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D. Sjöberg1 and S. Nordebo2

1Department Electrical and Information Technology, Lund University, Sweden
2Department Physics and Electrical Engineering, Linnaeus University, Sweden

Abstract— Passive systems are intimately connected to positive real functions. These are an-
alytical functions P (s) that map the right half complex plane s ∈ C+ to itself with the symmetry
condition P (s∗)∗ = P (s), and can be identified with Herglotz functions, which map the upper
half complex plane to itself. There is a representation theorem for these functions, stating that

P (s) = sC +
1
π
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On the frequency axis s = jω, this can be used to represent the imaginary part of an arbi-
trary positive real function in terms of the Hilbert transform of the real part (and vice versa),
ImP (jω) = jωC + 1

jπ
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ω−ξ dξ. Allowing a pole at ω = 0, and taking the symmetry of

the positive real function into account, an admittance function Y (ω) = P (jω) = G(ω) + jB(ω)
can be discretized as

G(ω) = G0 +
N∑

x=0

xn{p(ω/∆ω − n) + p(ω/∆ω + n)}

B(ω) = Cω − 1
Lω

−
N∑

n=0

xn{[Hp](ω/∆ω − n) + [Hp](ω/∆ω + n)}

where G0, {xn}N
n=0, C, and L−1 are real parameters describing the admittance function, p is a

suitable basis function used for discretizing the real part G(ω), and Hp is the Hilbert transform
of this basis function. A large collection of explicit Hilbert transform pairs can be found in [1].
Using this representation, we can consider any desired target system response Yt(ω), and study
how well this can be approximated by a physical admittance Y (ω; x) represented as above, where
x = (G0, {xn}N

n=0, C, L−1) are the free parameters. This can be done by formulating the convex
optimization problem “minimize ‖Y (ω; x)−Yt(ω)‖”, under suitable restrictions on the parameters
x. For instance, a passive system is characterized by all parameters x being non-negative, and
some parameters can often be restricted by known asymptotic properties of the physical situation,
such as the static values of the refractive index or similar.
The linearity of the representation formula implies the optimization problem is convex, and
hence is easy to solve using convex optimization [2]. Adding linear or convex constraints does not
change this property. Examples where this can be applied can be found in the study of optimal
absorbers, high impedance surfaces, negative refractive index, and many other circumstances [3].
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