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Abstract. Over the last few IMAC conferences, the SEM substructuring focus group’s bench-
mark; the Ampair A600 wind turbine, has been thoroughly studied, at substructure as well as
system levels but also by implementation of different substructuring techniques for assembling
experimental and/or analytical component models.

Within the focus group, work dedicated to appropriate interfacing between substructures has
furthermore been an area of increased interest. This is notable through the use of the trans-
mission simulator method. This paper draws on that paradigm in studying the end effects on
assembled structures of using nominally identical substructure models derived from experi-
mental setups with different levels of mass loading at the interface. Specifically, experimental
models for an A600 blade and bracket system attached to dummy masses of different sizes are
coupled to an analytical model of the hub. The results are compared to analytical results of the
full system.
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1 INTRODUCTION
Dynamic substructuring is a mature tool of structural analysis which has been subjected to

renewed interest from researchers in recent years [1]. The conceptual idea is that a complex
structure can be decomposed into a number of simpler components, called substructures, which
interact with each other through compatibility of motion and equilibrium of forces at the inter-
faces.

The use of substructuring has been integrated into many commercial finite element codes,
predominantly by using the Craig-Bampton technique [2]. This technique, while being very
successful in accurately reproducing the effect of a substructure using a limited set of modes,
requires interface modes that are typically not available for experimentally derived models.
Thus, when trying to synthesise experimental models, alternative methods have been proposed,
either using only FRFs, such as in the early works by Bishop [3] and Jetmundsen [4], or using
free-free modes as described for instance in the book by Meirovitch [5]. Comparisons of FRF
and modal techniques have been presented by Allen and Mayes [6] and by DeKlerk et al [1].
The latter paper also presents an extensive expos of the history of dynamic substructuring.

Recently, a series of papers have been published which address two shortcomings of exper-
imental dynamic substructuring: Firstly, any interface which is not readily modelled as rigid
runs the risk of causing lockdown when coupling is attempted and secondly that models iden-
tified from measurements in free-free conditions are poor representations of the motion of the
subcomponent when coupled to the rest of the structure [6, 7, 8]. The technique used to solve
this is referred to as the transmission simulator method. It works by adding a well-known struc-
ture to the system which is to be experimentally modelled; the effects of this is then removed
by adding the negative of the same to the system. By using this process, the modes of the well-
known structure - the transmission simulator - are used to describe the motion of the interface
between the bodies in a relaxed sense. The method can hence be seen as an extension of using
a mass loading of the interface, as was advocated by e.g. Chandler and Tinker [9].

In this paper, the transmission simulator technique in modal form is applied to the Ampair
600W dynamic substructuring benchmark structure [10], a structure which has been studied
extensively by the SEM dynamic substructuring focus group. Dynamic substructuring of the
Ampair test bed using the transmission simulator technique was studied earlier by e g Rohe
[11] and Macknelly [12]. There is also a wiki page for the interested reader [13].

This study aims at investigating the effects of changing the mass of the transmission sim-
ulator by using rigid transmission simulators of different weights to one of the blades of the
Ampair test bed and subsequently couple the blade model, after removal of the transmission
simulator, to a Finite Element model of the hub with two other blades. Three different trans-
mission simulators have been tested, all assumed being rigid and weighing 1.5, 2.5 and 4.5kg,
approximately.
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2 THEORY
The following short description of dynamic substructuring and transmission simulator theory

leans heavily on the work in [1] and [7].

It is commonplace to assume that the motion of a deformable body is described by a set
of partial differential equations which, when discretised in the spatial domain, gives rise to
ordinary differential equations of the form:

M(s)
p q̈(s)(t) + V(s)

p q̇(s)(t) + K(s)
p q(s)(t) = f (s)p (t) + g(s)

p (t) (1)

Here M, V and K, are referred to as mass, damping and stiffness matrices, respectively. The
notation q stands for displacement, while f and g represent external and connection forces,
respectively. The superscript s indicates that the equation is valid for substructure number s.
The subscript p stands for physical. Assuming that there are h substructures, the equations of
motion of all of them may be written in compact block diagonal form as

Mpq̈(t) + Vpq̇(t) + Kpq(t) = fp(t) + gp(t) (2)

Where Mp = diag
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The degrees of freedom of the structures are often replaced by a set of generalized coordi-
nates η obtained by reduction using a matrix R. For an uncoupled compound system described
as in (2), the reduction matrix R consists of the individual reduction matrices R(s) of the h
substructures. Pre-multiplying equation 2 by RT , the uncoupled compound system can be
expressed in the generalized coordinates (where residual terms from the reduction have been
suppressed by the pre-multiplication) as:

Mη̈(t) + Vη̇(t) + Kη(t) = f(t) + g(t) (3)

Where M = RTMpR, V = RTVpR, K = RTKpR, f = RT fp, g = RTgp.
Conditions enforcing compatibility and equilibrium, such that displacements at the interface

are equal and interface forces cancel each other out, can be compactly expressed in terms of
matrix relations as [1]:

Epq = EpRη = Eη = 0 (4)

LTRTgp = LTg = 0 (5)

and a unique set of coordinates is
η = Lξ (6)

where L = null(E). Using the differential equation with coordinates ξ pre-multiplied with LT

and the information of the coupling conditions, a coupled system in generalized coordinates can
be described by

M̄ξ̈ + V̄ξ̇ + K̄ξ = f̄ (7)

Where M̄ = LTML, V̄ = LTVL, K̄ = LTKL, f̄ = LT f .
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The effect of subtracting a system can be achieved by simply adding the negative of that
system [7]. That is, adding a system with negative mass, damping and stiffness, to the coupled
system in the generalized domain as described above:[
M(1) 0

0 −M(2)

]{
η̈(1)

η̈(2)

}
+

[
V(1) 0

0 −V(2)

]{
η̇(1)

η̇(2)

}
+

[
K(1) 0

0 −K(2)

]{
η(1)

η(2)

}
=

{
f (1)

f (2)

}
+

{
g(1)

g(2)

}
(8)

In the following, structure 1 is called (tot), indicating the measured coupled structure, and
structure 2 is denoted (ts), for the transmission simulator to be subtracted. Earlier, η de-
noted generalized coordinates; it will henceforth specifically denote modal coordinates, such
that R = Φ.

It has been noted that problems occur if it is not possible to estimate the motion of the con-
nection points from the motion of the measurement points. A solution to this was described by
Allen et al [7]. The Modal Constraints for Fixture and Subsystem (MCFS) method, enforces the
compatibility by constraining the displacement of all measurement points on the transmission
simulator to the motion of the analytical transmission simulator model:

q
(tot)
(meas) = q

(ts)
(meas) (9)

q
(ts)
(meas) and q

(tot)
(meas) have the same size since q

(tot)
(meas) stands for the measurement points on the

part of the total structure that belongs to the transmission simulator and q
(ts)
(meas) is the displace-

ment of the analytical model at the points corresponding to the measurements.

In a practical application, Allen et al advocate more measurement points on the transmission
simulator than transmission simulator modes to be used, leaving some coupling conditions re-
dundant. To ensure that this does not cause lockdown phenomena, the constraints are applied
on the modal coordinates of the transmission simulator and their orthogonal projection onto the
total systems’ motion. Expressed mathematically:

η(ts) = Φ
(ts)
(meas)

+
q
(ts)
(meas) = Φ

(ts)
(meas)

+
q
(tot)
(meas) = Φ

(ts)
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+
Φ

(tot)
(meas)η

(tot) (10)

Here, there are as many equations as transmission simulator modes. If a lower number of
modes than measurement points are considered, the constraints do not enforce strict equality
of the displacements but the compatibility condition will be fulfilled in a relaxed, least-square
sense. In matrix notation the full coupling condition becomes:

Φ
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q
(ts)
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}
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(ts)
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}
= ẼMCFS

{
η(tot)

η(ts)

}
= 0

(11)
and L̃MCFS = null(ẼMCFS). Here, the first identity matrix I has as many rows and columns
as there are measurement points whereas the second has as many rows and columns as there are
modes of the transmission simulator.
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Figure 1: Models of the three transmission simulators used. The mass of the models is respectively 1.36, 2.43 and
4.34kg. The discs are made of steel and have a diameter of 0.14m.

Figure 2: FE model of blade with transmission simulator of 1.36kg attached.

An advantage of the MCFS is that it is robust against measurement errors. Moreover, only
translational measurements of the transmission simulator are necessary, circumventing the prob-
lem of trying to measure rotational degrees of freedom. Also, no forces or moments on the
connection points need to be applied. The methods described in this section are implemented
in a toolbox for Matlab available at the Matlab file central [14].

3 FINITE ELEMENT MODELS
A number of Finite Element models have been used in this study: A model of the transmis-

sion simulator has been used in the manner described in the theory section above. Further, a
model of the blade with a transmission simulator attached was used to decide on an adequate
sensor set for the measurements. A two-bladed hub model was used to which the experimen-
tally derived substructures were coupled. Finally, two versions of the fully assembled system
were used for comparison.

The transmission simulators were modelled using beam elements with different cross sec-
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Figure 3: FE model of hub with three blades attached. The same model but with only two blades attached was the
target model to which the experimentally derived blades were attached.

tions. The three models used can be seen in figure 1. Rigid elements were used to map the mo-
tion of the beam nodes to the surfaces of the transmission simulator. These models were used
to remove the effect of the respective transmission simulators. In all substructuring cases, the
transmission simulators were assumed rigid, that is, only six rigid body modes were considered.

Finite Element models of the blade with the transmission simulators attached were built for
deciding how many sensors were needed to come up with reliable results when decoupling the
transmission simulator. A numerical study, detailed in the next section, concluded that five tri-
axial measurement locations was sufficient to accurately describe the motion of the coupling
point at the interface between the transmission simulator and the blade. The model with the
1.36kg transmission simulator is shown in figure 2.

The final Finite Element models of this study are models of the compound system. First, a
hub with three attached blades, see figure 3, is used for comparison. The experimentally derived
blades are coupled to a two-bladed hub, which has furthermore been augmented by the addition
of rigid body elements to create one coupling node. For a fair comparison, similar rigid body
elements were added to a version of the three-bladed hub model.

4 NUMERICAL PRESTUDIES
Before conducting the experiments, a numerical study of the sensor placement was per-

formed using a transmission simulator with 1/100 of the mass of the lightest transmission simu-
lator used in the actual tests. The underlying assumption is that this will ensure that the effect of
the transmission simulator will be negligible, such that if removed properly the resulting model
will behave as the FE model of the blade without a transmission simulator. Six different sensor
configurations were compared, and a set using five triaxial sensors was chosen, see figure 4.

The weights of the transmission simulators used in the experiments were based on a second
pre-study. The effect on the natural frequencies is shown in figure 5. Transmission simulators
weighing 10 and 100kg were also tested, but suffered numerical difficulties, limiting the scope
to approximately 5kg.
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Figure 4: Comparison of different sensor layouts for the transmission simulator. Numerical results using the blade
and transmission simulator model with a transmission simulator weighing only 13.6g. The sensor configurations
are: FE blade - only the blade without a transmission simulator. 0 - 9 uniaxial sensors positioned in such a way
that the the spin rigid body mode of the transmission simulator is not observable. 1 - as 0 but with an extra uniaxial
sensor to ensure observability. 2, 3 and 4 - using 4 tri- and 5 uniaxial, 5 tri- and 4 uniaxial and only 4 triaxial
sensors, respectively. 5 - the chosen set, using 5 triaxial sensors, one on each surface of the cube and one at the tip
of the bolt. To the left: Direct accelerance at drive point of measurement. To the right: Accelerance from input at
one rotational dof at coupling point to another.

Figure 5: Comparison of the effects of the transmission simulator weight on the eigenfrequency of the decoupled
blade. Results from the numerical study.

5 EXPERIMENTS
The measurements were performed in Växjö, Sweden, in the vibration laboratory at the Lin-

naeus University. One triaxial accelerometer was mounted at the middle of each surface of
the rectangular plate belonging to the transmission simulator, having normal directions in the
y-z-plane, see figure 6. Furthermore, one triaxial accelerometer was mounted on the top of the
bolt head. Hence, 15 degrees-of-freedom were used to describe the response of the system at
the transmission simulator. The system was excited using a modal shaker. To firmly attach the
impedance head used, the discs used as weights on the transmission simulator were slightly
modified by cutting out an angle into which the impedance head was attached. The degree-of-
freedom associated with the impedance head was only used to enable mass normalization of the
mode shapes and was not a part of the modal vectors used in the substructure decoupling pro-
cess. The assembled structure was hanged in a steel wire at the bolt head nut. This suspension
system may have added stiffness and/or damping to an assumed free-free structure.
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Figure 6: Details of experimental study. Left: Blade with transmission simulator suspended for vibration testing.
Center, top: Schematic view of sensor locations, where blue squares indicate triaxial sensors on the transmission
simulator, red indicate uniaxial sensors measuring perpendicular to the blade and the green square is the virtual
coupling point where the system is attached to the hub using six degrees of freedom. Center, bottom: Detail of the
transmission simulator without weight, showing the position of the triaxial sensors. Right: Schematic description
of the construction of the transmission simulator used.

1 kg 2 kg 4kg
fFE fmeas MAC fFE fmeas MAC fFE fmeas MAC

1st bending 38.2 34.4 0.97 37.3 33.6 0.97 36.1 32.0 0.97
2nd bending 110.7 101.3 0.96 108.4 98.6 0.97 104.7 94.3 0.97
1st torsion 192.9 163.0 0.98 191.6 162.4 0.98 190.6 163.1 0.98
3d bending 218.7 194.2 0.93 215.3 189.4 0.93 209.1 180.7 0.85
2nd torsion 330.6 275.2 0.91 326.5 269.4 0.91 321.0 249.7 0.64

Table 1: Comparison of the first elastic natural frequencies, in [Hz], and the corresponding MAC values of the
blade and transmission simulators stemming from FEM and experiments.

6 RESULTS
The study was performed in three steps: First, measurements of natural frequencies and

mode shapes were performed of the blade with transmission simulators with different weights
attached, see table 1. Second, the transmission simulators were decoupled from the blade using
the technique described in the theory section, the results of which can be seen in table 2. It
should be noted here that this process caused one higher frequency modes of each system to
exhibit negative mass, a problem which has been reported to occur. There are also methods for
dealing with these non-physical modes in the literature [15]. Since the negative mass occured
outside the frequency range of interest, it was not concerned further in this paper. The final
comparison is performed when the blade is coupled to an FE model of a two-bladed hub, the
results of which is presented in table 3.
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1 kg 2 kg 4kg
fFE fmeas MAC fmeas MAC fmeas MAC

1st bending 42.4 38.7 0.22 0.98 39.3 0.24 0.98 36.2 0.25 0.98
2nd bending 122.8 111.3 0.11 0.99 115.6 0.14 0.99 104.0 0.15 0.96
1st torsion 197.7 169.1 0.91 0.95 163.1 0.73 0.96 163.2 0.67 0.96
3d bending 241.6 207.3 0.03 0.73 237.0 0.06 0.91 205.8 0.11 0.85
2nd torsion 347.2 307.0 0.78 0.90 285.8 0.66 0.81 260.0 0.46 0.65

Table 2: Comparison of elastic natural frequencies of experimental models when the transmission simulators have
been removed through decoupling. Two MAC values are presented: The first MAC column contains the values
when the virtual coupling point is included, while the latter considers only the measurement locations on the blade.
Frequencies are presented in Hz.

FE 1 kg 2 kg 4kg
f1 f2 fmeas MAC fmeas MAC fmeas MAC

22.4 22.5 23.9 0.63 23.9 0.63 23.9 0.63
28.7 28.7 29.6 0.87 29.7 0.86 29.8 0.84
28.7 28.8 65.3 0.30 62.2 0.35 61.9 0.36
77.3 77.6 77.7 0.61 77.8 0.66 77.8 0.67
80.3 80.3 82.3 0.73 81.9 0.82 82.1 0.83

Table 3: Comparison of elastic modes of the fully coupled system. The two FE models in the table differ in that
the second column has been modified by rigid elements in one blade to mimic the effect of a one-node connection
as in the substructured cases. Frequencies in Hz. MAC values have been calculated with respect to the second FE
model.

7 CONCLUSIONS
A study of the effects of interface loading in dynamic substructuring has been performed. It

was found that the sensor placement on the transmission simulator, and specifically the observ-
ability of the modes of the transmission simulator used, is of great importance. Comparing with
FE models, it seems that the virtual coupling point is still suffering from difficulties, which has
also been stated in literature previously. It is difficult to draw conclusions on which transmission
simulator was better; the results are comparable.
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