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Abstract 

The Kalman filter algorithm can be applied as a recursive estimator of the 

state of a dynamic system described by a linear difference equation. Given 

discrete measurements linearly related to the state of the system, but 

corrupted by white Gaussian noise, the Kalman filter estimate of the system 

is statistically optimal with respect to a quadratic function of the estimate 

error.  

The first objective of this paper is to give deep enough insight into the 

mathematics of the Kalman filter algorithm to be able to choose the correct 

type of algorithm and to set all the parameters correctly in a basic 

application. This description also includes several examples of different 

approaches to derive and to explain the Kalman filter algorithm. 

In addition to the mathematical description of the Kalman filter algorithm 

this paper also provides an implementation written in MATLAB. The 

objective of this part is to correctly replicate the target tracker used in the 

surveillance radar PS-90. The result of the implementation is evaluated 

using a simulated target programmed to have an aircraft-like behaviour and 

done without access to the actual source code of the tracker in the PS-90 

radar. 

 

Keywords: Kalman filter, Radar tracking 

  



  
 

IV 

Table of contents 

Abstract _____________________________________________________ III 

Table of contents ____________________________________________ IV 

1. Introduction ________________________________________________ 1 

1.1 Background ______________________________________________ 1 
1.2 The objectives of this paper __________________________________ 3 
1.3 Limitations _______________________________________________ 4 

2. The Kalman filter algorithm ___________________________________ 5 
2.1 Background and basics _____________________________________ 5 
2.2 The mathematics of the Kalman filter algorithm __________________ 8 
2.3 Derivations of the Kalman filter algorithm, different approaches ____ 13 

2.3.1 Orthogonality property _________________________________ 13 

2.3.2 Minimizing the error covariance __________________________ 14 
2.3.3 The low-pass filter approach _____________________________ 15 
2.3.4 Maximum likelihood ___________________________________ 15 

2.3.5 Bayesian or conditional probability approach _______________ 16 
2.3.6 The Riccati equations __________________________________ 16 
2.3.7 Chi-square approach ___________________________________ 17 

2.3.8 Matrix inversion lemma ________________________________ 17 

2.3.9 Pythagorean Theorem __________________________________ 18 
2.4 Beyond the Kalman filter algorithm __________________________ 19 

2.4.1 The extended Kalman filter _____________________________ 19 

2.4.2 Other variants ________________________________________ 20 

3. Method ___________________________________________________ 21 

4. Implementation of a Kalman filter based radar tracker ___________ 22 
4.1 The order of the filter ______________________________________ 22 
4.2 Definitions of the vectors and matrices ________________________ 22 
4.3 Measurement to track association and target maneuver detection ____ 24 

5. Results and analysis _________________________________________ 26 

6. Summary and discussion _____________________________________ 30 

7. References _________________________________________________ 31 

8. Appendices ________________________________________________ 34 



  
 

 

 

1 

Fredrik Svanström 

 

1. Introduction 

Ever since it was formulated, the Kalman filter algorithm has been used in a 

wide variety of areas. My first encounter with it was in the automatic target 

tracker used in the surveillance radar PS-90. 

From now on in this paper the Kalman filter algorithm will be referred to as 

the KFA. 

1.1 Background 

The surveillance radar PS-90 (Giraffe 75) is the 2nd generation of Giraffe 

radar stations manufactured by SAAB Electronic Defence Systems 

(formerly Ericsson Microwave). The PS-90 was developed and produced in 

the latter half of the 1980s and has been used by the Swedish army since the 

beginning of the 1990s. The PS-90 has a maximum range of 50 km. 

 

Figure 1.1 The surveillance radar PS-90 
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In Reparationsbok radar PS-90 (2003), i.e. the maintenance manual, the 

tracking of targets is described as being performed by a Kalman filter. 

After being processed in the receiver and signal processing of the PS-90, the 

inputs to the target tracker are the measured ranges and azimuths to the 

targets. These measurements will be corrupted by noise depending both on 

the targets, the environment of the radar and the construction of the radar 

itself. To make things even more complicated, the tracker must also be able 

to handle occasional false targets due to clutter and background noise, as 

well as voluntary and involuntary jamming of the radar. The interval 

between two consecutive measurements inputs is 1 Hz, as determined by the 

normal antenna revolution speed of 60 rpm. 

The output of the tracker consists of the north orientated Cartesian 

coordinates of the targets together with the north and east components of the 

target velocities. Output target data is sent over the communications network 

at a rate of about 10 Hz. 

 

Figure 1.2 The PPI of the PS90 

The tracker in the PS-90 handles target with speeds up to 1000 m/s and 

targets maneuvering with an acceleration of up to 60 m/s2 (about 6g). 
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Summing up the challenges involved in constructing a radar tracker for the 

PS-90 we are facing the following: 

 The input target positions are corrupted by measurement noise 

 The measurements can be considered as “a fraction of a second old” 

due to delays in the signal processing 

 More dimensions of information are being sent out from the tracker 

than available in the input 

 The output rate of target data is higher than the input rate 

 Several target can appear within the range of the radar at the same 

time 

This can be seen as a typical situation suited for a KFA implementation. 

A more technical description of the PS-90 is found in appendix 1. 

Other examples of practical solutions to the radar target tracking problem 

are found in appendix 2. I have also found some applications of the KFA in 

other systems besides radar trackers, these are described in appendix 3. 

1.2 The objectives of this paper 

The objective of the first part of this paper is to give an insight into the 

mathematics of the Kalman filter algorithm. The purpose of this is to be able 

to make an implementation of the algorithm and to adapt the variables and 

parameters in a correct way to suite an arbitrary application. Included in the 

mathematical description is also a survey of the literature giving an insight 

into how the KFA appears in diverse fields of mathematics and how it can 

be derived from different points of views. The pedagogical approaches of 

the references are also considered to see how examples, simplifications or 

relations to other known mathematical concepts are used to introduce and to 

explain the KFA. A key result of the first part is also to be able to choose 

what type of KFA to use in the second part of this paper. 

The second part is devoted to making a MATLAB implementation of the 

KFA using conditions similar to those specified for the PS-90 target tracker. 

This will be done without access to the actual source code of the tracker in 

the PS-90 and evaluated using a simulated target with an aircraft-like 

behaviour. The objective of this part is to make the implementation 

consistent with the behaviour of the PS-90 tracker. 

The m-file tracker.m can be found in appendix 4. 
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1.3 Limitations 

One of the differences between the PS-90 and the 1st generation Giraffe 

radar station (The PS-70/Giraffe 40), is that the PS-90 has a dual feeding 

horn mounted in front of the antenna reflector. This allows the PS-90 to get 

a rough estimate of the altitude of the target. The MATLAB target tracker in 

this paper will not include any altitude information. 

In sever jamming or clutter conditions the radar operators working in the 

PS-90 can support the target tracker manually. This will not be possible in 

the MATLAB tracker. 

Only one target will be handled by the MATLAB tracker instead of the 

maximum of 20 that can be handled by the tracker in the PS-90. 

The same computer handling target tracking in the PS-90 also handles track 

initiation and tracking of jam strobes, this will not be covered by this paper 

or be incorporated in the MATLAB tracker. When no detection of a target 

inside the track association window has been made for 12 consecutive 

seconds, the target track in the PS-90 is terminated. During the last six 

seconds the tracking symbol is flashing to make the crew aware of the 

possible termination. The MATLAB implementation will not have a track 

termination part. 
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2. The Kalman filter algorithm 

2.1 Background and basics 

Since the original article of Rudolph E Kalman (1960), the algorithm now 

bearing his name, can be found in many practical applications whereof radar 

tracking is just one. However, by studying the history of the KFA, it is clear 

that it just as well could have been called the Swerling filer algorithm since 

Peter Swerling actually described a similar method two years before 

Kalman. Sorenson (1970) describes this controversy. 

The KFA can be applied as an estimator of the state of a dynamic system 

described by the linear difference equation 

𝒙𝑘 = 𝐀𝑘−1𝒙𝑘−1 + 𝐁𝑘−1𝒖𝑘−1 + 𝒘𝑘−1, 

where the matrix 𝐀𝑘−1 is the relationship between the state of the system, 

described by the column vector 𝒙𝑘−1 at time k-1 and the state 𝒙𝑘 at time k. 

The column form of a vector is considered to be the normal form in this 

paper and a transpose into a row vector will be denoted by T, this is also the 

notation used for the transpose of matrices. The matrix 𝐁𝑘−1 relates the 

optional control input vector 𝒖𝑘−1 to the state and the vector 𝒘𝑘−1 is the 

process noise. In general, matrices will be denoted by uppercase bold letters 

and vectors by lowercase bold italics. 

The system is then measured at discrete points in time where the 

measurement vector 𝒛𝑘 is related to the true state of the system by the 

equation 

𝒛𝑘 = 𝐇𝑘𝒙𝑘 + 𝒗𝑘, 

where the vector 𝒗𝑘 represents the measurement noise and 𝐇𝑘 is the 

observation matrix, which makes it possible to have more 

parameters/dimensions in our estimate than we are actually getting from our 

measurement inputs. The PS-90 target tracker described in this paper can 

serve as an excellent example of this fact, as the radar is measuring only 

position, while the KFA estimates and predicts both the position and the 

velocity of the target. 

The process noise 𝒘𝑘−1 and the measurement noise 𝒗𝑘 are assumed to be 

independent of each other and normal distributed with zero mean. As an 

example, if we are measuring the value of a resistor, the process noise will 

be the inaccuracy caused by the manufacturing process and the measurement 

noise will be the error of the ohm-meter used. These two errors are clearly 

independent of each other. 
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From these two noise vectors the system noise covariance matrix 𝐐𝑘−1 =

E(𝒘𝑘−1𝒘𝑘−1
T )  (where E denotes the expected value) and the measurement 

noise covariance matrix 𝐑𝑘 = E(𝒗𝑘𝒗𝑘
T), are formed. Here, and in the 

following 𝒗𝑘𝒗𝑘
T is interpreted as the matrix multiplication of the column 

vector 𝒗𝑘 and the row vector 𝒗𝑘
T. 

Just like the method of least squares, the KFA estimation of the system is 

statistically optimal with respect to a quadratic function of the estimate error, 

min ∑(𝑠𝑘 − �̂�𝑘)
2

𝑁

𝑘=1

, 

where 𝑠𝑘 is the true state of some system and �̂�𝑘 is the estimate of the same. 

As seen in section 2.3.2 this will be equivalent to minimizing the trace of the 

error covariance matrix 𝐏𝑘∣𝑘 of the estimate �̂�𝑘∣𝑘, 

𝐏𝑘∣𝑘 = cov(𝒙𝒌 − �̂�𝑘∣𝑘, 𝒙𝒌 − �̂�𝑘∣𝑘) = E[(𝒙𝒌 − �̂�𝑘∣𝑘)(𝒙𝑘 − �̂�𝑘∣𝑘)
T]. 

The estimate vector �̂�𝑘∣𝑘 is referred to as the a posteriori estimate since it is 

an estimate of the system at time k calculated including the measurement 

𝒛𝑘.  This differs from the a priori estimate, denoted �̂�𝑘∣𝑘−1, which is an 

estimate of the state at time k made only with the available measurements up 

to k-1, but not including the latest measurement 𝐳k. This notation is also 

used, having the same meaning as above, to separate the error covariance 

matrices 𝐏𝑘∣𝑘 and 𝐏𝑘∣𝑘−1, as well as separating the error vector of the 

estimate 𝜺𝑘∣𝑘 = 𝒙𝑘 − �̂�𝑘∣𝑘 from 𝜺𝑘∣𝑘−1 = 𝒙𝑘 − �̂�𝑘∣𝑘−1. 

The different steps of the KFA are seen in figure 2.1 (the figure is based on 

Kim (2010)). The notation of the steps in the KFA described by figure 2.1 

will be used throughout this paper. The matrix for the Kalman gain 𝐊𝑘 will 

be defined in section 2.2. 

After initiating the algorithm (step 0) using the vector �̂�0 and the matrix 𝐏0, 

the KFA can be divided into a prediction part (step I) and a correction part 

(steps II-IV).  
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The 5 steps of the KFA  
     

  0  Setting the initial values   

  �̂�0, 𝐏0   

     
     

  I  Prediction of the state and error covariance   

  �̂�𝑘∣𝑘−1 = 𝐀𝑘−1�̂�𝑘−1∣𝑘−1   

  𝐏𝑘∣𝑘−1 = 𝐀𝑘−1𝐏𝑘−1∣𝑘−1𝐀𝑘−1
T + 𝐐𝑘−1   

     
     

  II  Computation of the Kalman gain   

  𝐊𝑘 = 𝐏𝑘∣𝑘−1𝐇𝑘
T(𝐇𝑘𝐏𝑘∣𝑘−1𝐇𝑘

T + 𝐑𝑘)
−1   

     
     

Measurement  III  Computation of the estimate  Estimate 

𝒛𝑘  𝒙𝑘∣𝑘 = �̂�𝑘∣𝑘−1 + 𝐊𝑘(𝒛𝑘 − 𝐇𝑘�̂�𝑘∣𝑘−1)  �̂�𝑘∣𝑘 

     
     

  IV  Computation of the error covariance   

  𝐏𝑘∣𝑘 = 𝐏𝑘∣𝑘−1 − 𝐊𝑘𝐇𝑘𝐏𝑘∣𝑘−1   

     

Figure 2.1 The structure of the Kalman filter algorithm 
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2.2 The mathematics of the Kalman filter algorithm 
 

Consider 𝒵𝑘−1 as the vector space spanned by all of the available 

measurements 𝒛𝑛 where 1 ≤ 𝑛 ≤ 𝑘 − 1, so 𝒵𝑘−1 = span {𝒛1, 𝒛2, 𝒛3, … , 𝒛𝑘−1} 

and since we have a finite set of measurements 𝒵𝑘−1 can be regarded as a 

finite-dimensional subspace of the vector space of all possible 

measurements. 

Using the Gram-Schmidt process an orthogonal basis 𝒆0, 𝒆1, … , 𝒆𝑛 for the 

vector space 𝒵𝑘−1 can be formed and any new vector 𝒙𝑘 , not necessarily in 

𝒵𝑘−1 can therefore be written as a linear combination of this orthogonal 

basis plus a residue 𝒙𝑘 orthogonal to 𝒵𝑘−1, 

𝒙𝑘 = ∑ 𝑎𝑛𝒆𝑛

𝑘−1

𝑛=1

+ �̃�𝑘. 

By the method of least squares we know that the best estimate in this sense 

of 𝒙𝑘, using any linear combination of vectors in 𝒵𝑘−1 will be an orthogonal 

projection of 𝒙𝑘 onto 𝒵𝑘−1, as illustrated in figure 2.2. 

 

Figure 2.2 The orthogonal projection of xk onto 𝒵𝑘−1. 

Using these properties of orthogonal projections we now focus on the 

derivation of the KFA. To simplify the illustration of the mathematical ideas 

the measurement, the estimate and the true state of the system are assumed 

to be of the same dimension and the observation matrix is the identity 

matrix. 
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Our best a priori estimate, denoted �̂�𝑘∣𝑘−1 and illustrated in figure 2.3, will 

be the true state of the system, 𝒙𝑘, orthogonally projected onto the vector 

space spanned by all our earlier measurements and the error of the estimate 

will be 𝜺𝑘∣𝑘−1 = 𝒙𝑘 − 𝒙𝑘∣𝑘−1. 

 

Figure 2.3 The a priori estimate �̂�𝑘∣𝑘−1 with its error 𝜺𝑘∣𝑘−1 

Given a new measurement vector 𝒛𝑘, take the part of 𝒛𝑘 that is orthogonal to 

the vector space 𝒵𝑘−1, and call this �̃�𝑘. In some literature, for example Kay 

(1993), �̃�𝑘 is called the innovation and can be seen as �̃�𝑘 = 𝒛𝑘 − �̂�𝑘∣𝑘−1. 

The innovation �̃�𝑘, seen here in figure 2.4, therefore represents the new 

information contained in the observation 𝒛𝑘. 

 

Figure 2.4 The new measurement 𝒛𝑘and the innovation �̃�𝑘 
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After the new measurement 𝒛𝑘, it is possible to get a better estimate than the 

a priori estimate, hence making 𝜺𝑘∣𝑘 ≤ 𝜺𝑘∣𝑘−1. This can be done by taking a 

part of the innovation and add it to the a priori estimate after making an 

orthogonal projection of the true state of the system onto the innovation 

itself (see figure 2.5). 

 

Figure 2.5 The true state 𝒙𝑘 projected onto the innovation 𝒛𝑘 − �̂�𝑘∣𝑘−1 

Adding this to the a priori estimate will result in the a posteriori estimate 

�̂�𝑘∣𝑘, as shown in figure 2.6. 

 

Figure 2.6 The a posteriori estimate �̂�𝑘∣𝑘 
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If the a priori estimate is close to the true state of the measured system, 

almost all of the innovation will consist of measurement noise and only a 

small portion will be used as valid information. 

On the other hand, if the error of the a priori estimate is significant, a lot of 

the information of the innovation will be incorporated into the a posteriori 

estimate �̂�𝑘∣𝑘 (see figure 2.7). 

 

Figure 2.7 Different values of the Kalman gain 𝐊𝑘 specifies the amount of 

innovation to be used forming the a posteriori estimate (𝐊𝑘 is a scalar in 

this example) 

Or in other words: the calculation of the Kalman gain can be seen as 

comparing the covariance of the a priori estimate to the covariance of the 

innovation and thereby deciding how much of the innovation to use. 

Recall the projection formula proj𝑎𝒖 =
𝒖∙𝒂

‖𝒂‖𝟐 𝒂, and according to Davis and 

Vinter (1985), when we are working with random variables, the covariance 

should be used as the inner product, instead of the dot product. So this 

becomes proj(𝒛𝑘−�̂�𝑘∣𝑘−1)𝒙𝑘 = cov( 𝒙𝑘, 𝒛𝑘 − �̂�𝑘∣𝑘−1) [cov(𝒛𝑘 − �̂�𝑘∣𝑘−1, 𝒛𝑘 −

�̂�𝑘∣𝑘−1)]
−1(𝒛𝑘 − �̂�𝑘∣𝑘−1).  Adding this expression to the a priori estimate 

yields �̂�𝑘∣𝑘 = �̂�𝑘∣𝑘−1 + cov( 𝒙𝒌, 𝒛𝑘 − �̂�𝑘∣𝑘−1) [cov(𝒛𝑘 − �̂�𝑘∣𝑘−1, 𝒛𝑘 −
�̂�𝑘∣𝑘−1)]

−1(𝒛𝑘 − �̂�𝑘∣𝑘−1). 

Comparing this with step II in the KFA we can identify the expression for 

the Kalman gain as 

𝐊𝑘 = cov( 𝒙𝒌, 𝒛𝑘 − �̂�𝑘∣𝑘−1) [cov(𝒛𝑘 − �̂�𝑘∣𝑘−1, 𝒛𝑘 − �̂�𝑘∣𝑘−1)]
−1. 

Where -1 denotes the inverse of a matrix. Whenever the inverse appears 

throughout this paper, it is assumed that the inverse exists. 
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Knowing that  𝒛𝑘 = 𝐇𝑘𝒙𝑘 + 𝒗𝑘 and because of the fact that the correlation 

between two orthogonal vectors (in this case the a priori estimate and the 

innovation) are zero, we have that E[�̂�𝑘∣𝑘−1(𝒛𝑘 − �̂�𝑘∣𝑘−1)
T] = 0 and as the 

measurement noise is uncorrelated with the state of the system we have that 

E[(𝒙𝒌 − �̂�𝑘∣𝑘−1)𝒗𝑘
T] = 0. 

As in Kay (1993), 

cov( 𝒙𝒌, 𝒛𝑘 − �̂�𝑘∣𝑘−1) = E[𝒙𝒌(𝒛𝑘 − �̂�𝑘∣𝑘−1)
T] 

= E[(𝒙𝑘 − �̂�𝑘∣𝑘−1)(𝐇𝑘𝒙𝑘 + 𝒗𝑘 − �̂�𝑘∣𝑘−1)
T] 

=  E [(𝒙𝑘 − �̂�𝑘∣𝑘−1) (𝐇𝑘(𝒙𝑘 − �̂�𝑘∣𝑘−1))
T

] 

=  E[(𝒙𝑘 − �̂�𝑘∣𝑘−1)(𝒙𝑘 − �̂�𝑘∣𝑘−1)
T]𝐇𝑘

T,  

and by the definition of  𝐏𝑘∣𝑘−1 this is equivalent to 𝐏𝑘∣𝑘−1𝐇𝑘
T. 

We also have that  

cov(𝒛𝑘 − 𝒙𝑘∣𝑘−1, 𝒛𝑘 − �̂�𝑘∣𝑘−1) = E[(𝒛𝑘 − �̂�𝑘∣𝑘−1)(𝒛𝑘 − �̂�𝑘∣𝑘−1)
T] 

= E[(𝐇𝑘𝒙𝑘 + 𝒗𝑘 − �̂�𝑘∣𝑘−1)(𝐇𝑘𝒙𝑘 + 𝒗𝑘 − �̂�𝑘∣𝑘−1)
T] 

= 𝐇𝑘E[(𝒙𝒌 − �̂�𝑘∣𝑘−1)(𝒙𝑘 − �̂�𝑘∣𝑘−1)
T]𝐇𝑘

T + E(𝒗𝑘𝒗𝑘
T) 

= 𝐇𝑘𝐏𝑘∣𝑘−1𝐇𝑘
T + 𝐑𝑘. 

Recalling the expression for the Kalman gain matrix 𝐊𝑘 = cov( 𝒙𝒌, 𝒛𝑘 −
�̂�𝑘∣𝑘−1) [cov(𝒛𝑘 − 𝒙𝑘∣𝑘−1, 𝒛𝑘 − �̂�𝑘∣𝑘−1)]

−1, together with the result from 

above, we now have that 𝐊𝑘 = 𝐏𝑘∣𝑘−1𝐇𝑘
T(𝐇𝑘𝐏𝑘∣𝑘−1𝐇𝑘

T + 𝐑𝑘)
−1. 

In essence the KFA is an algorithm to recursively update a linear projection. 
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2.3 Derivations of the Kalman filter algorithm, different approaches 

The derivations described in the literature about the KFA are a bit hard to 

separate, but there are a few distinct approaches. Note that this just an 

overview of these derivations. For full details the reader is referred to the 

respective referenced source. 

 
Figure 2.8 Different approaches to derive the KFA 

2.3.1 Orthogonality property (The approach of Kalman) 

In his original article Kalman (1960) approaches the Wiener problem “to 

obtain the specification of a linear dynamic system, i.e. the Wiener filter, 

which accomplishes the prediction, separation or detection of a random 

signal” by using vector spaces and the orthogonality properties of vectors 

within these. The derivation in the previous chapter is also based on this 

approach so no further details on this should be necessary. 

Grewal and Andrews (2001) is recommended for a short but informative 

chapter about Kalman himself and the studies that lead him to the 

formulation of the KFA. 

Recent criticism against the derivation of Kalman was presented at the IET 

International conference on radar systems, where Bell (2012a) pointed out 

the difference between projecting a solution onto data and projecting data 

onto a solution. In a later paper Bell (2012b) points out that the same 

misconception also appears in Sorensen (1970). 
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Bell clarifies that the projection of data onto a solution is “curve fitting”, 

resulting in the error being orthogonal to the solution, as in the method of 

least squares described by Gauss. This in contrast to the projection of a 

solution onto data which he defines as minimization of the true mean square 

error, meaning that the error is orthogonal to the data. Figure 2.9 illustrates 

the difference between the two types of projections. 

 

Figure 2.9 The difference between the projection of data onto a solution and 

the projection of a solution onto data 

2.3.2 Minimizing the error covariance 

Lacey and Thacker (1998) starts with the equation of the error covariance of 

the estimate 𝐏𝑘∣𝑘 = E[(𝒙𝑘 − �̂�𝑘)(𝒙𝑘 − �̂�𝑘)
T], together with step III of the 

KFA stating that �̂�𝑘∣𝑘 = �̂�𝑘∣𝑘−1 + 𝐊𝑘(𝒛𝑘 − 𝐇𝑘�̂�𝑘∣𝑘−1). Using these two 

expressions and the fact that the measurement 𝒛𝑘 is the true state of the 

system, affected by the observation matrix and corrupted by the 

measurement noise so 𝒛𝑘 = 𝐇𝑘𝒙𝑘 + 𝒗𝑘, they get 𝐏𝑘∣𝑘 = E{[(𝐈 −

𝐊𝑘𝐇𝑘)(𝒙𝑘 − �̂�𝑘∣𝑘−1) − 𝐊𝑘𝒗𝑘][(𝐈 − 𝐊𝑘𝐇𝑘)(𝒙𝑘 − �̂�𝑘∣𝑘−1) − 𝐊𝑘𝒗𝑘]
T}. 

By the definitions of the error covariance matrix 𝐏𝑘∣𝑘−1 and the 

measurement covariance matrix 𝐑𝑘 this can be written as 𝐏𝑘∣𝑘 =

(𝐈 − 𝐊𝑘𝐇𝑘)𝐏𝑘∣𝑘−1(𝐈 − 𝐊𝑘𝐇𝑘)
T + 𝐊𝑘𝐑𝑘𝐊𝑘

T, which after expansion becomes 

𝐏𝑘∣𝑘 = 𝐏𝑘∣𝑘−1−𝐊𝑘𝐇𝑘𝐏𝑘∣𝑘−1− 𝐏𝑘∣𝑘−1𝐇𝑘
T𝐊𝑘

T + 𝐊𝑘(𝐇𝑘𝐏𝑘∣𝑘−1𝐇𝑘
T + 𝐑𝑘)𝐊𝑘

T. 

The mean squared error is then minimized taking the trace of 𝐏𝑘∣𝑘 (the sum 

of the elements on the main diagonal), differentiating it with respect to 

𝐊𝑘, and setting the result equal to zero, so we have that 

∂Tr(𝐏𝑘∣𝑘)

∂𝐊𝑘
= −2(𝐇𝑘𝐏𝑘∣𝑘−1)

T + 2𝐊𝑘(𝐇𝑘𝐏𝑘∣𝑘−1𝐇𝑘
T + 𝐑𝑘) = 0. 

Solved for 𝐊𝑘 this becomes 𝐊𝑘 = 𝐏𝑘∣𝑘−1𝐇𝑘
T(𝐇𝑘𝐏𝑘∣𝑘−1𝐇𝑘

T + 𝐑𝑘)
−1, which 

is identical to step II of the KFA. 
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2.3.3 The low-pass filter approach 

Kim (2010) shows how to track a varying signal and at the same time reduce 

the influence of measurement noise by using a 1st order low-pass filter ( an 

exponentially weighted moving average filter) described as �̂�𝑘∣𝑘 =

 𝛼�̂�𝑘∣𝑘−1 + (1 − 𝛼)𝒛𝑘, where α is a constant in the range  0 < 𝛼 < 1. 

The expression for the computation of the a posteriori estimate �̂�𝑘∣𝑘 =

�̂�𝑘∣𝑘−1 + 𝐊𝑘(𝒛𝑘 − 𝐇𝑘�̂�𝑘∣𝑘−1), step III of the KFA, is very similar to the 1st 

order low-pass filter with the significant difference lying in the varying 

Kalman filter gain instead of the constant α. 

Due to the application focused and non-mathematical nature of his book, 

Kim then introduces the Kalman gain computation (KFA step II) without 

giving any deeper explanation to the mathematics behind it. 

2.3.4 Maximum likelihood 

With the classic example of measuring nominal 100 ohm resistors picked 

out of a bucket (in this case as well as in section 2.3.5 the measurements and 

the true state of the system will be scalars and not vectors), du Plessis (1967) 

uses the equation for the mean square error of a maximum likelihood 

estimate 𝜎�̂�𝑘

2 = (1 − 𝐾𝑘𝐻)𝜎�̂�𝑘−1 
2 where 𝐾𝑘 is the maximum likelihood 

weighting factor 

𝐾𝑘 =
𝐻𝜎𝑥

2

𝐻2𝜎𝑥
2 + 𝜎𝑧

2
. 

In these expressions 𝜎𝑥 is the standard deviation of the error of the 

resistances being estimated, i.e. errors caused by the manufacturing process, 

𝜎𝑧 is the standard deviation of the error in the ohmmeter reading. Both types 

of errors are assumed to have a normal distribution with zero mean. 

Consistent to the notation of this paper, 𝑧 is the measurement and in this 

case 𝐻 will represent the ohmmeter scale factor. Together with a recursive 

formula for the estimate �̂�𝑘 = �̂�𝑘−1 + 𝐾𝑘(𝑧𝑘 − 𝐻�̂�𝑘−1), du Plessis ends up 

with the following three steps 

1.     𝐾𝑘 =
𝐻𝜎�̂�𝑘−1

2

𝐻2𝜎�̂�𝑘−1

2 + 𝜎𝑧
2
 

2.     �̂�𝑘 = �̂�𝑘−1 + 𝐾𝑘(𝑧𝑘 − 𝐻�̂�𝑘−1)  

3.     𝜎�̂�𝑘

2 = (1 − 𝐾𝑘𝐻)𝜎�̂�𝑘−1

2 . 
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This is similar to step II-IV in the KFA. In an appendix to his paper du 

Plessis make a full derivation of the maximum likelihood weight factor. 

2.3.5 Bayesian or conditional probability approach 

With an example of two persons, differently skilled in navigation (meaning 

that their respective measurement errors are normal distributed with zero 

mean but with slightly different standard deviations 𝜎𝑧1
and 𝜎𝑧2

), trying to 

make a measurement z of the same unknown position on the x-axis called x, 

Maybeck (1979) shows how to combine the measurements N(𝑧1, 𝜎𝑧1
), 

N(𝑧2, 𝜎𝑧2
) getting a more accurate estimate of the true position 

�̂� = (
𝜎𝑧2

2

𝜎𝑧1
2 + 𝜎𝑧2

2
)𝑧1 + (

𝜎𝑧1
2

𝜎𝑧1
2 + 𝜎𝑧2

2
)𝑧2. 

The variance of this combined estimate, denoted 𝜎�̂�
2, is then calculated as 

1

𝜎�̂�
2 =

1

𝜎𝑧1
2 +

1

𝜎𝑧2
2 . This will therefore be smaller than any one of the variances 

of the two individual measurements. The two persons are measuring only in 

one dimension and no scaling is needed so H=1 and therefore not necessary 

to include in the derivation. 

Rewriting the expression for �̂�, 

(
𝜎𝑧2

2

𝜎𝑧1
2 + 𝜎𝑧2

2
)𝑧1 + (

𝜎𝑧1
2

𝜎𝑧1
2 + 𝜎𝑧2

2
)𝑧2 = 𝑧1 + (

𝜎𝑧1
2

𝜎𝑧1
2 + 𝜎𝑧2

2
) (𝑧2 − 𝑧1),  

and putting this in a recursive form by setting �̂�𝑘−1 = 𝑧1 and 𝑧𝑘 =

𝑧2, Maybeck gets �̂�𝑘 = �̂�𝑘−1 + 𝐾𝑘(𝑧𝑘 − �̂�𝑘−1), where 

𝐾𝑘 =
𝜎�̂�𝑘−1

2

𝜎�̂�𝑘−1

2 + 𝜎𝑧𝑘
2
. 

Once again we end up with expressions similar to the steps of the KFA. 

2.3.6 The Riccati equations 

Named after Count Jacopo Francesco Riccati (1676-1754) by D’Alembert in 

1763, the Riccati equations are the starting point of the KFA derivations 

done by Grewal and Andrews (2001) as well as by Zarchan and Musoff 

(2009). 

The background to and derivation of the Riccati equations is beyond the 

scope of this paper but can be found in Grewal and Andrews (2001). 
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2.3.7 Chi-square approach 

Besides the approach of minimizing the covariance, Lacey and Thacker 

(1998) also shows another form of derivation starting with the chi-square 

merit function in its vector form 

𝜒2 = ∑ (
𝒛𝑘 − 𝒉𝑘(𝒙𝑘)

𝜎𝑘
)

2𝑛

𝑘=1

. 

In this formula 𝒛𝑘is the measured value, 𝒉𝑘 is the observed state of the 

system described as a function depending of the true state 𝒙𝑘 and 𝜎𝑘 is the 

variance associated with the measurement 𝒛𝑘. 

Defining 𝐇𝑘 = ∇𝑥𝒉(𝒙𝑘∣𝑘−1)  and using  𝜺𝑘∣𝑘−1 = 𝒙𝑘 − �̂�𝑘∣𝑘−1, Lacey and 

Tacker differentiate this getting 

∂𝜒2

∂�̂�𝑘∣𝑘−1
= 2(𝐏𝑘∣𝑘−1

−1 + 2𝐇𝑘
T𝐑𝑘

−1𝐇𝑘) 𝜺𝑘∣𝑘−1 − 2𝐇𝑘
T𝐑𝑘

−1[𝒛𝑘 − 𝒉(�̂�𝑘∣𝑘−1)]. 

Finding the minimum by setting the expression equal to zero and then 

rearranging,  𝜺𝑘∣𝑘−1 = (𝐏𝑘∣𝑘−1
−1 + 𝐇𝑘

T𝐑𝑘
−1𝐇𝑘)

−1
𝐇𝑘

T𝐑𝑘
−1[𝒛𝑘 − 𝒉(�̂�𝑘∣𝑘−1)].  

Assuming that 𝒉𝑘(�̂�𝑘∣𝑘−1) is a linear function, so 𝒉𝑘(�̂�𝑘∣𝑘−1) = 𝐇𝑘�̂�𝑘∣𝑘−1 

and after a substitution of the term 𝜺𝑘∣𝑘−1 in the expression, we get that  

�̂�𝑘∣𝑘 = �̂�𝑘∣𝑘−1 + (𝐏𝑘∣𝑘−1
−1 + 𝐇𝑘

T𝐑𝑘
−1𝐇𝑘)

−1
𝐇𝑘

T𝐑𝑘
−1(𝒛𝑘 − 𝐇𝑘�̂�𝑘∣𝑘−1). 

Comparing this to step III of the KFA, the Kalman gain, in an alternative 

form, can be identified as 𝐊𝑘 = (𝐏𝑘∣𝑘−1
−1 + 𝐇𝑘

T𝐑𝑘
−1𝐇𝑘)

−1
𝐇𝑘

T𝐑𝑘
−1. 

2.3.8 Matrix inversion lemma 

Anderson and Moore (1979) derives the expression for the Kalman filter 

gain starting with the matrix inversion lemma written in the form 

(𝐏𝑘∣𝑘−1
−1 + 𝐇𝑘

T𝐑𝑘
−1𝐇𝑘)

−1
= (𝐈 + 𝐏𝑘∣𝑘−1𝐇𝑘

T𝐑𝑘
−1𝐇𝑘)

−𝟏
𝐏𝑘∣𝑘−1 = 𝐏𝑘∣𝑘−1 −

𝐏𝑘∣𝑘−1𝐇𝑘
T(𝐇𝑘𝐏𝑘∣𝑘−1𝐇𝑘

T + 𝐑𝑘)
−𝟏

𝐇𝑘𝐏𝑘∣𝑘−1, and then applies it to the identity 

𝐏𝑘∣𝑘 = 𝐏𝑘∣𝑘−1 − 𝐏𝑘∣𝑘−1𝐇𝑘
T(𝐇𝑘𝐏𝑘∣𝑘−1𝐇𝑘

T + 𝐑𝑘)
−𝟏

𝐇𝑘𝐏𝑘∣𝑘−1, resulting in an 

expression for the error covariance matrix of the a posteriori estimate 

𝐏𝑘∣𝑘 = (𝐏𝑘∣𝑘−1
−1 + 𝐇𝑘

T𝐑𝑘
−1𝐇𝑘)

−1
. 

Anderson and Moore then inserts this into an expression for the Kalman 

filter gain, 𝐊𝑘 = 𝐏𝑘∣𝑘𝐇𝑘
T𝐑𝑘

−1, and after applying a slightly different form of 

the matrix inversion lemma (𝐈 + 𝐏𝑘∣𝑘−1𝐇𝑘
T𝐑𝑘

−1𝐇𝑘)
−𝟏

𝐏𝑘∣𝑘−1𝐇𝑘
T𝐑𝑘

−1 =

(𝐏𝑘∣𝑘−1
−1 + 𝐇𝑘

T𝐑𝑘
−1𝐇𝑘)

−1
𝐇𝑘

T𝐑𝑘
−1 = 𝐏𝑘∣𝑘−1𝐇𝑘

T(𝐇𝑘𝐏𝑘∣𝑘−1𝐇𝑘
T + 𝐑𝑘)

−1, to 
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their results they finally get 𝐊𝑘 = 𝐏𝑘∣𝑘−1𝐇𝑘
T(𝐇𝑘𝐏𝑘∣𝑘−1𝐇𝑘

T + 𝐑𝑘)
−1. Using 

the derivation above, we can also see the validity of the Kalman gain in its 

alternative form 𝐊𝑘 = (𝐏𝑘∣𝑘−1
−1 + 𝐇𝑘

T𝐑𝑘
−1𝐇𝑘)

−1
𝐇𝑘

T𝐑𝑘
−1, as seen in section 

2.3.7. 

2.3.9 Pythagorean Theorem 

I have not seen this derivation in the literature, but from the geometry of the 

problem, as seen in figure 2.6, it should also be possible to derive the 

expression for the Kalman gain using the Pythagorean Theorem. 

We start this derivation by setting (𝐊𝑘�̃�𝑘)
2 + 𝜺𝑘∣𝑘

2 = 𝜺𝑘∣𝑘−1
2  and rearranging 

this into (𝐊𝑘�̃�𝑘)
2 = 𝜺𝑘∣𝑘−1

2 − 𝜺𝑘∣𝑘
2 . Using the definitions of the error vectors 

of the the a priori and a posteriori estimates, we get that 𝐊𝑘E[(𝒛𝑘 −

�̂�𝑘∣𝑘−1)(𝒛𝑘 − �̂�𝑘∣𝑘−1)
T]𝐊𝑘

T =  E[(𝒙𝑘 − �̂�𝑘∣𝑘−1)(𝒙𝑘 − �̂�𝑘∣𝑘−1)
T] −

𝐸[(𝒙𝑘 − �̂�𝑘∣𝑘)(𝒙𝑘 − 𝒙𝑘∣𝑘)
T]. 

Using the given definitions that 𝐑𝑘 = E(𝒗𝑘𝒗𝑘
T) and 𝐏𝑘∣𝑘−1 = E[(𝒙𝒌 −

�̂�𝑘∣𝑘−1)(𝒙𝑘 − �̂�𝑘∣𝑘−1)
T],  together with the fact that 𝒛𝑘 = 𝐇𝑘𝒙𝑘 + 𝒗𝑘, the 

left hand side of the expression becomes 𝐊𝑘(𝐇𝑘𝐏𝑘∣𝑘−1𝐇𝑘
T + 𝐑𝑘)𝐊𝑘

T, and we 

can also easily identify the right hand side as being equal to the expression 

𝐏𝑘∣𝑘−1 −  𝐏𝑘∣𝑘. 

Using the expression from Kay (1993) stating that 𝐏𝑘∣𝑘 =

𝐏𝑘∣𝑘−1−𝐊𝑘𝐇𝑘𝐏𝑘∣𝑘−1
T − 𝐏𝑘∣𝑘−1𝐇𝑘

T𝐊𝑘
T + 𝐊𝑘(𝐇𝑘𝐏𝑘∣𝑘−1𝐇𝑘

T + 𝐑𝑘)𝐊𝑘
T, and 

inserting this into our results so far we get that 𝐊𝑘(𝐇𝑘𝐏𝑘∣𝑘−1𝐇𝑘
T + 𝐑𝑘)𝐊𝑘

T =

𝐊𝑘𝐇𝑘𝐏𝑘∣𝑘−1
T + 𝐏𝑘∣𝑘−1𝐇𝑘

T𝐊𝑘
T − 𝐊𝑘(𝐇𝑘𝐏𝑘∣𝑘−1𝐇𝑘

T + 𝐑𝑘)𝐊𝑘
T, which finally 

yields that 2𝐊𝑘(𝐇𝑘𝐏𝑘∣𝑘−1𝐇𝑘
T + 𝐑𝑘)𝐊𝑘

T  = 𝐏𝑘∣𝑘−1𝐇𝑘
T𝐊𝑘

T + 𝐊𝑘𝐇𝑘𝐏𝑘∣𝑘−1
T . 

After a multiplication from the right by (𝐊𝑘
T)

−1
, this becomes 

 2 𝐊𝑘(𝐇𝑘𝐏𝑘∣𝑘−1𝐇𝑘
T + 𝐑𝑘) = 𝐏𝑘∣𝑘−1𝐇𝑘

T + 𝐊𝑘𝐇𝑘𝐏𝑘∣𝑘−1
T (𝐊𝑘

T)
−1

,  and since 

the inverse of a transpose, provided that the inverse exists, is the transpose 

of the inverse, we have the expression 2 𝐊𝑘(𝐇𝑘𝐏𝑘∣𝑘−1𝐇𝑘
T + 𝐑𝑘) =

𝐏𝑘∣𝑘−1𝐇𝑘
T + (𝐏𝑘∣𝑘−1𝐇𝑘

T𝐊𝑘
T)

T
(𝐊𝑘

−1)T, where the latter part of the right hand 

side (𝐏𝑘∣𝑘−1𝐇𝑘
T𝐊𝑘

T)
T
(𝐊𝑘

−1)T = (𝐊𝑘
−1𝐊𝑘𝐇𝑘𝐏𝑘∣𝑘−1

T )
T

= 𝐏𝑘∣𝑘−1𝐇𝑘
T. 

Dividing by two and rearranging we have that 𝐊𝑘 =

𝐏𝑘∣𝑘−1𝐇𝑘
T(𝐇𝑘𝐏𝑘∣𝑘−1𝐇𝑘

T + 𝐑𝑘)
−1, which shows that this is in fact an 

effective way to derive the KFA. 
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2.4 Beyond the Kalman filter algorithm 

Besides the original KFA, working in discrete time and handling linear 

problems, a variety of variants have up until today been produced. This is a 

summary of some of the variants, with an extra focus on the extended 

Kalman filter.  

2.4.1 The extended Kalman filter 

Trying to implement the KFA into the guidance system of the Apollo 

spacecraft, Stanley Schmidt and his colleagues found themselves having 

difficulties coping with the nonlinear nature of the models of the real world. 

The solution they came up with was to linearize their equations around the 

estimate and then applying the KFA. This is essentially the extended 

Kalman filter (EKF). Note that Stanley Schmidt is not the same Schmidt as 

in the Gram-Schmidt process mentioned earlier in this paper. 

To credit Schmidt for his work discovering the EKF and applying it to a real 

world problem, the EKF is sometimes referred to as the Kalman-Schmidt 

filter. With the obvious risk of causing some unnecessary confusion there is 

actually also another version of the KFA called the Schmidt-Kalman filter. 

The purpose of the Schmidt-Kalman filter is to reduce computational 

complexity by reducing the number of dimensions of the estimate as 

described by Grewal and Andrews (2001). The Schmidt-Kalman filter is 

also known as the reduced order Kalman filter. 

An extensive description of the discovery of the EKF and its connection to 

the Apollo spacecraft program is found in McGee and Schmidt (1985). 

If one or both of the equations describing the state transition and the 

observation matrix are nonlinear, a solution might be to use the EKF. An 

example hereof is if the state transition of step I in the KFA is a nonlinear 

function described by the equation �̂�𝑘∣𝑘−1 = 𝒇(�̂�𝑘−1∣𝑘−1), instead of the 

original �̂�𝑘∣𝑘−1 = 𝐀𝑘−1𝒙𝑘−1∣𝑘−1. This will also affect the rest of the KFA in 

such a way that 𝐏𝑘∣𝑘−1 = 𝐀𝑘−1𝐏𝑘−1∣𝑘−1𝐀𝑘−1
T + 𝐐𝑘−1, where 𝐀𝑘−1 will be 

defined as the Jacobian matrix of the function 𝒇(�̂�𝑘−1∣𝑘−1), 

𝐀𝑘−1 =
𝜕𝒇

𝜕𝒙
│�̂�𝑘−1∣𝑘−1

. 

So 𝐀𝑘−1 will thus be the function 𝒇(�̂�𝑘−1∣𝑘−1) differentiated with respect to 

𝒙 and then evaluated at the point �̂�𝑘−1∣𝑘−1. 

This will be the case in the MATLAB implementation of this paper. 
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2.4.2 Other variants 

Some of the other types of KFA and their special features are: 

The Kalman-Bucy filter is the continuous time variant of the KFA. It was 

first described in Kalman and Bucy (1961). 

The Unscented Kalman filter (UKF) handles the errors in the linearization 

sometimes occurring using the EKF. The UKF is described in Julier and 

Uhlmann (1997) and based on the unscented transform developed by Jeffery 

K Uhlmann in 1994. Some examples of the UKF can be found in Kim 

(2010). 

The Ensemble Kalman filter (EnKF), described in Evensen (1994) is suitable 

when the problem has a large number of variables.  
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3. Method 

Besides the description of the mathematics behind the KFA and the most 

important variants of it, this paper also contains a MATLAB implementation 

of the PS-90 radar tracker. Without access to the actual source code used in 

the PS-90, the MATLAB implementation will be built around the 

description of the tracker available in the maintenance manual of the PS-90. 

The MATLAB tracker will be evaluated by running a simulated target 

trough it to see that the results are consistent to the tracker of the PS-90. 

This target will have a typical aircraft behaviour profile in sense of speed 

and maneuvering capabilities.  
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4. Implementation of a Kalman filter based radar tracker 

As mentioned track initiation will not be a part of the MATLAB 

implementation. In the PS-90 however, the initiation takes, depending on the 

radar settings and the available detections of the target, between two and six 

antenna revolutions. 

In the MATLAB implementation the tracker will automatically get the 

initial values for �̂�0 and 𝐏0. The MATLAB implementation will run at 1 Hz 

with an input rate of 1 Hz. 

4.1 The order of the filter 

The normal behaviour of an aircraft is to have a constant speed and constant 

heading most of the time and only occasionally to turn or accelerate. As 

shown in Zarchan and Musoff (2009) the order of the filter getting the best 

noise reduction when tracking such a system is a second order KFA. 

4.2 Definitions of the vectors and matrices 

First of all the coordinate systems involved must be considered. The inputs 

to the tracker are the measured range and azimuth angle, so 

𝒛𝑘 = [
𝑧𝑟𝑘
𝑧𝜃𝑘

], 

which in tracker.m are called MATRANGE and MATANGLE. 

The target data output vector in the PS-90 is given in north orientated 

Cartesian coordinates with the radar itself in the origin 

�̂�𝑜𝑢𝑡 = [

𝑟𝑥
𝑟𝑦
𝑣𝑥

𝑣𝑥

]. 

This means that at least one coordinate transformation will have to be 

carried out in the PS-90 tracker. The maintenance manual of the PS-90 states 

that the tracker uses a coordinate system with the target in the origin and 

with one of the coordinate axis coinciding with the direction to the target. 

So the tracker has to handle the following: The polar input coordinate 

system, the moving and rotating coordinate system inside the KFA and 

finally the Cartesian target data output system. 
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I will use the following notation for the internal Cartesian target orientated 

coordinate system (or more correctly the Cartesian estimate orientated 

system) 

�̂�𝑘 = [

𝑥
𝑦
�̇�
�̇�

], 

this is the vector called X in tracker.m. 

The x-axis of this system will be oriented in the direction towards the radar 

and the origin of the system will be in the position of the estimate �̂�𝑘∣𝑘, so 

the estimate expressed in polar coordinates will be defined as 

�̂�𝑘∣𝑘⦨ = [
�̂�𝑘∣𝑘

𝜃𝑘∣𝑘
]. 

These values will be needed to calculate state transition matrices (these are 

the points around which the linearization will be done). In tracker.m these 

are ESTRANGE and ESTANGLE. 

The observation matrix is normally defined as 

𝐇𝑘 = [
1 0 0 0
0 1 0 0

], 

but as described in the following section the tracker also include a 

measurement to track association step. When the distance between the 

measurement and the predicted position is greater than a certain value the 

observation matrix is set to be 

𝐇𝑘 = [
0 0 0 0
0 0 0 0

]. 

This will cause the Kalman filter gain to be zero and no part of the 

measurement will be included in the computation of the a posteriori 

estimate. 

Any deviation from the modelled straight flight trajectory can be seen as a 

noise appearing as the system noise vector 𝒘𝑘−1. From this vector the 

system noise covariance matrix 𝐐𝑘−1 = 𝐸(𝒘𝑘−1𝒘𝑘−1
T ), is calculated as 

described by Kay (1993). 

To be able to vary the dynamics of the tracker I use a set of two different 

error covariance matrices. Q1, which is used when the target is not 

maneuvering, allowing the target to make 10 m/s2 accelerations/turns and 

Q2, used when the tracker has detected a target maneuver. Q2 will allow the 

target to make maneuvers of up to 60 m/s2. 
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𝐐1 = [

0 0 0 0
0 0 0 0
0 0 100 0
0 0 0 100

] 

𝐐2 = [

0 0 0 0
0 0 0 0
0 0 3600 0
0 0 0 3600

] 

The state transition will be the Jacobian matrix 

𝐀𝑘−1 =

[
 
 
 
 
0 0 cos(∆θ̂) sin(∆θ̂)

0 0 −sin(∆θ̂) cos(∆θ̂)

0 0 cos(∆θ̂) sin(∆θ̂)

0 0 −sin(∆θ̂) cos(∆θ̂)]
 
 
 
 

, 

where ∆𝜃 will be the difference in angle between 𝜃𝑘 and 𝜃𝑘−1 (this is how 

much the estimate centred coordinate system turns with every update of the 

KFA). In tracker.m ∆θ̂ is called DELTAANGLE. 

The standard deviations of the measurement errors of the PS-90, given in the 

maintenance manual, are 25 meters in range and 0.3° in azimuth. This 

results in the measurement error covariance matrix 

𝐑𝑘 = [

625 0

0
�̂�𝑘∣𝑘

2

36481

]. 

Except for targets very close to the radar the range measurements are more 

accurate than the measurements of the azimuth, at 50 km the standard 

deviation of the azimuth error is about 260 meters i.e. ten times the standard 

deviation of the range error. 

The Kalman filter gain and the error covariance matrices will have a 

dimension of 4x2 and 4x4 respectively. 

4.3 Measurement to track association and target maneuver detection 

In the PS-90 the tracker first associates the new measurements to the 

existing tracks. To do this an association window is formed around the 

estimated target position. Making the association process effective the 

window has to be as small as possible not to be interfered by other targets 

but still large enough to allow for target maneuvers (system noise) and 

measurement noise. In the PS-90 these windows are dynamic in size and 

varies between 200 x 200 m up to 3000 x 3000 m. As they are probably in 
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some way connected to the error covariance matrix, in the MATLAB 

implementation, the size of the association window will be set to 10 standard 

deviations of the x- and y-values of the error covariance matrix. This gives a 

minimum size of about 200 x 200 m and the maximum size is then limited to 

3000 x 3000 m. 

As mentioned above, the tracker also include a maneuver detecting part 

making it more responsive to target maneuvers. If the distance between the 

predicted position and the measurement is more than half the size of the 

association window, a maneuver flag is set. This flag changes the choice of 

the error covariance matrix allowing for more influence of the measured 

position in the calculation of the estimate. 
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5. Results and analysis 

The simulated target used to evaluate the MATLAB implementation will 

have the following behaviour: 

1. Constant speed of 50 m/s and constant heading 

2. Accelerating with 20 m/s2 up to a final speed of 200 m/s. Heading is still 

constant 

3. Constant speed of 200 m/s and constant heading 

4. Making a 3g turn maintaining a speed of 200 m/s 

5. Constant speed of 200 m/s and constant heading 

6. Disappearing for 7 seconds 

7. Constant speed of 200 m/s and constant heading 

8. Making a 9g turn maintaining a speed of 200 m/s 

9. Constant speed of 200 m/s and constant heading 

 

 

Figure 5.1 The behaviour of the simulated target 

The input measurements will be corrupted by white Gaussian noise. 

The tracker should be able to track the simulated target up until the 9g turn. 

Let’s now look at some results from running tracker.m. The measurements 

are in black and the estimates are in green or red where the red colour is 

used to indicate that the target maneuvering flag is set. 
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Figure 5.2 

In figure 5.2 we can see that the tracker works as expected. The target is 

tracked both when accelerating and turning. The prediction of the speed and 

heading during the time when the target is not visible (part 6 of the track) is 

good enough not to lose the target when it reappears. The target is tracked 

until it makes a turn of more than 6g i.e. until the 9g turn in part 8 of the 

track. 

However running tracker.m several times also reveals that occasionally the 

target is tracked even during and after doing the 9g turn. This should be a 

result of the fact that the tracker allows 6g turns plus a certain amount of 

measurement noise. This can be seen in figure 5.3. 
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Figure 5.3 

If the target maneuver detector is switched off, the tracker sometimes loses 

the target already in part 2 of the simulation when the target makes its first 

acceleration. This can be seen in figure 5.4. 

 

Figure 5.4 
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A plot showing one of the factors in the Kalman gain matrix as a function of 

time can be seen in figure 5.5. Note especially where the factor is zero and 

compare this to figure 5.2. 

 

Figure 5.5 

When a target maneuver has been detected the value is closer to one and the 

measurement has a greater impact on the next estimate. When no 

measurement is associated to the estimate the value becomes zero and the 

new estimate is just the prediction of the system state based on the previous 

estimate. Figure 5.6 shows the size of the measurement to track association 

window. 

 

Figure 5.6 



  
 

 

 

30 

Fredrik Svanström 

 

6. Summary and discussion 

After a short introduction to a typical implementation, this paper provides a 

description of the Kalman filter algorithm, formulated just over 50 years 

ago, as a solution to the problem of recursively performing an optimal 

estimate of a system when the given measurements are corrupted by white 

Gaussian noise. The system to be estimated is mathematically modelled by a 

linear difference equation and the discrete measurements are linearly related 

to the state of the system. 

Initially a thorough derivation of the algorithm is made based on concepts 

and properties from linear algebra, just as in the original formulation by 

Kalman. This part also covers recent criticism of how Kalman and others 

allegedly have misinterpreted the underlying principles of orthogonal 

projections onto vector spaces.  

Several other approaches are then described spanning over such diverse 

fields of mathematics as solutions to non-liner differential equations, 

statistics and Bayes’ theorem of conditional probability. This part illustrates 

the extensive possibilities to explain and to derive the KFA, furthermore it 

also reflects the different pedagogical approaches to the subject found in the 

references. 

Ending the mathematical description of the KFA, particular attention is 

placed on the extended Kalman filter, a further development of the basic 

KFA, used in non-linear cases. This attention is a direct consequence of the 

second objective of this paper, replicating the target tracker of the PS-90. 

The results of this paper imply that a basic knowledge of the Kalman filter 

algorithm, together with user experience and a description given in a 

technical manual, are enough to replicate the behaviour of an elementary 

radar tracker. This replication process includes all the steps from choosing 

the right type of algorithm, applying given values and parameter, such as the 

measurement errors of the radar system and the coordinate systems used, to 

performing modifications of the algorithm to match the described and 

experienced behaviour. 

A clear limitation to the method used in the paper is that the evaluation of 

the implementation and its behaviour could have been more precise if the 

actual source code of the PS-90 would have been available. 

Further work could be to develop tracker.m into a tracker in three 

dimensions, instead of just two. This could also include making it into a 

multiple target tracker with accurate track initiation and termination 

algorithms. Another development could be to compare the performance of 

the implemented Kalman filter to a different tracking algorithm, for example 

the multi hypothesis tracker (MHT). 
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APPENDIX 1  

The PS-90/Giraffe 75 is a 2D+ pulse doppler radar equipped with digital 

signal procession, automatic target tracking and threat evaluation. It has also 

got a built in simulator for crew training. 

Instrumented range 25 or 50 km 

Frequency range 5,4 - 5,9 GHz (C-band) 

Output power 12 kW (pulse) 300W (average) 

Amplifier type      Travelling wave tube 

Pulse length 4 s in 25 km mode 

 8 s in 50 km mode 

Pulse repetition frequency                   5 kHz in 25 km mode 

     2,5 kHz in 50 km mode 

Signal processing MTI with wind compensation 

                                                             Helicopter detection 

SP Improvement factor >40 dB 

Antenna type                                        Reflector with dual feeding horns  

Antenna rotation speed 60 rpm 

Antenna height 12,8 m 

Automatic tracker capacity 20 targets and 10 jam strobes 

 

There are six computers in the data processing unit of the PS-90. One of 

them is handling the track initiation and target/jam strobe tracking. 

The other five are computers for: 

 Radar plot extraction 

 Threat evaluation and external communication 

 Radar control and built in test 

 Presentation control 

 Simulator for crew training 

The computers used in the PS-90 are Ericsson APN 548 01 (16MHz) based 

on the ALU 2901 constructed by AMD in 1975.  
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APPENDIX 2 

PS-70/Giraffe 40 

In the 1st generation Giraffe radar, first put into service in 1977 and with a 

maximum range of 40 km, the targets where tracked manually by the crew 

of the radar. Three, out of the four in the crew, were each equipped with a 

joystick directly controlling his or hers own tracking symbol. After initiating 

a new track, the tracking symbol moved at a constant speed and heading, 

making correctional inputs from the crew necessary only when the targets 

were maneuvering. The PS-70 hade a built in simulator allowing the crew to 

improve their target tracking skills. 

 

Figure A2:1 Tracking targets in the PS-70 

In the Swedish army the PS-70 was decommissioned in 2004, but different 

export versions of the radar are still used in several countries around the 

world. 

UndE-23/Giraffe AMB 

The UndE-23 (UnderrättelseEnhet-23) is the 3rd generation of the Giraffe 

radar. With a maximum range of 100 km and full 3D capability it can track 

up to 250 targets simultaneously. Tracking in 3D means more dimensions 

for the KFA, both in the measurement input and in the target data output. 

The implementation of track initiation and measurement to track association 

is similar to that of the PS-90. The UndE-23 has a new feature called group 

tracking where several targets flying close together can be processed as just 

one track, this is done to reduce the calculations made by the tracker. 

Unlike the PS-90 the UndE-23 also has the capability to receive targets from 

other radars and correlate these with its own tracks. 
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Figure A2.2 The UndE-23 

All the three generations of Giraffe radars mentioned in this paper are also 

available in ship based versions called the Sea-Giraffe 40, Sea-Giraffe 75 

and Sea-Giraffe AMB (the Swedish designations for these versions are PS-

75, PS-76 and PS-201). 

PS-95/TRS2620H 

The PS-95, a French made radar having a maximum range of 14 km, is used 

in the air defence version of the CV90 (Stridsfordon 90). It can track up to 

six targets using an alpha-beta tracking filter. 

The alpha-beta filter is closely related to the Kalman filter. To smooth target 

position and target speed it uses the following set of equations where x and v 

are position and velocity vectors. To connect to the rest of this paper z is 

used for the radar measurement of the target position; 

𝒙𝑘∣𝑘 = �̂�𝑘∣𝑘−1 + 𝛼𝑘(𝒛𝑘 − �̂�𝑘∣𝑘−1) 

�̂�𝑘∣𝑘 = �̂�𝑘∣𝑘−1 +
𝛽𝑘

𝑇
(𝒛𝑘 − �̂�𝑘∣𝑘−1) 

In these equations 𝛼𝑘 and 𝛽𝑘 are the position and velocity smoothing 

parameters. In the PS-95 case these are not fixed but calculated recursively 

as the radar operates. 
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APPENDIX 3 

POS2 

POS2 (positionsbestämningsutrustning 2) is an inert navigation system 

(INS) based on the Honeywell H-726 MAPS (modular azimuth and 

positioning system). 

As a part of the system auto calibration, a KFA is applied to calculate and 

reduce errors of the system. By standing still the KFA “learns” the impact of 

internal drifting of the gyros and accelerometers. 

Du Plessis (1967) has an example of how the KFA can be implemented to 

improve the accuracy of an INS. 

 

Figure A3.1 The dynamic reference unit (DRU) of the POS2 

Rb-70 

The Rb-70 is a laser guided, short range, surface to air missile with a 

maximum interception range of 6 km. The third version of the missile (being 

the first version with a more complicated software) uses a KFA to filter the 

signals received from the sight commanding the missile towards the target.  



  
 

5 

      Fredrik Svanström 

 

APPENDIX 4  

This is the m-file tracker.m 

%tracker.m The MATLAB-file for the paper on Kalman 

filtering 

%Made by Fredrik Svanström 2013 

 

%Clear all old parameters and plots 

clear all 

close all 

 

%Variables for the plot 

axlar=[0 12000 0 12000]; 

hold on 

 

%The target start position 

TRUEX=950; 

TRUEY=10000; 

 

%Variables used to create the target track 

ACC=1; 

SVANGVINKEL1=0.14; 

SVANGVINKEL2=0.45; 

 

%Initial values 

M=0; 

Q1=[0 0 0 0 

    0 0 0 0 

    0 0 100 0 

    0 0 0 100]; 

Q2=[0 0 0 0 

    0 0 0 0 

    0 0 3600 0 

    0 0 0 3600]; 

H=[1 0 0 0 

    0 1 0 0]; 

P=[1000 0 0 0 

    0 1000 0 0 

    0 0 3600 0 

    0 0 0 3600]; 

X=[0 

    0 

    5 

    -45]; 

ESTRANGE=10045; 

ESTANGLE=1.46; 

DELTAANGLE=0; 

ESTX=900; 

ESTY=10050; 

 

%The main loop of the file 

for k=1:135; 
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    %Part 1 of the target path 

    if k<20; 

        TRUEX=TRUEX+50; 

    end 

     

    %Part 2 of the target path, acceleration 

    if k>=20; 

        if k<27; 

        TRUEX=TRUEX+50+20*ACC; 

        ACC=ACC+1; 

        end 

    end 

     

    %Part 3 of the target path 

    if k>=27; 

        if k<60; 

        TRUEX=TRUEX+200; 

        end 

    end 

     

    %Part 4 of the target path, turning at 3g 

    if k>=60; 

        if k<83; 

        SVANGMITTX1=9410; 

        SVANGMITTY1=8550; 

        TRUEX=SVANGMITTX1+1450*sin(SVANGVINKEL1); 

        TRUEY=SVANGMITTY1+1450*cos(SVANGVINKEL1); 

        SVANGVINKEL1=SVANGVINKEL1+0.14; 

        end 

    end 

     

    %Part 5 of the target path 

    if k>=83; 

        if k<95; 

        TRUEX=TRUEX-200; 

        end 

    end 

     

    %Part 6 of the target path when the target is not 

visible 

    if k>=95; 

        if k<103; 

        TRUEX=TRUEX-200000; 

        TRUEY=TRUEX-200000; 

        end 

    end 

     

    %Part 7 of the target path, the target is now visible 

again 

    if k==103; 

        TRUEX=5296; 

        TRUEY=7104; 

    end 

    if k>=103; 

        if k<115; 
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        TRUEX=TRUEX-200; 

        TRUEY=TRUEY; 

        end 

    end 

     

    %Part 8 of the target path, turning at 9g 

    if k>=115; 

        if k<122 

        SVANGMITTX2=2896; 

        SVANGMITTY2=6654; 

        TRUEX=SVANGMITTX2-455*sin(SVANGVINKEL2); 

        TRUEY=SVANGMITTY2+455*cos(SVANGVINKEL2); 

        SVANGVINKEL2=SVANGVINKEL2+0.45; 

        end 

    end 

     

    %Part 9 of the target path 

    if k>=122; 

        TRUEX=TRUEX+200; 

    end 

     

    %To polar coordinates 

    TRUERANGE=(TRUEX^2+TRUEY^2)^0.5; 

    TRUEANGLE=atan(TRUEY/TRUEX); 

     

    %Adding measurement noise 

    MATRANGE=TRUERANGE+25*randn(1,1); 

    MATANGLE=TRUEANGLE+0.005*randn(1,1); 

     

    %To Cartesian coordinates to be able to plot the 

measurements 

    MATX=MATRANGE*cos(MATANGLE); 

    MATY=MATRANGE*sin(MATANGLE); 

     

    %Calculation of the Jacobi matrix for A 

    a=cos(DELTAANGLE); 

    b=sin(DELTAANGLE); 

    A=[0 0 a b 

        0 0 -b a 

        0 0 a b 

        0 0 -b a]; 

     

    %Predict state 

    XP=A*X; 

     

    %The measurement 

    c=MATRANGE*cos(MATANGLE-ESTANGLE)-ESTRANGE; 

    d=MATRANGE*tan(MATANGLE-ESTANGLE); 

    Z=[c d]'; 

     

    %The difference between estimate and measurement 

    E=Z-H*XP; 

    EX=E(1,1); 

    EY=E(2,1); 

    PX=P(1,1); 
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    PXX=5*(PX^0.5); 

    PY=P(2,1); 

    PYY=5*(PX^0.5); 

     

    %Measurement to track association 

    if abs(EX)>(2*PXX); 

        H1=[0 0 0 0 

            0 0 0 0]; 

    elseif abs(EY)>(2*PYY); 

        H1=[0 0 0 0 

            0 0 0 0]; 

    elseif abs(EY)>3000; 

        H1=[0 0 0 0 

            0 0 0 0]; 

    elseif abs(EY)>3000; 

        H1=[0 0 0 0 

            0 0 0 0]; 

    else 

        H1=[1 0 0 0 

            0 1 0 0]; 

    end 

     

    %A check if the target is maneuvering 

    if abs(EX)>PXX; 

        M=1; 

    elseif abs(EY)>PYY; 

        M=1; 

    else 

        M=0; 

    end 

     

    %Predict error covariance 

    if M<1; %non maneuvering target 

        PP=A*P*A'+Q1; 

    else %maneuvering target 

        PP=A*P*A'+Q2; 

    end 

     

    %Calculation of R 

    RR=ESTRANGE^2/36481; 

    R=[625 0 

       0 RR]; 

     

    %Calculation of Kalman gain 

    K=PP*H1'*inv(H*PP*H'+R); 

     

    %Calculation of the estimate 

    X=XP+K*(Z-H*XP); 

     

    %Calculate the angle and range differences between old 

and new estimate 

    YPRICK=X(4,1); 

    DELTAANGLE=atan(YPRICK/ESTRANGE); 

    XPRICK=X(3,1); 

    DELTARANGE=XPRICK; 
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    %Set new estimate 

    ESTANGLE=ESTANGLE+DELTAANGLE; 

    ESTRANGE=ESTRANGE+DELTARANGE; 

     

    %Calculation of error covariance 

    P=PP-K*H*PP; 

     

    %To Cartesian coordinates to be able to plot the 

estimate 

    ESTX=ESTRANGE*cos(ESTANGLE); 

    ESTY=ESTRANGE*sin(ESTANGLE); 

     

    %Plotting 

    axis(axlar); 

    %plot(TRUEX,TRUEY,'b*','markersize',8); The true 

target position 

    plot(MATX,MATY,'k*','markersize',3); %The measurement 

    if M<1 

        plot(ESTX,ESTY, 'g*','markersize',3); %The 

estimate 

    else 

        plot(ESTX,ESTY, 'r*','markersize',3); %The 

estimate 

    end 

    

    %Pause to regulate the speed of the plotting 

    pause(1); 

end  
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