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Introduction

Mode-locked fiber lasers are compact and environmentally stable
sources of light capable of generating drop-out free ultrashort pulses
with very high repetition rate, large extinction ratio and low phase
noise. These features make them particularly well-suited for such
applications as return-to-zero communications, RF1 photonics, etc.,
at high data rates and with clean, well-shaped pulses which no other
source is able to offer there. Additionally, these lasers have appli-
cation in optical high-speed analog-to-digital conversion. A mode-
locked fiber laser has been demonstrated to generate a stable train
of 1-ps pulses with repetition rate of 10 GHz and pulse drop-off ratio
less than 1014 [1]. This laser has been used in a repeaterless trans-
mission of 10 Gb/s data over a 296-km length of fiber [2] and 4x10
Gb/s WDM data over a 235-km one [3]. Correspondingly, a similar
laser has been recently used for transmitting 20 Gb/s stream of data
to more than 20,000 km [4]. The fiber laser has also exhibited an ex-
tremely low measured timing jitter of less than 10 fs over a 100 Hz – 1
MHz frequency interval [5]. The nowadays progress in nanotechnolo-
gies resulted in exploration of carbon nanotubes [6] and graphene [7],
which are thought to become a universal mode-locker for a laser, has
renaissanced this area and raised new issues, accordingly.

This thesis is devoted to mathematical modelling, including nu-
merical simulation, in nonlinear laser physics. We study the concrete
problem of finding optimal parameters for soliton lasers which is im-
portant for many applications. The basic mathematical tool used
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in our studies is the theory of nonlinear differential equations and
numerical methods of their investigations.

Most of the problems arising in physics are essentially nonlinear.
Even the most classical physical examples, such as the problem of
motion in the gravity field or in the field of charged particles are de-
scribed by nonlinear models. In the second half of the 20th century,
it has been realized that some features of nonlinear systems, such
as presence of solitons or chaotic behavior, are common for many
different branches of physics. At that time new field called nonlin-
ear physics (or even nonlinear science) was created. It has many
specific applications: nonlinear plasma physics, nonlinear acoustics,
nonlinear radiophysics, nonlinear optics, etc. [12]-[17].

Nonlinear optics, started in 1961 as experiments on generating the
second harmonic [18], despite intensive study in recent years, still
remains one of the most actual branches in modern physics, finding
it’s applications almost in all fields of science. The term «nonlinear
optics» includes a large spectrum of problems in atom and molecu-
lar physics, solid state physics, electronics, mathematics, technology,
etc. [19]-[24]. Great progress in nonlinear optics was stimulated by
the invention of laser, being a highly nonlinear system in itself. The
next revolution in this field was caused by the invention of optical
fibers with small optical losses. This was caused by some unique
properties of optical fibers such as: fixed profile of transverse mode;
huge distance of interaction of emission with the medium, leading to
drastic decreasing of the power threshold for nonlinear effects; exis-
tence of prolonged spectrum of oscillation resonances in fused silica
and it’s great transparence interval, from 0,4 to 2 µm; existence of
ranges with positive and negative GVD in this interval, and many
other properties. Progress in laser technology allowed to create sev-
eral promising optical ultrashort pulse generators, such as solid state
and gas lasers with passive and active mode-locking, synchronously-
pumped dye and color-center lasers and so on [25]. In particular,
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the invention of the optical fiber was crucial for creation of a soliton
laser [27] that produces ultrashort localized optical pulses.

Firm and severe requirements imposed upon fiber lasers that are
used in analog optical communications and photonic links, drive to
a conclusion that theoretical models are needed, which, in turn, en-
ables the laser designer to analyze the performance of the laser with
a proper level of accuracy. Such models are supposed to supply re-
searchers with tools to understand the physics of the laser better as
well as to control and optimize its performance. Prior work for study-
ing mode-locked fiber laser or storage rings has mainly been based
on solving the complex Ginzburg-Landau equation (GLE) modified
to include amplifier filtering, nonlinearity, etc [6, 7]. These efforts,
which are based on earlier pioneering work of Haus et sh: line 1:
al citeMelHaus: command not found which are:

(i) similarity of all pulses inside the cavity

(ii) the pulse change is small from one round-trip to the other

(iii) the bandwidth of the pulse is smaller than the bandwidth of the
gain medium and/or optical filtering

(iv) the pulsewidth is much shorter than the period of the mode-
locking.

Additionally, making use of soliton perturbation theory inevitably
dictates a hyperbolic secant-like pulse remaining nearly constant at
the round-trip, and, what is even more, transforms spatially-localized
processes of interference and/or gain/loss, which are behind any
mode-lock mechanism, into distributed terms in the GLE [10, 11].
In order to obtain a better qualitative and quantitative agreement
between the physics process and its model, we suggest to use here a
more comprehensive approach that models only major optical phe-
nomena that affect the laser behavior [26]. The model describes a
laser with external cavity which includes an optical fiber with zero
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dispersion and the phase incursion of the beam in the cavity is not
neglected. Finally, the model was reduced to one nonlinear differ-
ential equation for a complex function which describes the shape of
the pulse in the constant generation regime. The model is nonlinear
but sufficiently simple to be studied by analytical methods. Unfor-
tunately, in [26] authors oversimplified the main equation, so some
important features were missing.

In this Master Thesis Shipulin’s theoretical model of laser with
nonlinear external cavity is considered. The simplification made in
the original work [26] is removed. The problem is considered from the
viewpoint of the dynamical system theory [28, 29]. It is shown that
the model admits single and double soliton solutions under some spe-
cific relation of governing parameters. These parameters are found by
means of numerical calculations, namely applying the Runge-Kutta
method for solving the IVP2, restricting solutions to be soliton-like.

Physical preliminaries

Devices known as lasers are used for generation and amplification of
radiation. Their common feature is to transform atom or molecu-
lar energy into electromagnetic radiation using stimulated emission.
In 1917 Albert Einstein already suggested the existence of stimu-
lated emission, but the first laser was built only in 1960 by Theodore
Maiman.

Typically, a laser can be defined as an electromagnetic emission
generator in the optical range, based on the usage of stimulated
emission. On the other hand, a quantum generator (laser) can be
regarded as a technical device aimed to transform energy of internal
bonds into electromagnetic energy of high frequency (usually visible
or infrared).

Despite great variety of lasers, most of them have three things
2Initial Value Problem
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in common. These are active element, pump device, and optical res-
onator. For example, the work of the solid state laser can be sketched
as follows:

1. An active element (crystal) contains small impurities which should
be placed in the crystal during the fabrication. These impurities
are also called «active centers». The laser’s beam is the result of
simultaneous emission from a great number of active centers.

2. A pump device is used for the excitation of the active centers.

3. Emission from active centers occurs in all possible directions. To
select certain direction of emission an optical resonator is used.

For the radiation generated by a laser, the resonance condition
must be applied: the resonator’s length L contains an integer num-
ber of half-waves λ/2: L = qλ/2. This is similar to acoustic reso-
nance when only those acoustic impulses are stimulated in the string,
for which half of their wavelength is contained in the string’s length
integer number of times. In this case, the optical resonator takes
the role of the string and it’s length is the distance between mirrors.
Moving from wavelength λ to frequency ν (ν = v/λ, where v is the
light speed in the medium filling the resonator), the resonance con-
dition can be rewritten as ν = qv/2L. Selected frequency values,
determined by this condition, are called resonance frequencies. Ev-
ery resonance frequency is associated with the so-called «longitudinal
mode». Instead of saying that certain resonance frequencies are pre-
sented in the laser’s radiation, it is said that the radiation consists of
certain longitudinal modes.

To achieve picosecond impulses (10−12 s) two conditions must be
fulfilled:

1. The laser’s radiation must contain a great number of longitudinal
modes.
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2. All such modes must be synchronized with each other with re-
spect to phase.

Interference of mutually synchronized longitudinal modes results in
abrupt redistribution of energy in the laser radiation. In some areas
of the space great concentration of light energy occurs, whereas in
the others energy is not present at all. This results in forming of
regular sequence of ultrashort light pulses of great power. The length
of each pulse is in inverse ratio with the number of synchronized
modes, and the power is in direct ratio with the squared number
of the modes. Light pulses are spaced by distance of 2L/v, i.e. an
interval of 10−8 − 10−7 s. In solid state lasers it’s possible to get
pulses as short as 10−11− 10−10 s, and with dye lasers – 10−12 s, that
is 1 picosecond.

There exist three ways for synchronisation of modes (mode-locking):
active, synchronous pump and passive one. In active mode-locking,
one of the laser’s parameters (absorption, for example) is forcibly
modulated with the period which is equal to the resonator’s go-round
time. In this case external modulation does not bring additional non-
linearity into the system, and saturation remains the main nonlinear
process determining the stationary generation regime. In the case of
the synchronous pump method an amplification coefficient of the ac-
tive medium is modulated by external emission. This method can be
also regarded as an active mode-locking one. In this case additional
nonlinearities also do not appear.

The passive mode-locking method is very different from the two
ones mentioned above by the presence of one more nonlinear process.
For instance, in case of passive mode-locking with a saturable ab-
sorber a secondary nonlinear process is again the saturation, but it is
not a saturation of an active medium, it is a saturation of absorption
in the additional element. It has to be emphasized that the role of the
second nonlinear process is crucial: it is impossible to create a pulse
generation model without it. On the contrary, additional nonlinear-
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ities that may appear in the model for the synchronous pumping
method, are not fundamental, and a model without them describes
pulse generation adequately still.

Suggested in [27], the method of mode-locking using nonlinear ex-
ternal resonator is of the passive mode-locking type. In this case the
incorporation of additional nonlinearity is fundamental. In Chapter
1 a model of such a laser is described, along with approximations
related to a certain type of active medium.

Soliton laser

In the beginning of the 1980s acquiring ultrashort light pulses was a
very actual problem. It was mostly related to experimental studies
of propagation for soliton-like pulses in optical fibers. In 1984 Mol-
lenauer and Stolen [27] suggested a scheme, where part of the output
radiation of a color-center laser working in the synchronous pump
regime, was directed into a fiber, and then returned to the main cav-
ity (see Fig. 1.1). This laser was called «soliton laser». The pulse
acquired phase self-modulation when propagating along the fiber.
The length of external cavity with the fiber was taken equal (or mul-
tiple) to the main cavity’s length. On the output mirror of the main
cavity the two pulses, circulating in the main and the external cav-
ity, interfere. As a result of this interference, pulses were additionally
shrunk from 5 picoseconds (typical of color-center lasers, operating
in synchronous pumping mode) to sub picosecond pulses. The laser’s
work in this case can be described as follows: starting from noise,
initially broad pulses shrink considerably when propagating in the
fiber. Narrowed pulses, returned into main cavity, shrink more and
more. This process continues until the pulses in the fiber become
solitons, i.e. their shape will be precisely conserved after a double
passage through the fiber.

Unfortunately, this process did not always start by itself, often
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demanding high level of power in the cavity of the laser. Despite
that the condition of high power level is plausible for such kind of
nonlinear process, the equations of motion predict that pulses always
have to appear, and the time of buildup will grow inversely to the
laser’s power, without any threshold value.

This mystery was of interest for many authors in the electrooptical
society. Many studies were devoted to the explanation of the power
threshold effect in passive mode-locking, seeking a condition for self-
starting of pulsation. Ippen et.al. [30] and afterwards Chen et.al. [31]
assumed that it is the dynamical gain absorption that is a cause for
the threshold phenomenon. Haus and Ippen [32] named reflections
in the cavity as a cause, since they introduce random dispersion into
the cavity modes. Krausz et.al. [33] suggested the following expla-
nation: the decoherention process in the cavity tends to break the
order of phases in the cavity modes preventing mode-locking. These
theories were detailed in [34, 35, 36, 37, 38] and other models were
also suggested [39, 40, 41].

To answer the question why explicitly an external cavity was used,
one has to consider a laser with modes not ideally locked, for exam-
ple using modulation with losses. Then it becomes of necessity to
introduce a band limiting element into the cavity to create spectrum
limited pulses to prevent the generation in non synchronized modes.
Despite possible usage in the main cavity to improve mode-locking, a
nonlinear element will increase the threshold of generation. Placing
this element into the external cavity, however, will lead to mode con-
necting without changing the properties of generation. Introducing
a nonlinear external cavity will increase the number of synchronized
modes in much the same way, and for selection of a certain pulse
width a bandwidth filter can be used [42].

Usage of an external cavity proved to be especially convenient for
effective mode-locking in lasers with a long-lived upper level [27, 43].
As a nonlinear element in the external cavity either an optical fiber
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(non resonant nonlinearity of Kerr type) or semiconductor structure
was used. The external cavity was topologically presented as a non-
linear interferometer either of Fabry-Perot [44, 45] or Mihelson [46]
type with an additional pair of prisms in the second shoulder for
dispersion compensation.

Properties of such lasers turn out to be quite similar for various ex-
perimental implementations. Stable generation existed without addi-
tional stabilization scheme for several hundreds of milliseconds, and
in the experiment with Nd:YLF, for strongly isolated system, this
time reached one hour.

A large number of parameters, varied from one experiment to an-
other, complicates the analysis of results. Various operating modes
of the laser with external cavity were studied numerically [47, 42].
When describing pulse propagation in external cavity either Nonlin-
ear Schrodinger Equation (NLSE) was used [48] (if a fiber was used
as a nonlinear medium), or nonlinearities of saturated amplifier or
saturated absorber were used. It was numerically shown that in all
these cases stable operating regimes are possible for the laser.

In the first analytical study [48] there was an attempt to build a
distributed model, where pulse propagation in the fiber was described
by NLSE. This model had a significant disadvantage: it failed to
describe the pulse interference process on the output mirror, and
a nonlinear element (in this case, the fiber) was inserted into the
main cavity. Despite an obvious distinction of topology of the model
from really existing ones, some features of experimental results were
explained:

1. Strong dependence of the pulses duration on the fiber length.

2. Good approximation of pulse form by the hyperbolic secant.

3. Greater stability of double-soliton pulses than single-soliton ones.

Let us discuss the last item in detail. It’s well-known that fiber
lasers with sufficiently high pump levels operation in single-pulse
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mode are unstable, and the laser goes to a multiple-pulse mode [49,
50]. Multiple pulses behave either as compact groups of pulses or
strongly separated pulses. In the latter case the pulses can regroup
to fill the cavity uniformly, resulting in harmonic mode-locking. Gru-
dinin et. al. [51] reported on the first experimental observation of
passive harmonic mode-locking in the Erbium-doped fiber laser. Un-
til recently most experiments have been carried out with low-powered
fiber lasers operating near 1550 nm in the anomal dispersion regime.
From a theoretical point of view in this regime Pilipetskii et.al. [52]
found that an acoustically induced long-distance interaction in laser
with cavity of fiber ring type can either put pulses together into
groups or lead to pulse sequences with regular intervals between
them. Kutz et.al. [53] later demonstrated that a competition for am-
plification between dozens of solitons can lead to their equally-spaced
distributions. To optimise the energy extraction from mode-locked
fiber lasers considerable attention is devoted to configurations with
stretched pulses of strictly positive dispersion [54]. Of interest also
is harmonic passive mode-locking in fiber lasers with a nonlinear po-
larization rotation technique [55, 56].
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Chapter 1

Model

In this chapter the theory of passive mode-locking in lasers of Nd:YAG,
Nd:YLF type with external cavity is presented (1995, Shipoulin).
Common properties of active medium for such systems are long-lived
upper laser level and relatively small gain section. Under these con-
ditions it may be assumed that the gain is approximately constant
during the circulation of one pulse around the cavity. The model de-
rived in this Section can be also applied (with some restrictions) for
other types of active medium, such as color-center lasers. The main
equation of the model describes the output pulse shape in regime of
stationary generation.

1.1 Model buildup

The model is constructed using the approach developed in [65]. Its
main assumption is that the pulse, passing sequentially through all el-
ements of the cavity, recovers it’s form completely after a loop around
the cavity. Authors of [65] assumed that the changes of the pulse af-
ter each cavity element are sufficiently small to describe them as a
first order term. Finally, they arrived at an equation describing the
shape of the pulse in stationary generation regime. Using an anzatz
in the form of chirped hyperbolic secant (soliton-like pulse), some
relations between parameters of the equation were obtained. This
approach, being most productive for analytical description, had two
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major disadvantages:

1. According to experimental results, phase shift in the pulse max-
imum in external cavity is 1.5π and cannot be considered as a
small term.

2. As it was mentioned above, an analysis of the solution was ful-
filled only for the soliton-like one. Consequently, a vast class of
possible solutions was excluded from the study.

L

m

L

a

y

j

y

j

1

0

1

0

Figure 1.1: Model scheme of laser with external cavity.

To overcome these limitations, a modification of the model was
suggested [66, 67, 68, 69]. Consider a scheme of the laser with external
cavity shown in Fig. 1.1. Pulse ϕ0, returning to the main cavity after
interference on a separating plateM , is amplified and becomes wider
due to limitation of amplification bandwidth of active medium. It is
assumed that the pulse change ϕ after full passage through the main
cavity can be described analytically using the operator L̂m, defined
on L2(R2):

L̂m(ϕ0) = ϕ1 (1.1)

Pulse change in the external cavity can be described similarly:

L̂a(ψ0) = ψ1 (1.2)

It has to be emphasised that the existence of analytical form for
operators L̂a, L̂m is significant. This restricts the class of the systems
that may be described by this approach. When analytical form is not
available, one can use evolutionary equations with boundary condi-
tions. Such an approach for passive mode-locking description was
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developed in [70]. In this case all the components of the system must
be regarded as distributed ones. In our consideration an interference
is regarded as a significantly pointwise process, therefore other parts
of the system should be described as pointwise also. Mathematically,
this implies the existence of analytical form for the operators L̂a, L̂m.

Pulses ϕ1, ψ1 have to preserve their initial form ϕ0, ψ0 after the
interference on the separating plate M :

{
ϕ0 = Rϕ1 + iTψ1

ψ0 = iTϕ1 + Rψ1,
(1.3)

R2 + T 2 = 1 (1.4)

where R and T – field reflection and propagation coefficients of the
M plate.

Let us transform system (1.3). We have to multiply both sides of
the equation by R and use relation (1.4):

{
Rϕ0 = (1− T 2)ϕ1 + iTRψ1

Rψ0 = iTRϕ1 + (1− T 2)ψ1{
Rϕ0 = ϕ1 + (iT )2ϕ1 + iTRψ1

Rψ0 = iTRϕ1 + ψ1 + (iT )2ψ1{
Rϕ0 = ϕ1 + iT (iTϕ1 + Rψ1)

Rψ0 = ψ1 + iT (Rϕ1 + iTψ1)

{
ϕ1 −Rϕ0 = −iTψ0

ψ1 −Rψ0 = −iTϕ0.

After substitution of (1.1) and (1.2) into the last system, one has:
{

(L̂m −R)ϕ0 = −iTψ0

(L̂a −R)ψ0 = −iTϕ0.
(1.5)
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Here ϕ0 is the shape of the pulse going back into the main cavity
after interference, and ψ0 is the shape of the output pulse (losses in
Fig. 1.1 include the output emission losses)

Let us make some assumptions related to the pulse circulating in
the main cavity:

1. The pulse circulating in the main cavity changes insignificantly
when propagating through active medium.

2. Lifetime of the upper laser level is large enough, so that amplifi-
cation coefficient does not depend on time.

3. Centers of the pulses coincide with each other when interfered.

Last two assumptions are not crucial. They were introduced in
order to simplify the model for illustrative purposes. It is also as-
sumed that in the main and the external cavity additional dispersion
elements are absent, i.e. temporal widening of the pulse occurs only
in the active medium. Then the operator of the pulse transformation
in the main cavity reads:

L̂m = g ·
(

1 +
ln g

(∆w)2
d2

dt2

)
,

where g > 1 is saturated gain coefficient for the active medium
and ∆w is gain bandwidth. Substituting L̂m into the first equation
of (1.5) the following equation can be obtained:

(g −R)

(
1 +

ln g

(∆w)2(g −R)

d2

dt2

)
ϕ0 = −iTψ0. (1.6)

The term which is responsible for the pulse widening:
ln g

(∆w)2(g −R)

is small due to assumption 1 and can be moved into the rhs of equa-
tion (1.6) with the minus sign in brackets:

ϕ0 = − iT

g −R

(
1− ln g

(∆w)2(g −R)

d2

dt2

)
ψ0. (1.7)
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Thus ϕ0, describing the shape of the pulse circulating in the main
cavity, can be expressed by means of the function describing the
output pulse shape ψ0.

Differential equation in closed form for ψ0 can be obtained by sub-
stitution of ϕ0 from (1.7) into the second equation of the system (1.5).
Introducing the time normalized by the inverse spectrum bandwidth:

tH = t ·∆w,

where t – real time, the main equation can be obtained:

(L̂a −R)ψ0 = − T 2

g −R

(
1− ln g

(∆w)2(g −R)

d2

dt2

)
ψ0

(L̂a(g −R)− gR + R2 + T 2)ψ0 =
ln g

(∆w)2(g −R)

d2

dt2
ψ0

d2ψ0

dt2h
+

(gR− 1)(g −R)

ln g · T 2

(
1− g −R

gR− 1
L̂a(ψ0)

)
ψ0 = 0. (1.8)

An explicit form of the operator L̂a, describing the change of the
pulse in external cavity, depends on the type of nonlinearity in the
cavity. Equation (1.8) is the main equation which describes the out-
put pulse shape in stable generation regime. Despite looking simple,
this equation is quite difficult for analysis since the operator L̂a is
nonlinear.

1.2 Zero dispersion external cavity case

Let us apply the model (1.8) to a specific system: Nd3+ laser (Nd:YAG,
Nd:YLF, Nd:glass) with external cavity of Fabry-Perot type and zero
dispersion optical fiber as a nonlinear element (see Fig. 1.2). Sepa-
rating plate BS has reflection coefficient RBS, and we denote losses
in the external cavity as ε (losses of input and optical fiber’s losses).
Then operator describing weakening and phase self-modulation in the
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Figure 1.2: Laser configuration with external cavity of Fabry-Perot type.

fiber takes form:

L̂a(ψ) = (ε ·RBS)2 exp(iγ|ψ|2 + iF0)

where γ is a coefficient which depends on fiber’s length, nonlinear
susceptibility and size of the mode, F0 is the linear phase shift. In-
troducing the following normalizations

τ =
tH · ε ·RBS · (g −R)

(g ln g)1/2 · T =
t ·∆w · ε ·RBS · (g −R)

(g ln g)1/2 · T
γ|ψ0|2 = |ψ|2,

equation (1.8) can be rewritten in a more convenient form, as a second
order differential equation with nonlinearity of the exponential type:

d2ψ

dτ 2
+ (β − exp(i|ψ|2 + iF0))ψ = 0

β =
gR− 1

k(g −R)
, k = (εRBS)2

In fact, in this normalization |ψ|2 is equal to nonlinear phase self-
modulation in the external cavity.

For the boundary conditions we will consider:

|ψ| → 0, when τ → ±∞.
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Chapter 2

Mathematical study of the problem

2.1 Main equation and it’s properties

Main point of research in this study is the equation

d2ψ

dτ 2
+ (β − exp(i|ψ|2 + iF0))ψ = 0, (2.1)

derived in Chapter 1. Related to this equation, the following ques-
tions arise:

1. Does this equation have localized solutions for all possible values
of β, F0?

2. What types of localized solutions can be described when dealing
with this equation?

2.1.1 Invariants

Equation (2.1) is invariant with respect to the two transforms:

• ψ → ψ · eiF , F = const (gauge invariance):

exp(iF )
d2ψ

dτ 2
+ (β − exp(i|ψ|2 + iF0))ψ exp(iF ) = 0⇔

⇔ d2ψ

dτ 2
+ (β − exp(i|ψ|2 + iF0))ψ = 0
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• τ → −τ (reversibility):

d2ψ

d(−τ )2
+ (β − exp(i|ψ|2 + iF0))ψ = 0⇔

⇔ d2ψ

dτ 2
+ (β − exp(i|ψ|2 + iF0))ψ = 0

Both symmetries seem quite natural from the physical viewpoint.

2.1.2 Reductions to a system of ODE

Equation (2.1) is an equation for a complex function. It may be
rewritten in a form of a system of ODE which is more convenient for
the further study.

1. First, we write real and imaginary part of the equation separately.
For this purpose we represent ψ as

ψ(τ ) = x(τ ) + iy(τ )

and substitute it into the equation (2.1):

xττ + iyττ + (β − cos((x2 + y2) + F0)

−i sin((x2 + y2) + F0))(x + iy) = 0⇔

⇔
{
xττ + (β − cos(x2 + y2 + F0))x + y sin(x2 + y2 + F0) = 0

yττ + (β − cos(x2 + y2 + F0))y − x sin(x2 + y2 + F0) = 0

(2.2)

This system can be represented as a system of four first-order
equations:




xτ = p

pτ = −(β − cos(x2 + y2 + F0))x− y sin(x2 + y2 + F0)

yτ = q

qτ = −(β − cos(x2 + y2 + F0))y + x sin(x2 + y2 + F0)

(2.3)

19



In the 4D phase space of this dynamical system (x, p, y, q) the
point (0, 0, 0, 0) is an equilibrium point. The system (2.2) admits
the following symmetries:

x→ x, y → y, τ → −τ
x→ −x, y → −y, τ → −τ. (2.4)

2. Eq. (2.1) also can be rewritten in a form of equivalent system
for two real-valued functions: amplitude ρ and phase P . Substi-
tuting ψ(τ ) = ρ(τ ) exp(iP (τ )) into the (2.1) equation, one can
get:

d2ρ

dτ 2
− ρ

(
dP

dτ

)2

+ (β − cos(ρ2 + F0))ρ = 0. (2.5)

ρ
d2P

dτ 2
+ 2

(
dP

dτ

)(
dρ

dt

)
− sin(ρ2 + F0)ρ = 0. (2.6)

Let us introduce
S = ρ2

(
dP

dτ

)
.

Then system (2.5)-(2.6) can be rewritten in a more compact way:

d2ρ

dτ 2
=
S2

ρ3
− (β − cos(ρ2 + F0))ρ (2.7)

dS

dτ
= sin(ρ2 + F0)ρ

2. (2.8)

This is exactly how the system was written in [26]. Nevertheless,
in that study S2

ρ3
term was neglected and too simplified problem

was solved. We considered problem in a new, complete setting.
System (2.7)-(2.8) is autonomous and invariant with respect to
the following change of variables:

τ → −τ, S → −S. (2.9)
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2.2 Equilibria and stability

In this section we will give a brief overview of definitions used in
Solution types section.

We will consider system (2.3), rewritten in the following form:

x
′
= X(x), (2.10)

where x ∈ R4, andX is a smooth function, defined on someD ⊆ R4.

Definition. A trajectory x(τ ) is called an equilibrium point if it does
not depend on τ , i.e. x(τ ) ≡ x0 = const.

It follows immediately that the coordinates of equilibrium point
can be found by solving equation

X(x0) = 0. (2.11)

In our case, (2.3) gives us (0, 0, 0, 0) as an equilibrium point. If the
Jacobian matrix ∂X/∂x is not degenerate at x0, then the implicit
function theorem tells us that there are no other solutions of (2.11)
near x0. For (2.3) we can find |J |:

|J | =

∣∣∣∣∣∣∣∣∣

0 1 0 0

(cosF0 − β) 0 (− sinF0) 0

0 0 0 1

sinF0 0 (cosF0 − β) 0

∣∣∣∣∣∣∣∣∣
=

=

∣∣∣∣
(cosF0 − β) (− sinF0)

sinF0 (cosF0 − β)

∣∣∣∣ = (cosF0 − β)2 + sin2 F0 =

= 1 + β2 − 2β cosF0.

Hence |J | = 0 ⇔ cosF0 = 1+β2

2β . It’s easy to see that absolute value
of rhs of the latter equation is greater or equal to 1:

∣∣∣∣
1 + β2

2β

∣∣∣∣ ≥ 1⇔ (1 + β2)2 ≥ 4β2 ⇔ (1− β2)2 ≥ 0,
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which is true. Therefore, cosF0 = 1+β2

2β only when β = ±1, and F0 =

0 or F0 = π, respectively. Then (0, 0, 0, 0) is an isolated equilibrium
point, if (β, F0) 6= (1, 0), (−1, π).

The study of system (2.10) near the equilibrium point is based on
a standard linearization method.

LetO(x = x0) be an equilibrium point of (2.10). After substitution
x = x0 + y we can move origin to O and rewrite (2.10) as

y
′
= X(x0 + y)

or, using Taylor series near x = x0,

y
′
= X(x0) +

∂X(x0)

∂x
y + o(y).

Using the fact X(x0) = 0, we write

y
′
= Ay + g(y)

where
A =

∂X(x0)

∂x
is 4× 4 constant matrix, and g(0) = 0. Generally, behavior of (2.10)
near the origin is determined by linearised system

y
′
= Ay.

Stability of equilibrium points is determined by eigenvalues (λ1, . . . , λ4)

of the Jacobian matrix A. Eigenvalues can be found from solving the
characteristic equation

det(A− λI) = 0,

where I is the identity matrix. Roots of characteristic equation are
also called characteristic exponents of the equilibrium point. Equi-
librium is stable if all characteristic exponents belong to the left
side of the complex plane. Additionally, every perturbation from
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the equilibrium point decays with rate coefficient in proportion to
<λi (i = 1, . . . , 4).

We will say WS(0) to be a stable manifold of equilibrium O if

W S(0) = {x0 ∈ R4 : lim
τ→+∞

x(τ, x0) = 0}

and WU(0) to be an unstable manifold of equilibrium O if

WU(0) = {x0 ∈ R4 : lim
τ→−∞

x(τ, x0) = 0}

We will give two essential definitions for two-dimensional case, and
then proceed to dimension 4.

Definition. If characteristic exponents are λ1,2 = −ρ ± iw, then
equilibrium state is said to be of the stable focus type.

Definition. If characteristic exponents λ1, λ2 are real numbers, but
have different signs, then equilibrium is said to be of the saddle type.

Equilibrium of the saddle type is of particular interest in dynamical
systems theory, due to possibility of trajectories being in stable and
unstable manifolds at the same time. These trajectories are also
called homoclinical orbits.

Definition. If two characteristic exponents of A are located on the
right side, and another two on the left side of complex plane, then
equilibrium is said to be of saddle-focus type.

Suppose that λ1,2 = ρ± iw, λ3,4 = −a± ib. Therefore there exist
2D stable and 2D unstable manifolds.

2.3 Solution types

From the physical applications’ viewpoint only localized pulses sat-
isfying the following conditions are worth the interest:

x→ 0, y → 0, when τ → ±∞
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In the dynamical system (2.2) such kind of solutions are homoclin-
ical orbits of equilibrium point (0, 0, 0, 0). Due to symmetries (2.4)
even and odd solutions can be obtained. Corresponding homoclinical
orbits will also have symmetry properties.

For the second representation of (2.1) localization condition can
be written as:

ρ(τ )→ 0, S(τ )→ 0, τ → ±∞. (2.12)

2.4 Equilibrium point (0, 0, 0, 0)

Homoclinical orbits lie in the intersection of stable and unstable man-
ifolds of equilibrium point (0, 0, 0, 0). Let’s determine it’s type. To
do so we linearize equation system (2.2) in the vicinity of (0, 0, 0, 0)

with the following denotations:

A = β − cosF0

B = sinF0

{
xττ + Ax + By = 0

yττ −Bx + Ay = 0.

Then we write an equation on system matrix’s eigenvalues:

x = X exp(λτ )

y = Y exp(λτ ){
λ2X + AX + BY = 0

λ2Y −BX + AY = 0.

Let us rewrite the last system in matrix form:
(
A + λ2 B

−B A + λ2

)(
X

Y

)
=

(
0

0

)
(2.13)
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It follows that matrix’s denominator, being on the left, must have
it’s value to be zero:

(A + λ2)2 + B2 = 0

A + λ2 = ±iB
λ2 = −A± iB ⇒

⇒




λ1 = α + iγ

λ2 = α− iγ
λ3 = −α + iγ

λ4 = −α− iγ
,

where α > 0, α ∈ R, γ ∈ R. For every value of λ2 let’s find an
eigenvector. To do so we substitute them into (2.13)

(
iB B

−B iB

)(
X

Y

)
=

(
0

0

)
⇒

⇒
(
X

Y

)
=

(
1

−i

)

for λ2 = −A + iB, and
(
−iB B

−B −iB

)(
X

Y

)
=

(
0

0

)
⇒

⇒
(
X

Y

)
=

(
1

i

)

for λ2 = −A− iB.
Thus (0, 0, 0, 0) is a point of saddle-focus type in 4D phase space.

It means that (0, 0, 0, 0) has 2D stable WS and unstable WU mani-
folds [71].

Theorem 1. Unstable manifoldWU consisting of all trajectories out-
going from (0, 0, 0, 0), consists of only one selected outgoing trajectory
and it’s all possible rotations by angle ϕ.
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Proof. Let us describe WU in the vicinity of (0, 0, 0, 0):
{
x(τ ) = C1 exp((α + iγ)τ )) + C2 exp((α− iγ)τ )

y(τ ) = C1(−i) exp((α + iγ)τ ) + C2i exp((α− iγ)τ ).
(2.14)

From real-valuedness of x and y we can conclude that C2 = C̄1.
Let us emphasise that WU is invariant with respect to the following
transform in the vicinity of (0, 0, 0, 0):

{
x̃ = x cosϕ− y sinϕ

ỹ = x sinϕ + y cosϕ.
(2.15)

Let’s prove this. Substituting (2.14), one can get:

x̃ =
(
C1 exp((α + iγ)τ ) + C̄1 exp((α− iγ)τ )

)
cosϕ−(

C1(−i) exp((α + iγ)τ ) + C̄1i exp((α− iγ)τ )
)

sinϕ =

= C1 exp((α + iγ)τ )
(
cosϕ + i sinϕ

)
+

+C̄1 exp((α− iγ)τ )
(
cosϕ− i sinϕ) =

= C1 exp((α + iγ)τ ) exp(iϕ) + C̄1 exp((α− iγ)τ ) exp(−iϕ)

ỹ =
(
C1 exp((α + iγ)τ ) + C̄1 exp((α− iγ)τ )

)
sinϕ +(

C1(−i) exp((α + iγ)τ ) + C̄1i exp((α− iγ)τ )
)

cosϕ =

= C1 exp((α + iγ)τ )
(
sinϕ− i cosϕ

)
+

+C̄1 exp((α− iγ)τ )
(
sinϕ + i cosϕ

)
=

= exp(−iπ/2)
(
C1 exp((α + iγ)τ ) exp(iϕ))−

−C̄1 exp((α− iγ)τ ) exp(−iϕ)
)
.

Changing C1 to C1 exp(iϕ) it can be easily concluded that expressions
for x̃ and ỹ match with analogous for x and y, differing only in phase
shift of the constant. It follows that selecting specific ϕ we can get a
real-valued C1 (and C̄1, consequently). Thus we can write real-valued
expression on the rhs of (2.14).

It’s easy to show that stability property with respect to rotation
operation stands not only in the vicinity of (0, 0, 0, 0), but in the whole
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manifold WU . It follows from invariance of the (2.1) equation with
respect to ψ → ψeiF , F = const operation. Then the statement of
the theorem holds.

In other words, fixing an arbitrary outgoing trajectory inWU one
can express all others with selected one, using rotation procedure.

Let us answer a question: does every homoclinic trajectory have
to be symmetrical? From (2.4) we can conclude that two types of
symmetrical solutions can be considered:

1. In the first case symmetrization condition will take form of equal-
ity to zero for real and imaginary part’s derivatives:

xτ (τ
∗) = 0, yτ (τ

∗) = 0.

Thus even solutions can be obtained.

2. In the second case condition will be:

x(τ ∗) = 0, y(τ ∗) = 0

and odd solutions can be found.

For the (2.7),(2.8) symmetrisation condition can be written as:

ρτ (ξ) = 0, S(ξ) = 0. (2.16)

Consider a trajectory from WU in 4D phase space. It starts from
equilibrium point (0, 0, 0, 0). If it crosses the plane xτ = 0, yτ = 0,
then due to symmetry (2.2) with respect to change τ to −τ , a tra-
jectory from WS, ingoing to (0, 0, 0, 0), will be symmetrical to the
outgoing trajectory. Thus we get a symmetrical solution. This rea-
soning can be repeated for x = 0, y = 0 plane, corresponding to odd
symmetry case in (2.2).
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2.5 Asymptotics of the solution

We have an outgoing trajectory described by the following asymp-
totics as τ → −∞:

x ∼ exp(ατ ) cos γτ

xτ ∼ α exp(ατ ) cos γτ − γ exp(ατ ) sin γτ

y ∼ exp(ατ ) sin γτ

yτ ∼ α exp(ατ ) sin γτ + γ exp(ατ ) cos γτ

Assuming exponential decay of ρ(τ ) for the (ρ, S) system:

ρ(τ ) ∼ Reγτ , ρτ (τ ) ∼ Rγeγτ τ → −∞ (2.17)

where γ > 0 – real valued parameter, S(x) can be asymptotically
expressed as:

S(τ ) ∼ R2 · sinF0

2γ
· e−2γτ , τ → −∞. (2.18)

Here γ satisfies biquadratic equation:

4γ4 + 4(β − cosF0)γ
2 − sin2 F0 = 0 (2.19)

If sinF0 6= 0 then Eq.(2.19) has only one positive root. This means
that the system (2.7)-(2.8) has unique (up to a shift with respect to
independent variable τ ) solution. In 3D phase space (ρ∗(τ ), S∗(τ ))

decays exponentially as τ → −∞. However, typically this solution
does not satisfy the localization condition at τ → +∞. This implies
that the localization of a pulse at both τ → ±∞ can take place for
selected values of external parameters β and F0 only.

For what follows it is important that in the case of symmetric
pulses the localization condition at τ → +∞ is satisfied automat-
ically if at some point τ = ξ the solution (ρ∗(τ ), S∗(τ )) obeys the
condition (2.16).
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Chapter 3

Numerical method

The idea of numerical method is of tracing the solution (ρ∗(τ ), S∗(τ ))

with asymptotics (2.17)-(2.18) until the point τ = ξ is reached where
ρτ (ξ) = 0. If S(ξ) = 0 also then the solution (ρ∗(τ ), S∗(τ )) corre-
sponds to a pulse-shaped solution of (2.1). However generally it is
not the case. Let us introduce the function

W (F0, β) = S∗|ρ∗τ=0

where (ρ∗(τ ), S∗(τ )) is solution for the parameters F0 and β. Zeroes
of the function W (F0, β) determine symmetric localized solutions of
(2.7)-(2.8). In practice one can fix the value F0 and seek for values βk,
k = 1, 2, . . . such that W (F0, βk) = 0 by scanning numerically some
interval of β and employing dichotomy method, so the algorithm will
look as follows:

1. Select an appropriate interval for β. For the first time it can be
difficult, but in practice (−1, 1) is good enough.

2. Solve the equation system (2.7)-(2.8) for every β from the se-
lected interval (it should be split in several sectors, preferably
equal in length). Solving process should be stopped at the point
where ρτ = 0.

3. Grab value of S and remember it for every β from the interval.

4. Pay attention to S values and stop when Si−1 ≤ 0 and Si ≥ 0

(here i correspond to the number in sequence of selected β’s from
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the interval).

5. At this moment,
βi−1 + βi

2
can be picked as an average value

for current step. Afterwards we split (βi−1, βi) sector into some
equal parts and repeat steps 1-5 until the required accuracy is
achieved.

For the (2.2) algorithm is much the same, with the following re-
marks:

• FunctionW (F0, β) will take the following form depending whether
we seek even or odd solutions:

W (F0, β) = yτ |xτ=0 for even solutions
W (F0, β) = y|x=0 for odd solutions

• Rhs of (2.2) system strongly oscillates, therefore not always the
first zero of W (F0, β) function will be selected.

For a given F0 and β the solution (ρ∗(τ ), S∗(τ )) can be found by
solving the Cauchy problem with initial data

ρ(0) = ε, ρτ (0) = γε, S(0) =
ε2 sinF0

2γ
(3.1)

Here ε is a small enough value. The initial data above correspond to
the solution (ρ∗(τ ), S∗(τ )) up to the terms of ε2.

For (2.2) system initial conditions will be:




x(0) = (2ε · exp(ατ ) cos γτ )|τ=0 = 2ε

xτ (0) = 2ε · (α exp(ατ )− γ exp(ατ ) sin γτ )|τ=0 = 2εα

y(0) = (2ε · exp(ατ ) sin γτ )|τ=0 = 0

yτ (0) = 2ε · (α exp(ατ ) sin γτ + γ exp(ατ ) cos γτ )|τ=0 = 2εγ

(3.2)
where ε ∈ R is selected real value of C1, sufficiently small.

To be sure that our method is correct, several experimentations
are needed to show solutions independence with respect to changes of
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Figure 3.1: Comparison of ρ profiles for various initial conditions. Left pane: ε = 10−1, Right
pane: ε = 10−2
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Figure 3.2: Comparison of ρ profiles for various initial conditions. Left pane: ε = 10−3, Right
pane: ε = 10−5

an initial conditions – however small we choose them, result should
be the same. One can see a comparison given on Fig. 3.1,3.2 for
various selected ε. Here we can state that all profiles are the same,
so they don’t depend on the initial condition, if it’s properly given
by rule (3.1).
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Chapter 4

Results

4.1 Single pulse solution

Numerical study confirms the prediction that the pulse-shaped solu-
tion can exist for selected values of β only. We have found that for
any value of F0 ∈ (θ; π), where θ ≈ 2.57, there exists a single-pulse
solution of (2.1) at some value of β. The shape of this solution for
F0 = 0.1π, β ≈ −0.1532 and F0 = −0.001π, β = −0.0926 is shown
in Fig.4.1 and Fig.4.2, correspondingly. The dependence of param-
eter β for which the single-pulse solution exists versus F0 is shown
in Fig.4.3, on the left. Solving S(ξ) = 0 (see Chapter 3), one can
observe that it can have two roots (see Fig.4.4 for F0 = −2 exam-
ple). The dependence β(F0) for the second root is shown in Fig.4.3,
on the right. Combining two dependencies, one can see that they
continue each other, forming one curve and implementing one of the
simplest bifurcation pictures – saddle-node bifurcation: see Fig.4.5
for a complete picture. To compare the solutions for various roots
of S(ξ) = 0, we can take for example a F0 = −2 value and observe
(ρ, τ ) and (ρ, ρτ ) planes (see Fig.4.6 and Fig.4.7). As we can see,
qualitatively pictures are the same, but sizes vary. First root gives
higher ρ profile and wider range for ρτ . Despite that, in the second
root case, ρ profile holds more energy than in the first root case. Here
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for the energy integral we use:

I =

∫
ρ2dτ.

We can also return to the ψ variable itself. It’s enough to integrate
S/ρ2, exponentiate the result multiplied by 1i and multiply exponent
by ρ (see definition of ψ and S in Chapter 2). To take a look at
real and imaginary parts of it for the first and second cases, one
can see Fig.4.8 and Fig.4.9. It is interesting to look at the Fourier
transformed real and imaginary parts – see Fig.4.10 and Fig. 4.11 for
the first and second root cases, respectively.
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Figure 4.11: Specturm of real and imaginary parts of ψ(τ) for F0 = −1, second root

We were able to write asymptotics in the vicinity of some points
for the given β(F0) curve. We’ve found two such points: (F0, β) =

(π,−1) and (F0, β) = (0, 1). Technical details are given below.

4.1.1 (F0, β) = (π,−1) asymptotics

Consider

ρ ∼ εR(ετ )

S ∼ ε3Q(ετ )

in the vicinity of mentioned point. Taking

F0 = π − θε2
β = −1 + ηε2

as asymptotics of F0 and β and substituting them into the main
system, one can obtain:




ε3R

′′
= ε3Q2

R3 − (−1 + ηε2 −
(
ε2(R2−θ)

2

)2
)εR

ε4Q
′
= R2(θ −R2)

(4.1)

Here we’ve used the following observations:
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1. In

cos(ε2R2+π−θε2) = − cos(ε2(θ−R2)) = −1+

(
ε2(θ −R2)

2

)2

+. . .

second term has an order equal or greater 4, resulting order ≥ 5

in (4.1) whereas first equation consists of third order parts. Note:
depends on θ −R2 order of ε, which is yet unknown.

2. In

sin(ε2R2 + π − θε2) = sin(ε2(θ −R2)) = ε2(θ −R2) + . . .

gives us fourth order in the second equation of (4.1), so it corre-
sponds with the fourth order on the lhs.

After simplyfing, (4.1) will become:
{
R
′′

= Q2

R3 − ηR
Q
′
= R2(θ −R2)

Here what we want is the F0, β relation. Taking θ = 1, we perform
scaling operation on F0 and β, not affecting their dependency on each
other. So, {

R
′′

= Q2

R3 − ηR
Q
′
= R2(1−R2)

(4.2)

In order to obtain initial conditions for R,Q we will take them as:

R ∼ R0e
ατ , Q ∼ Q0e

2ατ

Now, substitute them in the (4.2) equation:



α2R0 =

Q2
0

R3
0
− ηR0

2αQ0 = R2
0(1−R2

0e
2ατ )

Treating R0 as a small number, we can simplify second equation and
finally get:

2αQ0 = R2
0 ⇒ Q0 =

R2
0

2α
⇒ α2R0 =

R0

4α2
−ηR0 ⇒ 4α4+4α2η−1 = 0
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Solving this equation for given η will provide us Q0 using R0, which
is known. After that we can apply a procedure similar to what was
given in the Chapter 3. We seek Q(ξ) = 0 equation’s root (with
condition that R′ is zero) and apply dichotomy process for the pa-
rameter η in order to accurate it. Numerical computation shows
that η ≈ 0.35336. This is the same as the tangent of angle of a β(F0)

curve (see Fig.4.5), at which it reaches that point, so knowing θ and
η, here β and F0 correspond to each other in the vicinity of the point,
proving asymptotical expansion to be true:

F0 = π − ε2,
β ≈ −1 + 0.35336 · ε2.

4.1.2 (F0, β) = (0, 1) asymptotics

We will reduce problem to the previous case. Considering

ρ ∼ εR(ετ ), S ∼ ε3Q(ετ )

we will take F0 and β as

F0 = −θε2, β = 1 + ηε2

Substituting them into the main system and keeping the right order
of terms, one can obatin:

{
ε3R

′′
= ε3Q2

R3 − (1 + ηε2 − 1)εR

ε4Q
′
= ε2(R2 − θ)R2

Introducing Q̃ = −Q, we obtain system (4.2). Resulting value of η
is the same, and so is the tangent of an angle of the curve, measured
at (0, 1) (see Fig.4.5). Then asymptotical expansion works here, too:

F0 = −ε2,
β ≈ 1 + 0.35336 · ε2.
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Figure 4.12: Double pulse solution, F0 = −0.001π, β = −0.09256. The panels are as in Fig.
4.1 and 4.2.

4.2 Double pulse solution

Apart from the single-pulse solutions we have found also bound states
of these entities. They can be obtained by using another zero of
the function W (F0, βk) (see Chapter 3). To attempt that we need
to select another root of the equation ρτ = 0. Comparing to the
single pulse solution, we choose the root that is farther on the τ
scale. Following the same numerical procedure as for the single pulse
solution, we find (β, F0) pair values.

Parameters β, corresponding to the particular F0, are shown at
Fig.4.14. As one can easily see, part on the right of the curve is very
similar to the corresponding part of β(F0) for single pulse solution.
However, we do not know yet for sure whether curve has the same
bifurcation on the left or not. Fig.4.12 shows double-pulse solution
which appears at F0 = −0.001π, β = −0.09256. As in the single-
pulse case, we can return to the ψ variable and draw it’s real and
imaginary parts, see Fig.4.13.
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Conclusion

In the model of passive mode-locking laser the following results were
obtained:

1. Single-pulse and double-pulse solutions were found.

2. Parameter curves β(F0) corresponding to these solutions were
constructed.

3. Asymptotical expansions for points (F0, β) = (π,−1) and (F0, β) =

(0, 1) were presented.

It would prove to be interesting to check the results of this study
experimentally. To do so one has to select parameters values corre-
sponding to the so-called «operating regime» of the laser, using an
expression for β derived when transforming equation (2.1):

β =
g ·R− 1

k(g −R)
,

where g > 1 – saturated gain coefficient, 0 < R < 1 – reflection
coefficient of the M plate (see Fig. 1.2), k = (εRBS)2, 0 < k < 1,
RBS – reflection coefficient of the plate BS (see Fig. 1.2). There
exists a theoretical expansion describing saturation process for the
gain coefficient g:

g =
g0

1 + I
Is

,

where I – integral of the energy of the pulse, Is – saturation energy.
Substituting this formula into the expression for β mentioned above,
we will get a theoretical expression relating β to the pulse energy and
it’s saturated value.
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For each energy integral value there exists a corresponding param-
eter F ∗0 . Thus the derived theoretical expression can be considered
as a dependency β(F ∗0 ). Appropriately selecting other parameters –
saturation energy Is, R and k coefficients, one can find an intersec-
tion point of experimental β(F0) and theoretical β(F ∗0 ) curves, the
so-called «operating point». This seems to be a natural way to check
this study experimentally.

Theoretical extensions of the problem may include a search for
the first integral of (2.1). This might prove to be difficult due to
non-Hermitian property of the operator of the system.
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