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ABSTRACT

In advance of a computational model updating or an er-
ror localization, it can be advantageous to make a pre-
paratory error localization using a nominal analytical
model. The purpose is then to select parameters for
quantifying model errors and also to design effective
tests for determining the best parameter setting. For suc-
cessful error localization, the test data must be informa-
tive with respect to the model parameters chosen. For
dynamic computational models, the demand for test
data informativeness puts limitations on the experiment
with regard to spatial resolution of sensors, bandwidth
of excitation, signal-to-noise ratios, etc.

Solving a full test design optimization problem is a huge
task, sometimes impossible in practice, due to its com-
binatorial nature. The number of possible sensor/actua-
tor placement combinations grows rapidly as the
number of sensor and actuator candidates increases. For
industrial sized problems, finding a sub-optimal solu-
tion may be a more realistic target.

The aim of this study is to quantify data informative-
ness, shown to relate to the Fisher information matrix,
with respect to physical parameters that are used in error
localization and model updating. Deterministic finite-
element models in combination with stochastic noise
models are used for evaluating data informativeness,
and a procedure for test design optimization with re-
spect to this is devised.

 1.   INTRODUCTION

In recent years, computational model updating and fi-
nite element (FE) error localization have been actively
researched, see Friswell and Mottershead [1] for a sur-
vey. This relates to the requirements of valid models for
predictions and parametric studies. Also, during the past
few decades, vibration measurement devices and exper-
imental modal analysis techniques have undergone
much improvement due to hardware and software de-
velopments. This has made tests for model validation
and updating feasible.

Most FE models in practical use today involve such a
multitude of physical parameters, possibly in error, that
including them all in an updating procedure is impracti-
cal and could render in an unphysical solution. Thus one
has to select, from a large set of candidate parameters,
those that are considered to be most prone to errors.
Such a selection procedure, in which candidates for er-
ror localization are identified, should be based on ana-
lytical evidence combined with engineering insight. For
given test data conditions, the parameter identifiability
and experimental data informativeness should be evalu-
ated. Should the test data lack information with respect
to a certain parameter, a model updating would render a
non-unique solution. For this situation two remedies ex-
ist. The first one is to re-parameterize to obtain parame-
ters for which the test data are informative. The second
remedy is to re-design the test, e.g. move or add sensors
and actuators, or change the excitation until informa-
tiveness is obtained. In this paper it is shown that when
a perturbation of a physical parameter causes a noticea-
ble change in quantities to be measured, this implies that
the quantities, are informative with respect to that pa-



rameter. Hence, the data informativeness can be as-
sessed in a pre-test planning phase by using a
parametric model. While several design variables asso-
ciated with models can be tried out at the computer, the
experimental data can be changed only by a new exper-
iment, which could be a costly procedure. Therefore, it
is worthwhile to design the experiment thoughtfully to
ensure that test data become sufficiently informative.

Model updating normally targets either generic ele-
ments of the mass and stiffness matrices or the underly-
ing physical parameters. A useful objective for this
purpose is a measure of the covariance matrix of the pa-
rameter estimates, . Goodwin and Payne [2] sug-
gest that the preferred objective is to maximize the
determinant of the inverse of the parameter covariance
matrix. Other objectives, such as minimizing the trace
of the covariance matrix or minimizing its largest eigen-
value, have been proposed, see Andersson [3]. In this
paper, the magnitude of individual diagonal elements of
the inverse of the covariance matrix are proposed as
goodness numbers for test data informativeness. The
objective is to maximize the smallest of these. For each
stimuli/actuator combination, in the single-input exam-
ples studied here, the best sensor setting is found by us-
ing a backward sub-set selection method. A comparison
of these gives the sub-optimal test design.

A numerical study of a multiple-degree-of-freedom
(mdof) system with discrete add-on masses serves to
substantiate the theory.

 2.   QUANTIFYING INFORMATION IN DATA

To be used for error localization and model updating
purposes, test data must contain sufficient information
about the model parameters chosen. One can then deal
with the questions of how to define data informative-
ness and how to quantify it.

Consider a parameterized discrete-time state-space de-
scription of a system, sampled at the rate T:

(1)

where  and k = 0, 1, 2, ..., N; the measured load-
ing vector is  and the system’s measured M-dimen-
sional response vector is . A noise model is

represented by the process noise, , and the measure-
ment noise, . The model parameters are the p-dimen-
sional vector, , while test design parameters for
stimuli, sensors and actuators are represented by . A
one-step-ahead prediction, , of the response can
be calculated for some noise conditions by using the
Kalman gain K (see Ljung [4])

(2)

This makes it possible to calculate the difference in pre-
dictions of two models in the same model set, given by

 and , as

. (3)

An input-output measurement data set is said to be in-
formative enough with respect to the model set [8], if,
for any two models within the set,

(4)

occurs only when the frequency domain input-output
relations of the two models are identical for almost all
frequencies. Using the expectation operator, E, the op-
erator  is defined as

(5)

A binary condition for data informativeness such as
equation (4) can not be used for grading data sets with
respect to informativeness. An associated scalar data in-
formativeness index, , here defined as

    

(6)

may be used for that purpose. Here, W is a positive def-
inite weighting matrix for scaling the output contribu-
tions to the index.
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The index , which relates to prediction differenc-
es, has the disadvantage of being linked to model pa-
rameter changes. A normalized index is sought for and,
to prepare for the elimination of parameter perturbation
influence, the Taylor series expansions of the predic-
tions of two models truncated to the first order are:

(7)

which means the prediction difference
 becomes

(8)

and the corresponding informativeness index  is

. (9)

Since  is bounded by

(10)

it makes sense to use the parameter change independent
index  to maximize test data informativeness. A
large  indicates that test data are sensitive to dif-
ferent parameter settings in . Indeed, only one or a few
of the parameters may be responsible for the large value

of . Hence, the test data are not guaranteed to be
informative with respect to all parameters in . If a pa-
rameter is included in , then the test data must be in-
formative with respect to that parameter. This justifies
studying the informativeness of each parameter sepa-
rately. For a single parameter, equation (10) becomes

(11)

.

We propose here optimizing the test design for data in-
formativeness by finding the  that maximizes the
smallest , ;  is a scalar
weight that determines the importance of parameter i.
Examples of test design parameters are geometric loca-
tions of sensors and actuators, as well as frequency
range parameters of broadband excitation. To obtain the
analytical expression for the data informativeness index
is often difficult or even impossible. Here, this is found
by finite difference calculations of .

For given test data and noise properties, the Fisher In-
formation matrix, , plays an important role in the
accuracy of theoretical assessment of statistical estima-
tion [5, 6]. The associated Cramer-Rao theoretical low-
er bound

(12)

establishes a bound on the parameter covariance matrix
for any unbiased estimator of the parameters [7], i.e. an
estimator, with a mean that converges to the correct pa-
rameter setting, , as the number of test data tends to
infinity. The Cramer-Rao bound implies that, irrespec-
tive of the method used to quantify the parameters from
the data, there is a limit to the estimation precision that
can not be overcome. 

The Fisher information matrix (FIM), is determined by
the joint probability density function, , of the random
sequence ., as

. (13)
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1( )

ŷk
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Assume that the noise contribution, , is an independ-
ent Gaussian sequence with a zero mean and covariance
R. As a result, the measurement, , is a sequence of in-
dependent Gaussian distributed random variables hav-
ing the mean value vector, , and
a covariance matrix, R, stemming from the noise. The
associated Fisher information matrix then becomes

(14)

where  is the gradient with respect to . Similar
expressions could be found for other noise distributions
[7].

The resemblance of equations (11) and (14) is clear.
Each  equals a diagonal element (scalar) of the FIM,
i.e. , . This
shows that the quality limits of parameter estimates giv-
en by the Cramer-Rao lower bound are coupled, by the
Fisher information matrix, to data informativeness. A
natural choice for weighting, W, would then be the in-
verse of the expected measurement noise covariance
matrix. However, any positively definite weighting ma-
trix, W, will do mathematically; its selection can be
guided by the type of measurement equipment planned
for the test.

It is further assumed here that the noise is uncorrelated.
Specifically, when the noise is statistically the same for
the sensors and equals , this implies that the covari-
ance matrix is . The FIM then simplifies into

(15)

The coupling between data informativeness indices, ,
and the quality of parameter value estimates is illustrat-
ed by a numerical example, that treats a multi-degree-
of-freedom double-plate structure.

 3.  THE COMBINATORIAL PROBLEM IN TEST 
DESIGN

Many decisions have to be made when designing a test.
Taking into account the purpose of the test and the al-
lowable cost, a test design criterion, , can be de-

fined. Having chosen , the test design, 
that maximizes the criterion needs to be found:

(16)

where  represents the test design candidates, defined
by the user. Usually, the sensor and actuator locations
are restricted to the nodes of the associated FE model,
which offers a finite set of candidates. The number of
possible combinations, , to position A actuators in

 candidate positions, and likewise the number of
combinations, , to put S sensors in  candidate lo-
cations, is

 and , (17)

respectively. The number of possible stimuli candidates
is unlimited. Hence, the user has to select, guided by ex-
perience and analysis, some excitation candidates, .
By omitting all of the decisions regarding support of the
structure during testing and attachment of the exciter
etc., one obtains a total of

(18)

design candidates. For this kind of discrete optimization
problem, all candidates have to be examined to guaran-
tee an optimum design. Obviously, the cost of this oper-
ation grows rapidly with increasing candidate positions.
More often than not, rotational degrees-of-freedom
(dofs) are rejected as candidates in a dynamic test.
Many translational dofs in an FE model may not be fea-
sible either as candidates, since they are not accessible
for sensing or actuation. However, for an industrial
sized problem, the number of test design candidates is
still likely to be large. If solving the full problem is too
costly, a sub-optimal solution has to be considered. Sep-
arating the problem of actuator and sensor placements
reduces the cost, see Andersson [3]. Using a subset se-
lection technique for actuators and/or sensors reduces
the cost even further, see Miller [8]. In a backward sub-
set selection, as used in the Effective Independence
Method, all candidates are included initially, see Kam-
mer [9]. Then, one candidate at a time, the one making
the smallest contribution to the optimality criterion, is
excluded from the set. In a forward sub-set selection
strategy, on the other hand, the candidates are added one
at a time to an initially empty set, based on the one mak-
ing the largest contribution.

vt

y

y0 k, θ( ) C θ , κ( )xk=

J θ , κ( ) (∇y 0 k, )T R 1– (∇y0 k, )
k 1=

N
∑=

∇y0 k, θ

γi
γ i θ i κ ,( ) J θ i κ ,( )= i 1 2 …  p ,,,=

σ2

R σ2 I=

J θ( ) 1
σ2
------ (∇y 0 k, )T(∇y0 k, )

k 1=

N
∑=

γi

P κ( )

P κ( ) κ κ
opt

=

κopt  arg max
κ κ c∈

 P κ( )=

κc

NA
Ac

NS Sc

NA
Ac
A 

 = NS
Sc
S 

 =

Ec

Nc Ec 
Ac
A 

   
Sc
S 

 =



In the single-input, multiple-output (SIMO) tests, used
in this paper, ; hence it is very likely
that

. (19)

Also, the number of stimuli candidates, , is likely to
be small compared with . Thus, one could afford to
try out all actuator/stimuli combinations. For each such
combination, the sensor setting may be found using a
sub-set selection method. Here, the combination of sen-
sor and actuator placements, together with the stimuli
maximizing the smallest data informativeness index,

, constitute the test design to be used.

 4.   A NUMERICAL EXAMPLE

In an application example we study two stainless steel
plates weakly connected by a thin stainless steel wire,
see Fig. 1. The plate dimensions are 220 x 420 x 1 mm
and 200 x 400 x 1 mm. The wire connecting the plates
is 45 mm in length and has a diameter of 0.38 mm. The
two plates are weakly coupled dynamically due to the

high flexibility of the steel wire and to their different
sizes which prevents their resonance frequencies from
coalescing.

A Nastran FE model of the double-plate structure [10],
with a Young’s modulus of 210.0 GPa, a Poisson ratio
of 0.3, and a density of 7800.0 , was used for nu-
merical studies of test design and test data informative-
ness. Each plate is modelled with  mm shell
elements (Nastran QUAD4 elements) of 1 mm thick-
ness. Thus, the left and the right plates are modelled by
924 and 800 shell elements, respectively. The stainless
steel wire is modelled by 22 Euler-Bernoulli beam ele-
ments (Nastran BAR elements). The boundaries of the
structure are modelled as free. An added point mass on
each plate is considered unknown and is represented by
the physical parameters  and , see Fig. 1. The
data informativeness of these parameters is studied with
two stimuli candidates of differing frequency content in
a synthetic test.

For the first stimulus candidate, frequency response
functions (accelerances) spanning from 5 to 125 Hz,
which includes 10 structural eigenmodes, are the test
data. The second one has a frequency span of 125 - 245
Hz, and it also includes 10 eigenmodes. For both stimu-
lae, a discrete spectrum of 256 frequency lines is as-
sumed to be available after the test. Moreover, the first
60 modes of the structure, up to 600 Hz, are included in
the frequency response function calculations. Trans-
verse accelerance of the 371 interior plate nodes (Fig. 1)
forms the actuator/sensor candidate set. Ten sensors
were placed in a single-input multiple-output configura-
tion. For each combination of frequency content and ac-
tuator location, giving  combinations, the
sensor locations that maximize the smallest informa-
tiveness index, , were found by backward sub-
set selection. At each iteration step, the sensor location
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Fig. 1. Mesh of a double-plate structure consisting of two
rectangular steel plates connected with a steel wire (lower
mid). Sensor locations for the sub-optimal test design are in-
dicated by dots and sensor locations for a poor test design
is shown by squares. The arrow (right plate) indicates the
point accelerance location (actuator and sensor) for both
designs. Additional masses,  and , are marked by
diamond shapes. The location of  is also a sensor loca-
tion in the sub-optimal design.

m1 m2
m 1

kg m3⁄

10 10×

m1 m2

Sub-optimal test design Poor test design

Parameter  Parameterγi θ i κ ,( ) γi θ i κ ,( )

m1 8.13 108× m1 3.78 10 12×

m2 7.18 108× m2 4.90 10
3–

×

Table 1. Data informativeness indices, , for parameters,
 and , of the double-plate structure. Here, the weight

matrix .

γi
m1 m 2

W I=

2 371×

γ i θ i κ ,( )



that makes the smallest contribution to the smallest
 was removed from the candidate set. One of

the sensors, however, must measure the direct point ac-
celerance. The indices are calculated according to equa-
tion (11) with , although y now  contains
frequency data. The best test design is for the 125 - 245
Hz stimulus. Its indices, as well as the indices for a poor
test design also spanning the same frequency range are
given in Table 1. Additional information on these test
designs is given in Fig. 3.

4.1 MODEL UPDATING
The clear difference in data informativeness of the mass
parameters is further illustrated by a model updating ex-
ercise. A quadratic model updating criterion function
that employs accelerances of the plates is used; this is
formulated as

(20)

where  contains the
discrepancies of the ten accelerances at frequency i, and

 denotes its complex conjugate. Here,  denotes an-
alytical accelerances, and  denotes experimental ac-
celerances. In the evaluation of f, 256 frequency lines
were used.

The regularizing Levenberg-Marquardt optimization
procedure [11], was used to find the optimal parameter
settings. Parameter statistics were obtained by using
many realizations of accelerance errors that mimic real
test data. Thus, the elements of the accelerances were
polluted with realizations of a zero mean Gaussian
white noise sequence having a variance equal to

.

Two perturbation parameter sets were used to compute
eigensolutions to mimic test data. These were perturba-
tions from the nominal model, ; in this one, the
first set is  kg and
the second set is  kg. In the two
sets, accelerances polluted with 50 error realizations of-
fer starting points for  optimization runs, for the
sub-optimal as well as for the poor test design, all start-
ing from the nominal model. The mean and the standard
deviation of the parameter estimates are shown in Table
2. As shown, the estimates of both parameters are rea-
sonable for the sub-optimal test design, whereas the
poor test design gives good estimates of  but very

poor estimates of . This was expected from the data
informativeness indices.

 5.   DISCUSSION AND CONCLUSIONS

Data informativeness was shown to be coupled to the
Fisher information matrix (FIM). A scalar parameter
change independent informativeness index was de-
vised. It was demonstrated here, by examples, that it is
meaningless to try to locate parameter errors, or to up-
date models, using parameters for which the test data
give low indices, i.e. that the data are not informative
enough. Thus, if it is found that the data informativeness
is low, there are two choices. One is to re-design the test
to get complementary information. The other is to re-
parameterize the model.

It seems reasonable that reliable estimates of all model
parameters chosen, are important; hence the test design
should render test data that are informative enough for
all of the parameters. The objective, in the work report-
ed here, was therefore to maximize the smallest data in-
formativeness index. The optimization was made by
means of backward sub-set selection for each combina-
tion of frequency content and actuator location candi-
dates. For the multiple-degree-of-freedom example
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and set

 Parameter Statistics  [kg]

Mean value Standard 
deviation

Sub-optimal

set 1

Sub-optimal

set 2

Poor

set 1

Poor

set 2

.10
3–

m1 4.998 0.010

m2 0.000 0.001
m1 0.008 0.009
m2 5.002 0.001

m1 4.217 1.000
m2 0.001 0.001
m1 0.439 0.419

m2 5.000 0.001

Table 2. Mean values and standard deviations of
50 estimates of parameters  and  of the plate
structure. The correct values, of parameters here
are  kg and  kg in the first set
and vice versa in the second set.

m1 m2

m1 0.005= m2 0=



here, the objective function contained discrepancies be-
tween measured and analytical accelerances. In a model
updating, differences in frequencies, or other quantities,
may be added to the objective function [12]. Then the
contributions to the informativeness indices, for quanti-
ties of different ranges, have to be weighted.

A nominal model was used to study test data informa-
tiveness in a pre-test planning phase. It is shown here
that a test data informativeness index can be a helpful
tool in designing a test. However, when there are large
deviations between the parameter values used in the
model and the correct ones, if they exists, the calculated
informativeness indices may not be reliable. Conse-
quently, a poor experiment may be designed. An exper-
imental setup that makes it likely that large enough
informativeness indices will be at hand for a large vari-
ation of parameter values is desirable. A test design of
this kind is robust with respect to parameter value devi-
ations.
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