
 
 

  

Degree project 

Comparative Analysis of 
Portfolio Optimization 

Author: Mengya Xue 
Supervisor: Poger Pettersson 
Examiner: Astrid Hilbert 
Date: 2016-09-07 
Course Code: 5MA11E 
Subject: Mathematics and Modelling 
Level: Master 
 
Department Of Mathematics 



Comparative Analysis of Portfolio Optimizations

Mengya Xue

September 7, 2016

Faculty of Technology

Supervisor: Roger Pettersson

1



Abstract

Portfolio optimization is one of the main approaches in investing and one of the key steps

of portfolio construction. In this study, we consider mean variance (MV), mean-absolute

deviation (MAD) and conditional value-at-risk (CVaR) optimizations, and compare the

market portfolios and minimum risk lines by using these three optimizations. By propos-

ing simulation experiments using Gaussian copula and Pearson distribution system, the

influence of skewness and kurtosis to the minimum risk lines and market portfolios are in-

vestigated.

Keywords: portfolio optimization, mean variance, mean-absolute deviation, conditional

value-at-risk, skewness, kurtosis, non-Gaussian returns, copula, Pearson distribution
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1 Introduction

For portfolio optimizations, investors always prefer high return and low risk. It can be considered

as a problem in the field of modern portfolio theory, which was pioneered by Markowitz in 1952

[15], [18]. It attempts to maximize portfolio expected return for a given amount of portfolio risk

or minimize risk for a given level of expected return. It emphasizes that the risk is a crucial part

that should be considered in higher return.

In this study, we will introduce three portfolio optimizations which are mean variance (MV) op-

timization, mean-absolute deviation (MAD) optimization and conditional value-at-risk (CVaR)

optimization. MV optimization was proposed by Markowitz [15]. It is based on mean and vari-

ance, where the risk is identified as the variance or standard deviation of the returns. Konno and

Yamazaki proposed a new portfolio optimization using piecewise linear risk functions instead of

solving a large-scale quadratic programming problem [2]. This modified optimization is called

MAD optimization. For MAD optimization the risk is identified by the mean absolute deviation.

CVaR optimization proposed by Rockafellar and Uryasev [20] can also make large-scale calcu-

lations on linear programming portfolios [20]. For CVaR optimization the risk is identified by

CVaR, a conditional value at risk. For the comparisons of the three optimizations, Krokhmal,

Palmquist and Uryasev [13] compared the efficient frontiers of the portfolios with the same risk

obtained by MV and CVaR optimizations respectively. According to the method, the minimum

risk lines with efficient frontiers obtained by all the three optimizations will be compared.

MV, MAD and MAD optimizations are all equivalent for multivariate normal distributed re-

turns. However, most financial returns do not follow a Gaussian distribution [17]. As a result,

investor preferences often go beyond mean and variance [22]. Aracioglu, Fatma and Haluk [1]

combined MV optimizations with varying levels of skewness and kurtosis. In this study we will

mainly investigate the impact of skewness and kurtosis on MV, MAD and CVaR for selected

data. For this purpose simulation of returns will be performed with the same dependency mea-

sure Kendall’s τ , mean and variance as for the empirical data, where the dependency structure

will be modelled by a Gaussian copula. Yuan and Bentler [23] put forward a procedure for

generating multivariate non-normal distributions with specified skewness and kurtosis [16], so it

is feasible to simulate with determined skewness and kurtosis. Since the Pearson distribution

system can be proposed to generate a wide domain of distributions with different skewness and

kurtosis [16], the marginal returns with different skewness and kurtosis will be obtained by sim-

ulating Pearson distributed random numbers.

In the next section, the main definitions and methods for portfolio optimizations in this study

are introduced. In Section 3, an Edgeworth expansion for investigating the influences of skewness

and kurtosis on the risks of the three optimizations is used. Section 4 and 5 show optimization
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results for the empirically observed data and results for simulation with given skewness and

kurtosis respectively. In Section 6, some conclusions about the comparisons of the three selected

optimizations are drawn and some discussions about this study are presented.

2 Applied Portfolio Optimizations

2.1 Mean Variance Optimization

An investment instrument which can be bought and sold is usually called an asset. A portfolio

consists of a linear combination of n assets [21]. For a given asset i, let Si(t) be its price at time

t = 1, · · · , T + 1. Denote by Ri(t), the return, defined as

Ri(t) =
Si(t+ 1)− Si(t)

Si(t)
, i = 1, · · · , n. (2.1)

For the investor, suppose she plans to invest in the n given assets. Let xi be the number of asset

i in the portfolio consisting of the n assets, i = 1, · · · , n, between the times t and t + 1. The

total wealth at time t is:

S(t) = x1S1(t) + · · ·+ xnSn(t). (2.2)

Let ωi be the proportion of the total wealth investment allocated to asset i,

ωi =
xiSi(t)

S(t)
, i = 1, · · · , n,

where ω = (ω1, ω2, · · · , ωn)T , (·)T denotes transpose. Note
∑n
i=1 ωi = 1 i.e. ωT e = 1, where

e = (1, · · · , 1)T , the unit vector in Rn. The vector ω can be seen as a weight vector for the

portfolio.

For mean variance optimization, ω can be obtained by maximizing the expected return for

a fixed risk, standard deviation, or minimizing the risk from given assets for a fixed expected

return. For investors, they purchase shares of stock. Short selling is a method for investors to

benefit from a decline at an individual stock’s price [10]. For short selling, the investor sells an

asset that she actually doesn’t own at a certain price, and she can buy it back at a lower price

when the price declines. Then the investor can keep the difference between the price at selling

and the price when paying back at a lower level [4]. Therefore, if short selling is allowed, some

components in ω can be negative. However, if short selling is not allowed, every component in

ω should be non-negative.

Proposition 1. The portfolio return is

n∑
i=1

ωiRi(t), t = 1, · · · , T. (2.3)

Proof. For self-containment a proof is included. A similar proof is given in [3, Prop 3.9] with
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two assets. By using that Si(t+ 1) = Si(t)(1 +Ri(t)), the portfolio price at moment t+ 1 is

S(t+ 1) = x1S(t+ 1) + · · ·+ xnS(t+ 1)

= x1S1(t)(1 +R1(t)) + · · ·+ xnSn(t)(1 +Rn(t))

= ω1S(t)(1 +R1(t)) + · · ·+ ωnS(t)(1 +Rn(t))

= S(t)(ω1 + · · ·+ ωn + ω1R1(t) + · · ·+ ωnRn(t))

= S(t)(1 + ω1R1(t) + · · ·+ ωnRn(t))

Here and after, we assume that for each asset i, the returns Ri(1), Ri(2), · · · , Ri(T ) at the

different times have the same distribution. Therefore, the time is suppressed and we write Ri

instead of Ri(t); similarly for the portfolio returns. This motivates why the weights ωi are not

time dependent. Here the expected portfolio return is

E[

n∑
i=1

ωiRi] =

n∑
i=1

ωimi = ωTm, (2.4)

where mi = E[Ri] is the expected return for asset i, m = (m1, · · · ,mn)T .

Let R = (R1, · · · , Rn)T . The variance of Ri is

σ2
i = σii = Var[Ri] = E[(Ri −mi)

2], (2.5)

and the covariance is

σij = Cov[Ri, Rj ] = E[(Ri −mi)(Rj −mj)]. (2.6)

As a result, the variance of the portfolio return is, from (2.3),

σ2
R = E[(

n∑
i=1

Riωi−E[

n∑
i=1

Riωi])
2] = E[

n∑
i=1

ωi(Ri−mi)

n∑
j=1

ωj(Rj−mj)] =

n∑
i=1

n∑
j=1

ωiωjσij = ωTΣω,

(2.7)

where Σ is

Σ =


E[(R1 −m1)(R1 −m1)] E[(R1 −m1)(R2 −m2)] · · · E[(R1 −m1)(Rn −mn)]

E[(R2 −m2)(R1 −m1)] E[(R2 −m2)(R2 −m2)] · · · E[(R2 −m2)(Rn −mn)]
...

... · · ·
...

E[(Rn −mn)(R1 −m1)] E[(Rn −mn)(R2 −m2)] · · · E[(Rn −mn)(Rn −mn)]

 ,

the covariance matrix of the portfolio return. Note that

E[(

n∑
i=1

Riωi − E[

n∑
i=1

Riωi])
2] = ωTΣω. (2.8)

If risk is identified as standard deviation or variance, an optimal portfolio with a given

expected return µb solves the following optimization problem:

min
ω
ωTΣω,
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subject to µTω = µb, e
Tω = 1, (2.9)

where e = (1, · · · , 1)T .

For estimations, let rit be the empirically observed return of asset i, i = 1, · · · , n, t = 1, · · · , T .

The mean vector µ is estimated by its sample mean vector µ̂ = (µ̂1, · · · , µ̂n), where

µ̂i = r̄i =
1

T

T∑
t=1

rit, t = 1, · · · , T.

The covariance matrix Σ is estimated by the sample covariance matrix Σ̂ = (Σ̂ij), where

Σ̂ij =
1

T − 1

T∑
t=1

(rit − r̄i)(rjt − r̄j).

In (2.9), the goal function of MV optimization is the variance of the portfolio return. For

the constraints, since the mean return of the portfolio is µ = (µ1, µ2, · · · , µn)T , for a given ex-

pected return µb, the weights of the optimal portfolio should satisfy µTω = µb. We also recall

that, since the portfolio weights are the proportions of holding in a portfolio, the sum of the

weights is equal to one unit. Therefore, the constraint is eTω = 1. If short selling is not allowed,

all the weights should be positive, so 0 6 ωi 6 1. If short selling is allowed, some weights can

be negative, so −∞ < ωi < +∞ is allowed. For simplicity we assume throughout in this study

that short selling is allowed.

Definition 2.1. For a given expected return µb, there is a portfolio with smallest risk. If the risk

is identified by variance, the set of all such portfolios parametrized by µb is called the minimum

variance line.

Note that typically the minimum variance line is a curve if the expected return is plotted

against σ, see Figure 1. If the expected return would be plotted against the stock characteristic

β then it would indeed be a straight line. The β is not discussed in this study.

Definition 2.2. A portfolio is called efficient if there is no portfolio with the same risk and

strictly higher return. The set of efficient portfolios among all attainable portfolios is called the

efficient frontier.

An efficient portfolio satisfies the highest expected return for a determined level of risk. From

the efficient frontier of MV optimization as in Figure 1, the efficient frontier is the upper part

of the curve and the minimum variance line is both the upper part and the lower part. The

efficient frontier consists of all portfolios on the minimum variance line whose expected return is

higher than or equal to the expected return of any portfolio with the same variance. The point

(
√
ωTΣω, µb) illustrates that the optimal portfolio ω for given expected return µb has the lowest

risk σ =
√
ωTΣω.
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Figure 1: Minimum variance line with efficient frontier for MV optimization.

To solve the mean variance optimization, it can be seen as a particular case of a quadratic

programming problem. A general quadratic programming problem can be represented in the

form:

min
x
f(x) = cTx+

1

2
xTQx

subject to Ax = b, u 6 x 6 v (2.10)

where x = (x1, · · · , xn)T , c is an n-dimensional vector, Q is a n × n symmetric matrix, u =

(u1, · · · , un)T is an n-dimensional vector of lower bounds for x; v = (v1, · · · , vn)T is an n-

dimensional vector of upper bounds for x. For u 6 x 6 v, it means ui 6 xi 6 vi for i = 1, · · · , n.

A ∈ Rk×n, b = (b1, · · · , bk)T ∈ Rk. The equality constraints are defined by the k × n A matrix

and the k-dimensional column vector b [9]. For MV optimization, x = ω, c = 0, Q = 2Σ,

A =

 m1 · · · mn

1 · · · 1

 , b =

 µb

1


Recall that if short selling is allowed, ui = −∞ and vi = +∞; if short selling would not be

allowed for asset i, ui > 0 and vi 6 1.

2.2 Mean-Absolute Deviation Optimization

For MV optimization, it is complicated to solve large-scale portfolio optimization problem [8].

Konno and Yamazaki [12] suggested another portfolio optimization with mean absolute deviation

(MAD) as risk. From [12], MAD optimization is achieved the intention of solving a linear problem

instead of a quadratic program. The minimization problem here can, for given expected return

µb, be represented as

min
ω
E[|

n∑
i=1

Riωi − E[

n∑
i=1

Riωi]|]

9



subject to

n∑
i=1

E[Ri]ωi = µb, e
Tω = 1. (2.11)

Since
∑n
i=1E[Ri]ωi = µTω, the constraints in (2.11) can be represented as

µTω = µb, e
Tω = 1

which are the same as the constraints for MV optimization. The only difference between MV

and MAD optimizations is the goal function. From (2.9) we know that the goal function of MV

can be represented as

E[|
n∑
i=1

Riωi − E[

n∑
i=1

Riωi]|2],

and for MAD optimization, the goal function is MAD:

E[|
n∑
i=1

Riωi − E[

n∑
i=1

Riωi]|].

Figure 2: Minimum risk line with efficient frontier for MAD optimization.

For a portfolio with given expected return µb, there is a portfolio with the smallest risk,

where the risk is qualified by MAD. We call the set of all such portfolios parametrized by µb

the minimum MAD line, see Figure 2. The efficient frontier is the upper part of the curve and

the minimum variance line is both the upper part and the lower part. Obviously as observed

by Konno and Yamazaki ([12]), the mean vector of the portfolio return can be estimated by the

sample mean returns:

µ̂i = Ê[Ri] =
1

T

T∑
t=1

rit = r̄i. (2.12)

The goal function of MAD optimization can be estimated by

̂
E[|

n∑
i=1

Riωi − E[

n∑
i=1

Riωi]|] =
1

T

T∑
t=1

|
n∑
i=1

(rit − r̄i)ωi|. (2.13)

For simplifying the calculations we set ait = rit− ri. Then the MAD minimization problem can,

for given expected return µb, be written as
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min
ω

T∑
t=1

|
n∑
i=1

aitωi|/T

subject to µ̂Tω = µb, e
Tω = 1. (2.14)

2.3 Conditional Value-At-Risk Optimization

Now we introduce conditional value-at-risk (CVaR) optimization developed by Rockafellar and

Uryasev [20] as the third portfolio optimization in this study.

If the purchase price of an asset exceeds the selling price of an asset, the amount when the

selling is realized, is called loss. For n given assets, return vector R = (R1, · · · , Rn)T and

weights ω = (ω1, · · · , ωn)T , we associate the loss by the loss function l(ω,R) for the portfolio ω

and portfolio return vector R,

l(ω,R) = −
n∑
i=1

Riωi, (2.15)

which means minus the expected return of the portfolio.

Value-at-risk (VaR) is a risk measure which estimates the loss of a portfolio with a certain

confidence level α, where α ∈ (0, 1). The VaR with the confidence level α is written as V aRα.

Definition 2.3. The V aRα of the loss associated with a portfolio ω is

V aRα(ω) = inf{ζ : Pr[l(ω,R) 6 ζ] > α}.

If l(ω,R) is a continuous random variable (which is the case if the individual returns are

continuous random variables), then the infimum of the set {ζ : Pr[l(ω,R) 6 ζ] > α} is at-

tained and V aRα(ω) is the 1 − α quantile of the loss, i.e. the unique threshold ζ for which

Pr[l(ω,R) 6 ζ] = α, as illustrated in Figure 3.

The CVaR is a risk measure closely related to VaR. CV aRα is defined as the conditional expected

loss under the condition that the loss l(ω,R) exceeds V aRα:

CV aRα(ω) = E[l(ω,R)|l(ω,R) > V aRα(ω)]. (2.16)

V aRαand CV aRα are illustrated in Figure 3.

Theorem 2.4. If the loss l(ω,R) is a continuous random variable then the CV aRα values can

be written as

CV aRα(ω) =
1

1− α
E[l(ω,R)Il(ω,R)>V aRα(ω)] =

1

1− α

∫
x>V aRα(ω)

xfl(ω,R)(x)dx, (2.17)
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Figure 3: Graphical interpretation of V aRα and CV aRα.

where fl(ω,R) denotes the joint return density of the loss, and

Il(ω,R)>V aRα(ω) =

 1, l(ω,R) > V aRα(ω)

0, l(ω,R) < V aRα(ω)

A proof of a more general form of Theorem 2.4 is shown in [19]. For self-containment we

present a proof of Theorem 2.4.

Proof. First, by the definition of V aRα(ω),

Pr[l(ω,R) > V aRα(ω)] = 1− α.

Secondly, we notice that it is sufficient to show that for the conditional density fl(ω,R)|l(ω,R)>V aRα(ω)(x),

fl(ω,R)|l(ω,R)>V aRα(ω)(x) =
1

1− α
fl(ω,R)(x)1x>V aRα(ω).

That follows easily since if x > V aRα(ω),

Pr[l(ω,R) < x | l(ω,R) > V aRα(ω)]

=
Pr[V aRα(ω) < l(ω,R) < x]

Pr[l(ω,R) > V aRα(ω)]
,

and if x < V aRα(ω),

Pr[l(ω,R) < x | l(ω,R) > V aRα(ω)] = 0.

Define the function Fα:

Fα(ω, ζ) = ζ +
1

1− α
E[(l(ω,R)− ζ)+] (2.18)
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where

(l(ω,R)− ζ)+ =

 l(ω,R)− ζ, l(ω,R) > ζ

0, l(ω,R) 6 ζ.

From [20], we have two theorems:

Theorem 2.5. Assume l(ω,R) is a continuous r.v.. Then CV aRα and V aRα can be obtained

from the below formulas:

CV aRα(ω) = min
ζ
Fα(ω, ζ), (2.19)

V aRα(ω) = arg min
ζ
Fα(ω, ζ). (2.20)

Remark 2.6. Since l(ω,R) is a continuous r.v., then the set of ζ minimizing Fα(ω, ζ) is a unique

number. If l(ω,R) would not be continuous then this set would not necessarily be unique, see

[20]; it means that the set of ζ minimizing Fα(ω, ζ) would not be a unique number. However,

V aRα(ω) would then be the infimum of all ζ minimizing Fα(ω, ζ).

Theorem 2.7. Assume l(ω,R) is a continuous random variable, for 0 < α < 1, minimizing

CV aRα(ω) is equivalent to minimizing Fα(ω, ζ):

min
ω
CV aRα(ω) = min

ω,ζ
Fα(ω, ζ).

Proof of Theorem 2.5:

For the proof of (2.20), since Fα(ω, ζ) = ζ + 1
1−αE[(l(ω,R) − ζ)+], the derivative of Fα(ω, ζ)

with I as the indicator function, can be calculated by

∂

∂ζ
Fα(ω, ζ)

= 1 +
1

1− α
E[−Il(ω,R)>ζ ]

= 1− 1

1− α
EIl(ω,R)>ζ

= 1− 1

1− α
Pr[l(ω,R) > ζ]

= 1− 1

1− α
(1− Pr[l(ω,R) 6 ζ])

= 1 +
1

1− α
(Pr[l(ω,R) 6 ζ]− 1)

=
1

1− α
(Pr[l(ω,R) 6 ζ]− α).

Since l(ω,R) is a continuous random variable, there exists a unique ζ for which

Pr[l(ω,R) 6 ζ] = α,

namely ζ = V aRα(ω). Hence, ∂
∂ζFα(ω, ζ) = 0 for ζ = V aRα(ω).

Therefore, the derivative of Fα(ω, ζ) is equal to zero if and only if Pr[l(ω,R) 6 ζ] = α, i.e.

ζ = V aRα(ω).

Since for any constant C, ζ 7→ (C − ζ)+ is convex, see Figure 4, also ζ 7→ Fα(ω, ζ) is convex

which means that the minimum of Fα(ω, ζ) is attained when ∂
∂ζFα(ω, ζ) = 0. It means that

V aRα(ω) = arg min
ζ
Fα(ω, ζ).

13



Figure 4: ζ 7→ (C − ζ)+

For the proof of (2.19),

Fα(ω, V aRα(ω))

= V aRα(ω) +
1

1− α
E[(l(ω,R)− V aRα(ω))+]

=
1

1− α
V aRα(ω)(1− α) +

1

1− α
E[(l(ω,R)− V aRα(ω))+]

=
1

1− α
V aRα(ω)Pr[l(ω,R) > V aRα(ω)] +

1

1− α
E[(l(ω,R)− V aRα(ω))+]

=
1

1− α
V aRα(ω)E[Il(ω,R)>V aRα(ω)] +

1

1− α
E[(l(ω,R)− V aRα(ω))+]

=
1

1− α
E[V aRα(ω)Il(ω,R)>V aRα(ω)] +

1

1− α
E[(l(ω,R)− V aRα(ω))Il(ω,R)>V aRα(ω)]

=
1

1− α
E[l(ω,R)Il(ω,R)>V aRα(ω)],

which according to Equation (2.17), equals to CV aRα(ω).

We assume l(ω,R) is a continuous random variable in our study. By Theorem 2.6 the

optimization for CV aRα with given mean return µb, is equivalent to the optimization problem:

min
ω,ζ

ζ +
1

1− α
E[(−

n∑
i=1

Riωi − ζ)+]

subject to µTω = µb, e
Tω = 1. (2.21)

With empirically obtained data the optimization is:

min
ω,ζ

ζ +
1

1− α
1

T

T∑
t=1

(−
n∑
i=1

ritωi − ζ)+

subject to µ̂Tω = µb, e
Tω = 1. (2.22)

14



Figure 5: Minimum CVaR line with efficient frontier for CVaR optimization.

From the efficient frontier of CVaR optimization illustrated in Figure 5, a portfolio on the

efficient frontier for given expected return µb has the lowest risk. There also exists an optimal

portfolio for each given expected return with smallest CVaR. The set of all such portfolios

parametrized by µb here is called the minimum CVaR line.

2.4 Capital Market Line and Market Portfolio

In this section we assume that a risk-free security is available. The return on the risk-free secu-

rity is represented as a constant rF .

Now we consider portfolios which can be obtained by the risk-free security and a risky security.

All the portfolios that satisfy the constraints form a line comprising of two straight half-lines

with the same point (0, rF ) on the vertical axis from the plane spanned by the risk σ and the

expected return µ, as in Figure 6. The domain between the two half-lines form a new set of

portfolios with the risk-free security. In this study we set the risk-free rate to be the mean rate

of U.S. treasury yield curve rates.

The tangent half-line of the efficient frontier passing through the point (0, rF ) and being tan-

gent to the minimum variance line is called the capital market line. It has the highest gradient

among all the lines passing through the point (0, rF ) and a point (σG, µG), where G is a risky

security with expected return µG and standard deviation σG. The market line is the efficient

frontier for all the portfolios that include the risk-free asset. A rational investor therefore select

a portfolio on this line. The tangency point on the capital market line (σM , µM ) is called the

market portfolio, which for given risk gives the highest expected return. Since the capital market

line has the highest gradient, the algorithm for obtaining the highest gradient can be seen as a

maximum optimization. For MV the optimization is:

15



max
ω

mTω − rF√
ωTΣω

subject to eTω = 1. (2.23)

Figure 6: The set of all risky portfolios, the capital market line (CML) and the market portfolio.

Theorem 2.8. For risk identified by standard deviation, if detΣ 6= 0 and the risk-free rate rF

is lower than the expected return of the minimum variance portfolio, then the market portfolio

M exists and its weights are given by

ωM =
(m− rF e)Σ−1

(m− rF e)Σ−1eT
.

The market portfolio on the (µ, σ)-plane is (
√
ωTMΣωM ,m

TωM ).

Comment on the proof of Theorem 2.7. A main ingredient in the proof is to use a suitable

Lagrange function, see [3, p. 83].

For empirically obtained data, Σ and m are replaced by their estimates Σ̂ and m̂. Also, for

MAD and CVaR optimizations, the capital market line of each one is the highest gradient among

all the lines passing through the point (0, rF ) and a point (riskG, µG), where riskG is the MAD

for MAD optimization and CV aRα for CVaR optimization. The tangency point (riskM , µM ) on

the capital market line is the market portfolio. The weight ωM of the market portfolio is given

by:

max
ω

mTω − rF
E[|RTω − E[RTω]|]

subject to eTω = 1. (2.24)

Then the market portfolio point can be written in the form

(E[|RTωM − E[RTωM ]|],mTωM ).
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with the optimal weight ωM obtained from (2.24). For the author of this study, there is not a

known closed form solution of (2.24). For empirically obtained data, m and E[|RTω−E[RTω]|]

are replaced by their estimates m̂ and 1
T

∑T
t=1 |

∑n
i=1 ritωi −

1
T

∑T
t=1

∑n
i=1 ritωi|.

For the CVaR optimization:

max
ζ,ω

mTω − rF
ζ + 1

1−αE[(−RTω − ζ)+]

subject to eTω = 1. (2.25)

Here the market portfolio is

(ζ +
1

1− α
E[(−RTωM − ζ)+], µTωM )

with the optimal weight ωM obtained from (2.25). Also here is, as far the author of this study

knows, no general closed form solution of (2.25).

2.5 Chi-Squared Test for Checking Deviances Between the Market

Portfolios

From the above introduction, we can obtain three market portfolios which correspond to mean

variance optimization (MV), mean-absolute deviation optimization (MAD) and conditional value-

at-risk optimization (CVaR) respectively. In order to investigate whether there are differences

of the weights of the three market portfolios computed from empirically obtained data, we use

a chi-square test for checking homogeneity, i.e. that the weights for the three market portfolios

are not different.

The optimal portfolios are written as:

ωMV = (ωMV
1 , ωMV

2 , · · · , ωMV
n )

ωMAD = (ωMAD
1 , ωMAD

2 , · · · , ωMAD
n )

ωCV aR = (ωCV aR1 , ωCV aR2 , · · · , ωCV aRn ).

The chi-square statistic χ2 is the sum of the squares of the differences of observed and expected

data divided by the expected data for every asset:

χ2 =
∑ (observed data− expected data)2

expected data
. (2.26)

In this study (2.26) is:

χ2 =

n∑
i=1

[
(ωMV
i − ωi)2

ωi
+

(ωMAD
i − ωi)2

ωi
+

(ωCV aRi − ωi)2

ωi
], (2.27)

where ωi denotes the mean weight of the optimal portfolios for given asset i, i = 1, · · · , n,
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ω1 = 1
3 (ωMV

1 + ωMAD
1 + ωCV aR1 )

ω2 = 1
3 (ωMV

2 + ωMAD
2 + ωCV aR2 )

...

ωn = 1
3 (ωMV

n + ωMAD
n + ωCV aRn ).

The null hypothesis H0 is :

ωMV
1 = ωMAD

1 = ωCV aR1

ωMV
2 = ωMAD

2 = ωCV aR2
...

ωMV
n = ωMAD

n = ωCV aRn ,

which means that for the given assets, the optimal portfolios coincide for mean variance op-

timization, mean-absolute deviation optimization, and conditional value-at-risk optimization.

Under the null hypothesis, the chi-square statistic is approximately chi-square distributed with

df = (n− 1)(3− 1) = 2(n− 1)

degrees of freedom. If χ2 > χ2
0.05(df), the upper 5% χ2-quantile, the null hypothesis H0 is

rejected.

3 The Influence on Optimizations by Different Factors

From the outcomes of the chi-square test, we can conclude whether one of the three market

portfolios differs significantly from the others. However, more aspects should be considered in

order to investigate the differences between different optimizations. We first observe that if the

returns are normal then the three optimizations result into the same global optional portfolio.

Therefore we investigate the influence of skewness and kurtosis on the MV, MAD and CVaR

risks.

3.1 Optimizations for Multivariate Normally Distributed Returns

Normal distribution (also called Gaussian distribution) is a common continuous probability dis-

tribution and often used to analyze optimizations as a standard distribution for given data.

Therefore we consider the particular case when the given returns are multivariate normal dis-

tributed. In this analysis only risky assets are considered, i.e. the standard deviation of the

returns are positive.

Theorem 3.1. If the joint distribution of the returns R = (R1, · · · , Rn) follows a multivariate

normal distribution, MV optimization and MAD optimization are equivalent [12].

Proof. For a one-dimensional normal distribution X with the mean µ and the standard deviation

σ, the probability density of the distribution is

fX(x) =
1

σ
√

2π
e−

(x−µ)2

2σ2 .
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Then for the mean-absolute deviation optimization of the set of normally distributed data, the

risk can be represented by:

E|X − µ|

=

∫ +∞

−∞
|x− µ| 1√

2πσ
e−

1
2σ2 (x−µ)2

dx

=

∫ +∞

−∞
|x− µ|ϕ(

x− µ
σ

)
dx

σ

= σ

∫ +∞

−∞
|x− µ
σ
|ϕ(

x− µ
σ

)d(
x

σ
)

= |y= x−µ
σ

= σ

∫ +∞

−∞
|y|ϕ(y)dy

= 2σ

∫ +∞

0

yϕ(y)dy

= 2σ[−e
− y

2

2

√
2π

]|+∞0

= 2σ
1√
2π

=

√
2

π
σ. (3.1)

In particular, for the n-dimensional multivariate normal random variable R, which means all

the returns of the n given assets, with the mean vector m and covariance matrix Σ, we have,

with σ2 = ωTΣω,

E[(ωT (R−m))2] = Var(ωT (R−m)) = ωTΣω = σ2,

E|ωT (R− µ)| =
√

2

π
σ =

√
2

π

√
ωTΣω =

√
2

π

√
E[(ωT (R− µ))2].

As a result, the portfolio ω that minimizes E[(ωT (R−µ))2] is the same portfolio that minimizes

E|ω(R − µ)|. In other words, the mean variance optimization and the mean absolute-deviation

optimization are the same if the given returns are multivariate normally distributed.

For the conditional value-at-risk optimization, if R follows a multivariate normal distribution,

then the loss l(ω,R) = −RTω is normal distributed since the loss is a linear combination of

normal r.v. Ri. We recall that

CV aRα = E[l(ω,R)|l(ω,R) > V aRα],

where α = Pr[l(ω, r) 6 V aRα]. Then according to Theorem 2.4, the expectation

E[l(ω,R)|l(ω,R) > V aRα] =

∫ +∞

V aRα

x
f(x)

1− α
dx (3.2)

where f(x) = fl(ω,R)(x) is the density of the loss l(ω,R) = −RTω.

Theorem 3.2. If the joint distribution of the returns R = (R1, · · · , Rn) is normal, MV opti-

mization and CVaR optimization are the same.

Corollary 1. If joint distribution of the returns R = (R1, · · · , Rn) is normal, MV optimization,

MAD optimization and CVaR optimization are the same. In particular, CVaR optimization does

not depend on α.
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Proof of Thm 3.2. As before, since R is multivariate normal, l(ω,R) = −RTω is one-

dimensional normal, namely N(−mTω, ωTΣω) where the second parameter denotes the variance.

First observe that since

α = Pr[l(ω,R) 6 V aRα]

= Pr[
l(ω,R) +mTω√

ωTΣω
6
V aRα +mTω√

ωTΣω
]

= Φ(
V aRα +mTω√

ωTΣω
),

where Φ(x) =
∫ x
−∞ ϕ(y)dy, ϕ(y) = 1√

2π
e−y

2/2, we obtain

V aRα = −mTω +
√
ωTΣωΦ−1(α).

Hence,

CV aRα = E[l(ω,R)|l(ω,R) > V aRα]

=
1

1− α

∫ +∞

V aRα

xf(x)dx

=
1

1− α

∫
−mTω+

√
ωTΣωΦ−1(α)

x
1√

2πωTΣω
e−

(x+mTω)2

2ωTΣω dx.

Denote, for convenience, ν = −µTω and σ2 = ωTΣω. Then

CV aRα

=
1

1− α

∫
ν+σΦ−1(α)

x√
2πσ

e−
(x−ν)2

2σ2 dx

= [y =
x− ν
σ

]

=
1

1− α

∫
Φ−1(α)

(ν + σy)ϕ(y)y

=
1

1− α
ν

∫
Φ−1(α)

ϕ(y)dy +
σ

1− α

∫
Φ−1(α)

yϕ(y)dy

= ν +
σ

1− α

∫
Φ−1(α)

yϕ(y)dy

= −νTω +
√
ωTΣω

1

1− α

∫
Φ−1(α)

yϕ(y)dy.

Note that the integral
∫

Φ−1(α)
yϕ(y)dy does not depend on Σ. Hence, to optimize CV aRα for

a given α is the same as optimizing ωTΣω. We conclude that if the returns are multivariate

normal, then optimizing CV aRα for a given α is the same as optimizing ωTΣω. In particular,

the CV aRα optimization portfolio ω does not depend on α.

3.2 Influence by Skewness and Kurtosis

Besides considering multivariate Gaussian distribution, the distribution of returns with asym-

metry and fat tail should be analyzed for portfolio optimization. For a one-dimensional variable

20



X with µ and variance σ2 , let

skewness = S[X] =
E[(X − µ)3]

(E[(X − µ)2])
3
2

= E[(X − µ)3]σ−3,

kurtosis = K[X] =
E[(X − µ)4]

(E[(X − µ)2])2
= E[(X − µ)4]σ−4,

excess kurtosis = Ke[X] = K[X]− 3.

For normal random variables the skewness is zero, the kurtosis is three, so the excess kurtosis is

zero.

In order to discuss the influence on portfolio optimization by skewness and kurtosis, we ap-

ply Edgeworth expansion around the closest normal distribution. For a one-dimensional random

variable X, let Φ(θ) = log EeiθX be the moment generating function of X. A Taylor-type

expansion of Φ is

Φ(θ) = k1(X)iθ + k2(X)
(iθ)2

2!
+ k3(X)

(iθ)3

3!
+ k4(X)

(iθ)4

4!
· · ·

where the parameters kj(X)(j = 1, · · · , 4), are cumulants,

k1[X] = E[X]

k2[X] = Var[X]

k3[X] = E[(X − E[X])3]

k4[X] = E[(X − E[X])4]− 3Var2[X].

Let A be another random variable. Then an Edgeworth expansion of the density of X around

the density of A is

fX(x) = fA(x)− E1f
′
A(x) +

E2

2!
f ′′A(x)− E3

3!
f
′′′

A (x) +
E4

4!
f ivA (x)− · · · (3.3)

where

E1 = k1[X]− k1[A]

E2 = k2[X]− k2[A]

E3 = k3[X]− k3[A]

E4 = k4[X]− k4[A],

[5], [7].

In this research we select

A ∼ N(µ, σ2),
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where µ = E[X], and σ2 = Var[X] assumed to be positive. Then

k1[A] = k1[X] = µ⇒ E1 = 0

k2[A] = k2[X] = σ2 ⇒ E2 = 0

k3[A] = 0⇒ E3 = k3[X] = E[(X − E[X])3]

k4[A] = 0⇒ E4 = k4[X] = E[(X − E[X])4]− 3Var2[X].

The Edgeworth expansion of fX(x) is thus

fX(x) = fA(x)− k3[X]

3!
f
′′′

A (x) +
k4[X]

4!
f ivA (x)− · · ·

= fA(x)− S[X]σ3

3!
f
′′′

A (x)− Ke[X]σ4

4!
f ivA (x)− · · · . (3.4)

Since A is normal distributed,

fA(x) =
1

σ
√

2π
e−

(x−µ)2

2σ2 ,

so the first and second derivatives of fA(x) are

f ′A(x) = − (x− µ)

σ2
fA(x), f ′′A(x) = − 1

σ2
fA(x) +

(x− µ)2

σ4
fA(x).

Furthermore, the expressions for the third derivative and the fourth derivative are

f
′′′

A (x) =
3(x− µ)

σ4
fA(x)− (x− µ)3

σ6
fA(x) = (

3(x− µ)

σ4
− (x− µ)3

σ6
)

1

σ
√

2π
e−

(x−µ)2

2σ2 (3.5)

f ivA (x) =
3

σ4
fA(x)−6(x− µ)2

σ6
fA(x)+

(x− µ)4

σ8
fA(x) = (

3

σ4
−6(x− µ)2

σ6
+

(x− µ)4

σ8
)

1

σ
√

2π
e−

(x−µ)2

2σ2 .

(3.6)

For MV optimization, the goal function ωTΣω depends only on the covariance matrix Σ but

not on skewness and kurtosis. Hence the skewness and kurtosis have no influence on the MV

optimization. By using (3.4) we will investigate how skewness and kurtosis influence MAD and

CVaR optimizations.

3.2.1 Skewness and Kurtosis Influence on the MAD Risk

For mean-absolute deviation optimization, we let X = ωT (R − m). Since E[X] = µ = 0 and

Var[X] = ωTΣω = σ2, we set A ∼ N(0, σ2). The goal function of the optimization is by (3.4)
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expanded as:

E | ωT (R−m) |

=

∫ +∞

−∞
| x | fX(x)dx

=

∫ +∞

−∞
| x | (fA(x)− S[X]σ3

3!
f
′′′

A (x) +
Ke[X]σ4

4!
f ivA (x)− · · · )dx

=

∫ +∞

−∞
| x | fA(x)dx− S[X]σ3

3!

∫ +∞

−∞
| x | f

′′′

A (x)dx+
Ke[X]σ4

4!

∫ +∞

−∞
| x | f ivA (x)dx− · · · .

(3.7)

According to (3.1), (3.5) and (3.6), the first two integrals in (3.7) can be calculated as∫ +∞
−∞ | x | fA(x)dx =

√
2
πσ, and

∫ +∞

−∞
| x | f

′′′

A (x)dx

=

∫ +∞

−∞
| x | (3x

σ4
− x3

σ6
)

1

σ
√

2π
e−

(x−µ)2

2σ2 dx

= [y =
x

σ
] = σ

∫ +∞

−∞
| σy | ( 3

σ3
y − y3

σ3
)

1

σ
√

2π
e−

y2

2 dy

=
1

σ3

∫ +∞

−∞
| σy | y(3− y2)

1√
2π
e−

y2

2 dy

=
1

σ2

∫ +∞

−∞
| y | y(3− y2)

1√
2π
e−

y2

2 dy

= 0.

That
∫ +∞
−∞ | x | f

′′′

A (x)dx = 0 could be seen directly since in this case fA is symmetric which

implies that f
′′′

A is antisymmetric. The third integral in (3.7) is computed as∫ +∞

−∞
| x | f ivA (x)dx

=

∫ +∞

−∞
| x | ( 3

σ4
− 6x2

σ6
+
x4

σ8
)

1

σ
√

2π
e−

x2

2σ2 dx

= [y =
x

σ
] = σ

∫ +∞

−∞
| σy | ( 3

σ4
− 6y2

σ4
+
y4

σ4
)

1

σ
√

2π
e−

y2

2 dy

=
1

σ4

∫ +∞

−∞
| σy | (y4 − 6y2 + 3)

1√
2π
e−

y2

2 dy

=
1

σ3

∫ +∞

−∞
| y | ((y2 − 3)2 − 6)

1√
2π
e−

y2

2 dy

= −0.1592σ3.

Hence, (3.7) can be represented as

E | ωT (R−m) |

=

∫ +∞

−∞
| x | fA(x)dx+

Ke[ω
T (R−m)]σ

4!

∫ +∞

−∞
| y | ((y2 − 3)2 − 6)

1√
2π
e−

y2

2 dy − · · ·

=

√
2

π
σ − 0.0066Ke[ω

T (R−m)]σ (3.8)
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The influence of skewness to the MAD risk is negligible, at least up to a fourth order Edgeworth

expansion around the closest normal distribution. The MAD risk is slightly negatively influenced

by the kurtosis. However, we can not tell from this how skewness and kurtosis influence on global

minimum risk portfolios and market portfolios.

3.2.2 Skewness and Kurtosis Influence on the CVaR Risk

For conditional value-at-risk optimization, since E[l(ω,R)] = −ωTm and Var[l(ω,R)] = ωTΣω,

we let A ∼ N(ν, σ2), where ν = −ωTm and σ2 = ωTΣω. According to (2.18) the goal function

of the optimization is:

ζ +
1

1− α
E[(l(ω,R)− ζ)+]

= ζ +
1

1− α

∫ +∞

−∞
(x− ζ)+fl(ω,R)(x)dx

= ζ +
1

1− α

∫ +∞

−∞
(x− ζ)+(fA(x)− S[l(ω,R)]σ3

3!
f
′′′

A (x) +
Ke[l(ω,R)]σ4

4!
f ivA (x))dx

= ζ +
1

1− α

∫ +∞

−∞
(x− ζ)+fA(x)dx− 1

1− α
S[l(ω,R)]σ3

3!

∫ +∞

−∞
(x− ζ)+f

′′′

A (x)dx

+
1

1− α
Ke[l(ω,R)]σ4

4!

∫ +∞

−∞
(x− ζ)+f ivA (x)dx. (3.9)

Similarly to the MAD risk, for CVaR risk, the second and third integrals in Equation (3.9) can

be calculated as: ∫ +∞

−∞
(x− ζ)+f

′′′

A (x)dx

=

∫ +∞

−∞
(x− ζ)+(

3(x− ν)

σ4
− (x− ν)3

σ6
)

1

σ
√

2π
e−

(x−m)2

2σ2 dx

= [y =
x− ν
σ

] = σ

∫ +∞

−∞
(ν + σy − ζ)+(

3

σ3
y − y3

σ3
)

1

σ
√

2π
e−

y2

2 dy

=
1

σ3

∫ +∞

−∞
(ν + σy − ζ)+y(3− y2)

1√
2π
e−

y2

2 dy

=
1

σ2

∫ +∞

−∞
(
ν

σ
+ y − ζ

σ
)+y(3− y2)

1√
2π
e−

y2

2 dy (3.10)

and ∫ +∞

−∞
(x− ζ)+f ivA (x)dx

=

∫ +∞

−∞
(x− ζ)+(

3

σ4
− 6(x− ν)2

σ6
+

(x− ν)4

σ8
)

1

σ
√

2π
e−

(x−m)2

2σ2 dx

= [y =
x− ν
σ

] = σ

∫ +∞

−∞
(ν + σy − ζ)+(

3

σ4
− 6y2

σ4
+
y4

σ4
)

1

σ
√

2π
e−

y2

2 dy

=
1

σ4

∫ +∞

−∞
(ν + σy − ζ)+(y4 − 6y2 + 3)

1√
2π
e−

y2

2 dy

=
1

σ3

∫ +∞

−∞
(
ν

σ
+ y − ζ

σ
)+((y2 − 3)2 − 6)

1√
2π
e−

y2

2 dy. (3.11)
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The goal function (3.9) can be represented as

ζ +
1

1− α
E[(l(ω,R)− ζ)+]

= ζ +
1

1− α

∫ +∞

−∞
(x− ζ)+fA(x)dx− 1

1− α
S[l(ω,R)]σ

3!

∫ +∞

−∞
(
ν

σ
+ y − ζ

σ
)+y(3− y2)

1√
2π
e−

y2

2 dy

+
1

1− α
Ke[l(ω,R)]σ

4!

∫ +∞

−∞
(
ν

σ
+ y − ζ

σ
)+((y2 − 3)2 − 6)

1√
2π
e−

y2

2 dy. (3.12)

We investigate the influence of S[l(ω,R)] and Ke[l(ω,R)] on the CVaR risk by considering the

integrals (3.10) and (3.11) for different values of ζ, µ and σ.

The ratios ζ
σ and ν

σ are regarded as two parameters of the two integrals. Figure 7 and the

Figure 8 show the value surfaces of the two integrals with different continuous random values of

ζ
σ and ν

σ .

Figure 7: Integral (3.10) for different values of ζ
σ and ν

σ .

Figure 7 indicates that the integral (3.10) is non-negative for all values of ζ
σ and ν

σ . Hence

we see that the coefficient of skewness in (3.12) is negative, which means that the skewness has

negative influence on the CVaR risk. On the other hand, Figure 8 shows the ratios ζ
σ and ν

σ

have certain constraint for when the integral (3.11) is non-negative and positive. We can see

from the plane view of it by Figure 9, which indicates that the values of the integral are negative

if the values of ζ
σ and ν

σ are in the area between the two lines ζ
σ −

ν
σ = 1 and ζ

σ −
ν
σ = −1. As a

result, it seems that a positive kurtosis has positive influence on the CVaR risk when the value

of ζ
σ −

ν
σ is in the domain (−∞,−1) ∪ (1,+∞).
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Figure 8: Integral (3.11) for different values of ζ
σ and ν

σ .

Figure 9: The plane view for Figure 8.
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4 Empirical Results for Portfolio Optimizations

In order to observe the differences of outcomes by mean variance optimization, mean-absolute

deviation optimization and conditional value-at-risk optimization directly, historical data of stock

prices from Yahoo Finance are collected. The data consists of daily close prices of six stocks,

which are the stocks of Micron Technology (MU), Google (GOOGL), Exxon Mobil Corporation

(XOM), Microsoft Corporation (MSFT), IBM, Amazon (AMZN) respectively, from March 9th

in 2011 to February 27th in 2015. The three optimizations are run for 1000 working days.

Relation (2.1) was used to calculate and obtain the data of 999 daily returns of each stock for

optimizations. In all the calculations throughout MATLAB was used.

Figure 10: Kernel density of returns from Micron Technology and fitted normal density.

Figure 11: Kernel density of returns from Google and fitted normal density.
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Figure 12: Kernel density of returns from Exxon Mobil and fitted normal density.

Figure 13: Kernel density of returns from Microsoft and fitted normal density.
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Figure 14: Kernel density of returns from IBM and fitted normal density.

Figure 15: Kernel density of returns from Amazon and fitted normal density.
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From Figure 13 to Figure 15 we can see all the returns of the six stocks have sharper peaks

distribution characteristics than the normal distribution. The estimated correlation matrix of

all the returns is

Σ̂ =



1.0000 0.2773 0.2666 0.2624 0.2507 0.2870

0.2773 1.0000 0.3101 0.3105 0.3332 0.3863

0.2666 0.3101 1.0000 0.3396 0.3881 0.2849

0.2624 0.3105 0.3396 1.0000 0.3576 0.2755

0.2507 0.3332 0.3881 0.3576 1.0000 0.2963

0.2870 0.3863 0.2849 0.2755 0.2963 1.0000


.

The skewness and kurtosis for all six returns are tabulated in Table 1. Since the skewness and

the kurtosis of a Gaussian distribution are 0 and 3 respectively, the skewness and kurtosis of all

the return distributions which are shown in the Table 1 don’t seem to meet the conditions that

the given distributions are Gaussian. Formal tests to see whether the skewness and kurtosis are

0 and 3 is beyond the scope of the study. Furthermore, the non-zero skewness means that the

distributions are not symmetrical around the means, the high kurtosis means the distributions

tend to have distinct peaks near the means and heavy tails.

MU GOOGL XOM MSFT IBM AMZN

skewness 0.4418 0.8350 -0.2568 -0.5000 -0.7013 0.2546

kurtosis 9.1221 16.7463 5.9832 9.9253 8.9616 11.7818

Table 1: Values of skewness and kurtosis.

In this empirical analysis, all the optimizations are run under the conditions that short selling

is allowed in the stock market, which means for the constraint of optimizations the domain of

each ωi is set as (−∞,+∞). Figure 16 shows the minimum risk lines obtained by MV, MAD

and CVaR optimizations with σ as risk. From the figure we can claim that all the minimum

variance lines nearly coincide.

According to the methods mentioned in Section 2.4, the capital market line is determined

by the points (0, rF ) and (σM , µM ). Here the mean daily risk-free rate rF , which is equal

to 0.0017, is obtained by a sample of U.S. daily treasury bill rates which are downloaded

from U.S. Department of The Treasury (https://www.treasury.gov/resource-center/data-chart-

center/interest-rates/Pages/TextView.aspx?data=billrates). From Figure 17, 18 and 19 we can

see that the risks and expected returns of the market portfolios are different. The market port-

folios of MV, MAD and CVaR are shown in Table 2.

Table 2 indicates that the market portfolios generated by these three optimizations do not

differ so much. A chi-square test of equal portfolios as mentioned in Section 2.5 is performed.
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Figure 16: Minimum variance lines of MV, MAD and CVaR optimizations with σ as risk.

Figure 17: Capital market line and market portfolio with σ as risk.
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Figure 18: Capital market line and market portfolio with MAD as risk.

Figure 19: Capital market line and market portfolio with CVaR as risk.
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MV MAD CVaR

MU 0.4218 0.3568 0.4771

GOOGL 0.6346 0.8210 0.7449

XOM -0.7873 -0.5841 -0.6327

MSFT 1.1391 1.2354 1.3609

IBM -0.9095 -1.3064 -1.5342

AMZN 0.5013 0.4774 0.5839

Table 2: Weights of stocks in market portfolios.

Here we have the mean weights:

ω1 = 0.4186, ω2 = 0.7335, ω3 = −0.6680, ω4 = 1.2451, ω5 = −1.2500, ω6 = 0.5209.

The chi-square statistic is:

χ2 = 0.2668.

For the given assets, df = (6− 1)(3− 1) = 10, and χ2
0.05(10) = 18.307. Since χ2 < χ2

0.05(10), the

null hypothesis H0 formulated as

E[ωMV
1 ] = E[ωMAD

1 ] = E[ωCV aR1 ]

E[ωMV
2 ] = E[ωMAD

2 ] = E[ωCV aR2 ]
...

E[ωMV
6 ] = E[ωMAD

6 ] = E[ωCV aR6 ],

can not be rejected. As a result, mean variance optimization, mean-absolute deviation optimiza-

tion and conditional value-at-risk optimization for the six given stocks as risk measures do not

differ significantly.

5 Simulated Results of Determined Skewness and Kurtosis

For simulated dependent returns with given skewness and kurtosis, here the aim is to simulate

returns with the same dependency structure as in the original data with predetermined skewness

and kurtosis. These simulations are used for empirically investigating the influences of skewness

and kurtosis to the minimum risk lines.

The returns of three fictional different stocks are simulated with the same means and covariances

as that of MU, GOOGL and XOM in order to compare outcomes of various values of skewness

and kurtosis clearly. To be similar with the given data of empirical analysis in Section 4, the

simulated data contains three columns where each column consists of 999 data points. Here the

values of skewness and kurtosis will be predetermined. The simulations essentially consist of

two main parts of which in one part the dependency of the three-dimensional data returns are

controlled, and in the other part the marginal data returns are simulated.
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To combine the dependency structure and the marginal properties, some nonlinear transfor-

mations of simulated random numbers are used. We observe that the usual correlations will

change if data is non-linearly transformed. Therefore, a dependency measure, which is invariant

under nonlinear transformations, will be used, such as the well-established Kendall’s τ . For two

one-dimensional random variables X and Y , let (X1, Y 1) be a pair of r.v.s with the same joint

distribution as (X,Y ). From [11], the Kendall’s τ is defined by

τ = Pr[(X −X1)(Y − Y 1) > 0]− Pr[(X −X1)(Y − Y 1) < 0].

We observe that if X and Y are normally distributed with the correlation corr(X,Y ), then

corr(X,Y ) = sin(
π

2
τ(X,Y )).

In our way to simulate the dependent returns, we firstly calculate the pairwise Kendall’s τ from

the original data.

Thereafter the dependency structure is modelled by a Gaussian copula. Gaussian copula is

a multivariate probability distribution for which the marginal probability distribution of each

variable is uniform. It is usually used to describe the dependency between random variables and

is efficient in high-dimensional statistical applications.

For the dependency structure given by Kendall’s τ and the Gaussian copula, the marginal

random numbers with the given skewness and kurtosis need to be simulated. Without giving

explicit formulas, the procedure of how to use the Gaussian copula will be described. Three-

dimensional dependent standard normal random numbers are first generated and transformed

into three-dimensional uniform random numbers in the unit box [0, 1]3. Since the Kendall’s τ

is invariant under strictly increasing functions, and the standard normal distribution function is

increasing, the Kendall’s τ for the uniform random numbers are the same as for the empirical

returns.

Then we transform the uniform random numbers into Pearson random numbers with parame-

ters selected so that the mean and variance coincide with the empirical returns, but with other

wished values of the skewness and kurtosis. The transformation from uniform random numbers

into Pearson random numbers is obtained by plugging the uniform random numbers into the

inverse of the Pearson cumulative distribution function. Also here the Pearson random numbers

have the same Kendall’s τ as the empirically observed returns. The matrix of Kendall’s tau in

this study is

τ̂ =


1.0000 0.2773 0.2666

0.2773 1.0000 0.3101

0.2666 0.3101 1.0000

 .
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We have thus simulated fictional returns with the same mean, variance and dependency structure

as the empirical data. We then investigate how MAD optimization and CVaR optimization are

influenced by the skewness and kurtosis. In particular, we investigate how the market portfolios

and minimum risk lines are influenced by the skewness and kurtosis.

5.1 Results of Determined Skewness

Firstly, we check the influence on portfolio optimizations by skewness, so we keep the values of

kurtosis to be the same as the real data when changing different values of skewness. Table 3

shows four cases of determined skewness for simulation.

MU GOOGL XOM

double-valued skewness 0.8836 1.6699 0.51358

positive skewness 0.4418 0.8350 0.2568

negative skewness -0.4418 -0.8350 -0.2568

negative double-valued skewness -0.8836 -1.6699 -0.51358

Table 3: Determined values of skewness.

In Section 3.2.1 and 3.2.2, we concluded that skewness has little or no influence on the MAD

risk but influence the CVaR risk. In Table 4 different minimum risks are obtained for given

expected return 0.0017.

positive skewness double-valued skewness

MV 0.0190 0.0189

MAD 0.0126 0.0124

CVaR 0.0256 0.0223

Table 4: Risks with positive and double-valued skewness.

From Table 4, it is indicated that the minimum risk of CVaR optimization is getting some-

what lower as skewness is getting higher. So skewness has negative influence on the CVaR

optimization, which at least do not contradict the theoretical conclusions in Section 3.2.1 and

3.2.2. However, the minimum risk of MV and MAD optimization change little. The reason why

the minimum risks are varying for MV and MAD is due to that the values are computed from

simulations and are not analytically obtained.

From Figure 20 and Figure 22 we can state that all the minimum risk lines with efficient

frontiers of the three optimizations are nearly coincident with each other. However, from Figure

21 and Figure 23 we can see that the minimum risk lines by CVaR are different from the others

when the expected return is getting higher. As a result, we check the market portfolio for each

optimization with two cases of negative valued skewness. The results are shown in Table 5

and Table 6. The tangent points (market portfolio points) for the three optimizations can be

compared as well, the coordinate values are shown in Table 7 and Table 8. It is obvious that the
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Figure 20: Minimum risk lines with positive skewness with σ as risk.

Figure 21: Minimum risk lines with negative skewness with σ as risk.

Figure 22: Minimum risk lines with double-sized skewness with σ as risk.
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Figure 23: Minimum risk lines with negative double-sized skewness with σ as risk.

risk is the lowest for MAD optimization. However, the expected return is the highest and the

risk is also the highest for CVaR optimization.

MU GOOGL XOM

MV 0.2274 0.8991 -0.1265

MAD 0.2272 1.0557 -0.2828

CVaR 0.3462 0.8212 -0.1673

Table 5: Market portfolios of negative skewness.

MU GOOGL XOM

MV 0.2478 0.8687 -0.1165

MAD 0.2369 0.9961 -0.2329

CVaR 0.3621 0.7475 -0.1096

Table 6: Market portfolios of negative double-valued skewness.

Therefore, we can analyze two situations:

• when the skewness is positive, the risk of CVaR optimization is not influenced a lot;

• when the skewness is negative, both the expected returns of MAD and CVaR are higher

than MV, but the risk of MAD is the lowest.

5.2 Results of Determined Kurtosis

Secondly, we check the influence on portfolio optimizations by kurtosis. We keep the values of

skewness to be the same as real data while changing different values of kurtosis. Table 9 shows

four cases of determined kurtosis for simulation.

In Section 3.2.1 and 3.2.2, we concluded that kurtosis has influence on the risks of MAD and

CVaR. In Table 10 different minimum risks are obtained for given expected return 0.0017.
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risk expected return

MV 0.0184 0.0016

MAD 0.0141 0.0018

CVaR 0.0327 0.0018

Table 7: Coordinate values of market portfolios with negative skewness.

risk expected return

MV 0.0176 0.0015

MAD 0.0136 0.0016

CVaR 0.0340 0.0016

Table 8: Coordinate values of market portfolios with negative double-valued skewness.

From Table 10, it is indicated that the minimum risk of MAD optimization is getting lower

as kurtosis is getting somewhat higher, while the risk of CVaR optimization is conversely getting

higher. So kurtosis has negative influence on the minimum risk of MAD optimization, and has

positive influence on the minimum risk of CVaR optimization, which at least do not contradict

with the theoretical conclusions in Section 3.2.1 and 3.2.2.

Figure 24: Minimum variance lines with double-valued kurtosis with σ as risk.

From Figure 25 and Figure 27 we can state that all the minimum risk lines with efficient

frontiers of the three optimizations are nearly coincident with each other, while Figure 24 and

Figure 26 show that the minimum risk line by MAD is different from the others when the

expected return is getting lower. We check the market portfolios for the three optimizations

with the two cases of high valued kurtosis. The results are shown in Table 11 and Table 12.

The tangent points (market portfolio points) for the three optimizations are also compared with

coordinate values shown in Table 13 and Table 14.

As a result, there are two situations for various values of kurtosis we can discuss:

• if the value of kurtosis is quite small, the minimum risk lines of MV, MAD and CVaR

seems to coincide, the MV, MAD and CVaR risks are close with each other;
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Figure 25: Minimum variance lines with half-valued kurtosis with σ as risk.

Figure 26: Minimum variance lines with high-valued kurtosis with σ as risk.

Figure 27: Minimum variance lines with low-valued kurtosis with σ as risk.
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MU GOOGL XOM

high-valued kurtosis 33.493 33.493 33.4938

double-valued kurtosis 18.244 33.493 11.966

half-valued kurtosis 4.561 8.3732 2.9916

low-valued kurtosis 2.9916 2.9916 2.9916

Table 9: Determined values of kurtosis.

low-valued kurtosis high-valued kurtosis

MV 0.0191 0.0189

MAD 0.0156 0.0121

CVaR 0.0219 0.0249

Table 10: Risks with low-valued and high-valued kurtosis.

• if the value of kurtosis is quite high, then for the market portfolios both the expected

returns of MAD and CVaR are higher than MV, but the expected return of CVaR is the

highest and the risk of MAD is always the lowest. That the MAD risk is lower than the

MV risk follows analytically by the Schwarz inequality

E|X| 6
√

E|X|2

for random variables X.
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MU GOOGL XOM

MV 0.2154 0.8782 -0.0937

MAD 0.2543 1.0530 -0.3073

CVaR 0.3422 0.9940 -0.3362

Table 11: Market portfolios of double-valued kurtosis.

MU GOOGL XOM

MV 0.2256 0.8821 -0.1077

MAD 0.2708 1.0355 -0.3063

CVaR 0.3796 0.9768 -0.3564

Table 12: Market portfolios of high-valued kurtosis.

risk expected return

MV 0.0201 0.0018

MAD 0.0146 0.0021

CVaR 0.0315 0.0022

Table 13: Coordinate values of market portfolios with double-valued kurtosis.

risk expected return

MV 0.0205 0.0018

MAD 0.0147 0.0021

CVaR 0.0323 0.0023

Table 14: Coordinate values of market portfolios with high-valued kurtosis.
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6 Conclusion and Discussion

In this study three portfolio optimizations are considered: mean variance optimization, mean-

absolute deviation optimization and conditional value-at-risk optimization. For each of the

optimizations there is a corresponding risk measure of the returns: for MV optimization the risk

is standard deviation, for MAD optimization the risk is MAD, and for CVaR optimization the

risk is CVaR. From these three optimizations we obtain the market portfolios and the minimum

risk lines. For empirically observed data on the stock market, a chi-square test is performed in

order to do comparisons among the obtained market portfolios. From this step we verify the

practicability of utilizing all the MV, MAD and CVaR optimizations for real data.

The influences on the risks of the three risk measures by skewness and kurtosis are investi-

gated by an Edgeworth expansion. The CVaR risk changes if skewness and kurtosis change. MV

is not affected by skewness and kurtosis. The MAD risk is little or not at all affected by skewness.

To investigate numerically how skewness and kurtosis influence the MAD and CVaR opti-

mizations, multidimensional fictional returns are simulated with the same dependency measure

Kendall’s τ , mean and variance as for the empirical data, but with varying skewness and kurto-

sis. The preservation of the dependency is achieved by a Gaussian copula, the marginal returns

with the given skewness and kurtosis are obtained by simulating Pearson distributed random

numbers. A conclusion from the simulated data is observed: MAD optimization seems to lead

to the lowest risk for its market portfolio with negative-valued skewness; CVaR optimization

seems to lead to the highest expected return for its market portfolio with high-valued kurtosis;

the minimum risk lines of MV, MAD and CVaR seems to coincide if the returns have positive-

valued skewness or low-valued kurtosis.

For further studies, since possible portfolio optimizations are not only MV, MAD and CVaR

optimizations, more optimizations could also be chosen and be compared for non-Gaussian dis-

tribution (if the returns are Gaussian, MV, MAD and CVaR coincide). Furthermore, more

factors than skewness and kurtosis could be considered and investigated for the influences on

various optimizations and portfolios.
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[6] Groeneveld R A, and Glen M. Measuring skewness and kurtosis. The Statistician (1984),

391-399.

[7] Hall P. The bootstrap and Edgeworth expansion. Springer Science & Business Media (2013),

41-76.

[8] Hoe L W, Jaaman S H, and Isa Z. An empirical comparison of different risk measures in

portfolio optimization. Business and Economic Horizons 1.1 (2010), 39-45.

[9] Jensen P A and Jonathan F B. Nonlinear Programming Methods. S2 Quadratic Programming.

Operations Research Models and Methods, University of Texas at Austin (2012).

[10] Jones C M and Owen A. Lamont. Short-sale constraints and stock returns. Journal of Fi-

nancial Economics 66.2 (2002), 207-239.
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Appendix

Appendix A: the source of the real data

The historical data of stock prices in this study are downloaded from finance.yahoo.com by the

MATLAB financial toolbox. The codes of downloading the data in MATLAB are:

c=yahoo;

ticker = {’MU’,’GOOGL’,’XOM’,’MSFT’,’IBM’,’AMZN’};

for i=1:6

Price.(ticker{i})=fetch(c,ticker{i},’Adj Close’,’3/09/2011’,’2/27/2015’,’d’);

temp=Price.(ticker{i});

ClosePrice(:,i)=temp(:,2);

end

The codes for obtaining the sample of daily returns and the important vectors of the returns

are:

Returns=diff(ClosePrice)./(ClosePrice(1:999,:));

M=mean(Returns); %the mean of the daily returns

C=cov(Returns); %the covariance of the daily returns

Appendix B: the codes of portfolio optimizations in MATLAB

For mean variance optimization, the codes for obtaining the optimal portfolios and the efficient

frontier in MATLAB are:

risk=[];

ub=linspace(0.0003,0.001,100);

for i=1:100

H=2*C;

f=zeros(6,1);

Aeq=[M;1 1 1 1 1 1];

beq=[ub(i);1];

lb=100*[-1 -1 -1 -1 -1 -1];

options = optimoptions(’quadprog’,...

’Algorithm’,’interior-point-convex’,’Display’,’off’);

[x,fval,exitflag,output,lambda] = ...

quadprog(H,f,[],[],Aeq,beq,lb,[],[],options)

risk(:,i)=sqrt(x’*C*x);

end

%plot the minimum variance line of MV

plot(risk,ub);
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xlabel(’Risk(Standard Deviation)’);

ylabel(’Expected Return’);

The codes for mean-absolute deviation optimization are:

%calculate coefficient

one=ones(999,1);

MU=Returns(:,1)-M(1,1)*one;

GO=Returns(:,2)-M(1,2)*one;

XO=Returns(:,3)-M(1,3)*one;

MS=Returns(:,4)-M(1,4)*one;

IB=Returns(:,5)-M(1,5)*one;

AM=Returns(:,6)-M(1,6)*one;

a=[MU GO XO MS IB AM];

%MAD optimization

risk1=[];

for i=1:100

objfun=@(x)(mean(abs(a*x)));

Aeq=[M;1 1 1 1 1 1];

beq=[ub(i);1];

x0=[1/6 1/6 1/6 1/6 1/6 1/6]’;

x=fmincon(objfun,x0,[],[],Aeq,beq,[])

risk1(:,i)=mean(abs(a*x));

end

%plot the minimum variance line of MAD

plot(risk1,ub,’r--’);

xlabel(’Mean Absolute Deviation of Portfolio Returns’);

ylabel(’Mean of Portfolio Returns’);

The codes for conditional value-at-risk optimization are:

%CVaR optimization

risk2=[];

alpha=[];

j=1:6;

w0=[(1/6)*ones(1,6)];

VaR0=abs(quantile(Returns*w0’,1-0.9));

for i=1:100

objfun=@(xalpha)xalpha(7)+(1/999)*(1/(1-0.9))*sum(max(

-xalpha(j)*Returns(:,j)’-xalpha(7),0));

Aeq=[-M 0;1 1 1 1 1 1 0];

beq=[-ub(i);1];

46



lb=[-100 -100 -100 -100 -100 -100 -Inf];

xalpha0=[1/6 1/6 1/6 1/6 1/6 1/6 VaR0];

xalpha=fmincon(objfun,xalpha0,[],[],Aeq,beq,lb)

alpha(i)=xalpha(7);

risk2(:,i)=xalpha(7)+(1/999)*(1/(1-0.9))*sum(max(-xalpha(j)*

Returns(:,j)’-xalpha(7),0));

end

%plot the minimum variance line of CVaR

plot(risk2,ub,’r--’);

xlabel(’Conditional Value-at-Risk of Portfolio’);

ylabel(’Expected Return’);

Appendix C: the codes for obtaining market portfolio in MATLAB

The codes for obtaining the market portfolio of MV are:

%input the determined value of risk-free rate

R1=0.0017;

%the optimal weight wm for market portfolio

wm=((M-0.01*R1*ones(1,6))*inv(C))./((M-0.01*R1*ones(1,6))*inv(C)*ones(6,1));

%obtain the point of market portfolio

sigma=sqrt(wm*C*(wm)’);

mu=M*(wm)’;

The codes for obtaining the market portfolio of MAD are:

%obtain the optimal weight x for market portfolio

lb=100*[-1 -1 -1 -1 -1 -1];

objfun=@(x)(-(M*x-R1.*0.01)./(mean(abs(a*x))));

Aeq=[1 1 1 1 1 1];

beq=[1];

x0=[1/6 1/6 1/6 1/6 1/6 1/6]’;

x=fmincon(objfun,x0,[],[],Aeq,beq,lb)

risk=mean(abs(a*x));

mu=M*x’;

The codes for obtaining the market portfolio of CVaR are:

j=1:6;

w0=[(1/6)*ones(1,6)];

VaR0=abs(quantile(Returns*w0’,1-0.9));

objfun=@(xalpha)(-abs(xalpha(j)*M’-R1*0.01)/(xalpha(7)

+(1/999)*(1/(1-0.9))*sum(max(-xalpha(j)*Returns(:,j)’-xalpha(7),0))));
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Aeq=[1 1 1 1 1 1 0];

beq=[1];

lb=[-100 -100 -100 -100 -100 -100 -Inf];

xalpha0=[1/6 1/6 1/6 1/6 1/6 1/6 VaR0];

xalpha=fmincon(objfun,xalpha0,[],[],Aeq,beq,lb)

risk=xalpha(7)+(1/999)*(1/(1-0.9))*sum(max(-xalpha(j)*Returns(:,j)’-xalpha(7),0));

mu=M*xalpha(j);

Appendix D: the codes for calculating the integral of the derivative for

MAD and CVaR optimizations

The codes for obtaining and plotting continuous values of the third derivative for MAD opti-

mization are:

fun=@(y)abs(y).*y.*(3-y.^2).*1./(sqrt(2.*pi)).*exp(-(y.^2./2)).*normpdf(y);

integralv=integral(@(y)fun(y),-inf,inf);

The codes for obtaining and plotting continuous values of the fourth derivative for MAD opti-

mization are:

fun=@(y)abs(y).*((y.^2-3).^2-6).*1./(sqrt(2.*pi)).*exp(-(y.^2./2)).*normpdf(y);

integralv=integral(@(y)fun(y),-inf,inf);

The codes for obtaining and plotting continuous values of the third derivative for CVaR opti-

mization are:

fun=@(y,a,b)max(a+y-b,0).*y.*(3-y.^2)*1./(sqrt(2.*pi)).*exp(-(y.^2./2)).*normpdf(y);

n=20;

for i=1:n

for j=1:n

a(i)=-5+i*10./(n+1);

b(j)=-5+j*10./(n+1);

integralv(i,j)=integral(@(y)fun(y,a(i),b(j)),-inf,inf);

end

end

[A,B]=meshgrid(a,b);

surf(A,B,integralv)

The codes for obtaining and plotting continuous values of the fourth derivative for CVaR opti-

mization are:

fun=@(y,a,b)max(a+y-b,0).*((y.^2-3).^2-6)*1./(sqrt(2.*pi)).*exp(-(y.^2./2)).*normpdf(y);

n=20;

for i=1:n
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for j=1:n

a(i)=-5+i*10./(n+1);

b(j)=-5+j*10./(n+1);

integralv(i,j)=integral(@(y)fun(y,a(i),b(j)),-inf,inf);

end

end

[A,B]=meshgrid(a,b);

surf(A,B,integralv)

Appendix E: The codes for simulation

The codes in MATLAB for simulating uniform dependent random numbers with the same

Kendall’s τ as original data and dependency given by a Gaussian copula:

ClosePrice=xlsread(’ClosePrice.xlsx’,’A1:C1000’);

Returns=diff(ClosePrice)./(ClosePrice(1:999,:));

C=cov(Returns);

std=sqrt(diag(C));

m=mean(Returns);

skew=skewness(Returns);

kurt=kurtosis(Returns);

dlmwrite(’m.txt’,m,’delimiter’,’\t’)

dlmwrite(’C.txt’,C,’delimiter’,’\t’)

dlmwrite(’skew.txt’,skew,’delimiter’,’\t’)

dlmwrite(’kurt.txt’,kurt,’delimiter’,’\t’)

tau=corr(Returns,’type’,’kendall’);

R=sin(pi*tau/2);

N=(sqrtm(R)*normrnd(0,1,3,999))’;

U=normcdf(N);

dlmwrite(’U.txt’,U,’delimiter’,’\t’)

The R codes for simulating dependent data with marginal densities from the Pearson distribution

with given skewness and kurtosis:

install.packages("PearsonDS")

library("PearsonDS")

U=matrix(scan("U.txt"),ncol=3,byrow=TRUE)

m=scan("m.txt")

C=matrix(scan("C.txt"),ncol=3,byrow=TRUE)

skew=scan("skew.txt")

kurt=scan("kurt.txt")

X=matrix(rep(0,length(U[,1])*3),ncol=3)
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write.table(X,file="X.txt",row.names=FALSE,col.names=FALSE)

for (i in 1:3)

{

X[,i]=qpearson(U[,i],moments=c(m[i],C[i,i],skew[i],kurt[i]))

}

write.table(X,file="X.txt",row.names=FALSE,col.names=FALSE)

%then the matrix X is the simulated data
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