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Abstract

The work in this thesis is basically divided into two related but separate investiga-
tions.

The first part treats simple chemical reactions of adsorbate molecules on metallic
surfaces, induced by means of a scanning tunneling probe (STM). The investigation
serves as a parameter free extension to existing theories. The theoretical framework
is based on a combination of density functional theory (DFT) and non-equilibrium
Green’s functions (NEGF). Tunneling electrons that pass the adsorbate molecule are
assumed to heat up the molecule, and excite vibrations that directly correspond to
the reaction coordinate. The theory is demonstrated for an OD molecule adsorbed
on a bridge site on a Cu(110) surface, and critically compared to the corresponding
experimental results. Both reaction rates and pathways are deduced, opening up
the understanding of energy transfer between different configurational geometries,
and suggests a deeper insight, and ultimately a higher control of the behaviour of
adsorbate molecules on surfaces.

The second part describes a method to calculate STM images in the low bias
regime in order to overcome the limitations of localized orbital DFT in the weak
coupling limit, i.e., for large vacuum gaps between a tip and the adsorbate molecule.
The theory is based on Bardeen’s approach to tunneling, where the orbitals com-
puted by DFT are used together with the single-particle Green’s function formalism,
to accurately describe the orbitals far away from the surface/tip. In particular, the
theory successfully reproduces the experimentally well-observed characteristic dip in
the tunneling current for a carbon monoxide (CO) molecule adsorbed on a Cu(111)
surface. Constant height/current STM images provide direct comparisons to exper-
iments, and from the developed method further insights into elastic tunneling are
gained.
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Sammanfattning

Arbetet i den här avhandlingen är uppdelat i två relaterade men fristående projekt.
I den första delen görs en teoretisk utredning av enkla kemiska reaktioner för

adsorberade molekyler på metallytor, vilka induceras av strömmen från en svepelek-
tronmikroskopspets (STM). Här presenteras en parameterfri utvidgning av redan ex-
isterande teorier. De teoretiska grunderna baseras på täthetsfunktionalteori (DFT)
i kombination med med icke-jämvikts-Green’s-funktioner (NEGF). Tunnlingselek-
troner som passerar den adsorberade molekylen antas värma upp molekylen, och
excitera vibrationer som direkt motsvarar reaktionsvägen. Teorin appliceras på ett
system där en OD-molekyl fäster på en kopparyta med ytgeometri Cu(110), och
jämförs kritiskt med experimentella resultat. Både reaktionens olika övergångssan-
nolikheter och möjliga reaktionsvägar beräknas, vilket öppnar upp förståelsen för en-
ergiöverföring mellan olika vibrationstillstånd, och därför ger en djupare insikt, och
i förlängningen högre kontroll av rörelser för enstaka molekyler som fäster på metal-
lytor.

I den andra delen av avhandlingen beskrivs en metod för att beräkna STM-bilder
teoretiskt för låg spänning. Denna metoden utvecklades för att övervinna problemen
gällande de strikt lokaliserade basfunktionerna som används i DFT-beräkningarna, i
de fall där vakuumgapet mellan STM-spets och molekyl är stort. Särskilt studeras
den experimentellt välkända dippen i tunnlingsströmmen för en kolmonoxid-molekyl
(CO) adsorberad på en kopparyta med ytgeometri Cu(111), vilket verifieras teo-
retiskt. Teorin baseras på Bardeen’s metod för tunnling, i vilken de DFT-beräknade
orbitalerna används i kombination med en-partikel-Green’s-funktionsformalism, vilket
gör det möjligt att beskriva basorbitalerna väl på stora avstånd från ytan. Om STM-
spetsen skannar ytan med konstant tip-höjd, eller om strömmen hålls konstant, kan
man jämföra teorin direkt med experiment, vilket gör att den här metoden ger dju-
pare insikt i vad som sker i elastisk tunnling.
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Chapter 1

Introduction

Suppose we had access to an exceedingly fast computer, almost unlimited in all pos-
sible ways, such as memory, disk space, etc. Next, assume that we had a complete
theory of matter, i.e., a complete knowledge of everything worth to know about large
clusters of atoms building up realistic materials. Then it would be possible to investi-
gate properties of arbitrary objects to almost infinite precision and perform reliable
artificial tests, without manually manufacturing the device in the first place. We
would be able to run all possible experiments and obtain reliable results, regardless
if the strength of a car or a nanotransistor is considered.

Needless to say, we are not there yet. The speed of a computer is loosely speaking
proportional to the the number of transistors that fit on a chip of a definite size, and
according to Moore’s law [1], this number of transistors increases exponentially in
time. However, as ordinary transistors are classical objects, the electric current that
flows through the chip typically follows Ohm’s law [2]. This means that there is an
ultimate size limit of a transistor, of the order of magnitude comparable to atomic
dimensions, O(10−9) m, where particles start to obey the laws of quantum mechanics
(QM) when the size shrinks further.

Today we have passed the limit where Moore’s law is valid, at least in a classical
sense. This means that new methods of managing electron transport through small
devices are required in order to further increase the calculation capability of comput-
ers. This involves a deeper understanding of simple and complex molecules and other
formations, such as tiny pieces of metal, from first principle methods. Moreover, a
solid knowledge of matter from fundamental principles itself requires fast computers
as the applications of the high-end theories of matter are computationally demand-
ing. This means that there is a ”mutual” interest to further have an outlet for our
curiosity of how nature works. Hence, ever faster computers is a purpose of its own
in order for parts of fundamental physics to evolve, a purpose which is directly a
consequence of physics itself.

With the current knowledge of fundamental physics and the fastest supercomput-
ers we are able to run simulations of O(103) atoms up to a descent approximation.
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2 1. Introduction

Typical computation times are days, weeks or even months on a large number of
nodes, each associated with a significant RAM. Hence, it is easy to understand the
motivation of developing smaller transistors, especially from physicists point of view.

1.1 Scanning tunneling microscope

A useful tool, employed to gain further insights into fundamental properties of mat-
ter, is a scanning tunneling microscope (STM), which is an instrument primary
intended to image nanometer sized surfaces [3]. It operates according to the well es-
tablished quantum mechanical phenomena, quantum tunneling, meaning that there
is a non-vanishing probability for an electron to pass a potential energy barrier
higher than its kinetic energy. By considering an electron quantum mechanically, its
properties are embedded within its probability wave function, ψ(x). An illustrative
example, given in all introductory text books of QM, e.g., [4], is a plane wave hitting
a rectangular potential barrier, constrained in one dimension. By requiring continu-
ity of the wave function and its derivative everywhere, an analytical expression for
the transmission probability can be obtained.

The one-dimensional plane wave and its corresponding wave number read

ψ(x) = exp(ikxx), (1.1)

and

kx =

√
2m(E − Φ)

~
, (1.2)

respectively, where Φ is the work function, and E the kinetic energy of the electron.
Manifestly, ψ(x) is oscillating and undamped as long as the work function is smaller
than the kinetic energy, Φ < E, whereas ψ(x) is exponentially damped when Φ > E,
due to the purely imaginary wave number in this region. The transmitted wave
similarly reads ψt(x) = t exp(ikxx), where T = |t|2 is the transmission probability,
c.f., Fig. 1.1. As the electrical current can be shown to be proportional to the
probability density, j ∼ |ψt(x)|2, it is deduced that the tunneling current depends
exponentially on the width (and height) of the classically forbidden region.

While the previous simple example provides the qualitative behaviour of an STM,
more sophisticated methods are required to successfully reproduce experimental re-
sults. This is the main subject of Chap. 5. As the transmission coefficient, and
thereby the tunneling current, decays exponentially as the tip is retracted from the
surface, the STM serves as a sensitive tool to observe structures much smaller than
the wavelengths of visible light. Scanning a surface with an STM tip can then be
performed either by keeping the tip-sample distance constant (constant height), or
by using a constant tunneling current (constant current) by varying the tip-height
during the lateral scanning. An example of a different method used to obtain atomic
resolution images is X-ray diffraction by means of Bragg’s law [5]. Even though this
is a powerful tool, this method will not be further investigated in this thesis.
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Figure 1.1: Left: Illustration of the exponentially damped wave when passing a rectan-
gular shaped barrier (real part only), i.e, the classically forbidden (shaded) region, in one
dimension. Right: Example of a corresponding three-dimensional STM system, where the
shaded region sketches the classically forbidden region. The tip height is defined as the
core-core height difference between the outermost tip apex atom and the scanning surface,
or the closest atom of a possible adsorbate molecule.

Although STM was first used to provide atomic resolution images of flat surfaces,
its field of use has increased significantly during the last few decades, and is nowa-
days used as a tool for investigating several other physical phenomena, where a few
examples are listed below.

• The strong electric field can be utilized to pick up and move atoms, one by
one, along the sample surface. This allows for exact placing of single atoms on
specific atomic sites.

• Molecules can be deposited on suitable conducting surfaces, where, upon mod-
ulating the bias voltage, molecular vibrations of the adsorbate molecule may
be examined. This may be performed with inelastic tunneling spectroscopy
(IETS) [6], where tunneling electrons are responsible for vibrational excita-
tions, and the vibrations occur as peaks or dips in the second derivative of
the tunneling current as a function of the bias voltage, d2I/dV 2. This opens
up the understanding of heat transfer from tunneling electrons to molecular
vibrations, and is discussed in Sec. 3.5, and references therein.

• The STM tunneling current can, in a similar fashion, be used to induce chemical
reactions of adsorbates on surfaces [7], by changing the configurational geom-
etry of adsorbed molecules, meaning that the molecule serves as an atomic
switch. This is thoroughly examined theoretically in Chap. 4 and Paper I.

• An STM may also be used in the high conductance regime, where the tip and
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substrate are interconnected in various ways, e.g, by a gold wire or a biological
molecule, to investigate their qualities as electrical conductors.

The ability to control atoms with great accuracy is crucial when building nanoscale
transistors, and for this purpose the STM has proved to be an appropriate tool.
Once atomic switches, as theoretically investigated in Chap. 4, can be managed to
high accuracy, then it conceptually becomes possible to build a computer memory,
capable of storing a huge amount of information owing to the small size of atoms.
That is, if the atom to be switched has two stable configurational states, and assign
these states 1, and 0 respectively, and the atom/molecule may take the role of a logic
gate.

1.2 Outline of the thesis

The main work in this thesis is basically separated in two rather distinct parts,
though both involve a numerical implementation of experimental scanning tunneling
probe results.

Chapter 2 is aimed to briefly describe some basic concepts in finding the elec-
tronic structure of a many-electron system. An illustrative example of a radially
symmetric problem (isolated atoms) is given, in which an introduction to the finite
element method is also described in some detail. The main feature of this chapter de-
scribes the Siesta code, and some of its applications in terms of physical quantities
extracted from realistic materials.

In Chap. 3 concepts of single-particle electron transport are described, where
necessary numerical details, in order to solve general quantum mechanical problems,
are explained. A carefully studied two-dimensional example highlights the main
transport properties, later to be used in a realistic STM model. A brief introduc-
tion to inelastic analysis, i.e., modification to an STM tunneling current owing to
molecular vibrations, closes the chapter.

In Chap. 4, heat transfer from tunneling electrons, responsible for inducing a
rotational motion of a hydroxyl species on a copper surface, is examined theoretically
from first-principle calculations, based on equations given in its preceding chapters.
This chapter briefly summarizes Paper I, and provides some supplementary infor-
mation.

Chapter 5 describes an extension to established theories of how to compute
accurate STM images in the low-bias regime, without any a priori assumptions of
tip- and substrate structures. Two examples of different molecules, adsorbed on a
metallic surface, are demonstrated and compared to experiments: a carbon monoxide
molecule (CO) and an acetylene molecule (C2H2) adsorbed on the copper surfaces
Cu(111) and Cu(100), respectively.



Chapter 2

Electronic structure theory

Despite its negligible mass compared to the other fundamental building blocks of
matter (protons and neutrons), electrons are responsible for the vast majority of
properties characterizing bulk materials, as well as individual molecules or atoms.
For instance, the electrical conductivity of a copper wire, the bonding length of a
carbon monoxide molecule, and the emission spectrum of hydrogen are all features
originating from the electron’s properties.

The Schrödinger equation [8] properly describes the time evolution of a (non-
relativistic) quantum state for a single electron, and can be solved exactly in some
cases, and numerically with almost arbitrary precision for most other systems. How-
ever, when considering a many-electron system, such as a bulk metal or a molecule,
the electron-electron interaction is a rather troublesome problem to address. Many
approximative methods for solving many-body problems exist, and are used depend-
ing on the nature of the problem.

Over the last few decades the density functional theory (DFT) has been grown
immensely strong, when investigating fundamental many-electron quantum systems
from first principle methods. One of its main approximations is the use of the
so-called exchange-correlation functional (further discussed below) which, if it had
been known, would yield the exact solution to a many-electron problem. However,
depending on the problem, computations for thousands of atoms, can yield rather
accurate comparisons to experiments. This means that first principles calculation
methods in physics have not only entered chemistry, but also biology, as rather large
biological molecules nowadays are possible to investigate theoretically.

The outline of this chapter is to give a brief introduction regarding the determi-
nation of the electronic structure from DFT, and relate this to the many applications
of nanoscale systems. For further details regarding the concepts of DFT, see, e.g., [9–
13]. As the carbon monoxide molecule (CO), adsorbed on a copper surface, Cu(111),
is one of the most studied systems in this thesis, typical STM probe simulations will
mainly concern this system to highlight specific parts of the theoretical foundations,
and examples will be given continuously throughout this chapter.

5



6 2. Electronic structure theory

2.1 Density functional theory

Density functional theory (DFT) is a method used to describe a quantum mechani-
cal many-body problem as a single-particle problem, or, more generally, it describes
interacting fermions via its density, rather than its many-body wave function. The
Hohenberg-Kohn theorems [14] state that there is a one-to-one correspondence be-
tween the ground state density and the total potential of a system, and that mini-
mization of the energy functional is the ground state of the system.

A stationary electronic state containingN electrons is described by its many-body
wave function, Ψ(r1, ..., rN), and the Hamiltonian operating on this state reads1

ĤΨ =
[
T̂ + V̂ + Û

]
Ψ =

[ N∑

i

(
−1

2
∇2
i + V (ri)

)
+

N∑

i<j

U(ri, rj)

]
Ψ = EΨ, (2.1)

where T̂ is the kinetic energy operator, V̂ is the external potential, e.g., the Coulomb
potential, and Û is the interaction potential between the electrons. Hence, DFT
describes the many-body problem (with Û) as a single-particle problem (without
Û). Given that the many-electron wave function, Ψ, is normalized, its corresponding
density is expressed as

n(r) = N
N∏

i=2

∫
d3ri |Ψ(r, r2, ..., rN)|2 . (2.2)

On the other hand, for a given ground state density, n0(r), it is possible to determine
the ground state wave function, meaning that Ψ0 is a unique functional of n0(r), i.e.,

Ψ0 ≡ Ψ0[n0(r)]. (2.3)

Hence, the N -particle problem of 3N variables, is reduced to only three variables,
accounting for the real space ground state density. The concepts of ordinary quantum
mechanics can then be used to define expectation values of observables, similarly to
the single-electron formalism. In particular, the ground state energy is of interest,
and is found by

E0 = E[n0(r)] = 〈Ψ[n0(r)]|T̂ + V̂ + Û |Ψ[n0(r)]〉. (2.4)

The Kohn-Sham equations

It can be shown that the many-body problem is solved by the single-particle Kohn-
Sham (KS) equations [15], which reads

[
−1

2
∇2 + V σ

eff(r)
]
φσi (r) = εσi φ

σ
i (r), (2.5)

1Hartree units, ~ = me = e2 = 4πε0 = 1, are used throughout this chapter
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where φi(r), 1 ≤ i ≤ N (corresponding to the N lowest eigenvalues of the KS
Hamiltonian), are the KS orbitals that yield the ground state density for the N -
electron system,

n(r) =
N∑

i=1

|φi(r)|2 , (2.6)

and contains the effective (total) potential for the system,

V σ
eff(r) = Vext(r) + VH[n(r)] + V σ

xc[n
↑(r), n↓(r)]. (2.7)

The first term in Eq. (2.7) is the external potential generated by the nuclei involved
in the many-body system. The second term is referred to as the Hartree potential,
i.e., the potential generated by the electronic density, and defined as

VH(r) =

∫
dr′

n(r′)

|r− r′| . (2.8)

The final potential term, Vxc, is the so-called exchange-correlation (xc) potential, and
is formally defined as the functional derivative of the xc energy,

Vxc(r) =
δExc[n(r)]

δn(r)
. (2.9)

The exchange energy relates to the Pauli principle [16] (stating that two fermions
cannot coexist in the same quantum state), and the self-interaction by the Hartree
term, whereas the correlation energy is the residual energy difference to the interact-
ing electron energy. If an exact xc potential had been accessible, the full many-body
problem had been exactly solvable. As no such exists (yet) for a general problem,
approximations to this potential are required.

The simplest approximate xc functional is perhaps the local density approxi-
mation (LDA), available by using the Thomas-Fermi model [17, 18], to obtain the
exact exchange energy of a uniform electron gas, i.e., a constant electron density.
The xc energy functional of the density hence depends on the coordinate where the
functional is evaluated, i.e.,

ELDA
xc [n(r)] =

∫
drεxc[n(r)]n(r). (2.10)

As LDA does not distinguish between the two spin directions, spin-up and spin-
down, a natural extension to LDA is the local spin density approximation (LSDA),
in which the total density is separated in the spin-up and spin-down parts. The
LSDA xc functional is similarly defined as

ELSDA
xc [n↓(r), n↑(r)] =

∫
drεxc[n↓(r), n↑(r)]n(r). (2.11)
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Guess initial density, ni

Solve Eq. (2.5)

Obtain new density nf
⇒ new VH & Vxc

‖nf − ni‖ < ε ?

Yes

Problem solved

No

Figure 2.1: Self-consistent field procedure for obtaining an approximate density and
ground state energy of a many-electron problem, where ε is a predefined convergence crite-
rion.

The xc energy density can be obtained to high accuracy by quantum Monte Carlo
estimations of jellium [19]. Extensions to local density approximations that also take
the gradient of the density into consideration, are referred to as general gradient
approximations (GGA), see, e.g., [20]. For further details of the LDA and LSDA
functionals, see Appendix A and references therein.

Self-consistent field procedure

In order to solve the KS equations, the Hartree potential needs to be specified,
which depends on the electron density. But this requires knowledge about the single-
electron wave functions, and to find these, the KS equations needs to be solved.

To break this circular reasoning the problem is solved iteratively in a so-called self-
consistent field (SCF) procedure. The working scheme of finding the electron density
proceeds as described in Fig. 2.1. The starting point is to make an appropriate guess
of the density, ni, whereafter a new (final) density is obtained, nf . If the initial and
final densities differ too much, one restarts with a mix of the initial and final densities
by, e.g., linear mixing, nf = αni+(1−α)nf , 0 < α < 1. This mixing partly prevents
the eigenvalues to oscillate in the SCF loop. Reduction of the number of iteration
steps may, for instance, be offered by making a clever guess of the initial density, or
by mixing the initial and final densities in a more sophisticated way, e.g., by mixing
numerous old densities. The SCF cycle runs until the difference between the new
and old densities is below a predefined convergence criterion, i.e., ‖nf − ni‖ < ε.
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2.1.1 Isolated atoms

As a fairly straightforward application of DFT, isolated atoms are concerned in this
example, where the aim is to find estimates for the total energy of the elements in
the periodic table. This short-term project was initiated in order to gain a better
understanding of DFT from the fundamental principles. The upcoming results are
hence computed by our theoretical model, even though already existing theories
provide similar results [21, 22]. The theory is tested against experimental results, by
comparing the ionization energies of the 20 first elements. Moreover, this example
will to a certain extent be associated with basic concepts in a more comprehensive
DFT framework, described in Sec. 2.2.

A general isolated atom is defined by a single pointlike nucleus surrounded by
several electrons, in complete absence of any other atoms or molecules in a field-
free environment. Analytical solutions only exist in the case where a nucleus is
surrounded by a single electron. The spherical symmetry of the external potential,
i.e., the Coulomb potential, makes it possible to reduce the three dimensional problem
to one dimension by considering only the radial part of the wave functions, which in
a numerical approximation is a huge gain. The radial part of SE can be expressed
as

−1

2

d
dr

[
r2 d
dr
Rn`(r)

]
+

[
r2V (r) +

`(`− 1)

2

]
Rn`(r) = Er2Rn`(r), (2.12)

where n (`) is the principal (orbital) quantum number. The substitution Pn` = rRn`

yields

−1

2

d2

dr2
Pn`(r) +

[
V (r) +

`(`− 1)

2r2

]
Pn`(r) = EPn`, (2.13)

and the density reads

n(r) =
|Rn`|2
4πr2

. (2.14)

Equation (2.13) can be discretized on a finite range grid, i.e., in a box of a certain size.
Dirichlet boundary conditions are used, meaning that the wave functions exactly van-
ish outside the box, P (0) = P (rmax) = 0. Appropriate, and fairly straightforward,
approximation methods are either an equally spaced finite difference (FD) grid, see
Sec. 3.2, or a non-uniform finite element (FEM) grid, see Appendix B. In this ex-
ample, the FEM grid is particularly useful, as there are typically several of orbitals
that are tightly bound to the nucleus, meaning that they are fairly localized and
rapidly varying for small r, while they further away from the nucleus decay expo-
nentially, and thereby become smoother and more slowly varying. The grid should
then preferably be dense close to the nucleus and sparser further away, which is one
of the major strengths of the FEM implementation.

A drawback of the numerical finite radial range, i.e., a box with hard boundaries,
is that the Hartree potential, computed by the radial Poisson equation (PE),

∇2VH(r) = −4πn(r), (2.15)



10 2. Electronic structure theory

exactly vanishes at the boundaries of the box. This means that the Hartree potential
is badly described over the whole box, especially in vicinity of the boundaries. In
order to overcome this problem, it is customary to define a density that yields an
analytical solution to PE. An appropriate such a charge density distribution is the
Gaussian

n′ =
exp(−r2)

π3/2
, (2.16)

for which the analytical Hartree potential can be found as

VH =
Erf(r)
r

. (2.17)

This function quickly converge to the desired 1/r as the error function rapidly reach
unity. By solving PE again, with the difference of the numerical and exact densities,
∆ = n − n′, and finally add the analytical Hartree potential to the latter solution,
gives a well-described Hartree potential.

This procedure enables to shrink the box size significantly, as VH is described order
of magnitudes better in all lattice points of the box, even at the outer boundary. By
implementing Eq. (2.13) into the Kohn-Sham equations, Eq. (2.5), involving the
Hartree potential and the L(S)DA xc potential, the electron density and the ground
state energy can be obtained for a number of elements. Heavy elements, such as
mercury or gold, need a relativistic treatment (Dirac equation), due to the fast core
electrons, and are not considered here. However, the relativistic correction for the
core electrons cancel, upon considering ionization energies.

Direct comparison to experiments are here demonstrated by the ionization ener-
gies of the first 20 elements. Hence, the total energy of the neutral atom is computed,
followed by a similar calculation with one electron less, i.e.,

Eion = ENe=Z
tot − ENe=Z−1

tot , (2.18)

where Z is the atomic number, and Ne is the number of electrons. The LDA/LSDA
ionization energies are demonstrated in Fig. 2.2 and compared to the experimental
data.

Despite the seemingly inappropriate exchange-correlation functionals, which are
exact only in systems where the electron density is constant, rather accurate ioniza-
tion energies are found for isolated atoms, especially with the LSDA functional. As
expected, the LDA functional misses the dip when the p-orbitals start to be filled up
with opposite spin electrons according to one of Hund’s rules [23]. The good corre-
spondence relies on the fact that a neutral atom is chemically similar to its ionized
counterpart. Hence the inherent DFT errors originating from the xc functional of the
two calculations tend to cancel out, and accurate ionization energies can be obtained
after all. Other computation parameter settings can improve the results further.
For instance, by choosing a finer discrete grid with a possibly different non-uniform
grid spacing behaviour, may systematically reduce the numerical error. Here, a grid
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Figure 2.2: Ionization energies of the 20 first elements in the periodic table, computed
by using LDA (red) and LSDA (blue) xc functionals when implementing the radial SE in
the Kohn-Sham equations in a FEM discretization scheme. The black data points are the
experimental values.

consisting of 350 radial lattice points with exponentially increasing lattice constant
for a 100 Bohr wide box is used, and the convergence criterion was set to ε = 10−4.
The total computation time for all calculations involved in order to produce Fig. 2.2
was ten minutes on an ordinary personal computer. This example gives a hint of
the applicability and efficiency of density functional theory. Moreover, it has been
demonstrated how to obtain accurate radial wave functions in an efficient way, which
is crucial when considering large clusters of atoms.
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2.2 The Siesta code

A significantly more challenging project, compared to the DFT example of an iso-
lated atom previously, is to deal with systems consisting of a large number of atoms.
Siesta (Spanish Initiative for Electronic Simulation of Thousands of Atoms) [24] is
one of many available comprehensive DFT codes, thoroughly optimized to find the
electronic structure for large atom clusters. While a number of DFT codes take all
electrons of a atom cluster into consideration, Siesta (and several other codes) is a
so-called pseudopotential method. This means that only a certain number of valence
electrons, down to some radial depth, are considered, whereas the deep core states
are excluded, as they are typically chemically inert. Hence, the dynamics of the
individual core electrons are ignored, and their effects are replaced by an effective
potential, inside some pseudopotential cutoff radius, rc. This approximation does
not significantly change, e.g., relaxed geometry and chemical bondings, though the
electronic structure will be poorly described inside rc. In Siesta, norm-conserving
pseudopotentials according to the Troullier-Martins parametrization [25] are typi-
cally used.

Upon solving the KS equations for a specific supercell, periodic boundary con-
ditions (PBCs) are imposed in all spatial directions. Manifestly, PBCs are most
convenient for periodic crystals, but may also be suitable for non-periodic supercells,
as long as the supercell is sufficiently large. An example is the STM probe setup of
CO@Cu(111), Fig. 2.3, where it is required that the supercell is large enough, so that
the adsorbed molecule does not interact with its equivalents in adjacent cells. As
a consequence of this periodicity, the Bloch theorem [26] may be applied. It states
that the electronic wave function can be expressed by

ψ(r) = exp(ik · r)u(r), (2.19)

where u(r) is a function with the same periodicity as the lattice, and k is a reciprocal
lattice vector belonging to the first Brillouin zone. For each k-point it is possible
to deduce a discrete set of eigenstates to the KS Hamiltonian, and such a k-point
sampling in Siesta is based on the Monkhorst-Pack method [27], which essentially
means that the k-points are homogeneously distributed in the Brillouin zone. The
number of required k-points is inversely proportional to the size of the supercell, and
for sufficiently large supercells, computation in the Γ-point might be an adequate
approximation.

Another important charachteristic of Siesta is that it uses atom-centered bases
[28, 29], used to expand the solutions of the KS equations, where the number of basis
functions per atom typically is O(10), owing to the pseudopotential approximation.
As the ultimate aim by solving the KS equations is to find the eigenvectors and
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eigenvalues, the solution is to expand the eigenvectors in terms of a known basis,

φi(r) =
∑

j

cijfj(r). (2.20)

The basis functions fj(r) are localized and identically zero outside a specific range.
Regarding the computational effort, the number of basis functions per atom, and
the range of the orbitals, are important aspects. The radial part of a basis orbital
is found similarly as were done in Sec. 2.1.1, but with the pseudopotential method,
and more sophisticated xc functionals, e.g., the PBE-GGA functional [30]. This xc
functional is used in all DFT calculations throughout this thesis. Multiplying the
radial part by real spherical harmonics generate the approximate basis functions.
With a so-called multiple-ζ basis there are various orbitals with the same angular
momentum. While the orbitals are all strictly confined in space, the radial orbitals
generally have different range.

A finite range basis set assures that the overlap matrix and Hamiltonian are
sparse, and can effectively be evaluated in Fourier space, where the convolution of
the two-center integrals become simple products. However, some quantities, e.g., the
charge density, are evaluated in real-space, meaning that a cutoff for the real-space
integration needs to be specified. The coarseness of the real-space grid relates to
an cutoff energy, inversely proportional to the lattice constant squared. A typical
real-space coarseness, at the cutoff energy 200 Ry, is visualized in Fig. 5.3.

2.2.1 Obtain a relaxed geometry

In order to demonstrate a typical application using the Siesta code, the aim is to
simulate a scanning tunneling microscope (STM) by assuming a carbon monoxide
molecule adsorbed on a Cu(111) surface scanned by a copper tip. This system is
thoroughly examined in two of the included papers, and will therefore be mentioned
continuously as an example. The supercell is built up by several layers to form the
bulk substrate on which the CO molecule is adsorbed, c.f., Fig. 2.3. The tip part,
built up similarly, is typically separated by a significant vacuum region, where the
distance between the oxygen molecule and outermost tip apex is O(5) Å.

As geometry relaxation is computationally expensive, only the two top layers
of the substrate, the molecule, and the outermost tip apex atom are allowed to
relax, while the remaining atoms are held fixed. The SCF scheme, Fig. 2.1, runs
until converged, whereafter the force on each atom is determined, and a slightly
changed geometry is rebuilt, according to the magnitudes and directions of all forces
for the atoms to be relaxed. This procedure runs until all the forces are below
a predefined criterion (typically 0.02 eV/Å), whereafter an optimized geometry is
achieved, meaning that a slightly changed electronic ground state density and energy
of the system is obtained.
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O
C

Cu

Figure 2.3: Part of supercell for STM simulation of a CO molecule adsorbed on a top site
of a Cu(111) surface.

2.2.2 Forces and vibrations

Once a stable geometry of a typical STM supercell is obtained, the vibrational fre-
quencies of an adsorbed molecule may be of interest. Upon adsorption to a surface,
the vibrational modes normally change, due to influence from the electronic struc-
ture by the substrate and/or the tip. For instance, the stretch mode of a free CO
molecule is generally different from that of a CO attached to a surface. The presence
of the tip also affects the vibrational frequencies of the adsorbed molecule.

Below, the stretch mode of the CO molecule, νCO, is supposed to be determined.
This can be accomplished by comparing the total energy of the fully relaxed system,
to the total energy for the same system where the position of the oxygen atom is
slightly changed from its equilibrium position, along the CO bonding axis. In this
example the oxygen is shifted by ∆zO = ±0.02 Å, as the CO bonding angle is
perpendicular to the surface plane. By treating molecules as point masses coupled
together by springs, ordinary Newtonian mechanics can be applied when performing
a vibrational analysis in quantum systems. Hence, the force is computed by

F (z) = −∂Etot

∂zO
≈ −∆Etot

∆zO
. (2.21)

For sufficiently small displacements, Hooke’s law,

F (z) = −kzz, (2.22)

can be applied, giving a harmonic potential energy surface around the equilibrium
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geometry, where the force constant reads kz = mOω
2, upon (erroneously) assuming

the carbon to be stationary.
While this example sketches the basic ideas of finding vibrational modes, it is

not complete. Even though the harmonic approximation is used in Siesta and its
extensions, the previous way of finding a specific mode needs to take the surrounding
atoms into consideration, e.g., the displacements of the carbon atom and its coupling
strength and force constant with respect to the copper surface. In order to do so,
several dynamic atoms are specified and the force constants in all spatial directions
for these atoms are computed. This manifestly results in a force constant matrix
(see [31] for further details),

Kiα,jβ =
∂2E(R)

∂Riα∂Rjβ

∣∣∣∣
R=Req

. (2.23)

Upon mass-scaling this matrix, i.e.,

Wij =
Kij√
MiMj

, (2.24)

the eigenvalue problem to solve reads
(
ω21−W

)
v = 0, (2.25)

from which the (normalized) eigendisplacement, vλ, and vibrational frequency, ωλ,
of a specific vibrational mode, λ, is determined.

Despite the many approximations involved in a typical DFT calculation, in par-
ticular the xc functional and pseudopotentials, for an atom cluster of hundreds of
atoms, typically giving a total energy of O(105) eV, the vibrational frequencies can
be estimated to accuracy ±10 % when comparing to experimental values. The main
reason for such a good accuracy is that the chemical properties are almost identical
for the relaxed system and the same system with one atom slightly displaced. Hence,
the inherent errors of the two calculations DFT cancel almost completely, and energy
differences down to ∼1 meV can be obtained.





Chapter 3

Electron transport in nanojunctions

In order to properly simulate scanning tunneling probes for arbitrary scatterers,
such as the CO molecule, Fig. 2.3, the information gained by the electronic structure
calculations and the vibrational analysis is generally not enough. While the overlap
between the molecule and tip apex orbitals gives a first hint of the order of magnitude
of the elastic conductance, little is gained in the work of reproducing experimental
results, meaning that an electron transport formalism needs to be implemented in
the previous stationary electronic calculations.

In a rather non-rigorous way, this chapter is aimed to describe single-electron
transport properties by the, nowadays, standard Green’s function (GF) formalism,
named after the British mathematical physicist George Green (1793-1841). This
formalism will afterwards prove to be particularly useful for extension of the Siesta
implementation of electronic structure. When there is no possibility of confusion,
operators, and their discretized counterparts in terms of matrices (subsequently to
be boldfaced), will initially simply be capitalized, e.g., Ô = O ≡ O. Arguments,
such as energy or position, of various quantities will also often be omitted for the
sake of readability.

3.1 Green’s function formalism

Green’s functions is a certain class of functions, first introduced to solve inhomoge-
neous differential equations of the form

L̂u(r) = f(r), (3.1)

where L̂ is a linear differential operator. The Green’s function of such a differential
equation is defined as

L̂G(r, r′) = δ(r− r′). (3.2)

17
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Once G(r, r′) is found, the solution to Eq. (3.1) reads

u(r) =

∫
dr′G(r, r′)f(r′), (3.3)

which is checked by applying L̂ on both sides, whereafter using the definition of G,
Eq. (3.2). Hence, the Green’s function can be computed as soon as the operator L̂,
and the boundary conditions of G are known.

The GF formalism turns out to be particularly useful in the scattering theory of
quantum mechanics. The operator L̂ in this context then reads

L̂→ E − Ĥ, (3.4)

where E is the energy (being a continuous quantum number), and Ĥ is the Hamil-
tonian operator of the system. The operator equation is then defined as [32–35]

(
E − Ĥ

)
Ĝ(E) = 1, (3.5)

which manifestly has the formal solution

Ĝ(E) =
(
E − Ĥ

)−1
. (3.6)

To avoid the singularity problem, i.e., when E is an eigenvalue of Ĥ, it is appropriate
to consider the real space representation of the problem,

(
E −H(r)

)
G(r, r′, E) = δ(r− r′), (3.7)

where
G(r, r′, E) = 〈r|Ĝ(E)|r′〉 (3.8)

is the desired Green’s function. The Green’s function, Eq. (3.7), has two interpreta-
tions:

1. It is the wave function at position r originating from a unit excitation at r′.

2. It is the source of such an excitation.

These two solutions are subjects to different boundary conditions. By assuming
motion in a constant potential, the first solution would be an outgoing wave from
point r′, while the latter is an incoming wave.

By adding an infinitesimal imaginary part to the energy, the boundary conditions
are incorporated to give a unique definition of the Green’s function,

G±(r, r′, E) = lim
η→0+

G(r, r′, E ± iη), (3.9)

where G+ and G− are referred to as the retarded and advanced Green’s functions,
corresponding to outgoing and incoming waves respectively. Henceforth, the re-
tarded and advanced Green’s function will be denoted G and G†, respectively, and
its infinitesimal imaginary part will occasionally be omitted.
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Figure 3.1: Upper: Schematic illustration of a lead-device-lead partitioning, where τL,R
describe the coupling between the central device region and the semi-infinite leads. Lower:
Typical lead-device-lead partitioning of a realistic STM model

System partitioning and self-energies

As seen previously, the Green’s function gives a hint of its usefulness upon considering
transport in a quantum system. Hence, in principle, a certain quantum transport
problem can be solved by the (matrix) inversion of E + iη − H, as soon as the
problem has been discretized. However, as an open system, infinite in the direction
of transport, is considered, this expression cannot be inverted. Even worse, if the
Hamiltonian could be truncated, the problem is still numerically infeasible, due to
the great computational cost of inverting large matrices.

These problems can be addressed by partitioning the full problem into a lead-
device-lead system, where the leads are considered semi-infinite extended, illustrated
in Fig. 3.1. An arbitrary number of leads may be considered, however the following
theory regards two leads, as the upcoming STM probe simulations involve only two
contacts attached to each side of the vacuum region. The leads are assumed be-
ing homogeneous, perfectly conducting semi-infinite probes attached to each side of
the scattering region. This system then effectively becomes open in the direction of
transport, and bounded in transverse direction, typically by periodic boundary con-
ditions (PBCs). As will soon be demonstrated, the partition will be well-suited for
computing transport quantities, such as transmission coefficients and wave functions
in a realistic STM model. The partitioning of Eq. (3.7) is mathematically expressed
as




E −HL −τ
L

0
−τ †

L
E −Hd −τ †

R

0 −τ
R

E −HR






GL GLd GLR

GdL Gd GdR

GRL GRd GR


 =




I 0 0
0 I 0
0 0 I


 . (3.10)
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Choosing the second column and solving for the device Green’s function, gives

Gd = (E −Hd − ΣL − ΣR)−1 , (3.11)

where
Σα = τ †αgατα, α = L,R (3.12)

are the so-called self-energies, and

gα = (E −Hα)−1 (3.13)

are the Green’s functions of the isolated leads. At first glance, it seems that the
problem has just been moved, since Hα still is infinite dimensional. But, as will
be explained below, a numerical implementation of the system typically concerns
a nearest neighbour coupling of the slices, and only the Green’s functions of the
surfaces, separating the leads and the central device, are needed. Hence, the effects
of the semi-infinite leads are described by the surface Green’s functions, concerning
only the finite dimensional contacting surface of the device region. This is explained
in some detail in Appendix C.

For one-dimensional leads the the self-energies are computed analytically, while
they for higher dimensional leads are typically found iteratively, by exploiting the
periodicity of the leads. This procedure is described in Sec. 3.2. It is then customary
to define an effective device Hamiltonian as

Heff = Hd + ΣL + ΣR. (3.14)

As the self-energies contain complex elements, the effective Hamiltonian is not her-
mitian, meaning that probability is not conserved in the device region, as expected
due to the presence of the leads.

Broadening and spectral function

The anti-hermitian part of the self-energies is referred to as the broadening of the
contacts,

Γα = i
(
Σα − Σ†α

)
, (3.15)

and relates to the time it takes for an electron to escape from the device region
into a lead. The broadening of the contacts is closely related to the partial spectral
functions by the relation

Aα = GΓαG
†. (3.16)

The full spectral function gives the density of states and all solutions to the Schrödinger
equation (SE). This can be seen by considering the retarded Green’s function,

G =
1

E + iη −H , (3.17)
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expanded in eigenbasis,

G =
∑

k

|k〉〈k|
E + iη − εk

. (3.18)

The full spectral function, defined as

A = i
(
G−G†

)
, (3.19)

may then be reformulated as

A = i
(

1

E + iη −H −
1

E − iη −H

)

=
∑

k

|k〉〈k| 2η

(E − εk)2 + η2
. (3.20)

The fraction in Eq. (3.20) reduces to 2πδ(E − εk) as η → 0, providing

A = 2π
∑

k

|k〉〈k|δ(E − εk), (3.21)

which completes the claim that the spectral function yields all solutions to the
Schrödinger equation. The diagonal elements of the spectral function offer the spatial
local density of states (LDOS) at a specific energy. By noting that

G−1
d −

(
G−1
d

)†
= Σ1 + Σ2 − H.c., (3.22)

the device spectral function takes the form

Ad = i
(
Gd −G†d

)
= iGd

(
G−1
d −

(
G−1
d

)†)
G†d

= Gd

(
ΓL + ΓR

)
G†d, (3.23)

which means that the total broadening is given by the sum of the broadenings of the
involved contacts.

Dyson, Lippmann-Schwinger, and T-matrix

By making use of the non-interacting (bare) Green’s function of some known system,

G0 =
1

E −H0

, (3.24)

and by introducing a small perturbation H1, such that the full Hamiltonian is the
sum of the unperturbed Hamiltonian and the perturbation, H = H0 + H1, means
that the interacting (dressed) Green’s function reads

G =
1

E − (H0 +H1)
. (3.25)



22 3. Electron transport in nanojunctions

Hence, the perturbation may be expressed in terms of the previous Green’s functions,

H1 = G−1
0 −G−1. (3.26)

The interacting Green’s function can then, by further manipulations, be expressed
in terms of the non-interacting Green’s function and the perturbation as

G0

(
G−1

0 −G−1
)
G = G−G0 = G0H1G (3.27)
G = G0 +G0H1G, (3.28)

where Eq. (3.28) is the so-called Dyson equation [36]. An alternative way to derive
the Dyson equation is given in Appendix C. Upon operating with H = H0 +H1 on
|ψ〉 = |ψ0〉+ |ψ1〉, the following relations are obtained:

H|ψ〉 = E|ψ〉 (3.29)
(H0 +H1) (|ψ0〉+ |ψ1〉) = E (|ψ0〉+ |ψ1〉) (3.30)

����H0|ψ0〉 +H0|ψ1〉+H1|ψ0〉+H1|ψ1〉 = �
���E|ψ0〉 + E|ψ1〉 (3.31)

(E −H0 −H1)︸ ︷︷ ︸
G−1

|ψ1〉 = H1|ψ0〉. (3.32)

Equation (3.32) gives two versions of the scattered wave, |ψ1〉. The first one mani-
festly reads

|ψ1〉 = GH1|ψ0〉. (3.33)

The second variant is found by rearrangement according to

(E −H0)︸ ︷︷ ︸
G−1

0

|ψ1〉 = H1(|ψ0〉+ |ψ1〉) = H1|ψ〉, (3.34)

so that the scattered wave function takes the form

|ψ1〉 = G0H1|ψ〉. (3.35)

Consequently the interacting wave function can be expressed in two ways,

|ψ〉 = |ψ0〉+ |ψ1〉 = |ψ0〉+GH1|ψ0〉 (3.36)
= |ψ0〉+G0H1|ψ〉, (3.37)

where the latter is referred to as the Lippmann-Schwinger equation [37]. Further
straightforward manipulations of the previous equations yield

H1|ψ〉 = (H1 +H1GH1) |ψ0〉, (3.38)

where the expression in the brackets is the so-called transition operator, or T-matrix,

T ≡ H1 +H1GH1. (3.39)
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According to the Dyson equation, G = G0 +G0H1G, the transition operator can be
expanded as

T = H1 +H1G0(H1 +H1G0H1 +H1G0H1G0H1 + ...), (3.40)

which is equivalent to the so-called Born series,

T =
∞∑

n=1

H1(G0H1)n−1. (3.41)

The Born series, expanded to lowest order, i.e., T ≈ H1, is closely related to the
(first-order) Born approximation [38], which will be briefly discussed in Sec. 3.5.
The lowest order expansion of the T-matrix will also play a central role in Chap. 4,
where vibrational excitations of an adsorbate molecule are triggered by tunneling
electrons from a scanning tunneling probe.

Device Green’s function as wave propagator

L d ΣR R

|ϕ1〉 |ϕ2〉 |ϕ3〉

L d ΣR R

τ

Figure 3.2: Top: Illustration of a lead-device system, where the left lead is separated
from the device region and the right lead, where a few incoming modes are shown for a
two-dimensional constant potential contact. Bottom: Same system, but with the left lead
connected to the rest by the coupling parameter τ . Eq. (3.43) is used to compute the
evolution of the initial modes on the device region.

In this subsection an important equation, Eq. (3.43), will be derived and explained.
This equation turns out to have many applications, and will mainly be used to
compute elastic STM images in Chap. 5.

The starting point concerns a decoupled system, where the left lead is isolated
from the coupled device-right lead system, c.f., the uppermost cartoon in Fig. 3.2.
Provided that the Hamiltonian for the device region is known, as well as the d− R
coupling elements, the non-interacting Green’s function, G0, for the ”unperturbed”
system reads

G0 =
(
E −Hd − ΣR

)−1
. (3.42)
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The next step is the requirement that the incoming modes, |ϕn〉, on the rightmost
surface of the left lead, i.e., on the L− d surface, are known. The discrete quantum
number, n, is the mode index, as there may be several modes crossing the Fermi
energy, and thereby contribute to the electron transport through the device region.
In this thesis, the L − d surface modes, |ϕn〉, are always known, as will soon be
demonstrated. Roughly, these modes are computed by diagonalization of the Hamil-
tonian of this surface, at least when the device region remains fairly translationally
invariant a bit into the system. Finally, upon attaching the left lead to the device
region, by the L− d coupling τ , the scattered modes in the device region by means
of Eq. (3.35), are found by

|ψd〉 = G0τ |ϕn〉. (3.43)

Compared to Eq. (3.37), the unperturbed wave is abscent in Eq. (3.43), due to total
reflection in the left contact for the decoupled system.

To summarize, as soon as the initial modes in the left contact, the device Hamil-
tonian, and the d−R coupling are known, the device wave function can be computed.
Its usefulness will be demonstrated in a simplified example below.

Transmission coefficient

The T-matrix will here be used to derive an expression for the transmission proba-
bility and the electrical current through the device region, by exploiting the Green’s
function formalism. This provides an alternative derivation of the Landauer formula
[39]. The transition rate between an initial state, |ϕi〉, and a final state, |ϕf〉, reads

wi→f =
2π

~
|Tif |2 δ(Ei − Ef ), (3.44)

where
Tif = 〈ϕf |H1 +H1GH1|ϕi〉 (3.45)

are the matrix elements of the perturbation, H1 + H1GH1, between the final and
initial states. In this context, the correction to the bare Hamiltonian reads

H1 = τi + τf , (3.46)

and since no direct coupling is assumed to exist between the leads, the first order
transition, known as Fermi’s golden rule [40, 41], vanishes, i.e.,

〈ϕf |H1|ϕi〉 = 〈ϕf |τi + τf |ϕi〉 = 0. (3.47)

Higher order transitions expand as

|〈ϕf |H1GH1|ϕi〉|2 = Tr
[
H†1|ϕf〉〈ϕf |H1GH1|ϕi〉〈ϕi|H†1G†

]
, (3.48)
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|ϕi〉 Device |ϕf〉

τi τf

Figure 3.3: An initial state, |ϕi〉, in the left lead is scattered to a final state, |ϕf 〉,
by regarding the device-lead coupling as a perturbation, used to derive a formula for the
transmission coefficient.

where the cyclic property of the trace operator is exploited. As the final state spectral
function may be expressed by

Af = 2π|ϕf〉〈ϕf | = i(gf − g†f ), (3.49)

the first objects in the trace expression can be reformulated as

H†1|ϕf〉〈ϕf |H1 = 1
2π
H†1AfH1 = 1

2π
i
(
τ †i + τ †f

)(
gf − g†f

)(
τi + τf

)
(3.50)

= 1
2π
i
(
τ †fgfτf − τ †fg†fτf

)
= 1

2π
i
(
Σf − Σ†f

)
(3.51)

= 1
2π

Γf . (3.52)

Hence the transition rate, Eq. (3.44), takes the form

wi→f =
1

2π~
Tr
[
ΓfGΓiG

†]δ(Ei − Ef ), (3.53)

where Tr
[
ΓfGΓiG

†] is recognized as the transmission probability. Since the lead-
device coupling is localized to the contacts, the interacting Green’s function, G, may
be projected to the device region, and thereby be replaced by the device Green’s
function, Gd, so that the transmission coefficient becomes

T = Tr
[
ΓfGdΓiG

†
d

]
. (3.54)

In a non-equilibrium system, i.e., when a bias voltage is applied by different chem-
ical potentials between the leads, a net flow of electrons is passing the device region
per unit time. By assuming metallic leads (e.g., copper, which is used throughout
this work, EF ' 4 eV) and bias voltages comparable to the order of magnitude of
typical vibrational excitation energies (5-50 meV) of adsorbed molecules, the spec-
tral functions are well approximated to be energy independent at such biases. In
addition, when considering low temperatures (a few Kelvin), and a linear voltage
drop over the device, i.e., kBT � |µ1−µ2|, where µ1(2) = µ +

(−)eV/2, the net electrical
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current evaluates as

I =
e

t
= e

∫
dEi

∫
dEffi (1− ff )wi→f (3.55)

=
e

2π~
Tr
[
ΓfGdΓiG

†
d

] ∫
dEi

∫
dEffi (1− ff ) δ(Ei − Ef ) (3.56)

=
e2V

2π~
Tr
[
ΓfGdΓiG

†
d

]
, (3.57)

where
fi(f) =

1

1 + exp

[
Ei(f)−(µ +

(−)eV/2)
kBT

] (3.58)

are the Fermi-Dirac distribution functions of the initial and final state. Equa-
tion (3.57) is one face of the Landauer formula, first suggested in 1957, which relates
the quantum mechanical resistance of a conductor to its scattering properties. The
conductance of such a conductor may therefore be expressed as

G = G0Tr
[
ΓfGdΓiG

†
d

]
, (3.59)

where
G0 =

e2

π~
(3.60)

is the spin-degenerate quantum of conductance.

3.2 Numerical implementation

As will be evident from the examples in Sec. 3.3, a general quantum transport prob-
lem needs to be solved numerically, since analytical solutions only exist in some
rare, ideal cases. Hence, the operators involved in the problem must reformulated
as matrices. Rydberg atomic units1 are used throughout, meaning that the general
Hamiltonian reads H = −∇2 + V (r).

One dimension

By noticing that the first derivative of a function, ψ(x), can be expressed as

dψ(x)

dx
=
ψ(x+ a/2)− ψ(x− a/2)

a
, (3.61)

the second derivative becomes

d2ψ(x)

dx2
=
ψ(x− a)− 2ψ(x) + ψ(x+ a)

a2
, (3.62)

1~ = 2me = e2/2 = 1
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in the limit a→ 0. Keeping a small, but non-zero, gives a nearest neighbour finite-
difference (FD) approximation (often called tight-binding method), which will be
used repeatedly in this work. Hence, a one-dimensional free electron Hamiltonian,
H = −d2/dx2, takes the form of a tridiagonal matrix,

H =
∑

n

b
[
− |n− 1〉+ 2|n〉 − |n+ 1〉

]
〈n|, (3.63)

where b = 1/a2, a being the lattice constant in Bohr (= 0.529 Å). An electrostatic
potential adds to the diagonal elements of H, i.e., the onsite term of the nth lattice
site is changed according to

2b→ 2b+ V (xn), (3.64)

to yield the Hamiltonian of a general quantum mechanical system, whereas the off-
diagonal elements describe the nearest neighbour coupling strength between the lat-
tice sites.

Free particle dispersion relation

To derive the free particle dispersion relation in one dimension, the Bloch condition
is exploited, owing to the discrete translational invariance (periodicity) of the lattice.
The wave function is then expressed as

ψ(x) = eikxu(x), (3.65)

where u(x) is a function that is periodic with the lattice constant a. By paying
attention to the nth lattice site, xn = na, and exploiting the periodic property of
u(x), i.e., u(xn) = u(xn−1) = u(xn+1), SE takes the form

Hψ(xn) = beikan
[
2− eika − e−ika

]
u(xn) = Eeikanu(xn). (3.66)

The FD dispersion relation in the continuum limit is finally recovered by a series
expansion of cos(ka), and by recalling b = 1/a2, as

E(k) = lim
ka→0

2b
[
1− cos(ka)

]
= k2. (3.67)

Hence, for any predefined lattice constant, the energy should correspond to a Fermi
wavelength much longer than the lattice constant, i.e., ka � 2π, in order to have a
fairly parabolic dispersion relation and thereby a trustworthy approximate solution,
see Fig. 3.6.
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Figure 3.4: Orthogonal and skew coordinate system in x-y plane

Two dimensions

The two-dimensional FD Hamiltonian is similarly found as

H =
∑

n,m

[
− bxnm|n+ 1,m〉 − bynm|n,m+ 1〉+ H.c. + εnm|n,m〉

]
〈n,m| (3.68)

where bx(y) is the coupling strength in x(y) direction, and εnm = 4b+Vnm is the onsite
energy. The extension to three dimensions is performed analogously. Though similar
physical interpretation in higher dimensions, care must be taken, especially when
working in three dimensions, as the dimension of the Hamiltonian matrix rapidly
becomes large. A device region consisting of 100 lattice sites in all directions give a
Hamiltonian with dimension 106×106, and thereby contains 1012 elements. Ordinary
matrix operations therefore rapidly become infeasible as the dimensions increases, de-
spite their sparse nature. These problems will be addressed in the following numerical
simulations. A possible additional problem is when considering a two-dimensional
system for a skew area, i.e., when the axes are not orthogonal, c.f., Fig. 3.4. Upon ro-
tation of the y-axis, the relation between the wave vectors in the skew and orthogonal
coordinate system is obtained as

k′ =
{
k′x, k

′
y

}
=
{
kx,− cos(θ)

sin(θ)
kx + 1

sin(θ)
ky

}
, (3.69)

and the dispersion relation in the skew coordinate system takes the form

E(k′) = k′2x + k′2y =
(
1 + cos2(θ)

sin2(θ)

)
k2
x + 1

sin2(θ)
k2
y − 2 cos(θ)

sin2(θ)
kxky. (3.70)

This coordinate transformation is necessary when considering a Cu(111) surface
plane, see Chap. 5, where θ = 60◦. For this surface geometry the dispersion re-
lation takes the form

E(k′) = 4
3

(
k2
x + k2

y − kxky
)
, (3.71)

where the Hamiltonian is modified accordingly.
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Guess initial gs (= gi)

Solve Eq. (3.74)

Obtain new gs (= gf )

‖gf − gi‖ < ε ?

Yes

Problem solved

Mix & redefine:
gi = αgf + (1− α)gi

No

Figure 3.5: Iterative procedure for obtaining surface Green’s functions of the leads, where
ε is a predefined convergence criterion.

Magnetic field

Given a magnetic field distribution by the magnetic vector potential A, the hopping
parameters change as

bx(y)
nm = bei

∫
d`·A, (3.72)

referred to as a Peierls substitution [42]. There is a freedom in choosing a gauge for
the vector potential, and in a typical two-dimensional transport problem (demon-
strated below), for the field B = Bẑ, it is convenient to choose the so-called Landau
gauge, A = −Bzyx̂, leaving the coupling strength parameter in y-direction unaltered,
while

bxnm = bei2π(m−1)Φ/Φ0 , (3.73)

where Φ = Bza
2 is the magnetic flux through one lattice cell, and Φ0 =

√
2π the

magnetic flux quantum (h/e in SI units). This gauge conserves translational invari-
ance along the x-axis, allowing to still speaking about in- and outgoing waves in the
leads, which is necessary when defining the transport properties discussed in Sec. 3.1.
Magnetic fields are not considered in this work, apart from an example given below.
For a longer discussion on this subject, see, e.g., [43–45].

Computing the surface Green’s functions

The surface Green’s function matrix, gs, of a lead, discussed in Sec. 3.1 and explained
in detail in Appendix C, can be computed in various ways [46]. Below is presented an
ordinary iterative method, used to obtain gs self-consistently. This working scheme
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reminds a lot of the SCF procedure, Fig. 2.1, used in DFT to obtain an accurate
ground state electron density.

Again, one starts by making a sufficient guess to the initial solution, gi. Following
the scheme in Appendix C, one chooses gi = [(E + i0+)I −Hs]

−1, where Hs is the
Hamiltonian of the lead-device surface slice. A new (final) Green’s function is then
computed by

gf =
[
(E + i0+)I−Hs − τ †giτ

]−1
. (3.74)

The initial and final Green’s functions are then mixed, meaning that gi is redefined
as

gi = αgf + (1− α)gi, 0 < α < 1. (3.75)

Plugging gi into Eq. (3.74) again, and repeating these steps until ‖gf − gi‖ < ε, ε
being a convergence criterion, finally solves the problem. The computation time de-
pends on the magnitude of ε and the mixing constant α, while it is rather insensitive
to the choice of the initial Green’s function. Actually, by letting α be a complex
number significantly reduces the number of iteration steps as this further suppresses
the oscillatory behaviour of ‖gf − gi‖.

3.3 Examples in two dimensions

Before considering a realistic STM simulation, it is instructive to implement the
previously described theory in a two-dimensional system. Physical examples of this
type are particularly graphene [47–49], i.e., a two-dimensional hexagonal carbon
lattice, and quantum point contact-like nanotransistors, manufactured by, e.g., GaAs
junctions [50–54]. The benefits of considering a two dimensional example as a starting
point, are that multi-level leads are present (in contrast to a typical 1D problem),
and the simplicity in visualizing wave functions and probability density.

Open two-dimensional problem

An electron is here spatially constrained along a two-dimensional sheet of width
∆y = Ly, y = [0, Ly], where the direction of propagation is assumed along the
x̂-direction. Further, the electron is subjected to Dirichlet boundary conditions in
the transverse direction, i.e., ψ(x, y) = 0 for y /∈ [0, Ly], although implementation
of PBCs is straightforward. The considered problem is solvable analytically, and
thereby serves as an appropriate introductory example in order to test the numerical
methods in which the GF formalism is incorporated. The separated wave function
for this system reads

ψ(x, y) = eikxxϕn(y), (3.76)

where kx ∝
√
E is a continuous quantum number, and ϕn(y) are the solutions for

the particle in a box problem. That is, by comparing to Eq. (3.43) and Fig. 3.2,
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the transverse modes are computed by diagonalization of the lead-device surface
Hamiltonian. The well-known solutions are:

ϕn(y) =
√

2
Ly

sin(kny), En = k2
n = π2n2

L2
y
. (3.77)

The band structure of the contact is found by exploiting the Bloch condition to the
surface Hamiltonian, and determines the number of modes that participate in the
transport through the device part at a certain energy. The dispersion relation is
nearly parabolic far from the Brillouin zone edges in a finite difference framework,
i.e., for sufficiently small energies. The nth propagated mode in the device region is
found by means of Eq. (3.43), i.e.,

|ψd〉 = G0τ |ϕn〉, (3.78)

where G0 = (EI−Hd −ΣR)−1, τ the left lead-device coupling matrix, and ΣR is
the right contact self-energy matrix. The matrix inversion rapidly becomes compu-
tationally infeasible, as the number of lattice points of the system grows. However,
by slightly rearranging Eq. (3.78), and rather solve the linear system of equations,

G−1
0 |ψd〉 = τ |ϕn〉, (3.79)

significantly larger systems can be examined. Systems with dim(Hd) = O(106×106)
Hamiltonian can then be handled, compared to O(104 × 104) by computing the
Green’s function by the direct matrix inversion. This observation is crucial when
working in three dimensions (STM), where the dimension of the Hamiltonian matrix
gains an extra factor of Nz, i.e., the number of lattice points in z-direction, meaning
that the number of elements in Hd typically increases by four orders of magnitude,
if the number of slices in ẑ-direction is O(100).

The transmission coefficient can further be rephrased as

T = Tr
[
ΓRGdΓLG†d

]
= 2π

∑

n

〈ϕn|ΓR|ϕn〉, (3.80)

where |ϕn〉 is referred to as the incoming eigenchannel n. The eigenchannels are
found by diagonalization of the partial spectral function (of the left contact in this
context), to extract the energy normalized eigenvectors [55],

|ϕn〉 =

√
λn
2π
|ϕ̃n〉. (3.81)

The eigenchannels are, up to small numerical artefacts, identical to the modes com-
puted by diagonalization of the L − d surface slice Hamiltonian, as they should.
Moreover, the eigenchannel calculation shows that each transmitted mode gives uni-
tary transmission, which, at least numerically, shows that all modes carry the same
current in the ballistic regime, i.e., for a device region without scattering impurities.
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Figure 3.6: Upper left: Numerical density for a translationally invariant 2D device region
of 100 × 100 Bohr at Fermi energy EF = 0.03 Ry. Upper right: Numerical and analytical
density corresponding to the cross section along the black arrow in upper left figure. Lower
left: Band structure of the contact where the horizontal red dashed line denotes the Fermi
energy. Lower right: Transmission coefficient versus Fermi energy.

This is basically how the initial modes in Chap. 5 are found from DFT. Figure 3.6 il-
lustrates some quantities computed for device region consisting ofNx×Ny = 100×100
lattice points, where the lattice constant is set to ax = ay = 1 Bohr, at Fermi energy
EF = 0.03 Ry, and shows a satisfying correspondence between the analytical and
numerical solutions. The source of error, though hard to notice here, primary lies
in the iterative scheme used to compute the self-energies self-consistently, where a
smaller convergence criterion systematically reduces the numerical error. The error
may also be further reduced by using a finer discrete real space grid.

Because of the absence of scattering impurities in the device region, each mode
belonging to a band below the Fermi energy is perfectly transmitted between the
leads. That is, the transmission coefficient versus energy increases stepwise, and
equals the number of conducting channels, whereas the modes associated with higher
energy bands decay exponentially in the device region. The transmission versus en-
ergy, T (E), is preferably calculated recursively by implementing the Dyson equation,
Eq. (3.28). As discussed in the end of Sec. 3.1, it is hence deduced that the conduc-
tance, which is proportional to the transmission coefficient, is quantized in steps of
e2/π~, where the factor of two stems from spin degeneracy. The computation time
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Low High

Figure 3.7: Logarithmic scaled electron probability density illustrating double slit in-
terference with increasing slit-slit separation (20, 40 and 80 Bohr). Lower right shows a
zoom of Re[ψ(x, y)] close to the slits of the lower left figure, which demonstrates Huygens
principle [56]. Computation parameters are given in the text.

for this system is a few seconds on a personal computer, suggesting that significantly
larger systems can be considered.

High resolution probability density

To demonstrate the efficiency of the method, this section is closed by picturing the
electron probability density of a a few large systems, which have intuitive and well
known results.

Figure 3.7 displays the electron density for a double-slit system, where the slit
width is varied to demonstrate the various characteristic interference patterns. The
double slits are simulated by assigning large values to the onsite elements on the
double-slit lattice sites. This essentially gives a zero tunneling probability for passing
the hard walls. Computation parameters are Nx ×Ny = 1600× 600, and the Fermi
energy is set to EF = 0.4 Ry in all figures. The numerical model is still accurate at
this Fermi energy as ka =

√
EF = 0.63� 2π. Each slit is seven lattice points wide,

assuring one open mode of transmission through each slit at this energy.
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eV � EF

e−

×Bz

Low High

Figure 3.8: Picture of the electron density (logarithmic scaled) in a two dimensional
system under exposure of a constant homogeneous perpendicular magnetic field, where one
narrow single slit is open for transmission on the left side of the device. Shaded regions
represents onsite potential elements much larger than the Fermi energy. Computation
parameters are given in the text.

In Fig. 3.8, the device region is exposed to a constant, homogeneous magnetic
field perpendicular to the motion of the electron. Here the coupling matrices in x-
direction are modified according to Eq. (3.73). Computation parameters are Nx ×
Ny = 1300 × 800, and the Fermi energy is again set to EF = 0.4 Ry. The applied
magnetic field is set to 3.5 × 10−3 Rydberg atomic units of magnetic field, which,
upon considering the classical cyclotron radius,

rc =
SI

mev⊥
|e|Bz

=
A.U.

√
EF/2

Bz

≈ 130 a0, (3.82)

obeys an accurate correspondence between quantum mechanics and classical me-
chanics at such a high resolution device region, as expected by the correspondence
principle. The computation time for the previous density figures is a few minutes
each.

Arbitrary potential landscapes, containing any strangely formed scattering impu-
rities, can be incorporated in a rather large system, demonstrating the usefulness and
efficiency of the method, especially when no analytical solutions exists. In the case
of exposure of a magnetic field, the Aharonov-Bohm interference effect [57, 58] can
be studied carefully for large rings using this method. Noteworthy, solutions to such
large dimensional device regions are not feasible by computing the device Green’s
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Orbital
overlap

No overlap

Figure 3.9: Illustration of the problems with strictly localized orbitals from Siesta, where
transmission and tunneling current are poorly described for large tip-sample separations.
Shaded regions demonstrate the finite radial range of the basis functions.

function by direct matrix inversion. The matrix inversion is avoided by solving the
linear system of equations, Eq. (3.79). By implementing the Dyson equation in a
recursive Green’s functions (RGF) technique, a similar way to solve the problem is
possible, though this method is harder to implement numerically. Finally, a method
equivalent to the RGF method based on the transfer matrix method, developed by
Usuki et al. [59], provides similar results and efficiency as presented in this example.

3.4 Electron transport in realistic systems

By using the nearest neighbour finite difference approximation (Kronecker delta ba-
sis functions) or the finite element method (hat shaped basis functions, c.f., Fig. B.1)
the NEGF formalism can be incorporated to a typical quantum transport problem,
as previously demonstrated. Due to the localized basis set used in Siesta, the
NEGF formalism is therefore well-suited to be implemented in this framework, as
no direct coupling exists between the electrodes, as long as these are separated by
a sufficiently large central device region. This means that transport properties such
as propagating waves, transmission probability and electrical current through, e.g.,
molecules, gold-chains or scanning tunneling probes, becomes feasible from parame-
ter free calculations. Such an extension was developed about a decade ago, known
as the Transiesta module [60], which in this thesis mainly is used to explore some
transport properties regarding STM simulations.

While Transiesta describes non-equilibrium properties accurately for a range
of physical systems, such as atomic or molecular chains, and high conductance STM
systems, the situation becomes problematic when the vacuum gap in an STM model
approaches the limit of the range of the basis orbitals. For the CO@Cu(111) system
introduced previously, at a 5 Å vacuum gap, defined as the core-core distance between
the outermost tip apex atom and the oxygen molecule, there is a significant orbital
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overlap when the tip has the same lateral position as the CO molecule. Hence the
conductance is expected to be fairly accurate for this geometry. However, by shifting
the tip laterally away from the molecule, the overall tip-substrate overlap is poorly
described, as the range of the basis functions typically are ∼4 Å. This is visualized
in Fig. 3.9. In principle, the range of the orbitals can be set arbitrarily, though a
considerable increment of this range is computationally expensive. Moreover, the
exponential decay of the electron density is poorly described far from the nuclei,
despite a choice of long range basis set. To overcome these drawbacks of the finite
range Siesta basis, the Green’s function formalism is extended further, as one of the
main purposes of this thesis. This is examined in Chap. 5.

3.5 Vibrational signatures in a tunneling current

The elastic transport properties of a tunneling junction, dealt with so far, give access
to the conductance of the device region when all atoms retain their fixed equilibrium
positions. However, upon modulating the bias voltage, i.e., shifting the electro-
chemical potential between the leads, the tunneling electrons typically give rise to
excitations of vibrational modes of atoms and/or molecules. This suggests that there
must be an interaction between the electronic structure of the system, and the vi-
brations of a molecule exposed to the tunneling current. This interaction is referred
to as the electron-phonon (e-ph) coupling. The excitations typically change the con-
ductance of the system, which is revealed in an I(V ) figure, where the change in
conductance depends on the strength of the e-ph coupling compared to the coupling
to the leads. As when deriving the transmission coefficient in the low-bias (elastic)
regime previously, Eq. (3.44), the same golden-rule type equation is used to express
excitation rates, where the e-ph coupling is regarded as perturbation,

wi→f =
2π

~
|Tif |2 δ(Ei − Ef ), (3.83)

where T is the transition matrix, T = M + MGM, c.f., Eq. (3.39), and M is the
e-ph coupling matrix as will be discussed below. Similarly as was done in Sec. 3.1,
upon deriving the transmission function from the T-matrix, the involved inelastic
emission scattering rates evaluates as

γλem =
~ωλ

[
cosh

(
eV
kBT
− 1
)]

coth
( ~ωλ

2kBT

)
− eV sinh

(
eV
kBT

)

π~
[
cosh

( ~ωλ
kBT

)
− cosh

(
eV
kBT

)] × Tr
[
MλALMλAR

]
,

(3.84)
which is the excitation rate of a vibrational mode λ at a specific bias voltage V and
temperature T . The fraction in Eq. (3.84), may advantageously be vastly simplified
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in the low temperature limit (or at least when kBT � ~ωλ) as

~ωλ
[
cosh

(
eV
kBT
− 1
)]

coth
( ~ωλ

2kBT

)
− eV sinh

(
eV
kBT

)

π~
[
cosh

( ~ωλ
kBT

)
− cosh

(
eV
kBT

)] →
kBT→0

|eV | − ~ωλ
π~

θ(|eV | − ~ωλ),

(3.85)
where θ is the Heaviside step function. Another important scattering process is the
electron-hole pair damping rate, which reads

γλe−h =
ωλ
π
Tr
[
MλAMλA

]
, (3.86)

describing the inverse lifetime for an excited state of vibrational mode λ. As de-
scribed previously, the spectral function is defined as A = i(G −G†), whereas the
spectral function of lead α reads Aα = GΓαG

†, both containing the non-interacting
retarded device Green’s function in a lowest order expansion in the self-consistent
Born approximation for many-body NEGF’s at Fermi energy εF , G = GR

d (εF ).
The e-ph coupling is found by expanding the bare electronic Hamiltonian to linear

order,

Ĥe ≈ Ĥ0
e +

∑

Iµ

∂Ĥe

∂QIµ

∣∣∣∣
Q=0

QIµ, (3.87)

where I is the index of the dynamic nuclei, and µ the spatial direction. By using po-
sition representation when quantizing a harmonic oscillator, x =

√
~/(2mω)(a+a†),

the computed eigendisplacements, vλ, and the corresponding vibrational frequencies
frequencies, ωλ, c.f., Eq. (2.25), one finds,

QIµ = vλIµ

√
~

2MIωλ

(
aλ + a†λ

)
. (3.88)

The e-ph coupling matrix elements of mode λ are then identified as

Mλ
ij =

∑

Iµ

〈ϕi|
∂Ĥe

∂QIµ

|ϕj〉vλIµ
√

~
2MIωλ

. (3.89)

In order to gain further insights behind the previous expressions, as well as ap-
proximative formulas for the inelastic current, see Ref. [31], which is a tutorial to
a Siesta extension called Inelastica, developed by Frederiksen et al. This DFT
module mainly treats molecular vibrations and their impact on elastic tunneling
currents. As signatures of molecular vibrations can be revealed experimentally by
scanning tunneling microscopy in a (conductance normalized) d2I/dV 2 curve, re-
ferred to as inelastic tunneling spectroscopy (IETS) [61–63], Inelastica provides
direct quantitative comparisons to experiments. A schematic illustration of how the
e-ph coupling may affect the I(V ) characteristics is shown in Fig. 3.10. The dI/dV
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Figure 3.10: Schematic illustration of influence from a vibration to the elastic current
through a nanodevice. The inelastic current and its first and second derivative with respect
to bias voltage is shown in arbitrary units, at some finite temperature. In order to observe
a more pronounced change in the I(V ) figure it is customary to subtract a background
current

curve reveals the conductance change induced by a vibrational excitation, while the
corresponding d2I/dV 2 curve is generally used for direct observation of the main vi-
brational excitations that are responsible for the conductance changes. In Fig. 3.10
only one vibrational mode (~ω = 45 meV) is considered, while in general several
modes are involved in the analysis. In Chap. 4 the partial spectral functions (ma-
trices) and the desired e-ph matrix will be extracted from DFT calculations, in order
to compute inelastic scattering rates.



Chapter 4

STM induced chemical reactions

This chapter is aimed to describe a method where configurational changes of a sim-
ple adsorbate molecule, induced by an STM probe, is computed from first principle
calculations. The theoretical work is motivated by an experiment performed by Ku-
magai et al. [7] where a hydroxyl molecule, OH(D), adsorbed on a Cu(110) bridge
site, c.f., Fig. 4.2, subjects to a rapid flip motion between two equivalent configu-
rational states, despite that the bias voltage is well below the estimated reaction
barrier. As will be examined below, this is mainly a quantum tunneling effect, either
by direct tunneling between the two configurational ground states, or by vibrationally
mediated tunneling after excitation of the frustrated rotational mode of the hydroxyl
species, while ladder climbing all the way over the reaction barrier is proved to be
an unlikely reaction process. The system under consideration in this work has been
investigated theoretically by Davidson et al. [64] where direct ground state tunneling
between the two configurational states were explored. Other similar systems have in
a similar fashion been under the spotlight [65–67].

4.1 Theoretical framework

The main problem to solve is to find bias/current dependent transition rates be-
tween different vibrational states by combining the electronic and vibrational wave
functions, to form so-called vibronic states. While vibrational transitions only occur
between adjacent states in a harmonic oscillator, two extra contributions are sug-
gested within the potential found from DFT calculations, which is interpolated to
form a quartic function shaped double well potential. As this potential is only har-
monic for small oscillations, double excitations may occur, though with much smaller
probability than between adjacent states. However, they may play a vital role, as a
two step ladder climbing process is also unlikely, as the electron-hole pair damping
rate is large, owing to the strong molecule-surface coupling. A second transition
path is tunneling through the reaction barrier, which is also a rather unlikely pro-

39
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Figure 4.1: Illustration of the rotational motion of a hydrogen (deuterium) between two
equivalent configurational states induced by tunneling electrons, together with its typical
slightly asymmetric double well potential energy surface including some of its vibrational
eigenfunctions. The ideas of finding the transition rates between the vibrational states are
presented in the text.

cess. However, due to the large number of tunneling electrons passing the molecule
per unit time (O(1010)@1nA), excitations between all these vibrational states starts
a competition between different transition paths, and a high left to right transition
rate can be observed after all. This competition is resolved by a conventional rate
equation, described later.

The main ideas used to compute the individual transition rates between different
vibrational states stem from the briefly described theory in Sec. 3.5. The inelastic
scattering rates are computed by means of the T-matrix, where the electron-phonon
coupling, Ĥe−ph, is regarded as a perturbation to the bare electronic Hamiltonian,
Ĥ0
e , i.e.,

Ĥ = Ĥ0
e + Ĥe−ph. (4.1)

The e-ph coupling is computed by a lowest order series expansion of Ĥ0
e around the

equilibrium geometry, so that the perturbation reads

Ĥe−ph = M̃x̂ =
∑

α,β

Mαβc
†
αcβ(a† + a), (4.2)

x̂ being the vibration coordinate operator, which, in the harmonic approximation, is
associated with the creation/destruction operators a†/a, and where

M =

√
~

2mωλ
M̃ (4.3)
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is the normal e-ph interaction matrix of vibrational mode λ. The continuum of
electronic scattering states, |ψα〉, where the index α can for instance be composed of
the energy, Eα

e , and an integer for the band index, are scattering states for the infinite
electrode-device-electrode system, Ĥ0

e . The scattering states are further divided into
states originating from the substrate/tip contact [55]. In this case, the interaction
and electronic states are calculated from DFT using the NEGF formalism. A direct
product of the electronic and vibrational one particle states,

|Ψi,α〉 = |ψα〉 ⊗ |φi〉, (4.4)

is formed, with the total energy

Ei,α = Eα
e + Ei

ph. (4.5)

The transition rates wα→βi→f from an initial (i vibrational and α electronic states) to a
final (f , β) state is computed by exploiting the T-matrix approach (i, α 6= f, β),

wα→βi→f =
4π

~
|〈Ψf,β|T|Ψi,α〉|2 δ(Ei,α − Ef,β), (4.6)

where T = M + MGM, and the extra factor of 2, compared to Eq. (3.44), accounts
for the spin. By means of the NEGF formalism, the transition rate in the Born
approximation, T ≈M, reformulates as

wa→bi→f (Ea
e ) =

1

π~
Tr
[
M̃AbM̃Aa

]
︸ ︷︷ ︸

electron part

|〈φf |x̂|φi〉|2︸ ︷︷ ︸
vibrational part

, (4.7)

summed over α ∈ a and β ∈ b, where the spectral functions, by arguments given in
Sec. 3.1, are assumed to be energy independent close to the Fermi energy, i.e., ~ω �
EF. The scattering rate, wa→bi→f (Ea

e ), thus provides the rate of scattering between
initial (i) and final (f) vibrational states involving electrons in initial(final) states
originating from lead a(b) at energy Ea

e (Eb
e = Ea

e −∆Eph from energy conservation).
Integrating the energy resolved scattering rates over energy, introducing the

Fermi-functions (fa,b) of the electrons in the leads to account for the Pauli prin-
ciple, gives the scattering rate

Γa→bi→f ≈
1

π~
Tr
[
M̃AaM̃Ab

]
|〈φf |x̂|φi〉|2 ×

eV −∆Eph

1 + exp
[
− eV−∆Eph

kBT

] , (4.8)

where the applied bias eV = µb−µa is given by the difference in chemical potentials
for the contacts, and T is the temperature.

For a given transition between vibrational states (i→ f) four rates are obtained
with respect to the the origin and destination (a→ b) of the electron participating in
the process. Damping of the vibrational system (∆Eph < 0) occurs for all four terms
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although for STM this electron-hole pair damping is usually largest for the substrate-
substrate term, since the electronic coupling is larger for a metallic substrate, c.f.,
Eq. (3.86). Excitation of the vibrational system (∆Eph > 0) only occurs for the
tip-substrate term with the correct bias (at kBT � ∆Eph), as expected from the
Pauli principle.

Potential energy surface

The reaction barrier is estimated by computing the total energy of the supercell,
while varying the deuterium and oxygen along the reaction coordinate, x, where
all atoms are held fixed and the shifted atom is allowed to relax perpendicular to
the surface normal (along the z-direction). As the displacement of the oxygen is
proven to be small between the two configurational states of the deuterium atom,
the oxygen atom is assumed to be stationary during the reaction. Hence the problem
is reduced to one dimension, where the reaction barrier is well approximated by a
quartic function. This is shown in Fig. 4.2. The actual height of the reaction barrier
is reduced by ∼ 50 meV when allowing two of the surface layers to relax. This was
confirmed by computing the total energy of a the system when the OD bonding angle
was perpendicular to the surface normal, while relaxing the molecule along ẑ, and
the two topmost surface layers. Relaxation of more substrate layers might reduce
the barrier height reduces further, but this has not been investigated. The quartic
potential is nearly harmonic close to the two minima, whereafter the harmonicity is
reduced when approaching the barrier height.

To compare with previous results it is therefore useful to consider the har-
monic approximation where, by symmetry, only transitions differing by one har-
monic quanta is allowed in Eq. (4.8). However, the slight anharmonicity of each well
in the quartic potential opens up the possibility of multi-phonon transitions, though
typically with a significantly smaller probability. The presented theory can also be
extended to include higher order transitions which might be important in order to
describe energy transfer between vibrational states.

Numerical implementation of vibrational states

The vibrational states and energies of the quartic potential are found by solving
the Schrödinger equation numerically in an ordinary finite difference approximation.
If the energy of the two minima coincide, the eigenvectors are delocalized in the
system, forming symmetric and anti-symmetric doublets. However, by introducing
an asymmetry between the wells, the spatial eigenstates localize to a specific side
of the reaction barrier. Despite a reaction barrier of 160 meV, a 1 meV asymmetry
makes the ground state solutions almost completely localized. The asymmetry has
its physical origin by the presence of the tip. A smaller tip-deuterium distance yields
a larger asymmetry, which has been confirmed by several DFT calculations involving
a range of different tip-heights. A small asymmetry means a larger overlap between
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Figure 4.2: Left: Relaxed geometry of the two configurational states of an OD molecule
adsorbed on a bridge site of a Cu(110) surface, where both positions of deuterium are
displayed. Upper right: Potential energy surface as a function of x position of the oxygen
and deuterium atoms. Lower right: Potential energy barrier while keeping the oxygen
atom fixed, where the horizontal black lines are the vibrational energies. Solid black line
corresponds to white arrow in the left figure, i.e., the potential barrier along the reaction
coordinate. Dashed red line is a quartic function used to approximate the double well
potential in a numerical simulation.

the vibrational wave functions between the wells, resulting in a faster back and forth
flipping. In this work a 2 meV asymmetry is used.

Rate equation

By using the electron-phonon coupling for the rotational mode, all individual vibronic
(vibrational+electronic) transition rates in the system are obtained with Eq. (4.8).
Upon using a conventional rate equation,

~̇n(t) = Γ · ~n(t), (4.9)

where the matrix elements Γij =
∑

a,b Γa→bi→j and Γii = −∑i 6=j Γij, the steady state
occupations at a certain bias voltage can be deduced. By only considering vibrational
states below the reaction barrier, i.e., four states in each well, c.f., Fig. 4.2, the
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occupation vector reads

~n = (n1, n2, n3, n4︸ ︷︷ ︸
n
H

, n5, n6, n7, n8︸ ︷︷ ︸
n
L

), (4.10)

where nH,L denote the high/low conductance occupations. From the occupations the
time average of the current takes the simple form [65],

I(V ) = G0V
[
n
H

(V )TH + n
L
(V )TL

]
, (4.11)

where TH,L are the transmission probabilities of the high/low conductance states,
and G0 = e2/(π~) is the spin-degenerate conductance quantum.

In order to compute the reaction rate and pathway, a source is artificially intro-
duced in the initial vibrational state (left ground state), while probability is removed
when arriving to the final state (right ground state). The leakage is simulated by
magnifying the last diagonal element of Γ, Γff = −∑f 6=i Γif , by several orders of
magnitude. This implies that nearly everything that arrives to the final state leaves
the system, and a unidirectional left to right reaction pathway is obtained. Injecting
one particle per second in L0, i.e., injection rate ~Rin = {1, 0, 0, ...}, hence gives the
slightly modified rate equation,

Γ̃~n(t) + ~Rin = ~̇n(t), (4.12)

where Γ̃ is the previously modified rate matrix. As an approximation the solution
in the long time limit is used, i.e., ~̇n(t) = 0, which gives equilibrium occupations

~n = −Γ̃−1 · ~Rin. (4.13)

The reaction rate is finally deduced by the ratio of the injection rate into L0 and its
corresponding equilibrium occupation,

R(I, V ) = ~Rin
0 /~n0. (4.14)

The non-equilibrium rate matrix and occupations are further used to obtain a uni-
directional reaction path matrix, calculated by Γ̃ij · ~nj/~n0, with diagonal elements
set to zero by hand in order to eliminate transitions within the same vibrational
state. Hence, this theory provides a physical picture of the bias dependent tunneling
current and its derivatives, as well as the reaction pathway and occupations.

4.2 Results

One important result in this work is that reaction pathways can be deduced from
theory, and intuitively be visualized in a potential landscape including vibrational
energies and arrows. Hence, this might provide further insights of simple chemical
reactions on surfaces. Another important result is that the inelastic current, and
thereby the IETS spectra, can be computed, by means of Eq. (4.11), and be directly
compared to experiments.
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Figure 4.3: Potential energy surface for the OD rotational mode including logarithmic
scaled (base 10) transition rates [s−1] and path of reaction at 5 nA tunneling current
at various bias voltages, illustrating the importance of ladder climbing and multi-phonon
emission. A lower bound cutoff (30 s−1) is used to highlight the important paths.

Reaction pathways

The most likely reaction path can be deduced from the modified rate equation de-
scribed perviously. These are displayed in Fig. 4.3 for three different bias voltages.

• The leftmost figure shows reaction path for a bias voltage well below the en-
ergy required to excite a single vibrational quanta. Hence ladder climbing is
impossible, and the only possible pathway is by direct tunneling between the
left and right lowest energy states.

• The figure in the middle is computed at a bias voltage well above the excita-
tion energy and well below any multiple excitation energy. It is suggested that
ground state tunneling and tunneling between two excited states, |φL1 〉 → |φR1 〉,
is approximately equally likely at this bias. The steady state occupation proba-
bility is much smaller in the first excited left state, but the tunneling probability
is significantly increased as the barrier is both lower and narrower between the
two first excited states on each side of the reaction barrier.

• In the rightmost figure the bias voltage exceeds the energy of a double ex-
citation. Due to the anharmonicity of the potential, a double excitation,
|φL0 〉 → |φL2 〉, is possible in a single jump, though the vibrational overlap is
significantly smaller than in a single jump. Evidently, a double excitation
followed by tunneling and damping in the right well is a likely pathway. How-
ever, caution is recommended at such bias voltages, as the T-matrix is only
expanded to lowest order. Expansion to second order will further pronounce
the |φL2 〉 → |φR2 〉 pathway, but this is not shown in this presentation.
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Figure 4.4: Comparison of theoretical (black) and experimental (blue) data, where caution
is recommended with respect to the shaded regions, as only the lowest order in T-matrix
is considered. In the I(V )-figure (left), background current is subtracted similarly as in
an experimental procedure, and the centered plot shows the IETS in arbitrary units. The
rightmost figure shows the bias dependent fractional occupation of the high conductance
configuration, from which the low bias occupation is adjusted by the asymmetry of the
quartic potential well.

Experimental comparison

Figure 4.4 shows theoretical results which are directly compared to the experimental
findings. The tunneling current versus bias voltage (leftmost figure) is computed by
Eq. (4.11), where an arbitrary background current is subtracted to fit the low bias
current, similarly as is typically done in experiments. The IETS, i.e., the normalized
d2I/dV 2 data (here in arbitrary units), in the middle figure, exhibits clear similarities
between theory and the experiment, indicating that the excitation of one vibrational
quanta of the frustrated rotational mode (~ω = 42 ± 2 meV) enhances the reaction
rate. This is also observed in the fractional occupation of the high conductance
state as the bias voltage increases, rightmost figure. It should be noted that the
IETS considered here originates from the large difference in conductance between
the high- and low conductance configurations, whereas a conventional IETS, caused
by the inelastic scattering of the electrons, is in general much weaker.



Chapter 5

Theoretical STM images

The main purpose of this work is to compute STM images from first principle cal-
culations, by extending existing theories and overcome the limitations associated
with the finite range basis orbitals in Siesta. Investigation of the carbon monoxide
molecule adsorbed on a top site of Cu(111) became the starting point of the theo-
retical work in this chapter. In principle, constant height STM images are feasible
directly from Siesta DFT calculations. However, they take exceedingly long time,
as each scanning point needs a separate DFT calculation, each taking at least one
day for small supercells, and several days for larger systems. Moreover, for phys-
ically acceptable computations, the lateral tip apex shift should only be changed
between atomic lattice sites, which restricts the number of different tip positions to
O(10-20). Finally, and most important, for large vacuum regions the basis orbitals
and the computed electronic density are poorly described far away from the atoms,
due to the limited range of the basis orbitals. The latter was first confirmed when
computing the transmission coefficient directly from DFT, with the tip at the same
lateral position as the CO molecule at tip-height 5.0 Å, compared to when shifting
the tip laterally away a few atomic sites, c.f., Fig. 5.1 and Fig. 5.5. The observed
transmission coefficient then turned out to be larger over the molecule compared to
over the surface, in striking contrast to experiments. This observation opened up
this investigation. Scanning tunneling microscopy of CO molecules has been subject
to numerous experiments [68–74], as well as several theoretical investigations [75–80].
Hence, the CO molecule is the main feature of this work, though computations of
STM images concerning an acetylene molecule will close the chapter.

5.1 Theoretical framework

The theoretical framework in this project relies on the well-known Bardeen approxi-
mation [81], which relates the substrate and tip wave functions and their gradients to
the transmission probability and ultimately the tunneling current. Time-dependent

47
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Overlap

Figure 5.1: Cartoon of the CO@Cu STM system, pinpointing the fundamental prob-
lem with strictly localized orbitals from Siesta, where transmission and tunneling current
are poorly, or not at all, described for sufficiently large tip-sample gaps. Shaded regions
demonstrate the finite radial range of the basis functions.

perturbation theory, using arguments similar to Fermi’s golden rule, gives the tun-
neling current as

I =
2πe

~
∑

t,s

[f(εt)− f(εs)] |Mts|2 δ(εt − εs + eV ), (5.1)

where f(εt,s) are the Fermi-Dirac functions, εt,s the energy levels of tip and substrate
relative respective chemical potential, and V the applied bias. The matrix elements
Mts couple the tip states, ϕt, to the substrate states, ϕs, by

Mts = − ~2

2m

∫

S

dS
[
ϕ∗t (r)∇ϕs(r)− ϕs(r)∇ϕ∗t (r)

]
, (5.2)

where the integral may be evaluated on any surface, S, in between the adsorbate
and tip. For a derivation of this formula, and its eligibility of use, see Appendix
D. In this work, attention is paid to the low bias conductance, where only the tip
and substrate wave functions close to the Fermi energy are needed. As discussed
previously, the main problem for the description of the wave functions relates to the
use of localized basis functions in the DFT calculations. Since the integration surface
is typically far from either the tip or substrate in realistic STM probe measurements,
the accuracy of the localized basis functions is poor, see Fig. 5.1. The main part of
this work therefore concerns of how to accurately compute the wave functions far
from the atoms, |ϕn〉, within a FD/FEM basis, combined with the Siesta solutions,
|ψn〉, close to the surface. As illustrated by the two-dimensional example in Sec. 3.1,
the modes in the vacuum region can be accurately computed by solving the linear
system of equations (starting from the left side)

G−1
0 |ϕn〉 = τ |ψn〉, (5.3)

where G0 = (EI−Hd −ΣR)−1, ΣR the right contact self-energy, and n the mode
index, where all modes that cross the Fermi energy are computed. In the systems
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Figure 5.2: Upper: Two-dimensional cartoon, illustrating the ideas presented in the text.
Gray area contains all elements inHd, and the potential rightwards from the vertical dashed
line is equal to the average value of the potential at that line, containing the maximum value
of the DFT potential, Vmax. The curvy dashed white line roughly separates the substrate
from the vacuum region, and from this surface the initial modes, {|ψn〉}, are propagated
by Eq. (5.3). Lower: Computed potential profile along a specific lateral position in the
direction of transport.

considered here, the number of modes is typically ∼10-20 from each side, giving
∼100-400 different combinations of substrate and tip wave functions. However, only
a very few of these (∼1-2%) give a significant contribution to the tunneling current, as
demonstrated in Fig. 5.6. The device Hamiltonian, Hd, contains a three-dimensional
finite difference Laplacian, discretized by the scheme described in Sec. 3.2, and the
total potential extracted from the DFT calculation of the system1,

Hd = −∇2
FD + VDFT. (5.4)

The substrate and tip are regarded as two separate systems by locating the maximum
value of the potential and assigning all the slices rightwards from the maximum as
the average value of this slice. This slice is the separation surface in the Bardeen
approximation. This is done for the substrate and tip separately, assuring that the
propagated modes decay exponentially in the vacuum region, as a well known fact

1in Rydberg atomic units, ~ = 2m = e2/2 = 1



50 5. Theoretical STM images

Figure 5.3: Left: Illustration of elements with electron density above the predefined
cutoff density for the modes crossing the Fermi energy of the CO@Cu(111) system, ρ =∑

n |ϕn(r)|2 > ρiso. Right: Similar illustration, but for the pyramidal shaped tip apex.

of STM probes. This also allows us to avoid the calculation of ΣR, due to the
vanishing wave function amplitudes at the opposite side. By disregarding the self-
energy calculation, the computation time is roughly halved. Several tests concerning
calculations with and without the self-energy show that the final results are unaltered.

By separating the region with properly described Siesta wave functions, and
the region that needs improvement of ditto, a density cutoff, ρiso, is introduced to
yield an isosurface. Hence, τ here describes the coupling strength between these
regions, and plays a similar role as the lead-device coupling strength, described in
Sec. 3.3. The Hamiltonian of the full system, i.e., the black and gray area in Fig. 5.2,
is then split up, by reordering all matrix elements with density below and above ρiso,
according to

H =

(
H>ρiso τ
τ † H<ρiso

)
, (5.5)

where Hd ≡ H<ρiso denotes the device Hamiltonian henceforth. This allows for the
isosurface to be curved, as is nearly always the case in realistic STM experiments,
by means of adsorbate molecules and tip apex structures. The density cutoff, ρiso,
should then be chosen so that the isosurface lies close to the surface, but outside
the radii of the pseudopotentials, as the potential and the wave functions are poorly
described there. In all forthcoming calculations the density cutoff ρiso = 5 × 10−3

(Bohr)−3 is used, which has proven to fulfil the previous criterions. As the substrate
and tip are treated as two separate systems the discussion starts by considering the
substrate part (left), whereafter the same theory is applied to the tip side (right).

The initial modes, i.e., |ψn〉 in Eq. (5.3), are computed by an extension to Tran-
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siesta, where all details are presented in [63]. The main idea is to diagonalize the
spectral function and project it to the device region, as was briefly discussed in
Sec. 3.3. The incoming solutions from the substrate side (left) are then described by
the left spectral function, AL = GdΓLG

†
d, where the number of non-zero eigenvalues

of AL is the number of bands that cross the Fermi energy, and thereby the modes
considered in Eq. (5.3). Although all eigenvalues, λn, are strictly positive, the small
ones have negligible impact on the electron transport through the system. Hence,
the initial modes that are wished to be improved outside the density isosurface are
found by

|ψn〉 =

√
λn
2π
|ψ̃n〉, (5.6)

where |ψn〉 are the energy normalized eigenvectors of the considered spectral func-
tion, AL. These initial modes are defined at the same spatially discretized grid as the
DFT potential, Veff, where the fineness is set by the energy cutoff in Transiesta. A
200 Ry energy cutoff for a copper slab consisting of a 4× 4 atoms (lattice constant
2.57 Å) surface layer yields 80× 80 lattice points in the surface plane, and typically
(depending on tip-molecule distance) ∼100 lattice points in the direction of trans-
port. This resolution is demonstrated in Fig. 5.3, and results in very large matrices,
dim(Hd) = O(106 × 106). The linear system of equations, Eq. (5.3), for such large
systems is solved by a Krylov subspace method, and takes approximately two hours
on a personal computer. Although this is a numerically feasible spatial resolution,
downsampling of the wave functions and potential is typically preferred. Reducing
the number of lattice points by half in all spatial directions results in computation
times of a few minutes. This reduction of lattice points has been proved, by several
comparisons, to yield only negligible impact on the final results.

Once the propagated modes, {|ϕn〉}, are computed by means of Eq. (5.3), lateral
surface scanning by the tip (to obtain a constant height image) is efficiently performed
by modifying the first term in the integrand, Eq. (5.2), as

√
NxNy

{
F−1

[
F
[
ϕ∗t (x, y)

]
F [∇ϕs(x, y)]

]}
, (5.7)

and similarly for the second term, where F (−1) denotes the (inverse) discrete Fourier
transform, Nx(Ny) is the number of lattice points in x(y) direction in the vacuum
region, and x(y) coordinates run over all lattice points on the surface of integration,
S. The presence of the prefactor outside the curly brackets,

√
NxNy, depends on

the definition of the Fourier transform. This gives the electric current for all lattice
points over the sample at constant tip-substrate distance. Constant current images
are found by computing the current for several tip-sample distances, whereafter the
data points are fitted to a continuous function by linear interpolation, and finally
solved for displacements of the tip at some fixed tunneling current.
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5.2 Results

-50

-40

-30

-20

-10

−10 −5 0 5 10

x [Å]
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Figure 5.4: Upper left: Relaxed geometry of a CO molecule adsorbed on a top site of
a Cu(111) surface, seen from two directions. Upper right: Theoretical constant current
(set-point 1.0 nA/V) STM image where the contours indicate the change in tip-height in
picometers, and where the sides of the parallelogram are 10.3 Å. Lower left: Experimental
constant height STM image [82]. Lower right: Constant current cross section profile where
the experimental (theoretical) set-point is 10 (1.0) nA/V

The previously described theory provides an efficient scheme to obtain constant
height/current STM images in the low bias regime, from first principle methods.
Once a relaxed geometry is computed by Siesta, and the transport quantities with
Transiesta and its extensions are found, STM images can be calculated almost in
real time. Provided that the spatially discretized grid is the same for various sys-
tems, the independent calculations of the propagated modes enable to obtain STM
images simultaneously for different kind of tip apices or atom species, as long as the
Fermi energy does not shift too much. The theory also predicts the actual tip-sample
distance at a certain tunneling current, and the tunneling current versus tip-height
may also be examined efficiently, which provides a decay rate of the wave functions
in the vacuum region, and which is directly comparable to experiments.
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Figure 5.5: Constant height STM images of CO at Cu(111) of a 4×4 slab with sides 10.3
Å, at tip-height 5.0 Å with (left) mode propagation method, and (right) by exploiting same
method with direct use of the Siesta orbitals. This figure (and Fig. 5.8) pinpoints the
need of the improvement of the wave functions in the vacuum region for low-conductance
systems.

5.2.1 CO at Cu(111)

In order to have a fairly accurate approximation with the Bardeen method, and
being able to use the constant potential approximation, the theoretical images are
normally computed at larger tip-molecule distances compared to experiments. In
the constant current STM image in Fig. 5.4, the theoretical set-point current is
1.0 nA, while it is 10 nA in the corresponding experimental figure, c.f., lower right
cross section profile. By making direct use of the Siesta modes in the Bardeen
method gives a protrusion (rather than the experimentally deduced depression) in
constant height/current images, as the overlap between the tip and substrate modes
are vanishingly small. This phenomena is demonstrated in Fig. 5.5, where both
computations by means of the improved, propagated wave functions, and by directly
applying the Siesta orbitals in the Bardeen method.

Wave functions

Figure 5.6 displays all wave functions crossing the Fermi energy from substrate and
tip, computed on the separation surface containing Vmax, i.e., on the same surface as
all the constant height STM images are computed throughout this work. Further,
the contributions from all combinations of the wave functions are visualized in a
normalized current matrix plot, 〈Current〉, such that the total current is set to unity.
The matrix demonstrates that the main tunneling current originates from two s-like
orbitals from each side, while, for instance, the p-like orbitals play a negligible role for
this system. The highlighted contributions, i.e., the four combinations of {|ϕ8

s〉, |ϕ12
s 〉}

and {|ϕ6
t 〉, |ϕ12

t 〉}, give a ∼65% contribution of the total tunneling current. Each
mode has an automatic colour scaling in order to clearly illustrate their individual



54 5. Theoretical STM images

0 2 4 6 8 10 12 14

0

2

4

6

8

10

12

14 0

5

10

15

20

%
Substrate wave functions, |ϕis〉

Tip wave functions, |ϕjt〉

〈Current〉

0 1 2 3 4

5 6 7 8 9

10 11 12 13 14

0 1 2 3 4

5 6 7 8 9

10 11 12 13 14Σ

0 2 4 6 8 10

∆x [Å]
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Figure 5.6: (a) Real part of all wave functions in the x-y plane at the separation surface
on which the STM image is computed (c.f., the Σ surface, lower left), where each wave
function has its own colour scaling. Upper right matrix shows the current contribution for
all combinations of substrate- and tip wave functions. (b) Cross section profiles of the most
conducting combination of substrate- (left) and tip (middle) wave functions (real part), and
the resulting dip in the tunneling current originating from only these two modes (right).
The amplitudes and the tunneling current are given in arbitrary units.

characteristic. However, this colouring hides both the absolute amplitude and the
sign of the wave functions. As these properties of the wave functions are crucial
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in order to explain the characteristic dip in the tunneling current for the present
system, this will be deeper examined below.

Origin of the dip

As mentioned previously, the main tunneling current originates from a small subset
of the modes crossing the Fermi energy, and the theory provides information of con-
tributions from all combinations of |ϕis〉 and |ϕjt〉, i.e., all i × j combinations. The
most transmitting substrate-tip combination, |ϕ12

s 〉− |ϕ6
t 〉, see Fig. 5.6, is responsible

for ∼ 20% of the tunneling current, and consists of reminiscent waves, radially sym-
metric (s-like) in the surface plane. A cross section profile of these modes over the
molecule is visualized in Fig. 5.6. Noteworthy, and importantly, the substrate mode
has a constant negative value laterally away from the molecule, while the tip mode
is strictly positive. According to Eq. (5.2), i.e., roughly that the tunneling current at
a specific lateral tip position is given by summing the product of the wave functions,
followed by taking its absolute value squared, the sign change of the substrate wave
function assures for an increment of the tunneling current when the tip is shifted
laterally away from the molecule. The resulting cross section tunneling current for
these modes is shown in the lower rightmost plot in Fig. 5.6. It is then deduced that
the origin of the dip in tunneling current for CO@Cu(111) is a typical interference
effect, originating from s-like orbitals from both sides.

5.2.2 C2H2 at Cu(100)

In order to show that the previous, rather accurate, theoretically reproduced STM
images are not a coincidence, the theory is further used to investigate another well-
examined molecule.

Figure 5.7 shows constant current STM images of acetylene (C2H2) adsorbed on
a Cu(100) surface, computed by the previously described theory, in comparison to
the corresponding experimental image, examined by Stipe et al. [83]. The theoretical
(experimental) set-point is 1.0 (100) nA/V, by reasons mentioned previously. The
experimentally observed dumbbell shaped depression, also investigated in Refs. [84,
85], perpendicular to the C-C bonding axis, is clearly visible in the theoretical figure,
and the depth of the dumbbell depressions, compared to maximum tip-height, is 25
pm, compared to a 23 pm depth in the experiment. A wave function analysis deduces
that the dumbbell characteristics stems from one s- and one p-like molecular orbital
of the acetylene molecule. The protrusions over the hydrogen atoms are slightly
more pronounced in the theory, which might stem from the finite sized supercell,
different shaped tip apices or other numerical artefacts, and approximations. The
computations were performed in the Γ-point, with a 200 Ry energy cutoff, where a
single atom tip apex was used. Including more k-points, or by using a pyramidal
shaped tip apex, were proved by additional calculations to have negligible impact on
the STM image. The tip-height, i.e., the smallest difference in z-direction between
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Figure 5.7: Relaxed geometry of an acetylene (C2H2) molecule adsorbed on a Cu(100)
surface, and a theoretical constant current (1.0 nA) STM image where the contours in-
dicate the change in tip-height in picometers. The rightmost figure is the corresponding
experimental constant current image (rotated ∼ 45◦), reproduced from Ref. [83], where the
depth of the depression is 23 pm relative to the set-point over the clean copper surface.
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Figure 5.8: Constant height STM images of C2H2 at Cu(100) at tip-height 6.6 Å with
mode propagation method (left), and with the Siesta orbitals (right).

the substrate and the tip part, was 6.6 Å. The same calculation performed by us-
ing the Siesta modes yields two spike-shaped protrusions over the hydrogen atoms,
while the tunneling current for all other lateral tip positions is identically zero, as
no orbital overlap exists there, due to the large vacuum gap. This is vividly illus-
trated in a constant height STM image, Fig. 5.8. Moreover, the tunneling current
over the hydrogen atoms is significantly smaller compared to the mode propagation
method, indicating that the overlap of wave functions occur very near the ends of
the exponential tails for the predefined basis functions.



Chapter 6

Outlook

The presented work in this thesis covers approximately two years of research, and
two more years remain in order for me to receive a Ph.D. As I like to write my own
codes from scratch, I am not very pleased of running DFT calculations by means of
prewritten codes. In the upcoming work, I will therefore do my best to gain further
insights in the DFT formalism to implement possible, not yet known, extensions, in
order to make the computations more personal. A main goal in my future research
is therefore, to a larger extent, to stand (more) on my own legs, and thereby being
less dependent of what others have done, though my deepest respect goes to the
people behind comprehensive, long-term projects, like Siesta, Transiesta, and
Inelastica.

An extension to the work in Chap. 4 was initiated last spring (2014), to inves-
tigate the fundamental processes of the flipping motion of an OHOH dimer on the
same surface, Cu(110), by using a similar theory, i.e., based on the T-matrix. For this
molecule, experiments suggest that the OH stretch mode couples to the rotational
mode, and induces the reaction. This work was terminated in a dead end, primary
due to the messy higher order T-matrix expansions, and the theoretical results did
not make sense. It would be pleasant to get a new perspective, and resume this work
in the near future.

Possible extensions to the presented STM image theory could be to include inelas-
tic effects, and compute, e.g., IETS from the propagated wave functions described
in Chap. 5. As our theory provides reasonable results for rather large vacuum gaps
(≥ 5 Å), a next step could be to extend the theory to be valid also for smaller vacuum
gaps (3-4 Å), in order to fully compare the theory to experiments. In order to solve
this problem, a refinement of the Bardeen approximation is needed.
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Appendix A

Local density approximation
functionals

This appendix is aimed to describe some details concerning the local density approxi-
mations to obtain the exchange-correlation potentials, with and without spin. These
are used in the short-term project, described in Sec. 2.1.1, where DFT calculations
of isolated atoms are concerned.

Local density approximation

The exchange and correlation energy density functionals in the local density approx-
imation (LDA) read

εLDAx [n(r)] = − 3

4π

(
3π2n(r)

)1/3 (A.1)

εLDAc [n(r)] =
A

2

{
ln

[
y2

Y (y)

]
+

2b

Q
arctan

[
Q

2y + b

]

− by0

Y (y0)

(
ln

[
(y − y0)2

Y (y)

]
+

2(b+ 2y0)

Q
arctan

[
Q

2y + b

])}
, (A.2)

where εLDAc is referred to as the Vosko-Wilks-Nusair correlation term [86]. From these
expressions the exchange-correlation potential, Vxc, is computed by the following
functional derivative,

Vxc[n(r)] =
δ

δn(r)

(
n(r)εLDAxc [n(r)]

)
, (A.3)

where
εLDAxc [n(r)] = εLDAx [n(r)] + εLDAc [n(r)]. (A.4)
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The involved constants and functions in the exchange-correlation functional are se-
quentially: 




y =
√
rs

Y (y) = y2 + by + c

b = 3.72744

c = 12.9352

Q =
√

4c− b2

A = 0.0621814

y0 = −0.10498,

(A.5)

where the Wigner-Seitz radius, i.e., the average distance between the electrons, reads

rs =

(
3

4πn(r)

)1/3

. (A.6)

Local spin density approximation

The local spin density approximation (LSDA) begins by defining the fractional spin
polarization as

ξ =
n↑ − n↓
n↑ + n↓

, (A.7)

which is the intermediate exchange-correlation energy, interpolated between the
ferro- and paramagnetic state. The exchange energy density is a function of both
the Wigner-Seitz radius, and the spin polarization,

εx(rs, ξ) = εPx (rs) +
[
εFx (rs)− εPx (rs)

]
f(ξ), (A.8)

where

εPx (rs) =
εFx (rs)

21/3
= − a

rs
, (A.9)

where P (F ) is the para-(ferro-) magnetic state,

a =
3(9π/4)1/3

2π
, (A.10)

and

f(ξ) =

[
(1 + ξ)4/3 + (1− ξ)4/3 − 2

]

2(21/3 − 1)
. (A.11)

The correlation energy density, εc is given by

εc(rs, ξ) = εPc (rs) + ∆εc(rs, ξ), (A.12)
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where

∆εc(rs, ξ) = αc(rs)
f(ξ)

f ′′(0)

[
1 + β1(rs)ξ

4
]

(A.13)

β1 =
f ′′(0)

αc
∆εc(rs, 1)− 1 (A.14)

∆εc(rs, 1) = εFc (rs)− εPc (rs). (A.15)

The correlation energy densities, εP (F )
c , are again separated into the para- and fer-

romagnetic states. These correlation densities, and αc(rs), are given by the same
Vosko-Wilks-Nusair correlation term as used in the LDA, i.e., Eqs. (A.1-A.2),

εic[n(r)] = A

{
ln

[
y2

Y (y)

]
+

2b

Q
arctan

[
Q

2y + b

]

− by0

Y (y0)

(
ln

[
(y − y0)2

Y (y)

]
+

2(b+ 2y0)

Q
arctan

[
Q

2y + b

])}
, i = P, F (A.16)

each having a different set of constants/expressions, listed below. For i = P , the
expressions and coefficients are the same as in LDA, apart from a factor two:





y =
√
rs

Y (y) = y2 + by + c

b = 3.72744

c = 12.9352

Q =
√

4c− b2

A = 0.0621814

y0 = −0.10498.

(A.17)

For i = F , following replacements are required:




b = 7.06042

c = 18.0578

A = 0.0310907

y0 = −0.32500.

(A.18)

Finally, for αc(rs) one has the following changes:




b = 1.13107

c = 13.0045

A = −0.033774

y0 = −0.0047584.

(A.19)
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The up- and down exchange and correlation potentials read

V ±x [n(r)] =
2

πars
(1± ξ)1/3, a = (4/9π)1/3, (A.20)

V ±c [n(r)] = εc(rs, ξ)−
rs
3

∂εc
∂rs
± (1∓ ξ)∂εc

∂ξ
. (A.21)

As V +
xc 6= V −xc in general, the Kohn-Sham equations need to be solved separately

for the up- and down density, whereafter these are added to yield the total density
n = n↑ + n↓, which is finally used to compute the Hartree potential. For further
details concerning LSDA, see [87].



Appendix B

Finite element method in one
dimension

Below is shown the basics of how to discretize a differential equation, e.g., the
Schrödinger equation, in a Finite element framework. As the motivation of the
development of this method is applied to the radial SE during analysis of isolated
atoms, Sec. 2.1.1, only the one dimensional version is presented here, but the general
ideas are applicable to higher dimensions.

A general function of one variable, ψ(x), can be expanded as a linear superposition
by

ψ(x) =
∑

j

cjϕj(x), (B.1)

where {cj} is a set of unknown coefficients, and {ϕj} are the corresponding basis
orbitals. In fact, in the following context, cj is the value of the function ψ(x) in
point xj. An appropriate basis set for describing a local linear approximation of the
function is by using so-called hat functions, defined by

ϕi(xk) =

{
1, i = k

0, i 6= k
i = 1, ..., N − 1, k = 0, ..., N (B.2)

where

ϕi(x) =





x−xi−1

xi−xi−1
, xi−1 ≤ x ≤ xi

xi+1−x
xi+1−xi , xi ≤ x ≤ xi+1

0, x /∈ [xi−1, xi+1]

i = 1, ..., N − 1 (B.3)

These basis functions have, in contrast to the finite difference scheme where the basis
functions are pointlike (Kronecker delta), some spatial extent, giving a finite overlap
when integrating nearest neighbours basis functions over all space, derived below.
Depending on the concerned problem, any specific form of the basis set can be used,
e.g., parabolic, or gaussian shaped functions. It is also possible to implement, e.g., a
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next-nearest coupling between the basis functions, giving a five-point stencil of the
discretization scheme, which might improve the numerical accuracy further. The
different matrices associated with the Schrödinger equation,

(
−∇2 + V

)
ψ = Eψ, (B.4)

are therefore the kinetic energy operator, the potential, and the energy. In terms of
the previously defined triangular basis functions, the one-dimensional kinetic energy
operator evaluates, after integration by parts, as

∇2
1D = 〈i|∂2

ij|j〉 = −
∫

dx
∂ϕi
∂x

∂ϕj
∂x

, (B.5)

giving the on- and offsite elements

〈i|i〉 =
xi+1 − xi−1

(xi − xi−1)(xi+1 − xi)
, (B.6)

〈i+ 1|i〉 = 〈i|i+ 1〉 = − 1

xi+1 − xi
. (B.7)

The position dependent potential matrix elements are in a similar fashion computed
by

V = 〈i|Vij|j〉 =

∫
dxϕiVijϕj (B.8)

=

∫
dxϕi(Vi−1ϕi−1 + Viϕi + Vi+1ϕi+1)ϕj, (B.9)

giving the elements

〈i|Vi−1 + Vi + Vi+1|i〉 = (B.10)
1
12

[Vi−1(xi − xi−1) + 3Vi(xi+1 − xi−1) + Vi+1(xi+1 − xi)], (B.11)
〈i+ 1|Vi−1 + Vi + Vi+1|i〉 = 〈i|Vi−1 + Vi + Vi+1|i+ 1〉 (B.12)

= 1
12

(Vi−1 + Vi)(xi − xi−1). (B.13)

Finally, the right hand side of the Schrödinger equation is found by

E = 〈i|Eij|j〉 = Eij〈i|j〉 = Eij

∫
dxϕiϕj, (B.14)

evaluating as

〈i|i〉 = 1
3
(xi+1 − xi−1), (B.15)

〈i+ 1|i〉 = 〈i|i+ 1〉 = 1
6
(xi − xi−1). (B.16)
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Figure B.1: Illustration of (overlapping) triangular-shaped finite element basis functions
on a non-uniform grid in one dimension, used to describe a function that varies rapidly in
a certain part of space, and slower in other regions. The grid spacing can be arbitrarily
chosen to fit a certain problem.

The matrix elements 〈i|j〉 build up the so-called overlap matrix,

{{Sij}} = S =
∑

i,j

|i〉〈j|, (B.17)

so that
E = ES (B.18)

in Eq. (B.4). The overlap matrix is frequently used in the Siesta documentation,
as the basis orbitals are non-orthogonal. The nearest neighbour overlap between the
triangular basis functions is evident from Fig. B.1. Having access to the previously
derived matrices, a stationary quantum mechanical problem is solved in the same
manner as in an ordinary finite difference approximation, i.e., by solving

(ES−H)ψ = 0. (B.19)

One benefit of using the FEM basis is a higher accuracy for rapidly varying functions,
e.g., the dispersion relation for a free particle, c.f., Eq. (3.67), retains its parabolic
shape closer to the Brillouin zone edges compared to the FD dispersion, despite if a
uniform FEM grid spacing is used. Another advantage, mentioned in the main text,
is the freedom in choosing a grid with, e.g., exponentially increasing lattice constant,
as in the case of the example given in Sec. 2.1.1.





Appendix C

Surface Green’s functions

τ

τ †

... q s

Figure C.1: Illustration of the periodic, infinite-dimensional left lead, and an extra slice
for which the surface Green’s function is computed.

The aim is to overcome the problematic infinite dimensional problem of Eq. (3.13),
i.e., to find the surface Green’s function of the left lead consisting of q equivalent
slices (where eventually q →∞),

GL =
(
E + i0+ −HL

)−1
. (C.1)

An extra surface slice is now added, identical to all slices in the lead. By setting
A = (E + i0+ −H), where H is the full Hamiltonian, the matrix equation to solve
reads

A = G−1 =

(
AL −τ
−τ † As

)
=

(
AL 0
0 As

)

︸ ︷︷ ︸
G−1

0

+

(
0 −τ
−τ † 0

)

︸ ︷︷ ︸
−V

, (C.2)

where G0 is the non-interacting Green’s function for the decoupled system, and V
describes the coupling between these systems. By means of the splitting of the
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interacting Green’s function, the Dyson equation is readily obtained,

G =
(
G−1

0 − V
)−1

= G0 +G0V G, (C.3)

where
G =

(
GL GLs

GsL gs

)
, G0 =

(
G0
L 0

0 g0
s

)
=

(
A−1
L 0
0 A−1

s

)
. (C.4)

Straightforward matrix algebra yields

gs = g0
s + g0

sτ
†G0

Lτgs, (C.5)

where gs is the surface Green’s function for the connected system. From definition,
the Green’s function of the isolated left lead reads

A1:q,1:qGLq,q = I1:q,1:q. (C.6)

Attaching a surface slice gives

GLq+1,q+1 = G0
Lq+1,q+1

+G0
Lq+1,q+1

Aq+1,qGLq,qAq,q+1GLq+1,q+1 (C.7)

=
(
G−1
Lq+1,q+1

− Aq+1,qGLq,qAq,q+1

)−1

, (C.8)

with the initial condition GL1,1 = G0
L1,1

= A−1
1,1. Since the left lead is homogeneous,

with coupling only between adjacent slices, it is deduced that Aq+1,q = −τ , Aq,q+1 =
−τ †, and Aq,q are invariant with respect to the slice number, q. Once Eq. (C.8) is
solved for q = 1, GL2,2 takes the role of the isolated Green’s function of the lead, upon
adding another slice. The nearest neighbour couplings Aq,q+1 and Aq+1,1 assure that
the only non-zero entry of the total Green’s function, is the diagonal block GLq,q ,
where

GLq+1,q+1 = lim
q→∞

GLq,q . (C.9)

That is, an additional slice attached to the right end of an infintely long lead, should
not alter the Green’s function of the rightmost slice. Hence, the ultimate problem
to solve reads

gs =
(
E + i0+ −Hs − τ †gsτ

)−1
, (C.10)

where
τ †gsτ ≡ ΣL (C.11)

is the self-energy. The iterative scheme used to obtain the self-energies numerically
is explained in Sec. 3.2.



Appendix D

Bardeen’s approximation

Separation
surface, S

|ϕµL〉
VL

|ϕνR〉
VR

Figure D.1: Separation of substrate- (left) and tip- (right) states, used to derive the
Bardeen’s approximation formula, Eq. (5.2). The left hand side potential is assumed to be
small rightwards from the separation surface, and vice versa.

The Bardeen approximation may be exploited for computation of the tunneling prob-
ability between a time dependent substrate (left) state, |ψµL〉, and tip (right) state,
|ψνR〉, c.f., Fig. D.1. The system is assumed to coexist of independent left and right
states separated by a surface. Hence, the Schrödinger equations for the left and right
side of the separation surface are

(
−∇2 + VL

)
ψL = ELψL (D.1)(

−∇2 + VR
)
ψR = ERψR, (D.2)

whereas the full wave function, Ψ, diagonalizes the Hamiltonian

H = −∇2 + VL + VR. (D.3)
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Time dependent perturbation theory may afterwards be used to compute the tunnel-
ing probability from left to right, where the initial state is assumed to be completely
localized on the left side, i.e.,

lim
t→−∞

|Ψ〉 = |ψµL〉. (D.4)

By applying the time dependent SE to the full wave function, whereafter projection
by a wave function on the right side, |ψνR〉, yields

i〈ψνR|∂t|Ψ〉 = 〈ψνR|H|Ψ〉, (D.5)
i∂t〈ψνR|Ψ〉 = 〈ψνR|H|Ψ〉 − 〈ψνR|HR|Ψ〉 (D.6)

= 〈ψνR|VL|Ψ〉. (D.7)

Hence, by the initial condition, one obtains

i∂t〈ψνR|Ψ〉 = 〈ψνR|VL|ψµL〉. (D.8)

Lifting out the time dependence of the left and right states, i.e.,

|ψµL〉 = eiEµt|ϕµL〉 (D.9)
|ψνR〉 = eiEνt|ϕνR〉, (D.10)

and integrating Eq. (D.8) with respect to time, gives

i〈ψνR|Ψ〉 = 〈ϕνR|VL|ϕµL〉
∫ t

0

dtei(Eµ−Eν)t, (D.11)

whereafter one finds the transition rate

|〈ψνR|Ψ〉|2 = |〈ϕνR|VL|ϕµL〉|2
4 sin2

[
(Eµ − Eν)t/2

]

(Eµ − Eν)2t
. (D.12)

In the long time limit, t→∞, this expression reduces to

P µν
L→R = 2π

∣∣Mµν
LR

∣∣2δ(Eµ − Eν), (D.13)

where Mµν
LR ≡ 〈ϕνR|VL|ϕµL〉. This integral is evaluated in the left region by using

VL = ∇2 + Eµ,

Mµν
LR =

∫

L

dV ϕν∗R (Eµ +∇2)ϕµL. (D.14)

As Eµ = Eν due to energy conservation, this expression may be written in a more
symmetric form, by using SE on the right state, i.e.,

ϕν∗R Eµϕ
µ
L = ϕν∗R Eνϕ

µ
L = ϕµLEνϕ

ν∗
R (D.15)

= ϕµL(−∇2 + VR)ϕν∗R . (D.16)
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As VR is vanishingly small on the left side, i.e., VR ≈ 0 in the domain of integration,
one obtains

Mµν
LR =

∫

L

dV
(
ϕµL(−∇2)ϕν∗R + ϕν∗R ∇2ϕµL

)
. (D.17)

Finally, the volume integral is, by the divergence theorem, reformulated as a surface
integral, integrated over the separation surface between the left and right side,

Mµν
LR = −

∫

S

dSn̂
(
ϕµL∇ϕν∗R − ϕν∗R ∇ϕµL

)
, (D.18)

where n̂ is a unit vector pointing perpendicular to the surface, S, i.e., in the direction
of the electron transport. In our work, the separation surface is the slice on which
the maximum value of the DFT potential occurs, see Fig. 5.2. The approximation
VR ≈ 0 in the left region, means that Eq. (D.18) can only be applied when the
tip-sample distance is large, whereas it fails for small tip-heights. This is the reason
for our use of large tip-heights throughout, meaning that our computed STM images
are typically computed at smaller tunneling currents compared to experiments.

Although striking similarities to Fermi’s golden rule, c.f., Eq. (D.13), the previous
derivation is conceptually different, as the initial and final states in FGR diagonalize
the same unperturbed Hamiltonian, which is not the case for the separated system
considered here.





Abbreviations

QM quantum mechanics
STM scanning tunneling microscope
SE Schrödinger equation
DFT density functional theory
KS Kohn-Sham
xc exchange-correlation
LDA local density approximation
LSDA local spin density approximation
GGA general gradient approximation
SCF self-consistent field
PE Poisson equation
PBCs periodic boundary conditions
GF Green’s function
H.c. Hermitian conjugate
NEGF non-equilibrium Green’s function
RGF recursive Green’s function
FD finite difference
FEM finite element method
2DEG two-dimensional electron gas
e-ph electron-phonon
PES potential energy surface
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