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Abstract

This thesis focuses on stochastic processes and some of their properties are investigated
which are necessary to determine the tools, the extremal index and the extremogram.
Both mathematical tools measure extremal dependency within random time series. Two
different models are introduced and related properties are discussed. The probability
function of the Agent based model is surveyed explicitly and strong stationarity is proven.
Data sets for both processes are simulated and clustering of the data is investigated with
two different methods. Finally an estimation of the extremogram is used to interpret
dependency of extremes within the data.
Key words: Stylized facts, The GARCH(1,1) model, The Agent based model, Station-
arity, Regular variation, Extremogram.
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Chapter 1

Thesis overview

1.1 Introduction

The study of statistical properties of financial time series has revealed interesting fea-
tures, called stylized facts, which seem to appear widely. Amongst these features is the
volatility clustering which exhibits the existence of dependence structure in the data, e.g.
extremal events such as large claims in insurance data and high exchange rates in finan-
cial data occur in clusters. This thesis focuses on clustering and dependence of extreme
values in returns. Parameter fitting for an adequate model improves the precision of any
statistical analysis. The GARCH(1,1) model and the Agent based model are taken into
consideration.
The GARCH(1,1) model is among the models which represent common features of fi-
nancial time series. The volatility which depends on both the past observations and the
conditional variance, changes over time and exhibits an auto regressive structure and
volatility clustering.
Cont [2] describes a relatively simple agent based discrete model, which shows volatility
clustering and the distribution is known to have finite support. An explicit expression for
the probability density function is derived.
We work with simulated data from the above models. The thesis introduces the extreme
value theory needed for a statistical analysis of extremal correlations, the extremal index
and the extremogram introduced by Davis and Mikosch [7] with the aim to compare
the simulated time series of a GARCH(1,1) and the Agent based model using extremal
correlations.

1.2 Thesis outline

This paper is organized as follows:
In chapter 2, we review the basics on stochastic processes. Some of their properties like
stationarity, heavy-tailed distributions, and volatility are being discussed.
Chapter 3 presents the definition of time series. Some features of financial time series are
discussed. During this chapter we become more familiar with extreme value theories. At
last in this chapter the extremogram as a tool which provides a measure of dependency
of extremal events in a stationary time series is introduced.
In chapter 4 two models named the GARCH(1,1) and the Agent based model are intro-
duced, and we investigated their properties such as regular variation and stationarity.
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In chapter 5, estimators of the autocovariance function and autocorrelation function are
introduced. Estimation of the extremal index is pursued using two methods, the Blocks
and the Runs methods.
Finally in Chapter 6 numerical results for two sets of simulated data are calculated and
extremal clustering for both models is investigated. Moreover, Extremal dependency
of a GARCH(1,1) model’s simulated data is discussed . In the end in Chapter 10 the
conclusion of this reasearch can be found.
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Chapter 2

Basics of probability theory and
Stochastic processes

In this chapter, we intend to provide some definitions and background about Stochastic
processes and also some of their properties which are used in later chapters.

Definition 2.0.1. (Stochastic process and time series)
A Stochastic process {Zt(w)|t ≥ 0, w ∈ Ω}, is a family of random variables defined on a
probability space (Ω,F , P ), where Ω is a set, F is a σ − algebra and P is a probability
measure, Brockwell and Davis [6]. For a fixed t, Zt(w), w ∈ Ω, is a random variable and
for fixed w ∈ Ω we call Zt(w), t ≥ 0, a realization of the stochastic process, respectively
a time series, Z(w, ·). To make the notations simpler we usually neglect the variable w
and write Zt or Z(t) instead of Z(w, t), Madsen [9].

The family is assumed to satisfy a consistency condition given by the Kolmogorov Theo-
rem, e.g. Breiman [12]. For a given real-valued process {Zt} the mean and the variance
as functions of t, t ≥ 0, are denoted as follows:

µt = E[Zt], (2.0.1)

σt
2 = E[(Zt − µt)2], (2.0.2)

where E[Zt] denotes the expectation value of the r.v. Zt.
With the aim to explain, to some extent, the empirically observed features of simulated
data, we shortly explain some features of stochastic processes, which are used as models for
financial random time series. In particular, we call a stochastic process with (commonly
discrete) index set I. Let Pt denote a random time series with index set I ⊂ R+, which
might e.g. be modeling the price of some derivative.
Although there are many financial data, the majority of them exhibit similar properties
after the transformation

Xt = logPt − logPt−1 = log(1 +
Pt − Pt−1

Pt−1

).

The stochastic process, used most frequently for stock prices, is geometric Brownian
motion, i.e. the continuous time process

Pt = P0e
ct+σBt ,
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where Bt, t ≥ 0 is Brownian motion. It solves the Black Scholes stochastic differential
equation. If you consider differential equations you implicitly assume continuous time.
There are various classes of processes such as α-stable ones, in particular α-stable Levy’s
processes as well as Fractional Brownian motion, and those having distributions with
power law tails, representing the noise in the model. For more details about these types of
processes, we refer to Samorodnitsky and Taqqu [10], and for the construction respectively
existence of a process in the continuous case see Breiman [12] and Shreve [14].

2.1 Independence or pairwise independence

There are several equivalent ways of defining the notion of “independent family of random
variables”. For practical reasons we choose the following one.

Definition 2.1.1. (independent random variables)
Random variables X1, · · · , Xn are independent if for each subset {i1, . . . ik}, 2 ≤ k ≤ n of
distinct indices of the index set {1, . . . , n} the joint distribution function can be written
as follows

FXi1
,...,Xik

(xi1 ,...,xik )=FXi1
(xi1 )·...·FXik

(xik ), (xi1 ,...,xik )∈Rn,

see Mikosch [24].
The collection of random variables Xt, t ∈ I is independent if for every choice of distinct
indices t1, . . . , tn ∈ I and n ≥ 1 the random variables Xt1 , . . . , Xtn are independent. A
family of random variables is independent and identically distributed (i.i.d) if are random
variables Xt are mutually independent and have the same distribution, Mikosch [24].

For the sake of completeness we also add the notion of covariance function in the setting
of stochastic processes.

Definition 2.1.2. For a stochastic process Zt, t ≥ 0, having finite first moments µt =
E[Zt] and finite auto covariancce

Cov[Zs, Zt] = E[(Zs − µs)(Zt − µt)], s, t ≥ 0,

we define the function γ : [0,∞)2 → R as follows

γZ(s, t) := Cov[Zt, Zs].

2.2 Stationary processes

Definition 2.2.1. (Strong(strict) stationarity)
A process Xt, t ≥ 0, possesses the property of being strongly stationary if all finite-
dimensional distributions are invariant with respect to changes in time, i.e. for every n,
any set {t1, ..., tn} ⊂ R+, and for any h there holds

fX(t1),...,X(tn)(x1, ..., xn) = fX(t1+h),...,X(tn+h)(x1, ..., xn)

Madsen [9], page 99 .
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Definition 2.2.2. (Weak stationarity)
i) A process Xt, t ≥ 0, is said to be stationary of order k if the first k moments are
invariant to changes in time. A weakly stationary process of order 2 is called weakly
stationary, Madsen [9], page 99.
ii) The time series {Xt, t ∈ Z} with index set Z = 0,±1,±2, ..., is said to be weakly
stationary, Brockwell and Davis [6], if

1. E[X2
t ] <∞ for all t ∈ Z.

2. E[Xt] = m for all t ∈ Z.

3. γX(r, s) = γX(r + t, s+ t) for all r, s, t ∈ Z.

Since share prices, exchange rates and stock index processes are not stationary time series
but usually grow exponentially, time series analysts and econometricians use transforma-
tions to convert to a stationary model. They mostly use daily logarithmic differences or
log-returns defined by

Rt = ln(
Xt

Xt−1

), (2.2.1)

which is free of unit very often and constitutes a stationary process.

2.3 The Autocovariance function and the Autocorre-

lation function

For a stationary process Zt, t ≥ 0, the first moment E[Zt] = µ and the variance V ar[Zt] =
E[(Zt − µ)]2 = σ2 are constant in t. Since the distribution function is invariant with
respect to changes in time actually by definition 2.2.2.ii. The autocovariance function,
which is the covariance between Zt and Zt+k from the same process, is defined as

γk := γZ(t, t+ k) := Cov[Zt, Zt+k],

which is independent of t ≥ 0. Analogously, the Auto Correlation Function (ACF), which
is the correlation between Zt and Zt+k from the same process, is defined as

ρk =
Cov[Zt, Zt+k]√

V arZt.
√
V ar[Zt+k]

=
γk
γ0

,

where V ar[Zt] = V ar[Zt+k] = γ0 = σ2. In a strictly stationary process with finite mean
and variance, the autocorrelation between Zt and Zt+k depends on the time difference k
only.
We can see the following properties for the autocovariance and autocorrelation function:

1. γ0 = V ar[Zt] and ρ0 = 1.

2. |γk| ≤ γ0 and |ρk| ≤ 1.

3. γk = γ−k and ρk = ρ−k for all k.

8



4. ρk and γk are positive semidefinite in the sense that

n∑
i=1

n∑
j=1

αiαjγ|ti−tj | ≥ 0,

and

n∑
i=1

n∑
j=1

αiαjρ|ti−tj | ≥ 0.

for any set of time {t1, t2, ..., tn} and any real numbers {α1, , α2, ...., αn}.
Cf. Wei [3], page 10.

2.4 Processes with heavy-tailed distributions

The tail distribution of a random variable X is defined as

F (x) = 1− F (x) = P [X > x],

where F (x) = P [X < x] is the distribution function of the random variable X. The
Normal or Gaussian distribution which is most frequently used in statistics has a tail
which decays exponentially. This has the consequence that events in the tail get very
small probability. This is however not necessarily the case in real life data. Moreover, in
insurance mathematics, these events are connected to vast losses.
There are some random variables having distributions with power law tails. Pareto and
t-distribution are two examples of distributions, which satisfy

P [X > x] ≈ x−α, (2.4.1)

for large x and a positive number α, Finkenstädt and Rootzén [8]. Furthermore, The
Pareto distribution, t-distributions, some Levy distributions and the Log-normal distri-
bution are some examples of distributions, which are heavy-tailed. In the following,
definitions of random variables with heavy-tailed distributions, specifically the left and
the right tails are being discussed.

Definition 2.4.1. (right heavy-tailed distribution)
A random variable X is said to have right heavy-tailed distribution if

lim
x→∞

eλxF = lim
x→∞

eλxP [X > x] =∞ ∀λ > 0. (2.4.2)

Asmussen [11]. There is a similar definition for the left tail:

Definition 2.4.2. (left heavy-tailed distribution)
A random variable X is said to have left heavy-tailed distribution if

lim
x→−∞

eλ(−x)F = lim
x→−∞

eλ(−x)P [X < x] =∞ ∀λ > 0.

There are distinguished classes of heavy-tailed distributions, the fat-tailed distributions,
the long-tailed distributions and the subexponential distributions. More details on heavy-
tailed distributions are discussed in Embrechts et al [1].
A distribution may have both right and left heavy-tails but most of the times the right
tail is of interest, e.g. losses in Insurance mathematics are often counted positive.
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2.5 Volatility

The volatility, σ, of financial instruments is commonly used to measure an investor’s risk
of a possible loss of a stock return provided at a later instant of time. It is calculated as
the standard deviation of returns of an investment over a period of time, Hull [15]. In
fact, the volatility represents the fluctuation degree in returns of financial time series:

σ =

√∑N
t=1(rt − µ)2

N − 1
,

where rt is the return at time t and µ is the mean value of the returns in the sum, and
N is the number of observations. The scale of volatility is shown by percentage, and it is
mostly between 20 and 50 percent, Hull [15]. The more volatile, the riskier the investment.
High volatility means that there are some extreme values in the market which make the
investment riskier.
Therefore, measuring and forecasting the volatility in order to assess the risk of the
investment, is one of the concerns of investors. GARCH models are among the models
which are used for volatility forecasting.

2.6 Stylized facts of financial time series

Remark 2.6.1. In the setting of financial time series analysis, stochastic processes are
usually called random time series Xt , t ∈ I, where I is some index set. In contrast to this,
a time series is a set of observations ordered in time and is a realization of some stochastic
processes, see definition 2.0.1. Two types of time series are distinguished depending on
whether the index set is discrete or is an interval. Continuous time series, like electric
signals which can be continuously recorded and discrete time series, like interest rates
that occur at specific time intervals, Wei [3]. This paper deals with discrete time series.
Time series analysis is used to formulate a model in order to forecast future values. Given
a specific time series the main goal of analyzing this time series is to first select a proper
model for the data and second to forecast the future values of the time series.

Researches focused on financial time series to capture and demonstrate empirical facts,
which are common in markets and financial instruments and called stylized facts. The
material of this section is taken from Cont [2].
Some empirical stylized facts characteristic for financial time series are mentioned below

1. Heavy tails: Returns of financial time series posses a heavy-tailed distribution.
GARCH models are among those models which have a heavy-tailed marginal dis-
tribution for log-returns of the time series which will be discussed later.

2. Absence of autocorrelations in returns: Assets returns autocorrelation usually don’t
give valuable results for large time intervals but for example for small time intervals
less than 20 minutes gives more functional results.

3. Volatility clustering: Different measures of volatility display a positive autocorre-
lation over several days, which quantifies the fact that high-volatility events tend
to cluster in time. The sentence from Mandelbrot [21], gives a better grasp of this
property,
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“Large changes tend to be followed by large changes, of either sign,
and small changes tend to be followed by small changes”.

According to Cont[2, 5], there are some more features as excess volatility, volatility cor-
relation and slow decay of autocorrelation in absolute returns. To become more familiar
with empirical properties of asset returns and statistical issues refer to Cont [2, 5]. Later in
the estimation part of this project we will discuss some more of these empirical properties.
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Chapter 3

Extreme value theory

In this chapter, we intend to provide some mathematical and statistical background for
time series analysis. We also include some important background in extreme value theory.
Definitions, theorems and propositions are introduced from different books. Some proofs
are not included because they are beyond the scope of this master thesis. The interested
reader may find more details and proofs in the mentioned references.

3.1 Basic definitions of extreme value theory

Definition 3.1.1. (Quantile function)
The generalized inverse function of a distribution function F denoted by F←(q)

F←(q) = inf{x ∈ R : F (x) ≥ q}, 0 < q < 1

is called the quantile function of the distribution function F and xq defines the q-quantile
of F, cf. Embrechts et al [1], page 130.

3.2 Regular Variation

Regular variation is one of the useful tools for modeling extremes, demonstrating heavy-
tailed distributions and showing the dependency of a tail of a distribution.

Definition 3.2.1. (Slowly varying function)
A positive, Lebesgue measurable function L on (0,∞) is slowly varying at ∞ (we write
as L ∈ R0) if

lim
x→∞

L(tx)

L(x)
= 1, t > 0.

The functions L(x) ≡ c for some c > 0 and L(x) = logα x for any real x are some simple
examples of slowly varying functions, see Embrechts et al [1], page 564.

Definition 3.2.2. (Regular varying function)
A positive, Lebesgue measurable function h on (0,∞) is regularly varying at ∞ of index
α ∈ R (we write as h ∈ Rα) if
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lim
x→∞

h(tx)

h(x)
= tα, t > 0,

Embrechts et al [1], page 564.
In order to deal with the concept of regular variation in the context of random time series,
we give a multivariate version of the definition.

Definition 3.2.3. (Multivariate regular variation)
A d-dimensional random vector X = (X1, · · · , Xd) is said to be regularly varying with
index α ≥ 0, if there exist a sequence of constants (an) and a random vector θ ∈ Sd−1,
where Sd−1 denotes the unit sphere in Rd with respect to the norm | · |, such that for all
t > 0

nP [|X| > tan, X/|X| ∈ ·]
v→ t−αP [θ ∈ ·], as n→∞. (3.2.1)

This is equivalent to

P [|X| > tx,X/|X| ∈ ·]
P [|X| > x]

v→ t−αP [θ ∈ ·], as x→∞, (3.2.2)

when an is 1
n

quantile of X, i.e. P [|X| > an] ∼ 1/n. Here α is called the index of X and

the symbol
v→ shows the vague convergence of measures on Sd−1. The distribution of θ is

referred to as the spectral measure of X. cf. Basrak et al [17]. To become more familiar
with the definition of vague convergence of measures see Kallenberg [16].

Definition 3.2.4. ( Time series regular variation)
The finite-dimensional distributions of a d-dimensional strictly stationary process (Xt)
have regularly varying distributions with positive tail index α if for any h ≥ 1 the lagged
vector Yh = (X1, · · · , Xh) satisfies the relation

P [x−1Yh ∈ ·]
P [|Yh| > x]

v→ µh(·), (3.2.3)

for some non-null Radon measure µh on

Rhd

0 = Rhd\{0} , R = R ∪ {±∞},

with the property that

µh(tC) = t−αµh(C) , t > 0,

for any Borel set C ⊂ Rhd

0 .
There is a similar sequential definition to (3.2.3) for regularly varying sequence Xt. Con-
sidering a sequence an → ∞ such that P [|X| > an] ∼ 1/n, and (3.2.3) holds if and only
if there exist constants ch > 0 such that

nP [a−1
n Yh ∈ ·]

v→ chµh(·) = νh(·). (3.2.4)

see Davis and Mikosch [7].
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Theorem 3.2.5. Let Xn be a sequence of i.i.d random variables. If there exist norming
constants cn > 0 and dn ∈ R and a non-degenerate distribution function H such that

c−1
n (Mn − dn)

d→ H (3.2.5)

where Mn = max{X1, ..., Xn}, then H belongs to one of the following distributions

Frechtet

Φα(x) =

{
0, x ≤ 0

exp{−x}−α x > 0
,

where we have α > 0.
Weibull

Ψα(x) =

{
exp{−(−x)}α, x ≤ 0

1, x > 0
,

where we have α > 0.
Gumbel

Λ(x) = exp{−e−x}, x ∈ R.

see Embrechts et al [1]. Instead of using these three standard cases for these so called
extreme value distributions, we can introduce a single generalized extreme value distri-
bution (GEV) which has a one-parameter that covers all these cases. This parameter is
produced as ξ such that

Hξ(x) =

{
exp

{
−(1 + ξx)−1/ξ

}
, if ξ 6= 0,

exp {−exp {−x}} , if ξ = 0,
(3.2.6)

where 1 + ξx > 0. If ξ = 0, the distribution is Gumbel,
If ξ = 1

α
> 0, the distribution is Fréchet,

and if ξ = − 1
α
< 0, the distribution is Weibull, cf. Embrechts et al [1].

Theorem 3.2.5 is known as (Fisher-Tippett theorem, limit laws for maxima) as the basis
of classical extreme value theory and can be found in Embrechts et al [1], page 121 and
Finkenstädt and Rootzén [8].

Definition 3.2.6. (Maximum domain of attraction)
The distribution of random variable X belongs to the maximum domain of attraction of
an extreme value distribution H if there exist constants cn > 0 and dn ∈ R such that
(3.2.5) holds. Then we write X ∈MDA(H). See Embrechts et al [1], page 128.

3.3 The Extremal index

As we discussed in section 2.6, financial time series have some common stylized facts,
e.g. volatility clustering, which means high volatility events tend to cluster in time.
Because of the dependency in data, extremal events tend to cluster together. One can
see extremal clustering in financial data such as exchange rates and in large claims in
insurance data caused by natural disasters which shows the dependency due to the natural
disaster. Although ACF(Auto correlation Function) is known as a tool for demonstrating
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the dependency of the data, it is not a proper tool for showing dependency of high and low
values, Finkenstädt and Rootzén [8]. Therefore we survey the extremal index, which is a
good tool to measure dependency of extreme values. More precisely, the extremal index
is a measure of clustering in extremes to analyze the behavior of the extremes in the tail.
By quantifying the extremal index, one can distinguish the relevance of the dependency
of the data and the extremal behavior. The extremal index is denoted by θ. According
to Finkenstädt and Rootzén [8], another interpretation of 1/θ is the mean cluster size of
the exceedances data i.e. the mean value of the size of those clusters determined over a
high threshold, Finkenstädt and Rootzén [8].

Definition 3.3.1. (Extremal index)
Let Xn be a strictly stationary sequence and θ a non-negative number. Assume that for
every τ > 0 and tail distribution function F̄ there exists a sequence un such that the
following limit exist.

lim
n→∞

nF̄ (un) = τ, (3.3.1)

lim
n→∞

P [Mn ≤ un] = e−θτ , (3.3.2)

then θ is called the Extremal index of the sequence Xn, where

Mn = max(X1, · · · , Xn)

and F̄ is the tail distribution function of Xn. Extremal index, θ, belongs to the interval
[0, 1]. Embrechts et al [1], page 416 .

A variety of methods have been developed and introduced to measure the extremal index,
such as the Blocks method, Runs method and the Reciprocal of the Mean Cluster Size
method. According to Davis and Mikosch [7] and Finkenstädt and Rootzén[8], if the
value gained for an extremal index is less than one, it is a proof for the clustering of
exceedances and if the value gained for extremal index is one, it shows that there is
no extremal clustering. In section 5.2.1 and 5.2.2 of this paper, we study blocks and
runs methods of extremal index estimation. And in section 6.2 and 6.1 we calculate
the extremal index for the GARCH(1,1) and an Agent based models simulated data and
we will observe that for both models, the extremal index is less than one which exhibits
extremal clustering while for other stochastic processes like Stochastic Volatility processes
the extremal index is one, which shows no clustering.

3.4 Facts on the Extremogram(Correlogram for ex-

treme values)

For parameter estimation, simulation and forecasting in order to provide realistic re-
sults, we take the autocorrelation and the autocovariance function into account. They
are important tools for showing the dependence structure of time series. Although the
auto correlation function is known as a tool for demonstrating the dependency of the
data, it is not a proper tool for showing dependency of high and low values, Finkenstädt
and Rootzén[8]. Therefore, we study the extremogram which shows a better concept in
extremal dependency. This section is taken from the paper by Davis and Mikosch [7].
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The extremogram is a tool which provides a quantitative measure of dependence of ex-
tremal values in a stationary time series and is introduced and developed by Davis and
Mikosch [7].
The idea of defining the extremogram comes from the upper tail dependence coefficient

for a two-dimensional vector (X, Y ), X
d
= Y , which is defined as follows:

λ(X, Y ) = lim
x→∞

P [X > x|Y > x].

Clearly the dependence coefficient belongs to the interval [0, 1]. The value λ=0, reveals
that there is no dependency between X and Y ( X and Y are independent). The greater
values of the parameter λ exhibits the greater extremal dependence of (X, Y ). If we
introduce the pairs (X0, Xh), h ≥ 0, of a one-dimensional strictly stationary time series
into the above formula, then we get λ(X0, Xh) which gives practical information about
the serial extremal dependence for the sequence Xh. Moreover, if we assume that the
random variables Xh have regularly varying tails, by the definition of regular variation
for a real-valued sequence Xh, the consequence is that the following limit exists.

λ(X0, Xh) = lim
x→∞

P [x−1(X0, · · · , Xh) ∈ (1,∞)× (0,∞)h−1 × (1,∞)]

P [x−1(X0, · · · , Xh) ∈ (1,∞)× (0,∞)h]
,

λ(X0, Xh) =
µh+1((1,∞)× (0,∞)h−1 × (1,∞))

µh+1((1,∞)× (0,∞)h)
. (3.4.1)

cf. Davis and Mikosch [7].

Definition 3.4.1. (Extremogram)
Let Xt , t ≥ 0, be a strictly stationary, regularly varying sequence of Rd-valued random

vectors, and consider two Borel sets A and B in Rd
such that C = A × Rd(h−1) × B is

bounded away from zero and νh+1(∂C) = 0. Hence, the correlation function of the process
Xt, as a function of h, for A and A × B bounded away from zero and with ν1(A) > 0,
considered as

P [a−1
n Xh ∈ B|a−1

n X0 ∈ A] =
P [a−1

n X0 ∈ A, a−1
n Xh ∈ B]

P [a−1
n X ∈ A]

→ γAB(h)

ν1A
= ρAB(h),

is called the extremogram of the sequence Xt. For different A and B, different ex-
tremograms can be defined and ACF is a particular case of the extremogram which is
the sequence of the tail dependence coefficient of a regularly varying one-dimensional
strictly stationary sequence Xt written as follows:

λ(X0, Xh) = ρ(1,∞),(1,∞)(h).

This definition is taken from Davis and Mikosch[7].
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Chapter 4

The tested models

In this section the GARCH(1,1) and the Agent based model are studied. For the con-
struction of an extremogram for these two models we need to make sure that these models
satisfy the conditions in the definition which are stationarity and regular variation. For
the GARCH(1,1) model the properties have already been proven. We include it in this
paper. Besides we investigate these properties for the Agent based model.

4.1 The GARCH(1,1) model

GARCH (Generalized Auto Regressive Conditional Heteroskedasticity) is one of the most
popular models in econometrics. It defines recurrence relation exhibits the stylized facts
of log-returns of financial time series such as heavy-tailed marginal distributions and
stochastic volatility. The GARCH model, introduced by Bollerslev(1986), is the general-
ized version of the ARCH model developed by Engle (1982). The reason that Engle called
his model ARCH (Auto Regressive Conditional Heteroskedasticity) is that the conditional
variance changes over time and hence is not constant and exhibits an autoregressive struc-
ture.
A process of type GARCH(p,q) is defined as

Xt = σtZt, (4.1.1)

σt
2 = α0 +

q∑
i=1

αiX
2
t−i +

p∑
i=1

βiσ
2
t−i, (4.1.2)

where

α0 > 0, αi > 0 for i = 1, · · · , q, βi > 0 for i = 1, · · · , p, (4.1.3)

includes p lags of the conditional variance in the linear ARCH(q) model of Bollerslev [4],
where Zt, t ≥ 0 are i.i.d random variables with E[Zt] = 0 and V ar[Zt] = 1 and σt is a
non-negative stochastic process such that Zt and σt are independent.
To make the calculations more explicit we will focus on the GARCH(1,1) , where p = q = 1

Xt = σtZt,

σt
2 = α0 + α1X

2
t−1 + β1σ

2
t−1 = α0 + (α1Z

2
t−1 + β1)σ2

t−1. (4.1.4)
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Setting

At = α1Z
2
t−1 + β1 , Bt = α0 , Yt = σ2

t ,

the stochastic recurrence equation(SRE)

Yt = AtYt−1 +Bt, (4.1.5)

is an alternative way to write (4.1.4).
As we can see in (4.1.4) the volatility depends both on the past observations and also on
the conditional variance and exhibits stylized facts, in particular, voaltility clustering.
There are various methods to estimate the parameters of a GARGH model, such as
Maximum Likelihood method(ML), Yule-Walker estimator etc. In this paper, we are not
going to discuss methods of parameter estimation since we are using simulated data only.
For more details and explanation read Wei, [3].
In the following theorem, we will present necessary and sufficient condition for stationarity
of (X2

t , σ
2
t ) for the GARCH(1,1) model.

4.1.1 Stationarity of the GARCH(1,1) model

Theorem 4.1.1. Consider the stochastic recurrence equation (4.1.5) and let α0 > 0 if
E[ln (β1 + α1Z

2
t )] < 0 then σ2

t is strictly stationary, Nelson [18].

Proof. Assuming that Zt is i.i.d with mean zero and unit variance, Xt = σtZt constitutes
a strictly stationary sequence if and only if σ2

t is strictly stationary. By iterating the SRE
(4.1.5) r times back and considering Bt = B1 we get

Yt = At(At−1Yt−2 +Bt−1) +Bt = (AtAt−1)Yt−2 + AtBt−1 +Bt.

Yt = AtAt−1(At−2Yt−3 +Bt−2) + AtBt−1 +Bt

= (AtAt−1At−2)Yt−3 + AtAt−1Bt−2 + AtBt−1 +Bt.
(4.1.6)

...

Yt = At · · ·At−rYt−r−1︸ ︷︷ ︸
(a)

+
t∑

i=t−r

At · · ·Ai+1B1︸ ︷︷ ︸
(b)

. (4.1.7)

When r goes to infinity, we hope that (a) will vanish and for (b) we have

t∑
i=−∞

At · · ·Ai+1 = 1 +
t−1∑
i=−∞

exp{(t− i)[ 1

t− i

t∑
j=i+1

logAj]}. (4.1.8)

For fixed t, and using the strong law of large numbers

1

t− i

t−1∑
j=i+1

logAj
a.s.→ E logA1, as i→ −∞ (4.1.9)

Accordingly, under the condition −∞ ≤ E logA1 < 0, the infinite series (4.1.8) converges
almost sure and the sequence
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Ỹt =
t∑

i=t−r

At · · ·Ai+1B1, t ∈ Z (4.1.10)

for some r is a strictly stationary solution to SRE (4.1.5), Finkenstädt and Rootzén[8].

4.1.2 Regular variation of the GARCH(1,1) model

Theorem 4.1.2. Assume the law of lnA is nonarithmetic, E lnA < 0 , P [A > 1] > 0
and there exist h0 ≤ ∞ such that EAh < ∞ for all h < h0 and EAh0 = ∞. Then the
following statements hold

• the equation

EAα/2 = 1, (4.1.11)

has a unique positive solution.

• Assume there exist a stationary solution σ2
t to (4.1.5). For independent A, σ2 with

A =d A1 and σ2 =d σ2
1, there exist a positive constant c0 = E[(α0 + Aσ2)α/2 −

(Aσ2)α/2]/[(α/2)EAα/2 lnA] such that

P [σ > x] ∼ c0x
−α, (4.1.12)

and

P [|X| > x] ∼ E|Z|αP [σ > x] as x→∞.

Moreover, the vector (X, σ) is jointly regularly varying with index α and spectral
measure on S1 given by

P [Θ ∈ ·] =
E|(Z, 1)|αI(Z,1)/|(Z,1)|∈·

E|(Z, 1)|α
.

Cf. Mikosch and Starica [19].
Proof: The function EAh is continuous and convex in h. Since E lnA < 0 it assumes
values smaller than 1 in some neighborhood of the origin. Moreover, for sufficiently large
h, since P [A > 1] > 0 and EAh0 =∞, EAh ≥ 1.
Therefore, EAα/2 = 1 has a unique positive solution. Since the conditions of theorem
6.1 hold, a stationary solution σ2

t exists. The assumptions ensure that EAα/2+ε <∞ for
small ε > 0 and so all conditions of theorem 4.1 in Goldie [23] are satisfied. The latter
result gives the relation (4.1.12). According to a result by Breiman [20] we have:
Assume ξ and η are independent nonnegative random variables such that

P [ξ > x] = L(x)x−α,

for some slowly varying function L and Eηα+ε <∞ for some ε > 0. Then

P [ηξ > x] ∼ EηαP [ξ > x], x→∞. (4.1.13)
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Another application of Breiman’s result yields for any Borel set B ⊂ S1 that

P [|(X, σ)| > xt, (X, σ)/|(X, σ)| ∈ B] = P [σ|(Z, 1)|I(Z,1)/|(Z,1)|∈B > xt]

∼ E|(Z, 1)|αI(Z,1)/|(Z,1)|∈Bx
−αP [σ > t],

(4.1.14)

P [|(X, σ)| > t] = P [σ|(Z, 1)| > t] ∼ E|(Z, 1)|αP [σ > t].

This concludes the proof. Cf. Mikosch and Starica [19].
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4.2 The Agent based model by Cont

This Agent based model, introduced by Cont[2], describes a market with a single type of
asset traded by N agents in which the asset’s price is denoted by St, trading intervals can
be considered in terms of trading days t = 0, 1, 2, · · · and the trading agents are denoted
by i = 1, 2, ..., N .
Agent i can send an order, whether to buy respectively sell the asset or remain inactive,
denoted by φi(t):

φi(t) =


1 order to buy

−1 order to sell

0 remain inactive

· (4.2.1)

From this we retrieve the excess demand as the sum of all orders received from agents:

Zt =
N∑
i=1

φi(t). (4.2.2)

Moreover, the logarithmic returns rt are modeled as

rt = g(
1

N
Zt), (4.2.3)

where g : R→ R, called the price impact function, is an increasing function with g(0)=0
and we define the market depth λ by: g

′
(0) = 1/λ.

Imposing that rt = ln(St/St−1), the price of the asset at time t is given by

St = St−1 exp[g(
Zt
N

)].

In particular, the value of Z at time zero does not change the price. In the sequel we
describe the evolution of the logarithmic returns rt in more detail. External Signals εt,
received by the agents at times t ≥ 0 are modeled by a sequence of independent identically
distributed (i.i.d) Gaussian random variables

εt ∼ N(0, D2), t ≥ 0,

where D is the standard deviation.
Agents follow their individual trading rules. By comparing the value of the signal εt re-
ceived at a particular time t ≥ 0 with a personal decision threshold θi(t) they can decide
whether to buy or sell or remain inactive, in particular,

If |εt| < θi(t) the agent remains inactive: φi(t) = 0,
If εt > θi(t) the agent sends a buy order: φi(t) = 1,
and
If εt < −θi(t) the agent sends a sell order: φi(t) = −1.

Moreover, the threshold θi(t) which agent i applies at time step t is fixed at the end of
time step t− 1 according to

θi(t) =

{
|rt−1| if ui(t− 1) < s

θi(t− 1) if ui(t− 1) ≥ s
(4.2.4)
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where ui(t), 1 ≤ i ≤ N , are i.i.d. random variable having uniform distribution on [0, 1]
and s ∈ [0, 1] is the threshold updating probability for each agent. This means that the
θi(t) is available at the beginning of time step t. The above mentioned decision rule for
the agents threshold means that if ui(t− 1) < s the agent changes her threshold to |rt−1|
and if ui(t− 1) ≥ s the agent keeps her previous decision threshold, Cont [2].
according to Cont [2], {rt} is not stationary if g is not linear. Moreover, φi(t) depends on
θi(t− 1) in a non-linear way. For φi(t) ∈ {−1, 0, 1}, we have

P [φi(t) = 0] = P [|εt| ≤ θi(t)], (4.2.5)

P [φi(t) = −1] = P [εt < −θi(t)], (4.2.6)

and

P [φi(t) = 1] = P [εt > θi(t)], (4.2.7)

and the family εt = ε(t), t ≥ 0 of the signal at time t is identical for all agents, and is i.i.d.
with Gaussian distribution, εt ∼ N(0, D2). In some cases we abbreviate φi(t) by φi for
the sake of a more comprehensive representation. Combining (4.2.2) and (4.2.3) reveals

rt = g(
1

N

N∑
i=1

φi(t)).

Since numerical simulation confirmed Cont’s conjecture that a nonlinear g reveals non-
stationary rerurns, we choose g as g(z) = z/λ. Therefore, in our case

rt =
1

λ ·N

N∑
i=1

φi(t), (4.2.8)

is used to model the logarithmic returns.
In this part we prove that choosing φi(t) for an arbitrary agent i is independent of choosing
φj(t) for another agent j, i 6= j. We explain the whole event as the intersection of the
orders received from the agents with the set of choosing rule of the threshold for all agents.
Let Ai := {φi(t) = ai}, where ai ∈ {1,−1, 0}, i = 1, ..., N , then

{A1 ∩ · · · ∩ AN} ∩ {{{u1 < s} ∪ {u1 ≥ s}} ∩ · · · ∩ {{uN < s} ∪ {uN ≥ s}}},

which is equal to

{{A1 ∩ {{u1 < s}} ∪ {A1 ∩ {u1 ≥ s}}} ∩ · · · ∩ {{AN ∩ {{uN < s}} ∪ {AN ∪ {uN ≥ s}}}.
(4.2.9)

Since ui(t) are independent, the events {{φi(t) = ai}∩{ui < s}, i = 1, · · · , N} respectively
{{φi(t) = ai}∩{ui ≥ s}, i = 1, · · · , N} are independent. Now we calculate the probability
of buying, selling and remaining inactive for the agents. Subsequently we denote the
distribution functions of rt and θt by Frt and Fθt , respectively and f is the density of a

centered normal gaussian random variable εt ∼ N(0, D2), for t ≥ 0 such that εt
d
= ε.
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P [φi(t) = 1] = P [εt > θi(t)] =

= P [εt > θi(t)|ui(t− 1) < s] · P [ui(t− 1) < s]

+P [εt > θi(t)|ui(t− 1) ≥ s] · P [ui(t− 1) ≥ s]

= P [εt > |rt−1|] · P [ui(t− 1) < s]

+P [εt > θi(t− 1)] · P [ui(t− 1) ≥ s]

= P [εt > |rt−1|] · s+ P [εt > θi(t− 1)] · (1− s)]
= sP1(t) + (1− s)P2(t) (4.2.10)

where we exploit that rt−1 and εt are independent to find

P1(t) = P [εt > |rt−1|] =

∫ ∞
0

dδ

∫ δ

−δ
dτfrt−1(τ)f(δ)

=

∫ ∞
0

(Frt−1(δ)− Frt−1(−δ))f(δ)dδ,

and

P2(t) = P [εt > θi(t− 1)] =

∫ ∞
0

∫ δ

0

fθt−1(τ)dτf(δ)dδ

=

∫ ∞
0

Fθt−1(δ)f(δ)dδ,

with f being the density of εt ∼ N(0, D2). Inserting P1(t) and P2(t) into (4.2.10) reveals

P [φi(t) = 1] = sP1(t) + (1− s)P2(t)

= s

∫ ∞
0

(Frt−1(δ)− Frt−1(−δ))f(δ)dδ + (1− s)
∫ ∞

0

Fθt−1(δ)f(δ)dδ.
(4.2.11)

Analogously we find due to the symmetry of εt

P [φi(t) = −1] = P [εt < −θi(t)]
= P [εt < −θi(t)|ui(t− 1) < s] · P [ui(t− 1) < s]

+P [εt < −θi(t)|ui(t− 1) ≥ s] · P [ui(t− 1) ≥ s]

= P [εt < −|rt−1|] · P [ui(t− 1) < s]

+P [εt < −θi(t− 1)] · P [ui(t− 1) ≥ s]

= P [εt < −|rt−1|] · s
+P [εt < −θi(t− 1)] · (1− s)]
= (sP1(t) + (1− s)P2(t)), (4.2.12)

Therefore, we find by inserting once again P1(t) and P2(t)

P [φi(t) = −1] = (sP1(t) + (1− s)P2(t))

= s

∫ ∞
0

(Frt−1(δ)− Frt−1(−δ))f(δ)dδ + (1− s)
∫ ∞

0

Fθt−1(δ)f(δ)dδ.

(4.2.13)
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In case trader i remains inactive we derive

P [φi(t) = 0] = P [|εt| < θi(t)]

= P [|εt| < θi(t)|ui(t− 1) < s] · P [ui(t− 1) < s]

+P [|εt| < θi(t)|ui(t− 1) ≥ s] · P [ui(t− 1) ≥ s]

= P [|εt| < |rt−1|] · s+ P [|εt| < θi(t− 1)] · (1− s)
= s(1− 2P1(t)) + (1− s)(1− 2P2(t)). (4.2.14)

Finally we get

P [φi(t) = 0] = s(1− 2P1(t)) + (1− s)(1− 2P2(t)) =

s(1− 2

∫ ∞
0

(Frt−1(δ)− Frt−1(−δ))f(δ)dδ) + (1− s)(1− 2

∫ ∞
0

Fθt−1(δ)f(δ)dδ). (4.2.15)

As expected we get for symmetry reasons that (4.2.11) and (4.2.13) coincide which leads
to define

P = P [φi = ±1] = s

∫ ∞
0

(Frt−1(δ)− Frt−1(−δ))f(δ)dδ + (1− s)
∫ ∞

0

Fθt−1(δ)f(δ)dδ.

4.2.1 Stationarity of the Agent based model

Proof of strict stationarity:
According to definition 2.2.1 we need to show that

fr(t1),...,r(tn)(r1, ..., rn) = fr(t1+h),...,r(tn+h)(r1, ..., rn).

Moreover, φi(t) and φi(s) are independent for s 6= t, since ui(t) and uj(s) are independent
for t 6= s. This follows in the same way as (4.2.9) on page 29. Therefore it suffices to
show that

rt
d
= rt+h for h > 0.

The density function of rt is defined as

P [rt = a] = P

[
1

λ ·N

N∑
i=1

φi(t) = a

]
= P

[
N∑
i=1

φi(t) = aλN

]
. (4.2.16)

Let n := aλN , then (4.2.16) equals

P

[
N∑
i=1

φi(t) = n

]
.

We calculate this probability function in two parts, the first part corresponds to the case
when the sum of all φi is a positive number or zero and the second part when the sum is
a negative number. Tables 4.2.1 and 4.2.2 exhibit all possible situations respectively for
the case n = 0, · · · , N and n = −N, · · · , 0. It can be observed that in each row the sum
of all orders is equal to n.
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No. of agents that buy No. of agents that sell No. of inactive agents

n φi = 1 0 φi = −1 N − n φi = 0

n+1 φi = 1 1 φi = −1 N − (n+ 2) φi = 0

...
...

...
...

...
...

n+k φi = 1 k φi = −1 N-(n+2k) φi = 0

Table 4.2.1: Agents all possible rules of trading for n = 0, · · · , N and k = 0, · · · , [N−n
2

].

No. of agents that buy No. of agents that sell No. of inactive agents

|n| φi = −1 0 φi = 1 N − |n| φi = 0

|n|+ 1 φi = −1 1 φi = 1 N − (|n|+ 2) φi = 0

...
...

...
...

...
...

|n|+ k φi = −1 k φi = 1 N − (|n|+ 2k) φi = 0

Table 4.2.2: Agents all possible rules of trading for n = −N, · · · , 0 and k = 0, · · · , [N−|n|
2

].

We can consider our model as an experiment with three outcomes for each agent , namely,
“sell”, “buy” and “inactive”, with three different probabilities, i.e. P [φi(t) = 1], P [φi(t) =
−1] and P [φi(t) = 0]. We have N trials at each time step and in order to understand the
structure of this probability, let us point out that any outcome 0 does not effect the sum
and the outcome n is the result of n + k outcomes “one” and k result of “-one” where
k takes all values of {0, · · · , b(N − n)/2c}. Supposing that 1 occures n + k times and
-1 occures k times and the remaining agents are inactive, then the joint distribution for
occurence of 1 and -1 is a trinomial distribution as

Pφi=1,φi=−1(n+ k, k) =
N !

(n+ k)!k!(N − (n+ 2k))!
P n+k
φi=1P

k
φi=−1P

N−(n+2k)
φi=0 .

Now the probability of the sum of all φi is the sum of above-mentioned trinomial distri-
bution over k, i.e.

P

[
N∑
i=1

φi(t) = n

]
=

bN−n
2 c∑

k=0

N !

(n+ k)!k!(N − (n+ 2k))!
P

(n+k)
φi=1 P k

φi=−1P
N−(n+2k)
φi=0

=

bN−n
2 c∑

k=0

N !

(n+ k)!k!(N − (n+ 2k))!
P

(n+k)
φi=1 P k

φi=−1(1− Pφi=1 − Pφi=−1)N−(n+2k), (4.2.17)

where bxc is the largest integer less or equal to x.
Since Pφi=1 and Pφi=−1 are equal, we can simplify the above formula as

P

[
N∑
i=1

φi(t) = n

]
=

bN−n
2 c∑

k=0

N !

(n+ k)!k!(N − (n+ 2k))!
P

(n+2k)
φi=1 (1− 2Pφi=1)N−(n+2k).

(4.2.18)
For simplicity we consider the probability Pφi=1 as P , and (4.2.18) equals to
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P

[
N∑
i=1

φi(t) = n

]
=

bN−n
2 c∑

k=0

(
1

2
)n+2k N !

(n+ k)!k!(N − (n+ 2k))!
(2P )(n+2k)(1− 2P )N−(n+2k).

By using Maple, the above sum is simplified as

P

[
N∑
i=1

φi(t) = n

]
=

=
N !P n(1− 2P )N−nHypergeom([−1

2
N + 1

2
n,−1

2
N + 1

2
n], [n+ 1], 4P 2

(−1+2P )2
)

(N − n)!n!
, (4.2.19)

where

P = s

∫ ∞
0

(2Frt−1(δ)− 1)f(δ)dδ + (1− s)
∫ ∞

0

Fθt−1(δ)f(δ)dδ, (4.2.20)

with θt as in (4.2.4) and the returns rt coincide with
∑n

i=1 φi(t) up to a constant factor.
With the Maple program we proved that the probability of the sum of the agent’s decision
is a probability function i.e. the sum of all probabilities for n = −N, · · · , N is equal to 1.
The probabilities P = P (tn) in (4.2.20) can be interpreted in terms of the mapping

T : [0, 1
2
]S → [0, 1

2
)
S
, where [0, 1

2
) ⊆ [0, 1

2
)S, namely,

P (tn) = T (P (tn−1), P (tn−l)) (4.2.21)

for some l > 1 and tn ∈ [0, S]. Therefore, there exist only finitely many tn. By choosing
the starting probbaility P0 ∈ [0, 1

2
] we restrict our mapping T to [0, 1

2
]S.

Since f(δ) is the density function of the gaussian distribution and Frt is the distribution
function of the returns, the first term of the equation (4.2.20) has the upper bound as

s

∫ ∞
0

(2Frt−1(δ)− 1)f(δ)dδ < s · 1

2
,

and for the second term of equation (4.2.20) we have

(1− s)
∫ ∞

0

Fθt−1(δ)f(δ)dδ < (1− s) · 1

2
.

Hence, P is strictly less than 1/2. The density function f(δ) is continuous and the distri-
bution function Frt has finitely many jumps of finite size. By integrating, our mapping
is continuous up to jumps of finite size and since T is a map from a compact and convex
set into a compact and covex set, according to Leray-Schauder-Tychonoff theorem 4.2.1,
there exists a fixed point P∞. It reveals that starting with a distribution of the returns
given by P = P∞ reveals stationarity. For the sake of a complete representation we add
Leray-Schauder-Tychonoff theorem by Reed and Simon in Theorem 4.2.1.

Theorem 4.2.1. Leray-Schauder-Tychonoff theorem Let C be a non empty compact
convex subset of a locally convex space X. Let T : C → C be a continuous map. Then T
has a fixed point.

See Reed and Simon [25].
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4.2.2 Regular variation of the Agent based model

Remark 4.2.2. Empirical studies envolving varying values of the update probability and
the number of traders show:

1. For a large number of traders roughly 1000-4000 not to be considered as infinite
such that the distribution has finite support and therefore does not have regular
variation.

• s large ⇒ 3 peaks with distinct distances

Figure 4.2.1: Simulated distribution function of the agents with very lage update probability

• s very small ⇒ 1 peak and two buckles

Figure 4.2.2: Left: Simulated distribution function of the agents with very small update probability between 0.08 and
0.4. Right: Distribution function of the agents with update probability close to zero near 0.008

• s→ 0, ⇒ 1 peak

Figure 4.2.3: Simulated distribution function of the agents with very small update probability between 0.08 and 0.4.
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2. For the number of traders ”going to infinity”, 1 peak the width of which depends
on the update probability and in this case we should discuss the decay of the dis-
tribution in infinity.

It is expected that the distribution of the Agent based model does not have finite
support for the number of traders tending to infinity. Nevertheless, this issue can
be disscussed and investigated in detail in future work.

Remark 4.2.3. We have used the Java program written by Paul Fischer and Astrid
Hilbert[13] for the estimation of the Agent based model and the GARCH model and also
for extremal index and extremogram estimation.
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Chapter 5

Statistical analysis

In this section two methods are introduced for estimating the extremal index named
Blocks method and Runs method. The difference between the two methods arises from
different ways of defining the clusters. The material of these two methods is taken from
Embrechts et al [1]. For the sake of completeness we present estimators for the auto
covariance function and auto correlation function.

5.1 The Autocovariance and the Autocorrelation es-

timation

The sample autocorrelation function is one of the most important assessment tools for
detecting dependency of these data and fitting a model to the data. In practice, we do
not face the model at first, but the observed data {x1, ..., xn}. If the data are realized
values of a stationary time series, then the sample ACF gives an estimation of ACF. With
statistics, the value of the autocovariance and autocorrelation can be estimated, namely

γ̂k =
1

n

n−k∑
t=1

(Zt − Z̄)(Zt+k − Z̄),

is the sample autocovariance function where Z̄ = 1
n

∑n
t=1 Zt is the sample mean of the

sequence Zt, and the sample ACF is defined as

ρ̂k =
γ̂k
γ̂0

=

∑n−k
t=1 (Zt − Z̄)(Zt+k − Z̄)∑n

t=1(Zt − Z̄)2
.

Both estimators γ̂k and ρ̂k are biased, however, for large sample size they are almost
unbiased, see Wei [3] and Brockwell and Davis [6].
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5.2 Extremal index estimation

5.2.1 The Blocks Method

Let us assume that we are given an arbitrary random sample. Since in practice the family
often is not independent and identically distributed, we might work with a corresponding
i.i.d subsample X1, · · · , Xn. In this method the mentioned subsample X1, X2, · · · , Xn is
divided into k blocks, consequently the length of each block becomes r = bn/kc

X1, · · · , Xr; · · · ;X(k−1)r+1, · · · , Xkr,

where n = kr. For each block the maximum of the subsample i is given by

M (i)
r = max(X(i−1)r+1, · · · , Xir), i = 1, · · · , k.

From the following limit derived from the definition of the extremal index (3.3.1) and
(3.3.2) we have

θ = lim
n→∞

lnP (Mn ≤ un)

n lnF (un)
. (5.2.1)

By substituting P (Mn ≤ un) and F (un) by their respective estimators, a simple estimator
of the extremal index can be constructed. During the process of estimating the extremal
index according to this method, the empirical estimator of the tail distribution function
F̄ (un) is considered as

N

n
:=

1

n

n∑
i=1

I{Xi>un},

where N is the number of exceedances of un. Since there are k blocks, P [Mn ≤ un] can
be estimated by

P [Mn ≤ un] = P [max
1≤i≤k

M (i)
r ≤ un] ≈ P k[Mr ≤ un]

≈ (
1

k

k∑
i=1

I
M

(i)
r ≤un

)k = (1− K

k
)k.

Substituting into (5.2.1) the estimator of θ becomes

θ̂1
n =

lnP [Mn ≤ un]

n lnF [un]
=

ln(1−K/k)k

n ln(1−N/n)
.

Therefore, we get

θ̂1
n =

k

n

ln(1−K/k)

ln(1−N/n)
=

1

r

ln(1−K/k)

ln(1−N/n)
, (5.2.2)

where K is the number of blocks, which have at least one exceedance. Another estimator
of this model can be concluded by using Tailor expansion in the following way

θ̂2
n =

K

N
=

1

r

K/k

N/n
≈ θ̂1

n. (5.2.3)

See Embrechts et al [1].
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5.2.2 The Runs Method

In this method, the extremal index is considered as a conditional probability. In Runs
method the sample X1, X2, · · · , Xn is divided into some parts where for each part, the
first element is greater than un and the other elements are less than un. Supposing
M2,s = max{X2, · · · , Xs}, the character s is chosen such that the first element of the
sampleX1, · · · , Xs which isX1 is above un and the other elements are below un. Therefore,
the element Xs+1 is again greater than un. The space between clusters can be identified
easily. For example the first area between clusters is the area between X1 and Xs+1 .

P (Mn ≤ un) = (F (un))nθ = (F (un))nP (M2,s≤un|X1>un), (5.2.4)

where

θ = P (M2,s ≤ un|X1 > un),

and the right equality of (5.2.4) follows from the definition of extremal index (3.3.1) and
(3.3.2), then we have

P (Mn ≤ un) = exp(−θτ) = exp(−P (M2,s ≤ un|X1 > un)τ). (5.2.5)

Hence,

P (Mn ≤ un) = exp(
−P (M2,s ≤ un, X1 > un)τ

P (X1 > un)
), (5.2.6)

and since nF̄ (un) = τ we have P (X1 > un) = nF̄ (un) = τ/n then

P (Mn ≤ un) = exp(
−P (M2,s ≤ un, X1 > un)τ

τ/n
) = exp(−nP (M2,s ≤ un, X1 > un)).

According to O’Brien [26], the extremal index estimator of the Runs method is

θ̂3
n =

∑n−r
i=1 IAi,n∑n
i=1 IXi>un

=

∑n−r
i=1 IAi,n

N
, (5.2.7)

where Ai = {Xi > un, Xi+1 ≤ un, · · · , Xi+r ≤ un}. See Embrechts et al [1].
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Chapter 6

Numerical results

6.1 Numerical results for the Agent based model

In this section, we intend to discuss extremal clustering of the Agent based model. We
worked on five different sets of simulated agent based data, results of which are shown in
figure 6.1.1.

Extremal clustering for the Agent based model’s simulated data

Despite the simplicity of the Agent based model, it has some empirical properties of asset
returns, which are common in most financial time series.
Some results are found in the paper by Cont[2], i.e. a large number of Agent based
models have been examined and exhibited volatility clustering in returns. In figure 6.1.1,
clustering of high and low volatilities shows this feature in our simulated Agent based
model.

Estimator of the Extremal index for the Agent based model’s simulated data

In this section, the extremal index for five sets of the Agent based model’s simulated data
with two methods Blocks and Runs is being calculated.
Another way to check whether the Agent based model shows the extremal clustering
can be seen in the table 6.1.1. In the mentioned table we considered the one percent of
highest extremal data as threshold and for the block size we evaluated the logarithm of
the number of agents for each model. One can see that the calculated value for extremal
index is less than one which is indicative of extremal clustering.
By increasing the block size for each set of simulated data, the extremal index decreases.
This decreasement can be observed in both blocks method and Runs method.
Furthermore, in figures 6.1.2 respecyively 6.1.3 the affect of changes of block length and
threshold on extremal index can be observed. Increase of block length and threshold
causes the decrease of extremal index in our simulated data of Agent based model and
also by comparing figure 6.1.3 with figure 6.1.2, we can see that extremal index reacts
more smoothly to changes of threshold rather than changes of block length. In the third
part of figure 6.1.2 and 6.1.3 we intend to show that decrease of the extremal index by
increasing of the threshold and block length in one figure.
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Figure 6.1.1: First:Simulated Agent based model returns, λ = 10, initial threshold=0.1, standard deviation=0.001,
update Prob=0.00998, number of agents=500, no of steps=10000, distribution=Normal. Second: Simulated Agent
based model returns, λ = 10.0, initial Threshold=0.1, standard deviation=0.0, update probability=0.00998, number of
agents=500, number of steps=10000, distribution=Cauchy, Cauchy width=0.001. Third: Simulated Agent based model
returns, λ = 10.0, initial Threshold=0.1, standard deviation=0.0, update probability=0.00998, number of agents=500,
number of steps=10000, distribution=Cauchy, Cauchy width=0.001. Fourth: Simulated Agent based model returns,
λ = 10.0, initial Threshold=0.1, standard deviation=0.001, update probability=0.00998, number of agents=500, number of
steps=69800, distribution=Normal. fifth: Simulated Agent based model returns, λ = 10.0, initial Threshold=0.1, standard
deviation=0.00100199, update probability=0.02058, number of agents=500, number of steps=10140, distribution=Normal.
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Figure 6.1.2: First: changes of extremal index with respect to changes of block length with threshold 0.03 using two
different methods. Second: changes of extremal index with respect to changes of block length with threshold 0.07 using
two different methods. Third: Plot of the first and second figure in the same figure.
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Figure 6.1.3: First: changes of extremal index with respect to changes of threshold with block length 3 using two
different methods. Second: changes of extremal index with respect to changes of threshold with block length 6 using two
different methods. Third: Plot of the first and second figure in the same figure.
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Trader model1 Trader model2 Trader model3 Trader model4 Trader model5

Threshold 0.099 block size 4.8 block size 3.6 block size 3.6 block size 3.6 block size 3.9

Blocks Method1 0.6551 0.8279 0.7647 0.8461 0.7207

Blocks Method2 0.6040 0.7691 0.7177 0.7829 0.6824

Runs Method 0.2742 0.4752 0.3828 0.4606 0.3248

Trader model1 Trader model2 Trader model3 Trader model4 Trader model5

Threshold 0.099 block size 6.8 block size 5.6 block size 5.6 block size 5.6 block size 5.9

Blocks Method1 0.5959 0.7285 0.6226 0.7102 0.7207

Blocks Method2 0.5398 0.6396 0.5598 0.6247 0.6824

Runs Method 0.2229 0.3479 0.2227 0.3101 0.3248

Table 6.1.1: Extremal index estimation for five sets of simulated Agent based model data using blocks and runs method.
Increase of the block size cause the decrease of extremal index. Threshold is considered as the fraction of data.

6.2 Numerical results for the GARCH(1,1) model

In this section, we intend to discuss some features of the GARCH model which are
common to most financial times series. We worked on five different sets of simulated
GARCH(1,1)data, which is shown in figure 6.2.1.

Extremal clustering in GARCH(1,1)simulated data

As discussed before, extremal clustering is one of the properties of financial time series,
in particular, GARCH models.
One can easily observe the cluster of high level exceedances of returns in GARCH models.
It is easier to recognize the clustering of extremal observations in the first and the third
pictures in figure 6.2.1 which proves the existence of dependency in the tail.

Estimator of the Extremal index for the GARCH(1,1) simulated data

In this section, we aim to estimate the extremal index with two methods, Blocks and
Runs, for five sets of GARCH(1,1) simulated data. The threshold used for this set of
data is 0.099 and the considered block size is 3 and 5. As we can see there are large
differences between the two estimators, the extremal index calculated with the Blocks
method is significantly larger than the extremal index computed by the Runs method.
And the extremal index is less than one in table 6.2.1, which confirms a clustering attitude
of high values. We used two different extremal index estimations from the blocks method
in section 5.2.1 and one extremal index estimation from Runs method in section 5.2.2.
An increase of the block size causes the decrease of the extremal index. In table 6.2.1 the
extremal index is decreased when we change the block size from 3 to 5 and also as per
paper by Smith and Weissman [22] for the numbers x, y ∈ (0, 1) it is easy to verify

x

y
<

log(1− x)

log(1− y)
if and only if y < x.

Therefore, we conclude that θ̂1
n > θ̂2

n provided N < rK and there is an exception when
all the observations in a block are exceedances.
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Figure 6.2.1: First: Simulated GARCH1 data Xt = (0.08X2
t−1 +0.92σ2

t−1)1/2Zt, Second: Simulated GARCH2 data

Xt = (0.15X2
t−1 + 0.85σ2

t−1)1/2Zt, Third: Simulated GARCH3 data Xt = (0.05 + 0.1X2
t−1 + 0.9σ2

t−1)1/2Zt, Fourth:

Simulated GARCH4 data Xt = (0.01 + 0.1X2
t−1 + 0.89σ2

t−1)1/2Zt, Fifth: Simulated GARCH5 data Xt = (0.02X2
t−1 +

0.98σ2
t−1)1/2Zt.
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Threshold 0.099-block size3 GARCH1 GARCH2 GARCH3 GARCH4 GARCH5

Blocks Method1 0.8113 0.6061 0.7374 0.9255 0.9668

Blocks Method2 0.7551 0.5816 0.6938 0.8469 0.8775

Runs Method 0.4489 0.1428 0.3469 0.6632 0.7142

Threshold 0.099-block size5 GARCH1 GARCH2 GARCH3 GARCH4 GARCH5

Blocks Method1 0.7722 0.4826 0.6547 0.9099 0.9709

Blocks Method2 0.6938 0.4591 0.6020 0.7959 0.8367

Runs Method 0.3775 0.1122 0.2346 0.5510 0.6326

Table 6.2.1: Extremal index estimation for five set of simulated GARCH(1,1) data using blocks and runs method.
Increase of the block size cause the decrease of extremal index. Threshold is considered as the fraction of data.

Furthermore, in figure 6.2.2 and respectively 6.2.3 one can see the affect of increasment of
block length and threshold. We expect increase of block length always causes the decrease
of extremal index.
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Figure 6.2.2: First: Change of extremal index with respect to changes of block length with threshold 0.03 using two
different methods Second: Change of extremal index with respect to changes of block length with threshold 0.07 using two
different methods Third:Plot of the first and the second figures in one figure.
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Figure 6.2.3: First: Change of extremal index with respect to changes of threshold with block length 3 using two
different methods Second: Change of extremal index with respect to changes of threshold with block length 6 using two
different methods Third:Plot of the first and the second figures in one figure.
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6.3 An Extremogram for the GARCH(1,1) simulated

data

As proven by Davis and Mikosch [7] the GARCH(1,1) process is not only strictly stationary
but also has regularly varying tail distribution and hence even allows to construct an
extremogram. There are two important tasks to draw the extremogram for the simulated
data, to find the proper lags and also the best threshold. Our first task is to find the
minimum lag for the extremogram which includes all the extreme values and then the
threshold for which the values in the extremogram can be better interpreted. The lags
can be varied between 2 and 999 for our data with 1000 values. For defining the minimum
lag we draw the extremogram for different lags started with 100,200 and 300 for a fixed
sample threshold e.g. 0.95. We have done extremogram calculations on our third set of
simulated data shown in Figure 6.3.1.
The x-axes shows the number of lags and the y-axes is the extremogram of the extremal
pairs. The lag number shows the distance between the extreme values above the threshold
in the log returns of our simulated data.
We started with the threshold 0.95 and found that by increasing the number of lags, the
extremogram becomes zero after the lag 240. Hence it does not make sense to go further.
It can be seen in figure 6.3.2. Later, in order to define the threshold for our simulated
data, we tried out different thresholds for the lag 240. We started with the greater values
of thresholds i.e. 0.995, going through the smaller thresholds 0.99, 0.98, 0.97 and 0.96 to
find the best threshold for which we could interpret the results. The best result gained
was the threshold 0.962 for the lag 240. Finally, the lag 210 was enough for the threshold
0.962. Since then we interpret the extremogram in our data for the lag 210 and threshold
0.962.
For example, in figure 6.3.3 we can observe that the three top values occur in lags 7, 12
and 18 which show that the most extreme values have the distances of 7, 12 and 8 in
the time series of the log returns of the simulated data. It can be seen in figure 6.3.3
that there are three lines with large values that represent the fact that the pairs of high
extreme values with distances 7, 12 and 18 exist too rarely while there are five values
that show this fact that there are some extremal pairs, which exist more often than the
previous three large values. And the next are seven values that reveal the fact that these
values occurs very often in log return of our simulated data.
According to the definition of extremogram, the number allocated to these three values
(0.195), is the fraction of the numbers of all pairs above the 0.962 threshold over the
number of all observations in the 0.038 percent of the largest values.
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Figure 6.3.1: Log return of simulated data for the GARCH(1,1), Xt = (0.05 + 0.1X2
t−1 + 0.9σ2

t−1)1/2Zt

.

Figure 6.3.2: Extremogram for our simulated GARCH(1,1) data, lag 300 and threshold 0.95

Figure 6.3.3: Extremogram for our simulated GARCH(1,1) data, lag 210 and threshold 0.962
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Chapter 7

Conclusion

In this thesis we discussed and compared some properties of two given models, the
GARCH(1,1) model and the Agent based model set up by Rama Cont in [2]. Amongst the
studied properties are stationarity and regular variation of the tail distribution, which are
necessary conditions for constructing an Extremogram. For the GARCH(1,1) model this
tool for measuring extremal dependency has already been discussed by Thomas Mikosch
and Richard Davis in [7] and the properties were proven.
The approach pursued here for the Agent based model differs from the one by Thomas
Mikosch and Richard Davis in that the form of the distribution of the returns was derived
explicitly. Moreover, strong stationarity of this model has been investigated.
Another part of this thesis is dedicated to the statistical analysis on data which are
simulated for both models. By calculating the extremal index for our simulated data for
both models with two different methods, we concluded that both of these models exhibit
volatility clustering. Although these two models show extremal clustering, they act very
different. While the GARCH(1,1) model posseses the property of regular variation, the
Agent based model has finite support, i.e. for finite and small or reasonably large N it is
not indispensable to study regular variation by definition.
In case N tends to infinity Regular variation of the Agent based model can be explicitly
investigated and further work is required to be done.
Our data studies shows that for the simulated data of both models, there is an inverse
relationship between the extremal index and the threshold and also between the extremal
index and the block length, i.e. by increasing the block length and the threshold the
extremal index decreases. Furtheremore, extremogram construction for the simulated
data of the GARCH(1,1) model confirms the competency of this tool for exhibition and
interpretation of extremal dependency in the model.
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