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Abstract 
 
Mahani, Reza (2015). Magnetic solotronics near the surface of a semiconductor and a 
topological insulator, Linnaeus University Dissertation No 211/2015, ISBN: 978-91-87925-
49-8. Written in English 
 
Technology where a solitary dopant acts as the active component of an opto-electronic 
device is an emerging  field known as solotronics, and bears the promise to revolutionize the 
way in which information is stored, processed and transmitted. Magnetic doped 
semiconductors and in particular (Ga, Mn)As, the archetype of dilute magnetic 
semiconductors, and topological insulators (TIs), a new phase of quantum matter with 
unconventional characteristics, are two classes of quantum materials that have the potential 
to advance spin-electronics technology. The quest to understand and control, at the atomic 
level, how a few magnetic atoms precisely positioned in a complex environment respond to 
external stimuli, is the red thread that connects these two quantum materials in the research 
presented here. 

The goal of the thesis is in part to elucidate the properties of transition metal (TM) 
impurities near the surface of GaAs semiconductors with focus on their response to local 
magnetic and electric fields, as well as to investigate the real-time dynamics of their 
localized spins. Our theoretical analysis, based on density functional theory (DFT) and using 
tight-binding (TB) models, addresses the mid-gap electronic structure, the local density of 
states (LDOS) and the magnetic anisotropy energy of individual Mn and Fe impurities near 
the (110) surface of GaAs. We investigate the effect of a magnetic field on the Mn acceptor 
LDOS measured in cross-sectional scanning tunneling microscopy, and provide an 
explanation of why the experimental LDOS images depend weakly on the field direction 
despite the strongly anisotropic nature of the Mn acceptor wavefunction. We also investigate 
the effects of a local electrostatic field generated by nearby charged As vacancies, on 
individual and pairs of ferromagnetically coupled magnetic dopants near the surface of 
GaAs, providing a means to control electrically the exchange interaction of Mn pairs. 
Finally, using the mixed quantum-classical scheme for spin dynamics, we calculate explicitly 
the time evolution of the Mn spin and its bound acceptor, and analyze the dynamic 
interaction between pairs of ferromagnetically coupled magnetic impurities in a nanoscaled 
semiconductor. 

The second part of the thesis deals with the theoretical investigation of a single 
substitutional Mn impurity and its associated acceptor state on the (111) surface of Bi2Se3 TI, 
using an approach that combines DFT and TB calculations. Our analysis clarifies the crucial 
role played by the spatial overlap and the quasi-resonant coupling between the Mn-acceptor 
and the topological surface states inside the Bi2Se3 band gap, in the opening of a gap at the 
Dirac point. Strong electronic correlations are also found to contribute significantly to the 
mechanism leading to the gap, since they control the hybridization between the p orbitals of 
nearest-neighbor Se atoms and the acceptor spin-polarization. Our results explain the effects 
of inversion-symmetry and time-reversal symmetry breaking on the electronic states in the 
vicinity of the Dirac point, and contribute to clarifying the origin of surface-ferromagnetism 
in TIs. The promising potential of magnetic-doped TIs accentuates the importance of our 
contribution to the understanding of the interplay between magnetic order and topological 
protected surface states. 
 
Keywords: Magnetic solotronics, Transition metal dopants, Dilute magnetism in 
semiconductors and topological insulators, Atomistic tight-binding models, DFT, Spin 
dynamics, Magnetic anisotropy, Scanning tunneling microscope.  
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”In science you want to say something that nobody

knew before, in words which everyone can understand. In poetry you

are bound to say... something that everybody knows already in words

that nobody can understand.”

Paul Adrien Maurice Dirac (1902− 1984)

Anecdotally, to Oppenheimer whom he heard was composing poetry





Populärvetenskaplig

sammanfattning

Innan vi diskuterar solotronik i halvledare och topologiska isolatorer,

vilket är målet med den här avhandlingen, måste vi bekanta oss med

bandteorin i fasta ämnen. L̊at oss börja med materiens byggstenar;

atomerna. Baserat p̊a kvantmekanikens principer finns orbitaler med

diskreta energier i vilka elektronerna kan befinna sig i runt atomkärnan.

Elektronerna i en atom fyller upp dessa orbitaler fr̊an den lägsta en-

erginiv̊an (närmast kärnan) [Fig.1(a)]. Den yttersta orbitalen i en atom

som är ockuperad med elektroner kallas valensorbital, och elektronerna

i denna orbital kallas valenselektroner. Den första icke-ockuperade or-

bitalen, vilken ligger högre i energi än valenselektronerna, kallas led-

ningsorbital. När flera atomer binder samman och formar en molekyl,

kallas orbitalerna för molekylorbitaler. Molekylorbitalerna blir större,

och energiseparationen mellan de diskreta energierna blir mindre ju fler

atomer molekylen är uppbyggd av. När ett stort antal atomer binder

samman och formar ett fast ämne bildar energiniv̊aerna ett kontinuum

av energier som kallas energiband. Med detta resonemanget bildar

alla valensorbitaler ett kontinuum av orbitaler som kallas valensband,

och alla ledningsorbitaler formar p̊a motsvarande vis ett ledningsband.
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[Fig.1(b)]

Nu när vi har bekantat med bandteorin i fasta ämnen kan vi undersöka

Figure 1: (a) Atomorbitaler i en Argon-atom (b) formation av
band fr̊an energiniv̊aer i ett fast ämne (c) tre kategorier av fasta

ämnen, baserade p̊a deras ledningsegenskaper.

elektroniska egenskaper p̊a en fundamental niv̊a. För att ett mate-

rial ska vara en god ledare krävs att b̊ade fria elektroner och tomma

tillst̊and ska existera. D̊a använder elektronerna de tomma tillst̊anden

för att fritt förflytta sig genom materialet fr̊an en atom till en annan.

I en isolator finns ett stort energigap som skiljer de tomma tillst̊anden

i ledningsbandet fr̊an elektronerna i valensbandet [Fig.1(c)]. Därför

behövs en energi som är lika med eller större än energigapet för att fly-

tta elektronen fr̊an valensbandet till ledningsbandet, och därför skapa



ett tomt tillst̊and för elektronen. Det tomma tillst̊andet som återst̊ar

fr̊an elektronen i valensbandet kallas för h̊al. Inte bara elektronerna,

utan även h̊alen, bidrar till den elektriska ledningsförmågan. Eftersom

b̊ada är laddade (−e för elektronen och +e för h̊alet) kallar vi dem

för laddningsbärare. För att ge upphov till den slumpvisa rörelsen av

laddningsbärare i en specifik riktning, måste vi lägga p̊a en potential

för att tvinga laddningsbärarna att förflytta sig och därmed f̊a en elek-

trisk ström. Detta förklarar varför metaller normalt sett är goda ledare

medan isolatorer är d̊aliga ledare. Slutligen har vi en typ av material

som kallas för halvledare, där energigapet är mindre än för en isolator,

men större än för en metall.

Halvledare, som utgör basen för modern elektronik, har visat sig ha

speciella egenskaper. P̊a grund av det relativt lilla bandgapet, kan vi

lägga till föroreningar (atomer som införs i originalmaterialet) i ett

halvledarmaterial. Detta kallas dopning, vilket starkt kan p̊averka

laddningsbärarna i materialet, och därmed materialets elektroniska egen-

skaper. En dopad halvledare sägs vara av p-typ om den i huvudsak

inneh̊aller fria h̊al, och n-typ om den i huvudsak inneh̊aller fria elek-

troner. Dessa n/p-typ-halvledare är en central del i transistorer, vilka

ligger till grund för den moderna elektroniken. V̊ara datorer, läsplattor,

mobiltelefoner behöver miljontals transistorer för att fungera. Ju min-

dre och energieffektivare de är, desto snabbare, lättare och kraftfullare

blir v̊ara elektroniska komponenter. Den fysikaliska gränsen för elek-

troniska komponenter är en transistor som kan jobba med en enstaka

atom eller till och med en enstaka elektron!

I fallet med en enstaka elektron måste vi ta hänsyn till en viktig de-

talj. Elektroner har nämligen, utöver laddning, en annan egenskap som

kallas spinn. Trots att spinn är en rent kvantmekanisk egenskap, kan vi

se spinnet som en liten magnet inne i elektronen. Nordpolen p̊a denna

lilla magnet kan antingen peka upp, spinn-upp, eller ner, spinn-ner. Det



finns atomer där antalet elektroner med spinn-upp är fler än antalet

elektroner med spinn-ner. Dessa atomer kallas magnetiska atomer, och

karakteriseras av ett nollskiljt nettospinn och därmed ett nollskiljt mag-

netiskt moment. Därför reagerar en elektron, eller en magnetisk atom,

olika i ett extern p̊alagt magnetfält, beroende p̊a spinn-riktningen, p̊a

liknande sätt som en kompassn̊al i jordens magnetfält. Utöver elektro-

nens laddning, vilken utnyttjas dagens elektronik, kan vi tänka oss att

vi kontrollerar och manipulerar elektronens rörelse utifr̊an dess spinn.

Detta lovande fältet kallas för spinn-elektronik eller spinntronik.

Varför är detta en stor grej, om det bara är ytterligare ett sätt att ut-

nyttja elektronens egenskaper? Det visar sig att man kan använda elek-

tronens spinn-upp/ner p̊a samma sätt som noll/ett används i datorer,

men till skillnad mot noll/ett kan spinnet befinna sig i många tillst̊and

enligt kvantmekanikens superpositionsprincip (vilket det inte finns en

klassisk motsvarighet till, eftersom superpositionsprincipen innebär att

alla linjärkombinationer av noll och ett finns). Därför kan information

bearbetas mycket snabbare om elektronens spinn kan förknippas med

data. Eftersom spinn kan manipuleras snabbare och mer energieffektivt

än laddning, kan spinntronik leda till minskad elektricitetsförbrukning

och ökad hastighet i bearbetning av dataprocesser, och därmed revolu-

tionera v̊ar digitala värld.

Nu är vi bekanta med halvledare, men hur är det med topologiska iso-

latorer som nämndes inledningsvis? L̊at oss först poängtera skillnaden

mellan vanliga isolatorer och topologiska isolatorer med hjälp av be-

greppet bandinversion. När atomerna sitter p̊a deras position i ett fast

ämne, allts̊a när valensorbitalen av atomerna som bygger upp det fasta

ämnet befinner sig lägre i energi än deras ledningsorbital, har vi en van-

lig isolator. Men om istället ledningsorbitalen ligger lägre i energi än

valensorbitalen säger man att man har en isolator med bandinversion.



Figure 2: Skillnad mellan en vanlig isolator och en topologisk
isolator.

Med andra ord, ledningsbandet och valensbandet motsvaras av ledning-

sorbitalen och valensorbitalen i en vanlig isolator, medan de byter plats

i en topologisk isolator. Även om bandinversion är ett nödvändigt vil-

lkor för topologiska isolatorer är det inte tillräckligt. För system med

bandinversion måste man kontrollera en fysikalisk storhet som kallas

för Chern-tal (som beräknas ur elektronens v̊agfunktion, vilken satis-

fierar Schrödingerekvationen), för att skilja p̊a en vanlig isolator och en

topologisk isolator.

För att först̊a den bakomliggande fysiken av topologiska isolatorer måste

man vara bekant med

• tidssymmetri; betyder att ett system har samma fysikaliska egen-

skaper om tiden g̊ar bak̊at!

• spinn-ban-koppling; elektronens spinn kan koppla till banrörelsen

i en atom i ett fast ämne. Man kan föreställa sig att om man

ändrar en av storheterna p̊averkas den andra, genom kvantmekanikens

lagar.

• paritet; symmetri av fysikaliska storheter under rumsinversion.



• kristallfältsplittring; beror ibland p̊a olika symmetrier. Flera or-

bitaler kan ha samma energi, vilket kallas degenerering. Degener-

ationen av elektronorbitaltillst̊and kan brytas av den omgivande

kristallen genom kristallfältsplittringen.

I ett material med tidssymmetri splittras niv̊aer med en viss paritet upp

p̊a grund av kristallfältet och tvingas upp/ner genom en stark spinn-

ban-koppling, vilket ger en bandinversion. Detta betyder att effekten

av alla dessa samverkande fenomen kan leda till ett material med egen-

skaper av en topologisk isolator. Men jag är säker p̊a att du är mer

intresserad av följderna av detta än den bakomliggande fundamentala

fysiken.

Topologiska isolatorer är isolatorer inne i materialet, medan de p̊a

ytan/kanterna är goda ledare. Du kan föreställa dig ett block av

smältande is, där vatten rinner p̊a ytan/kanterna av isblocket, medan

vattnet inne i blocket fortfarande befinner sig i fast form. Energiban-

den av yttillst̊anden beror linjärt p̊a rörelsemängden, och energin av

dessa tillst̊and rör sig i motsatt riktning vid en speciell punkt som kallas

Dirac-punkten (DP) [se Fig. 2(b)]. Vidare är spinnet för de rörliga elek-

tronerna p̊a ytan frusna i en viss vinkel relativt deras rörelseriktning,

vilket kallas för spinn-rörelsemängds-l̊asning. Denna egenskap är förknippad

med stark spinn-ban-koppling och tidssymmetri, men fr̊aga inte hur! En

elektron som rör sig genom en vanlig ledare kan spridas iväg fr̊an sin

ursprungliga rörelseriktning genom kollisioner med andra elektroner,

atomer, icke-magnetiska orenheter etc. Spinn-rörelsemängds-l̊asningen

i en topologisk isolator förhindrar denna spridning, och därför rör sig

elektroner p̊a ytan av en topologisk isolator utan motst̊and. Å an-

dra sidan är spridning som genereras av magnetiska orenheter inte lika

enkelt. I ferromagnetiska material (när spinnen av magnetiska atomer

är parallella) bryts tidssymmetrin, och kan öppna upp ett gap i de

ledande yttillst̊anden. Som du kan se har dessa nya kvantmekaniska



material många exotiska egenskaper som kan användas i kvantdatorer,

magnetiska minnen, och spinntronik-komponenter.

Slutligen kan vi sammanställa detta och se vad vi har gjort i forskningen

som presenteras i den här avhandlingen. Magnetiskt dopade halvledare,

i vilka man kombinerar halvledarteknologin med spinn-egenskaperna av

magnetiska atomer, kan användas i spinntroniska komponenter. I den

fysikaliska gränsen, där komponenten best̊ar av n̊agra enstaka mag-

netiska orenheter kallas magnetisk solotronik. Den kombinerar konven-

sionell elektronik med spinntronikens precision, effektivitet och snabb-

het ner p̊a atomniv̊a.

Magnetisk solotronik i topologiska isolatorer är fortfarande ett nytt fält

fullt av möjligheter. Det är möjligt att dra nytta av alla exotiska egen-

skaper av topologiska isolatorer, och dopa dem med magnetiska atomer

i mycket små komponenter.

I den här avhandlingen kastar vi ljus p̊a först̊aelse, manipulering och

kontroll av enstaka magnetiska orenheter i GaAs-halvledare och Bi2Se3-

topologiska isolatorer.





Popular scientific

summary

Before we explain solotronics in semiconductor and topological insula-

tors, the aim of this research, we need to be familiar with the band

theory of solids. So let us begin with the atoms, the building blocks

of matter. Based on the principles of quantum mechanics (QM), there

are orbitals with discrete energies in which electrons are allowed to or-

bit the atomic nucleus. The electrons in an atom fill up these atomic

orbitals starting from the lowest energy levels (close to the nucleus)

[Fig.1(a)]. The outermost orbital of an atom, occupied with electrons,

is called the valence orbital (VO), and the electrons in the valence

orbital are called valence electrons. The first unoccupied orbital, obvi-

ously higher than the valence orbital in energy, is called the conduction

orbital (CO). When multiple atoms join together to form a molecule,

their atomic orbitals form molecular orbitals. These molecular orbitals

become larger and their energy levels become denser as more atoms

are brought together. Eventually, the energy levels form a continuum

called an energy band as collections of atoms form a solid. Now, imag-

ine bringing the atoms that make a material to their position in a solid,

where the atomic valence orbitals form a continuum of orbitals called

xix



the valence band (VB) and the atomic conduction orbitals form the

conduction band (CB) [Fig.1(b)].

Now that we are familiar with the concept of bands in solids, let us

Figure 3: (a) The atomic orbitals of an Argon atom (b) the for-
mation of bands from the atomic levels in solids (c) three categories

of solids, based on their conducting properties.

look at the foundation of electronics. In order for a material to be

conductive, both free electrons and empty states must be available.

Then, the electrons use the empty states to move freely through the

material from one atom to another one. In an insulator, a large energy

gap separates the empty states in the CB from the electrons in the VB

[Fig.1(c)]. Therefore, one needs to give an energy equal to or greater

than the energy gap to take an electron from VB to CB and thus to



provide an empty level for an electron. The empty place left by remov-

ing an electron from VB is called a hole. Not only the electrons, but

also the holes are contributing in the conduction. Since they are both

charged (−e for the electron and +e for the hole) we call them charge

carriers. We should keep in mind though that in order to make this

random movement of carriers in a specific direction we need to apply a

potential to force the charge carriers to flow and get an electric current.

Now we understand why metals are usually good conductors while in-

sulators are not. Finally, in the case of semiconductors, the energy gap

is smaller than in insulators and larger than in metals.

We are now familiar with semiconductors, but what is so special about

them? Semiconductors, the base of modern electronics, are somewhat

special. Because of their relatively small energy gap, adding impurities

(atoms that are inserted into an original substrate) to semiconductors,

namely doping them, greatly enhances their charge carriers and thus

their electrical properties. The doped semiconductor is called p-type if

it contains mostly free holes and n-type for mostly free electrons. These

n/p-type semiconductors are the key element of transistors which in

turn are the essential part of modern electronics. Our laptops, tablets,

and cellphones contain millions of transistors in order to function. The

smaller and more energy efficient they get, the faster, lighter and more

powerful our electronics world becomes. The ultimate limit is a tran-

sistor that can operate with a single atom or even a single electron!

For that we need to consider one important detail. The electrons have

another intrinsic property, in addition to their charge, called spin. Al-

though the spin is entirely a quantum mechanical aspect, you can view

it as a tiny magnet inside the electron. The N-pole of this tiny magnet

can either point upward, spin-up, or downward, spin-down. There are

some atoms where the number of electrons with spin-up inside them

is larger than the number of electrons with spin-down. These atoms



are called magnetic atoms and are characterized by a non-zero net spin

and consequently a finite magnetic moment. Now, the electron, or al-

ternatively a magnetic atom, would react differently in the presence of

a magnetic field (the magnetic influence of a magnet) depending on the

orientation of its spin/moment (up or down), similar to the needle of

a compass in the magnetic field of the earth. This means that, in ad-

dition to the electron charge, typically used in electronics technology,

we can imagine to control and manipulate the behavior of the electron

motion by means of their spins. This promising field is called spin-

electronics or spintronics, where the focus is on the spin rather than

on the charge. What is the big deal, if it is only an additional means?

As it turns out, you can use spin up/down of an electron as zero/one

in computers, but unlike zero/one, spins can have many states based

on quantum superposition (without a classical counterpart, it refers to

any linear combination of zero and one). Therefore, information can

be processed a whole lot faster if an electron spin carries data. Because

spins can be manipulated more quickly and at lower energy cost than

charges (a group of electrons used in electronics), spintronics has the

promise of decreasing electric power consumption and increasing the

speed of data processing, to revolutionize our digital world.

So we are acquainted with semiconductors, but what about topolog-

ical insulators (TI) that we mentioned in the first paragraph? Let us

first make a distinction between the ordinary, conventional insulators

introduced above, and topological insulators by means of the concept

of band inversion. As we bring atoms to their position in solids, if the

valence orbital of the atoms making the solid remains lower in energy

than their conduction orbital, it is an ordinary insulator; on the other

hand, if the CO is lower in energy than the VO, we have an insulator

with a band inversion [Fig.2.]. In other words, the character of CB and

VB remains similar to CO and VO in an ordinary insulator, while it is



Figure 4: Distinction between an ordinary insulator and a topo-
logical insulator.

swapped in TIs. Although band inversion is a necessary condition for

the topological insulators, it is not a sufficient one. Therefore, even for

the systems with band inversion, to discriminate between an ordinary

insulator and a TI, one needs to check a physical quantity called the

Chern number (a quantity calculated using the electrons’ wavefunction,

which satisfies the Schrödinger wave equation).

In order to understand the underlying physics of TIs you need to be

familiar with

• time-reversal-symmetry (TRS); it causes a system to look the

same if the flow of time is reversed!

• spin-orbit coupling (SOC); the spin of an electron could couple

to its orbital movement in an atom in a solid. You can imagine

it as changing one of them could alter the other one, according

to the laws of QM.

• parity; a symmetry of physical quantities/processes under spatial

inversion.



• crystal field splitting; sometimes due to some symmetries, several

orbital states can have the same energies; this is called degeneracy.

The breaking of degeneracies of electron orbital states by the

surrounding crystal is the crystal field splitting.

Then in a material with TRS, the levels with a specific parity would

split by the crystal field and get pushed up/down by strong SOC to

cause band inversion. What this means is that, the effect of all of them

working precisely together could lead to a material with TI properties.

But I am sure you are more interested in their implications than the

fundamental physics behind them.

They are insulators in bulk (in the middle of the material) but con-

ductors on the surfaces/edges of the material. You can think of it as a

chunk of melting ice, where the water is flowing on the surfaces/edges

but inside is trapped in a solid form. The energy bands of surface states

depend linearly on their momentum, and the energy of states moving

in opposite directions cross at a special point called the Dirac point [see

Fig. 2(b)]. Furthermore the electrons propagating on the surface of a

TI have their spins locked at a specific angle to their direction of mo-

tion, which is called spin-momentum locking. This property is related

to strong SOC and TRS; do not ask how! An electron moving through

an ordinary conductor can be scattered away from its original direction

by colliding with obstacles (another electron, an atom, non-magnetic

impurities, etc.). The spin-momentum locking in TIs protects the elec-

trons from the buffeting that they get inside a conventional conductor.

Therefore, they go through a TI with perfect efficiency. On the other

hand, scattering from the magnetic impurities is not that straightfor-

ward. In fact, ferromagnetism (when the spins of magnetic atoms are

aligned), which breaks TRS, can open up a gap in the conducting sur-

face states. So, as you can see, these new quantum materials have a

list of exotic properties that could be used for quantum computing or



the magnetic recording industry and spintronics devices.

Finally, we are ready to glue everything together and see what we have

done in the research reported in this thesis. Magnetic doped semicon-

ductors combine the semiconductor technology with the spin properties

of magnetic atoms, which can be used in spintronics devices. The limit

where the device consists of ultimately single magnetic impurities is

known as magnetic solotronics. It combines ubiquitous conventional

electronics with the precision, efficiency and rapidity of spintronics

down to atomic scale.

Magnetic solotronics on topological insulators, on the other hand, is

still a young field full of possibility. It is possible to take advantage of

all the exotic properties of topological insulators and dope them with

magnetic atoms in miniature devices.

In this thesis, we shed some light, no matter how small, on the un-

derstanding, manipulation and control of solitary magnetic dopants in

GaAs semiconductors and Bi2Se3 topological insulators.
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Chapter 1

Introduction

The possibility of using the spin of electrons in addition to their charge

to store and process information, has led to a new field known as spin-

electronics or spintronics. In magnetic doped semiconductors, the spin

of a magnetic dopant is easily integrated with the existing semicon-

ducting technology. The interaction among these spins in magnetic-

doped semiconductors leading to ferromagnetic order, can create spin-

polarized carriers, which in turn are necessary to achieve an operational

spintronics device. Dilute magnetic semiconductors (DMS), the regime

of magnetic doped semiconductors where the concentration of these

magnetic dopants is less than 10%, have large spin-dependent proper-

ties, which can be used to control and manipulate the spin degree of

freedom.

The remarkable advances reached in semiconductors science and tech-

nology enable the control of the purity of ordinary semiconductors with

a precision better than one part in 1011. In these conditions, the typi-

cal distance between two unintentional impurities in a semiconducting

1



Chapter 1. Introduction 2

sample can be on the order of one micrometer. In principle, this means

that devices of the size of tens of nanometers, ordinarily used in mod-

ern nano-electronics, can be completely free of unwanted impurities or

imperfections. At the same time, one or a few dopants intentionally in-

serted in a nanoscale system can profoundly affect its electronic, optical

and magnetic properties, producing a variety of new phenomena and

potential device functionalities. The limit where the device ultimately

consists of single magnetic impurities is an emerging field, known as

magnetic solotronics.

Topological insulators (TIs), on the other hand, are novel Dirac’s quan-

tum materials with remarkable electronic and magnetic properties. TIs

display an insulating band gap in the bulk, but also support topolog-

ically protected conducting, linearly dispersed gapless states on their

edges or surfaces, described by a massless Dirac equation. The devices

that combine the topological insulators and magnetic materials could

take advantage of the special spin properties of the surface states in-

teracting with states introduced by magnetic dopants. Magnetic order

in topological insulators can break the time reversal symmetry. This

could create exotic topological effects [1–5] with applications in data

storage and magnetic sensing.

The aim of this thesis is to investigate theoretically some of the funda-

mental issues related to the spin properties of solitary transition metal

(TM) magnetic dopants in semiconductors and topological insulators.

We shed light on some of the magnetic and electronic properties of Mn

and Fe positioned in the vicinity of a GaAs (110) surface. We inves-

tigate the real-time spin dynamics of the magnetic moment associated

with the dopant, and how this can be affected by the presence of other

impurities. We have developed a theory of spin dynamics based on the

numerical integration of the time-dependent Schrödinger equation of

the tight-binding (TB) model [6]. The case we consider [7] is the time
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evolution of Mn impurities and their bound acceptors in GaAs. Local

manipulation of electric fields at the atomic scale can be efficiently used

to address electrically the properties of single-spins in semiconductors.

Using microscopic quantum TB models, we investigate the effect of a

charged As vacancy in the vicinity of an individual Mn impurity, and

the possibility of manipulating the Mn spin properties locally.

In the field of topological insulators, we consider Bi2Se3 three-dimensional

TIs. Our focus is on substitutional magnetic dopants on the surface lay-

ers of the material. Solotronics of magnetic dopants in TIs is presently

investigated experimentally with STM techniques similar to the ones

employed in the study of diluted magnetic semiconductors. Recent

STM experiments [8] indicate that Mn dopants in Bi2Se3 introduce

impurity spin-polarized acceptor levels in the bulk gap, precisely like

Mn in GaAs. In contrast to the semiconductor case, however, in TIs

the acceptor levels couple resonantly with Dirac’s spin-chiral surface

states, whose spin directions are locked in the direction perpendicular

to the momentum. This more complex situation implies new opportu-

nities for spintronic applications. We try to understand the nature of

the coupling between the magnetic impurity and the surface state. We

develop realistic quantum mechanical models of TIs, with and without

impurities, combining first-principles techniques with microscopic TB

models. This theoretical framework allows us to investigate important

issues in solotronics of magnetic dopants positioned on the surface of

TIs.

The rest of the thesis is organized as follows. In the next chapter, we

describe the magnetic solotronics in semiconductors. We briefly ex-

plain the challenges in understanding and the experimental techniques

to control and manipulate individual dopants in semiconductors. In

Chapter 3, we provide a simple introduction of topological insulators.
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We describe the properties of Bi2Se3 TI, used in two papers. In Chap-

ter 4, we explain two theoretical methods used in this thesis to study

the electronic properties of materials, DFT and TB models, and their

limitations and feasibility to our study. For completeness, in the ap-

pendix in this chapter, we briefly review an alternative method to com-

pute electronic structures of materials, known as the k·p method. In

Chapter 5 we explain some of the important quantities discussed in

the thesis, namely, the magnetic anisotropy and the local density of

states. In Chapter 6, we go into some details in explaining the theo-

retical framework used to compute the spin dynamics, since this topic

is somewhat less known than the others considered in the thesis. The

brief review of the papers attached to the thesis is presented in Chap-

ter 7, and the outlook and new ideas are in Chapter 8.



Chapter 2

Magnetic Solotronics in

Semiconductors

2.1 Overview of solotronics

Before we describe the magnetic solotronics and current understanding

of this emerging field, we would like to start with a more general ques-

tion; why do we study the magnetic solotronics in a semiconductor,

rather than a metal or insulator? The answer to this question relies on

the effects of the environment on the device behavior. The overlap of

the electronic states of a metallic environment is too large for a solitary

dopant and too little for an insulator. The semiconductor environment

maintains the character of the dopants and optimizes the electronic in-

teraction of the dopant and the environment.

Among semiconducting materials, Germanium was used in the earliest

5
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commercial semiconductor devices. But it is rare, expensive and com-

pared to Silicon (Si), has no advantages for many purposes. One of

the most commonly used semiconductor material is Si. It is a largely

abundant element, can be found in many rocks and sands on beaches,

is mechanically stable for growth purposes, is a decent thermal conduc-

tor, has a native oxide for use as an insulator in electronic devices and

has a high hole mobility.

Although some semiconductors have favorable properties over GaAs,

in the high-speed electronic devices based on semiconductors, the best

cost/performance ratios are attained by GaAs-based transistors [9].

GaAs circuitry offers higher efficiencies and output power at lower volt-

ages. The direct band gap of GaAs can be used for emitting light, and

it is used as a substrate in light emitting diodes (LED), a substitute

for less energy efficient technologies. Since it is resilient to radiation

damage and offers better efficiency, it is used in solar cell technology. In

addition to these properties, the GaAs semiconductor is not an element;

therefore, varying the ratio of Gallium and Arsenic gives us additional

control over its properties.

The combination of semiconducting behavior and magnetism is capable

of a variety of phenomena. For instance, magnetic order can alter the

transport and optical properties of these materials. In an operational

device, the spin-polarized carriers need to maintain their polarization

throughout the semiconductor material. Spin injection from a ferro-

magnetic metal into a semiconductor seems the apparent way to do

this. The large mismatch in the electrical conductivity between the two

materials is the obstacle to preserving the spin of the electrons across

the interface. On the other hand, magnetic semiconductors provide an

easier solution to combining spin polarized carriers with semiconductor

technology.
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The early strategy of combining semiconducting behavior and mag-

netism, was to dope the semiconductor with magnetic material [10, 11].

Doping commonly used III-V semiconductors, with transition metal,

gives rise to ferromagnetic semiconductors [12]. Dilute magnetic semi-

conductors (DMS), where the concentration of magnetic dopants is

<10%, have been the focus of extensive research bearing the prospect

of realizing a new generation of spintronics devices.

Despite the extensive studies on the properties of semiconductors and

ferromagnetism over the past 15 years, the origin and manipulation of

ferromagnetism in dilute magnetic semiconductors have been contro-

versial topics in condensed matter physics [12, 13]. With controversial

views, caused by the abundance of experimental and theoretical results,

a complete understanding of the mechanism of the ferromagnetism in

III-V semiconductors is a puzzling enigma. Ferromagnetism driven by

exchange interaction between carriers and localized spins was first pro-

posed by Zener [14]. This model does not take into account the Friedel

oscillations of the electron spin polarization around the localized spins.

However, in the case of semiconductors, this effect is zero because the

mean distance between spins is shorter than that of the carriers. In

this case, with semiconductors, the Zener model becomes equivalent to

the Ruderman, Kittel, Kasuya, and Yosida (RKKY) model in which

these oscillations are taken into account [15].

Ferromagnetism in dilute magnetic semiconductors form two different

classes. In the first class, which includes p-type Mn-based semicon-

ductors, the ferromagnetism is associated with the presence of holes

and magnetically active Mn concentration. The second class of ferro-

magnetic semiconductors shows high Tc ferromagnetism without the

presence of itinerant holes [13, 16, 17]1. In the following we will focus

1 Different models have been proposed to describe the mechanism for this type
of ferromagnetism [13]. For instance, in one of these models, the ferromagnetism is
mediated by the electrons that are either residing in the conduction band or forming
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on the ferromagnetic mechanism in the case of p-type (Ga, Mn)As, rele-

vant to the research of this thesis. In this class, p-type (Ga, Mn)As, the

gradual increase of Mn concentration, and in turn hole concentration,

up to ≈ 10% in annealed (Ga,Mn)As has led to high Tc ferromagnetism

(up to 190 K) [18]. This gradual concentration relevant to ferromag-

netism can be explained by the p-d Zener model [15]. However, two

opposing viewpoints have developed over the past years of studying

(Ga,Mn)As.

These two opposing viewpoints are the Zener model and the impurity

band model. The important difference between these two models is es-

sentially related to the wavefunction mediating the ferromagnetism [19].

In the Zener model, the wavefunction has the character of the GaAs

host; while in the impurity-band model, the wavefunction is impurity-

like regardless of the Mn concentration [19]. In other words, the ques-

tion is whether the hole mediating the spin-spin coupling resides in an

acceptor band split of the valence band (impurity band model) or in

the valance band (Zener model) [20]. In the Zener model, the extended

hole states mediate the ferromagnetism, and the Fermi energy is located

in the valence band. In the impurity-band model, the Fermi energy is

located within a Mn-acceptor impurity band where these states can be

either detached from the valance band or they can keep their d char-

acter even in the metallic regime where they overlap with the valence

band [21, 22].

As shown in Fig. 2.1, originally proposed by Zener for metals, the spin

splitting of the valence band is caused by the ferromagnetic ordering of

localized spins (smaller arrows in this figure). Here, the pd exchange

interaction plays an essential role.

Figure 2.2 shows the valence and impurity bands in (Ga, Mn)As. In

bound magnetic polarons. We will not discuss this type of ferromagnetism, since
the focus of the thesis is on the p-type (Ga, Mn)As. We refer the reader to Ref. [13]
for more detail.
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Figure 2.1: Schematic of the carrier-mediated ferromagnetism in
p-type DMSs. The figure is taken from Ref. [23].

Figure 2.2: Schematic of the valence and impurity bands in
(Ga,Mn)As. The figure is taken from Ref. [19].

the impurity-band model, the Fermi energy is always located within

the impurity band. The states in the middle of the impurity band are

extended and maximize Tc, while the more localized states on the sides

decrease Tc [19].

Apart from the understanding of the exchange mechanism in these

groups of material, the fabrication of material with high Curie tem-

perature is challenging. The hole density and the magnetically active

concentration of Mn dopants play an important role in achieving a fer-

romagnetic ordering. The concentration of effective Mn dopants is the



Chapter 2. Magnetic Solotronics in Semiconductors 10

difference between the concentration of substitutional and interstitial

Mn due to the expected antiferromagnetic coupling between them [19].

The hole concentration is determined based on the fact that each sub-

stitutional Mn gives rise to one hole and each interstitial Mn acts as

a double donor compensating for two holes. The dependence of Tc on

both the effective Mn concentration and the hole density is discussed

extensively [18, 24–26].

Although over the past decade or so, overcoming some of the obsta-

cles in the understanding and application of these materials, theoreti-

cally and experimentally, seemed unlikely, remarkable achievement has

been made recently. Reaching high ferromagnetic transition temper-

ature and keeping the semiconducting behavior as well as the strong

response of itinerant carriers to the changes in the ordered magnetic

state are among these major obstacles [12]. The critical temperature

in Mn-doped semiconductors has increased from Tc = 7.5 K in p-type

(In, Mn)As in 1992 [27] to Tc = 110 K for (Ga, Mn)As in 1998 [28]

and more recently to Tc = 173 K, in the same material [29] and finally

to 190 K in Ref. [18].

So far we discussed some of the successes and challenges in the area of

magnetic doped semiconductors, and more specifically, in the regime

of dilute magnetic semiconductors (<10% magnetic concentrations).

On the limit of far less concentration of magnetic dopant, solotronics

(solitary dopant optoelectronics) [30] the miniaturization of the devices

is advancing to where a device consists of essentially a single dopant

atom that can be manipulated and controlled optically or electrically.

There are great challenges in the way of all-inclusive understanding

and full-scale realization of solotronics devices. These challenges are

the factors on the local environment (electric, magnetic and optical

fields and strain), the interaction among them, and precise experimen-

tal techniques to implement and observe single dopants, and finally
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building a device. From the theory point of view, modeling is one of

the great challenges in order to elucidate or predict the experimental

findings.

The local environment often poses additional complexities on the sys-

tem. Strain, as one of the effects caused by the local environment, is an

important factor of the dopant environment that has been well-studied

over the past three decades [31–36].

The local electric field can be used to manipulate the spin properties of

magnetic dopants [37–40]. Since the electric fields can manipulate the

orbital wavefunction of a dopant’s state, the spin of the dopant can be

controlled via spin orbit coupling. One example of this manipulation

for the Mn-acceptor in a GaAs semiconductor is presented in Ref. [37].

External magnetic fields are also a way of controlling the spin of the

magnetic impurities. The possibility of reorienting the spin of an im-

purity can be detected by measurement or calculation of the LDOS or

magnetic anisotropy [41].

Theoretical approaches including first-principles calculations, micro-

scopic tight-binding (TB) models, k · p theories, etc., play an essen-

tial role in elucidating the properties of the impurity atom, interaction

among the impurities and their interaction with the environment. Each

of the above approaches is favorable for some impurity-host combina-

tions, and unfavorable for others.

Density functional theory (DFT) calculations are usually limited to

small clusters. Therefore the case of a very dilute regime in which the

individual impurities are placed on a huge surface are usually computa-

tionally very heavy. The effective mass theory is common for systems

where the calculations on atomic basis are computationally demand-

ing. This is usually the case for shallow acceptors, whose wavefunc-

tions are delocalized, extending over millions of lattice sites. One of
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the first tight-binding calculations for the electronic structure of iso-

lated vacancies in III-V semiconductors was based on the slater-Koster

method [42]. TB calculations are particularly compelling to deal with

the problems in which the number of atoms plays a crucial role. The

impurity-impurity interaction on the neighboring supercells can cause

some spurious effects which can be eliminated by using larger supercells.

We explain the theory behind the modeling of doped-semiconductors

in detail in Chapter 4.

2.2 Experimental techniques and applica-

tions

There are several experimental techniques in order to position, observe

and manipulate single impurities in the host materials. The direct ob-

servation of magnetic properties of individual dopants, was reported

some thirty years ago [43]. The authors detected the precession of

individual spins on partially oxidized Si (111) surfaces by a scanning

tunneling microscopy, STM, on which they mounted two parallel bar

magnets. These bar magnets were put to create a magnetic field per-

pendicular to the surface and their separation could change the strength

of the field. This technique in which the atomic resolution of an STM is

combined with the spin sensitivity of an electron-spin resonance (ESR)

is particularly advantageous for extracting the precise location of spin

centers. The validity of this technique was later confirmed with an-

other STM-ESR experiment [44]. The atomic scale resolution of this

technique on a silicon 7 × 7 surface was reported rather recently [45].

In addition to the STM-ESR technique, optically detected magnetic

resonance (ODMR) [46, 47] and magnetic resonance force microscopy
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Figure 2.3: A silicon cantilever with a magnetic tip at the end.
The cyclic spin inversion caused by the vibration of the cantilever,
which in turn swings the resonant slice through the sample, causes
a slight shift in the frequency of the cantilever exerted by the spin

on the tip. The figure is taken from Ref. [48].

(MRFM) [48] are also promising techniques for detecting single spins.

However, the spatial resolution of ODMR and MRFM is actually their

disadvantage compared to the sub-nanometer resolution of STM-ESR.

In Ref. [48], detecting individual spins with MRFM with a spatial res-

olution of 25 nm in one dimension was reported. Figure 6.1 shows this

experimental setup for detecting single spins as deep as 100 nm below

the surface. According to this figure a magnetic tip at the end of a

silicon cantilever is placed 125 nm above the sample. The sample con-

tains a low density of unpaired electron spins. The cyclic spin inversion

caused by the vibration of the cantilever, which in turn swings the res-

onant slice through the sample, causes a slight shift in the frequency of

the cantilever applied by the spin on the tip.

The MRFM technique has the advantage of the ability to image spins

below the surface with reasonable spatial resolution. A modified ver-

sion of the above experiment by an increase in the field gradient, can

easily enable two and three-dimensional imaging. In the device applica-

tion of single dopants where the single spin readout is crucial, MRFM
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has been proposed [49, 50].

Another way of observing the 3D tomography of impurity atoms is a

technique called atom probe tomography (APT) [51], in which atoms

are removed layer-by-layer. Although this technique provides a very

high resolution of >0.3 nm, the difficulty of this technique is the recon-

struction process necessary to find the original position of the detected

impurity atoms.

Single-spin control in SiC with optically detected magnetic resonance

measurements has been reported recently [52, 53]. While Christle

et al. [53] report the coherent control of the electronic spin at cryo-

genic temperatures (20 K), Widmannet al. [52] show the detection and

coherent manipulation of single spin at room temperature. Both mea-

surements show a very long spin coherence time of defects in SiC at

low and room temperatures. Scanning probe microscopy, on the other

hand, delivers the possibility of imaging single electrons in nanostruc-

tures [54]. The difficulty of scanned probe techniques is that they al-

most always change the properties of the system under measurement.

Some of the first measurements done by scanning tunneling microscopy

(STM) performed on the cleaved edge of a semiconductor were clearly

revealing the Si donors [55] and Zn acceptors [56] in GaAs. In the case

of individual Mn impurities in a GaAs semiconductor, Cross-sectional

scanning tunneling microscopy (XSTM) made it possible to map the

wavefunction of an acceptor bound to an individual Mn [57].

In fact some of the great advantages of STM are the possibility of charge

manipulation and combining electric, optical and magnetic analysis as

well as its atomic resolution. XSTM is one of the most advanced tech-

niques to observe single impurities, but it is mainly limited to the (110)

cleavage plane of a subgroup of semiconductor materials. Finally STM

can be used as a fabrication tool to implement single impurities such
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Figure 2.4: (a) Spatially resolved dI/dV measurements near a
Mn acceptor. (b) Topography of Mn acceptor for the unoccupied

states (+1.55 V). The figure is taken from Ref. [59].

as Mn, Fe and Co in a (110) GaAs or InAs surface with atomic resolu-

tion [58–60].

The spatially resolved dI/dV measurements and the topography of

the Mn acceptor for the unoccupied states is shown in Fig. 2.4. In

Ref. [59], the authors present an atom-by-atom substitution technique

using an STM. They use this high resolution STM to visualize the ac-

ceptor state of an individual Mn dopant in GaAs and to perform a

controlled study of single dopants at the atomic scale. These results

as well as a quantitative description of the electronic and magnetic

properties of the associated acceptor states, were assisted by much in-

dependent TB theoretical work on Mn doped GaAs [34, 35, 41, 61–64].

Local manipulation of electric fields at the atomic scale can be ef-

ficiently used to address electrically the properties of single spins in

semiconductors. As shown in recent experiments [65, 66], this can be

realized by precisely positioning with STM charged impurities or de-

fects in the vicinity of a magnetic dopant on a semiconductor surface.

In Ref. [65], the authors employ the electric field generated by an As

vacancy in GaAs to affect the environment surrounding substitutional

Mn impurities in the host material by use of STM (see Fig. 2.5).

For Fe impurity in the surface of InSb, a spin-resolved scanning tun-
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Figure 2.5: The effect of nearby As vacancies on the Mn acceptor
resonance. (A-D) STM topographic of a Mn acceptor and nearby
As vacancy in the (110) GaAs surface. The position of Mn is in-
dicated with a circle in (A). Positively charged vacancies appear
as a dark depression. (D) A neutral vacancy is imaged as a pro-
trusion. (E) Differential conductance (dI/dV ) taken on the Mn
acceptor. The Mn binding energy shifts toward lower voltage as
positively charged vacancy is moved closer. The figure is taken

from Ref. [65].

(a)
(b)

Figure 2.6: (a) Topography of in-gap states and insets of valence-
band states for Fe (1.5V, inset: 1 V) (b) dI/dV measurements with
the tip between head and arm of an Fe acceptor, two states near
0.87 V and 1.52 V. Reprinted figure from Ref. [60]. Copyright

(2009) by the American Physical Society.
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neling spectroscopy is used to measure the spin excitations and the

magnetization curve [67]. More recently, the STM experimental stud-

ies [60, 68, 69] provided a description of Fe dopants on the (110) surface

of GaAs. Our first and second papers provide some theoretical and

computational insight to the magnetic and electronic properties of Mn

and Fe.

For Fe in a GaAs structure, Figure 2.6, taken from Ref. [60], shows the

topography of in-gap states and the dI/dV measurements of Fe accep-

tor states. Panel 2.6(a) is the topography of two Fe states near 0.87 V

and 1.52 V accompanied with the dI/dV measurements in panel 2.6(b).

In the second paper of the thesis, we will address these experimental

results and we will make a direct connection between our TB combined

with DFT calculations and these experimental results.

For the application of individual impurities in a semiconductor, we

need to be able to manipulate and control the impurity states. The

impurity states are highly sensitive to the host crystal, confinement

potentials, electric and magnetic fields, phonons, and nearby impuri-

ties. These factors can easily change the coherence or lifetime of the

impurity states. Therefore, any device application of these impurities

demands a full-fledged control of these factors. Local manipulation of

single impurities contributes to miniaturizing the size of the device to

nanometer scales. This local manipulation can be provided by another

impurity [59] and nearby electrostatic fields such as vacancies [65], etc.

In addition to the ferromagnetism and magnetic semiconductors that

are the direct results of impurity-impurity interaction, one of the ulti-

mate goals of the understanding of the impurity-impurity interaction

will enable us to read out the spin of one impurity with another one.

In this regard, Figure 2.7 shows the STM topographies and dI/dV

measurements conducted on a pair of ferromagnetically coupled Mn

atoms that are 8 Å apart. The atom-by-atom substitution technique
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Figure 2.7: STM topographies and dI/dV measurements taken
on a pair of Mn separated by 8 Å apart on GaAs (110) surface. (a)
and (b) topographies of the valence-band states (−1.5 V) and the
Mn acceptors (+1.1 V). (c) dI/dV measurements near the Mn pair.
(d) and (e) topographies of Anti-bonding, +1.35 V, and bonding,
+0.91 V. Note the caption for panels (d) and (e) has been swapped

from the original work. The figure is taken from Ref. [59].

in Ref. [59] delivers the precise position of the impurity atoms to study

their interaction, which can be directly observed from the panel 2.7(c),

the splitting of the acceptor state into two resonances. This tech-

nique can be used to find strongly interacting ferromagnetic impurities.

Although our understanding of the impurity-impurity interaction has

been advanced over the past two decades, the interaction of an impu-

rity with another impurity is still far from complete.

In the case of electrostatic fields provided by local vacancies, Ref. [65],

tuning of the acceptor binding energy of single dopants is possible. Pa-

per IV supplies the theoretical counterpart of this experimental finding

as well as predicts the possibility of manipulating the exchange split-

ting of a pair of ferromagnetically coupled Mn impurities by nearby As

vacancies. This method can be used not only for local manipulation

and control of individual impurities, but also for fast read out of spin
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compared to magnetic fields.

Solotronics devices rely heavily on our control of tuning the spin and

the interaction dopants with local electric fields. Coupling local elec-

tric fields to the spin of an impurity provides a useful base for quantum

information technology. The spin-orbit interaction can couple external

electric fields and the spin properties of dopants such as a Mn accep-

tor [37] and a hydrogen donor [38] in GaAs.

Apart from the external electric fields, optical means can be used to

control and influence the individual dopants and their environment.

Magnetic fields can be also used to alter spin properties of dopants.

In Ref. [62] and Ref. [35] the authors study the local density of states

and magnetic anisotropy of Mn in a (110) GaAs surface. In paper I

of this thesis, we study the effect of an external magnetic field on the

spin properties of Mn. This combination of experimental and theory

provides an understanding of external magnetic field on the LDOS and

magnetic anisotropy of a single Mn impurity on the surface of GaAs.

Quantum wells and quantum dots are paving the way to nanometer

devices where the confinement effects are important [70, 71].

Single impurity devices can be categorized into two general optical and

electronic devices [30]. Although optical devices such as NV centers in

diamonds have drawn lots of attention, the application of this thesis

lies mainly on the electronic devices in which the control, detection and

manipulation of the spin of single impurities are sought after.

Based on the proposal by Kane [72], the nuclear spins of donor atoms

could be used to encode the information in Si electronic devices, on

which the logical operations can be performed using an external electric

field on single spins. In the transistor proposed by Vrijen et. al, in order

to control a single electron spin, one could use electronic band-structure

engineering and epitaxial heterostructures [73]. In Ref. [74] the authors
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propose a charge-based qubit consisting of two dopant atoms in a semi-

conductor crystal for quantum computation.



Chapter 3

Topological Insulators

In this chapter we first attempt to give a simple introduction to a new

phase of quantum matter, topological insulators (TIs); as an example,

we focus on the Bi2Se2 TI. We then present the crystal structure of

Bi2Se3 and its bulk and surface band structures.

3.1 General considerations

Let us start the introduction to topological insulators by reminding our-

selves about the conventional insulators. In a conventional insulator,

a set of completely filled bands known as the valance bands are sepa-

rated by an energy gap from a completely empty set of bands known as

the conduction bands. The panel on the top-right of Figure 3.1 shows

the energy gap separating two valance and conduction bands from one

another. The first thing that comes to mind after reading the term

conventional insulator is that there should be other types of insulators

21
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as well. All insulators in the class of conventional insulators belong to

the same topologically trivial phase.

In order to understand the difference, we need to explain the concept of

the band inversion in solids. Let us assume that we increase the lattice

constant of an insulator to infinity. We are left with a group of un-

bound atoms. We call the last occupied and first unoccupied orbitals

in these atoms, VO and CO, respectively. As we bring these atoms

back to their position in the solid, often these two orbitals form the top

of the valance and the bottom of the conduction bands, respectively.

Now, after we bring them back to their position in the insulator, this

would be a conventional insulator if the character of the top of the

valence band and the bottom of the conduction band remains similar

to that of the atomic orbitals for all k-points in the Brillouin zone.

This means that by changing the Hamiltonian of an insulator adiabati-

cally, in this case by increasing the lattice constant of the insulator, one

could change one band insulator (a solid) to another one (the atomic

limit or loosely speaking the vacuum) without closing its energy gap at

different k-points. Therefore a conventional/ordinary insulator is topo-

logically trivial. For a topological insulator, there is a band inversion,

namely, the character of the valance band and the conduction band is

swapped at some k-points compared to their atomic limit. Although

band inversion is a necessary condition for the topological phases, it

is not sufficient. Therefore, even for the systems with band inversion,

one requires checking the topological number of the system, namely,

the Chern number (calculated using the system’s wavefunction).

Topological insulators have been introduced in condensed matter physics

as a new phase of quantum matter. TIs were predicted theoretically

ten years ago by Kane [75] and Bernevig et al. [76]. Two groups in-

troduced the model for topological insulators independently. Kane et

al. [75] proposed a quantum spin Hall (QSH) model in graphene where
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they adapted the model by Haldane [77] (an integer quantum Hall

model). In their models the spin-up and spin-down electrons show a

chiral and anti-chiral integer quantum Hall (IQH) effect. Bernevig et

al. [76] proposed a QSH model in strained GaAs in which spin-up and

spin-down electrons are affected by an upward and downward mag-

netic field due to spin-orbit coupling. The spin-orbit coupling, which

plays the main role in both models, couples the spin of electrons to a

momentum-dependent magnetic field. TIs have been confirmed exper-

imentally in HgTe quantum wells by König et al. [78] two years later,

and both two [76, 78] and three-dimensional [79–89] systems have been

studied theoretically and experimentally, ever since. In contrast to or-

dinary insulators the topologically conducting surface states of a TI are

protected against scattering of non-magnetic impurities. However, the

nature of magnetic impurities could lead to a broken symmetry that

would not protect these surface states.

In order to understand TIs, we need to go back to the IQH effect, one

of the basic concepts in condensed matter physics. The electrons in

a two-dimensional (2D) system of classical electrons are affected by a

perpendicular external magnetic field orbit with cyclotron frequency

ω = eB/m. They are quantized in Landau levels, En = (n + 1/2)�ω.

These Landau levels are highly degenerate in the case of a strong mag-

netic field; therefore, the electrons would only occupy a limited number

of Landau levels. In this case, the IQH effect, the Hall conductivity is

quantized in integer units of e2/h and the current is along the edge of

the material. The integer coefficient in the quantized conductivity is

known as the Chern number. The systems with IQH effect have edge

states that go through their bulk gap.

As we mentioned above, any two arbitrary systems that can be re-

shaped into one another without closing the band gap are considered

to be topologically equivalent, as far as concerns band structure [90].
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Therefore the difference between an IQH system and an ordinary in-

sulator is their different topologies. In an IQH system, the number

described as the Chern number, the topological invariant, does not

change if the Hamiltonian varies adiabatically (smoothly). One can

relate the Chern number to the Berry phase, a phase difference of a

wavefunction whose system undergoes a cyclic adiabatic change [91].

The difference in the Berry phase of a trivial insulator and a TI is that

the Berry phase of the first one is zero, while that of the latter is an

integer times π [90] 1.

The momentum k is not a good label for the electronic states, because

in the presence of a magnetic field, the generators of the translations

do not commute with one another. Therefore, we are after a quantum-

Hall like effect that can be realized in the absence of a magnetic field,

and hence, we can facilitate our understanding by using the Bloch band

theory. The first theoretical example of this is the Haldane model in

which a zero magnetic field on average with proper spatial symmetries

of a honeycomb lattice is applied to graphene [77]. Haldane showed

that this theoretical example has a gap at the Dirac point of graphene

despite the zero average magnetic field, and more importantly, it has a

non-zero Chern number. Magnetic-doped TIs are other examples of the

Chern insulator systems where the time-reversal symmetry breaking is

provided by the magnetic dopant. This type of Chern insulator is also

called the quantum anomalous Hall insulator. The Chern insulators

can be understood when one edge state goes through the gap connect-

ing the valance band to the conduction band.

The Chern insulator, as we explained above, breaks the time reversal

symmetry due to its internal magnetization. However, the QSH effect is

another example of a topological phase; it does not require a magnetic

1Two years after the IQH effect, the fractional quantum Hall (FQH) effect was
discovered [92]. The FQH effect in which the Hall conductance is quantized at the
fractional units of e2/h, cannot be understood within the frame of band theory, and
it depends on the electron-electron interaction [93].
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field in contrast to the IQH effect. In fact, the spin orbit coupling plays

the role of magnetic field in QSH systems. The spin-Hall conductance

is quantized, while the charge conductance is exactly zero in the QSH

effect and the edge states cross the band gap. In the QSH system, the

Chern number cannot be used, since the Chern number for the Hall

conductivity of both spin channels would give zero. Therefore, instead

of the Chern number, another topological invariant, Z2, is used, which

takes the value of 1 for the QSH. The QSH system is considered as

a 2D topological insulator, with surface states crossing the band gap

with Dirac-like dispersion.

Different phases of matter would often be understood by spontaneously

broken symmetries, a concept that changed with a new classification

after the quantum Hall effect. This new classification is based on the

concept of topological order [94, 95]. The quantum Hall effect does

not break any symmetries, but it defines a topological phase, namely,

certain fundamental properties (such as the quantized value of the Hall

conductance and the number of gapless boundary modes) are insen-

sitive to smooth changes in material parameters and cannot change

unless the system passes through a quantum phase transition.

The top panels on the left and right in Figure 3.1 show an ordinary

insulator in which the outer electrons are localized around each atom.

In an ordinary insulator, a gap separates the conduction band from the

valance band. In the quantum Hall state, an applied magnetic field

localizes the outer electrons in the bulk and opens a gap. The gap is

crossed by edge states, which carry current. In the quantum spin Hall

state, counterpropagating currents of spin-up and spin-down electrons

give rise to a conductance of 2e2/h.

Before we begin the next section, we should mention that there is an-

other category of TIs, in addition to 2D TIs. Bi2Se3 and other materials

such as Bi2Te3 and Sb2Te3 belong to the family of 3D TIs, which host
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Figure 3.1: The three topologically-distinct states of various elec-
tronic states. There is a gap separating the conduction band from
the valance band in the insulator, and the outer electrons are lo-
calized around their atoms. In the quantum Hall regime, the gap
is crossed by the edge states (these states carry current). In the
quantum spin Hall regime, the edge states that cross the bulk band
gap carry currents of spin-up and spin-down electrons. The figure

is taken from Ref. [96].

gapless surface states on their surfaces [85, 87]. Due to their importance

in device applications, as well as their potential for a variety of exotic

physical phenomena, they have drawn tremendous attention in the past

decade. In Bi2Se3, a prototypical 3D TI, the topologically protected

surface states consist of a single Dirac cone with helical spin-texture,

which cross the bulk band gap. In the next section, we consider the

Bi2Se3 3D TI and its electronic properties in more detail.
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3.2 Bi2Se3 topological insulators

In this section we discuss some of the properties of Bi2Se3 topological

insulators that we use in two of our papers. Bi2Se3, a three-dimensional

(3D) topological insulator (TI) [90, 97] has a rhombohedral crystal

structure with a crystallographic R3̄m space group. It has a topologi-

cally non-trivial energy gap, and the surface states are described by a

single Dirac cone at the Γ point.

The unit cell consists of five atoms whose positions, in terms of primi-

tive vectors, are

Se2 : {0, 0, 0}
Se1 : {±ν,±ν,±ν}
Bi1 : {±μ,±μ,±μ} (3.1)

with internal coordinates, μ and ν, being 0.206 and 0.399, respectively.

The crystal is formed by stacking hexagonal monolayers of either Bi

or Se atoms arranged along the z-direction, known as quintuple layers

(QL). Figure 3.2 shows the crystal structure of Bi2Se3. Panel (a) in this

figure indicates the position of atoms in each QL, the primitive lattice

vectors (t1, t2 and t3) and one QL indicated by the red square. Panels

(b) and (c) show the top view along the z-direction and the stacking

of the atoms, respectively. Each QL includes two equivalent Se atoms

(named Se1 and Se1′ in Fig. 3.2c), two equivalent Bi atoms (named Bi1

and Bi1′ in Fig. 3.2c) and a third Se atom (denoted as Se2 in Fig. 3.2c).

The primitive lattice vectors in Fig. 3.2a are

t1 = {−a/2,−
√
3a/6, c/3}

t2 = {a/2,−
√
3a/6, c/3}

t3 = {0,
√
3a/3, c/3} (3.2)
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Figure 3.2: (a) Bi2Se3 crystal structure, t1,2,3 are three
primitive vectors and the red square indicates one quintuple
layer (QL). (b) The top view along the z-direction. A, B
and C are three different positions in the triangle lattice in
one quintuple layer. (c) Side view of Bi2Se3 crystal struc-
ture. The stacking order of Se and Bi atomic layers is
...C(Se1′)A(Se1)B(Bi1)C(Se2)A(Bi1′)B(Se1′)C(Se1).... An inver-
sion operation with Se2 atoms as the inversion centers can relate
the Se1 (Bi1) layer to the Se1′ (Bi1′) layer. The figure is taken

from Ref. [85].

where a = 4.138 Å and c = 28.64 Å are the Hexagonal lattice constants.

The path in the 3D Brillouin zone of Bi2Se3 can be defined as Γ−Z −
F −Γ−L where these high symmetry points are given as Γ = {0; 0; 0},
L = {π; 0; 0}, F = {π;π; 0} and Z = {π;π;π} in terms of the reciprocal

vectors (see Fig. 3.3). The high-symmetry k points Γ̄, K̄ and M̄ are la-

beled in the blue hexagon, which is then projected on the (111) surface

(see Fig. 3.3). Figure 3.4 is plotted to show the effect of spin-orbit inter-

action on the band structure of both bulk and slab Bi2Se3. In addition



Chapter 3. Topological Insulators 29

Figure 3.3: The Brillouin zone of Bi2Se3. Γ(0; 0; 0), L(π; 0; 0),
F (π;π; 0) and Z(π;π;π) are the four inequivalent time-reversal-
invariant k-points. The high-symmetry k points Γ̄, K̄ and M̄ are
labeled in the blue hexagon, which is then projected on the (111)

surface. The figure is taken from Ref. [85].

to that, this figure exhibits the energy gap of the bulk that disappears

with the presence of topological surface states at the Γpoint, when SO

is included in the calculations (compare Fig. 3.4(b) and Fig. 3.4(d)).

In order to plot these band structures, we used the full potential all-

electron linearized augmented plane waves method as implemented in

the WIEN2K package [98]. For the exchange correlation functional, we

used the generalized gradient approximation, known as GGA [99]. Two

panels on the left, 3.4(a) and 3.4(c), are plotted in the absence of spin-

orbit (SO) interaction, and 3.4(b) and 3.4(d) are with SO. The band

structures of bulk Bi2Se3 with and without SO are plotted in 3.4(a)

and 3.4(b). The gap at Γ point is Δ= 0.19 eV for panel 3.4(a) and Δ=

0.53 eV for panel 3.4(b). The semiconducting gap in panel 3.4(b) is

0.31 eV.

The band structure of a 1 × 1 × 6QL slab of Bi2Se3 for two cases of

without SO and with SO are plotted in Fig 3.4(c) and 3.4(d). A vac-

uum of 30 bohr is added along the [001] direction to avoid supercell

interaction. The gap at Γ point is Δ= 0.32 eV in panel 3.4(c) while it

reduces to Δ= 0.014 eV when SO is included (in panel 3.4(d)).

It is clearly visible from Fig. 3.4 that the characteristic features of the
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Figure 3.4: The band structure of bulk Bi2Se3 calculated with
WIEN2k (a) without spin-orbit (SO) interaction and (b) with SO.
The gap at Γ: (a) Δ= 0.19 eV, (b) Δ= 0.53 eV while the semi-
conducting gap is 0.31 eV. The band structure of a slab including
6QL of Bi2Se3 (c) without SO and (d) with SO. The gap at Γ: (c)
Δ= 0.32 eV, (d) Δ= 0.014 eV. In all panels the Fermi level is the

horizontal dashed line chosen as a reference zero energy.

bulk conduction and valence bands near the Γ point, namely the size of

the gap and the curvature of the bands, change when spin-orbit inter-

action is included. According to this figure, for the slab of Bi2Se3, the

topological surface states appear across the band gap, when spin-orbit

interaction is switched on.

Magnetic-doped topological insulators can take advantage of the spe-

cial spin properties of the surface states and the magnetic properties

of the dopants. Magnetic order in topological insulators can break the

time reversal symmetry with a variety of applications [1–5].

In Paper VII of this thesis [100], we use a supercell of Bi2Se3 (2× 2×
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6QL) to investigate single substitutional Mn impurities on the (111)

surface of Bi2Se3. We clarify the mechanism for the opening of a gap

at the Dirac point, which is provided by the spatial overlap and the

quasi-resonant nature of the coupling between the Mn-acceptor and the

topological surface states inside the bulk band gap of Bi2Se3. In addi-

tion, we present TB results to explain the effects of inversion-symmetry

and time-reversal-symmetry breaking on the electronic states in the

vicinity of the Dirac point.





Chapter 4

Theoretical Methods

The purpose of this chapter is to give an introduction to two methods,

used in this thesis to calculate the electronic structure of semiconduc-

tors and topological insulators. We briefly explain these methods in

the following sections and provide examples of band structures calcu-

lated within each model in order to make comparisons. However, there

is also another common approach to studying the electronic structure

of these materials, not used in this thesis, called k·p theory that we

describe in Appendix (Sec. 4.3).

4.1 Tight-binding theory

The tight-binding (TB) theory is a quantum mechanical model that is

intuitively very appealing for the problems of the electronic energy lev-

els in solids. It is computationally favorable for dealing with problems

where the number of atoms totals much more than the ≈ 100 atoms
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that DFT-based approaches usually deal with.

The TB approach suggested by Slater and Koster [101] is based on a lin-

ear combination of atomic orbitals that are located at different atomic

position; this was originally suggested by Bloch [102]. The translational

symmetry of the lattice enforces the following

Φn,k,i(r) =
1√
N

∑
R

eik·(R+di)φn(r −R− di), (4.1)

where di is the atomic position from the origin of the cell at R. The

wave function for the crystal can be obtained from Eq. 4.1.

ψk(r) =
∑
n,i

cn,i(k)Φn,k,i(r). (4.2)

In this equation, Eq. 4.2, cn,i(k) are the k-dependent coefficients. Ac-

cording to the Bloch theorem we have

ψk(r +R) = eik·Rψk(r). (4.3)

We now insert Eq. 4.3 into the Schrödinger equation

H |ψk〉 = Ek |ψk〉 (4.4)∑
n,i

Hmj,ni(k)cn,i(k) = Ek

∑
n,i

Smj,ni(k)cn,i(k),
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where Hmj,ni(k) and Smj,ni(k) are according to the following

Hmj,ni(k) =

∫
Φ∗

mj,k(r)HΦni,k(r)dr

=
1√
N
eik·(di−dj)

∑
R,R′

eik·(R−R′)
∫
φ∗m(r −R′ − dj)Hφn(r −R− di)dr

=
1√
N
eik·(di−dj)

∑
R,R′

eik·(R−R′)Hmj,ni(R+ di −R′ − dj)

= eik·(di−dj)
∑
R′′

eik·R
′′
Hmj,ni(R

′′
+ di − dj),(4.5)

and

Smj,ni(k) =

∫
Φ∗

mj,k(r)Φni,k(r)dr

=
1√
N
eik·(di−dj)

∑
R,R′

eik·(R−R′)
∫
φ∗m(r −R′ − dj)φn(r −R− di)dr

=
1√
N
eik·(di−dj)

∑
R,R′

eik·(R−R′)Smj,ni(R+ di −R′ − dj)

= eik·(di−dj)
∑
R′′

eik·R
′′
Smj,ni(R

′′
+ di − dj).(4.6)

Equation 4.5 is called the Hamiltonian matrix. The term Hmj,ni(R
′′
+

di − dj) in this equation describes the amplitude of the hopping of

an electron between φn(R + di) and φm(dj) under the potential de-

scribed in the Hamiltonian H. This term would be called the hopping

term, tmj,ni(R
′′
+ di − dj) = Hmj,ni(R

′′
+ di − dj). The on-site term

that would describe the situation in which R
′′
= 0 and di − dj = 0 is

tmj,ni(0) = εnδm,n.

The Hamiltonian matrix, in general, can be four different types. First,

the case that is called the on-site integral in which the two wave func-

tions and the potential in the Hamiltonian H are all centered on the

same atom. Second, The potential and one of the wavefunctions are on
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Figure 4.1: Band structure of GaAs along the high symmetry
point in the Brillouin zone, calculated with tight-binding. (a) with-

out spin-orbit interaction (SOI), (b) with SOI.

one atom, while the other wavefunction is centered on another atom.

This is called a two-center integral. Third, a three-center integral where

both wavefunctions and the potential are on three different atoms.

Fourth, the two wavefunctions are on the same atom, but different

from the atom that the potential is centered on. In practice the contri-

bution from the three-center integrals is negligible and the fourth term

can be included in the on-site term. This is, in fact, the two-center ap-

proximation introduced by Slater and Koster [101] in which the matrix

elements only depend on the vector connecting two atoms. The Eq.4.6

is called the overlap matrix and takes into account the overlap between

φm(r − dj) and φn(r −R− di).

Before we explain the TB model of MnGaAs used in several of the

papers in this thesis, we show a typical band structure of GaAs, cal-

culated with the TB model. Figure 4.1 shows the band structure of

GaAs along the high symmetry point in the Brillouin zone, calculated

with the TB model with the same parameters as in the first paper of

this thesis. For the panel on right (panel 4.1(a)), without spin-orbit



Chapter 4. Theoretical Methods 37

interaction, we construct the 8×8, k-dependent Hamiltonian for the s

and p-orbitals of Ga and As atoms. Diagonalizing the Hamiltonian for

different k vectors, gives us the panel. 4.1(a). The band gap, ≈ 1.5 eV,

is close to the experimental value1. The panel on the bottom shows

similar band structure when spin-orbit is included. Inclusion of the

spin-orbit interaction results in the panel 4.1(b). We discuss the states

on the bottom of the conduction band and on the top of the valence

band, in the description of Figure 4.5.

In the research related to this thesis, we use the tight-binding approach

to describe a transition-metal (TM) doped GaAs structure. We use

a multi-orbital TB model to describe TM impurities substituting Ga

atoms in GaAs, which is the most energetically stable position for Mn

as well as Fe in GaAs. This substitution results in one fewer electron,

since the 4p1 electron of replaced Ga is now missing. The 3d5 valance

electrons of Mn are split into a three-fold degenerate t2g and a two-fold

degenerate eg state by a GaAs crystal field. Since the p orbitals of As

dangling bonds are t2g-like, therefore Mn t2g states hybridize with As

p orbitals, and the Mn eg states remain mainly unperturbed [103].

Our TB model of the Mn impurities in GaAs includes the s and p-

orbitals for all Ga and As atoms, and the s, p and d-orbitals for the

impurity atoms.

We would like to make a distinction here between two models that are

used in this thesis. The first model that is used in the first, fourth

and fifth papers, we refer to as the classical-spin model and treat the

Mn d-orbitals classically. The second model that is used in the second

and third papers, we refer to as the quantum d-level model where the

TM impurity d-orbitals are introduced explicitly. We will explain this

distinction in the following in more detail.

Introducing the d-orbitals for the impurities only, and not for the Ga

1 Check Fig. 4.3 for the comparison of band gap calculated with DFT.
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atoms, is justified by the fact that, as we show in Paper II, the d-levels

of Ga are located far below (≈ 15 eV) the Fermi level (see Fig.4 in

Paper II).

The second-quantized TB Hamiltonian for (Ga, TM)As takes the fol-

lowing form

H = HGaAs +HTM +HLRC. (4.7)

The first term in Eq. (4.7) is the TB Hamiltonian for the GaAs host

(with the exclusion of the Ga atoms replaced by the TM impurity). It

is the sum of two terms

HGaAs =
∑

ij,μμ′,σ

tijμμ′a
†
iμσajμ′σ +

∑
i,μμ′,σσ′

λi〈μ, σ|�L · �S|μ′, σ′〉a†iμσaiμ′σ′ .

(4.8)

where the first term is the usual TB-band Hamiltonian for bulk GaAs [104]

written in terms of Slater-Koster parameters (tijμμ′) [101, 105] represent-

ing both on-site energies and nearest-neighbors hopping amplitudes.

The second term, one-body term, models the on-site spin-orbit inter-

action (SOI) in GaAs, with the values of the re-normalized spin-orbit

splittings λi taken from Ref. [104].

In Eq. 4.8, a†iμσ and aiμσ are electron creation and annihilation oper-

ators; i and j are atomic indices that run over all atoms other than

the impurity; μ and μ′ are orbital indices and σ =↑, ↓ is a spin index

defined with respect to an arbitrary quantization axis.
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The second term in Eq. (4.7) describes the TM impurity and its cou-

pling to the atoms of the host. We have

HTM =
∑

i,m,μ,ν,σ

(
timμνa

†
iμσamνσ + tim�

μν a†mνσaiμσ
)

+
∑
m,ν,σ

εmνσa
†
mνσamνσ

+
∑

m,μμ′,σσ′
λm〈μ, σ|�L · �S|μ′, σ′〉a†mμσamμ′σ′ , (4.9)

where a†mνσ and amνσ are creation and annihilation operators at the im-

purity site m and the orbital index ν runs over the s, p, and d-orbitals

(depending on the model). The first term in Eq. (4.9) describes a

hopping between the impurity and its As nearest-neighbors. For the

Slater-Koster hopping parameters between the impurity d-orbitals and

the nearest-neighbor As s and p-orbitals, we use the same values as for

the corresponding hopping parameters between Ga and As, which are

available in the literature. [106] The second term in Eq. (4.9) repre-

sents on-site energies of the impurity for a given orbital. The d-orbital

energies εmdσ are only included in the quantum d-level model. As a

first estimate of the on-site d-orbital energies, we use the values of the

exchange-split majority and minority d-levels, which can be identified

in the spin-resolved and orbital-resolved density of states (DOS) of the

impurity, calculated with DFT. The exact procedure and the choice of

the d-orbital on-site energies for specific cases of Mn and Fe in GaAs

are discussed in Paper II. The last term in Eq. (4.9) is an on-site spin-

orbit coupling term for the impurity atom, analogous to the one given

in Eq. (4.8). The spin-orbit coupling terms will cause the total ground-

state energy of the system to depend on the direction of the impurity

magnetic moment, defined with respect to an arbitrary quantization

axis. This is the origin of the magnetic anisotropy energy.
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Finally, the third term in Eq. (4.7)

HLRC =
e2

4πε0εr

∑
m

∑
iμσ

a†iμσaiμσ
|�ri−�Rm| (4.10)

is a long-range repulsive Coulomb potential that is dielectrically screened

by the host material (the index m runs over all impurity atoms). This

term prevents extra electrons from approaching the impurity atom too

closely and therefore, prevents it from charging. This contributes to lo-

calizing the acceptor hole around the impurity. The dielectric constant

εr for the impurity on the GaAs surface is reduced from the bulk GaAs

value in order to mimic a weaker dielectric screening at the surface (12

for bulk and 6 for the surface). This crude choice is qualitatively sup-

ported by experimental results [107].

As already mentioned above, in the modeling of the TM impurity in

the quantum d-level model, TM impurity d-orbitals are introduced ex-

plicitly. In the classical-spin model [35], the d-orbitals are integrated

out and their spin-dependent hybridization with the As p−orbitals is

represented by the following effective spin Hamiltonian

Hclass−spin = Jpd
∑
m

∑
i[m]

�Si · Ω̂m. (4.11)

Eq. 4.11 describes the antiferromagnetic exchange coupling (with cou-

pling constant Jpd > 0) between the TM impurity spin Ω̂m (treated as

a classical vector) and the nearest-neighbor As p-spins

�Si = 1/2
∑
πσσ′

a†iπσ�τσσ′aiπσ′ . (4.12)
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The electronic structure of GaAs with a single substitutional Mn or Fe

impurity atom in Papers I and II, is obtained by performing supercell-

type calculations with a cubic cluster of 3200 atoms and periodic bound-

ary conditions in either 2 or 3 dimensions, depending on whether we

are studying the (110) surface or a bulk-like system. This size of the

cluster, later on, increases to ≈ 10, 000 atoms to study the effects of As

vacancies on the Mn atom for different separation between them and

to be able to address some of the experimental findings. The limit of

the size of the cluster has increased up to 50,000 atoms in Paper III,

where we address some of the size effects on the magnetic anisotropy

energy.

For clusters larger than 3200 atoms, we use the Lanczos method which

allows us to compute eigenvalues in a narrow window of interest (typi-

cally a few eigenvalues around the expected position of the Mn acceptor

in the gap). The outputs of the two methods are systematically com-

pared to ensure the stability of the results against the variation of the

diagonalization procedure.
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4.2 Density Functional Theory

Hohenberg-Kohn in 1964 [108] and one year later Kohn-Sham (1965) [109]

introduced Density Functional Theory (DFT) in two important papers.

DFT is one of the most successful methods that is used for calculating

not only the electronic structure of atoms, molecules and solids, but

also electric and magnetic properties, atomization energies, molecular

structures, vibrational frequencies, ionization energies, etc. It is used

nowadays for a vast variety of problems including spin polarized sys-

tems, time-dependent phenomena, superconductors, relativistic elec-

trons, etc. DFT in its original form would be used to calculate the

ground state properties of the system where the electronic density plays

a crucial role. In order to understand the underlying physics behind

the DFT approach, we start with a many-body problem.

A solid is a collection of many particles including electrons and nuclei.

This is a many-body problem that needs to be treated with quan-

tum mechanics. The time-independent, non-relativistic Hamiltonian

for such system is [110]

−�
2

2

∑
i

∇2
Ri

Mi
− �

2

2

∑
i

∇2
ri

me
− 1

4πε0

∑
i,j

e2Zi

|Ri − rj | +
1

8πε0

∑
i �=j

e2

|ri − rj |

+
1

8πε0

∑
i �=j

e2ZiZj

|Ri −Rj |(4.13)

The first term is the kinetic energy of the nuclei with mass Mi at Ri;

the second term is the kinetic energy of the electrons with mass me at

ri. The remaining three terms are the Coulomb interactions between

electrons and nuclei, between electrons and other electrons, and be-

tween nuclei and other nuclei. The exact solution to this Hamiltonian

is far more complicated than it looks. Therefore, we need to make some

approximations.
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Since the nuclei are much heavier than the electrons, it is a physically

relevant approximation to assume that the nuclei are not moving. This

approximation, the Born-Oppenheimer approximation (BOA), makes

the first term in Eq. 4.13 be zero and the last term be a constant.

The new Hamiltonian, after the Born-Oppenheimer approximation, is

still too difficult to solve exactly. In addition to the Born-Oppenheimer

approximation, there is the Hartree approximation. With the Hartree,

we neglect the interaction among the electrons and therefore, we treat

an interacting electron gas in the mean field potential generated by

the other electrons. Another approximation is the Hartree-Fock ap-

proximation in which we include the exchange correlation between the

electrons by adding a single Slater determinant. There are two contri-

butions in electron correlation: the correlation between the electrons

with parallel spin (exchange correlation) and the correlation between

the special position of the electrons (electron or Coulomb correlation).

Although the Hartree-Fock approximation works well for atoms and

molecules, it is less accurate for solids. We will not explain the Hartree

and Hartree-Fock approximations here, but instead focus on the more

modern and possibly more powerful approach (DFT).

There are other approximations entering the DFT for which we first

need to explain the consequences of two theorems of Hohenberg and

Kohn. The conclusion of the first theorem, which states that there is

a one-to-one correspondence between the ground-state density and the

external potential, is that one can extract a unique electronic density

corresponding to a given external potential related to a many-body sys-

tem. Any physical observable can then be calculated as a functional of

this density. The second theorem states

Etot
GS(ρ) = 〈T + V 〉+ 〈Vext〉 , (4.14)
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where the first term on the right-hand side is called the Hohenberg-

Kohn density functional. It does not include any information about the

nuclei and their positions, and therefore it is universal for any atom,

molecule or solid. From the second term on the right-hand side, we

conclude that the ground state total energy functional reaches its min-

imum for the ground state that corresponds to the external potential.

Let us assume that Texact and Vexact are the exact kinetic and potential

energy functionals of the system. Then, the exact ground state energy

functional will be

Eexact(ρ) = Texact + Vexact. (4.15)

Now if we assume that T0 is the kinetic energy of non-interacting elec-

tron gas and VHartree and Vx are the Hartree and the exchange poten-

tial, respectively, then

EHF (ρ) = T0 + VHartree + Vx. (4.16)

Now, the contribution of the correlation functional will be

Eexact(ρ)− EHF (ρ) = Texact − T0 = Vcorr, (4.17)

where Vcorr is the correlation functional, and the sum of VHartree and

Vx potential is exactly equal to Vexact. Therefore, equation 4.14 can be

written as

Etot
GS(ρ) = T0(ρ) + VHartree(ρ) + Vx(ρ) + Vcorr(ρ) + Vext(ρ). (4.18)

Eq. 4.18 shows that the ground state energy functional consists of three

parts; the first two terms describe a non-interacting electron gas, the

second two terms are the potential due to exchange and correlation

(the exchange-correlation function) and the last term is the external
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potential. The corresponding Hamiltonian is

ĤKS = T̂0 + V̂Hartree + V̂xc + V̂ext, (4.19)

where ĤKS is the Kohn-Sham Hamiltonian and V̂xc = V̂x+ V̂corr is the

exchange-correlation potential. After solving the Kohn-Sham Hamil-

tonian, the exact ground state density of the system can be obtained

using the single-particle wavefunctions.

There are some important remarks to make here; first, solving the corre-

sponding Schrödinger equation would lead to coupled differential equa-

tions due to the electron-electron interaction. Second, the single parti-

cle energies and wavefunctions that are the N lowest-energy solutions

of the Kohn-Sham equation, are not the energies and wavefunctions

of electrons. These single particle energies and wavefunctions describe

mathematical quasi-particles, but they are not physically meaningful.

Third, the ground state density obtained based on these wavefunctions

is equal to the electronic density [110].

The single particle wavefunctions used to build the density are the solu-

tion of the Kohn-Sham equation in which the VHartree and Vxc depend

on the density. This is a self-consistent problem. The procedure to

solve this problem is shown in Fig. 4.2. According to Fig. 4.2, the

procedure starts with an initial density that is guessed. Then the two

density dependent functionals (VHartree and Vxc) are calculated. After

solving the Kohn-Sham equation, the single particle wavefunctions are

used to build the new density. After a series of repetitions, if the new

density differs by less than a convergence criterion, then the density is

the final density and can be used to extract all necessary quantities.

It is important to emphasize that aside from the BOA, the above so-

lution is exact if the exchange correlation functional is known. Here

is where the approximation enters the equation, since it is more often

that we do not know this functional.
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Figure 4.2: Flow chart of a self-consistent procedure to solve the
Kohn-Sham Hamiltonian and obtain the converged density.

The local Density Approximation (LDA) is an approximation for the

exchange-correlation functional. In LDA, we divide the material into

many infinitesimal volumes with a constant density whose contribution

to the exchange-correlation energy is equal to the exchange-correlation

energy of a homogeneous electron gas within that volume. The density

of this homogeneous electron gas is assumed to be equal to the density

of material within that volume. LDA is expected to be more accurate

for materials with smoothly varying density.

Another approximation for the exchange-correlation functional is called
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the Generalized Gradient Approximation (GGA). As the name sug-

gests, in this approximation, the contribution of each tiny volume not

only depends on the local density, but also on the gradient of the den-

sity. LDA does not include the inhomogeneities of the real charge

density; therefore the exchange-correlation energy of the system can be

very different from the homogeneous electron gas. Therefore GGA in

these cases performs better. However, the disadvantage of GGA is that

there are several GGAs depending on how one incorporates the density

gradient, while there is only one LDA exchange correlation functional.

After choosing the proper exchange-correlation operator, we solve Eq. 4.19

to calculate the single-particle wavefunctions, which are expanded in a

basis set. Therefore, we are dealing with an eigenvalue problem.

For periodic systems such as semiconductors, the DFT method usually

underestimates the band gap, while methods based on the Hartree-

Fock (HF) tend to overestimate the band gap. So, in practice, one way

to avoid the incorrect size of the energy gap is to mix DFT with HF.

Another shortcoming of DFT is the incorrect estimate of the binding

energy when it comes to transition metal impurities in a semiconduc-

tor. There are some corrections (Gradient corrected approximations)

to DFT that would improve the estimate of binding energy. Another

disadvantage of DFT is that it cannot be systematically improved. The

only improvements that can be made are in the basis set, since there is

only one level of theory. Figure 4.3 shows the band structure for bulk

GaAs calculated with DFT (using the WIEN2k package). According to

this figure, a known shortcoming of DFT, underestimation of the band

gap, is visible. The band gap in this figure is ≈0.7 eV, while the exper-

imental band gap for GaAs is more than twice this value. According

to Fig. 4.1, in Sec. 4.1, the energy gap calculated with tight-binding is

very close to its experimental value.

When it comes to impurities and localized electrons, an issue with
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Figure 4.3: Band structure of bulk GaAs along the high symmetry
point in the Brillouin zone, calculated with WIEN2k.

DFT-based calculations is that the LDA and the GGA often give qual-

itatively wrong results, providing incorrect impurity states or too small

magnetic moments. One possible improvement in the case of 3d tran-

sition metal impurities, is to add U to LDA/GGA. The Hubbard U

term, tends to localize the majority d-shell electrons in these impurities

and push them deeper in the valance band.

To illustrate this effect, we plot Figure 4.4, where the spin-resolved

DOS for the d-orbitals of the Mn dopant in bulk GaAs for two values

of U is plotted. This figure shows how the majority-spin is pushed in

the valance band when U = 4 eV. The spin magnetic moment of the

Mn in bulk GaAs increases from 3.7 to 4.3 when U changes from 0 to

4 eV. This is because of the increase of majority-spin and the decrease

of the minority-spin d electrons.

Determination of the value of U is a complicated issue in com-

putational material science, details of which were first addressed in

Ref. [111]. The value of U is usually chosen to match photoemis-

sion spectra, and in our calculation, we use the value of U following
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Figure 4.4: Spin-resolved DOS for the d-orbitals of the Mn dopant
in bulk GaAs for U = 0 (top panel) and U = 4 eV (bottom panel).
The vertical dashed line at E = 0 denotes the position of the Fermi

level.

Ref. [112].

The DFT calculations in this thesis are performed using the full-potential

all-electron method with the basis consisting of linearized augmented

plane waves combined with local orbitals (LAPW+lo), as implemented

in the WIEN2k package [98]. We use the GGA with the Perdew-Burke-

Ernzerhof (PBE) exchange correlation functional [99].
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4.3 Appendix

4.3.1 k·p theory

In this section we briefly touch upon the k·p theory. This theory is

an application of the perturbation approach in which the wavefunc-

tions and energy bands are calculated in the vicinity of some special

k-points. Different derivations and formulations using this theory make

this perturbative approach one of the most widely used and computa-

tionally inexpensive methods in computational materials science. Some

of this extensions and formulations [113–122] are commonly used to de-

scribe physical properties of micro and nanostructures. For instance,

the Luttinger-Kohn Hamiltonian [113] obtains an effective mass equa-

tion for bulk by using k·p theory, which can be used for a heterostruc-

ture by symmetrizing the Hamiltonian with regard to the k operator

based on some sort of envelope function theory. Burt, on the other

hand, [114–118] avoided the symmetrization by using the exact enve-

lope function theory. k·p theory has been used to describe impurities in

semiconductors, but special treatment of the general theory is necessary

to reproduce some of the physical properties. For instance, in the k·p
approach, the acceptor states of an impurity atom are calculated by an

additional short-range potential to the Coulomb potential [123, 124].

On the other hand, an sp3 nearest-neighbor tight-binding model gives

reasonably accurate physical properties of the system. In this thesis, we

have used the tight-binding and density function methods, explained

in previous sections. Therefore, describing the k·p theory in its full

capabilities is rather peripheral to the research that this thesis is based

on. However, we briefly explain it, since it is one of the most common

methods to calculate the electronic structure of semiconductors.

In the following we explain the derivation of the k·p theory, and we
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solve, as an example, the 4-band Hamiltonian, and we extract the en-

ergy functions and effective masses.

An electron in a solid undergoes the periodic potential of ions at each

atomic position. The localized electrons bound to each atom, mod-

ify this potential, and the result is an effective potential, Veff . The

Hamiltonian describing the system is [125]

(
− �

2

2m0
∇2 + Veff +

�

4m2
0c

2
(σ ×∇V ) · p̂

)
|ψn,k〉 = Enk |ψn,k〉 . (4.20)

The first term in Eq. 4.20 is the electron kinetic energy, and m0 is

the electron free mass. The second term is the effective potential. The

third term is the spin-orbit interaction, where σ is the Pauli matrix and

p̂ is the momentum operator. The indices, n and k in this equation are

the band and the electron wavevector indices, respectively. Transla-

tional symmetry of the lattice enforces the Bloch theorem in which the

wavefunction |ψn,k〉 follows

〈r +R|ψn,k〉 = eik·R 〈r|ψn,k〉 , (4.21)

where R is the lattice vector. The Bloch wavefunctions are

〈r|ψn,k〉 = eik·r 〈r|.n, k〉 (4.22)

By substituting Eq. 4.22 in Eq. 4.20 and with some simplification, we

obtain the eigenvalue equation for |n, k〉, the lattice periodic function,
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in Eq. 4.23.

⎛
⎜⎜⎜⎜⎜⎝− �

2

2m0
∇2 + veff +

�

4m2
0c2

(σ×∇V )·p+ �

m0
k·
(
p+ �

4m0c2
(σ×∇V )

)

︷ ︸︸ ︷
�

4m2
0c

2
(σ ×∇V ) · (�k + p) +

�k · p
m0

⎞
⎟⎟⎟⎟⎟⎠ |n, k〉

=

(
Enk − �

2k2

2m0

)
|n, k〉 .(4.23)

Equation 4.23 can be written as

(
H +

�

m0
k · ṕ

)
|n, k〉 =

(
Enk − �

2k2

2m0

)
|n, k〉 , (4.24)

where H is the left-hand side of the Eq. 4.20, and ṕ is

ṕ =
�

m0
k ·
(
p+

�

4m0c2
(σ ×∇V )

)
. (4.25)

Equation 4.24 can be solved using the perturbation theory. It is re-

written as

(H + λH1) |n, k〉 =
(
Enk − �

2k2

2m0

)
|n, k〉 . (4.26)

We treat the second term in the left-hand side of Eq. 4.24 as a pertur-

bation with H1

H1 =
�

m0
k · ṕ. (4.27)

The parameter λ is to track the expansions in terms of λ which we will

put λ = 1 in the end. If we assume the eigenenergies and eigenstates of

the Hamiltonian H at k0 are known, we can use perturbation theory to

compute them in the vicinity of k0. In the following, we will consider

the case k0 = 0, but the following procedure can be extended to any
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k0.

If we apply the perturbation theory to solve the Schrödinger equation,

we get

Enk = E
(0)
nk + E

(1)
nk + E

(2)
nk +O(λ(3))

|n, k〉 = |n, k〉(0) + |n, k〉(1) + |n, k〉(2) +O(λ(3)), (4.28)

where the numbers in parenthesis indicate the expansions in terms of

λ. Inserting Eqs. 4.28 into Eq. 4.24 we get

|n, k〉(0) = |n, 0〉 , |n, k〉(1) =
∑
m �=n

〈m, 0 |H1|n, 0〉
E0

n0 − E0
m0

,

and

E
(0)
nk = E0

n0, E
(1)
nk = 〈n, 0 |H1|n, 0〉 = 0, E

(2)
nk =

∑
n �=m

|〈n, 0 |H1|m, 0〉|2
E0

n0 − E0
m0

.

The reason for E
(1)
nk = 0 is that the eigenstates |n, 0〉 have definite parity

due to the inversion symmetry of H0. For semiconductors with inver-

sion symmetry (e.g., bulk III-V semiconductors) |〈n, 0 |p̂x|m, 0〉|2 =

|〈n, 0 |p̂y|m, 0〉|2 = |〈n, 0 |p̂z|m, 0〉|2 and therefore the eigenvalues can

be written as

E
(0)
nk = En0 +

�
2k2

2mn,eff
,

where

1

mn,eff
=

1

m0

⎛
⎝1 +

2

m0

∑
n �=m

|〈n, 0 |pi|m, 0〉|2
E0

n0 − E0
m0

⎞
⎠ .
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4.3.1.1 4-band model

In the following, we will explain the 4-band model in which the conduc-

tion band (CB) couples to the valance band (VB) and the spin-orbit

effect is neglected. The bottom of the conduction band in typical III-V

semiconductors (e.g., GaAs) consists of a s band, and the top of the

valance band consists of three doubly degenerate l = 1 bands (|pi〉 with
i = x, y, z). In this model the coupling is only between the s band and

the three doubly-degenerate p bands that are closest in energy. In order

to calculate the effective mass, we only need to compute the following

matrix elements

〈s |p̂i| pj〉 = pδi,j , 〈pj |p̂i| pk〉 = 0. (4.29)

Therefore the effective mass for the conduction band is

1

mCB
eff

=
1

m0
+

2 |p|2
m2

0 (E
CB − EV B)︸ ︷︷ ︸

Eg

. (4.30)

In order to simplify the calculation of the effective mass for the valance

band, we can choose the k vector along one of the Cartesian axes [126].

Based on this particular choice only one of the three degenerate valance

bands couples to CB according to Eq. 4.29. Therefore the effective mass

for the valance band is

1

mV B
eff

=
1

m0
− 2 |p|2
m2

0Eg
. (4.31)

For calculating the energy band and retrieving the equations for ef-

fective mass, we need to solve the Eq. 4.24. The eigenfunction unk

with n = s, px, py, pz can be expanded in terms of the Hamiltonian H0.
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Therefore

H0un0 = Enun0, and

{
Es = ECB

Epi
= EV B .

(4.32)

Now the Eq. 4.24 can be written

(
H0 +

�

m0
k · p

)∑
m

cn,m |m, 0〉 =
(
Enk +

�
2k2

2m0

)∑
m

cn,m |m, 0〉 .(4.33)

In the matrix representation, we need to solve

⎛
⎜⎜⎜⎜⎝

ECB
0 + �

2k2

2m0

�kxp
m0

�kyp
m0

�kzp
m0

�kxp
∗

m0
EV B

0 + �
2k2

2m0
0 0

�kyp
∗

m0
0 EV B

0 + �
2k2

2m0
0

�kzp
∗

m0
0 0 EV B

0 + �
2k2

2m0

⎞
⎟⎟⎟⎟⎠ .

(4.34)

After solving the determinant for the eigenvalue problem, we get the

energy bands

Enk = EV B +
�
2k2

2m0
,(4.35)

Enk =
ECB + EV B

2
±
√(

ECB − EV B

2

)2

+

(
�k |p|
m0

)2

+
�
2k2

2m0
,(4.36)

where the first eigenvalue is doubly degenerate. The effective mass in

Equations 4.30 and 4.31 can be obtained from the Eq. 4.37 up to the
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second-order in k.

Enk = ECB +
�
2k2 |p|2
m2

0Eg
+

�
2k2

2m0
,

Enk = EV B − �
2k2 |p|2
m2

0Eg
+

�
2k2

2m0
(4.37)

There are different models that are used for direct or indirect band gap

semiconductors. The 3-band model can be used to calculate the valence

bands in Ge or Si. The 6-band model is the general case of the 3-band

model when we include the spin-orbit interactions. The extension of

the above model (the 4-band model) is when we consider the spin-orbit

interaction. The spin-orbit interaction can be treated as a perturbation

applied on unk which then leads to lifting some of the degeneracy of

the valance band states. This model is called the 8-band model. We

can either take into account the coupling between the CB and the VB

in which the other bands are neglected, or we can include the other

bands by using the Löwdin perturbation theory [127].

Figure 4.5 is a schematic band structure using the k·p theory with

spin-orbit interaction. The conduction band (CB) is doubly degener-

ate. In the case of GaAs, the conduction bands result primarily from

the outermost occupied atomic Ga s-states. The top of the valence

band, the so called heavy hole (HH) and light hole (LH), is fourfold

degenerate. It originates from the outermost atomic As p-states in the

case of GaAs. The so called split-off band is doubly degenerate. It is

separated by the energy Δ (the spin-orbit splitting) from the top of the

valence band. This splitting is small for materials composed of lighter

atoms, such as Si, but may be quite large in materials with heavy atoms.

In the case of GaAs, this splitting is Δ =0.3 eV . Due to the lack of the

inversion symmetry in GaAs, there exists a very small spin-splitting

(in the presence of spin-orbit interaction) at some k-points away from

the Γ-point in the Brillouin zone. This small spin splitting which is
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Figure 4.5: Schematic view of the band structure of a semicon-
ductor using the k·p theory.

Table 4.1: The eigenstates of J2 and Jz and their corresponding
energy

|J,mJ〉 Energy

|1/2, 1/2〉 0
|1/2,−1/2〉 0
|3/2, 3/2〉 -ε0
|3/2,−3/2〉 -ε0
|3/2, 1/2〉 -ε0
|3/2,−1/2〉 -ε0
|1/2, 1/2〉 -ε0 −Δ
|1/2,−1/2〉 -ε0 −Δ

of the order of 10−5 eV has been neglected in this figure [128]. If one

writes the Bloch basis function at k = 0 in terms of the eigenstates of

J2 and Jz, their energy is given in Table 4.1. The state from which the

conduction band is constructed (L = 0) is not affected (J = 1/2), while
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the state from which the valence band is built (L = 1) is split into two

states with J = 3/2 and J = 1/2. The first two rows in Table 4.1 are

for L = 0 and the last six are for L = 1.



Chapter 5

Local Density of States

and

Magnetic Anisotropy

In this chapter, we describe the theoretical procedure used to calcu-

late two important quantities that are used in several of our papers,

namely, the local density of states (LDOS) and the magnetic anisotropy.

5.1 Local density of states

One of these quantities, used throughout the thesis, is the LDOS. We

calculate the LDOS of single-particle levels that are of interest to us,

mainly the acceptor level, but also As vacancy states. This quantity is

59
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related to STM topographic images and provides a means to compare

our theoretical results with corresponding experiments, e.g., STM im-

ages of Mn [59] and Fe [60] in GaAs. However, exact correspondence

is not expected due to many-body effects beyond our approximation.

In the case of the Mn acceptor, which is deep in the GaAs gap, the

addition or removal of an electron by an STM causes a change in the

potential seen by other electrons, not captured in our model.

We calculate the LDOS by projecting the eigenvector associated with

the level that we are interested in, onto the surface sites. The LDOS

of the n−th eigenvalue on a given atom i is the sum of the absolute

square of the coefficient of the acceptor eigenvector after diagonalizing

the Hamiltonian as

〈ψn |Pi|ψn〉 =
∑
μσ

∣∣cniμσ∣∣2 (5.1)

where μ and σ are the orbital and spin indices, and Pi =
∑

μσ |iμσ〉 〈iμσ|
projects out the LDOS of atom i. The plots for the LDOS are produced

in a similar approach to the one used in Ref. [61]. In order to simulate

the finite resolution of an STM tip, we position a Gaussian function on

each atomic site with a magnitude equal to the LDOS of that atom.

The width of this function at half of its maximum is equal to half

the nearest-neighbor distance. For a single eigenvalue, the sum of the

LDOS for all atoms is normalized to one.

Figure 5.2 shows the Mn acceptor, calculated with our TB model in

panel (a) and STM topography in panel (b) which are in reasonable

agreement.
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Figure 5.1: LDOS for the Mn acceptor, (a) calculated within
our TB model and (b) STM topography. Panel (b) is taken from

Ref. [59].

5.2 Magnetic anisotropy

The interest in magnetic materials has gone through a tremendous

boost due to their applications in sensing and magnetic data storage.

Regardless of the application of the magnetic materials, the direction

of the magnetization is a key property of these materials, which deals

with the magnetic anisotropy. The magnetic anisotropy causes the total

energy of the system to depend on the direction of the magnetization

according to the atomic arrangement. It is the maximal variation of

the total energy.

There are two main sources of magnetic anisotropy, shape anisotropy

and magnetocrystalline anisotropy. Shape anisotropy is important in

nanowires and magnetic nanostructures composed of soft magnetic ma-

terials, such as Fe, Co and Ni particles [129]. It originates from dipole

interactions and plays an important role in elongated nanoparticles.

However, the origin of the anisotropy of most materials is magne-

tocrystalline anisotropy which is the competition between the static

crystal field and spin-orbit interactions. The electron orbits reflect

the anisotropic crystalline environment caused by the crystal field act-

ing on the orbits of d or f electrons. Then, this anisotropic motion
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of electrons translates into the magnetic anisotropy due to spin-orbit

interaction [129]. The magnitude of this anisotropy depends on the

ratio between the spin-orbit and the crystal field energy. The magnetic

anisotropy energy is the required energy to deflect the magnetic mo-

ment from the direction of lowest energy (the easy axis) to the direction

of highest energy (the hard axis). Two easy and hard directions are

originated from the interaction of the magnetic moment with the crys-

tal lattice due to spin-orbit interaction. In the following, we explain

the procedure used in our tight-binding approach to calculating the

magnetic anisotropy energy.

In our tight-binding (TB) model of (Ga, Mn)As, we use two different

approaches for Mn impurities. In one approach that is used in Paper

I and IV, we treat the Mn d-orbitals classically, and the hybridiza-

tion between these orbitals and the p-orbitals of the nearest-neighbor

As atoms is taken into account as an effective spin-dependent potential

(classical-spin model). In the second model that is used in Paper II and

III, quantum d-level model, the Mn d-orbitals are explicitly included in

the TB model. In addition to how we model Mn d-orbitals, we either

use the full diagonalization method for relatively smaller clusters (3200

atoms) or the Lanczos method for larger clusters (up to 50 000 atoms).

In the following, we briefly explain a property of the system that will

allow us to use the Lanczos method for the calculation of MAE, in the

classical-spin model, more efficiently and to be familiar with its con-

strains in the case of the quantum d-level model.

We define the magnetic anisotropy energy (MAE) of the system as

MAE = EGS(θmax, φmax)− EGS(θmin, φmin), (5.2)

where the coordinate system is defined in such a way that: θ = 0

corresponds to [001], and (θ = π/2, φ = 0) and (θ = π/2, φ = π/2)

correspond to the [100] and the [010] directions, respectively. In Eq. 5.2,
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(θmax, φmax) and (θmin, φmin) define the two directions where the ground

state (GS) energy of the system, EGS(θ, φ) obtains its maximum and

its minimum value, respectively.

We found previously that the energy of the (single-particle) acceptor

level for the classical-spin model, εacc(θ, φ), and the (many-particle) GS

energy of the system, EGS(θ, φ), are related by

EGS(θ, φ) + εacc(θ, φ) = C, (5.3)

where C is a constant independent of θ, φ. This equation indicates that

the sum of the GS energy and the energy of the acceptor level does not

depend on the direction of the Mn magnetic moment. Now, we rewrite

Eq. 5.3 according to following

[EGS(θmax, φmax) + εacc(θmax, φmax)] (5.4)

−[EGS(θmin, φmin) + εacc(θmin, φmin)] =

[EGS(θmax, φmax)− EGS(θmin, φmin)]

+[εacc(θmax, φmax)− εacc(θmin, φmin)] = 0.

The quantity [EGS(θmax, φmax)−EGS(θmin, φmin)] is the magnetic anisotropy

energy of the system. Consequently, Eq. 5.3 implies that [εacc(θmax, φmax)−
εacc(θmin, φmin)] is the opposite of the magnetic anisotropy of the ac-

ceptor level, −(MAE)acc. Therefore, we can write Eq. 5.4 as

ΔMAE ≡ MAE− (MAE)acc = 0. (5.5)

Eq. 5.3 and Eq. 5.5 are useful for calculating the MAE. They imply

that the total anisotropy of the system is essentially determined by the

anisotropy of the single-particle acceptor level. However, in the case of

the quantum d-level model, Eq. 5.3, this picture is not exactly fulfilled,

and the quantity ΔMAE is not exactly zero. In Paper II, we attempt
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to compare ΔMAE calculated within these two TB models. As shown

in Fig. 5.2, ΔMAE is zero for the classical-spin model and is negligible

in the case of the quantum d-level for most of the sublayers, except for

the surface and the first sublayers. Unoccupied minority-spin d-levels,

located way up in the conduction band, hybridize with like-spin As p-

orbitals of the valence band. This coupling is responsible for the small

deviation.

Although the magnetic anisotropy energy of the system should be

Bu
lk

Figure 5.2: ΔMAE calculated within classical-spin and quantum
d-level models as a function of Mn depth [see Eq. 5.5]. The numbers
on the horizontal axis show the number of sublayers below the
surface. Thus, 0 indicates the surface. The figure is taken from

Ref. [130].

calculated using the entire eigenvalues of the Hamiltonian (full diag-

onalization), one can take advantage of the Eqs. 5.3- 5.5 to focus on

a small window of eigenvalues in the GaAs gap and in particular, the

acceptor level. This would allow us to use the Lanczos diagonalization

method to obtain eigenvalues of the Hamiltonian only around the Fermi

level or the acceptor level and thus, increase the cluster size more than

10 times.



Chapter 6

Spin Dynamics

In this chapter, we explain the general description of spin dynamics

and the numerical and mathematical tools used to analyze the results

of Paper V. Although we have described the tight-binding model of Mn

in GaAs in Chapter 4, the method necessary to study the dynamics of

a localized spin, is presented in the following sections.

6.1 General description

Understanding and controlling the spin dynamics of individual mag-

netic impurities in ultrafast time-scales is an important step toward re-

alization of spin-based electronic devices and solid-state quantum com-

puting. Experimental techniques nowadays are able to address spin

dynamics at ultrafast time-scales [131–133] and with very high spatial

resolution [134]. Probing the dynamics of single-spin impurities exper-

imentally is possible via advanced spectroscopic techniques (scanning

65
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Figure 6.1: Experimental setup for probing the dynamics of
single-spin impurities. Panel on the left: configuration of the single-
spin magnetic resonance force microscopy (MRFM), taken from
Ref. [137]. Panel on the right: configuration of the spin-sensitive

pump-probe measurement, taken from Ref. [140].

tunneling microscope with magnetic tip) [135], inelastic tunneling spec-

troscopy [134], optical manipulation [136], magnetic resonance imag-

ing [137–139], time-resolved scanning tunneling spectroscopy [140] and

magneto-optical pump-probe techniques [132]. Figure 6.1 shows two

setups for probing the dynamics of single-spin impurities [137, 140].

The panel on the left shows the experimental scheme which can probe

single spins as deep as 100 nm below the surface with a spatial resolu-

tion of 25 nm using magnetic resonance force microscopy (see Ref. [137]

for more detail). The panel on the right exhibits a pump-probe scheme

with nanosecond time resolution. The spin-sensitive contrast mecha-

nism enables the STM to measure the electron spin relaxation times of

individual atoms. The progress in these experimental techniques de-

mands an understanding of spin dynamics of individual spin impurities

in the solid-state environment.

In this section we start with the description of spin dynamics based

on the Liouville-von Neumann equation [6, 141, 142]. We consider a

time-dependent formalism implemented in our tight-binding model of
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Mn in GaAs [35]. We use a mixed quantum-classical Ehrenfest dynam-

ics [143] in which magnetic moments are treated as classical angular

momentum (classical-spin) at the impurity site, and the electronic sub-

system of the host (GaAs) is treated quantum mechanically.

Let us start with the time-dependent Schrödinger equation

i�
∂ |Φ(t)〉
∂t

= Ĥ |Φ(t)〉 , (6.1)

which describes the time evolution of our quantum mechanical system.

Here |Φ(t)〉 is the Schrödinger representation of the eigenstate of the

system. We consider two cases: first, if the Hamiltonian Ĥ is time-

independent, one can separate the variables in the eigenstate |Φ(t)〉 into
two time-dependent and time-independent functions. Inserting this

eigenstate into the Eq. 6.1 gives us a phase factor of e−iEt/� multiplied

by a stationary state. This stationary state, |φ〉, is the solution of the

time-independent Schrödinger equation (Ĥ |φ〉 = E |φ〉).
Second, in the more general case of the time-dependent Hamiltonian,

one can introduce a unitary time evolution operator, Û(t, t0), to act

on the eigenstate at time t0 and return the eigenstate at any given

time [144]. After inserting the eigenstate at given time t into the time-

dependent Schrödinger equation and figuring the mathematics, we get

Û(t, t0) = Te
−i
�

∫ t
t0

Ĥ(t′)dt′
, (6.2)

where T is Wick’s time-ordering operator. This formalism is useful

for either simple time-dependence in the Hamiltonian where one can

integrate or perturbative approaches.

However, for a non-perturbative solution, our strategy in this chapter,
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we go back to the Eq. 6.1. We use the definition of the density matrix

ρ̂(t) =
∑
i

ωi |Φi(t)〉 〈Φi(t)| , (6.3)

where ωi is the probability of finding the system in the states |Φi(t)〉.
The states |Φi(t)〉 are a complete orthonormal set of states. The evo-

lution of the density matrix is derived from Eqs. 6.1 and 6.3.

∂ρ̂(t)

∂t
= i�

[
ρ̂, Ĥ

]
, (6.4)

where [, ] is the quantum commutator. Eq. 6.4 is known as the quantum

Liouville or Liouville-von Neumann equation. The expectation value

of any observable based on the density matrix is

〈
Ô
〉
=
∑
i

ωi 〈Φi(t)| Ô |Φi(t)〉 = Tr
[
ρ̂Ô
]
. (6.5)

The quantum Liouville equation is a first-order differential equation

that can be integrated with a numerical integrator, then any observable

can be obtained using Eq. 6.5.

Finally, any operator will evolve according to the following equation in

the Heisenberg picture

dÔH(t)

dt
=
∂ÔH(t)

∂t
+ i�

[
Ĥ, ÔH(t)

]
, (6.6)

which is an analogue of the classical equation of motion, with the com-

mutator being replaced by the Poisson bracket.
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6.2 Ehrenfest approach

In this section we describe the theoretical framework of the spin dy-

namics of a quantum mechanical host incorporating individual spin

impurities. In the framework of molecular dynamics, a widely used ap-

proximation is the Born-Oppenheimer approximation (BOA), in which

the dynamics of heavy and slow ions are decoupled from that of light

and fast electrons. Analogously, many numerical approaches to spin

dynamics essentially use the BOA [145]. Due to different energy scales

of itinerant and localized spins, these models treat the directions of

the local magnetic moments as slow classical variables, while the fast

electronic degrees of freedom are integrated; such separation leads to

an equation of motion for the classical moments interacting with an

effective field.

A second method in which the slow-moving ions are treated classically,

while the fast-evolving electrons are treated quantum mechanically is

Ehrenfest approach [146]. In the Ehrenfest approach, both electrons

and ions evolve simultaneously according to coupled equations of mo-

tion, in contrast to the BOA. We use the extension of the quantum-

classical Ehrenfest approach to spin dynamics [141, 142, 147] in order

to describe the system mentioned in Paper V of this thesis.

Here, we apply the general scheme, explained in the previous section,

to the Hamiltonian of the GaMnAs system used in Paper V, to clarify

the equation of motion for two sub-systems. We then explain the inte-

gration scheme used to integrate numerically these equations.

The itinerant electrons of the host are described by an sp3 TB Hamil-

tonian, while the spin of the localized d−orbitals of impurity atoms are

treated classically. The number of these localized and spin-polarized

d−electrons is assumed to be conserved, and therefore they can be
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treated as a classical angular momentum or classical-spin. This classi-

cal spin is coupled via an exchange interaction with the p−electrons of

nearest-neighbor atoms of the host.

Our Hamiltonian including Mn impurities in GaAs is

Ĥel(t) =
∑

ii′,μμ′,σ

tii
′

μμ′ ĉ
†
iμσ ĉi′μ′σ + Jpd

∑
m

∑
n[m]

�Sm(t) · �̂sn

+
∑

i,μμ′,σσ′
λi〈μ, σ|�̂L · �̂s|μ′, σ′〉ĉ†iμσ ĉiμ′σ′

+
e2

4πε0εr

∑
m

∑
iμσ

ĉ†iμσ ĉiμσ
|�ri−�Rm| + VCorr, (6.7)

where i(i′) is the atomic index that runs over all atoms, m runs over

the Mn atoms, and n[m] over the nearest-neighbors (NN) of the m-th

Mn atom; μ(μ′) labels atomic orbitals (s, px,y,z) and σ(σ
′) is the spin

index; tii
′

μμ′ are the Slater-Koster parameters [104] and ĉ†iμσ(ĉiμσ) is the

creation(annihilation) operator.

The first term in Eq. (6.7) is the nearest-neighbor sp3 Slater-Koster

Hamiltonian [101, 105] that reproduces the band structure of bulk

GaAs [104]. The second term represents the antiferromagnetic (p-d)

exchange coupling between the Mn spin �Sm (originating from the d-

levels of the dopant and treated here as a classical vector) and the

nearest-neighbor As p-spins. The third term represents the one-body

intra-atomic (on-site) SOI. The fourth term represents the long-range

repulsive Coulomb potential, dielectrically screened by the host mate-

rial. The last term, VCorr, is the central-cell correction to the impurity

potential. This consists of the on-site part Von, acting on the Mn ion,

and the off-site part Voff , which affects the NN As atoms and is impor-

tant for capturing the physics of the p-d hybridization, in addition to

the exchange interaction (Jpd).

The Eq. 6.7 is for the electronic subsystem. The classical Hamiltonian
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for Mn spins, �Sm(t), coupled to the effective field of nearest-neighbor

As p−orbitals, 〈�̂sn〉, is

HS(t) = Jpd
∑
n[m]

〈�̂sn〉(t) · �Sm(t). (6.8)

The effective field is defined as 〈�̂sn〉(t) = Tr
[
ρ̂(t)�̂sn

]
, where ρ̂(t) is the

density matrix of the electronic subsystem at time t.

The equation of motion is⎧⎪⎪⎨
⎪⎪⎩

dρ̂(t)

dt
=
i

�

[
ρ̂(t), Ĥel(t)

]
d�Sm(t)

dt
=
{
�Sm(t), HS(t)

}
,

(6.9)

where [ , ] denotes the commutator and { , } the Poisson bracket. Us-

ing the classical analogue of the commutation relations for �Sm [148],

the first equation in Eq. 6.9 is the quantum Liouville equation for the

density matrix, and the second equation is the classical equation of mo-

tion. We can calculate explicitly the Poisson bracket, and the classical

equation of motion becomes

d�Sm(t)

dt
=
Jpd
S

∑
n[m]

〈
�̂sn

〉
(t)× �Sm(t), (6.10)

where S is the magnitude of �Sm. We can now integrate the equation

of motion using a numerical integration scheme explained in Sec. 6.3.
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6.3 Integration schemes

We use a numerical time integrator in order to solve Eq. 6.9. This

initial value problem for two coupled equations (Eq. 6.9) needs to be

integrated simultaneously. The initial value of the local spin, Si(t0),

and the density matrix, ρ̂(t0), is given at the initial time, t = t0. This

is done by performing a ground state calculation, diagonalizing the

Hamiltonian, for a given direction of the local spins. The electron

density for this given direction will be extracted.

ρ̂(t0) =
∑
ν

fν |φν〉 〈φν | , (6.11)

where the |φν〉 are the eigenstates of the electron Hamiltonian, and fν

are the Fermi-Dirac distribution functions.

There are several algorithms for the solution of the coupled Eq. 6.9,

such as the one-step Euler’s algorithm. Due to the low accuracy and

numerical instability of this method, we use the fourth-order Runge-

Kutta (RK4) approach [149].

The Runge-Kutta approach integrates the equation over a discrete time

step, Δt, with several Euler-type steps. The classical RK4 method is

k1 = Δt× f(tn, gn)

k2 = Δt× f(tn +
Δt

2
, gn +

k1
2
)

k3 = Δt× f(tn +
Δt

2
, gn +

k2
2
)

k4 = Δt× f(tn +Δt, gn + k3)

gn+1 = gn +
1

6
(k1 + 2k2 + 2k3 + k4) +O[(Δt)5], (6.12)

where O[(Δt)5] indicates that the difference between the exact solution

and the numerical one at the time step, n+ 1, is of the order of (Δt)5.
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This term shows the accuracy of our numerical scheme.

It is important to mention that the substitution of the initial val-

ues in the equation of motion does not lead to any time evolution

(
[
ρ̂(t0), Ĥel(t0)

]
or
{
�Sm(t0), HS(t0)

}
). In order to initiate the time

evolution, one needs to perturb the system. This perturbation can be

done either by changing the density matrix from its initial condition

or by driving one of the spins out of equilibrium. If the change in the

density matrix leads to a ground state density matrix of a Hamiltonian

that has been perturbed in some sort of physical way, then it is phys-

ically meaningful. Another way of initializing the dynamics is to tilt

one of the spins at t = t1. Such perturbation can represent a laser pulse

or an external field. For practical purposes, one can tilt the direction

of the spin by applying a magnetic field. In Paper V, we apply this

integration scheme to study the spin dynamics of Mn impurities and

their bound acceptors in GaAs.

Note that there are several quantities that remain constant for the

Ehrenfest dynamical system. Apart from the negligible error (10−7%)

caused by this integration scheme, these conserved quantities are: (i)

the total energy of the system including the electronic and local spin

subsystems, (ii) the number of electrons in the system, (iii) the mag-

nitude of the local spins, and (iv) the total spin of the system.

6.4 Fast Fourier transform and

cross-correlation analyses

In this section we describe the fast Fourier transform and cross-correlation

to analyze the observed quantities. Fourier transform can be used to

analyze the dynamics spectrum. It is used to understand all frequencies
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involved in the time evolution of the system. Since the density matrix

and other physical observables are discrete functions of time, one needs

a discrete Fourier transform (dFT) to analyze them.

dFT
[
Âi(t)

]
(ωn) =

∫ +∞

−∞
Âi(t)e

2πiωntdt ≈
l=N∑
l=1

Âi(tl)e
2πiωntlΔt = Δt

l=N∑
l=1

Âi(tl)e
2πinl/N (6.13)

Eq. 6.13 is the dFT of the i-th component of the operator Â(t). In

the above equation, N is the total number of time steps, tl = lΔt is

the discrete time points for which the observable has been sampled,

and ωn = 2πn/ΔtNs is their corresponding angular frequencies. The

dFT spectrum includes the positive (1 ≤ n ≤ N/2 − 1) and negative

(N/2 + 1 ≤ n ≤ N − 1) frequencies. We used dFT in Paper V to

describe the main frequencies of different energy scales (spin-orbit and

exchange) involved in our system.

Now we explain the cross-correlation function, a way to understand

the similarity of two time-dependent functions in terms of a time-lag

applied to one of them. In this thesis we use the correlation function

to understand how the electronic subsystem (GaAs host) mediates the

propagation of spin disturbance between the localized spins (Mn mag-

netic moments), depending on the system parameters. The classical

spin-spin correlation function [143] is

C(S1
x, S

2
x,Δt) =

1

N

∫
S1
x(t)S

2
x(t+Δt)dt , (6.14)

where Δt is the time lag and N is the normalization factor

N =

{∫ [
S1
x(t)

]2
dt

} 1
2

·
{∫ [

S2
x(t)

]2
dt

} 1
2

. (6.15)
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The integrals in Eq. 6.14 are taken over the simulation time T in the

limit T → ∞, i.e.,
∫ → lim

T→∞

T∫
0

, if the two functions are continuous

functions of time. Since we are dealing with discrete functions of time

that are sampled at discrete time steps, then the integrals are replaced

by finite sums and the correlation function becomes [150]

C(S1
x, S

2
x,Δt) =

1

N

Nst−Δt∑
i=0

S1
x(ti) · S2

x(ti +Δt) , (6.16)

where ti = i · dt, Δt = j · dt and j runs from 1 to Nst, with Nst = T/dt

being the total number of time steps. The normalization factor reads

N =

{
Nst∑
i=0

S1
x(ti) · S1

x(ti)

} 1
2

·
{

Nst∑
i=0

S2
x(ti) · S2

x(ti)

} 1
2

. (6.17)

The cross-correlation function, C, measures the similarity of two func-

tions (in this case the two Mn spins) over the total simulation time, as

a function of the time-lag Δt applied to one of them (this simply means

that one of the functions is probed at a later time t+Δt compared to

the other one). The properties of the correlation function are described

below. The amplitude of C at a given Δt is a direct measure of the

correlation between the two signals: if the correlation function has a

node (C = 0), the two signals are completely uncorrelated, while C = 1

means that the signals are essentially identical; note that due to the

normalization factor, max {|C|} ≤ 1.

In order to understand the meaning of the cross-correlation function

in Eq. 6.14, we start with a few simple and instructive examples.

Figure 6.2 shows the correlation function calculated for different si-

nusoidal functions. Panel (c) is the cross-correlation of two identical

sinusoidal functions (cos( 2π10 t)) plotted in panels 6.2(a) and (b) with
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Figure 6.2: The correlation function of two sinusoidal functions.
(a) f1(t) = cos( 2π

10
t) and (b) g1(t) = cos( 2π

10
t), as a function of time.

(c) C(f1(t), g1(t),Δt), the correlation function of f1(t) and g1(t).
(d) f2(t) = cos( 2π

10
t) and (e) g2(t) = cos( 2π

10
t− π), as a function of

time. (f) C(f2(t), g2(t),Δt), the correlation function of f2(t) and
g2(t).

a period of 10 (arbitrary units). As shown in panel 6.2(c), the cross-

correlation is also oscillating with the same period as the two functions

while it linearly drops to 0 as the time-lag increases. We will explain

in the following that this linear decrease in the correlation function is

caused by fewer sample points as the time-lag approaches the simula-

tion time (100 arbitrary units in this case). Applying a phase-shift to

one function (cos( 2π10 t−π)) would result in panel 6.2(e). The correlation

function of panels 6.2(d) and (e) is now plotted in panel 6.2(f). The

value of the correlation function at zero time-lag (Δt = 0) changes ac-

cording to the phase-shift. It is 1 in panel 6.2(c) and -1 in panel 6.2(f).
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The value of C at zero time-lag depends on the phase difference be-

tween the two signals and varies in the interval [−1, 1]. In the ideal

case of an infinite integration interval, such correlation function would

oscillate forever without decay, with an amplitude changing between

−1 to 1. If we now add a random contribution to the second signal, the

amplitude of the oscillations of the correlation function will decrease,

since the coherence between the two signals is hindered.

Figure 6.3(c) shows the correlation function of two panels 6.3(a) and 6.3(b)

where we added a small random contribution to two sinusoidal functions

(panels 6.2(d) and (e)). Now the two functions are not perfectly corre-

lated even at zero time-lag. The value of C for Δt = 0 in panel 6.3(c)

indicates that. As we increase the value of the random contribution

in panels 6.3(d) and (e), the correlation value drops further. Although

it is very hard to detect the period with which the two functions are

oscillating, the correlation function shows the remnant of that.

As we see in the above examples, the integration interval, i.e., the

number of terms in the finite sum in Eq. (6.16) becomes smaller as the

time-lag increases. Therefore, the amplitude of the correlation func-

tion decreases with the time-lag and vanishes for Δt equal to the total

simulation time (even for two identical sinusoidal signals). This decay

is linear as a function of the time-lag in the above example, and it is

negligible when the maximum time-lag is much smaller than the inte-

gration interval. On the other hand, there is a change in the value of

the correlation function that is related to the coherence of two func-

tions (see Fig. 6.3(f)).

Hence, we conclude that, two distinct factors affect the amplitude of the

correlation function: (i) the coherence, or the phase difference between

the two signals at a given time-lag, which may result in an increase

or a decrease of the amplitude and is physically meaningful, and (ii)

the decay of the amplitude as a function of the time-lag due to the
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Figure 6.3: The correlation function of two sinusoidal functions
that are randomized. (a) f1(t) = Cos( 2π

10
t) + 0.25 × h1(t) and

(b) g1(t) = Cos( 2π
10
t − π) + 0.25 × h2(t), as a function of time.

(c) C(f1(t), g1(t),Δt), the correlation function of f1(t) and g1(t).
(d) f2(t) = Cos( 2π

10
t) + 1.25 × h3(t) and (e) g2(t) = Cos( 2π

10
t −

π) + 1.25× h4(t) where hi(t) (hi(t) = randn(size(t))) is a random
contribution to the function. (f) C(f2(t), g2(t),Δt), the correlation

function of f2(t) and g2(t).

finite integration interval, which is inherent in the definition of the cor-

relation function for sampled signals [see Eq. (6.16)]. In practice, it is

problematic to separate the artificial decay due to finite integration in-

tervals from the decay due to the gradual loss of coherence (dephasing)

between the signals with increasing time-lag.

In Paper V, we use the correlation function between two spins for dif-

ferent system parameters. Therefore, it is meaningful to compare the



Chapter 6. Spin Dynamics 79

oscillating behavior and the decay of the correlation function for dif-

ferent system parameters, with respect to a reference parameter set.

As shown in the paper, the information extracted from the correlation

function is to be used mainly as a comparative measure of the temporal

correlations between the two Mn spins.

6.5 Summary

In this chapter we discussed the general scheme of spin dynamics based

on the time-dependent Schrödinger equation. We started from the def-

inition of the density matrix and time-dependent Schrödinger equation

to reach the quantum Liouville equation (see Eq. 6.9), which then de-

scribes the time evolution of the electronic subsystem. For the individ-

ual spin impurities substituted in the host, we used the time evolution

of observables in the Heisenberg picture and we extracted the classical

equation of motion (see Eq. 6.9).

In order to be able to solve the coupled differential equation, Eqs. 6.9

and 6.10, we assessed the initial values at time, t = t0, and then we used

an accurate and stable numerical time integration scheme, RK4, to cal-

culate the density matrix at any given time. Using < Ô >= Tr[ρ̂Ô] we

can obtain the expectation value of any physical observable.

We also discussed the Fourier transform analysis of the observables

that can give the dynamics of the itinerant electrons in the frequency

domain, as well as the analysis of the correlation function which is a

measure of the similarity of two functions.





Chapter 7

Brief Review of the

Papers

7.1 Paper I

In this paper we address the possibility of manipulating the Mn mag-

netic moment, originated from Mn d-orbitals, which is highly applica-

ble in solotronics. Optical polarization of low Mn doped GaAs/AlGaAs

quantum wells [151] and single Mn doped quantum dots [152, 153] are a

few examples of such a manipulation. Spin manipulation in Mn-doped

GaAs by an electric field is possible due to strong coupling between the

magnetic and electric properties of Mn. An external magnetic field pro-

vides another way to manipulate the spin of magnetic impurities. The-

oretical work [35, 62] predicts that the local density of states (LDOS)

of the Mn-acceptor strongly depends on the direction of the Mn mag-

netic moment. It indicates there could be observable effects on the

81
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Figure 7.1: X-STM images of two Mn atoms at different depths
below the (110) cleavage plane. The x-direction corresponds to
the [001] direction and the y-direction corresponds to the [11̄0]
direction. The images are taken at +1.4 V and 50 pA at 2.5 K.
(a) a magnetic field of 1 T is along the y-direction and in (b) a
magnetic field of -6 T is oriented in the z-direction. The figure is

taken from Ref. [41].

STM electric current, directly related to the LDOS, by manipulating

the Mn moment. Due to the strongly anisotropic wavefunction of Mn

in GaAs [154], visible changes are expected if the sample is subject to

an external magnetic field that is capable to reorient the direction of

the Mn moment.

We investigate the effects of an external magnetic field on the magnetic

and electronic properties of Mn near the (110) surface of GaAs. We

use STM to investigate the effect of an external magnetic field on the

orientation of the magnetic moment of a single Mn impurity in GaAs.

We compare the results with our tight-binding (TB) calculations.

Figure 2 in this paper, reprinted here as Fig. 7.1, shows X-STM im-

ages of two Mn atoms at 5 and 8 atomic layers below the (110) cleav-

age plane, performed with an Omicron Cryogenic STM operating at a

base temperature of 2.5 K (more details in the paper). According to

Figs. 2(a) and 2(b), there is no change in the Mn contrast for both Mn

atoms when the magnetic field is changed from 1 T in the y-direction
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to -6 T in the z-direction. On the other hand, previous theoretical

work [35] shows a change of 40% in the LDOS for a Mn at 8 layers

below the surface and 60% for a Mn at 5 atomic layers beneath the

surface, when the Mn core spin goes from the [110] direction to the

[11̄0] direction. More quantitative experimental comparison presented

in Fig. 3 shows there is no difference in the contrast for different orien-

tations of the magnetic field, apart from a slight difference that takes

place for Mn at 5 atomic layers below the surface due to a small tip

modification. In the rest of the paper, we use our theoretical model to

explain the contradiction between theory and experiment.

We model theoretically substitutional Mn impurities in GaAs using a

sp3 tight-binding model following the procedure put forward in Ref. [35].

This model contains only s and p-orbitals for all Ga, As and Mn atoms,

and the effect of the Mn 3d5 electrons is integrated and encoded in the

exchange term1. In order to study the response of the system to an

external magnetic field, we introduce the Zeeman term (details in the

paper).

Our theoretical results indicate that the magnetic anisotropy energy of

a single Mn placed on deep sub-layers below the surface is of the order

of 10-20 meV . An estimate based on manipulating a spin= 5/2 atom

with an external magnetic field to overcome an anisotropy barrier of

the order of 10-20 meV , is on the order of tens of Tesla. This means

that the required magnetic field to overcome the anisotropy barrier is

much higher than the experimental value for Mn in these sub-layers.

However, the magnetic anisotropy of Mn near the (110) GaAs surface is

small enough to be influenced by the experimental magnetic field. The

LDOS of the Mn-acceptor in these atomic layers show a less sensitive

behavior to the direction of the Mn moment. In other words, there is

1A systematic comparison between the model mentioned above, the classical-
spin model, and a model in which the Mn d-electrons are explicitly introduced, is
in the second paper of this thesis.
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a negligible difference, if any, between the LDOS of the Mn-acceptor

when the moment is pointing in different directions. The combina-

tion of these two facts seems to explain the experimental finding that

the STM images of the Mn-acceptor wavefunction is unaffected by an

external magnetic field.

7.2 Paper II

The classical-spin model used in the first paper is not applicable for

studying other transition metal dopants such as Fe. Bocquel et al. [68]

demonstrate the possibility of manipulating the occupancy of d-orbitals

of Fe via voltage-dependent local change of the Fermi level due to tip-

induced band bending. This change in the occupancy is related to

the change in the filling of the impurity d-orbital from five (d5) to six

(d6) electrons, and therefore to the change in the core spin state from

S = 5/2 to S = 2. The classical-spin model cannot account for the

change in the valence state of Fe.

In this paper, we employ a combined approach using both density func-

tional theory (DFT) calculations and a sp3d5 microscopic TB modeling

to study the electronic structure and magnetic properties of substitu-

tional Mn and Fe impurities near the (110) GaAs surface. Unlike our

TB model in Paper I, we include explicitly the d-orbitals of the impu-

rity atom in this paper.

The DFT calculations provide useful information for understanding the

electronic states of Fe in bulk and on the surface of GaAs. These results

are also used to extract some of the TB parameters to implement the

contribution of d-orbitals. The spin-resolved DOS calculated in this

paper are for two different choices of the Hubbard U parameter in the

GGA+ U calculations. For the case of Mn, there is more information
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on the value of U compared to the case of Fe. For the case of Fe,

we choose a value close to the value of Mn based on the assumption

that the two cases should be qualitatively similar and that the small

difference in the value of U, if present, should not change the results

considerably.

The on-site tight-binding parameters for Mn d-orbitals are determined

based on the calculations with U = 4 eV. We take the position of the

spin-resolved eg and t2g levels for these parameters, as a first estimate.

The value of the t2g orbitals will be tuned later to obtain the exact

position of the acceptor level inside the GaAs gap.

For the case of Fe, we choose the positions of the two main peaks for the

majority d-levels as the on-site energy of the corresponding d-orbitals

in our TB model for Fe in bulk. To get the exact electronic structure

of Fe in bulk GaAs and to avoid any complication caused by a different

value of U (swapping of two minority peaks) we tune the value of the

on-site energy for the minority eg and t2g orbitals.

Our calculations for Mn are in good agreement with the results obtained

with the classical-spin model, with the exception of a lower magnetic

anisotropy energy for a Mn dopant on the surface, compared to the

classical-spin model. For Fe in bulk our results are in agreement with

previous experimental work. For the electronic structure of Fe on the

surface, we find five unoccupied non-degenerate levels in the gap. Our

calculations for the magnetic anisotropy energy of Fe reveal that the

magnetic-anisotropy dependence of the state [Fe2+, h]0, resembles the

case of [Mn2+, h]0. In contrast, for [Fe3+]0 the magnetic anisotropy

is considerably small. Therefore, it is possible to manipulate the Fe

moment, unlike Mn (as mentioned in the first paper), with visible con-

sequences in the local density of states probed by STM.
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7.3 Paper III

The purpose of this paper is to present calculations of Mn magnetic

impurities in GaAs for extra large clusters. These calculations enable

us to study very large clusters in order to minimize the supercell inter-

actions and reach the regime of very dilute magnetic semiconductors.

In addition to this, we are able to address some of the issues raised in

the calculations for smaller clusters.

Magnetic anisotropy energy provides useful insight for manipulating

the magnetic moment of impurities, more specifically TM impurities.

For instance, in the first paper of this thesis, the magnetic anisotropy

landscape, combined with analysis of the shape and the spatial extent

of the acceptor wavefunction, have been used to explain experimental

results on magnetic-field manipulation of a single Mn acceptor near the

(110) GaAs surface [41]. A similar strategy has been used to predict

the effect of the magnetic field on the magnetic moment of Fe in GaAs

and its dependence on the valence state of the dopant [155].

As the Mn impurity is moved down towards the center of the cluster,

one would expect the magnetic anisotropy energy to decrease until it

reaches its bulk value, when Mn is placed in the center of the cluster.

According to previous calculations [35] for a 3200-atom cluster, it is not

obvious whether this is the case. In this calculation, not only the bulk

anisotropy energy is non-negligible (3.7 meV) but also the anisotropy

for Mn in the 9th sublayer (the middle of the cluster) is still large

(>9 meV).

In addition to magnetic anisotropy energy, in previous calculations [35]

for a 3200-atom cluster, the three levels introduced by Mn in bulk GaAs

are spread approximately 30 meV when SO is included. This separa-

tion decreases to 11.5 meV when SO is switched off, while a three-fold

degenerate level is expected in this case.
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In this paper, we clarify and resolve some of these theoretical and com-

putational issues related to finite size effects, which have not been ad-

dressed in previous work. The main difficulty, however, is that our

computational resources only allow for a maximum size of a 3200-atom

cluster for full diagonalization. For larger clusters, we used the Lanczos

method, built in MATLAB [156], which allowed us to compute eigenval-

ues in a narrow window of interest (typically a few eigenvalues around

the expected position of the Mn acceptor in the gap). We then system-

atically compared the results of the two methods (full diagonalization

and Lanczos) to ensure the stability of the results against the variation

of the diagonalization procedure.

Our calculations in this paper show that first, in the presence of SOI the

splitting between the three levels in the gap, as well as the position of

the acceptor level from the top of the valence band (113 meV), remain

unchanged even for very large clusters containing up to 30 000 atoms;

second, when SO is switched off, the small splitting between the levels,

which is still present in calculations for a 3200-atom supercell goes to

zero. Therefore the splitting found for 3200-atom clusters is due to a

finite-size effect and disappears with increasing size of the supercell.

Additionally, the bulk magnetic anisotropy energy decreases with in-

creasing cluster size. This value drops from 3.7 meV for a cluster con-

taining 3200 atoms to the value of 0.09 meV for a 34000-atom cluster.

The decrease is linear with the inverse number of atoms in the cluster

[see Fig. 7.2]. In the case of Mn placed in the sublayers, as long as

it is close to the surface (fifth sublayer, for instance) the situation is

different from the bulk. This is due to the fact that the Mn-acceptor

wavefunction along the [110] direction is influenced by the lower sym-

metry of the (110) surface. Therefore, the anisotropy energy of Mn in

the fifth sublayer does not vanish, even for very large clusters. On the



Chapter 7. Brief Review of the Papers 88

3200 6760 33 856
0

1

2

3

4

Natom

A
ni

so
tr

op
y

en
er

gy
�m

eV
�

0.0000295 0.0001479 0.0003125

0

1

2

3

4

1�Natom

A
ni

so
tr

op
y

en
er

gy
�m

eV
�

Figure 7.2: The acceptor magnetic anisotropy energy of Mn im-
purity in the bulk as a function of number of atoms(Natom). The
inset shows the magnetic anisotropy energy in terms of the inverse
number of atoms. The solid line is obtained by fitting to the dis-

crete data points. The figure is taken from Ref. [157].

other hand, our new set of calculations for a cluster containing more

than 55,000 atoms revealed the trend of the magnetic anisotropy en-

ergy. In this cluster, the 26-th sublayer is the deepest sublayer from

the (110) surface. We find that the anisotropy energy between the

easy and hard directions for the 5th sublayer, in this cluster, is slightly

smaller (9.1 meV) than the value found for a smaller cluster (9.6 meV).

However, for the 26th sublayer, the anisotropy energy is only 0.05 meV

(compare to 4.1 meV for the sublayer in the middle of a 6760-atom

cluster (12-th)). These results confirm that the wavefunction of the

Mn atom placed in the middle of a very large cluster is isolated from

all boundaries and its anisotropy energy drops to zero; while for the

sublayers close to the surface, the anisotropy remains finite.
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7.4 Paper IV

Taking advantage of the feasibility of the TB model for very large su-

percells, and motivated by experimental STM results [65], this paper

presents a theoretical study of the effect of nearby As (arsenic) vacan-

cies (VAs) on the magnetic properties of substitutional Mn (manganese)

impurities on the GaAs (110) surface. In Ref. [65], the authors place

As vacancies in the vicinity of Mn dopants by means of a STM tip.

They are able to switch reversibly the charge state of the As vacancy

(from a (+1) state to a neutral state) by applying a small voltage pulse.

This provides the local manipulation of Mn-acceptor binding energy by

means of nearby As vacancies.

We employ an atomistic TB model that has been quite successful re-

cently in describing the physics of individual and pairs of substitutional

Mn atoms on the GaAs (110) surface. We add a one-body effective po-

tential describing the As vacancy to our original Hamiltonian for Mn-

GaAs. For a neutral As vacancy, we add a large positive on-site energy

on the As site where the vacancy is placed; while for a charged vacancy

we introduce the additional term, representing an attractive potential

for electrons. This additional term is in fact a long-range potential for

a positive point charge, dielectrically screened by the host, which gives

rise to the positively charged As vacancy states in the gap. Now, we

are equipped to model large finite clusters containing up to 8840 atoms,

allowing us to address Mn-As separations larger than 4 nm. We stress

that in order to investigate Mn-impurityVAs separations close to the

ones studied experimentally (≈ 4 nm), large supercells are needed.

The results of this paper correctly reproduce the experimental find-

ings [65] that the Mn-acceptor binding energy is unaffected by the

presence of nearby neutral vacancies, and that the binding energy de-

creases significantly when a charged As is brought closer to the Mn [see
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Figure 7.3: Panel on the left: change in the binding energy of the
Mn-acceptor and panel on the right: change in the energy splitting
between the two acceptors levels of a Mn pair caused by a neutral
and a positively charged vacancy placed at a distance d from the
Mn pair. Red and blue asterisks represent the case of a neutral
and a charged As vacancy, respectively. The figure is taken from

Ref. [158].

Fig. 7.3]. The results also predict that nearby charged As vacancies

enhance the energy level splitting of the associated acceptor levels of

ferromagnetically coupled Mn impurities, leading to an increase of the

effective exchange interaction. Neutral vacancies leave the exchange

splitting unchanged [see Fig. 7.3]. These findings suggest that it might

be possible to control and manipulate the Mn exchange coupling in

GaAs with local electric fields at the atomic scale, by means of As va-

cancies positioned nearby with atomic precision. Since the charge state

of the As vacancy can be reversibly swapped between the neutral and

the charged states by the STM tip, this effect could be used to rapidly

turn on and off locally the exchange coupling between the two magnetic

atoms.
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7.5 Paper V

The focus of this paper is on the fundamental understanding of the

spin dynamics of atomic-scale magnetic centers. These systems rep-

resent potential novel applications, which involve communication be-

tween individual magnetic dopants, mediated by the electronic degrees

of freedom of the host. Experimental advances at ultrashort time and

length scales require a better understanding of the spin dynamics of

individual spin impurities in the solid-state environment. This paper

is a theoretical study of the spin dynamics of individual and pairs of

substitutional Mn impurities in GaAs.

We use our classical-spin Hamiltonian for MnGaAs. The time evolution

of the quantum subsystem (GaAs host) is controlled by the Liouville-

von Neumann equation for the density matrix, while the localized spins

(Mn impurities) evolve according to the classical counterpart. These

two subsystems, the quantum and the classical ones, evolve accord-

ing to their respective equations of motion. They are coupled through

the exchange terms, which enter the time-dependent Hamiltonians (the

classical Hamiltonian for the Mn spin and the Hamiltonian for the elec-

tronic subsystem). Such a coupled system represents the Ehrenfest

approximation to spin dynamics [146]. This is in contrast to the BO

approximation, in which the fast (quantum) degrees of freedom are in-

tegrated out. The equations of motion are integrated numerically using

the fourth-order Runge-Kutta algorithm, which has been explained in

more detail in Chapter 3 of this thesis.

The results in this paper elucidate the details of the dynamics driven
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by the spin-orbit interaction strength and the value of the p − d ex-

change coupling between the impurity spin and the host carriers. In

this study we simulate a prototypical experimental situation, in which

an external perturbation, applied locally to the Mn magnetic moment,

e.g., a laser pulse or an external magnetic field, drives the system out of

equilibrium. Such local perturbations, affecting individual spins on the

surface of a semiconductor, are available tools nowadays in nanoscience.

In this regard, our calculations clarify the effect of the carrier-mediated

exchange interaction and the spin-orbit interaction on the time evolu-

tion of the impurity spins, explaining the dynamic interaction between

localized magnetic impurities in a nano-scaled magnetic-semiconductor

sample. The results also elucidate the temporal correlations between

two well separated Mn spins, as they interact with each other and with

environment, and their dependence on the characteristics of the system

and initial conditions.

The role of the electronic subsystem of the host material, as well as the

effects of inter-atomic and intra-atomic interactions, on the dynamics

of individual atomic-scale magnets are important questions that are

becoming accessible experimentally. The present paper contributes to

the fundamental understanding of spin dynamics in such devices. This

is crucial for future applications in magnetic solotronics.

7.6 Paper VI

In the last two papers of this thesis, we focus on a new quantum phase

of matter called topological insulators (TIs). TIs are characterized by a

non-trivial insulating gap in the bulk and topologically protected states

on the boundaries [159, 160]. In this proceeding paper, we attempt to
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address impurities on semiconductor and topological insulators on the

same footing. We then use the initial attempt in this paper as a first

step toward a TB model of impurities in TIs, for the next paper.

In this paper we investigate the electronic structure of individual dopants

placed on the surface of two important quantum materials, which are

accessible via STM experiments. We consider a three-dimensional topo-

logical insulator. We develope a sp3 tight-binding model for Bi2Se3 with

parameters extracted from DFT to calculate the electronic structure of

bulk and surface with impurities. In agreement with previous work,

we show the thickness-dependence of the surface band structures. We

also analyze the influence of a substitutional Bi defect on the electronic

structure of a 1QL thin film of Bi2Se3. We find similarities between

the calculated LDOS and topographic images observed in STM exper-

iments. A simple model based on the chemical bonding of Bi2Se3 can

be used to explain these figures.

7.7 Paper VII

This paper deals with understanding the interplay between the Mn-

acceptor state and Dirac surface states in Mn-doped Bi2Se3 topological

insulators (TIs). TIs have a nontrivial insulating gap in the bulk, while

there is a set of topologically protected helical states originating from

the boundaries. These topological surface states (TSSs) are protected

against any perturbations that preserve time reversal symmetry (TRS).

However, perturbations that break TRS,for example, provided by a fi-

nite density of magnetic impurities, can open a gap at the Dirac point.

The magnetic order can open up a gap, with magnetic moments cou-

pled by a surface-state-mediated exchange interaction [161, 162]. The

main focus of the manuscript is to elucidate the essential role played
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by the spin-polarized acceptor states, associated with transition-metal

dopants in TIs. This is an outstanding issue in the field of dilute mag-

netic TIs.

We combine advanced DFT calculations and microscopic TB models

to investigate the properties of a single substitutional Mn impurity and

its associated acceptor state on the (111) surface of Bi2Se3 topological

insulator (TI). We highlight the evidence that the Mn ion is in the +2

valence state and introduces an acceptor in the bulk band gap, similar

to the Mn acceptor in GaAs. Although it was pointed out five years

ago [161] that magnetic impurities on the surface of a TI should break

the time reversal symmetry, and induce an energy gap for the surface

states, to date, contrasting results have been reported regarding the

chemical trends and the magnetic state of the impurities [163–166], as

well as the presence or absence of the energy gap at the Dirac point

upon doping [167–171]. Importantly, we clarify the mechanism for the

opening of a gap at the Dirac point, which is provided by the spatial

overlap and the quasi-resonant nature of the coupling between the Mn-

acceptor and the topological surface states inside the bulk band gap of

Bi2Se3. Our calculations also demonstrate the importance of electronic

correlations at the impurity site, which we model by a Hubbard U pa-

rameter, whose value essentially controls the hybridization with the p-

orbitals of NN Se atoms and the acceptor spin-polarization. In addition,

we present TB results to explain the effects of inversion-symmetry and

time-reversal-symmetry breaking on the electronic states in the vicinity

of the Dirac point. Our results are crucial to interpreting correctly on-

going STM experiments in transition-metal-doped Bi-chalcogenide thin

films, and contribute to clarifying the origin of surface-ferromagnetism

in TIs, and thus open the way to controlling magnetism in TI systems.



Chapter 8

Outlook

We have studied the properties of Mn and Fe near the GaAs surface.

Our studies show that the properties of Mn-dopants close to the GaAs

surface vary as a function of the layer depth (the depth of the atomic

layer in which Mn is placed, from the surface) in a complex way. Exper-

imental results regarding an applied magnetic field, in the first paper,

were explained based on this non-trivial behavior. Essentially, the high

anisotropy energy of Mn in deep sub-layers as well as the insensitivity

of the Mn-acceptor wavefunction to the direction of the Mn moment

near the surface explain the unaffected Mn-acceptor wavefunction by an

external magnetic field. It could be interesting to carry out a similar in-

vestigation for other magnetic dopants, such as Cr, Co, etc., in a GaAs

semiconductor. For some of these systems, the acceptor wavefunction

for a dopant near the surface might be more manageable, allowing eas-

ier manipulation by a static magnetic field.

In the fourth paper of this thesis, we considered the effects of As vacan-

cies on the magnetic and electronic properties of Mn in GaAs. In this
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paper we use a non-self-consistent TB method to investigate this influ-

ence. Although the results for two cases, namely, (i) electronic proper-

ties of As vacancies in the absence of other defects and (ii) the effect

of two different charge states of As vacancies on the binding energy

of Mn, are in good agreement with experiment, Coulomb correlations

are important in determining the mean level occupancy. Therefore, a

self-consistent approach could give a better estimate of the occupancy

of the levels.

First-principles calculations based on DFT will provide a parameter-

free assessment of the relevant charged states, as well as an estimate of

the microscopic parameter in the TB model. Additionally, one could in-

vestigate the effect of other defects on the properties of the Mn-acceptor

in GaAs. For instance, there is no theoretical counterpart for the ex-

perimental results on the effect of the Ga adatom on the properties

of the Mn-acceptor [65]. The effects of As vacancies or Ga adatoms

on the occupancy of Mn d-orbitals could be relevant for applications.

Changing the occupancy of Mn d-orbitals by nearby defects could, in

turn, change its magnetic moment. This is highly desirable for memory

usage, since the defects provide the local manipulation, and their elec-

trostatic field could be switched on and off faster than magnetic fields.

These defects could provide a way locally to manipulate properties of

Mn impurities in GaAs. One can also address the problem of the real-

time single-spin dynamics in the presence of a defect-induced electric

field, and elucidate the mechanisms behind this novel spin-electric cou-

pling.

In Paper V of this thesis, we investigate the dynamics of Mn impurities

in the GaAs host, when we tilt the spin of Mn from its preferential

axis. We used the classical-spin model (Mn d-electrons are treated

classically) for Mn in this paper. It would be interesting to check the
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dynamics based on the quantum d-level model (Mn d-electrons are in-

troduced in the Hamiltonian, explicitly) and compare the results.

Another project, relevant to the results of this paper, is to investigate

the damping mechanisms. The dynamics of Mn on the surface rather

than bulk, the dynamics of other transition metal dopants, spin re-

laxation and optical manipulations [172] are also alternative projects

of high interest. Simulations of time-dependent quantum transport

for GaMnAs with open-boundary conditions, where the system is in

contact with a reservoir [173] is another interesting area to explore.

Another project is to extend Paper V of this thesis to the case in which

optically created mobile electron spins, generate an energy splitting of

the ion spins and enable magnetic moment orientation. Experiments

carried out with Mn-doped GaAs quantum wells [151] indicate that by

using this mechanism, it is possible to control and monitor optically a

single Mn spin in GaAs.

Modeling Mn or other transition-metal dopants in Bi2Se3 TIs, based

on TB approach, enables us to take advantage of the computational

feasibility of this approach. We modeled Mn impurities in GaAs with

both the classical-spin and the quantum d-level approaches. Based on

our experience of Mn and Fe impurities in GaAs semiconductors, we

could use a quantum d-level approach to model Mn or other transition-

metal dopants in Bi2Se3 TIs.

Extracting the relevant TB parameters can be a project in itself. It can

be done, as a first approximation, in a similar manner to the second

paper of this thesis. However, a more systematic approach, for ex-

ample, using the Wanier90 package is also available these days. Mod-

eling the magnetic doped Bi2Se3 enables us to explore the magnetic

anisotropy energy of Mn or other transition-metal dopants in Bi2Se3

topological insulators. We can try to understand the nature of the cou-

pling between the magnetic impurity and the surface state, and how
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this leads to an exchange interaction between pairs of impurities. For

this purpose we could use the theoretical techniques and methodologies

that we have developed for magnetic dopants in semiconductors, where

DFT calculations [100] will be combined with extensive atomistic TB-

modeling [174], in order to simulate the extreme dilute limit of a single

dopant. We can also address the emergence of a surface magnetic state

at finite doping and its manipulations with an electric gate. In a sec-

ond stage, we could investigate how the broken time-reversal symmetry

magnetic state develops upon increasing the amount of doping, leading

to the opening of a gap at the Dirac point. This is the regime that is

most relevant for application in spintronics and quantum information

processing.

In Ref. [64], the authors determine the effective total spin J of local

moments formed from acceptor states bound to Mn ions in GaAs by

evaluating their magnetic Chern numbers. When individual Mn atoms

are close to the sample surface, due to quenching of the acceptor orbital

moment, the total spin changes from J = 1 to J = 2. These results are

extracted when the spin of Mn is treated classically. A similar approach

could be carried out for the quantum d-level method, where the spin

of Mn appears automatically in the calculations. Similar calculations

could also be carried out for the more interesting case in which the host

of magnetic impurity is TI.

Structures with different geometries could have different properties. In

particular, the nanowire geometry is advantageous since it gives us

the ability to study scalable structures as well as to combine different

materials with high quality. Analyzing the magnetic and electronic

properties of GaAs and Bi2Se3 nanowires, paves the way to spintronics

devices based on these geometries.

Transport in both GaAs and Bi2Se3 structures is of high interest and

application. We can study transport within the finite-cluster method
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that we use, in the regime of weak-coupling atom-leads, where charg-

ing effects are important. We can employ a master equation approach

in the regime of Coulomb blockade and consider both sequential and

cotunneling transport [175], where the focus in particular is on inelas-

tic cotunneling spectroscopy. Cotunneling is closely related to inelastic

electron tunneling spectroscopy with a STM tip [176], an alternative

transport geometry that one can also investigate.

There are more possibilities, but we are interested in studies which

could improve our understanding of these materials and perhaps open

a new window for applications.
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[33] C. Çelebi, J. K. Garleff, A. Y. Silov, A. M. Yakunin, P. M. Koen-

raad, W. V. Roy, J.-M. Tang, and M. E. Flatté, Phys. Rev. Lett.

104, 086404 (2010).

[34] J.-M. Jancu, J.-C. Girard, M. O. Nestoklon, A. Lemaitre, F. Glas,

Z. Z. Wang, and P. Voisin, Phys. Rev. Lett. 101, 196801 (2008).



Bibliography 104

[35] T. O. Strandberg, C. M. Canali, and A. H. MacDonald, Phys.

Rev. B 80, 024425 (2009).

[36] A. M. Yakunin, A. Y. Silov, P. M. Koenraad, J.-M. Tang, M. E.
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Molenkamp, X.-L. Qi, and S.-C. Zhang, Science 318, 766 (2007).

[79] L. Fu, C. L. Kane, and E. J. Mele, Phys. Rev. Lett. 98, 106803

(2007).

[80] L. Fu and C. L. Kane, Phys. Rev. B 76, 045302 (2007).

[81] J. E. Moore and L. Balents, Phys. Rev. B 75, 121306 (2007).

[82] J. C. Y. Teo, L. Fu, and C. L. Kane, Phys. Rev. B 78, 045426

(2008).

[83] S. Roy, S. K. Bhadra, and G. P. Agrawal, Phys. Rev. A 79,

023824 (2009).

[84] L. Zhang and D. J. Singh, Phys. Rev. B 80, 214530 (2009).

[85] H. Zhang, C.-X. Liu, X.-L. Qi, X. Dai, Z. Fang, and S.-C. Zhang,

Nature physics 5, 438 (2009).

[86] D. Hsieh, D. Qian, L. Wray, Y. Xia, Y. S. Hor, R. Cava, and

M. Z. Hasan, Nature 452, 970 (2008).



Bibliography 108

[87] Y. Xia, D. Qian, D. Hsieh, L. Wray, A. Pal, H. Lin, A. Bansil,

D. Grauer, Y. Hor, R. Cava, et al., Nature Physics 5, 398 (2009).

[88] D. Hsieh, Y. Xia, D. Qian, L. Wray, J. Dil, F. Meier, J. Oster-

walder, L. Patthey, J. Checkelsky, N. Ong, et al., Nature 460,

1101 (2009).

[89] Y. Chen, J. Analytis, J.-H. Chu, Z. Liu, S.-K. Mo, X.-L. Qi,

H. Zhang, D. Lu, X. Dai, Z. Fang, et al., Science 325, 178 (2009).

[90] M. Z. Hasan and C. L. Kane, Reviews of Modern Physics 82,

3045 (2010).

[91] D. Hsieh, Y. Xia, L. Wray, D. Qian, A. Pal, J. Dil, J. Osterwalder,

F. Meier, G. Bihlmayer, C. Kane, et al., Science 323, 919 (2009).

[92] D. Tsui, H. Stormer, and A. Gossard, Phys. Rev. Lett. 48, 1559

(1982).

[93] X.-G. Wen, International Journal of Modern Physics B 4, 239

(1990).

[94] D. J. Thouless, M. Kohmoto, M. P. Nightingale, and M. den

Nijs, Phys. Rev. Lett. 49, 405 (1982).

[95] X.-G. Wen, Advances in Physics 44, 405 (1995).

[96] C. Day, Physics Today 61, 19 (2008).

[97] X.-L. Qi and S.-C. Zhang, Reviews of Modern Physics 83, 1057

(2011).

[98] P. Blaha, K. Schwarz, G. K. H. Madsen, D. Kvasnicka, and

J. Luitz, WIEN2k, An Augmented Plane Wave Plus Local Or-

bitals Program for Calculating Crystal properties (Vienna Uni-

versity of Technology, Austria) (2001).



Bibliography 109

[99] J. P. Perdew, K. Burke, and M. Ernzerhof, Phys. Rev. Lett. 77,

3865 (1996).

[100] M. R. Mahani, A. Pertsova, M. F. Islam, and C. M. Canali, Phys.

Rev. B 90, 195441 (2014).

[101] J. C. Slater and G. F. Koster, Phys. Rev. 94, 1498 (1954).

[102] F. Bloch, Z. Physik 52, 555 (1928).

[103] Y. Zhao, P. Mahadevan, and A. Zunger, Apl. Phys. Lett. 19,

3753 (2004).

[104] D. J. Chadi, Phys. Rev. B 16, 790 (1977).

[105] D. A. Papaconstantopoulos and M. J. Mehl, J. Phys.: Cond. Mat.

15, R413 (2003).

[106] J.-M. Jancu, R. Scholz, F. Beltram, and F. Bassani, Phys. Rev.

B 57, 6493 (1998).

[107] J. K. Garleff, A. P. Wijnheijmer, A. Y. Silov, . J. van Bree, W. V.
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