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Passive Approximation and Optimization
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Abstract— An approximation problem is formulated where it is required to approximate a
general “well-behaved” function on an interval of the real axis based on the set of symmetric
Herglotz functions. Applications are e.g., with the optimal realizations of passive structures
presented in [4].
A Herglotz function h(ω) is an analytic function with the property Imh(ω) ≥ 0 for ω ∈ C+ =
{ω ∈ C|Imω > 0}. It can be shown that h(ω) is a Herglotz function if and only if it can be
represented as

h(ω) = b1ω + α +
∫

R

(
1

ξ − ω
− ξ

1 + ξ2

)
dβ(ξ), (1)

where b1 ≥ 0, α ∈ R and where dβ(ξ) is a positive Borel measure with
∫
R dβ(ξ)/(1 + ξ2) < ∞,

see, e.g., [1, 3, 5]. It is common to interpret the measure as dβ(ξ) = β′(ξ)dξ = 1
π Imh(ξ + i0)dξ in

a distributional sense. Symmetric Herglotz functions have an even measure with dβ(−ξ) = dβ(ξ)
and h(ω) = −h∗(−ω∗).
We consider general approximation problems, such as e.g.,

minimize sup
ξ∈Ω

|h(ξ)− f(ξ)|

subject to f(ξ) continuous on Ω

h(ξ) def= h(ξ + i0)∃ continuous on Ω

(2)

where the approximation is with respect to the set of symmetric Herglotz functions h(ω) satisfying
the constraints above. Here, Ω is a closed and bounded subset of R.
It can be readily shown that (2) may have non-trivial solutions. Suppose for example that
f(ω) = −h0(ω) is the negative of a Herglotz function h0(ω) which is analytic in a neighbourhood
of C+ ∪ Ω and where h0(ω) = b0

1ω + o(ω) as ω→̂∞. It can then be shown that the following a
priori lower bound holds: supξ∈Ω|h(ξ)− f(ξ)| ≥ b0

1
1
2 |Ω|, see also [2].

Existence and convergence issues will be discussed regarding the approximation problem (2)
and numerical examples will be presented based on convex optimization [4]. A suitable “test-
problem” is to identify the Herglotz function f(ω) = tan(−1/ω) based on the partial knowledge
f(ξ) = tan(−1/ξ) on Ω and where f(ω) is regular in a neighbourhood of Ω ⊂ R. It is noted that
tan(−1/ω) is meromorphic in C\{0} and has a sequence of poles at 1/π(n− 1

2 ) accumulating at
0 and with residues −1/π2(n− 1

2 )2 where n ∈ Z. Mathematically, this approximation problem
is trivial by analytic continuation. However, as is well known, analytic continuation may be a
non-trivial task to execute numerically. Here, the example function above is considered to be as
“diffcult as possible” to be represented by using a “blind” automated numerical scheme based on
convex optimization.
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