) and (15), the variance estimates are unbiased. On the otherhand, the volatility
estimates got from these two equations are biased as can be explained by Jensen's inequality.
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De�nition 1. If X is a random variable and ϕ is a measurable convex function, then Jensen's
inequality states that:

ϕ(E(X)) ≤ E[ϕ(x)] (16)

and the inequality is reversed for a concave function.

In our case, we observe that E
(√

(s2)
)
≤
√
E(s2).

We then seek to correct the volatility by looking at the process that generated the returns. If
we do assume that the process that generated the returns is a Gaussian distribution, then the
distribution function generally is de�ned as

f(x) =
1√

2πσ2
e−

(x−µ)2

2σ2 (17)

The distribution function of the sample standard deviation is then given by

fN (s) = 2

(
N

2σ2

)N−1
2

Γ
(
N−1

2

) exp(−Ns2

2σ2

)
sN−2 (18)

with
s = sample standard deviation
σ = population standard deviation.
Γ(x)= gamma function de�ned by Γ(n) = (n− 1)!.
From the distribution function, the extend of the biasness can be studied. Di�erent graphs are
drawn with the using di�erent sample sizes. If the biasness is caused by the size of the sample
being small, this can be recti�ed by increasing the size of the sample N .

The extend to this bias can be computed using the relationship x̄ = b(N)σ where σ = s̄
b(N) is

an unbiased estimator of the population variance and

b(N) =

√
2

N

ΓN
2

ΓN−1
2

(19)

This gives the variance of the sample

var(s) =
1

N

(
N − 1− 2

Γ2N
2

Γ2N−1
2

)
σ2 (20)

With the computation of our gamma function, note that Γ(k+1/2)
Γ(k) =

√
k
(
1− 1

8k + 1
128k2 + ...

)
.

Solving equations (19) and (3.2) gives

var(s) ≈ σ2

2N
(21)

With more data, we got closer to the true volatility. Financial data will always face these problems.
If the data is little, volatility produced will have a lot of noise due to sampling errors and trying
to get so much data may mean using out of date data. With this, the sampling size to an extend
is determined by the market prevailing conditions.
This method of estimating volatility is advantangeous in the sense that bias can be easily cor-
rected, it can be converted to daily transactions and also has well understood sampling properties.
However, it converges very slowly and the data collected is not e�ciently used.

Di�erent ways have been used to represent volatility by di�erent researchers. I will two di�erent
ways by which volatility can be represented.

Parkinson Representation of Volatility: Here the high and low prices in the trading period
are taken into consideration. Given that:
li = low price in the trading period,
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hi = high price in the trading period,
then the volatility can be represented as

σ =

√√√√ 1

4N ln2

N∑
i=1

(
ln
hi
li

)2

(22)

This way of representation of volatility is good in the sense that using daily range is more appro-
priate than using time based sampling. On the otherhand, it underestimates volatility and only
appropriate for geometric brownian processes. It cannot handle jumps and trends.

Garman and Klass representation of Volatility: This is used to estimate historical volatil-
ity and assumes Brownian motion with no drift and no opening jumps and far more e�cient than
our �rst estimator. The Garman-Klass volatility is represented as:

σ =

√√√√ 1

N

N∑
i=1

1

2

(
ln
hi
li

)2

− 1

N

N∑
i=1

(2ln2− 1)

(
ln

ci
ci − 1

)2

(23)

where:
σ = Volatility,
N = Number of historical prices used for volatility.
hi = high price
li = low prices.
ci = closing price.
Though this way of estimating volatility is more e�cient, it is more bias than the parkinson
parameter for volatility.

Another component which should be taken into consideration when dealing with the asset price
model is the arbitrage free conditions.

De�nition 2.1. Arbitrage is the simultaneous purchase or sale of an asset taking advantage of
the di�erence in prices prevailing in the di�erent markets and the pro�t generated is the di�erence
in the prices between the markets. Markets that do not allow this system are said to be arbitrage
free and the following conditions hold for an arbitrage free market.

1. The same asset trade at the same price in all markets.

2. Identical cash �ow assets trade at same price.

3. All assets have negligible cost of storage.

2.2 Types of Volatility

Historical Volatility: This is the volatility of a �nancial time series over a given time period
such as a day, week, month, quarter or year. Standard deviation of price changes over a given
period of time is the most used method to calculate historical volatility. Historical volatility is
used in the valuation of risks. The higher the value of the historical volatility, the higher the
risk of the market while for values of the historical being very low, the market is said to be less
risky. Historical volatility is also known as statistical volatility. The computation of stock price
volatilities from historical data has some di�culties to be taken into consideration.

During sampling, an error is produced which produces an estimation risk. To reduce this error
hence reducing the risk, it seems reasonable to increase the sampling size. To increase the sampling
size, a longer series of historical data is needed or the frequency of observation of data in the same
period is increased. To do this, one is faced with two challenges.

1. Increasing the length of the observation period could make matters worse since it has been
empirically shown that the variance is not constant.

2. The number of observations in most cases within a period cannot be increased since we
mostly deal with daily data.
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One can say without fear that future volatility cannot be adequately forecast using historical
information since volatility is unstable over time and that stock prices based on historical volatilities
are biased.
The historical volatility σ can be calculated in the simplest thus:

σ =

√√√√ 1

n− 1

n∑
i=1

(µ− xi)2
n 6= 1 (24)

where µ = 1
n

∑n
i=1 xi and xi is price change. xi can be written as

xi =
pi+1 + pi

pi
, or xi = ln

(
pi+1

pi

)
and n the number of historical days used in the volatility estimate.

Implied Volatility: This is the estimated value of the asset price. In the �eld of asset pricing,
there are various factors which in�uence the implied volatilities, an example is the price of the
asset. For a risky market, the implied volatility is high while for a less risky market, it is low. In
a market system, the �uctuations of asset returns could be explained by the fact that information
comes into the market and investors react to this information accordingly. Provided the changes
of the returns (rt) tend to be high for some time period and then low for some time period, then
the market is said to exhibit volatility clustering. If τ be the time lag between returns, it should
be noted that there is no correlation between returns:

corr(rt, rt+τ ) = 0 but there exist positive correlation between square returns or absolute returns:
corr(|rt|, |rt+τ |) > 0.

2.3 Factors that may generate volatility:

A lot of sociological approaches have been used to study volatility clustering looking at it at
di�erence perspectives and bringing out various economic variables related to the problem. Below,
we take a brief look at some possible origins of volatility clustering.

2.3.1 Evolution

A market can be considered as a population of agents with di�erent decision rules. A decision rule
is a mapping from an agent's information set (trading volume, price history and other indicators)
to his set of actions (no trade, buy, sell). This decision rule may change with time. With this, it
important to consider the evolution of the agent's decision rule when studying a model as this may
cause volatility [18].

2.3.2 Heterogeneous arrival rates of information:

A possible origin for volatility is the heterogeneity in agentt's time scale [11]. While we may have
market participants who are interested in accumulated pro�ts (investors), there are some who are
interested in quick pro�ts (traders). The traders aim to exploit short term �uctuations while the
investors focus on long term varibility of prices. The di�erence in reaction to trends may generate
volatility.Lebaron [19]

2.3.3 Behavioral switching

The switching of agents from one believe to another can cause volatility clustering [23]. Agents
switch between these behaviors based on the pro�tability of the strategies at that particular point
in time.
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2.3.4 Investor inertia:

The switching of investors from one strategy to another is what actually generates volatility clus-
tering [23]. Investors are said to switch to one strategy or the other based on the performance
of the strategies. Some investorss have an in-built reluctance to switch to another strategy. This
investor inertia may cause price �uctuations (volatility) [31].
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3 Heterogenous Agent-Based model for Volatility Clustering

3.1 Description of Model

With a lot of increasing interest in behavioral �nance, there are alot of agent-based models in the
�nancial market. Our model is assumed to have two types of agents: the fundamentalists and
the technical analysts (chartists). This model can be extended to have many more participants.
Information getting into the market is modelled by an IID random process.Volatility clustering
occurs as a result of interaction between the fundamentalists and the technical analysts. The
various market participants are all free to intercommunicate and they have di�erent strategies.

The technical analysts study the price patterns based on historical information about the asset
in question and make their trading rule based on the deviation of the prices from the fundamental
value. On the other hand, the fundamentalists hold on to the believe that in the long run, prices
will move towards the fundamental rational expectation value as de�ned by the rational expecta-
tion hypothesis.

In otherwords, In this model, we consider the fundamental value to be constant. We assume the
market to be e�cient and �uctuation of prices to be random. Also, the last observed price is the
best predictor for the future price. Based on the deviations of the price from the fundamental value
as time goes on, the fractions of the fundamentalists and chartists changes. This is determined
by the accumulated pro�t that has been realized by each group of traders. In the heterogeneous
market, there is an irregular switching between states of low and high volatilities due to trading
rules. Random news entering the market can cause a small change in price (low volatility) or may
reinforce an already present deviation in price leading to high volatility. In this our heterogeneous
set up, volatility clustering is driven by heterogeneity and conditional evolutionary learning.
Interestingly, heterogeneity in expectations and switching between strategies causes the determin-
istic part of our evolutionary model to be a nonlinear dynamical system exhibiting (quasi)periodic
and even chaotic �uctuations in asset prices and returns. Di�erent irregular patterns can be gen-
erated by a nonlinear dynamic model. Coexistence of attractors is a feature which is present in
our nonlinear heterogeneous agents model. This feature is very important to described volatility
clustering.

This model illustrates coexistence of a stable limit cycle and a stable steady state. Building on
the initial conditions of the market, in the long run, the prices can keep on �uctuating in a stable
cycle around the fundamental price or can boil down to the stable fundamental steady state price.
Dynamic noise causes the market to switch randomly between close to the fundamental steady state
�uctuations, with small price changes, and periodic �uctuations, triggered by technical trading,
with large price changes. Using a simple forecasting rule of thumb, in rational expectation �nance,
an irrational trader cannot survive in the market. The fundamentalists are said to be rational
since they do a rational valuation of the risky asset. On the otherhand, the chartists use rules
to forecast asset prices and it has been found out that in an evolutionary framework, chartists
are not irrational [29] but are considered to be boundedly rational. This is because when prices
deviate from the fundamental price, technical analysts make better forecasts than fundamentalists
and enjoy greater pro�ts.

With a lot of increasing interest in behavioral �nance, there are a lot of agent-based models in
the �nancial market. This particular model is however di�erent from the others in the sense that
it talks about:

• Heterogeneity in expectation rules.

• Time varying fraction of traders driven by evolutionary competition

Endogenous asset price �uctuation causing volatility and volatility clustering can be due to ex-
ogenous evolutionary forces. Agent based evolutionary modeling of �nancial market is now being
widely used and a lot of work has already been done in this �eld of studies. Our model will look at
some general ideas in behavioral �nance where we consider the market to be made up of di�erent
agents with di�erent strategies and the fraction of di�erent strategies change with time. This
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change in strategies is governed by �uctuations in pro�ts and wealth. Our heterogeneous model is
bounded and is said to be in a rational world. Let us now take a detail study of how our model
looks like.

3.2 Building the Model

The model is made up of two types of agents, the technical analysts (chartists) and the fundamen-
talists. Consider the total number of agents in the market to be ψ and the number of chartist be
ψc while total number of fundamentalists is ψf . Therefore,

ψ = ψc + ψf (25)

This model will be a standard discounted asset pricing model. The price forecasts of the technical
analysts depends on the movement of the prices from the rational expectation fundamental price
P f . The technical analysts can be subdivided into optimistic technical analysts (ψc+) and the
pessimistic technical analysts (ψc−) that is

ψc− + ψc+ = ψc. (26)

In this model, the agents are free to invest in a risky asset (stocks, shares, currency) which provides
uncertain dividends Φt with uncertain returns or they can invest in risk-free assets (e.g T-bills)
which give a �xed rate of returns r at any time t. Consider trader i and let pt be the stock price
at time t, also let Eit and Vit be the forecasts conditional expectation and conditional variance
respectively. Given that Dit represents the excess demand of agents type i at time t, then the
wealth of this agent at time t+ 1 is given by:

Wi,t+1 = Wi,t + rWi,t + pt+1Di,t + Φt+1 − ptDi,t − rptDi,t

Wi,t+1 = (1 + r)Wi,t + (pt+1 + Φt+1 − (1 + r)pt)Dit.
(27)

Models with time varying variances have been analysed [31] and were revealed that in the case of
IID dividend process, the results are similar to those with constant variances. With these �ndings
and for easy computations, the conditional variance Vit = σ2 of our model will be considered to
be constant and this constant value will be taken to be the same for all types of traders in our
market. To �nd the quantity demanded by an agent i at time t, we take into consideration how
risk averse agents are. Risk aversion is the subjective readiness of an agent to avoid unnecces-
sary risk. Generally, agents are risk averse. Given two investments with di�erent risks and these
investments yield the same returns, agents will choose the less risky investment. However, in-
vestors seeking a large return will see a more risky investment as a necessary adventure to get into.
To get into how much an agent is willing to place as demand, we discuss the notion of risk aversion.

RISK AVERSION:
Let the asset of an agent be x, the risk of an investment be z and U be a utility function.

Let the reward for holding a risky investment rather than a risk-free investment be de�ned by the
function π. In otherwords, π is known as the risk premium and depends on x and the distribution
of z. When x = 0, the agent is said to be in a state of ruin (agent has lost all disposable assets).
By the properties of utility,

E(u(x+ z)) = U(x+E(Z)− π(x, z)), E(U(x+ z))∠∞ (28)

The function U(x+E(Z)− π(x, z)) is a strictly continuous decreasing function of π. For any β,
from equation (28)

π(x, z) = π(x+ β, z − β) (29)

We assume E(z) exists such that E(z) = β. This value of /beta is chosen so that the agent is
neutral about the risk z. That is E(z − β) = 0. With this value of β, the agent is indi�erent
between incuring the risk z or paying an amount πa(x, z) where

πa(x, z) = E(z)− π(x, z) (30)

and is also known as the value of the risk z. With this, the smallest amount an agent may be
willing to sell z is given by

U(x+ πa(x, z)) = E(U(x+ z)). where E(U(x+ z)) exists. (31)
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On the otherhand, given that πb(x, z) is the bid price for the risk, an agent's maximum amount
he will be willing to pay for this risk is given by

U(x) = E(U(x+ z − πb(x, z))) (32)

A risk can be insured. Let the insurance premium for a risk be given as πi(x, z). The agent is in-
di�erent between paying the insurance premium or paying an amount πa(x, z), there is indi�erence
when

πi(x, z) = −πa(x, z)

= π(x, z)−E(z)

and the risk premium is the same as insurance premium when E(z) = 0

Computation of Risk Aversion Coe�cient: To compute the risk aversion coe�cient of an
agent, we assume E(z) = 0.
Recall from equation (28) that

E(u(x+ z)) = U(x+E(Z)− π(x, z)), E(U(x+ z))∠∞

where now with our assumption of E(z) = 0, the equation becomes

E(u(x+ z)) = U(x− π(x, z)), E(U(x+ z))∠∞ (33)

Taking a �rst order Taylor series expansion about π = 0 on the right hand side yields

U(x− π) = U(x)− πU ′(x) +O(π2) (34)

Now taking a second order Taylor series expansion of the Left hand side gives

U(x+ z) = U(x) + zU ′(x) +
1

2
z2U ′′(x) +O(z3) (35)

and taking expectation gives

E(U(x+ z)) = E(U(x) + zU ′(x) +
1

2
z2U ′′(x) +O(z3)) (36)

≈ U(x) +
1

2
σ2
zU
′′(x) (37)

Substituting equations (36), (34) in (33) yields

U(x) +
1

2
σ2
zU
′′(x) ≈ U(x)− πU ′(x) (38)

Therefore

π ≈ 1

2
σ2
z

(
−U ′′(x)

U ′(x)

)
(39)

The coe�cient of absolute risk aversion is given by

λa(x) =
−U ′′(x)

U ′(x)
(40)

Relative risk aversion coe�cient is also de�ned similarly. Let an agent have wealth x and xz be the
risk. The certainty equivalence, that is the di�erence between the risk and risk and risk premium
is de�ned thus:

E(xz)− xπ(x, z) (41)

The risk premium for xz is given by:

xπ(x, z) = ρ(x, z)

π(x, z) = ρ(x, xz)/x
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Substituting the above in equation (39) yields'

ρ(x, xz) ≈ 1

2
σ2
z

(
−xU ′′(x)

U ′(x)

)
(42)

where the relative risk aversion coe�cient is

λr(x) =
−xU ′′(x)

U ′(x)
(43)

These risk aversions we have been talking of so far are know as the "`risk aversion in the small"'
because it deals with smal risks and we will limite ourselves with this. Risk aversion can be in-
creasing, decreasing or constant.

EXAMPLES:

1) Constant absolute risk aversion coe�cient:

i) If U(x) = x, then λ(x) = −U ′′(x)
U ′(x) = 0

ii) Given U(x) = −e−ax, then

λ(x) =
a2e−ax

ae−ax

= a

2) Constant Relative risk aversion coe�cient:
Let the utility function be de�ned as U(x) where U(x) = 1

1−βx
1−β

U ′(x) = x−β

U ′′(x) = −βx−(β+1)

Therefore

λr(x) =
xβx−(β+1)

x−β

= β

3)Decreasing risk aversion coe�cient:
Consider the utility function U(x) = logx. Therefore the risk aversion coe�cient is

λ(x) =
−U ′′(x)

U(x)

=
1

x

Our agents then place a demand in the market with adequate knowledge of risk, risk premium
and risk aversion. An agent i at time t places a demand Dit. From the knowledge of demand and
supply, the quantity demanded Dit is given by the ratio

Dit =
Eit[pt+1 + Φt+1 − (1 + r)pt]

λVit[pt+1 + Φt+1 − (1 + r)pt]

=
Eit[Wi,t+1]

λσ2

(44)

where Vit = σ2 is constant and Eit exists.
The total number of shares are not always constant. Provided some outside risky shares s are
supplied by every investor into the market system and this supply is constant and the total number
of agent types is n, if the fraction supplied by agent type i at time t is denoted by fit and assuming
demand equals supply, it implies that

s =

n∑
i=1

fit
Eit[pt+1 + Φt+1 − (1 + r)pt]

aVit[pt+1 + Φt+1 − (1 + r)pt]

=

n∑
i=1

fit
Eit[Wi,t+1]

λσ2

(45)
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As already discussed, the risk associated with every share can be calculated.Our model assumes a
homogenous risk aversion. What happens if s = 0, then equilibrium (demand = supply) equation
(45) becomes

n∑
i=1

fit
Eit[pt+1 + Φt+1 − (1 + r)pt]

λVit[pt+1 + Φt+1 − (1 + r)pt]
= 0

n∑
i=1

fitEit(pt+1 + Φt+1) = (1 + r)pt

(46)

Notice that we have been dealing with a market setting where there are di�erent agent types having
the same variance but their expectations are di�erent. What therefore happens in the case where
all the traders are alike and their expectations Et are the same? In this case, there will not be
any summation of di�erent agent types with respect to di�erent expectations implying that the
risk-free equation given by (46) above becomes

Et(pt+1 + Φt+1) = (1 + r)pt. (47)

From which today's price (pt) of the risky asset is computed as

pt =
Et(pt+1 + Φt+1)

(1 + r)
(48)

On the otherhand, in a market with an in�nite number of traders who are assumed to be rational
and their expectations are homogeneous, the fundamental price P f can be calculated. The price
P f paid for a share is equal to the sum of the present value of a certain dividend Φ1 per share and
the selling price P1 of the share which have been discounted. That is

P f =
Φ1 + P1

1 + r
. (49)

Computing similarly for P1 and using the certain dividend Φ2 and price of stock P2, we get

P1 =
Φ2 + P2

1 + r
(50)

In like manner, P2, P3, P4, ..., can be calculated. Substituting equation (50) in equation (49), we
get

P f =
Φ1 + Φ2+P2

1+r

1 + r

=
Φ1(1 + r) + Φ2 + P2

1 + r
.

1

1 + r

=
Φ1

1 + r
+

Φ2

(1 + r)2
+

P2

(1 + r)2

as t→∞,

P f =

∞∑
t=1

Φ

(1 + r)t

=
Φ

r
.

(51)

where the expected value of the stochasttic process Φt+1 as de�ned by equation (47) is assumed
to be constant and equal to Φ.

When the expected value of the IDD dividend process Φt is not constant, the fundamenal price
given in equation (51) will be written as

P ft =

∞∑
t=1

E(Φt+m)

(1 + r)t
(52)
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Baring in mind that the expected value of the dividend process cannot be generally constant,the
usage of the constant fundamental price P f = Φ

r does not re�ect the real market situation. It will

thus be better to use the time varying fundamental price P ft .
In this model, we hold to the condition that

lim
t→∞

E(pt)

(1 + r)t
= 0. (53)

Recall from equation (47), Et(pt+1 + Φt+1) = (1 + r)pt, the equilibrium state for an asset pricing
model in the heterogenous world. Notice that the discounted value of the sum of tomorrow's
expected value and tomorrow's expected dividend average over all trader types is equal to today's
price. Let us make some assumptions about the forecasts of traders on subsequent prices and
dividends and consider a simple case where all traders have the same expectation for subsequent
dividends. For all trader types the forecast is given by

Eit(Φt+1) = Et(Φt+1)

= Φ.
(54)

implying that all traders will be able to arrive at the fundamental price P f = Φ/r which prevails
in a homogeneous world. This is not the case in the heterogeneous world where prices do deviate
from their fundamental value. The next assumption we make is to limit ourself to two trader types
in the market and denote these two types as type c and type f .

Trader type f is known as the fundamentalists and trader type c is the chartists (technical ana-
lysts). We then take a look at the expected values of the prices and dividends of the various traders.

1). Fundamentalists: The expected prices of trader type f , the fundamentalists, at time t + 1
is said to move in the direction of the parameter ζ such that this value is given by

Eft [pt+1] = P f + ζ(pt−1 − P f ), 0 ≤ ζ ≤ 1. (55)

In the special case where ζ = 0
Eft[pt+1] = pt−1 (56)

Where tomorrow's price is the same as yesterday's price.

2). Technical Analysts: For the technical analysts, the expected value of the price of the
risky asset at time t+ 1 is given by

Ect[pt+1] = pt−1 + µ(pt−1 − pt−2), µ ≥ 0 (57)

From equation (57), it is seen that the technical analysts do not use the fundamental price values in
the prediction of the risky asset price values. The technical analyst,s study the perturbation of the
prices and make decisions based on them. The above shows that the chartists look at two lag time
periods in order to predict future prices. In our case where we do have only two agent types and
also a common expectation on dividends and lets denote nft to be the fraction of fundamentalists
and nct to be the fraction of chartists at time t in the market. Putting equations (55) and (57) in
(47),then the market equilibrium equation becomes

(1 + r)pt = nft(P
f + λ(pt−1 − P f )) + nct(pt−1 + µ(pt−1 − pt−2)) (58)

The approach to all data received by every agent is di�erent. In the �nancial world, not all data is
really considered to be useful information to all agents. Some is considered as noise. We introduce
a parameter ε to capture the data considered to be noise. Let εt be an IID time varying random
noise, then the model becomes

(1 + r)pt = nft(P
f + λ(pt−1 − P f )) + nct(pt−1 + µ(pt−1 − pt−2)) + εt (59)

We have looked at the �rst part of the model. Now, the next part of the model looks at the
endogenous switching of agents between the groups (fundamentalists and technical analysts) and
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the price �uctuations due to di�erent market activities. Let us look at the di�erent aspects of this
model accounting for how the fraction of fundamentalists and chartists do change as time varies.
The deviation of the actual prices from the fundamental prices account for the �uctuations in the
fraction of fundamentalists and chartists. All agents will choose the strategy that performed best
in the rescent past. The performance of strategies are measured based on the accumulated realized
pro�ts.

Evolutionary Updating:

1) Using Discrete Choice Probabilities and �tnesses:
Choices between two or more discrete opportunities can be modelled using discrete choice proba-
bilities, we study the dynamic term to note how the fraction of chartists and fundamentalists vary
with time. Let ñit be the fraction of agent i at time t and let Ui be the �tness of agent i strategy
at a speci�ed time. Then by discrete choice probability,

ñit = exp[βUi,t−1]/Zt−1 i = 1, 2. (60)

where

Zt−1 =

2∑
i=1

exp[βUi,t−1].

The summation is done fro i = 1 to i = 2 because we are now dealing with just two groups of
agents; the fundamentalists and technical analysts. The term Zt−1 is introduced for normalization
purpose. With this normalization, the fraction of chartists nct and fraction of fundamentalists nft
should always sum up to 1. The magnitude of the force that drives one group to decide to choose
one strategy to another is meaured by the parameter β. This parameter measures how fast agents
in one group will switch into another group. When β = 0,it indicates that no switching will take
place implying that nct = nft = 1

2 . Whereas in the extreme case where β = ∞, there will be
complete switching from one group to the other. A trader will always use the best strategy. To
better understand the �tness or performance of a strategy, let us take a look at the excess returns.
Recall that,

Rt+1 = pt+1 + Φt+1 − (1 + r)pt =

This realized excess returns R for a share is given by

Rt+1 = pt+1 + Φt+1 − (1 + r)pt

= pt+1 − P f − (1 + r)(pt − P f ) + δt+1

(61)

where δt+1 = Φt+1 − Φ, Et(δt+1 = 0) and Φt is IID. The term δt represents the time varying
uncertainty of the economic fundamentals. This uncertainty is as a result of the unexpected random
news about future dividends that get into the market. With this, the computation of the realized
returns in equation (61) can be subdivided into two:

1) An e�cient market hypothesis term (EMH-term): δt.
2) A speculative endogenous dynamic term: pt+1 − P f − (1 + r)(pt − P f )

With discrete choice probabilities, the dynamic term is well studied to note how the fraction of
chartists and fundamentalists vary with time. The �rst evolutionary part of this updating is given
below.

ñit = exp[βUi,t−1] i = 1, 2 (62)

which is normalized by dividing by the term Zt−1 where Zt−1 =

2∑
i=1

exp[βUi,t−1].

Implying that
ñit = exp[βUi,t−1]/Zt−1, i = 1, 2 (63)

The summation is done from i = 1 to i = 2 because we are now dealing with just two groups
of agents; the fundamentalists and technical analysts. With this normalization, the fraction of
chartists nct and the fraction of fundamentalists nft should always sum up to one. The magnitude
of the force that drives one group to decide to choose the other is measured by the paramter β.
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This parameter measures how fast agents in one group will switch into another group. When β = 0,
it indicates that no switching will take place implying nct = nft = 1/2 whereas in the case where
β = ∞, there will be complete switching from one group to the other. Every trader will always
use the best strategy.

We assume that the past realized pro�ts of i at time t− 1 determines how the i evolves at time
t. This evolutionary process is represented by the parameter Ui,t−1. Every strategy is ranked
according to �tness based on observed data and this �tness in�uences their forecasting power. The
strategy with higher ranking will cause a switch in decisions. In otherwords, the higher the ranking
of a strategy, the more agents will follow the strategy. The evolutionary process at time t is given
by

Uit = RtDi,t−1 + ηUi,t−1

= (pt + Φt − (1 + r)pt−1)
Ei,t−1[pt + Φt − (1 + r)pt−1]

aσ2
+ ηUi,t−1

=
1

aσ2
(pt + Φt − (1 + r)pt−1)(pi,t + Φ− (1 + r)pt−1) + ηUi,t−1

(64)

The parameter η, 0 ≤ η ≤ 1 + r measures how fast past �tness is discounted for strategy selection.
The �rst term is the realized excess returns of the risky asset over the risk free asset multiplied by
the total demand agent i places on the risky asset.

1) When η = 0, the realized net pro�t for the previous period is equal to �tness.

Uit = RtDi,t−1 (65)

2) On the otherhand, when η = 1, that is having an in�nite memory, then the total accumulated
net pro�ts over the entire past de�nes the �tness of the strategy.

Uit = RtDi,t−1 + Ui,t−1 (66)

3) Provided η, falls in the range 0 ≤ η ≤ 1 = then the weight given to the past realized pro�ts
decreases exponentially with time.

4) Given that η = 1 + r, then equation (64) is the same as equation (27).

That is the wealth of an agent who always uses the i strategy is the same as �tness.

Based on the deviations of the prices from the fundamental price, the updating of the fraction of
the technical analysts (chartists) can be modeled thus

nct = ñctexp[−(pt−1−p∗)
2/α], α > 0 (67)

Recall that
nct + nft = 1

Therefore
nft = 1− nct (68)

When the deviation of the prices from the fundamental value P f is very high, the fraction of
technical analysts decreases greatly as shown in equation (67). The term exp [−(pt−1−P f )2/α]
in equation (67)is known as the correction term. This term decreases in size as the deviation
of the prices from the fundamental price increases causing the chartists to believe that there
will be a price modi�cation towards the fundamental price and as such in�uencing a switch of
chartists to becoming fundamentalists. This is a common practice in the market where the technical
agents condition the charts based upon information abot fundamentalists. Evolutionary �tness as
described in equations (63) and (64) can model exhaustively the updating of fractions when the
prices are close to the fundamental price.

Conclusively, the market equilibrium price pt depends on the fractions nit

(1 + r)pt = nft(P
f + λ(pt−1 − P f )) + nct(pt−1 + µ(pt−1 − pt−2)) + Φ + εt (69)

and these fractions nct and nft depend on past �tnesses Ui,t−1. The past �tnesses also rely upon
past dividends Φt−1 and past prices pt−1 at times t−1 and further in the past. The equilibrium price
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pt obtained in the market is then used to get new fractions ni,t+1 and also to update evolutionary
beliefs. The new price pt+1 is then determined by the new fraction ni,t+1 and so on. The equilibrium
prices and fractions of di�erent trading strategies coevolve in the adaptive belief system.

In the case where the technical analysts can be grouped into either being pessimistic or optimistic,
the change in the fraction of agents can be looked upon thus:

1) There is a switch of opinions of chartists between pessimistic and optimistic views. This was found
out after the analysis of opinions of di�erent agents was carried out by Kirman [22]. When an
agent considers the various opinions of other agents found in the market, there is a likelihood of
that agent switching to the majority opinion. The price trends also in�uences the switching of
agents. Note that if the opinion of the majority of the agents in the market is contrary to the price
trend, there will be a weak motivation for the other agents to follow the majority. On the other
hand, a high motivation of agents to follow the majority opinion is seen if this opinion goes in
harmony with the price trend. The opinion index β which is the di�erence between the optimistic
and pessimistic technical analysts scaled by the total number of technical analysts is expressed as

β =
ψ+ − ψ−

ψc
, β ∈ [−1, 1] (70)

and the price change is continuous p = dp
dt . Consider π+− to be the probability of a pessimistic

chartist becoming optimistic and ψ−+ be the probability of an optimistic technical analyst becom-
ing pessimistic within some time small time interval ∆t, then these probabilities can be written
as:

π+− = v1

(
ψc
ψ
eU1

)
and π−+ = v1

(
ψc
ψ
e−U1

)
, (71)

where v1 denotes the frequency of change of opinions and this change of opinion (revaluation) is
assumed to be asynchronous in our model. The parameter U is de�ned by:

U1 = α1ψ + α2
p

v1
(72)

The parameters α1 and α2 show how much importance the individual places on the actual price
and on the opinion of the the majority. Brock and LeBaron (1996)[25] and Brock and Hommes
(1997) [24] have also come out with equations similar to this though they do not talk about the
sluggish process of changes of fractions of agents within the various groups. In making calculations
about future price changes. It should be noted that α1andα2 need not sum up to 1. Since we
consider the mean price change over the average interval between successive revisions of opinions,
the change in asset prices must be divided by the agents' frequency of revision of expectation
v1.The agents may reconsider their behavior and move in a direction contrary to their expectation.
The conversion between optimistic and pessimistic chartists behaviours is restricted to a fraction
of all chartists (ψc/ψ). What then happens if some chartists switch and become fundamentalists?
There is a switch from one group to another if members of one group (chartists) compare their
pro�ts with members of the other group (fundamentalists) and then realizes that higher pro�ts
will be realized if they switch to the other trading group. Agents following a particular strategy
are said to have transition probabilities. Let us consider that the chance of agents in the chartists
subgroup to meet agents in the fundamentalist subgroup is simply the total number of agents in
that subgroup divided by the number of agents in the market. That is (ψc/ψ) implying that the
probability of a chartist meeting a fundamentalist is ψc/ψ.When this fraction ψc/ψ of chartists
meet the fundamentalist and there is a switch from being chartist to fundamentalist based on
evaluated pro�ts, then the fraction of chartists left which never had the opportunity of meeting a
fundamentalist is given by the equation:

1− ψf
ψ

=
ψc
ψ

(73)

and this fraction therefore makes the population of the chartists who switch only between opinions,
the pessimistic and optimistic views. As the time changes the prices probability of switching also
changes because of likely interaction between agents. Consider a small time change ∆t, then the
probability of the technical analyst to switch from pessimistic view to optimistic opinion is given
by π+−∆t whereas the probability of a chartist to switch from optimistic to pessimistic view is
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given by π−+∆t. Most of the agents will switch towards the expectation which accounts for the
present state of the market. It should be noted that there will be minority switches in the opposite
direction. In the absence of exogenous factors that is β = dp/dt = 0 changes in behaviour can
still occur due to the presence of certain endogenous factors which our model does not take into
consideration.

2) A switch between fundamentalist and chartist strategy: The behavior of these two groups of people
in the market are di�erent. The fundamentalists, are assumed to buy or sell if the existing market
price is below or above the fundamental market value respectively. On the other hand, the technical
analysts are assumed to buy or sell a �xed number of units if they are optimistic or pessimistic
respectively.

Individual agents from the di�erent groups meet and compare their pro�ts from both strategies
and with a probability depending on the pay-o� di�erential and will then switch to the better
strategy.
Let η denote the nominal dividends of the asset and ξ be the average real returns from other
investments.After the alternative investments have been compared by the chartists, the excess
pro�ts gained per unit (ep) will be given by the equation:

ep = (η + dp/dt)/p− ξ (74)

This above equation holds for optimistic technical analysts.In the case of pessimistic technical
analysts, they try to avoid loses by switching to a better alternative investment strategy. Here
it is assumed that ξ = η/P f where P f is the fundamental value in the state of steady prices
(dp/dt = 0).The advantage of the pessimistic technical analyst in doing such a switch is to avoid
losses and this advantage can be expressed as ξ − (η + dp/dt)/p. Fundamentalists always look at
the fundamental value and cling to the belief that in the long run, the prices will converge to this
value. Therefore in the evaluation of dividends which are not paid frequently, they use P f instead
of pt the real price. Fundamentalists analyse excess pro�ts by looking at the percentage deviation
of py from P f . When pt < P f , they buy and if pt > P f they sell. The excess pro�t per unit of
the asset of the fundamentalist can be written as s|(p− pf )/p| where s is the discount factor and
s < 1.Let v2 be the frequency of switch and α3 is a measure of the weight exercised due to the
di�erences in pro�t. In otherwords, α3 simply measures the inertia to �uctuation in pro�ts. then
the transition probabilities for the change of strategies is de�ned as:

a) Optimistic chartists and Fundamentalists.

π+f = v2(ψ+/β)eUa ; πf+ = v2(ψf/β)e−Ua , (75)

where Ua = α3((η + p/v2)/p− ξ − s|(pf − p)/p|).
b) Pessimistic chartists and Fundamentalists

π−f = v2(ψ−/β)eUb ; πf− = v2(ψf/β)e−Ub , (76)

where Ub = α3(ξ − (η + p/v2)/p− s|(pf − p)/p|).
There is a herd e�ect in the choice of strategy. That is the probability of an individual to change
strategies is also in�uenced by the number of people following other strategies at that particular
period in time.

3) How are prices allocated? The prices are formulated in a way to suit our model. First, assume
that the prices are adjusted in the usual manner in which prices are �xed in a market and also that
our process is poisson process. Based on imbalance between demand and supply, the auctioneer
increases (reduces) the price with a certain probability within the next small time increment. If
the auctioneer cannot come out with precision the value of the excess demand(ed)or provided we
have traders whose excess demand is stochastic then a parameter µ is added to de�ne the noise
and the transition probabilities for an increase or decrease of the market price by a �xed amount
∆p = ±0.01 can be de�ned:

π↑p = max[0, θ(ed + µ)], π↓p = min[θ(ed + µ), 0]. (77)
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This restriction of price change does not mean the market maker is insensitive to the level of
excess demand but large imbalances give rise to a quick succession of adjustments until the market
approaches an equilibrium between demand and supply. Provided the market realizes a positive
excess demand ed during the time ∆t then the prices will have to be increased with probability
θ(ed + µ)∆t. The accumulated excess demand is the sum total of the excess demand by both
the fundamentalists (edf ) and the chartist(edc). Therefore ed = edc + edf . Since chartists all
buy or sell the same number of units tc then the excess demand of chartists can be de�ned as
edc = (ψc+ − ψc−)tc. We just consider pessimistic and optimistic technical analysts, we do not
however go deep into covering the di�erent levels of optimism or pessimism but this can be extended
to cover it.
Provided the reluctance of the fundamentalists to switch is measured by the parameter γ, Then
excess demand of fundamentalists is given by edf = γ(pf − p)

3.3 Dynamics of the Model

Statistical properties of the model will be much understood if the dynamical behavior of the
deterministic part of our model is well studied. Here we will consider the case where the noise
terms δt and εt are assumed to be zero. From the pricing equation, the unique steady state price
is equal to the fundamental price (p = P f ). Also, at the steady state price, the forecasting rules
Eft[pt+1] = P f + λ(pt−1−P f ) and Ect[pt+1] = pt−1 + µ(pt−1 − pt−2) will yield the same value at
the steady state and the fractions nc and nf are equal. That is there is a unique steady state
where nc = nf = 0.5 and the price equals the fundamental price (p = pf ) For us to study the
stability of the steady sate, our model will be written in terms of lagged prices. Going back to
our price equation, the actual price pt depends on lagged prices pt−1 and pt−2 on the fraction of
chartists nct and fundamentalists nft. The fractions of chartists and fundamentalists also depend
on the �tness Ui,t−1. The �tness Ui,t−1 depend on the lagged prices pt−1 and pt−2, the �tness
Ui,t−2 and the forecasts pei,t−1 whereas the forecasts pei,t−1 depend on pt−3 and pt−4. This implies
that the market price pt depends on four lagged prices pt−k, 1 ≤ k ≤ 4 and it also depends on
the �tnesses of the strategies of the chartist Uc,t−2 and that of the fundamentalists Uf,t−2.With
these, our model becomes a dynamical system with six dimensions. The equation below de�nes
the characteristic equation for the steady state

x2(η − x)2

(
x2 − 1 + µ+ ζ

2(1 + r)
x+

µ

2(1 + r)

)
= 0 (78)

and has 0 and η as the eigenvalues of the Jacobian which lie inside the unit circle. Solving the above
equation and considering the second part of the brackets, assume x1 and x2 to be the solution of
the quadratic equation in the second brackets whose absolute values determine the stability of the
steady state, then x1 and x2 must satisfy the conditions
sum of roots = x1 + x2 = 1+µ+ζ

2(1+r) and

product of roots = x1x2 = µ
2(1+r)

If the trend chasing parameter µ < 2(1 + r), the unique fundamental steady state value P f

is stable. In otherwords, if price does not di�er too much from the fundamental price, it will
converges towards it. Destabilization of the steady state occurs when the parameter µ inreases.
There is a bifurcation (change in dynamics) at µ = 2(1 + r) leading to a stable invariant circle
with periodic or quasiperiodic dynamics limit circle. Bifurcations can still result from the invariant
circle implying that if µ is large, the market price will not coverge to the fundamental price but
will keep on �uctuating around it.

4 Conclusion

We have described an agent- based model taking into consideration the some parameters which
are responsible for volatility.

In our model, news about economic fundamentals and evolutionary forces cause the �uctuation of
the asset prices. This model for simplicity assumed just two trader types, the fundamentalists and
chartists. While the technical analysts(chartists) believe that asset prices are not solely determined
by the fundamentals but also on technical rules based on past price patterns such as trends and
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cycles, the fundamentalists think di�erently. Fundamentalists hold to the believe that in the
long run, the asset price will converge to the fundamental value given by the discounted sum of
future dividends. The measure of evolutionary �tness determined by accumulated pro�t which are
conditioned on how high the prices move from the fundamental prices determines the fraction of
each type of trader group. The mathematical mechanism which produces clustered volatility in
this model is the coexistence of a stable periodic cycle and a steady fundamental steady state.
Economic intuition shows that when e�cient market hypothesis believers EMH-believers) rule the
market, there will be high persistence (clustering) of asset prices. There will also be small changes
in asset prices thus low volatility. This small deviations in asset prices are only caused by news
into the market and the returns are close to zero. When the prices move towards the fundamental
price, the in�uence of trend followers rises. A market dominated by trend followers causes a rapid
change in the prices of assets, high positive and negative returns with high volatility. This trend
does not persist forever since prices cannot move very far from the fundamental prices due to
the reason that chartists condition their charts on the fundamental value. In the unharmonious
conditionally evolutionary market system, the high and low volatility phases are persistent and
there is an irregular interaction between these two phases. Our model being in an unharmonious
environment produces asset returns which are unpredictable and also volatility clustering. Excess
volatility is caused due to the heterogenous nature of the model. The model decomposes returns
into two components; a speculative term due the theory of evolution and a martingale di�erence
sequence term due to the e�cient market hypothesis theory.

Our model is stationary and therefore not able to generate long growing price series. This can
be resolved by replacing the IID dividend process with a non-stationary one [26]. Due to the fact
that our agents use trading rules which are symmetric with respect to the fundamental value of the
risky asset, our model does not generate returns series with strong skewness. There is something
common to our models, they all involve switching between periods of high and low activities.
And the models di�er in the mechanism which leads to the switching at di�erent agent levels.
Econometric analysis can be properly understood with our models.
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