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Abstract

A common problem to all applications of linear finite dynamical systems is analyzing
the dynamics without enumerating every possible state transition. Of particular
interest is the long term dynamical behaviour, and if every element eventually
converges on fixed points. In this paper, we study the number of iterations needed
for a system to settle on a fixed set of elements. As our main result, we present
two upper bounds on iterations needed, and each one may be readily applied to a
fixed point system test. The bounds are based on submodule properties of iterated
images and reduced systems modulo a prime.
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1. Introduction

A finite dynamical system is an ordered pair (X, f), which consists of a finite set X
together with an iterating function f over X. That is, elements of X evolve by
repeated application of f . Thus the study of a finite dynamical system is a study
of sequences of the form

(1) (x, f(x), f2(x), · · · ),

where f is called the defining function. In mathematical modelling, finite dynamical
systems emerge in many different areas. Applications can be found in, for example,
computational physics, electrical engineering, artificial intelligence, gene regulatory
networks and cellular automata [BCRO07; HT05; Den15]. Hence, f often represents
state transitions or the passing of time.

In this context, a linear finite dynamical system is a system where f is a linear
map and X is a finite R-module. That is, X is a generalized vector space with
scalars in a finite commutative ring R, and is generated by a finite set of base
elements. Therefore, f can be represented by a matrix A over R, which describes
the mapping of the base elements.

An important problem in applications of finite dynamical systems, is the determi-
nation of long term behaviour without enumeration of all possible state transitions.
The size of the underlying set X may lead to iteration over all elements being com-
putationally intractable. As an example, a finite dynamical system in the form of
a Boolean modeling framework is demonstrated in [LS04]. There the framework
models a gene regulatory network of 60 nodes, such that |X| = 260, and where
each element is a word of length 60 representing on and off states of nodes. Other
frameworks for gene regulatory networks may have more than two states for each
node, leading to a further increase in the size of the underlying set [BCRO07].

When a linear finite dynamical system is given by (Zmp , A), where p is prime,
the properties and long term behaviour is well understood [BCRO07; CRLP05;
HT05]. Although when dealing with more general linear systems (Zmn , A), one
faces difficulties due to the lack of unique factorization [XZ09; Den15]. In this case,
the sets corresponds to m copies of a finite commutative ring Zn, where not every
nonzero element is necessarily a unit.

1.1. Fixed Point Systems. Let (X, f) be a finite dynamical system and consider
an iterated sequence of the form given in (1). It is possible that after a certain
number of iterations we reach a fixed point x0, such that f(x0) = x0. If every
element in X eventually iterates to a fixed point, not necessarily unique, then the
system is called a fixed point system. Otherwise elements of X will eventually
converge within a subset of X, which consists of fixed points and cycles, where
cycles are closed iteration loops of more than one element. An extensive study of
cycles of linear finite dynamical systems can be found in [Den15].

A fixed point system criterion for (Fnq , A), where Fq is the finite field with q
elements, is given by Bollman et al. in [BCRO07]. It is based on the minimal
polynomial of A, i.e., the polynomial of least degree in Fq[x] which annihilates A. As
an alternative, G. Xu and Y.M. Zou presented another fixed point system criterion
in [XZ09]. Given (Rm, A), where R is a finite commutative ring, they showed that
if the size of R is a composite integer n, then the system is fixed point system if
and only if

(2) Ak+1 = Ak,

where k = dm log2(n)e. The integer k is a derived bound on the number of iterations
needed for the system to stabilize, and has its origin in the prime factorization of nm,
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the size of the module. The criterion in (2) provides an efficient way of determining
if the system exhibits long term steady state behaviour.

That every linear finite dynamical system eventually settles on fixed points and
cycles is stated in Fitting’s Lemma, which will be presented in Section 3. In the
spirit of [HT05] we define the height of a system as the minimum number of iter-
ations needed for the system to settle, and we define for a single element x, the
height of x as the minimum number of iterations needed for this element to reach
a fixed point or cycle.

It is easy to show that the bound in (2) can be replaced by any upper bound
on the system height, generating an alternative fixed point system criterion. Thus,
assuming a composite integer n in (2), one could ask the question of how close
dm log2(n)e is to the actual system height, and if there is significant improvements
to be found.

1.2. Main Results. In this thesis, sharper height bounds for the fixed point system
criterion in (2) will be presented as the main theorems. They come in two varieties
(Theorem 4.1, Theorem 4.2):

• A function independent bound, mαmax for systems (Zmn , A), where αmax is
the largest prime factor exponent in the factorization of n.

• A function dependent bound for systems (Zmn , A), based on reduced, more
well understood, systems over vector spaces. For each distinct prime factor
p of n, let α denote the prime factor exponent, and let s denote the system
height of (Zmp , A). Then the bound is given by the largest product αs over
all distinct prime factors of n.

Both bounds are partially a consequence of a result, which equates the height of a
system to the largest height of subsystems arising from the primary decomposition
of the underlying ring (Theorem 4.3).

Results on other height properties will also be presented. By examining a height
function over elements in the set, it is possible to show that at least one of the base
elements is of system height s, i.e., it requires s iterations to reach a fixed point
or a cycle (Theorem 4.4). Given any annihilating linear combination of iterated
images, such that

a0f
k(x) + a1f

k+1(x) + · · ·+ atf
k+t(x) = 0,

holds for all x and where a0 is invertible, further study of the height function yields
an upper bound k on the system height (Theorem 4.5).

1.3. Organization and Strategy. This thesis is outlined as follows. In Section 2
some basic definitions and notions regarding general finite dynamical systems are
presented. Section 3 will build upon these concepts, and define notions concerning
linear finite dynamical systems. This includes introducing the concept of a module,
which acts as the set of elements, and stating Fitting’s Lemma, which has important
consequences for the structure of a linear finite dynamical system. The fixed point
criterion given in (2) will also be formally stated, although in a slightly modified
form suited for the material of this thesis.

After the preliminaries, the main results will be presented in Section 4. First the
two main theorems stating height bounds of a linear finite dynamical system (Zmn , f)
(Theorem 4.1, Theorem 4.2). The proofs of the main theorems are postponed to
Section 5 and Section 6 respectively. Then some general results concerning the
height of a linear finite dynamical system will be presented, including Theorem 4.3,
which is an important step in proving the main theorems. The result section will
conclude with numerical examples testing the two main theorems over a range of
different dynamical systems.



ON FIXED POINT CONVERGENCE OF LINEAR FINITE DYNAMICAL SYSTEMS 3

In Section 5, we will see that the function independent height bound of (Zmn , f)
is ultimately derived by emulating the reasoning used in [XZ09, Theorem 2.1]. This
produces an intermediary bound, which involves Ω(n), the number of prime factors
of n counting multiplicity (Lemma 5.1). Combining this with Theorem 4.3 proves
the first main theorem (Theorem 4.1).

In Section 6 we will first try to derive height bounds for systems of the form
(Zmpr , f). This is done by looking at smaller reduced systems (Zmpr/〈p〉m, f) and

(〈p〉m, f), where f is a function induced by the natural homomorphism from the
module to its factor module. This will lead us to a bound on (Zmpr , f) (Lemma 6.6),
which combined with Theorem 4.3 proves the last main theorem: A function de-
pendent height bound on (Zmn , f) (Theorem 4.2).
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2. Finite Dynamical Systems

Before we touch on linear finite dynamical systems and the main results, some basic
definitions and notions are required regarding general finite dynamical systems. In
this section we will be introduced to some relevant concepts and theorems, which
are used extensively in the later parts of this thesis.

2.1. Concepts. We begin with a formal definition of a general finite dynamical
system.

Definition 2.1 (see [HT05]). A finite dynamical system is an ordered pair (X, f),
where X is a finite set, and f is a function which maps X into itself, called the
defining function. The dynamics of the system is obtained by iterating f on the
elements of X. That is, for each x ∈ X, a sequence

(x, f(x), f2(x), . . . , fk(x), . . . ),

is obtained. With each system there is an associated directed graph Gf , called the
state space, whose edge set consists of all ordered pairs (x, y) ∈ X × X such that
f(x) = y.

Example 2.1. Let Z5 be the field of residue classes modulo 5, and let

f : Z5 → Z5 x 7→ x4 + x2

be the defining function of a nonlinear finite dynamical system. Then the system
has an associated state space shown in Figure 1, which completely describes the
dynamics. Note that regardless of chosen initial element in Z5, the corresponding
iterated sequence under f will converge to 0. ♦

Hence, in the context of state spaces, every element of the set X is a vertex in the
associated state space Gf , and we hereby define two different instances of vertices.

Figure 1. The state space of (Z5, f) given in Example 2.1.
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Figure 2. The state space of (Z8, f) given in Example 2.2.

Definition 2.2. Let (X, f) be a finite dynamical system with an associated state
space Gf . A cycle vertex is an element x0 in X, such that f l(x0) = x0 for some
positive integer l, i.e., there exists a path from x0 to itself in Gf . The smallest such
integer is called the period of x0. Furthermore, when cycle vertices are of period 1
they are called fixed points.

Definition 2.3. Let (X, f) be a finite dynamical system with an associated state
space Gf . A leaf vertex is an element y in X, such that y is a leaf in the associated
state graph Gf , i.e., the equation f(x) = y has no solution.

Example 2.2. Let Z8 be the ring of residue classes modulo 8, and let

f : Z8 → Z8 x 7→ 4x3 + 3x2 + x

be the defining function of a nonlinear finite dynamical system. Then the system
has an associated state space shown in Figure 2. Note that 6 and 2 are cycle vertices
of period 2, and 0 and 4 are fixed points of the system, while the remaining elements
are all leaf vertices. ♦

Of special interest to us is the subgraph of Gf consisting of only cycle vertices
and their internal edges. Considering the spaces given in Example 2.1 and 2.2,
we note that when an element reaches a cycle vertex during iteration, the future
iterated images will remain as cycle vertices. This is an immediate consequence of
Definition 2.2, i.e., if x0 is a cycle vertex then fk(x0) is a cycle vertex of the same
period for all nonnegative integers k.

Thus given a finite dynamical system (X, f) and an element x in X, one could
ask the questions: How many iterations does it take for x to reach a cycle vertex in
the associated state space? How many iterations does it take to have a guaranteed
cycle vertex regardless of starting element? The quantities are defined as follows.

Definition 2.4. Let (X, f) be a finite dynamical system and let x be an element
in X. The number of iterations it takes for x to reach a cycle vertex during iteration
is called the height of x, and is denoted h(x).

Remark 2.1. The height of an element x ∈ X is the smallest nonnegative integer
such that fh(x)(x) is a cycle vertex. In particular, if x is a cycle vertex, then
h(x) = 0, otherwise h(x) is a positive integer. ♠
Definition 2.5. Let (X, f) be a finite dynamical system. The system height s,
defined by

s = max
x∈X
{h(x)} ,

is the largest possible height of all x ∈ X.
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Remark 2.2. Thus, the height s of (X, f) is the smallest nonnegative integer such
that fs(x) is a cycle vertex for all x in X. In particular, if all elements are cycle
vertices then the system height is 0. ♠

Example 2.3. Consider the state space given in Figure 1 of Example 2.1. Here
h(0) = 0, h(2) = h(3) = 1 and h(1) = h(4) = 2, yielding a system height of 2. In
contrast, Figure 2 of Example 2.2 shows us a system height of 1. ♦

We have already in Figure 1 encountered a special form of state space called a tree.
This corresponds to a system where every element eventually converges on some
unique cycle vertex, the root which maps to itself. A different structure is shown in
Figure 2, the subgraph of elements 2 and 6 corresponds to a cycle of order 2. We
now extend these concepts to the notion of cycled trees.

Definition 2.6 (see [BCRO07]). Let T be a tree, and consider an n-cycle of ver-
tices. We attach the root of the tree to every vertex of the cycle, by replacing
the root with the cycle vertex and keeping the cycle edges intact. This produces a
graph of n copies of the tree structure, with an inner cycled core of order n. The
resulting directed graph is called an n-cycled tree.

Example 2.4. In [BCRO07, Lemma 1] it is stated that any finite dynamical system
has a state space consisting of a disjoint union of cycled trees. Figure 2 shows a
state space of two 1-cycled trees and one 2-cycled tree. ♦

Let (X, f) be a finite dynamical system of system height s, and denote fs(X) as N ,
the final converged upon set of cycle vertices after s iterations. In applications, a
key question is if N contains only fixed points. This corresponds to a system which
eventually stabilizes on fixed points regardless of starting elements. In this case the
state space consists entirely of 1-cycled trees and is called a fixed point system. We
note that for these systems f(x0) = x0 for all x0 in N . We can state this more
formally.

Proposition 2.1 (see Lemma 2.1 in [XZ09]). Let (X, f) be a finite dynamical
system, and let N be the set of cycle vertices. Then (X, f) is a fixed point system
if and only if f restricted to N is the identity map.

Example 2.5. Figure 1 shows a fixed point system, while Figure 2 shows a system
where the function is not the identity map on the final converged upon set of cycle
vertices. ♦

2.2. Products and Morphisms. Two interesting notions concerning finite dy-
namical systems are product systems and surjective morphisms between systems.
We will start by defining the product.

Definition 2.7 (see [BCRO07; Den15; HT05]). Let (Xi, fi), i = 1, 2, . . . , n, be
finite dynamical systems. Then the product system Πn

i=1(Xi, fi) is the system
(X, f), where

X = Πn
i=1Xi

is the cartesian product of (Xi)
n
i=1 and

f(x1, x2, . . . , xn) = (f1(x1), f2(x2), . . . , fn(xn)),

for all x in X.

Example 2.6. Let (Z3, f1) and (Z4, f2) be finite dynamical systems, where

f1 : Z3 → Z3 x 7→ x+ 1,

f2 : Z4 → Z4 x 7→ x2
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Figure 3. The state space of (Z3, f1) given in Example 2.6.

Figure 4. The state space of (Z4, f2) given in Example 2.6.

are the defining functions. The associated state spaces are shown in Figure 3 and
Figure 4. According to Definition 2.7, the edge {(x1, x2), (y1, y2)} will be an edge in
the product space of (Z3, f1)× (Z4, f2) if and only if f1(x1) = y1 and f2(x2) = y2.
Hence it will only be an edge if there exists edges {x1, y1} and {x2, y2} in the factor
systems. The state space of the product is shown in Figure 5. ♦

We close this section with a short note on morphisms between systems.

Definition 2.8 (see [Den15; BCRO07]). Let (X1, f1) and (X2, f2) be finite dy-
namical systems. Assume there exists a surjective map ϕ : X1 → X2, such that
ϕf1 = f2ϕ, then ϕ is called a surjective morphism of (X1, f1) and (X2, f2). If the
map is bijective then ϕ is an isomorphism, and we say that (X1, f1) and (X2, f2)
are equivalent or isomorphic systems.

Remark 2.3. Note that when a bijective map ψ : X1 → X2 exists it induces an
isomorphic system (X2, f2), where f2 = ψf1ψ

−1 is the defining function. Here ψ
acts as a morphism between systems. As such it will also act as a graph isomorphism
for the state space. If f1(x1) = y1, ψ(x1) = x2 and ψ(y1) = y2, then

f2(x2) = (ψf1ψ
−1)(x2) = (ψf1)(x1) = ψ(y1) = y2,

which preserves the edge. ♠
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Figure 5. The state space of (Z3, f1) × (Z4, f2) given in Example 2.6.

Remark 2.4. Let R be a finite ring and let I be an ideal in R. Denote by

π : R→ R/I r 7→ r + I

the natural homomorphism with kernel I. Consider a finite dynamical system with
f : R → R as the defining function. We may now define another finite dynamical
system (R/I, f), where f : R/I → R/I, fπ = πf , is a function induced by the
homomorphism. Here

(fπ)(x) = f(x+ I),

(πf)(x) = π(f(x)) = f(x) + I,

hence f(x+ I) = f(x) + I for all x+ I in the quotient ring. ♠
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3. Linear Finite Dynamical Systems

Suppose the set X of a finite dynamical system is given by Zmn and the defining
function f is represented by an m×m matrix A over Zn. Then the system belongs
to a category called linear finite dynamical systems. In this section we will present
the necessary notions and theorems concerning linear systems.

For the formal definition of a linear system we need the notion of modules,
generalized vector spaces over rings. Then we will look at structural properties of
linear systems over modules, where the defining function is an endomorphism, a
linear function from a module to itself. With Fitting’s Lemma we will see that the
state space of a linear system consists of copies of a single tree attached to cycles
and fixed points. In particular, there will always be a copy of this tree in isolation,
the nilpotent structure of the state space. We will also look at a certain kind of
morphism, providing a link between a linear system and a reduced system. The
section will conclude with a presentation of the fixed point theorem of Xu and Zou
given in [XZ09, Theorem 2.2], providing a way to test for fixed point convergence
by a bound on the system height.

3.1. Modules. A module is a generalized vector space, where the scalars belong to
a ring and not necessarily to a field. As such the theory can be more complicated
compared to vector spaces, where linear independence and dependence plays an
important role [Sha00]. This comes from the fact that it is possible that not all
nonzero scalars are units. Although much of the theory should be familiar. We
present here the formal definitions we need concerning modules.

Definition 3.1 (see Chapter 6 in [Sha00]). Let R be a commutative ring with
unity 1R. An R-module M forms an additive abelian group (M,+), with multipli-
cation by scalars in R such that

(i) r(m+m′) = rm+ rm′ for all r ∈ R, m,m′ ∈M ,
(ii) (r + r′)m = rm+ r′m for all r, r′ ∈ R, m ∈M ,
(iii) (rr′)m = r(r′m) for all r, r′ ∈ R, m ∈M ,
(iv) 1Rm = m for all m ∈M .

Example 3.1. Note that R itself is an R-module and any ideal I in R is an R-
module, since I is closed under addition and multiplication. The quotient ring R/I
is an R-module if we furnish it with the scalar multiplication r(a+ I) = ra+ I. ♦

Example 3.2. Important to this thesis is Zmn as a finite Zn-module. Here the scalar
multiplication is defined by r(x1, x2, . . . , xm) = (rx1, rx2, . . . , rxm), where r is an
element in the ring of residue classes modulo n. In this case the module is a finitely
generated module since every element can be expressed by a linear combination
of a finite set of elements. The module is also a free module, i.e., there exists a
generating set of linear independent elements, for example the family (ek)mk=1, with
elements whose kth component is 1 and the rest are 0. ♦

Definition 3.2 (see Chapter 6 in [Sha00]). An R-homomorphism is a mapping

f : M →M ′

between two R-modules M and M ′ such that

f(rm+ r′m′) = rf(m) + r′f(m′),

for all r, r′ ∈ R and m,m′ ∈ M . When f is mapping from M to itself it is called
an R-endomorphism.

Example 3.3. We will be interested in endomorphisms f : Zmn → Zmn . Since Zmn
is a free module, we can represent f by an m × m matrix A by examining the
behaviour of base elements under this mapping. ♦
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Remark 3.1. We note that iterated mappings fk, k ≥ 1 of an R-homomorphism f
inherits the same properties, i.e.,

fk(rm+ r′m′) = fk−1(f(rm+ r′m′)) = fk−1(rf(m) + r′f(m′))

= fk−2(f(rf(m) + r′f(m′))) = fk−2(rf2(m) + r′f2(m′)) = . . .

= rfk(m) + r′fk(m′)

by the homomorphism property of f . ♠

As with a subspace of a vector space, we have the notion of a submodule of a
module. That is a subset of an R-module which itself is an R-module. Instead of
the formal definition we state the criterion.

Theorem 3.1 (The Submodule Criterion [Sha00]). Let R be a commutative ring
and let M be an R-module. A subset G of M is a submodule if and only if

(i) G 6= ∅,
(ii) rg + r′g′ is in G for all r, r′ ∈ R, g, g′ ∈ G.

Example 3.4. Consider the ideal 〈p〉 = {ap : a ∈ Zpr} in Zpr , where p is a prime
number. Taking m copies of 〈p〉 generates a subset 〈p〉m of Zmpr , which we furnish
as a Zpr -module as in Example 3.2. Clearly 〈p〉m is nonempty and closed under
addition and scalar multiplication. Thus by the submodule criterion, 〈p〉m is a
submodule of Zmpr . ♦

Remark 3.2. Let R be a commutative ring and let M be an R-module. Consider
an endomorphism f : M → M and let f(M) be the image of f . Then f(M)
contains at least one element hence it is nonempty. For any elements r, r′ ∈ R and
f(m), f(m′) ∈ f(M) we have

rf(m) + r′f(m′) = f(rm) + f(r′m′) = f(rm+ r′m′),

showing us that the image is closed under addition and scalar multiplication, i.e.
f(M) is a submodule of M .

This implies that an iterated image fk(M), k ≥ 1 is a submodule of M by
Remark 3.1. In fact, fk(M) is also a submodule of the previous iteration when
viewed as the image of f restricted to the module fk−1(M). This yields a descending
chain

M ⊇ f(M) ⊇ f2(M) ⊇ · · ·
of submodules. ♠

Remark 3.3. Let M be a module over a commutative ring R, and let G be a
submodule of M . It is possible to show that the residue class group M/G also
forms an R-module called the factor module of M modulo G [Sha00, Chapter 6].
Here with multiplication by scalars defined as

R×M/G→M/G

(r,m+G) 7→ rm+G

over the cosets of G. Then the natural homomorphism π : M → M/G by π(m) =
m+G is an R-homomorphism [Sha00, Chapter 6]. ♠

3.2. Definitions and Structural Properties. Armed with the necessary notions
we can now state the formal definition of a linear finite dynamical system.

Definition 3.3 (see [Den15]). A linear finite dynamical system over a finite com-
mutative ring R is an ordered pair (M,f), where M is a finitely generated R-module
and f : M →M is an R-endomorphism.
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When furnishing the set Zmn as a Zn-module and choosing any m×m matrix A over
Zn, we get a linear finite dynamical system (Zmn , f), where f is a Zn-endomorphism
defined by A. For the remainder of this thesis we will work extensively with these
systems, and we will occasionally denote them as (Zmn , A) or (Zmn , A mod n), where
the defining function is implied by the matrix.

We now state an important theorem involving a linear finite dynamical system
(Zmn , A), which shows its primary decomposition in the form of factor systems. The
isomorphism ultimately has its root in the Chinese Remainder Theorem, and the
primary decomposition of the underlying ring [IR13, Chapter 3].

Theorem 3.2 (see Proposition 2.2 in [Den15]). Let (Zmn , A) be a linear finite dy-
namical system with a defining m×m matrix A over Zn. If the prime factorization
of n is given by

n = pα1
1 pα2

2 . . . pαωω ,

then (Zmn , A) is isomorphic to

Πω
k=1(Zm

p
αk
k
, A mod pαkk ),

a product of linear finite dynamical systems.

Example 3.5. Let (Z2
6, A) be a linear finite dynamical system with a defining

matrix

A =

(
3 5
3 4

)
,

over Z6. The state space of the system can be seen in Figure 6. The system has
the primary decomposition

(Z2
2, A)× (Z2

3, A),

with matrices defined over Z2 and Z3 respectively. Figure 7 shows the graph of
the product system, which indeed is an isomorphic graph to the state space of
(Z2

6, A). ♦

In Definition 2.4 we encountered the notion of the height h(x) for an element x in
a finite dynamical system (X, f). Viewing h(x) as a function over the set X, we
have with linear systems additional interesting properties.

Theorem 3.3 (see Lemma 2.3 [Den15]). Let (M,f) be a linear finite dynamical
system over a finite commutative ring R, and let h be the height function over the
R-module M . Then for all v, w ∈M

(i) h(fk(v)) = max {0, h(v)− k} for any k ≥ 1,
(ii) ∀r ∈ R, h(rv) ≤ h(v), where equality holds if r is a unit,

(iii) h(v) < h(w)⇒ h(v + w) = h(w) and h(v) = h(w)⇒ h(v + w) ≤ h(w).

Example 3.6. Referring to the state space of (Z2
6, A) shown in Figure 6, we see

that by definition the height will always decrease when iterating non cycle vertices.
Taking the element (2, 5) and subjecting it to scalar multiplication by units 1

and 5 in Z6, will yield elements of the same height 1. When doing scalar multi-
plication on cycle vertices we will always get another cycle vertex, i.e., an element
of height 0. This is expected since they make up the elements of the image f(Z2

6),
and Remark 3.2 showed us that f(Z2

6) is a submodule, hence closed under scalar
multiplication and addition.

Taking (2, 5) and adding it to any cycle vertex will yield a leaf, in this case an
element of height 1. Adding cycle vertices will yield a cycle vertex by the previous
submodule remarks. ♦



12 BJÖRN LINDENBERG

Figure 6. The state space of (Z2
6, A) defined in Example 3.5

In Example 3.4 we saw that 〈p〉m is a submodule of Zmpr over Zpr , and by Re-
mark 3.3 we know that the natural homomorphism π : Zmpr → Zmpr/〈p〉m is a Zpr -
homomorphism. Hence using the same reasoning as in Remark 2.4, π acts as a
morphism between the linear finite dynamical systems (Zmpr , f) and (Zmpr/〈p〉m, f),

where fπ = πf . We will frequently call (Zmpr/〈p〉m, f) the reduced system. We can
define it more precisely.

Definition 3.4. Let (Zmpr , f) be a linear finite dynamical system, where p is a prime
number. Let 〈p〉m be the submodule of Zmpr created by m copies of the principal
ideal 〈p〉 in Zpr . Let

π : Zmpr → Zmpr/〈p〉m x 7→ x+ 〈p〉m

be the natural homomorphism. We say that f : Zmpr/〈p〉m → Zmpr/〈p〉m defined by

fπ = πf , is the function induced by the natural homomorphism, and where

f(x+ 〈p〉m) = f(x) + 〈p〉m

for all x+ 〈p〉m ∈ Zmpr/〈p〉m.

3.3. Fitting’s Lemma. We will now state a theorem crucial for the results of this
thesis.
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Figure 7. The state space of (Z2
2, A mod 2) × (Z2

3, A mod 3) defined in Example 3.5

Theorem 3.4 (Fitting’s Lemma [BCRO07]). Let (M,f) be a linear finite dynam-
ical system over commutative ring R. Then there exists a positive integer s and
submodules N and T such that

(i) N = fs(M),
(ii) T = f−s(0),

(iii) (M,f)=(N ⊕ T, f |N ⊕ f |T ),
(iv) f |N is invertible,
(v) f |T is nilpotent,

where f |N and f |T are the restrictions of f to each submodule.

Remark 3.4. The direct sum N ⊕ T means that every element m in M can be
expressed in a unique way as a sum of two elements n ∈ N and t ∈ T . The function
f |N ⊕ f |T maps the elements according to n+ t 7→ f |N (n) + f |T (t).

From items (i) and (iv) we know that after s iterated images of M we reach a
submodule N where f is a bijective map, hence fs+k(M) = fs(M) for all nonneg-
ative integers k. In other words, N is our set of cycle vertices in the system.

From items (ii) and (v) we know that there exists a preimage of 0, the kernel
of fs, which is a submodule T where f acts as a nilpotent function. It sends every
element of T to 0 within s steps. This is a tree structure in the state space with
the root 0.
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Item (iii) says that since we can represent M by the direct sum of N and T ,
we can also represent the system as a product of the linear systems (N, f |N ) and
(T, f |T ). This will be a product of a single tree with cycles and fixed points in N .
Hence, the state space of (M,f) will be a disjoint collection of cycled trees, where
every cycle vertex has a copy of the tree attached [HT05, Proposition 3.4]. ♠
Example 3.7. Consider again the state space for the linear system in Figure 6,
and examine the directed tree whose vertices converge to the zero element. We
find that a copy of the same tree is attached to every cycle vertex, but with the
root (0, 0) replaced by another cycle vertex. Note also that the elements in the tree
forms a submodule, the set is closed under addition and scalar multiplication. ♦

Fitting’s Lemma suggests that the study of the height of linear finite dynamical
system may involve the study of the tree T , which is of system height s and whose
elements converge to the zero element.

Definition 3.5. Let (M,f) be a linear finite dynamical system over a commutative
ring R. Let T be the submodule of M , where for all t ∈ T , fk(t) = 0 for some
nonnegative integer k. Then we will say that T forms the nilpotent structure of the
system.

Remark 3.5. If the function f of a linear system (Zmn , f) is bijective, then the
nilpotent structure will consist only of the zero element. In this case, every vertex
in the state graph will be a cycle vertex, and we have a system height of 0. This
also means that the system is a fixed point system if and only if the associated
matrix A is the identity matrix according to Proposition 2.1. This provides an
important preliminary test to rule out a system as a fixed point system: If A is an
invertible matrix and not the identity matrix, then the system cannot be a fixed
point system [XZ09, Corollary 2.1]. ♠
3.4. A Fixed Point System Criterion. In [XZ09], G. Xu and Y.M. Zou studied
linear systems of the form (Rm, f), where Rm is m copies of a finite commutative
ring R. They provided an upper bound on the height of such systems, and stated
a theorem, which effectively is a fixed point system test via the defining matrix A
of f .

We conclude this section by stating the bound and the theorem in modified form,
suited for the notions presented so far and systems of the form (Zmn , f).

Theorem 3.5 (Theorem 2.1 [XZ09]). Let (Zmn , f) be a finite dynamical system and
let s be the height of the system. If n is a composite number, then

s ≤ dm log2(n)e,
and if n is prime then s ≤ m.

Theorem 3.6 (Theorem 2.2 [XZ09]). Let (Zmn , f) be a finite dynamical system with
a defining matrix A over Zn. Let k be the bound given in Theorem 3.5. Then the
system is a fixed point system if and only if Ak+1 = Ak.

Remark 3.6. Theorem 3.6 follows from Proposition 2.1, which in turn follows from
Fitting’s Lemma. If s is the system height of (Rm, f), where f is the identity map
on the set of cycle vertices N . Then for all x in Rm there exists an n ∈ N , such
that fs(x) = n or equivalently Asx = n. We have An = n hence

As+1x = AAsx = An = n = Asx,

i.e., As+1 = As. Thus Ak+1 = Ak for any integer k ≥ s.
Conversely, if Ak+1 = Ak, k ≥ s, then for all n ∈ N there exists an x ∈ Rm such

that Akx = n, hence

An = AAkx = Ak+1x = Akx = n,
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which shows that f is the identity map on N . ♠

Example 3.8. Consider the system f : Z3
8 → Z3

8 defined by

A =

1 1 0
1 3 5
0 7 4


over Z8. Here m log2(n) = 9 and A10 6= A9, which shows that the system is not a
fixed point system. We can also see this by the determinant 5 being a unit in Z8,
and as suggested in Remark 3.5 this rules out the system as a fixed point system. ♦

Example 3.9. Consider instead the system f : Z3
8 → Z3

8 defined by

A =

2 2 0
2 2 5
0 0 4


over Z8. Here m log2(n) = 9 and A10 = A9, hence this system must be a fixed
point system. ♦
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4. Results

Remark 3.6 suggests that we can replace the bound in Theorem 3.6 by any bound k,
which we know is greater or equal to the system height. This leads us to the main
results of this thesis: Two theorems which are height bounds for a linear finite
dynamical system of the form (Zmn , f). As such they may be readily applied to a
fixed point convergence test. They come in two varieties. One is independent of
the defining function, and the other is based on the structure of smaller reduced
systems. The proofs will be postponed to Section 5 and Section 6.

Results regarding the exact height of a linear system will also be presented, along
with an alternative bound on the height via the height function of Theorem 3.3.

We will also see numerical applications of the main theorems regarding the fixed
point convergence test of Theorem 3.6. This was done largely unoptimized using
Mathematica [WR15], except for an optimization of matrix powers given in [XZ09,
Section 3].

4.1. Main Theorems. We will begin by stating the main theorems, which are
bounds on the height of a linear finite dynamical system.

Theorem 4.1 (A Function Independent Bound). Let (Zmn , f) be a linear finite
dynamical system, and let s be the system height. If the prime factorization of n is
pα1
1 pα2

2 · · · pαωω , then the height is bounded as

s ≤ m ·max {α1, α2, . . . , αω} ,
where max {α1, α2, . . . , αω} is the largest prime factor exponent.

Proof. (see Section 5) �

Example 4.1. With a system of the form (Z16
210, f) we have m = 16 and 210 =

21315171, thus by Theorem 4.1 the system height cannot be larger than 16 · 1 = 16.
Consider instead a system of the form (Z4

1960, f). We have m = 4 and 1960 =
235172, yielding a maximal exponent of 3, as such the system height is less than or
equal to 4 · 3 = 12. ♦

Remark 4.1. Note that for composite numbers n = pα1
1 pα2

2 · · · pαωω , we have

m ·max {α1, . . . , αω} ≤ m
ω∑
i=1

αi ≤ m
ω∑
i=1

αi log2(pi)

= m log2(pα1
1 pα2

2 · · · pαωω ) = m log2(n) ≤ dm log2(n)e,
where dm log2(n)e is the bound used in Theorem 3.6. ♠

Remark 4.2. Theorem 4.1 gives an upper bound that is only dependent on the
prime factor exponents. A system of the form (Z3

6, f1) has a height less than or
equal to 3, since 6 = 2131 and 3 · 1 = 3. The same bound applies to a system of
the form (Z3

400827403, f2). Here we have the prime factorization

400827403 = 103331387911,

thus in spite of Z3
400827403 being a set many orders of magnitude larger than Z3

6,
the system will settle on cycle vertices within three iterations. ♠

Theorem 4.2 (A Function Dependent Bound). Let (Zmn , f) be a finite dynamical
system with a defining matrix A over Zn, and let s be the system height. If the
prime factorization of n is pα1

1 pα2
2 · · · pαωω , then the height is bounded as

s ≤ max {α1s1, α2s2, . . . , αωsω} ,
where each si is the height of the reduced system (Zmpi , A mod pi), i = 1, 2, . . . , ω.

Proof. (see Section 6) �
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Example 4.2. Let (Z4
27720, A) be a linear finite dynamical system, with a defining

matrix

A =


17453 19126 430 13601
3116 18264 19275 26452
22825 2401 22534 173
4496 13083 3885 12974

 ,

over Z27720. The prime factorization of 27720 is 23325171111. For each distinct
prime p, we find the height of (Z4

p, A mod p) and multiply it with the corresponding
exponent. This leads to a set of products

{3 · 3, 2 · 2, 1 · 0, 1 · 1, 1 · 0} = {9, 4, 0, 1, 0} ,

and according to Theorem 4.2, the system height is less than or equal to 9. ♦

4.2. The True Height and an Alternative Bound. Theorem 3.2 suggests that
the height of a linear finite dynamical system (Zmn , f), is intimately connected to
the possible heights of subsystems modulo pr, which are derived from the primary
decomposition. This is put on firm ground by the following theorem.

Theorem 4.3. Let (Zmn , f) be a linear finite dynamical system with a defining
matrix A over Zn. If n has the prime factorization pα1

1 pα2
2 · · · pαωω , then the height

of the system is given by the largest height of{
(Zm
p
αk
k
, A mod pαkk )

}
,

the collection of subsystems derived from its primary decomposition.

Proof. We want to show that for the product system given in Theorem 3.2, the
height is the largest height of the smaller factor systems. The result will then
follow from the isomorphism.

The system is isomorphic to a product of subsystems of the form

(Zm
p
αk
k
, A mod pαkk ),

for each distinct prime factor of n. Let the product set be X = X1×X2×· · ·×Xω,
where Xk = Zm

p
αk
k

. Let f be the function of the product system, such that

f(x1, x2, . . . , xω) = (f1(x1), f2(x2), . . . , fω(xω)),

as in Definition 2.7, and where each fk is defined by the matrix A mod pαkk . Let
s1, s2, . . . , sω be the subsystem heights and let s be the largest one. We have s ≥ sk
for each k and according to Fitting’s Lemma fs+1

k (Xk) = fsk(Xk) for all k. This is
now the smallest possible nonnegative integer which settles each subsystem in the

product system. Thus s is the smallest nonnegative integer such that f
s+1

(X) =

f
s
(X), which yields s as the system height of the product system. The result follows

from the isomorphism. �

Remark 4.3. Theorem 4.3 reduces, in the context of height, the study of (Zmn , A)
to a study of linear finite dynamical systems of the form (Zmpr , A mod pr). ♠

Example 4.3. Let (Z2
6, A) be a linear finite dynamical system with a defining

matrix

A =

(
3 5
3 4

)
,

over Z6. The system has the primary decomposition

(Z2
2, A1)× (Z2

3, A2),



18 BJÖRN LINDENBERG

where A1 = A mod 2 and A2 = A mod 3. Now

A1 =

(
1 1
1 0

)
is invertible on the vector space Z2

2, giving the subsystem a height of 0. On the
other hand

A2 =

(
0 2
0 1

)
is non invertible, and has the property (A2)2 = A2, which yields a system of
height 1. The largest of these heights are 1, hence (Z2

6, A) is of system height 1.
We can confirm this by looking back at Figure 6 of Example 3.5. ♦

Let (Zmn , f) be a linear finite dynamical system, with a defining matrix A over Zn.
Assuming a positive system height s, then there exists leaf elements of maximum
height. Even though a leaf is not in the image, the image of each leaf is, i.e., there
exists elements in the image of height s− 1.

The next result follows from the image of an element and the properties of the
height function in Theorem 3.3.

Theorem 4.4. Let (Zmn , f) be a linear finite dynamical system with a defining
matrix A over Zn. The height of the system is given by the height of some base
element used in the representation of A.

Proof. We know that the image of a base element is a column in A, and by ex-
amining the height function over the image of an arbitrary element we can reason
about their heights.

Let x = (x1, x2, . . . , xm) be any element in Zmn , and let s be the height of the
system. We may express the image Ax as

x1c1 + x2c2 + · · ·+ xmcm,

where ci ∈ Zmn are the columns of A. According to the properties of the height
function h(x) stated in Theorem 3.3, the height of any element in the image is such
that

h(x1c1 + x2c2 + · · ·+ xmcm) ≤ h(ck),

where ck is an element of largest height among the columns of A. Therefore we
may maximize the height of the image by choosing x = ek, where Aek = ck. If A is
invertible then s = 0 hence all elements have height zero. Otherwise h(ck) = s− 1
which yields h(ek) = s. �

Example 4.4. We choose the system (Z3
8, A), defined by the matrix

A =

2 1 0
4 5 1
2 0 6

 ,

over Z8. Iterating the base elements, one finds h(1, 0, 0) = h(0, 1, 0) = 5 and
h(0, 0, 1) = 6, which means that we have a system of height 6. ♦

The next theorem shows another property of the height function: An upper height
bound can be found whenever there exists a certain kind of annihilating linear
combination of iterated images, which holds for all elements in the module.

Theorem 4.5. Let (Zmn , f) be a linear finite dynamical system and let s be the
height of the system. Let a0, a1, . . . , at be a sequence of coefficients in Zn, where
a0 6= 0, and assume the linear identity

a0f
k(x) + a1f

k+1(x) + · · ·+ atf
k+t(x) = 0

holds for all x in Zmn and some nonnegative integer k. If a0 is invertible then s ≤ k.
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Proof. We want to show that if a0 is invertible, then the height of fk(v) is 0 for any
leaf element v ∈ Zmn of system height. This implies that the system height must be
less than or equal to k.

Let v be a leaf vertex of maximal height s. Denote by vr the iterated image fr(v).
Then through the properties of the height function

h(vr+1) ≤ h(vr),

with equality if and only if h(vr) = 0. Since a0 is a unit we have

h(a0vk + a1vk+1 + · · · ) = h(a0vk) = h(vk),

h(a0vk + a1vk+1 + · · · ) = h(0) = 0,

hence h(vk) = 0. This implies that s ≤ k. �

Example 4.5. We continue with the system (Z3
8, A), defined by the matrix

A =

2 1 0
4 5 1
2 0 6

 ,

over Z8. The characteristic polynomial of A is given by

p(x) = 6 + 5x2 + 7x3

in Z8[x], hence 6I + 5A2 + 7A3 = 0 by the Cayley Hamilton Theorem, where I is
the identity matrix [Hun80]. Thus

6x+ 5A2x+ 7A3x = 0,

which also yields

6Akx+ 5Ak+2x+ 7Ak+3x = 0

for all x in Z3
8. Denote by xk the iterated image Akx, with x0 = x. This gives us

identities

6x0 + 5x2 + 7x3 = 0,(3)

6xk + 5xk+2 + 7xk+3 = 0(4)

where (4) represents k iterations forward. We also have identities

4x2 + 4x3 = 0,

4xk + 2xk+2 + 6xk+3 = 0,

by multiplying (3) by 4 and multiplying (4) by 2. Thus

0 = 4x2 + 4x3 − (4x2 + 2x4 + 6x5) = 4x3 + 6x4 + 2x5,

0 = 4x3 + 6x4 + 2x5 − (4x3 + 2x5 + 6x6) = 6x4 + 2x6,

0 = 6x4 + 2x6 − (6x4 + 5x6 + 7x7) = 5x6 + x7,

for all x in Z3
8. Since 5 is an invertible element in Z8, the identity

5x6 + x7 = 0

and Theorem 4.5 gives us a bound of 6 for the height of the system, which is in
fact the actual height of the system by Example 4.4. ♦

Remark 4.4. If the underlying ring is Zp, then every nonzero coefficient is invertible.
Hence all identities of the form given in Theorem 4.5 yields a bound. In particular,
the characteristic polynomial of the matrix A over a finite field will yield an upper
bound by the lowest ordered term xk with a nonzero coefficient.
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Figure 8. A number of sampled linear systems (Z3
25, f) for a bound comparison. Here

Theorem 4.1 demonstrates that it is a least upper bound over all endomorphisms, and
Theorem 4.2 follows closely the actual height.

Therefore, regarding finite fields, the height will always be bounded by m, the
dimension of the vector space, since the highest ordered nonzero term in the poly-
nomial will be xm. This is a well known result in linear algebra, since we can have
at most m reductions of a vector space of dimension m. ♠
4.3. Numerical Examples and Performance. We will now show figures com-
paring the bounds given by Theorem 4.1, Theorem 4.2 and Theorem 3.5 for various
linear systems.

We will also show figures of performance tests using Mathematica, of a simple
algorithm implementing Theorem 4.2 for the fixed point test in Theorem 3.6. The
results are compared to the performance of using function independent bounds to
check for fixed point convergence.

In all figures, the function independent bound dm log2(n)e is from Theorem 3.5.

Example 4.6 (Sampled Height Bounds). In Figure 8 height bounds are calculated
for a number of sampled endomorphisms, and for reference the true height is in-
cluded, which the data is sorted by. As can be seen, Theorem 4.2 follows closely
the actual height of the systems, and Theorem 4.1 provides a least upper bound
concerning all endomorphisms. Figure 9 shows bounds for systems over a larger
module. Here the number of distinct prime factors and base elements has increased
compared to the former figure, which leads to relatively larger differences between
the bounds. The figure shows that the function independent bounds may vastly
overshoot the actual height of a system, where the height will be some integer less
than or equal to the function dependent bound of Theorem 4.2. More comparisons
can be found in Appendix D. ♦

Example 4.7 (Sampled Performance Tests). When implementing Theorem 4.2
one needs to find the height of systems of the form (Zmp , f), where Zmp is a vector
space. One possible method is to use the rank of successive powers of the defining
matrix A. When rank(As+1) = rank(As) we know that there will be no further
reduction of iterated images, and by Fitting’s Lemma this will be the system height,
i.e., f acts like a bijective map on fs(Zmp ).

Therefore one possible algorithm is as follows, where we assume a system of the
form (Zmn , A). For each distinct prime factor p of n calculate the product of the
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Figure 9. A number of sampled linear systems (Z32
7560, f) for a bound comparison.

exponent of p and the height of (Zmp , A mod p). The height is found by checking
the rank of successive powers of A mod p. The largest such product hmax is then
used in the fixed point convergence test: Ahmax+1 = Ahmax .

In Figure 10 and Figure 11, a naive version of the algorithm has been imple-
mented and compared to the function independent bounds. So far we have only
encountered small systems in the examples. Although in the tests, systems where
chosen large enough, so as to make the actual heights hard to compute, and the
time for convergence checks longer.

The independent bounds was precalculated and used directly in the convergence
test, i.e., the time measured for these bounds was in principle the computational
time for a matrix power. All matrix power operations used a binary expansion of
the power to reduce the number of matrix multiplications (see [XZ09, Section 3]).

Although the implemented algorithm appears to be doing more work, in the
form of additional matrix multiplications and rank calculations, there exist sys-
tems where the actual height is orders of magnitude smaller than the function
independent bounds, and where the function dependent bound is closer to system
height. This may lead to a performance advantage for the algorithm, that is, when
a smaller computed bound for the convergence check makes the extra work effi-
cient. Over the small number of samples in the performance tests, most of the
systems tested where of this type, especially systems of the form (Zmpr , f), where
the size of the underlying ring is a prime power. More comparisons can be found
in Appendix D. ♦
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Figure 10. Performance over 50 sampled linear systems for a fixed point system test.
Here 909354600 = 233105271111 and m = 210, yielding the bound 2100 and the conver-
gence check A2101 = A2100 for Theorem 4.1. This type of module may on average be
better suited for the implemented algorithm.

Figure 11. Performance over 50 sampled linear systems for a fixed point system test.
Here 4294967296 = 232 and m = 512, yielding the bound 16384 and the convergence check
A16385 = A16384 for Theorem 4.1. This type of module may on average be better suited
for the implemented algorithm. Note that in this case, Theorem 4.1 and Theorem 3.5
yield the same bound, since n is a power of 2.
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5. Proof of the Function Independent Bound

In this section we will prove Theorem 4.1, a bound on the height of a linear finite
dynamical system of the form (Zmn , f). We will assume that the prime factorization
of n is known. An important step towards the proof is another bound for the
system, which will be presented as Lemma 5.1. This lemma is derived from the
submodule properties of iterated images of a module, and the main result then
follows from the primary decomposition of a system.

Let (Zmn , f) be any linear finite dynamical system. We can derive an upper bound
for the height, which is independent of the defining function. By emulating the line
of reasoning used by Xu and Zou in [XZ09, Theorem 2.1], we find the following
lemma based on the prime factorization of n.

Lemma 5.1. Let (Zmn , f) be a linear finite dynamical system, and let s be the height
of the system. Then

s ≤ mΩ(n),

where Ω(n) is the number of prime factors of n counting multiplicity.

Proof. As we saw in Remark 3.2, every iterated image fk(Zmn ) must be a submodule
of the previous iteration. Since a module is an abelian group under addition,
each iterated image must also yield an additive subgroup of the previous iteration
fk−1(Zmn ). By Lagrange’s theorem |fk(Zmn )| divides |fk−1(Zmn )|, i.e., the number
of elements in the current iteration divides the number of elements in the previous
iteration.

Let the prime factorization of n be pα1
1 pα2

2 · · · pαωω , where ω is the number of
distinct prime factors of n. Then the cardinality of the module can be expressed
as nm =

∑ω
i=1 p

mαi
i . The longest possible chain of proper submodules will be for

linear maps, whose iterations reduce in each step the number of elements with a
factor of a single prime. This means that the maximum number of iterations s, for
a chain of proper submodules is bounded above by

s ≤
ω∑
i=1

mαi = m

ω∑
i=1

αi = mΩ(n),

proving the theorem. �

Example 5.1. Consider a linear finite dynamical system of the form (Z16
3780, f).

Since
3780 = 22335171,

the height is bounded above by 16 · (2 + 3 + 1 + 1) = 112 regardless of the defining
function. ♦

Example 5.2. Consider a linear finite dynamical system of the form (Zmpr , f), where
p is a prime number. Since n = pr in this case, we have according to Lemma 5.1 a
system height bounded by mr. ♦

In Theorem 4.3 we saw that the system height is the largest height of subsystems
derived from its primary decomposition. We may now use this and Lemma 5.1 to
prove the function independent part of the main results.

Proof of Theorem 4.1. By Theorem 4.3, we know that the system height s is given
by

s = max {s1, s2, . . . , sω} ,
where each sk is the height of a subsystem of the form (Zm

p
αk
k

, A mod pαkk ), derived

from the primary decomposition. In addition, we know from Lemma 5.1, that each
sk is bounded above by mαk, where αk is the prime factor exponent of pk. Hence
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for each sk, we have an upper bound mαmax, where αmax is the largest exponent
in the prime factorization of n. Therefore we also have an upper bound on s given
by mαmax. �
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6. Proof of the Function Dependent Bound

In this section we will prove Theorem 4.2, a function dependent bound on the height
of a linear finite dynamical system of the form (Zmn , f). We will assume that the
prime factorization of n is known. By looking at factor subsystems, derived from
the primary decomposition, and examining their links to corresponding reduced
systems over fields, an upper bound is found for each subsystem. This bound will
be function dependent and derived from the reduced system. The main result then
follows when considering Theorem 4.3, which states that the system height is given
by the largest height of the factor systems. Hence by taking the largest derived
bound of all subsystems, we get the result.

Inspired by Deng’s work on cycles in [Den15], we now consider the relation
between (Zmpr , f), where p is prime, and a reduced system (Zmpr/〈p〉m, f), where the

set is a vector space. The induced function f is such that

f(x+ 〈p〉m) = f(x) + 〈p〉m,
for all elements x+ 〈p〉m in the vector space. Our ultimate goal is to derive, from
the reduced system, structural properties and height bounds for the larger system.

We will start with a lemma showing a link between cycle vertices of both systems.
This will provide a basis for other results and our understanding of how the state
graphs are related. The proof, which is to some extent technical in nature, can be
found in Appendix A.

Lemma 6.1. Let (Zmpr , f) be a linear finite dynamical system, and let 〈p〉 be the

maximal ideal in Zpr . Let f be the function induced by the natural homomorphism.
Then x0 + 〈p〉m is a cycle vertex in

(Zmpr/〈p〉m, f)

if and only if the coset contains a cycle vertex in (Zmpr , f).

Proof. (see Appendix A) �

A natural question is how the heights are related for elements of both systems.
Lemma 6.1 gives us some information. An element x cannot reach a cycle vertex y
in (Zmpr , f) without turning y + 〈p〉m into a cycle vertex in the reduced system.
Hence x cannot have a smaller height than x + 〈p〉m in the reduced system. This
effectively puts a lower bound on the height of all elements in the coset x + 〈p〉m.
The following lemma makes it precise.

Lemma 6.2. Let (Zmpr , f) be a linear finite dynamical system, and let 〈p〉 be the

maximal ideal in Zpr . Let f be the function induced by the natural homomorphism.
If x+ 〈p〉m has the height t in

(Zmpr/〈p〉m, f),

then all y ∈ x+ 〈p〉m have heights larger than or equal to t in (Zmpr , f).

Proof. We will do a proof by contradiction. Assume there exists an element y in
x+ 〈p〉m of height k less than t. Then fk(y) = y0, where y0 is some cycle vertex in
(Zmpr , f). Therefore, the kth iteration of x+ 〈p〉m,

(f)k(x+ 〈p〉m) = fk(x) + 〈p〉m = fk(y) + 〈p〉m = y0 + 〈p〉m,
contains a cycle vertex and according to Lemma 6.1, the coset must be a cycle
vertex. Hence x+〈p〉m iterates to a cycle vertex in less than t steps. This contradicts
the assumption. �

An immediate consequence of Lemma 6.2 is a lower bound on the height of the
larger system by the height of the reduced system.
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Figure 12. The state space of the reduced system defined in Example 6.1

Corollary. If t is the height of (Zmpr/〈p〉m, f), then the height s of (Zmpr , f) is
bounded below by t.

Proof. If t is the height of (Zmpr/〈p〉m, f), then there exists an element x+〈p〉m with
this height. By Lemma 6.2 every element of the coset must have a height equal to
or larger than t. Hence for the maximal height s of (Zmpr , f) we have s ≥ t. �

Example 6.1. Let (Z3
4, A) be a linear finite dynamical system, defined by the

matrix

A =

2 1 0
0 1 1
2 0 2


over Z4. The ideal 〈2〉 in Z4 leads to a reduced system (Z3

4/〈2〉3, f) with a state
space shown in Figure 12. Consider the diamond shaped vertex of height 1. The cor-
responding coset must now contain only vertices of height equal to or larger than 1
in (Z3

4, A). This is confirmed by showing the coset elements as diamonds in the
state space of (Z3

4, A) in Figure 13. ♦

We now turn our attention to leaf elements. Recall that the system height can be
found by the height of the nilpotent structure, i.e., there exists a leaf element in
the nilpotent structure of maximum height.

The next two lemmas show that we can deduce properties of (Zmpr , f) by exam-
ining leaf elements of the reduced system.

Lemma 6.3. Let (Zmpr , f) be a linear finite dynamical system, and let 〈p〉 be the

maximal ideal in Zpr . Let f be the function induced by the natural homomorphism.
If v + 〈p〉m is a leaf in

(Zmpr/〈p〉m, f),

then the coset contains only leaf elements in (Zmpr , f).

Proof. We will do a proof by contradiction.
Let v+ 〈p〉m be a leaf in (Zmpr/〈p〉m, f). Assume there exists a y ∈ v+ 〈p〉m and

an x ∈ Zmpr , such that f(x) = y. This implies that

f(x+ 〈p〉m) = f(x) + 〈p〉m = y + 〈p〉m = v + 〈p〉m,
contradicting the assumption that v + 〈p〉m is a leaf. �

Example 6.2. Returning to Figures 12 and 13, we see that a star shaped leaf in
the reduced system yields pure leaf elements in the larger system. ♦

Lemma 6.3 suggests that we may focus on leaves in the reduced system, in order
to find leaf elements of (Zmpr , f). In particular, by choosing a leaf in the nilpotent
structure of the reduced system, the next lemma shows that we may always find a
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Figure 13. The state space of (Z3
4, A) defined in Example 6.1

leaf converging to 0 in the coset. The proof, which is technical in nature, can be
found in Appendix B.

Lemma 6.4. Let (Zmpr , f) be a linear finite dynamical system, and let 〈p〉 be the

maximal ideal in Zpr . Let f be the function induced by the natural homomorphism.
If v + 〈p〉m is a leaf in the nilpotent structure of

(Zmpr/〈p〉m, f),

then it contains a leaf in the nilpotent structure of (Zmpr , f).

Proof. (see Appendix B) �

Example 6.3. Let (Z3
8, A) be a linear finite dynamical system, defined by the

matrix

A =

2 1 0
4 5 1
2 0 6


over Z8. The ideal 〈2〉 leads to a reduced system (Z3

8/〈2〉3, f). Consider a subgraph
corresponding to the nilpotent structure shown in Figure 14. There are two leaf
elements in star and diamond shapes. There must now exist leaf elements in the
corresponding cosets converging to 0 in the larger system. The nilpotent structure
of (Z3

8, A) confirms this in Figure 15, where the elements are shaped according to
which coset they reside in. ♦

In dealing with the relevant reduced subsystems of (Zmpr , f), it’s handy to work with
isomorphic systems. The next proposition shows that the induced functions have
simple representations based on the matrix of the linear function. The proof, which
is a simple but mechanical examination of the induced functions, can be found in
Appendix C.
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Figure 14. The nilpotent structure of the reduced system defined in Example 6.3

Figure 15. The nilpotent structure of (Z3
8, A) defined in Example 6.3

Proposition 6.5. Let (Zmpr , f) be a linear finite dynamical system with a defining

matrix A over Zpr . Let 〈p〉 be the maximal ideal in Zpr and let f be the function

induced by the natural projective homomorphism. Then (Zmpr/〈p〉m, f) is isomorphic

to (Zmp , A mod p), and (〈p〉m, f) is isomorphic to (Zmpr−1 , A mod pr−1).

Proof. (see Appendix C) �

The next lemma shows, that it is possible to put a lower and upper bound on the
height of (Zmpr , A) by the height of the reduced system (Zmp , A mod p).

Lemma 6.6. Let (Zmpr , f) be a linear finite dynamical system with a defining matrix
A over Zpr . Let s be the height of the system. Then

s1 ≤ s ≤ rs1,
where s1 is the height of the system (Zmp , A mod p).

Proof. According to the corollary of Lemma 6.2, the height s is bounded from below
by the system height t of (Zmpr/〈p〉m, f). In Lemma 6.4 we saw that there exists
a leaf y in the nilpotent structure of (Zmpr , f), which takes t iterations to reach an
element of 〈p〉m. When considering any leaf which converges to 0, this means that
the height of the leaf must be bounded by t added to the system height of (〈p〉m, f).

Let z be a leaf of maximal height s in the nilpotent structure of (Zmpr , f). Since

fs(z) + 〈p〉m = 0 + 〈p〉m = 〈p〉m,

z + 〈p〉m is a coset in the nilpotent structure of (Zmpr/〈p〉m, f). As such z is guar-
anteed to reach 〈p〉m within t iterations. Assuming maximal height, the reached
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Figure 16. Illustration of a bound, s ≤ t + k, found in the proof of Lemma 6.6.

element w within 〈p〉m is of system height k of (〈p〉m, f). Hence s is bounded by
t ≤ s ≤ t+ k. The idea is illustrated in Figure 16.

Working instead in the isomorphic systems of Proposition 6.5, and denoting by
sk the height of systems of the form (Zmpk , A mod pk), we have t = s1 and k = sr−1.

Hence by recursion

s1 ≤ sr ≤ s1 + sr−1 ≤ 2s1 + sr−2 ≤ · · · ≤ rs1,

proving the lemma. �

Remark 6.1. Note that Lemma 6.6 will always yield a bound that is less than or
equal to the bound of Theorem 4.1 for systems of the form (Zmpr , A). In this case,
the function independent bound is rm, while the lemma yields the bound rs1, where
s1 is the height of the reduced system with prime modulo. Since s1 ≤ m we have
rs1 ≤ rm. ♠

We are now ready to state the proof of the function dependent part of the main
result.

Proof of Theorem 4.2. As we know from Theorem 4.3, the height is determined
by the largest height of factor systems in the primary decomposition. Applying
Lemma 6.6 to each such factor system and taking the largest bound yields the
result.

Let hi, i = 1, 2, . . . , ω be the heights of the factor subsystems (Zm
p
αi
i

, A mod pαii )

derived from the primary decomposition. According to Lemma 6.6 each hi ≤ αisi,
where si is the height of (Zmpi , A mod pi). Thus for all i, hi ≤ αksk, for some
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maximum product αksk in

{α1s1, α2s2, . . . , αωsω} ,
therefore we have a system height s bounded by aksk according to Theorem 4.3. �

Remark 6.2. Given the system (Zmn , f), we consider the largest product αs, where α
is an exponent of some prime p in the factorization of n, and where s is the height of
the system mod p. The function independent bound of Theorem 4.1 yields a bound
αmaxm, where αmax is the largest of all exponents in the prime factorization. Since
α ≤ αmax and s ≤ m, Theorem 4.2 offers the sharpest bound in this thesis. ♠
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7. Discussion

In Theorem 4.4 we saw that a base element used in the representation of A is of
system height. The direct application of this result for larger systems is of limited
value. That is, finding the heights of base elements and the maximum of these
heights, amounts to matrix multiplication in practice. Reaching a fixed point for a
single base element ends the iteration and returns a height value for the element, but
hitting a cycle with any of the elements will make the whole procedure inefficient,
since in this case the whole cycle needs to be traversed. Although the theorem will
yield, in theory, the exact height of any system, and it is possible that this may
lead to other interesting results.

Another result yielding the exact height is Theorem 4.3, which the main theorems
was partially derived from. By looking at the largest height of subsystems of the
form (Zmpr , f) the system height is found. This was used for some data sets in the
numerical examples, where explicit iteration of entire modules Zmn was too expensive
for memory. Dividing the problem into smaller subsystems made the calculation of
the actual height possible.

We have also seen two new height bounds for a linear finite dynamical system
of the form (Zmn , f) given by our main theorems (Theorem 4.1,Theorem 4.2). Both
are sharper bounds than dm log2(n)e given in Theorem 3.5 (see Remark 4.1 and
Remark 6.2), and may be applied to a fixed point systems test, as in Theorem 3.6.

The function independent bound mαmax of Theorem 4.1, where αmax is the
largest prime factor exponent of n, may be precalculated for any endomorphism
given a certain module. Therefore, there is no reason to prefer dm log2(n)e regarding
function independent bounds, except when n is large enough to make the prime
factorization intractable.

The function dependent bound αs of Theorem 4.2, the maximum product over
all exponents of distinct primes p of n and heights of reduced systems mod p, is the
sharpest bound of this thesis. Although the naive implementation of this bound
required large scale linear finite dynamical systems to be effective, the algorithm
used in the numerical examples was a simple test. This leaves room for improve-
ments concerning algorithms implementing Theorem 4.2. The naive complexity for
rank calculations and matrix multiplications is O(m3), although faster methods
exists (see [VZGG13]). Thus, the worst case complexity of the algorithm is on
par with the function independent bounds, whose algorithms execute pure matrix
multiplications. One alternative is extracting fixed point system convergence from
convergence of the reduced subsystems mod p (see [Den15, Theorem 5.2]). Another
alternative is calculating the minimal polynomial of A mod p for each distinct prime
factor, in order to compute bounds on the subsystem heights (Theorem 4.5). In
practice for smaller systems, the bound of Theorem 4.1 will be fast and efficient
enough to outweigh any possible improvements gained by Theorem 4.2. However,
as seen in the numerical examples, given an application of a large scale linear finite
dynamical system, then clearly any sufficient implementation of Theorem 4.2 will
yield a performance advantage concerning fixed point system tests.
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Appendix A. Proof of Lemma 6.1

We restate the lemma here for reference.

(Lemma 6.1). Let (Zmpr , f) be a linear finite dynamical system, and let 〈p〉 be the

maximal ideal in Zpr . Let f be the function induced by the natural homomorphism.
Then x0 + 〈p〉m is a cycle vertex in

(Zmpr/〈p〉m, f)

if and only if the coset contains a cycle vertex in (Zmpr , f).

Proof. We want to show that every cycle vertex x + 〈p〉m in the reduced system,
contains, as a coset, a cycle vertex in the larger system. We do this by demonstrat-
ing that for every element x in the coset, there exists an element w′ in 〈p〉m, such
that x + w′ is a cycle vertex in (Zmpr , f). Therefore, since x + w′ is an element in
x+ 〈p〉m, there exists a cycle vertex in the coset. Conversely, if the coset contains a
cycle vertex x0 such that fk(x0) = x0 for some positive integer k, we demonstrate
that the properties of the induced function must yield x+ 〈p〉m as a cycle vertex in
(Zmpr/〈p〉m, f).

(⇒) Let x+ 〈p〉m be a cycle vertex in (Zmpr/〈p〉m, f). Then there exists a k ≥ 1
such that

(f)k(x+ 〈p〉m) = fk(x) + 〈p〉m = x+ 〈p〉m.
Hence fk(x) = x+ w for some w ∈ 〈p〉m. Iterating in multiples of k we get

f2k(x) = fk(fk(x)) = fk(x+ w) = fk(x) + fk(w) = x+ w + fk(w),

and in general for positive integers q we have

fqk(x) = x+ w + fk(w) + · · ·+ f (q−1)k(w),

by the linearity of the function. We recall that 〈p〉m is a submodule of Zmpr , hence

w + fk(w) + · · ·+ f (q−1)k(w) = w′,

for some w′ in 〈p〉m. Choose integer q such that qk > h(x), where h(x) is the height
of x. Then fqk(x) = x0, where x0 is a cycle vertex in (Zmpr , f). We get

x0 = fqk(x) = x+ w′,

which implies that x0 is in x+ 〈p〉m.
(⇐) Assume x+ 〈p〉m contains a cycle vertex x0. Then there exists a k ≥ 1 such

that fk(x0) = x0. Hence

x+ 〈p〉m = x0 + 〈p〉m = fk(x0) + 〈p〉m = (f)k(x0 + 〈p〉m) = (f)k(x+ 〈p〉m),

yielding a cycle vertex in (Zmpr/〈p〉m, f). �
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Appendix B. Proof of Lemma 6.4

We restate the lemma here for reference.

(Lemma 6.4). Let (Zmpr , f) be a linear finite dynamical system, and let 〈p〉 be the

maximal ideal in Zpr . Let f be the function induced by the natural homomorphism.
If v + 〈p〉m is a leaf in the nilpotent structure of

(Zmpr/〈p〉m, f),

then it contains a leaf in the nilpotent structure of (Zmpr , f).

Proof. We want to show that we can always find a leaf y which converges to 0,
within a leaf coset v+ 〈p〉m which converges to 〈p〉m in t steps. We know that a leaf
coset contains only leaves, and that the height of the leaves within must be larger
than or equal to t. Since the coset converges to 〈p〉m, every leaf in the coset will
reach an element in 〈p〉m in t steps. Furthermore, iterating v in s steps, where s is
the system height of (Zmpr , f), will yield a cycle vertex. Since 〈p〉m is closed during
iteration of its elements and s ≥ t, this cycle vertex must be an element of 〈p〉m.
Then it is possible, by the properties of cycle vertices, to show that there exists a
leaf y in v + 〈p〉m, which converges to 0.

Let v + 〈p〉m be a leaf of height t in the nilpotent structure of (Zmpr/〈p〉m, f).
Then

(f)t(v + 〈p〉m) = f t(v) + 〈p〉m = 〈p〉m,
therefore t is the smallest positive integer such that f t(v) = w, for some w ∈ 〈p〉m.
According to Lemma 6.3, every y ∈ v + 〈p〉m is a leaf, and by the corollary of
Lemma 6.2, the height s of (Zmpr , f) is bounded from below by t.

Since 〈p〉m is a submodule, fk(w) is an element in 〈p〉m for all w ∈ 〈p〉m and
positive integers k. Therefore, given a system height of s, fs(v) = w0, where w0 is
some cycle vertex in 〈p〉m.

If w0 is of period l, i.e., f l(w0) = w0, we choose an integer q such that r = ql− s
is nonnegative. Then y = v − fr(w0) = v − w′, is in v + 〈p〉m, and

fs(y) = fs(v − w′) = fs(v)− fs(fql−s(w0)) = w0 − w0 = 0,

proving the lemma. �
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Appendix C. Proof of Proposition 6.5

We restate the proposition here for reference.

(Proposition 6.5). Let (Zmpr , f) be a linear finite dynamical system with a defining

matrix A over Zpr . Let 〈p〉 be the maximal ideal in Zpr and let f be the function

induced by the natural projective homomorphism. Then (Zmpr/〈p〉m, f) is isomorphic

to (Zmp , A mod p), and (〈p〉m, f) is isomorphic to (Zmpr−1 , A mod pr−1).

Proof. The proof is a simple examination of induced functions of bijective mor-
phisms between systems.

Consider (Zmpr/〈p〉m, f). Let π : Zmpr → Zmpr/〈p〉m be the natural homomorphism,
where

π(x) = x+ 〈p〉m = x mod p+ 〈p〉m,
for all x ∈ Zmpr . We may express the induced function f of (Zmpr/〈p〉m, f) by

f(x+ 〈p〉m) = f(x) + 〈p〉m = (Ax) mod p+ 〈p〉m,
for all x+ 〈p〉m. Consider the bijection

ψ : Zmpr/〈p〉m → Zmp x+ 〈p〉m 7→ x mod p,

which we take as a morphism between systems (Zmpr/〈p〉m, f) and (Zmp , g). Here we
have an induced function

g : Zmp → Zmp g(x) = ψfψ−1(x) = Ax mod p,

for all x ∈ Zmp , and therefore ψ acts as an isomorphism between (Zmpr/〈p〉m, f) and
(Zmp , A mod p).

Consider (〈p〉m, f). Here every element w ∈ 〈p〉m can be represented uniquely
by pv for some element v ∈ Zmpr−1 . Hence there exists a bijection φ : 〈p〉m → Zmpr−1 ,

by
φ(pv) = v,

which induces a function g(v) = φfφ−1 = φ(Apv) = Av mod pr−1. As such,
(〈p〉m, f) is isomorphic to (Zmpr−1 , A mod pr−1). �
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Appendix D. More Numerical Examples

(a) A number of sampled linear systems (Z3
3675, f) for a bound comparison.

(b) A number of sampled linear systems (Z3
840, f) for a bound comparison.

Figure 17
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(a) Performance over 50 sampled linear systems for a fixed point system test. Here
510510 = 21315171111131171 and m = 420, yielding the bound 420 and the convergence
check A421 = A420 for Theorem 4.1.

(b) Performance over 50 sampled linear systems for a fixed point system test. Here
159432300 = 2231352 and m = 64, yielding the bound 832 and the convergence check
A833 = A832 for Theorem 4.1.

Figure 18
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Figure 19. Performance over 50 sampled linear systems for a fixed point system test.
Here 87480 = 233751 and m = 64, yielding the bound 448 and the convergence check
A449 = A448 for Theorem 4.1.
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