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Abstract

A dust layer, especially based on high-resistivity dust, at the collecting electrodes may
cause a back corona discharge in electrostatic precipitators (ESP). It can significantly
reduce the ESP efficiency and as a result cause ecological damages. To study the dust
layer influence inside ESPs, it is necessary to derive an adequate model of the ESP
precipitation process with a dust layer at the collecting electrode.

The research of the present thesis is focused on stationary studies of the precipitation
process with a dust layer at the collecting electrode in ESPs. Three mathematical models
are proposed as a description of the precipitation process with a dust layer at the collecting
electrode. The models are based on Maxwell’s equations and the finite element method
(FEM). COMSOL Multiphysics software is used for their implementation.

In all models the dust layer has constant conductivity and the air region has constant
ion mobility.

In the first model there are no coupling conditions, which is required in mathematics,
are given between the two regions. The solution found by COMSOL Multiphysics does
not provide physically acceptable coupling conditions.

In the second model, a continuous transition zone is introduced between the two
regions so that no coupling conditions are required. With the large derivatives in the
transition zone, the nonlinear solver in COMSOL Multiphysics does not converge.

Finally, in the third model, the dust layer and the grounded collecting electrode are
replaced with a boundary condition for the air region. The properties of the third model
are investigated, and these models can be used to study the influence of the dust layer.
The results of these investigations are reported and discussed.

Key words: electrostatic precipitator, ESP, precipitation process, dust layer, resis-
tivity of the dust layer, COMSOL Multiphysics.
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List of Symbols

Symbol Units Description
% Wm Electrical resistivity of the dust layer
U V Applied voltage between collecting and corona electrodes
ρ C/m3 Ion space charge density
E V/m Electric field
l m Thickness of the dust layer
εr − Relative permittivity of the dust layer
w m Width of the collecting electrode
d m Distance between the corona and the collecting electrodes
H A/m Magnetic field
J A/m2 Current density
B Vs/m2 Magnetic flux density
D As/m2 Electric flux density
ε F/m Absolute dielectric constant
A Vs/m Vector potential
Φ V Scalar potential
c m/s Speed of light
ω rad/s Angular frequency
K m2/Vs Ion mobility
υair m/s Gas velocity vector
D m2/s Diffusion coefficient
σ W

−1m−1 Conductivity of the dust layer
Eon V/m Corona onset level
δ − Relative air density
rw m Radius of the corona wire
ρs C/m2 Surface charge density
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CHAPTER 1. INTRODUCTION

Chapter 1

Introduction

The electrostatic precipitator (ESP), shown in Fig. 1.1, is a universal apparatus for
industrial gas cleaning of solid and wet particles [1–5]. High collecting efficiencies (ap-
proximately 99%) and low energy expenditures are the main benefits of ESPs [4].

Figure 1.1: Schematic description of an ESP with a circuit diagram [5]

The electrostatic precipitation process consists of 3 steps [2]:

� particle charging;

� particle collection;

� removal of the collected dust.

The method of electrostatic precipitation is described next (Fig. 1.2). Particles
become charged by gas ions that are formed in the high intensity electric field, and
after that move to the grounded collecting electrode. At the grounded electrode they
adhere to it and discharge. When the dust layer forms on the collecting electrodes, it is
removed by a shock-hammer mechanism system and collected in the hoppers below the
ESP [3].

The electrical resistivity of the dust layer at the ESP electrodes is one of the important
characteristics that influences the operating efficiency of the ESP [1–5]. There is a critical
electrical resistivity at which excess the apparatus’ efficiency declines sharply with the
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CHAPTER 1. INTRODUCTION

Figure 1.2: Principle of dust particle collection in an ESP [5]

next increasing of the dust layer resistivity value. This happens due to back corona
discharge or due to high voltage drop in the dust layer at the collecting electrode.

It is accepted to classify the dust layer, which is collected on the electrodes, by the
electrical resistivity % in three groups [4]:

� low-resistivity dust with % ≤ 104 Ωm;

� medium-resistivity dust group with % in the range 104 − 1010 Ωm;

� high-resistivity dust with % ≥ 1010 Ωm.

The dust from the first group discharges easily and, getting the same charge as the
collecting electrodes, comes off the surface and gets into the gas flow. This can be a
reason for secondary dust reentrainment growth: when the dust residue is entrained by
the gas flow.

The dust particles with electrical resistivity 104− 1010 Ωm are collected satisfactorily
in an ESP. During the precipitation process they do not discharge immediately. It takes
some time to form a layer from small particles via electrical forces. Due to the structure
of this layer the main part of it falls into the ESP storage and the residue is entrained by
the gas flow.

The greatest difficulties in the precipitation process are met in the case when the
electrical resistivity is greater than 1010 Ωm. An isolated layer is formed by the dust
particles on the collecting electrode. When the critical value of the electric field intensity
in the layer is exceeded, a voltage failure happens, and, as a result, a thin channel filled
with positive ions is formed inside the layer. The channel serves as a tip, which develops
a powerful back corona discharge acting in the direction opposite to the main one. The
efficiency of the ESP operating in the back corona mode is greatly decreased [4].

This reduction of efficiency can be explained by an electric charge decrease of dust
particles and their partial recharge to the sign opposite to that in the corona region. Also
it can be explained by the deformation of the electric field in the inter-electrode space,
causing a significant decrease of the drift velocity of the particles, and a decrease of the
discharge voltage.
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CHAPTER 1. INTRODUCTION

The initiation of the back corona and its intensity is caused not only by the electrical
resistivity of the dust layer, but also by the thickness of the layer at the electrode surface
and the current density of the corona. Therefore, it is impossible to definitely prognos-
ticate the conditions of the corona origin with a priori known electrical resistivity of the
dust layer, without taking account of the constructive elements influence of the electrode
system [3].

Electrostatic precipitators are widely used in different areas: power plants, cement
industry, petrochemistry, metallurgy, etc. The main disadvantage of the ESP is a high
sensitivity to the spreading of the parameters of the operating conditions. Therefore,
each ESP is designed according to the particular industrial area, technological processes
and properties of the probable dust type. It is economically inefficient to design and build
an universal ESP. It is required to have a big safety factor, that is inefficient also from
the engineering point of view and gives an extremely expensive device at the output.

The control of an ESP is quite a complicated and expensive process. It is necessary
to keep the efficiency of the system as high as possible (the working period for dry ESPs
is 20-30 years). The system is quite sensitive to the parameters spreading of operating
conditions: in particular, this may be caused by high resistivity dust layer at the collecting
electrodes. So, the development of accurate models is a quite actual problem both for
the design and for the technical maintenance steps [5].

This project is a continuation of the research done by Joel Cramsky and Andreas
Bäck and by Eduard Potrymai and Ivan Perstnov [6–8].

According to this, the goal of the present project is the development and construction
of adequate mathematical models which demonstrate the whole process inside the active
zone of an ESP when the dust layer is formed at the surface of collecting electrodes. To
achieve this goal it is necessary to solve the following problems:

� Analyse the current methods of the ESP simulation.

� Develop mathematical models of the electrostatic precipitation process with a dust
layer at the collecting electrode.
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Chapter 2

Basic theory of electrostatic precipitation

2.1 Modelling for the corona discharge and the dust layer

The corona discharge is a type of gas discharge which appears in nonuniform fields. The
nonuniform field is specific for the type of space that is formed by the following electrode
construction, see Fig. 2.1, 2.2, 2.3 [9].

Figure 2.1: Needle-plane geometry

The corona discharge is used in technologies related to industrial gas cleaning. The
feature of this discharge is that the ionization process takes place not across the region
length, just only at an electrode with a small radius of curvature which is called the Corona
electrode. This space is characterized by significantly high field values in comparison with
the average value for the whole region. The part of the space, where the ionization process
occurs is called the high-field ionization region around the active electrode, and the part
where the drift of particles takes place, is called the drift region [3].

According to the polarity of the corona electrode, the current conduction in any corona
region is called unipolar or bipolar dependent on whether one or both ion polarities exist
in the current region. The unipolar corona takes place at the regions with one corona
electrode or with several electrodes of the same polarity. The bipolar corona appears
at the region with two corona electrodes with the type “needle-needle” or “wire-wire”,
which are supplied with DC voltage.

4



CHAPTER 2. BASIC THEORY OF ELECTROSTATIC PRECIPITATION

Figure 2.2: Wire-plane geometry

Figure 2.3: Sphere-plane geometry

A corona with positive polarity, called the spark corona, appears for both electropos-
itive and electronegative gases.

A corona with negative polarity, called the spark discharge, takes place just in elec-
tronegative gases, when electrons entering the region of the weak field adhere to molecules
forming the mobile ions, and those in turn, reduce the electric field in the ionization re-
gion [9].

For dielectric and semiconductor particles that form the dust layer at the collecting
electrodes, the intensity of the field in the dust layer increases as the thickness of the layer
increases. It is possible that this intensity can exceed the external electric field intensity
in spite of the fact that permittivity of air is less than the permittivity of the dust layer.

The precipitation process of the particles at the non-corona positive electrode provides
a conducting layer. Weak conductivity of the material that forms the dust layer is a reason
of a negative charge accumulation inside the layer and on its surface. Electric phenomena
inside the layer and their influence on the particle precipitation process depend mostly
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CHAPTER 2. BASIC THEORY OF ELECTROSTATIC PRECIPITATION

on the chemical structure and the mechanical strength of the layer. If the collected layer
is solid, the charge accumulation and the potential growth at the surface of the layer
cause a steady decrease of the corona discharge current as long as it becomes equal to
the current of the active component of the collecting layer [10].

The change of the electric field strength inside the layer grows as well as the nonuni-
form charge distribution at the surface of the layer. When a critical value of the potential
is achieved inside the collected layer an electrical breakdown takes place inside this layer.
As a result, positive ions are emitted into the inter-electrode space. This phenomenon is
called back corona.

The back corona decreases rapidly the ESP efficiency as a result of the recharge of
the laid-layer particles by a positive ion flux and the potential gradient decreases in the
inter-electrode space.

As ESPs have “wire-plane” electrode system, we are interested in this case. The
corona electrode has a homogeneous cylindrical structure, that gives an opportunity to
consider the precipitation problem inside ESPs as a 2D-problem. This allows to simplify
the output model, to reduce the computational domain area, that gives a simplification of
the computational mesh and an economy of our time and computational resources for our
simulations. So, in the present research we just consider an ESP with the “wire-plane”
geometry in 2D-case, according to Fig. 2.2.

The precipitation process in an ESP with a dust layer at the collecting electrode
includes the following factors:

� Applied voltage between collecting and corona electrodes, U ;

� Electric field, E;

� Ion space charge density, ρ;

� Resistivity of the dust layer, %;

� Thickness of the dust layer, l;

� Relative permittivity of the dust layer, εr.

2.1.1 Mathematical model

The mathematical model of the corona discharge in the case of a dust layer presence at
the collecting electrode surface has been derived under the following assumptions:

� The discharge electrode is a smooth round wire;

� The negative corona discharge uniformly distributes over the surface of the discharge
electrode;

� The electric field satisfies the Kaptzov assumption [11];

� There are no dust particles inside the air region (see Figure 2.4);

� The ion mobility is constant [2];

� The dust layer is homogeneous;
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CHAPTER 2. BASIC THEORY OF ELECTROSTATIC PRECIPITATION

� The drift region contains ions of one polarity.

The basic 2D geometry of the research area is shown in Figure 2.4, where “1” and
“2” denote corona and collecting electrodes respectively, “3” the dust layer, “4” the air
region, w the width of the collecting electrode, l the thickness of the dust layer, and d
the distance between the corona and the collecting electrodes.

Figure 2.4: Basic 2D geometry for a wire-plane ESP with a dust layer

The mathematical model outside the dust layer is based on the derivations in [8], H.J.
White’s [1] and S. Oglesby’s, G.B. Michols’ [2] books in electrostatic precipitation.

The following set of equations describes the precipitation process inside an ESP in
the case of a dust layer presence at the collecting electrode surface.

Maxwell’s equations are used as the basis for the derivation of the mathematical
model [12]:

∇ ·D = ρ, (2.1)

∇ ·B = 0, (2.2)

∇×E +
∂B

∂t
= 0, (2.3)

∇×H = J +
∂D

∂t
, (2.4)

where ρ is the space charge density, H the magnetic field, E the electric field, J the
current density, B the magnetic flux density, D the electric flux density, where

D = εE. (2.5)

Here ε = ε0εr is the absolute dielectric constant, ε0 the dielectric constant that is equal
to 8.85 · 10−12 F/m, εr the relative permittivity. Take a divergence of both sides of (2.4):

∇ · (∇×H) = ∇ · J +
∂

∂t
∇ ·D, (2.6)
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CHAPTER 2. BASIC THEORY OF ELECTROSTATIC PRECIPITATION

which gives

0 = ∇ · J +
∂ρ

∂t
. (2.7)

Alternatively, it is possible to derive (2.1) and (2.2) from charge conservation (2.7),
(2.3) and (2.4).

The magnetic field B can due to (2.2) be represented as:

B = ∇×A, (2.8)

where A is a vector potential. Then (2.3) becomes

∇×E +
∂

∂t
∇×A = 0 (2.9)

and

∇×
(
E +

∂A

∂t

)
= 0. (2.10)

A vector with vanishing curl can be represented as the gradient of a scalar potential and
we have

E +
∂A

∂t
= −∇Φ (2.11)

or

E = −∇Φ− ∂A

∂t
. (2.12)

Make an assumption that it is possible to neglect ∂A/∂t in (2.12). Then the solution
to the electric field for the time-dependent case (2.12) can be based on the quasi-stationary
approximation

E = −∇Φ. (2.13)

The idea of a low frequency approximation is the next issue. Let a be a typical distance in
the geometry and c = (ε0µ0)

−1/2 be the speed of light. Then a typical angular frequency
is ω0 = c/a and a typical time is t0 = ω−10 . The quasi-stationary approximation holds
in the case when the angular frequency ω for E is much smaller than ω0, or in the time
domain when t is much larger than t0 (B. Nilsson, personal communication, September
4, 2014).

Equation (2.1) can by using (2.13) and (2.5) be transformed to Poisson’s equation [13]

∇2Φ = −ρ
ε
. (2.14)

Let us divide the computation domain presented in Figure 2.4 into two regions and
assume that the air region is called region 1 and the dust layer is called region 2. Since
the dust layer and the air region have different electrical and magnetic properties, the
next derivation is presented for both regions separately.

The air region

Poisson’s equation for the air region can be rewritten as

∇2Φ = − ρ
ε0
, (2.15)

Page 8 of 34
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since the relative permittivity εr = 1 in this region.

The current density in the air region is defined as [14]

J = KρE + ρυair −D∇ρ, (2.16)

where K = 1.8 ∼ 2.2 · 10−4 m2/Vs is the ion mobility, υair is the gas velocity vector, D
is the diffusion coefficient of the order of 10−5 m2/s.

In the air region, the current density consists of three components: drift KρE, convec-
tion ρυair and diffusion D∇ρ currents. By neglecting or keeping the convection current it
is possible to consider two cases of the corona discharge simulation: decoupled and fully
coupled models [14].

Both models are static due to (2.7) when:

∇ · J = 0. (2.17)

For the decoupled model substitute (2.16) into (2.17) and neglect the convection compo-
nent to get

∇ · J = ∇ · (KρE)−∇ · (D∇ρ) = 0. (2.18)

The two terms are simplified as

∇ · (KρE) = ∇ρ ·KE +Kρ(∇ ·E) = K

(
(∇ρ) · (−∇Φ) +

ρ2

ε0

)
(2.19)

and
∇ · (D∇ρ) = D∇2ρ. (2.20)

Then (2.18) can be rewritten as

K

(
ρ2

ε0
−∇ρ · ∇Φ

)
−D∇2ρ = 0. (2.21)

By also neglecting the diffusion current, in the decoupled model it is possible to get
the charge conservation equation

∇ρ · ∇Φ =
ρ2

ε0
. (2.22)

So, for the decoupled model, the continuity equation for the air region in the time-
dependent case can be written

K

(
ρ2

ε0
−∇ρ · ∇Φ

)
−D∇2ρ+

∂ρ

∂t
= 0. (2.23)

The fully coupled model that includes the convective current is derived in the same
way. Neglect the diffusion current for simplicity:

∇ · J = ∇ · (KρE) +∇ · (ρυair). (2.24)

By using ∇ · J = 0 we get

∇ρ · (KE) + ρ(∇ ·KE) +∇ρ · υair + ρ(∇ · υair) = 0. (2.25)
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By Poisson’s equation (2.15) (ρ(∇·KE) = Kρ2/ε0) and the equation of flow continuity
(∇ · υair = 0) the fully coupled model becomes

∇ρ(KE + υair) +K
ρ2

ε0
= 0 (2.26)

in the stationary case. For the time-dependent case we have

∇ρ(KE + υair) +K
ρ2

ε0
+
∂ρ

∂t
= 0. (2.27)

The diffusion, D∇ρ, and convective, υair, components are not considered in this
project.

The dust layer

For the dust layer, Poisson’s equation can be rewritten as:

∇2Φ = − ρ

ε0εr
, (2.28)

where it is assumed that the relative permittivity εr = 1.5.

Since the dust layer has conductive properties, the current density there can be de-
scribed by

J = σE, (2.29)

where σ = %−1 is the conductivity of the dust layer.

Substitute (2.29) into (2.7). Then the continuity equation (2.7) changes to:

∇ · (σE) +
∂ρ

∂t
= 0. (2.30)

By the substitution of (2.5) and (2.1) into (2.30) we get

∇ ·
(

σ

ε0εr
D

)
+
∂ρ

∂t
= 0 (2.31)

or
σ

ε0εr
∇ ·D +

∂ρ

∂t
= 0. (2.32)

Finally, the continuity equation for the dust layer can be written as

σ

ε0εr
ρ+

∂ρ

∂t
= 0. (2.33)

By integration of (2.33), we get the expression for the space charge density inside the
dust layer for the time-dependent case as

ρ = ρ0e
− σt
ε0εr , (2.34)

where ρ0 is the space charge density at the initial time 0.

Assume that (σt)/(ε0εr) � 1 meaning that t � t0 = (ε0εr)/σ, where time constant
t0 is the relaxation time [15]. Then it follows that ρ/ρ0 � 1 that means that the charge
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Table 2.1: Time and frequency calculation results

Conductivity, Ω−1m−1 Relaxation time, s Frequency, Hz
10−4 1.33 · 10−7 7.533 · 106

10−8 0.013 753.3
10−11 1.3275 0.7533

density ρ can be ignored inside the dust layer and Poisson’s equation can be reduced to
Laplace’s equation

∇2Φ = 0. (2.35)

This is true when t� (ε0εr)/σ, or in the frequency case, when

ω � 1

t0
= ω0 =

σ

ε0εr
. (2.36)

If t is not much larger than t0 or ω is not much less than ω0, then the charge inside the
dust layer cannot be ignored in general.

We need to consider other effects as well. We make some examples to discuss the
importance of the charge density inside the dust layer. Consider three different cases for
different dust types. Assume that the relative permittivity of the dust layer for all cases
is equal to 1.5.

Example 1. The conductivity of the dust layer is equal to 10−4 Ω−1m−1. This a
low-resistivity dust layer. Then the relaxation time t0 and the typical frequency ω0 are
respectively:

t0 =
σ

ε0εr
=

10−4

8.85 · 10−12 · 1.5
s = 1.33 · 10−7 s, (2.37)

ω =
1

t0
=

1

1.33 · 10−7
Hz = 7.533 · 106 Hz = 7.533 MHz. (2.38)

Example 2. The conductivity of the dust layer is equal to 10−8 Ω−1m−1. This is a
medium-resistivity dust layer. Then the relaxation time t0 and the typical frequency ω0

are respectively:

t0 =
σ

ε0εr
=

10−8

8.85 · 10−12 · 1.5
s = 0.013 s, (2.39)

ω =
1

t0
=

1

0.013
Hz = 753.3 Hz. (2.40)

Example 3. The conductivity of the dust layer is equal to 10−11 Ω−1m−1. This a
high-resistivity dust layer. Then the relaxation time t0 and the typical frequency ω0 are
respectively:

t0 =
σ

ε0εr
=

10−11

8.85 · 10−12 · 1.5
s = 1.3275 s, (2.41)

ω =
1

t0
=

1

1.3275
Hz = 0.7533 Hz. (2.42)

All calculation results are summarized and presented in Table 2.1.

According to these calculation results it can be concluded that for high-resistivity dust
group it is necessary to consider the charge density inside the dust layer for nonstationary
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situations. The frequency is 0.7533 Hz, so it is possible to use low-frequency approxima-
tion for the dust layer region. As the relaxation time is 1.3275 s, we have a sufficient
time slot to make numerical simulations and analyse the processes inside an ESP for the
time-dependent case. For other cases, in comparison with these results, it is possible to
neglect the charge density inside the dust layer region and describe the potential inside
the layer by Laplace’s equation (2.35).

So, it can be concluded that equations (2.15), (2.23), (2.28) and (2.33) describe the
precipitation process inside an ESP according to the assigned task.

2.1.2 Boundary conditions

The mathematical model of the precipitation process, represented above, should satisfy
the following boundary conditions:

� The potential at the corona electrode is equal to the ESP operating voltage, U ;

� The potential at the collecting electrodes is equal to 0;

� The space charge density boundary condition is derived using the Kaptzov as-
sumption [11]: the electric field at the corona electrode increases proportionally
to voltage until a certain value, which is called the corona onset level Eon, and it
remains unchanged after this achievement.

Peek’s formula [1], [16] is used to derive the corona onset level Eon for a cylindrical
geometry:

Eon = 3 · 106δ + 9 · 104 δ√
r
, (2.43)

where Eon is expressed in V/m, r is the electrode radius expressed in m, δ the relative
air density that is equal:

δ =
T0
T
· P
P0

. (2.44)

In equation (2.44) T0 is the absolute room temperature, P0 the normal atmospheric
pressure, T and P are the actual temperature and the pressure of the air surrounding the
corona.

2.2 Numerical solution and CAD

From previous researches in [8], [7], [13], [22] it has been shown that the finite element
method (FEM) is a practical and useful method for the implementation of linear as well
as nonlinear electromagnetic field problems which are based on PDE also in the time-
dependent case. COMSOL Multiphysics is one of the modern CAD systems that can
implement all assigned tasks of the present thesis.

2.2.1 The finite element method

The finite element method (FEM) is a powerful numerical tool, which is used for solv-
ing partial differential equations (PDE) and integral equations in, e.g., computational
electromagnetism. The idea of this method is to divide the computational domain into
separate small elements connected to each other at nodes to form a mesh of this domain.
The most important advantage of this method is the flexibility: it can be applied for
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different shapes of the studied object with different levels of accuracy. Especially, the
accuracy level can be increased or reduced in some allocated parts of the computational
domain. It can be useful in the case when time or computational resources are limited,
but we are interested in accurate results. In the case of the corona discharge problem in
an ESP it is efficient to use a fine mesh close to the corona electrode and an extremely
fine mesh close to the boundary between the air region and the dust layer and inside the
layer, because a significant variation of potential is concentrated there [19].

From a mathematical point of view the finite element method is a generalization of
methods such as Ritz, Rayleigh and Galerkin methods for solving boundary value and
initial value problems based on PDE. The idea is to divide firstly the study domain into
small subdomains (finite elements). Each element of a studied mesh can have a triangular,
rectangular and even hexagonal form and is approximated with a test function ϕ(x) which
is represented as a polynomial of the third or higher degree. Each FEM-element has its
own test function and this test function has its supports in the vicinity of the FEM-
element. The mathematical goal of this method is to obtain the best error estimation for
the approximation of the unknown solution over the each mesh element. To get sufficient
results it may be required to increase the level of a studied mesh or by changing the
structure of a finite element [19], [20].

2.2.2 COMSOL Multiphysics

COMSOL Multiphysics is a powerful finite element software engine, that allows to solve
a wide class of scientific and engineering problems based on partial differential equations.
Via this CAD software package it is possible to expand standard models based on one
PDE to multiphysics models, to calculate different connected physical phenomena (in
structural mechanics, electromagnetics, etc). It encloses a huge material library database
of physical properties and conditions, which is useful for simulation multiphysics mod-
els. The interaction between the user and CAD is allowed by the standard GUI or by
programming based on COMSOL or MATLAB languages [21].

As the package is created for solving PDE systems, there are three methods to set
these systems:

� Coefficient form, intended for linear or close to linear models;

� General form, intended for nonlinear problems;

� Weak form, intended for PDE models on boundaries or edges.

According to these methods it is possible to use the following types of analysis:

� stationary and time-dependent analysis;

� linear and nonlinear analysis;

� modal and eigenfrequency analysis.

In COMSOL Multiphysics it is allowed to set the boundary conditions in Dirichlet and
Neumann forms. It has a flexible adaptive mesh system, and finite elements can have
triangular, quadrilateral, tetrahedral and hexahedral forms. Also it is presented an oppor-
tunity to create a user-controlled mesh: to increase or decrease the mesh in specific parts
of the studying area for more correct results and with a good economy of computational
resources.
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Chapter 3

Modelling and simulation

As it was mentioned in Chapter 2, we consider ESPs with a “wire-plane” electrode geom-
etry in the 2D case. COMSOL Multiphysics software 4.4 is used for the modelling and
simulation of the current problem.

Figure 3.1: Computational domain of an ESP with a “wire-plane” electrode geometry and
with a dust layer at the collecting electrode

The geometry of the computational domain presented in Figure 3.1 is related to the
ESP pilot geometry that is set up at ALSTOM Power AB laboratory. The width of the
collecting electrode is 800 mm, the diameter of the corona wire is 2.7 mm. Due to the
periodicity and symmetry of the ESP structure, the computational domain is reduced to
the view demonstrated in Figure 3.1. Let us assume that in our case a dust layer at the
collecting electrode that is homogeneous and flat with a thickness l = 5 mm.

3.1 General introduction

From section 2.1.1 the numerical model of the precipitation process with a dust layer at
the collecting electrode is described by (2.15)

∇2Φ = − ρ
ε0

(3.1)

14
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and (2.23)

K

(
ρ2

ε0
−∇ρ · ∇Φ

)
−D∇2ρ+

∂ρ

∂t
= 0 (3.2)

for the air region and by (2.28)

∇2Φ = − ρ

ε0εr
(3.3)

and (2.33)
σ

ε0εr
ρ+

∂ρ

∂t
= 0 (3.4)

for the dust layer.

In the stationary case there should be no time derivatives in (3.2) and (3.4). We
neglect the term of the diffusion current D∇ρ in (3.2), and for the dust layer Poisson’s
equation (3.3) is reduced to Laplace’s equation (3.7) because there are no free charges
inside the dielectric media for the stationary case.

Then finally for the stationary case the precipitation process with a dust layer at the
collecting electrode can be described by

∇2Φ = − ρ
ε0

(3.5)

and

K

(
ρ2

ε0
−∇ρ · ∇Φ

)
= 0 (3.6)

for the air region and
∇2Φ = 0 (3.7)

and
σ

ε0εr
ρ = 0 (3.8)

for the dust layer.

Implementation of the Peek-Kaptzov model

In order to get a unique solution it is necessary to put boundary conditions in our model.
Boundary conditions from section 2.1.2 are used for this model.

It is possible to supply two types of boundary conditions for the corona electrode:
Dirichlet and Neumann. According to Dirichlet boundary condition the idea is to supply
the operating voltage to the corona electrode of an ESP:

Φ = U. (3.9)

But in the case with Neumann boundary condition we use Kaptzov assumption and set
the corona onset value Eon as a boundary critical value of the electric field at the corona
electrode:

∂Φ

∂n
= Eon. (3.10)

In the case of our geometry for optimal atmospheric conditions, when the relative air
density δ = 1 (see 2.44), the negative corona onset value Eon = −5.7 · 106 V/m.

For all cases the boundary condition for the potential at the grounded electrode is

Φ = 0. (3.11)
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The space charge density boundary condition is based on derivations in [8].

According to the definition of Peek condition [16] when the electric field at the corona
electrode achieves the onset value, the charge density becomes non-zero there. That is
why, it is necessary to derive the boundary condition for the charge density at the corona
electrode for our model.

For a given value of the current density at the corona electrode, the current at the
wire, I, can be calculated by

I =

∫
S

J · dS =

∫
S

JndS. (3.12)

In our studies we work with 2D models, that is why it is possible to use the current
per meter of wire Iw. Take an integral over the wire cross-section boundary L, then

Iw =

∫
L

JndL. (3.13)

In the air region, the current density is described by nonlinear relation [2]

J = ρKE. (3.14)

Adapt (3.14) for our problem with corona electrode by the substitution En = Eon and
substitute it into (3.13), then we get

Iw = ρKEon

∫
L

dL = ρKEon · 2πrw, (3.15)

where rw is the radius of the corona wire.

To find out the value of the current per meter distribution of the corona wire, Iw, over
the width of the plate element, w, we use

Jp =
2πrwρKEon

2w
, (3.16)

where Jp is the current per square meter of the plate. Mention, that due the symmetry
of an ESP section, we consider just one collecting plate, but in fact, we should take into
account the two collecting plates on each side of the corona wire. That is why we put the
factor “2” into the denominator of (3.17). Finally, the boundary condition for the charge
density at the corona electrode is

ρ =
2Jpw

2πrwKEon
. (3.17)

For future simulations we will use the value of the current per meter square Jp = 500
µA/m2. Then, as a result, the boundary value for the charge density at the corona
electrode ρ0 = −2.762 · 10−5 C/m3.

3.2 COMSOL Multiphysics simulations with automatical spec-
ification of the coupling conditions

There is experience [23], (B. Nilsson, personal communication, September 25, 2014) that
some finite element solvers, including COMSOL Multiphysics, can specify automatically
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the coupling conditions between two media. It would be an advantage, if this was true
for our case. Therefore, the case of automatic specification of the coupling conditions is
checked in this section. The specific coupling conditions are discussed at the end of the
section.

The idea of implementation of the mathematical model, presented in this section, is
to describe each of the regions by 2 equations (Poisson’s / Laplace’s and Continuity) and
apply boundary conditions to external boundaries of the computational domain.

The problem is considered in the stationary case. We apply (3.5) and (3.6) to the
computational domain, related to the air region, and apply (3.7) and (3.8) to the com-
putational domain, related to the dust layer.

According to the geometry of the computational domain, the value of the corona onset
is Eon = 5.7·106 V/m, and it is set in COMSOL Multiphysics by operation “Flux/Source”.
The sign of the electric field strength is changed to opposite to avoid possible mistakes
in future calculations. So, the values of potential and space charge density will have a
positive sign in future plots of the present thesis. To apply the boundary condition for the
space charge density at the collecting electrode we use operation “Constraint”. “Dirichlet
boundary condition” is used for the boundary value at the collecting electrode, i.e. 0.

As a result, from the COMSOL Multiphysics simulation, we get a solution, with first
good looking mathematical results, presented in Figures 3.2 and 3.3.

Figure 3.2: Potential distribution in the case with the dust layer at the collecting electrode
with resistivity % = 106 Ωm

But, in fact, this solution does not satisfy physical laws, especially continuity of the
normal component of the current density at the boundary between the air region and the
dust layer, J1n 6= J2n. In the case, when the resistivity of the dust layer % ≥ 108 Ωm,
the normal component of the current density inside the dust layer is greater than in the
air region, which is nonphysical (see Fig. 3.4). So, it can be concluded, that automatic
specification of the coupling conditions using COMSOL Multiphysics does not work for
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Figure 3.3: Charge density distribution in the case with the dust layer at the collecting
electrode with resistivity % = 106 Ωm

our problem.

Figure 3.4: Normal components of the current density at the boundary between the air region
and the dust layer along the surface of the dust layer

To solve this problem, we can propose two methods to get a correct physical solution:

� Derive an analytical model with a thin continuous transition zone between the two
media;

� Replace the dust layer with a boundary condition that describes the physical process
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inside the dust layer.

3.3 Analytical model of the precipitation process

In the previous subsection 3.2 it was proposed as one of two alternatives to put the
continuity of normal component of the current density between air region and the dust
layer there and to get rid of nonphysical results via replacement of the dust layer with a
boundary condition.

Figure 3.5: Smooth function, that is used for the achievement of the continuity of normal
component of the current density between air region and the dust layer

The current density can be represented in the air and the dust region respectively by

J1 = ρKE,
J2 = σE.

Our aim is to develop a continuous model for the transition from the air region with
a nonlinear current model J = ρKE to the dust layer with the linear J = σE current
relationship.

Let us start with the simpler problem with the transition at the perpendicular distance
from the plate y = l from one linear medium, σ = σ2, to another linear medium with
σ = σ1 assuming that σ1 > σ2.

A natural model is
σ = σ2 + (σ1 − σ2)Hε(y − a), (3.18)

where Hε is a Heaviside sequence meaning that Hε is monotonic and tends to the Heaviside
function when ε tends to zero (see Figure 3.5). This means that 0 ≤ Hε(y) ≤ 1.

In order to generalize we treat σ1 and σ2 in the same way and write

σ = σ2H
2
ε(a− y) + σ1H

1
ε(y − a), (3.19)
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where H1
ε and H2

ε are two, maybe different, Heaviside sequences.

Let us require that the two Heaviside sequences are equal. This means that H1
ε = H2

ε .
In order to get (3.18) we must have the symmetry requirement

Hε(y − a) + Hε(a− y) = 1. (3.20)

The Dirac sequence is defined as
δε(y) = H

′

ε(y) (3.21)

with δε → δ as ε→ 0.

From (3.20) and (3.21) it follows that

δε(y − a) = δε(a− y), (3.22)

which expresses that the symmetry requirement is the same as that the Dirac sequence
is an even function. From a physical point of view it is important to have this model
symmetric.

For simplicity it is assumed that all variations of the Heaviside sequence Hε are con-
fined to (−ε, ε) meaning that H−ε(y) = 0 and δε(y) = 0 for y ≤ −ε and Hε(y) = 1 and
δε(y) = 0 for y ≥ ε.

Return now to the transition between the nonlinear J = ρKE and linear J = σE
current density model.

A natural generalization of (3.19) is

J = [σHε(l − y) +KρHε(y − l)]E (3.23)

with symmetry (3.20). Charge conservation ∇ · J = 0, implies that the normal current
density Jy is continuous across y = l for vanishing ε or

Jy(x, l
+) = Jy(x, l

−). (3.24)

This means that Jy in (3.23) is continuous.

In addition to symmetry it is assumed that the transition layer can support a current
also in the limit of vanishing thickness. The opposite assumption is that one part of the
layer is insulating. More precisely, it is assumed that σHε(l−y)+KρHε(y− l), which may
be considered as an equivalent combined conductivity, does not vanish in the transition
layer for ε ≥ 0. Thus,

Φ(x, l + ε)− Φ(x, l − ε) =

∫ l+ε

l−ε

∂Φ

∂y
(x, y)dy = −

∫ l+ε

l−ε

Jy(x, y)

σ1Hε(l − y) +KρHε(y − l)
dy,

(3.25)
where the integrand in the last integral in (3.25) is continuous.

By letting ε tend to zero in (3.25) we get

Φ(x, l+)− Φ(x, l−) = 0. (3.26)

It should be noted that the symmetry argument (3.20) is not used in the derivation of
(3.26). However the Heaviside and Dirac representations used by COMSOL Multiphysics
are symmetric.
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Interpolating the current density

J = −[σHε(l − y) +KρHε(y − l)]∇Φ, (3.27)

0 = ∇ · J = −[−σδε(l − y)ŷ +Kρδε(y − l)ŷ +KHε(y − l)∇ρ] · ∇Φ

− [σHε(l − y) +KρHε(y − l)]∇2Φ = [σ −Kρ]δε(y − l)
∂Φ

∂y

−KHε(y − l)∇ρ · ∇Φ− [σHε(l − y) +KρHε(y − l)]∇2Φ. (3.28)

Poisson’s equation means that

∇ · (ε0ε̃r∇Φ) = −ρ. (3.29)

Interpolation of ε̃r is assumed as

ε̃r(y) = εr + (1− εr)Hε(y − l). (3.30)

From (3.29)and (3.30) we have

− ρ

ε0
= ∇ · [ε̃r(y)∇Φ] = ∇ε̃r(y) · ∇Φ + ε̃r(y)∇2Φ = ε̃r

′(y)
∂Φ

∂y
+ ε̃r(y)∇2Φ

= (1− εr)δε(y − l)
∂Φ

∂y
+ ε̃r(y)∇2Φ, (3.31)

which reduces to

∇2Φ = − ρ

ε0ε̃r(y)
+
εr − 1

ε̃r(y)
δε(y − l)

∂Φ

∂y
. (3.32)

Substitution of (3.32) in equation (3.28) gives

0 = [σ −Kρ]δε(y − l)
∂Φ

∂y
−KHε(y − l)∇ρ · ∇Φ

− [σHε(l − y) +KρHε(y − l)]
[
− ρ

ε0ε̃r(y)
+
εr − 1

ε̃r(y)
δε(y − l)

∂Φ

∂y

]
, (3.33)

using (3.28). The final equation is

0 = −KHε(y − l)∇ρ · ∇Φ + [σ −Kρ

− εr − 1

ε̃r(y)
(σHε(l−y)+KρHε(y−l))]δε(y−l)

∂Φ

∂y
+

ρ

ε0ε̃r(y)
[σHε(l−y)+KρHε(y−l)]. (3.34)

Equations (3.32) and (3.34) are the equations to solve and they are valid in the entire
region including the air region, the dust layer and the transition layer.

According to simulations, there are problems with numerical convergence of the nu-
merical solver in combination with rapid changes of variables in the transition zone. That
is why, this method needs to be modified. Instead of this method, we will use the method
of replacement of the dust layer with a boundary condition.
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3.4 Replacement of the dust layer with a boundary condition

In previous section 3.3 we got problems with numerical convergence of the solution.
The idea of the method, which is presented in this section, is to simplify the model via
replacement of the dust layer with a boundary condition, where all necessary coupling
conditions will be satisfied.

The scalar potential Φ and the space charge density ρ are described by a linear model
in the dust layer. It is shown that the dust layer can be replaced with a boundary value
for the fields in the air region. It is assumed that the dust layer is thin compared to its
width.

The potential Φ2(x, y) in the dust layer is assumed to be periodic in x with period w
and to be an even function in x around x = w/2. A function f(x) with these properties
can be expanded in a Fourier series as

f(x) = b0 +
∞∑
n=1

bn cos
2nπ(x− w

2
)

w
, (3.35)

which is the same as

f(x) = a0 +
∞∑
n=1

an cos
2nπx

w
, (3.36)

where an = (−1)nbn.

It is possible to expand Φ2(x, y) in this way, with the expansion coefficients depending
on y, but for simplicity we use a finite number of terms N . So, we write

Φ2(x, y) = A0(y) +
N∑
n=1

An(y) cos
2nπx

w
. (3.37)

Insert (3.37) into Laplace’s equation (2.35) and we get
A′′0(y) = 0

A′′n(y)−
(

2nπ

w

)2

An(y) = 0, n ≥ 1
(3.38)

with the solution {
A0(y) = A01 + A02y

An(y) = An1 cosh
2nπy

w
+ An2 sinh

2nπy

w
, n ≥ 1.

(3.39)

The boundary condition Φ2(x, 0) provides that An1 = 0, n ≥ 0, since cosh 0 = 1, and

Φ2(x, y) = A02y +
N∑
n=1

An2 sinh
2nπy

w
cos

2nπx

w
. (3.40)

Assume that the dust layer is so thin that 2Nπl/w ≤ 1. Then 2nπy/w ≤ 2Nπy/w ≤
2Nπl/w ≤ 1 provided that n ≤ N and 0 ≤ y ≤ l. For small arguments z, sinh z can be
replaced with z and we have

Φ2(x, y) = θ(x)
y

l
, (3.41)
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where

θ(x) = lA02 + l
N∑
n=1

An2
2nπ

w
cos

2nπx

w
. (3.42)

In the following, (3.42) is our model for the dust layer.

Two conditions are based at y = l to couple the potential Φ2(x, y) in the dust layer
with the potential Φ1(x, y) and the charge density ρ(x, y) in the air region. These condi-
tions are: 

−σ∂Φ2

∂y
(x, l) = −Kρ(x, l)

∂Φ1

∂y
(x, l)

−∂Φ2

∂x
(x, l) = −∂Φ1

∂x
(x, l).

(3.43)

The first condition expresses continuity of normal current density, whereas the second
means that the electric field parallel to the boundary is continuous. Integrating the second
condition in (3.43) with respect to x we get

Φ2(x, l)− Φ1(x, l) = ∆Φ, (3.44)

where ∆Φ is a constant not depending on x. It is assumed that there is no dipole surface
at y = l, meaning that ∆Φ = 0. Arguments for this are given previously in (3.26).

Thus, by substitution of (3.41) into the second condition of (3.43), the system of
equations is replaced with  Kρ(x, l)

∂Φ1

∂y
(x, l) =

σθ(x)

l
Φ1(x, l) = θ(x)

(3.45)

or

Kρ(x, l)
∂Φ1

∂y
(x, l) =

σ

l
Φ1(x, l). (3.46)

From (3.46) we get

Φ1(x, l) = Kρ(x, l)
∂Φ1

∂y
(x, l)

l

σ
, (3.47)

which is the wanted boundary condition. It is a so called impedance boundary condition
with a zero source term at y = l for Φ1(x, y), where the normal impedance depends on
ρ(x, l) [24].

Alternatively, equation (3.46) can be rewritten in the form

∂Φ1

∂y
(x, l) =

σ

Kρ(x, l)l
Φ1(x, l). (3.48)

Equation (3.48) is called an admittance boundary condition with a zero source term at
y = l for ∂Φ1/∂y(x, l) [24]. The normal admittance for this boundary condition depends
on 1/ρ(x, l).

The difference between these boundary conditions is in the area of their application.
The impedance boundary condition is better to use when σ →∞, then

Φ1(x, l) = Kρ(x, l)
∂Φ1

∂y
(x, l)

l

σ
→ 0. (3.49)
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In the opposite case we can get errors in the numerical convergence of the solution. That
is why for small values for σ it is not possible to use the impedance boundary condition.
In fact, we can affirm, that this method will not give us accurate results in cases with
high-resistivity dust layer. We will check it in our simulations.

The admittance boundary condition is better to use in the case when σ → 0, then

∂Φ1

∂n
(x, l) =

σ

Kρ(x, l)l
Φ1(x, l)→ 0. (3.50)

In this case it can be affirmed that admittance boundary condition is better and possible
to use in the case with high-resistivity dust layer.

Let us investigate the efficiency and accuracy of these methods. To find out what kind
of methods is better to use, we have to compare the results of simulations for cases with
different values of the dust layer resistivity %, where % = 1/σ. The simulations are made
with the same conditions: the same mesh, boundary conditions at the corona wire, etc.
The idea is to investigate these methods with a resistivity value in the range between 102

(low-resistivity dust group) and 1013 Ωm (high-resistivity dust group). It is necessary to
find the case when we get approximately the same accurate solution or conclude, when
is it better to use the impedance or the admittance boundary condition.

In our comparisons we would like to check the potential Φ and the surface charge
density ρs at the surface of the dust layer. To get calculations of the surface charge
density, first of all, we need to derive its analytical expression for our case.

From the boundary condition for the normal components of the electric flux density
at the interface between two media [12]

n̂ · (D1 −D2) = ρs, (3.51)

where n̂ = ŷ according to the direction of the normal. Then (3.51) can be rewritten as

ŷ · (D1 −D2) = ρs, (3.52)

or
D1y −D2y = ρs. (3.53)

Put equation (2.5) into (3.53), then

ε0E1y − ε0εrE2y = ρs (3.54)

or by the definition of the electric field

ε0εr
∂Φ2

∂y
− ε0

∂Φ1

∂y
= ρs. (3.55)

Make a substitution using the second terms of (3.43) and (3.45):

∂Φ2

∂y
=

Φ2(y = l)

l
=

Φ1

l
. (3.56)

Finally, the surface charge density at the boundary between the air region and the
dust layer can be written

ρs(x, l) = ε0εr
Φ1

l
− ε0

∂Φ1

∂y
. (3.57)
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To apply these boundary conditions in COMSOL Multiphysics we use the operator
“Dirichlet Boundary Condition” for the impedance and the “Flux/Source” for the admit-
tance boundary conditions. All models are based on the same opposite-sign assumption
made in section 3.2.

During the simulations it is found that both the impedance and the admittance bound-
ary conditions work well for low-resistivity values. To find out, what method is better for
these cases, a comparison is made for meshes with different quality. It is concluded that
simulations based on the impedance boundary condition give more accurate solutions for
a given mesh, compared to the admittance boundary condition. But the difference in
results with these two boundary conditions is small.

The big difference is in time of these simulations. All simulations were made on a lap-
top with Intel Xeon X5650 2.67 GHz processor and 24 GB of RAM. In fact, the simulation
with the impedance boundary condition takes from 2 minutes for low resistivity values
to 6 minutes for high-resistivity values. In comparison, the simulation with admittance
boundary condition takes maximum 27 seconds.

The potential Φ and the surface charge density ρs variation along the boundary be-
tween the air region and the dust layer are presented in Figures 3.6 and 3.7 respectively,
where it can be seen that the variation of the surface charge is small (approximately 11%)
and the variation of the potential is quite big (approximately 77%), but amplitude values
for both these variables in these cases are small.

Figure 3.6: Variation of the potential Φ along the boundary between the air region and the
dust layer with resistivity % = 106 Ωm

In the case, when the resistivity of the dust layer % ≥ 3.6 ·108 Ωm, the variation of the
surface charge density along the boundary is shown in Figures 3.8 and 3.9. This effect is
caused by a rapid growth of the potential value at the boundary between the air region
and the dust layer. The relation between the surface charge density and the potential at
the boundary is represented above in (3.57). According to the assumption in the section
3.2, the value of the surface charge density for this case, in fact, changes from positive to
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Figure 3.7: Variation of the surface charge density ρs along the boundary between the air
region and the dust layer with resistivity % = 106 Ωm

negative.

Figure 3.8: Variation of the surface charge density ρs along the boundary between the air
region and the dust layer with resistivity % = 6 · 108 Ωm

When the resistivity of the dust layer % ≥ 109 Ωm, there is a difference in accuracy of
both methods. We get more smooth plots, using the admittance boundary condition. In
this case the impedance boundary condition becomes more unstable and for resistivity
% ≥ 1011 Ωm the impedance method does not work. To run the simulations, it is necessary
to increase the mesh. This means, that the impedance boundary condition takes much
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Figure 3.9: Variation of the surface charge density ρs along the boundary between the air
region and the dust layer with resistivity % = 1010 Ωm

more computational resources with the high-resistivity group of the dust layer and also,
in fact, works worse than the admittance boundary condition. So, it can be concluded
that it is not advisable to use the impedance boundary condition for this case.

However, the admittance boundary condition works stably and accurately with this
dust group. The maximum resistivity value of the dust layer, which can be applied for
this method, is % = 6·1011 Ωm, because in cases with a greater value of the dust resistivity
the potential at the boundary becomes greater than the potential at the corona wire, and
the numerical solution does not converge. This is a reason, why it is not possible to run
the simulation in COMSOL Multiphysics according to this method.

Simulations of the potential and the surface charge density along the boundary be-
tween the air region and the dust layer are presented in Tables 3.1 and 3.2 respectively.
Here Φmid, ρsmid and Φedge, ρsedge are the values of the potential and the surface charge
density in the middle and at the edge of the grounded electrode element, respectively.
Based on these simulations the dependences of the potential difference φ and of the sur-
face charge density difference ∆ρs on the value of the dust layer resistivity are plotted in
Figures 3.10 and 3.11, respectively.

According to the plots, it can be concluded that staring from the resistivity % = 109

Ωm the amplitudes of the potential and the surface charge density along the boundary
between the air region and the dust layer increase significantly. The opposite sign change
of the surface charge density in Figure 3.11 can be explained by a rapid growth of the
potential value at the boundary between the air region and the dust layer for the dust
resistivity values % ≥ 109 Ωm (see Table 3.1).

In practice, it is not possible to run an ESP under conditions where the potential
across the thin dust layer is reckoned in many kilovolts. Back corona will occur when the
electric field inside the dust layer becomes too high, and the current has to be decreased.
Since no aspects of back corona is covered in the present COMSOL Multiphysics models,
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Table 3.1: Measurements of the potential Φ at the boundary between the air region and the
dust layer at Jp = 500 µA/m2

%, Ωm Φmid, V Φedge, V Difference φ = Φmid − Φedge, V
102 3.2603 · 10−4 7.5954 · 10−5 2.50076 · 10−4

103 0.0033 7.5954 · 10−4 2.54046 · 10−3

104 0.0326 0.0076 0.025
105 0.326 0.076 0.25
106 3.2602 0.7608 2.4994
107 32.5862 7.7104 24.8758
108 324.3502 84.2504 240.0998
109 3121.7209 1188.8256 1932.8953
1010 27399.6737 20134.8835 7264.7902
1011 2.5336 · 105 2.4327 · 105 10090

6 · 1011 1.5034 · 106 1.493 · 106 10400

Table 3.2: Measurements of the surface charge density ρs at the boundary between the air
region and the dust layer at Jp = 500 µA/m2

%, Ωm ρsmid , C/m2 ρsedge , C/m2 Difference ∆ρs = ρsmid − ρsedge , C/m2

102 −3.0923 · 10−6 −2.7476 · 10−6 −0.3447 · 10−6

103 −3.0923 · 10−6 −2.7476 · 10−6 −0.3447 · 10−6

104 −3.0922 · 10−6 −2.7476 · 10−6 −0.3446 · 10−6

105 −3.0914 · 10−6 −2.7476 · 10−6 −0.3438 · 10−6

106 −3.0835 · 10−6 −2.7467 · 10−6 −0.3368 · 10−6

107 −3.0044 · 10−6 −2.7224 · 10−6 −0.282 · 10−6

108 −2.2173 · 10−6 −2.7581 · 10−6 0.5408 · 10−6

109 5.3081 · 10−6 −9.2136 · 10−7 6.22946 · 10−6

1010 7.0078 · 10−5 4.6935 · 10−5 2.3143 · 10−5

1011 6.7018 · 10−4 6.3821 · 10−4 0.3197 · 10−4

6 · 1011 3.989 · 10−3 3.9559 · 10−3 0.331 · 10−4
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Figure 3.10: Dependence of the amplitude of the potential Φ along the boundary between the
air region and the dust layer on the resistivity of the dust layer at Jp = 500 µA/m2

Figure 3.11: Dependence of the amplitude of the surface charge density ρs along the boundary
between the air region and the dust layer on the resistivity of the dust layer at Jp = 500 µA/m2

the resulting voltages over the dust layer may become unrealistically high (A. Bäck,
personal communication, October 7, 2014).
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Summary and conclusions

The present thesis deals with the simulation of the precipitation process of an ESP with
a dust layer at the collecting electrode. The goal is to investigate the influence of a
dust layer on the precipitation process in general and on the resistivity of the dust in
particular.

There are presented and described three stationary mathematical models of an ESP
with a dust layer at the collecting electrode:

� a model with the mathematical description of two regions with an assumption, that
COMSOL Multiphysics numerically finds satisfactory coupling conditions (subsec-
tion 2.1.1);

� an analytical continuous model that replaces the coupling conditions between the
two regions (section 3.3);

� a model with the replacement of the dust layer with a boundary condition that
describes the physics of the dust layer and the collecting electrode (section 3.4).

According to the simulation results in the present thesis it is shown:

� Simulations, based on the first mathematical model (subsection 2.1.1), are nonphys-
ical. They do not satisfy properly the coupling conditions, especially the continuity
of the normal current density, at the boundary between the air region and the dust
layer.

� The analytical model of the precipitation process (section 3.3) is proposed and
derived as another alternative to represent the precipitation process in the whole
computational domain, including the air region, the dust layer and the transition
layer. The problems with numerical convergence of the nonlinear solver require a
modification of this method.

� In the last model (section 3.4) there is one boundary condition from a mathematical
point of view, but it can be implemented in two alternative ways that are inter-
polated differently by COMSOL Multiphysics. The first alternative is a Dirichlet
boundary condition implemented in COMSOL Multiphysics using an impedance
and the another is a Neumann boundary condition using an admittance. This
model satisfies the coupling conditions and the influence of the dust layer on the
precipitation process is described properly. A comparison of these two implementa-
tions of the boundary conditions is made and it is shown, when it is better to use the
impedance and when the admittance implementation of the boundary condition.
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In the future research it would be interesting to derive a model of the precipitation
process with a dust layer for the simulations in the time-dependent case to compare the
results with real-time models in [8]. Also, it would be interesting to derive a model and
simulate the precipitation process with a dust layer that has a nonflat form to investigate
the influence of this form.

Page 31 of 34



Bibliography

[1] H.J. White, Industrial electrostatic precipitation, Addison-Wesley Pub Co., 1963.

[2] S. Oglesby, G.B. Michols, Electrostatic precipitation, New York: Marcel Dekker Inc.,
1978.

[3] W. Strauss, Industrial gas cleaning, 2nd ed. (in Russian), Moscow: Khimiya, 1981.

[4] G. M.-A. Aliev, Equipment for precipitation and industrial gas cleaning (in Russian),
Moscow: Metalurgiya, 1986.

[5] K. Porle, S.L. Francis, K.M. Bradburn, Electrostatic Precipitators for Industrial Ap-
plications, Rehva, Finland, 2007.

[6] J. Cramsky, Computations for electrostatic precipitators using the finite element
method, MSc Thesis, LTH, Lund University, Lund, 2010.
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