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Abstract

Ramsey theory has to do with order within disorder. This thesis stud-

ies two Ramsey numbers, R(3, 3) and R(3, 4), to see if they can provide

insight into �nding larger Ramsey numbers. The numbers are studied

with the help of computer programs. In the second part of the thesis

we try to create a coloring of K45 which lacks monochromatic K5 and

where each vertex has an equal degree for both color of edges. The re-

sults from studying R(3, 3) and R(3, 4) fail to give any further insight into

larger Ramsey numbers. Every coloring of K45 we produce contains a

monochromatic K5.

1 Introduction

Ramsey theory has its origin in one of the theorems proved by Frank Plumpton
Ramsey in his 1928 paper `On a problem of formal logic' [5]. In a broad sense
the theory tells us that in a su�ciently large system, no matter how disordered,
there must exist order to some degree.

Ramsey's theorem tells us that we will always �nd a monochromatic com-
plete subgraph in any edge coloring for any amount of colors of a complete
graph, given that the complete graph is su�ciently large. A simple yet e�ective
example of Ramsey's theory is the following: How many people are required at
a party to ensure that there is either a group of three people that all mutually
know each other or do not know each other? As it turns out the number is six
which we will also prove in the later sections of the essay.

In section 2 we will establish that Ramsey numbers do exist and that they
are bounded. The proofs and train of thought in the section will closely follow
`Combinatorics and Graph Theory' [1] and `Modern Graph Theory' [2] . Section
3 will go through the results of the numerical analysis done for the Ramsey
numbers R(3, 3) and R(3, 4). Section 4 highlights a computer code which with
the help of certain guidelines creates colored complete graphs of order n = 4k+1.

2 Ramsey Numbers

2.1 Basic concepts

Before we dwell into Ramsey numbers and the theory behind them we need
some de�nitions of the concepts we will be using throughout this paper.

De�nition 1. A graph consists of a set of vertices and a set of edges. Vertices
can be viewed as the corners of a graph and edges as the lines between the
corners.

De�nition 2. Two vertices x and y in a graph are called adjacent (or neighbors)
if they are endpoints of an edge. Such an edge is said to connect these two
vertices and is called incident with the vertices x and y. The edge connecting
x and y can be denoted xy.
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De�nition 3. The degree of a vertex x, denoted by deg(x), is the number of
edges that are connected to the vertex x.

De�nition 4. The set of all vertices adjacent to a vertex x is called the neigh-
borhood of x.

Lemma 1. Let G be a graph with a vertice set V and e edges. Then

2e =
∑
x∈V

deg(x),

also the number of vertices of odd degree in a graph has to be even.

We will mostly focus our attention on �nite graphs in which the vertex and
edge set are �nite but there are also in�nite graphs where either the edge, vertex
or both sets are in�nite.

(a) (b)

Figure 1: Two di�erent graphs. Graph (a) has 6 vertices and 8 edges while
graph (b) has 8 vertices and 12 edges.

The graphs in Fig. 1 do not follow any particular form or structure but there
are graphs which do.

De�nition 5. A cycle graph, denoted by Cn, n ≥ 3, is simply a cycle on n
vertices.

De�nition 6. A complete graph, denoted by Kn, is a graph on n vertices where
each vertex is connected with an unique edge to all the other n− 1 vertices.

De�nition 7. A subgraph of a graph G is a smaller graph within G which is
obtained by removing some vertices and edges incident to it from G. A complete
subgraph is a subgraph which also is a complete graph.

De�nition 8. A two-colored graph is a graph in which each edge is colored with
one of the two chosen colors.
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(a) (b) (c)

Figure 2: Three di�erent cycle graphs of size three, �ve and seven, respectively.

(a) (b) (c)

Figure 3: Three di�erent complete graphs of size three, �ve and six, respectively.

(a) (b)

Figure 4: Two di�erent subgraphs of K5 indicated with dashed lines. Subgraph
(b) forms K4 within K5.
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(a) (b)

Figure 5: Some two-colored graphs.

Throughout this paper we will use the colors red and blue to color our graphs.
We say a colored graph is monochromatic if all the edges in the graph have the
same color. It is also convenient that we already now de�ne what we mean by
Ramsey numbers.

De�nition 9. The Ramsey number, R(s, t), is de�ned as the smallest integer
n such that every two-coloring of Kn contains either a red Ks or a blue Kt.

2.2 They Do Exist

We will start out by looking at concepts in in�nite sets and later use those to
prove results about �nite graphs. The �rst lemma we need is known as the
in�nite pigeonhole principle.

Lemma 2. (In�nite Pigeonhole Principle). If an in�nite amount of objects are
distributed among a �nite amount of containers, one container will contain an
in�nite amount of objects.

For the next lemma we need some knowledge about graphs which are trees.
A tree is connected and acyclic graph. It is convenient to think of the starting
point of the tree graph as the root r. A path in a graph is a �nite or in�nite
sequence of edges which connect a sequence of vertices. A level in a tree is the
set of vertices which all are a �xed distance away from the root.

Lemma 3. If T is an in�nite tree and each level of T is �nite, then T contains
an in�nite path [1].

With these two lemmas we can start to prove that Ramsey numbers do exist.

Theorem 1. Let G be a complete in�nite graph with a countably in�nite set of
vertices. Given any two-coloring of the edges, G will contain an in�nite complete
monochromatic subgraph.

Proof. Suppose the edges of G are colored using red and blue. We will build
an in�nite subsequence of edge colorings using the in�nite pigeonhole principle
(lemma 2). Let us pick an arbitrary vertex in G and call it x0. Now x0 is
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root

2 3

4 5 6 7

8 9 10 11 12 13 14 15

Figure 6: A two-colored tree graph.

adjacent to in�nitely many vertices with in�nitely many edges but each edges
can only have one of the two colors, red or blue. Lemma 2 tells us that x0 has
to be incident with in�nitely many edges of the same color. Let us assume this
color is blue and call all the vertices connected to x0 with blue edges the blue
neighborhood of x0, denoted V0. Within V0 there are in�nitely many vertices,
we pick one of them and call it x1. Once again by lemma 2 we know that x1
is incident to either in�nitely many red or blue edges. Let us assume that even
this time it is blue edges and de�ne this as the blue neighborhood of x1, denoted
V1. We note that V0 ⊃ V1. Now within V1 there are in�nitely many vertices
connected to in�nitely many edges, we pick one and call it x2. Again by lemma
2 we know that x2 is incident with either in�nitely many red or blue edges.
This time let it be red edges and call it the red neighborhood of x2, denoted V2.
So far our sequence is V0 ⊃ V1 ⊃ V2. We keep building the sequence like this
inde�nitely.

The way we have de�ned our sequence gives the property that the color of
the edge connecting two vertices is given by the lower ordered vertex. All the
edges in the form x0xi, i ≥ 1 are blue, all the edges x2xi, i ≥ 3 are red and so
forth. In our in�nite sequence of red and blue neighborhoods lemma 2 tells us
that we have to have in�nitely many neighborhoods of the same color. This
sequence of same colored neighborhoods which we have in�nitely many of will
provide us with an in�nite complete monochromatic subgraph.

With the preceding theorem we can �nally make sure that there indeed is a
�nitely large Km for every Kn such that we are guaranteed to �nd a monochro-
matic Kn in Km.

Theorem 2. For each n ∈ N there is an m ∈ N such that R(n, n) = m.

Proof. By way of contradiction, suppose that there is an n such that for everym
there is a two-coloringKm such that it contains no monochromaticKn subgraph.
Let G be the complete graph with vertices V = {vi | i ∈ N}. Suppose E =
{ei | i ∈ N} is an enumeration of the edges of G. Construct a tree T of partial
edge colorings of G as follows. Include the sequence root, c0, c1, . . . , ck in T if
and only if whenever edge ei is colored color ci for all i ≤ k, the subgraph of
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G containing e0, e1, . . . , ek contains no monochromatic Kn. The kth level of T
contains at most 2k vertices, so each level is �nite. Since we have assumed that
there is a way of coloring any Km so that no monochromatic Kn appears, T
is in�nite. By lemma 3, T has an in�nite path. This in�nite path provides a
two-coloring of G that contains no complete monochromatic subgraph. Thus for
this coloring, G has no in�nite monochromatic complete subgraph, contradicting
Theorem 1. Our initial supposition must be false, and so for each n there is an
m such that R(n, n) = m [1].

2.3 Boundaries

In section 2.2 we established that Ramsey numbers do exist and that they are
�nite. We will take a look at how large a complete graph has to be in order
to guarantee that a certain coloring of it contains a certain complete subgraph.
We have that

R(s, t) = R(t, s)

and when it comes to two-color edge colorings of complete graphs we have that

R(s, 2) = R(2, s) = s. (1)

This becomes clear by trying to make a two-color edge coloring of Ks. In order
to avoid a single red colored K2 appearing in Ks not a single edge can be colored
red. But by not coloring a single edge red all edges will be colored blue thus
producing a blue Ks.

Theorem 3. If s > 2 and t > 2 then

R(s, t) ≤ R(s− 1, t) +R(s, t− 1).

Proof. From theorem 2 we know that both R(s− 1, t) and R(s, t− 1) are �nite.
Let n = R(s− 1, t)+R(s, t− 1) and consider a two-coloring of the edges of Kn.
We will show that there exists either a red Ks or blue Kt in this coloring. Let
x be a vertex of Kn. Since Kn is a complete graph each vertex has degree n− 1
thus deg(x) = n− 1 = R(s− 1, t) +R(s, t− 1)− 1. Now the vertex x will either
be incident with at least n1 = R(s − 1, t) red edges or x will be incident with
at least n2 = R(s, t − 1) blue edges. This is because the integer n − 1 can not
be ordered into pairs of integers such that their sum is n− 1 and both are less
than R(s− 1, t) and R(s, t− 1) Consider a subgraph Kn1 of Kn spanned by n1
vertices joined to x by red edges. If Kn1 has a blue Kt, we are done. Otherwise,
by de�nition of R(s − 1, t), the graph Kn1

contains a red Ks−1 which forms a
red Ks with x [2].

In the previous theorems we have worked with two-colored edge colorings of
Kn but these theorems can be extended to hypergraphs1 and any amount of
�nite colors [2].

1In a hypergraph an edge can connect any number of vertices.
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Example 2.3.1. To illustrate theorem 3 lets take a look at R(3, 4). Theorem
3 gives us that R(3, 4) ≤ R(2, 4)+R(3, 3) = 4+ 6 = 10. To see that R(3, 4) ≥ 9
we need to color K8 in such a way that neither a red K3 nor a blue K4 appear
(Fig. 7). From this we can conclude that 9 ≤ R(3, 4) ≤ 10.

2

3

4

5

6

7

8

1

Figure 7: A red-blue coloring of the edges in K8 producing no red K3 nor a blue
K4

Now we will prove that R(3, 4) = 9. We let H be a complete graph of order
10. Let x be a vertex in H. As a �rst case let H be two-colored in such a way
that x is incident with four or more red edges. Call the end vertices of these
edges the red-neighbors of x, let S1 be the set of red-neighbors of x. We have
de�ned S1 so that it contains at least four vertices and from (1) we see that
R(2, 4) = 4 thus any two-coloring of the edges of H must produce either a red
K2 or a blue K4 within S1. If a red K2 is present in S1 it forms a red K3 with
the red edges incident to x (Fig. 8a) otherwise by de�nition a blue K4 must be
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present in S1 and we are done (Fig. 8b).
As a second case let H still be of order 10. Suppose that H is two-colored

in such a way that x is incident to at least six or more blue edges. The end
vertices of these edges will be the blue-neighbors of x and let S2 be the set of
blue-neighbors of x. Since S2 contains at least six vertices and from table 1 we
see that R(3, 3) = 6 therefore any two-coloring of the edges of H will guarantee
either a red K3 or a blue K3. If a red K3 is present we are done (Fig. 8c).
If a blue K3 is present it will combined with the the blue edges incident to x
produce a blue K4 and we are done (Fig. 8d).

Now as a �nal case let H be exactly of order 9 and let x be incident with
exactly three red edges and �ve blue edges. Since K9 has deg(x) = 8 for each
vertex this is possible. This way none of the conditions discussed in the two
previous cases are ful�lled. Since the vertex x is chosen arbitrarily, we can as-
sume that this holds true for every vertex of H. The underlying red subgraph
of this two-coloring of H will have nine vertices each with deg(x) = 3. This
can not be since from lemma 1 we see that the number of vertices with an odd
degree in a graph has to be even. In Fig. 9 we see that trying to color the last
vertex so that it will have deg(x) = 3 for red edges will result in one of the other
vertices having deg(x) = 4 and thus ful�lling R(2, 4). If the vertex is left with
deg(x) = 2 for red edges it will have deg(x) = 6 for blue edges which in turn
satis�es R(3, 3). A similar argument can be made for the blue subgraph where
all vertices should have deg(x) = 5 in order to avoid a monochromatic K3 and
K4 (Fig. 10).

From these three cases we can conclude that R(3, 4) = 9. This example also
shows that in a certain case the inequality in theorem 3 can be improved. Let
both R(s− 1, t) and R(s, t− 1) be even and let n = R(s− 1, t)+R(s, t− 1)− 1.
Suppose there is a two-coloring of Kn such that no red Ks nor blue Kt appears.
Being a complete graph each vertex in Kn has degree

n− 1 = R(s− 1, t) +R(s, t− 1)− 2.

This means that in order to avoid a monochromatic Ks or Kt each vertex
is connected to the rest of the vertices by exactly R(s − 1, t) − 1 red edges
and R(s, t − 1) − 1 blue edges. The total number of red edges in Kn will be
n(R(s − 1, t) − 1)/2. This number must be an integer but this is impossible
since R(s−1, t) is even. A similar argument holds for the number of blue edges.
Thus in the case of both R(s− 1, t) and R(s, t− 1) being even the inequality in
theorem 3 is strict.

In table 1 we see some values and bounds for two-color Ramsey numbers.
In fact the table shows all current two-color Ramsey numbers which are known.
For all other two-color Ramsey numbers all that exist are upper and lower
bounds. These bounds give insight into how di�cult it to �nd these numbers
just using a head on approach with computers. Taking R(5, 5) as an example the
lower bound graph K43 has 2903 di�erent two-colorings while the upper bound
graph K49 has 2

1176 di�erent two-colorings. To paraphrase the great Hungarian
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(a) (b)

(c) (d)

Figure 8: Trying to create a two-coloring of K10 containing no monochromatic
triangles.
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Figure 9: A red subgraph of K9. There has to be an even number of vertices
with odd degree and thus it is impossible to increase the degree of vertex 3
without increasing the degree of any other vertex in the subgraph.
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1

Figure 10: A blue subgraph of K9. One can not increase the degree of vertex
3 to �ve for blue edges without increasing the degree of one other vertex to six
for blue edges.
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mathematician Paul Erd®s, he tells us: If an alien race comes to earth and
demands to know R(5, 5) or they will destroy mankind. It would be best to try
to compute it. If they however ask for R(6, 6) we should prepare for war [12].

s,t 2 3 4 5 6 7 8 9

2 2 3 4 5 6 7 8 9
3 6 9 14 18 23 28 36
4 18 25 35-41 49-61 56-84 73-115
5 43-49 58-87 80-143 101-216 125-316
6 102-165 113-298 127-495 169-780
7 205-540 216-1031 233-1713
8 282-1870 317-3583
9 565-6588

Table 1: Known Ramsey numbers and boundaries for two-colorings of Kn [4].
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3 Numerical Analysis of the Distribution of K3

and K4 in Complete Graphs

The numerical results are attained by running a code in Mathematica (see A.2)
that runs through all di�erent two-colorings of a complete graph and searches
them for speci�ed monochromatic complete subgraphs. From lemma 1 we see
that for any graph the number of edges is

(
∑
x∈V

deg(x))/2.

We are dealing with complete graphs which by de�nition are graphs where each
vertex is connected to every other vertex in the graph by a unique edge. Every
vertex in a complete graph of order n has deg(v) = n− 1 and since there are n
vertices total each Kn has n(n− 1)/2 edges. For our purposes each edge can be
colored with two di�erent colors thus there are a total of 2n(n−1)/2 colorings for
each Kn we investigate. The program runs through all of the 2n(n−1)/2 colorings
for Kn.

Throughout the rest of the paper we will use some combinatorical notation
which we will de�ne now.

De�nition 10. The binomial coe�cient, denoted
(
n
r

)
, shows the number of

r-combinations from a set of n elements. It is calculated as(
n

r

)
=

n!

r!(n− r)!
.

3.1 Distribution of K3

In this section we will take a look at how the appearance of monochromatic
triangles in Kn increases. From theorem 3 we get R(3, 3) ≤ R(2, 3) +R(3, 2) =
3+ 3 = 6. To con�rm that R(3, 3) = 6 all we need to do is �nd a coloring of K5

containing no monochromatic triangles. One such coloring can be seen in Fig.
11 thus 5 < R(3, 3) ≤ 6⇒ R(3, 3) = 6.

A more illuminating explanation is the following. Every vertex in K6 has
deg(x) = 5. Since �ve is an odd number and we can use two colors each vertex
will have at least deg(x) = 3 for the red edges or the blue edges. This is because
if we start coloring the edges of a vertex pairwise red-blue we get two such pairs
out of the �ve edges. The leftover edge will have to be colored either red or blue
thus ensuring that there will be at least three edges that are colored the same.
K6 consists of an even amount of vertices so this degree condition is ful�lled
for all vertices. Take an arbitrary vertex in K6 (Fig. 12). We see that vertex
1 is connected to three other vertices with red edges. Let these three vertices
be the red neighborhood of vertex 1. From table 1 we see that R(2, 3) = 3.
With this in mind the red neighborhood of vertex 1 must either produce a red
K2 or a blue K3. If a blue K3 is in the red neighborhood we are done since a
monochromatic triangle is found. If a red K2 is in the red neighborhood it will
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form a red K3 with two other red edges connected to vertex 1. This shows us
that it is impossible to color K6 with two colors in such a way that not a single
monochromatic triangle appears and therefore R(3, 3) = 6.

2

3 4

5

1

Figure 11: Two color coloring of K5 containing no monochromatic triangles.

3.1.1 Triangles in K3

Out of the 23 ways to color a K3 with two colors there are only two colorings
which contain a red K3 or a blue K3. Both of these colorings are when all the
edges are colored using only one color.

∆2 0 1
No. χ3 6 2

Table 2: Di�erent colorings of K3 containing monochromatic K3.

3.1.2 Triangles in K4

There are a total of 26 di�erent two color colorings ofK4. The graphK4 contains
a total of

(
4
3

)
= 4 triangles in it. Running the program to �nd K3 in K4 results

in the following table.

2Number of monochromatic triangles.
3Number of colorings.
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1

Figure 12: The dashed red lines connect vertex 1 to three other vertices which
is the size needed to ful�ll R(2, 3) which in turn guarantees a red K2 or a blue
K3.

∆ 0 1 2 3 4
No. χ 18 32 12 0 2

Table 3: Di�erent colorings of K4 containing monochromatic K3.
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Example 3.1.1. To understand some of the colorings in table 3 let us take a
look at colorings on K4 containing one red or blue K3. One such coloring is
shown in �gure 13. In order to not create any more red triangles one can at
most use one more red edge to complete the coloring. Choosing to use one red
edge and two blue edges the red edge can be chosen in

(
3
1

)
ways. Not using

any red edges to complete the coloring can be chosen in
(
3
0

)
ways. Therefore

there are
(
3
1

)
+
(
3
0

)
= 4 ways to complete the coloring in �gure 13. This way of

coloring works no matter how the red triangle is chosen out of the 4 possible
triangles within K4. This gives us that out of the total 64 di�erent two-colorings
of K4 there are

(
4
3

)
· 4 = 16 di�erent colorings containing a red triangle. Same

reasoning works if the triangle is blue thus there are a total of 32 di�erent two
color colorings of K4 containing either a red or blue triangle.

2

3

4

1

Figure 13: A red K3 appearing in K4.

3.1.3 Triangles in K5

Coloring K5 with two di�erent colors results in 210 di�erent colorings. There
are a total of

(
5
3

)
= 10 triangles within K5. Table 4 shows the results for the

colorings of K5.

∆ 0 1 2 3 4 5 6 7 8 9 10
No. χ 12 260 270 300 100 60 0 20 0 0 2

Table 4: Di�erent colorings of K5 containing monochromatic K3.

Example 3.1.2. We will create a two-coloring of K5 without any monochro-
matic triangles which can be seen in Fig. 14. Let i and j denote vertices such

17



∆ 0 1 2 3 4 5 6 7 8 9
No. χ 0 0 1760 5760 7500 6264 5040 3360 1530 720

10 11 12 13 14 15 16 17 18 19 20
432 160 90 120 0 0 30 0 0 0 2

Table 5: Table showing di�erent colorings of K6 containing monochromatic K3.

that i ≤ 4, j ≤ 5. Let 〈i, j〉 denote the edge between vertices i and j. In order
to avoid forming monochromatic triangles in K5 no vertex can have a degree
of three for either of the two colors. The only way this is achieved is if all the
vertices have degree two for both colors. There are

(
4
2

)
ways to color the edges

of a vertex so that it has degree two for either color (Fig. 14a). Since we are
avoiding monochromatic triangles, coloring 〈1, 2〉, 〈1, 4〉 blue and 〈1, 3〉, 〈1, 5〉
red will lock 〈3, 5〉 and 〈2, 4〉 as blue and red respectively (Fig. 14b). Choos-
ing 〈3, 4〉 to be red in Fig. 14c will lock the coloring of the other edges (Fig.
14d) since degree two has to be preserved for each color. We will get the same
coloring if in Fig. 14c we choose either 〈2, 3〉 and 〈4, 5〉 to be blue or 〈2, 5〉 to
be red. A di�erent coloring can be achieved by having 〈3, 4〉 be blue in Fig.
14c. This in turn will lock the colors of the remaining edges. From this we
see that having chosen how the edges of the initial vertex are colored there are
only two di�erent colorings we can get for that initial coloring. Thus in total
there are

(
4
2

)
· 2 = 12 ways to color K5 with two colors without creating any

monochromatic triangles.

3.1.4 Triangles in K6

There are 215 ways to color K6 with two colors. The graph contains
(
6
3

)
= 20

triangles. We see from table 5 that there is not a single coloring containing no
monochromatic triangles. There is not even a single coloring containing just
one monochromatic triangle.

Example 3.1.3. We will show that it is not possible to red-blue colorK6 having
only one monochromatic K3. This will be done by creating a partial red-blue
coloring of K6 containing a single monochromatic K3 and then try to complete
the coloring without creating more monochromatic triangles.

(i) Let x be an arbitrary vertex in K6 with deg(x) = 5 for the red edges
(Fig. 15a). Let there be one red K2 in this red neighborhood of x. This way
we have one monochromatic triangle which we wish to keep. Coloring the rest
of the edges can be seen as coloring a K5 where one of the edges is already red.
Every edge in K5 is part of three triangles thus out of the ten triangles in K5

we can still get seven. Since this K5 is the red neighborhood of x we can not
use any more red edges and therefore have to complete the coloring using only
blue edges and avoid creating any blue triangles which is impossible.

(ii) Similarly to the �rst case let x be any vertex in K6 with deg(x) = 4 for
the red edges and let there be a red K2 in this red neighborhood of x (Fig. 15b).
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(b)
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(c)
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(d)

Figure 14: Creating a coloring of K5 containing no monochromatic triangles.
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This neighborhood can be viewed as K4 where one edge is colored red. Just as
in the previous case we see that it is impossible to color the red neighborhood
of x with only blue edges without creating any blue triangles.

(iii) Let every vertex in K6 have deg(x) = 3 for the red edges. Let three of
these neighborhoods share a blue triangle. We have now used up 12 out of the
15 edges of K6 (Fig. 15c). The three edges that are left can not be colored red
since they are all part of some red neighborhood. What we have left to do is to
connect three vertices with three blue edges but that will create a blue triangle.

(iv) For the last case let four vertices in K6 have deg(x) = 3 for the red
edges thus there will be two vertices with deg(x) = 2 for the blue edges . Let
there be one red triangle present. What will happen by coloring the graph
with these conditions is that one red neighborhood and one blue neighborhood
will share two vertices (Fig. 15d). If a red edges is colored between the two
shared vertices a red K3 is formed with the red neighborhood and if a blue
edges is colored between them a blue K3 is formed with the blue neighborhood.
Therefore it is impossible to complete the coloring without having at least two
or more monochromatic triangles.

Example 3.1.4. To understand why there are no colorings containing 17,18 or
19 monochromatic triangles in K6 let us take a look at Fig. 16. From the �gure
we can deduce that each edge in K6 is part of four triangles. If we start of by
having a coloring containing 20 monochromatic triangles and change the color
of a single edge we e�ectively remove four triangles and are left with a coloring
containing 16 monochromatic triangles. K6 has 15 edges so there are

(
15
1

)
ways

to change the color of a single edge if we start out with a monochromatic K6.
Since there are two colors there are a total of

(
15
1

)
· 2 = 30 di�erent colorings

containing 16 monochromatic triangles in K6.

From the computer simulations we see that the chance of �nding a red-blue
coloring of Kn not containing any monochromatic triangles decreases fast as n
increases. In K3 75% of the colorings do not contain monochromatic triangles
while in K4 only around 28% of the colorings are missing either a red or blue
triangle. The 12 colorings of K5 without monochromatic triangles equate to
around one percent of all the total red-blue colorings (Fig. 17).

KnKnKn K3 K4 K5

Ratio 3
4

9
32

3
256

Table 6: Ratio of colorings out of all the possible 2(
n
2) colorings of Kn containing

neither a red nor a blue K3.
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Figure 15: Di�erent colorings showcasing that it is not possible to red-blue color
K6 in such a way that it contains only one monochromatic K3.
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Figure 16: Edge 〈1, 2〉 is connected to exactly four triangles indicated by the
dashed lines.
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Figure 17: Percentage of colorings of Kn containing neither a red nor a blue
K3, for values see Table 6.
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3.2 Distribution of Red K3 and Blue K4

In this section we take a look at how the amount of red-blue colorings of Kn

containing neither a red K3 nor a blue K4 decrease. We will also see how
colorings containing red K3 (Fig. 18) and K4 (Fig. 19) are distributed. The
�rst complete graph where both a red K3 or a blue K4 can appear is K4. We
know from example 2.3.1 that we are guaranteed to �nd a red K3 or a blue K4

in K9. The results are achieved by �rst searching for all colorings which lack a
red K3 in Kn and saving them. Thereafter the saved colorings are searched for
a blue K4. This way all colorings which lack a red K3 and a blue K4 are found.

Running the program for K4 we get that out of the 64 di�erent colorings 41
lack a red K3. In turn out of those 41 colorings 40 lack a blue K4. In total 40
out of the 64 colorings lack a red K3 and a blue K4.

In K5 there are 388 colorings which lack a red K3. Out of those 388 colorings
322 lack a blue K4. A total of 322 out of 1024 colorings lack either complete
monochromatic subgraph.

Out of the 215 red-blue colorings ofK6 5789 do not contain a redK3. Search-
ing the colorings lacking a red K3 results in 2812 colorings which lack a blue
K4. Therefore there are a total of 2812 out of 215 colorings without a red K3

or a blue K4.
There are 133501 colorings out of 221 which do not contain a red K3 in K7.

Out of those colorings 13842 do not contain a blue K4. This means that 13842
colorings out of 221 contain neither monochromatic subgraph.

Out of the 228 red-blue colorings only 4682270 do not contain any red tri-
angles. Out of those colorings only 17640 do not contain any blue K4. That
is approximately 6.6 · 10−5 percent out of the 228 colorings contain neither a
red K3 nor a blue K4. Just as in section 3.1 we see that the chance of �nding
a two-coloring of Kn containing neither of the two monochromatic complete
subgrpahs decreases rapidly as the size of the complete graph increases (Fig.
20).

KnKnKn K4 K5 K6 K7 K8

Ratio 5
8

161
512

703
8192

6921
1048576

2205
33554432

Table 7: Percentages of total colorings missing both monochromatic subgraphs.
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n

5.0 × 106

1.0 × 107

1.5 × 107

2.0 × 107

2.5 × 107

Colorings

Figure 18: Colorings of K8 containing n red K3. For exact values see Fig 23 in
A.1.
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Colorings

Figure 19: Colorings of K8 containing n red K4. For exact values see Fig 24 in
A.1.
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n

0.1
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Figure 20: Number of colorings out of all the possible 2(
n
2) colorings of Kn

containing neither a red K3 nor a blue K4. For values see Table 7.

4 Equal Degree Edge Coloring of Kn for n = 4k+1

In this section we will use a computer program to look for colorings of Kn such
that no monochromatic complete subgraph of a certain size is found.

De�nition 11. A Ramsey(s, t, n)-graph is a graph with n vertices that does
not contain a monochromatic Ks or Kt.

The code (see A.3) follows the coloring principle that each vertex has the
same degree red edges as it has blue edges. The code works for all Kn where n
can be written as n = 4k + 1, k being an integer. First a red Cn is created in
Kn. Excluding one vertex from the graph the other vertices are divided into two
subgraphs each containing (n − 1)/2 vertices. This can be viewed as the right
and left half of the graph. So far each vertex has deg(x) = 2 for red edges thus
there are still (n−1)/2−2 red edges to be connected to each vertex. Half of these
red edges will go to the right subgraph and the other half to the left subgraph.
The coloring is symmetric which means once we have connected a vertex with
vertices in the right subgraph we have also connected it with vertices in the left
subgraph. Once the red edges of a vertex are colored that pattern is rotated for
all the other vertices in the graph. As a �nal step all the none red edges are
colored blue. To �nd monochromatic complete subgraphs in the created graph
one �rst looks for a red K3. If one is found the code checks if the three vertices
in K3 are incident to a common vertex with red edges. Finding one such vertex
means that a red K4 is present in the graph. After �nding a red K4 we look if
those four vertices share a �fth vertex incident with red edges to �nd a red K5

and so forth. Once we have searched the red graph we do the same method of
searching for the complementary blue graph. This way of coloring drastically
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cuts down the amount of colorings one has to look at. Instead of looking at 2(
n
2)

colorings the code only looks at(
(n− 1)/2− 1

(n− 1)/4− 1

)
di�erent colorings of Kn. To illustrate the process lets look at an example for
coloring K13.

Example 4.0.1. We start by coloring a red C13 in K13 (Fig. 21a). Now from
vertex 0 the graph is divided into two halves, vertices 1 to 6 being in one half
and the rest in the other half. Since each vertex must have equal degree for
both colors we are limited to how the graph will look. Now half of the red edges
adjacent to vertex 0 must go to the left half of the graph. We notice that vertex
0 is already connected to vertex 1 with one red edges. This means that out
of the six vertices in the left half we can only connect vertex 0 with �ve other
vertices and that out of the three red edges that we can use for the left half one
is already used. There are

(
5
2

)
ways can connect two red edges to �ve vertices.

The combination chosen here (Fig. 21b) is {3, 4} meaning that from vertex 0
we drawn one red edge to vertex 3 and vertex 4. This combination is mirrored
in the right half indicated by the dashed red lines. Now the same combination
is done for every vertex in the graph (Fig. 21c) until each vertex has deg(x) = 6
for the red edges (Fig. 21d).

To test the code we let it look for Ramsey(4, 4, 17)-graph. From table 1 we
see that R(4, 4) = 18 so if working correctly the code should �nd such graphs.
Out of the

(
7
3

)
colorings one is found which does not contain a monochromatic

K4. In fact this is the only Ramsey graph that exists for K17 [6] it turns out
that this coloring is also a Paley graph4 [3] of order 17 (Fig. 22).

It is conjectured that R(5, 5) = 43 [7]. This comes from the belief that
all Ramsey(5, 5, 42)-graphs have been found. There are 656 such graphs where
all the vertices have degrees between 19 and 22. None of these graphs can be
extended to a Ramsey(5, 5, 43)-graph. Running the code for K45 there are

(
21
10

)
colorings where each vertex has deg(x) = 22 for both colors. Not surprisingly
all of the 352716 di�erent colorings contain either a red or a blue K5 meaning
we are not able to improve the lower bound of R(5, 5).

4In a Palely graph of order p, 〈i, j〉 is an edge if i− j is a quadratic residue (mod p).
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Figure 21: Coloring of K13 which does not contain a red K4 nor a blue K4.
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Figure 22: Paley graph of order 17. This coloring contains neither a red K4 nor
a blue K4.
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5 Conclusion

Theorem 3 tells us that Ramsey numbers exist which is comforting but it gives
no indication of how to �nd them. A testament to how di�cult these numbers
are to �nd is the fact that after so many years only a handful have been found.
While R(3, 3) and R(3, 4) are rather easy to prove and with some work even
R(4, 4) considerably more e�ort and ingenuity is needed to prove the larger
numbers. Even tightening the bounds for Ramsey numbers requires a lot of
work and an enormous amount of computing time. The bounds on the smallest
diagonal Ramsey number not yet found, R(5, 5), have not been improved in
almost two decades [7].

In section 3.1.4 we see that it is not possible to two-color a K6 containing
only a single monochromatic K3. This could be studied further by looking at
two-colorings of K18 and see if it is possible to have a coloring containing only
a single monochromatic K4.

From the two Ramsey numbers studied in section 3 we see that the chance
of �nding a monochromatic complete subgraph in a two-coloring of a com-
plete graph arises rather suddenly. This rapid increase in how monochromatic
complete subgraphs appear can be described as a phase transition, a phrase
borrowed from physics. It is also not certain whether patterns which exhibit
themselves in small Ramsey numbers can be used to say anything about large
Ramsey numbers. This notion is supported by that two-colorings of Kn without
large monochromatic complete subgraphs lack order. They look random making
simple induction or algebraic arguments very di�cult.

The future of �nding larger Ramsey numbers seems to be with the help of
Ramsey-graphs. In section 4 we tried to create a Ramsey-graph for K45 but
failed. We looked at the the colorings where the degree for each vertex was 22.
The other colorings which are of interest in K45 are of the type deg(x) = 21
for red edges and deg(x) = 23 for blue edges or deg(x) = 20 for red edges and
deg(x) = 24 for blue edges. It is highly unlikely that a even in the cases we
did not check there would exist a coloring missing a monochromatic K5. The

biggest problem with �nding Ramsey-graphs is that without checking all 2(
n
2)

colorings of Kn there is no real way as of now to be absolutely certain that one
has found all the Ramsey-graphs for that Kn.

Acknowledgements

I am grateful for the guidance provided by Hans Frisk and the help

from Markus Gragert and David Söderstedt.

29



A Appendix I

A.1 Values for Distribution of Red K3 and Blue K4

n No. of colorings
0 4 682 270
1 11 298 056
2 19 330 640
3 24 671 360
4 27 116 670
5 27 506 864
6 26 342 764
7 23 409 840
8 20 903 365
9 17 457 440
10 14 485184
11 11 866176
12 9 363 340
13 7 311 920
14 5 754 140
15 4 413 360
16 3 293 717
17 2 449 440
18 1 896 580
19 1 366 400
20 1 009 932
21 667 488
22 593 880
23 350 000
24 267 610
25 184 856
26 143 640
27 95 760
28 58 870
29 45 080
30 31 332
31 27 552
32 10 605
33 7560
34 8120
35 5104
36 4578
37 0
38 700
39 1680
40 896
41 280
42 0
43 0
44 210
45 168
46 0
47 0
48 0
49 0
50 28
51 0
52 0
53 0
54 0
55 0
56 1

Figure 23: Values for red-blue colorings containing n red K3 in K8.
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n No. of colorings
0 147 141 138
1 53 336 710
2 31 780 875
3 14 437 640
4 6 992 195
5 4 369 764
6 4 044 040
7 2 070 960
8 1 095 290
9 896 560
10 812 896
11 495 600
12 204 120
13 237 160
14 106 960
15 102 284
16 91 805
17 61 390
18 31 500
19 31 920
20 42 392
21 10 080
22 0
23 15 260
24 2520
25 5712
26 8400
27 1680
28 420
29 4410
30 0
31 0
32 1680
33 0
34 0
35 1128
36 280
37 0
38 0
39 280
40 0
41 210
42 0
43 0
44 0
45 168
46 0
47 0
48 0
49 0
50 0
51 0
52 0
53 0
54 0
55 28
56 0
57 0
58 0
59 0
60 0
61 0
62 0
63 0
64 0
65 0
66 0
67 0
68 0
69 0
70 1

Figure 24: Values for red-blue colorings containing n blue K4 in K8.
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A.2 Code: Searching for Kn in Km

The code bellow is for searching for monochromatic K4 in K5. A 5× 5 matrix
is used to run through all the 210 di�erent integers in binary form. Since every
binary number is unique this will correspond to a unique coloring out the 210

di�erent two-colorings of K5.

M := {{0, 0, 0, 0, 0}, {0, 0, 0, 0, 0}, {0, 0, 0, 0, 0}, {0, 0, 0, 0,

0}, {0, 0, 0, 0, 0}};

TrianglesMat = {{0, 0, 0, 0, 0, 0}};

For[i = 0, i <= ((2^10) - 1), i++,

Triangles = 1;

M = {{0, BitGet[i, 0], BitGet[i, 1], BitGet[i, 2], BitGet[i, 3]},

{0, 0, BitGet[i, 4], BitGet[i, 5], BitGet[i, 6]},

{0, 0, 0, BitGet[i, 7], BitGet[i, 8]},

{0, 0, 0, 0, BitGet[i, 9]},

{0, 0, 0, 0, 0}};

For[p = 1, p <= 2, p++,

For[j = p + 1, j <= 3, j++,

For[k = j + 1, k <= 4, k++,

For[n = k + 1, n <= 5, n++,

If[((M[[p, j]] == M[[j, k]]) && (M[[j, k]] ==

M[[p, k]]) && (M[[j, k]] == M[[k, n]]) && (M[[k, n]] ==

M[[p, n]]) && (M[[j, n]] == M[[p, n]])),

Triangles = Triangles + 1

;]

;]

;]

;]

;];

TrianglesMat[[1, Triangles]] = (TrianglesMat[[1, Triangles]] + 1);

]

Print[TrianglesMat];
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A.3 Code: Equal Degree Edge Coloring of Kn for n = 4k+1
Clear["`*"]

(* This program checks if there is a red or blue K4 in Kn. n must be \

=4k+1. That is, n=9,13,17,21,41,45,49,....... Note that the corners \

are most of the time labeled 0,1,2...,n-1

but when we come to position in lists we have then to add 1.*)

(* n is n in Kn. First the red edges are considered. A red Cn \

(cycle)is constructed with corners 0,1,2,...n-1 orded clockwise. The \

principle is red vertex degree=blue vertex degree.

Also no differeence between left and right.*)

n = 45;

nr = (n - 1)/2;

nrv = (nr/2) - 1;

m = {2};

imax = ((n - 3)/2) + 1;

univ = {0};

For[iu = 1, iu <= n - 1, iu++,

AppendTo[univ, iu]]

Print["universe", univ];

For[i = 3, i <= imax, i++,

AppendTo[m, i]]

Print[m];

subm = Subsets[m, {nrv}];

nsub = Length[subm];

Print[" number of colorings to check ", nsub];

speg = Table[n, {nrv}];

(* Here starts the big loop were all subsets in subm are considered. \

Each subset is a specific coloring*)

For[j = 1, j <= nsub, j++,

select1 = subm[[j]];

(*Print["selection",select1];*)

(* red edges in grafv and blue in graf h*)

grafv = {};

grafh = {};

(*now we start to construct red and blue graph*)

For[k = 0, k <= n - 1, k++,

corn = {k};

f1 = Mod[k + 1, n];

first = {f1};

l1 = Mod[k + n - 1, n];

last = {l1};

add1 = Table[k, {nrv}];

string1 = Mod[select1 + add1, n];

select2 = speg - select1;

string2 = Mod[select2 + add1, n];

row = Join[first, string1, string2, last];

rowh = Complement[univ, row, corn];

AppendTo[grafh, rowh];

AppendTo[grafv, row]];

(* Now we check if a triangle has a fourth point in common. We start \

with red graph*)

testk4r = 0;

testk4b = 0

For[l = 1, l <= nr, l++,

lt = grafv[[1, l]] + 1;

insect12 = Intersection[grafv[[1]], grafv[[lt]]];

ninsect12 = Length[insect12];

(* a red triangle is found and now we check if all these three \

vertices have edges to the same vertex*)

For[m = 1, m <= ninsect12, m++,

in = insect12[[m]] + 1;

insect123 = Intersection[grafv[[1]], grafv[[lt]], grafv[[in]]];

length123 = Length[insect123];

For[a = 1, a <= length123, a++,

aa = insect123[[a]] + 1;

section1234 =

Intersection[grafv[[1]], grafv[[lt]], grafv[[in]], grafv[[aa]]];

If[Length[section1234] > 0, testk4r = testk4r + 1]]]];

For[lb = 1, lb <= nr, lb++,

ltb = grafh[[1, lb]] + 1;

insect12b = Intersection[grafh[[1]], grafh[[ltb]]];

ninsect12b = Length[insect12b];

For[mb = 1, mb <= ninsect12b, mb++,

inb = insect12b[[mb]] + 1;

insect123b = Intersection[grafh[[1]], grafh[[ltb]], grafh[[inb]]];

length123b = Length[insect123b];

For[s = 1, s <= length123b, s++,

ss = insect123b[[s]] + 1;

section1234b =

Intersection[grafh[[1]], grafh[[ltb]], grafh[[inb]], grafh[[ss]]]

If[Length[section1234b] > 0, testk4b = testk4b + 1]]]];

testk4 = testk4b + testk4r;

If[testk4 == 0, Print[" no k5 for selection", select1]];

Clear[grafh];

Clear[grafv]]
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