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ABSTRACT

To discriminate bad parameter settings from good,
in finite element modelling, experimental data is
usually required. Such experimental data should be
informative with respect to the parameters in ques-
tion. The demand for informativeness put require-
ments on the experiment with regards to spatial
resolution of sensors, bandwidth of shaker excita-
tion, ambient noise levels, etc. In this paper, in-
formativeness is studied by means of the Fisher
information matrix and parameter accuracy is relat-
ed to the adjoint statistical Cramer-Rao lower
bound. The evaluation of information content in
data used for model updating is discussed. Deter-
ministic state-space models and stochastic noise
models are used for informativeness evaluation. A
numerical study together with Scanning laser vi-
brometer measurements, on a system with well
known mass perturbations, are used to substantiate
the theory.

 1   INTRODUCTION

During the last few decades, vibration measure-
ment devices and experimental modal analysis
techniques have undergone large improvements
due to hardware and software developments. The
correlation between analytical and experimental
data has become an important topic for industry. In
this context, finite element (FE) model updating
has become an area of active research.

While several different design variables associated
with models can be tried out at the computer, the
experimental data can be changed only by a new
experiment, which could be a costly as well as a
time-consuming procedure. Therefore, it is worth-
while to design the experiment thoughtfully so as
to generate data that are sufficiently informative.
That is data by which we can discriminate between
different models in model sets under consideration.
A similar requirement for parameter identifiability
has been treated earlier[1, 2].

The theoretical basis of information in data used
for model updating has been discussed in the com-
panion paper[3] in which a sound theoretical basis
of applying the Fisher Information Matrix in ac-
cessing data informativeness was provided togeth-
er with numerical examples. The Fisher
Information Matrix was shown to be able to effec-
tively quantify the data informativeness. In this pa-
per, the verification is described by a numerical
study as well as by experiments on a multiple de-
gree-of-freedom structure. A Polytec Scanning Vi-
brometer[4] (PSV) was utilized in measurements
made on a system with well known mass perturba-
tions.

 2    INFORMATIVENESS QUANTIFYING

2.1 Fisher Information Matrix

Consider a model for which the measurements at
times t are taken



       (1)

where the noiseless measurement  is a function
of  and of the system’s input.  is a p-dimension-
al vector of deterministic but unknown parameters.
The noise contribution is denoted by . 

If the noise contribution sequence  is independ-
ent Gaussian with zero mean and a diagonal covar-
iance matrix R equal to , the Fisher information
matrix (FIM)[3]

(2)

From a noisy measurement y, an estimate of the un-
known parameters  can be made. Such estimate is
here denoted . For an unbiased estimate, its error
covariance matrix is lower bounded by the inverse
of the FIM,

(3)

in which E denotes the expectation. This relation is
known as the Cramer-Rao lower bound. The calcu-
lation of the FIM, is associated with gradients of
the quantities  which depend on the parameters

 that are searched for (see equation(2)). Hence,
the calculated FIM and thereby the Cramer-Rao
lower bound will only be useful if the values of
these parameters are not deviating too much from
their true values. However, it is assumed that the
parameter values of an FE-model, modelled by a
skilled engineer with insight into the structure, are
close to the correct ones.

2.2 Numerical Analysis of MDOF Example

The multiple degree-of-freedom (mdof) structure
studied here, shown in Figure 1, consists of two
steel plates connected to each other by a brass strip.
The plates’ dimensions are 220 x 420 x 1 mm and
200 x 400 x 1 mm respectively. The brass strip con-
necting the two is 60 x 20 x 0.2 mm. The structure

is modelled by use of plate elements with free
boundaries within the Matlab based FE-program
Calfem[5]. The dynamics of the two plates are
weakly coupled due to the high flexibility of the
brass strip and the unequal sizes of the plates. 

Here, an excitation is applied to the left plate, see
Figure 1 and Table 1. Discrete nodal weights at
three different locations according to Table 1, are
chosen to be the physical parameters denoted as

,  and . The transverse accelerations of all
200 inner nodes of the left plate are assumed to be
measured quantities.

The applied excitation is a random load with uni-
form distribution. The load components above 500
Hz are suppressed by low-pass filtering. The Fisher
numbers for the three parameters, are given in Ta-
ble 2. Samplings are made of a rate of 0.5 ms for a
total of 4096 samples. Here, the accelerations at the
200 dofs are put on top of each other to form 
(having 4096 multiplied by 200 rows).

From the computed Fisher numbers, it is found that
parameters  and  have strong impact on the
measured data. Hence real measured data, when
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Figure 1. Mesh of mdof structure consisting of two
rectangular steel plates connected with a brass
strip (bottom mid). Point masses parameterized
with parameters   through , and exciter loca-
tions are shown.
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available, are likely to be informative with respect
to these parameters. The test data contains less in-
formation about the second parameter. This shows
that the locations of accelerometers, or other meas-
urement equipment, in relation to the location of
the excitation are of great importance for the data
informativeness.

 3   REAL AND MIMICED EXPERIMENTS

The double-plate structure is the test object. Error
localization using mimiced test data are made first.
A nominal model, without extra mass loading, and
perturbed models with incremented extra masses
were used. Known perturbation incremens as five
gram mass, is added as to ,  and  in se-
quence. The calculated modal quantities, here fre-
quency, modeshapes and modal masses, are
contaminated by a zero mean (variance 6. )
Gaussian white noise. These quantities mimic test
data. The FE-model without any added mass serve
as the nominal model from which the model errors,

here known, are searched for. The error localiza-
tion is made by use of a one-step Hessian based
search method[2]. In this study, a quadratic criteri-
on function  is used. We collect in the
error column vector e, the deviations in all availa-
ble modal parameters. These parameters are here
the eigenfrequencies, the elements of all eigenvec-
tors and the modal masses of the considered modes.
Here, we restrict to the structure’s elastic modes
number 7, 9, 12, 15 and 21 for reasons that will be
discussed below. In the case parameter number one
is erroneous, the Hessian based method correctly
indicates that parameter, see Table 3. When param-
eter number two or three is erroneous the method
gives inconsistent results. This is in line with the
three parameters’ Fisher numbers.

Real measurements are made on the double-plate
structure. The structure is suspended by four thin
strings attached to the upper corner of the hanging
plates (see Figure 1)). A Burst Random excitation
having a frequency content from zero to 1000 Hz is
chosen. The applied force is measured by a force
transducer between the plate and the stinger. The
out-of-plane velocities of all the inner 200 nodes of
the left plate are measured by use of a Polytec scan-
ning laser vibrometer[4] (PSV). Here, the response
is taken as the average response of three conseq-
utive random bursts. From the FRF’s given by the
PSV, modal properties are extracted by the Struc-
tural Dynamic Toolbox[7]. Modes within the range
from 0 to 200 Hz were estimated from measured
data. Due to the weakly coupling between the
plates, only one of the plates is responding signifi-
cantly at some eigenfrequencies. Obviously, only
that part of the modes within the selected frequency
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Table 1. Co-ordinates of excitation and mass pa-
rameters of the double-plate structure. The origin
is located at the left plate’s lower left corner

Table 2. Fisher information numbers for 
and  of the double-plate structure.
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Table 3. Corrections  in grams, found by the
Hessian based method, vs. known erroneous pa-
rameter .
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range in which the measured plate was vibrating at
any extent were possible to detect. Five modes, for
which the modeshapes showed strong resemblance
to the corresponding analytical modeshapes were
selected. These modes are the elastic mode number
7, 9, 12, 15 and 21.

Three additional measurements are made, each
with a five gram mass as ,  or . The analyt-
ical and experimental eigenfrequencies for the
nominal setup, i.e. the case with no extra mass, is
given in Table 4. Also the analytical and the meas-
ured frequency changes due to an added point mass
as  are given in Table 4. The magnitudes of the
frequency shifts are similar for analyze and exper-
iment although the FE-model is not tuned in to fit
experiment. For the case with a mass added as ,
frequency shifts of magnitudes of orders one or two
lower than in the first case were found. This is well
in line with the parameters’ Fisher numbers. With
the third mass added, frequency shifts of the same
order as for the second case were found, which is to
be further examined. Measuring at other locations
would make other modes more easy to detect and
then the order of parameter influence is likely to
change.

 4   CONCLUSIONS AND FUTURE WORK

The data informativeness can be quantified by the
use of Fisher information matrix. It is considered

useless to try to locate errors of parameters for
which the test data are not informative enough.
Thus, if it is found that the data informativeness is
low, one is left with two possibilities. One possibil-
ity is to re-design the test to get complementary in-
formation. The other is to re-parameterize the
model.

This work will be continued. A logical first step is
to tune the nominal model so that it fits the meas-
ured data for the case where no extra mass is added.
Measurements on the left plate should ultimately
serve in validating the tuned nominal model. The
next step would be to try to update the model by use
of experimental data. This is repeating the numeri-
cal study of this paper but instead using real meas-
urement data. Improving the measuring procedure,
e.g using a stepped sine test, to increase the number
of reliable measured modes is also planned to tar-
get. Thresholds for the parameters’ Fisher number,
for which it is practically possible to find paramet-
ric errors, is the ultimate. 
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Table 4. Analytical and an eXperimental frequen-
cies (Hz) for the considered modes related to, the
nominal setup (no extra mass) and frequency
changes for cases with a five gram mass added as

 θ1

   [Hz]  ,    [Hz]  , 

31.16 -0.24 32.63 -0.23

36.99 -0.48 41.06 -0.28

86.36 -0.19 89.03 -0.81

116.12 -0.57 115.67 -0.31

171.62 -0.23 176.71 -0.10
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