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ABSTRACT

The aim of this study is to compare a new and some existing
finite element model error localization methods. The methods
are applied to two problems. First, fundamental properties of
the error localization methods are studied on a simple sprung
mass system. In the second problem a three-bay frame
structure is studied. Here the analytical results of a finite
element analysis is taken as substitute for measured data.
The model differences between this model and a perturbed
model are then found by use of error localization methods.
When data from a known finite element model take place as
substitute for test data, the cause of the differences between
the data sets are known. A so-called consistent para-
meterization, i.e. a parameterization of the quantities known
to be in error, is then possible. The error localization methods
are compared for both consistent and inconsistent
parameterization.

A pre-error localization is made. It is based on the finite
element model’s properties. Candidate model parameters,
possibly in error, for which the experimental data are not
informative, are rejected. Non-identifiable parameters are
also rejected. Quantification of data information richness and
identifiability with newly developed index numbers support
the pre-error localization.

Four error localization methods are compared. Two of these
are developed by Lallement and Piranda. These are the so-
called Balancing of Eigenvalue Equation and Best Subspace
Methods. The third is developed by Link and Santiago and is
the Substructure Energy Function Method. A new localization
method, using gradient and Hessian information of the error
criterion function, constitute the fourth method.

NOMENCLATURE

Most parameters are described in the running text. Those
that are not are given below. Generally, subscripts X and A
denote experimental and analytical respectively. Some
parameters are defined for the analytical model only, but
most such have an experimental counterpart.

, - Stiffness and mass matrices

, - Stiffness and mass for substructure j

, - The r:th eigenvalue and eigenvector

, - The r:th modal mass and stiffness

- The unbalance loading of the r:th mode

U - Weighted total unbalance load

, - Strain and kinetic energies for substructure j

- The p:th column of the sensitivity matrix S

- Vector of model parameters

e - Vector of error elements

, - Gradient and Hessian of the function f

1   INTRODUCTION

In recent years finite element model updating has become an
area of widespread interest. This relate to the requirements
for valid models for predictions and, in particular, for
parametric studies. The model updating process consists of a
chain of necessary steps. One of the most difficult being the
error localization. Error localization methods of parametric
models have been proposed by Lallement and Piranda[1],
and Link and Santiago[2]. A recent book on model updating
by Friswell and Mottershead[3] give reference to these. They
are studied here together with a newly developed localization
method. Other methods exist that focus on localization of
errors in the finite element model’s matrix elements. Such
methods are not studied here.

Most finite element models of practical use today involve
such a multitude of physical parameters, possibly in error,
such that updating of them all is impractical. Thus one have
to select, from a large candidate set of parameters, those
parameters that are expected to contain errors. Such
selective procedure should be based on parameter
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identifiability and considering whether experimental data may
be informative enough with respect to parameter errors. Here
we advocate the use the nominal finite element model for
such pre-error localization. To support such procedure, a so-
called data information richness (DIR) number has been
developed. To assess the identifiability of parameters of the
test/analysis model, an identifiability number called IDTAM is
proposed. It is based on the spatially discretized test/analysis
model of given frequency range limitations.

2   IDENTIFIABILITY AND INFORMATIVE DATA

Before a successful error localization may take place, the
identifiability[4] of the chosen parameterization needs to be
questioned. Two or more parameters may affect the chosen
error localization function indifferently. Such combinations of
parameters need to be identified and proper action should be
taken to avoid any ambiguity. General methods to identify
lack of identifiability of large scale problems are not available
to the authors’ knowledge. As a method of assessing the
local identifiability, Walter and Pronzato[5] advise us to
observe the numerical stability of Newton’s method at a
minimum of the error criterion function. Numerical instability
at the minimum indicate non-identifiability.

As we are left with few other choices, it seems reasonable to
study the identifiability properties using the nominal model’s
properties, although the model may be in doubt. Let us
assume that the model will perfectly match the test data
(when that will be available) and its model structure is proper
with respect to physics. Then the nominal model represent a
global optimum of any proper error localization function. Let
us restrict our attention to a quadratic error localization
criterion, i.e. the criterion function f may be written

(1)

where e is a vector of errors. Numerical stability is then
achieved for positive definite Hessians of f. Then, if Gauss’
approximation[4] of the corresponding Hessian matrix is valid,
it means that the gradient vectors  must not be linearly
dependent. Linear dependencies may be determined by
checking the angles between the subspaces spanned by
single gradient vectors and the remaining gradient vectors.
Small angles indicate linear dependencies. In this work, a
more simplistic approach has been adopted. It is able to
reveal linear dependencies among pairs of gradient vectors
only. Generalization to a general case is obvious.

Let us consider modal parameter errors as representatives of
the error in the model dynamics. We collect in error column
vectors e, the deviations in all available modal parameters. All
modal parameters here meaning all eigenfrequencies, all
elements of the modal matrix and all modal normalization
constants. However, we restrict to those modal parameters
given by the frequency range and spatial discretization of the
test (the test/analysis model - TAM). The gradients of e then
consist of modal property gradients. With  being the
gradient of e with respect to parameter , we may check its
correlation with the j:th gradient  as

(2)

This measure, called the IDentifiability index of the TAM
(IDTAM), is the squared cosine of the angle between the
vectors  and  and is similar to the well-known MAC
number for eigenvector correlation. An IDTAM value close to
unity indicates marginal identifiability. Should such be
present, proper action need to be taken. Such may consist of
redoing the parameterization, adjusting the frequency range
of the test or using another spatial discretization.

For a successful error localization, the test data also need to
be informative with respect to the parameters which may be
in error. To assess whether data are informative, we make the
dual assumption that if a perturbation of a model parameter
result in a change in the model data, that data are informative
with respect to this parameter. 

It seems natural to believe that local errors may have a
strong local effect on the system’s behavior, and possibly
only over a limited frequency region. If data is informative
with respect to local or global parameters considering the full
spatial resolution available, we say that the data is rich on
information with respect to that parameter. Since we base the
assessment on data informativity on model properties we
may select a very fine spatial resolution, i.e. using all dofs of
the finite element model, and scan the entire frequency range
(from the lowest eigenfrequency to the highest) for data
informativity properties. We then define the data information
richness (DIR) for the i:th parameter, over the frequency
region spanned by the lowest (n:th) and highest (m:th)
eigenfrequency, as

(3)

A proper scaling of the parameters, e.g. scaling them all to
unity for the nominal model, should be made before the DIR
is evaluated. It is seen that parameters that affect the modal
mass, the modal stiffness or both have influence on the DIR
number. Some parameters do not have this property.
Examples of such are those that are linked to similarity
transformations. However, we believe that such parameters
are rare in common practice.

3   REVIEW OF ERROR LOCALIZATION METHODS

Several error localization methods have been proposed
during the past years. By using them, one try to locate the
errors either by physical parameters, by degrees of freedom
or by subparts of the structure. Four methods are
investigated, three of them being the Balancing the
Eigenvalue Equation Method[1], the Substructure Energy
Function Method[2] and the Best Subspace Method[1]. The
nomenclature is from Friswell and Mottershead[3]. The
methods are briefly described here for the reader’s
convenience.

The Balancing the Eigenvalue Equation Method[1] sets out
from the eigenequation
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(4)

If now the analytical eigenvalues and eigenvectors are
replaced by the measured eigenvalues and eigenvectors, a
non-zero force unbalance load vector  is expected for each
eigenpair, i.e.

(5)

It is likely that, before such replacement may take place, the
test eigenvectors need to be properly expanded. The
unbalance vectors might be weighted according to the
reliability of the measured modes and added as

(6)

with  being weight factors. Large elements of the weighted
unbalance load vector U indicate dofs at which the finite
element model is in error.

The basic idea of the Substructure Energy Function
Method[2] is to locate those of the nominal model’s
substructures that are in error, by use of residual energies.
The model is split in substructures for which the analytical
mass and stiffness matrices  and  are calculated.
The substructure’s strain and kinetic error energies are
calculated as

(7)

(8)

Since errors in the analytical eigenvectors would produce
non-zero substructure energies, the larger the more the
substructure is affected by the error, badly modeled regions
could be detected.

The Best Subspace Method[1] directs towards the
parameters which are in error. A vector e is created,
consisting of the errors of user selectable properties of
analyses and measurements. Gradients of the error vector
properties are stored as columns in a sensitivity matrix S.
Then, for one parameter  at the time, the change  that
is best in the least square sense is calculated, i.e.

(9)

The norms of the residuals  are sorted and
the parameter giving the lowest residual norm is chosen as
the candidate parameter most likely in error. In the next step,
the least square problem is expanded into two parameters,
the candidate parameter and one remaining parameter. All
remaining parameters are scanned, residual norms of the
two-parameter problem are sorted and again a candidate
parameter likely to be in error is identified. The process of
expanding the least square problem with more parameters

may continue until a termination criterion is fulfilled. The Best
Subspace method thus search in the gradient directions for
one parameter at the time. 

A new error localization method is also proposed. The idea is
to use the Hessian as well as the gradient of a suitable error
criterion function to locate the errors. It comprise of
computing the search direction d of the well-known
Levenberg-Marquard non-linear programming method[6]

where

(10)

and  is a scalar regularization parameter. The parameters
associated with dominating values of the search direction are
taken as candidate parameters most likely to contain errors.
The true Hessian  is costly to calculate. Therefore, the
Gauss approximation to the Hessian of a quadratic error
criterion function  is used instead, i.e. .
Here, the gradients  constitute columns of the gradient
matrix . The computational cost of evaluation is in parity
with the cost of evaluating locations using the Best Subspace
Method.

4   ERROR LOCALIZATION CRITERION FUNCTIONS

The criterion functions of the four error localization methods
considered are investigated. Since multidimensional
parameter spaces are hard to visualize and grasp we
investigate, for simplicity, a two-parameter sdof system here,
see figure 1a. Without proof, we claim that a criterion function
unable to locate a unique global minimum, i.e. the true model,
of an sdof system will not be able to do so for an mdof
system. Methods with such deficiency will be pointed out.

For an sdof system, the criterion function of the Balancing the
Eigenvalue Equation becomes

(11)

where now  is an arbitrary scalar. It is obvious that any
combination of  and  that fulfills  will
give a minimum of the criterion function. A contour plot is
given in figure 1b. Hence it is possible to have large
parameter errors and still minimize the error localization
criterion. The method is thus useless here.

The sdof expression of the Substructure Energy Functions
Method become

 ,    (12a,b)

The energies are both zero if the eigenvectors, scalars in this
case, are equal. Let us consider two cases of eigenvector
normalization. First, for unitary normalization, both energies
are identically zero independently on stiffness and mass. For
this normalization the method is thus useless here. Secondly,
for mass normalized modes and correct mass, we note that
the kinetic energy is identically zero. For this normalization
the method is thus unable to identify stiffness errors. Hence
the minimum of the error energy functions need not be
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equivalent to an accurate FE-model. See figure 2 for a
contour plot of the total error energy of the single-degree-of-
freedom system with mass normalized modes.   

The criterion function of the Best Subspace Method may be
selected by the user. The criterion used here is 

         

                                            (13)

In equation (13)  and  are weight factors. A
contour plot of this function is shown in figure 3. Here unitary

normalization of the modes has been used, i.e. the second
term of equation (13) is zero, and the weight factors  and

 have been set to unity. The function is seen to produce a
discrete minimum and is thus useful for error localization.   

The quadratic criterion function used for the Hessian based
error localization method, is shown in figure 4. It is

      

                            (14)
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Figure 1. (a) Single-degree-of-freedom system with stiffness
and mass parameters. (b) Contour plot of criterion function of
Balancing the Eigenvalue Equation. Correct model is in (1,1),
indicated by +. It is seen that the function has no discrete
minimum.

Figure 2. Contour plot of total error energy of Substructure
Energy Method. Correct model is in (1,1), indicated by +. It is
seen that the function has no discrete minimum.
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Figure 3. Contour plot of criterion function used in the Best
Subspace Method. Correct model is in (1,1). It is seen that
this is also the minimum (+). The criterion is thus
discriminating erroneous models.

Figure 4. Contour plot of criterion function used in the
Hessian based method. Correct model is in (1,1) which is
also the minimum (+).
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with ,  and  here set to unity. Also this function is
seen to produce a discrete minimum and is thus useful for
error localization.      

5   NUMERICAL MDOF EXAMPLE

A plane frame model introduced by the GARTEUR group is
used, see figure 5. This model was introduced for model
updating studies. The plane frame is parameterised by 72
parameters as defined by table 1.

A pre-error localization sets out from assessing the data
information richness. We note that for 45 modes (or more) we
have non-negligible DIR numbers, also for the least sensible
parameter, see figure 6. The lowest and highest DIR
numbers in the frequency range spanned by the first 45
modes are 0.017 and 23.48 respectively. It is thus likely that
an error in any of the parameters can be localized if the test is
complete in the sense that all dofs are measured for the 45
modes. The question is then whether we will have parameter
identifiability for a spatially reduced TAM model. A pre-test
planning method, here the method of Effective Indepen-
dence[7] was used to get a good spatial discretization using
50 sensors. The sensor placements are shown in figure 5b.
The parameter identifiability was assessed by calculating and
plotting the IDTAM matrix, see figure 7. We note that there
are strong correlations between the parameters 25, 26 and
38, between parameters 36 and 48 and finally between
parameters 61 and 62. We considered groups of parameters
to be non-identifiable if the corresponding IDTAM numbers is
above 0.95. This threshold number was chosen heuristically.
A re-parameterisation into 59 parameters, according to table

2, was made to avoid the identifiability problem. A re-
calculation of the DIR numbers of this new parameterization
reveals that the lowest value is now 0.086 while the highest is
38.71. The lowest DIR number is associated with parameter
number 36 and the highest value is associated with
parameter 49. The IDTAM matrix indicate low identifiability of
the parameters 25 and 31. The IDTAM number was 0.955
which was just above the threshold. It was decided to keep
the parameterisation although the identifiability may be poor 

The error localization methods were now compared in four
test cases. These were:  

Case 1: Data that mimic experimental data come from a
model in which the density related to parameter 49 was
decreased by 20%. It was the parameter giving the highest
DIR number for 45 modes. Here the fictitious error is
consistent with the parameterization. 

Case 2: Data that mimic experimental data comes from a
model in which the moment of inertia related to parameter 36
was increased by 20%. This was the parameter that gave the
lowest DIR number. Also here, the fictitious error is consistent
with the parameterization.

Cases 3 and 4: Similar to cases 1 and 2, except that only half
the beam include fictitious errors. Thus the errors are
inconsistent with the parameterization.

As a result of the study we found that the Balancing the
Eigenvalue Equation Method, which is to point out the dofs
connected with areas containing discrepancies, failed in all
four test cases, see figures 8a, 9a, 10a and 11a.

The twelve beam elements of the plane frame constitute the
substructures used in the Substructure Energy Function
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(b)

Figure 5. GARTEUR plane frame model. (a) Beam element
sub-sections shown. (b) Sensor placements shown

Table 1: Parameter distribution of 72 parameter model. 
Sub-section numbers refer to figure 5a.

Parameter # Quantity Sub-section #

1 - 24 Cross-sectional area 1 - 24

25 - 48 Moment of area inertia 1 - 24

49 - 72 Density 1 - 24

Table 2: Parameter distribution of 59 parameter model.

Parameter # Quantity Sub-section #

1 - 24 Cross-sectional area 1 - 24

25 Moment of area inertia 1 - 2

26 Moment of area inertia 3 - 4

27 Moment of area inertia 5 - 6

      

36 Moment of area inertia 23 - 24

37 - 48 Density 1 - 12

49 Density 13 - 14

50 - 59 Density 15 - 24

… … …



Method. Notice that the consistency or inconsistency of the
errors still hold for the four test cases. This method
succeeded in test cases 1 and 3, see figures 8b and 10b.      

The Best Subspace Method succeeded in test cases 2 and 4,
see figures 9c and 11c.

The Hessian based method gave good indications of errors
for the two test cases with consistent errors, see figures 8d
and 9d. For the cases with inconsistent parameterization the
method successfully localized only the error in test case
number 4, see figure 11d.

6   CONCLUSIONS

We advocate the use of a pre-error localization procedure. A
successful error localization cannot be guaranteed if model
parameters are non-identifiable or test data are not
discriminative enough with respect to parameter settings.
Therefore, measures for identifiability and data information
richness has been developed and used. Heuristically
determined thresholds for these measures has been used for

determining sufficient identifiability and sufficient data
information richness.

Error localization methods that fail to give reliable results for
the most trivial case seems unlikely to be useful for mdof
systems with a multitude of physical parameters possibly in
error. The Balancing the Eigenvalue Equation Method and
the Substructure Energy Function Method fail in a simple test
case. These methods must be considered unreliable.

The Best Subspace and Hessian based methods were found
to perform well on a simple test case. The Hessian based
method performed well also for the more complex cases with
consistent parameterization. For the cases with inconsistent
parameterization, the results were ambiguous. No obvious
trends were observed for the Best Subspace Method.
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Figure 9. Error indicators of test case 2. Erroneous parameter
of nominal model is 20% too low. See also text of figure 8.
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Figure 8. Error indicators of test case 1. Unconnected
markers indicate locations of true error. (a) Balancing the
Eigenvalue Equation, (b) Substructure Energy Function
Method, (c) Best Subspace Method and (d) Hessian Based
Method. Leftmost 12 bars of (b) are strain energies and
rightmost 12 bars are kinetic energies. Ordinate axis is shown
for Hessian based method. Erroneous parameter of nominal
model is 20% too high. Note that Best Subspace bars should
be short to indicate errors.
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Figure 10. Error indicators of test case 3. See also text of
figure 8.
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Figure 11. Error indicators of test case 4. See also text of
figure 8.
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