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Abstract
Algebra in primary school requires students to engage in functional thinking, includ-
ing recursive patterning, covariational thinking, and correspondence relationships. 
However, research suggests that teaching to develop functional thinking is challeng-
ing in lower grades, because it risks resulting in discussions solely centered around 
recursive patterning. This article reports on an intervention where possibilities and 
limitations were studied when students used different representations to develop 
functional thinking while working with pattern generalizations. Sixty-nine students 
in Grade 6 in four different classes worked with graphs and other representations 
to identify and justify pattern generalizations. The results showed that the graphi-
cal representation enabled students to visualize and justify correspondence relation-
ships, thereby developing their functional thinking. Furthermore, the use of graphs 
helped the students justify their pattern generalizations and shift their conversations 
from recursive patterning to covariational thinking and correspondence relation-
ships. Consequently, the results emphasize the importance of teacher awareness in 
developing students’ functional thinking.

Keywords  Correspondence relationships · Covariational thinking · Functional 
thinking · Graphical representation · Pattern generalizations

Introduction

This study aims to explore and exemplify how teachers and their students in the 
last year of primary school (12–13 years old) communicate pattern generaliza-
tion when using different representations through the lens of functional thinking. 
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Research shows that a key concept in developing algebraic generalizations is to 
provide younger students the conditions by which they can develop mathematical 
ideas about quantitative relationships, i.e., functional thinking (Blanton et al., 2018, 
2019; Blanton & Kaput, 2011; Ellis, 2011; Hunter & Miller, 2022; Stephens et al., 
2017; Torres et  al., 2024; Wilkie, 2020). Teaching quantitative relationships and 
developing students’ functional thinking allows them the opportunity to talk about 
relationships between independent and dependent variables in algebraic generaliza-
tions (Blanton et al., 2019). For example, students may discuss the relation between 
an independent variable (the number of dogs) in relation to the dependent variable 
(the number of legs). For example, “Every time we add a dog, the number of legs 
increases by four”, and thereby 3 dogs have a relation to 12 legs, just as 4 is related 
to 16.

Smith (2008) used three modes of pattern generalizations to frame functional 
thinking in elementary grades, an approach later adopted by others (e.g., Blanton 
et al., 2015a, b, 2018; Blanton & Kaput, 2011; Pinto et al., 2022). The first mode, 
recursive patterning, tends to focus on changes in the dependent variable. For exam-
ple, when working on the relationship between the number of dogs related to the 
number of ears, tails, and legs, a student may talk about the repeated unit for the 
pattern saying. “It increases by four legs.” The limitation of this recursive patterning 
is that it does not consider the independent variable. The second mode, covariational 
thinking, involves how two quantities vary in relation to each other. For example, 
“Every time x increases with one, y increases with four,” or based on the previous 
example, “Every time we add a dog, the number of legs increases by four.” This 
covariational thinking allows students to discover and justify relationships between 
two quantities. The third and last mode, correspondence relationships, is based 
on identifying a generalized relationship between two quantities and identifying a 
rule, a function describing the generalization. For example, the function y = 4x + 1 
could be described as “multiplying the number by four and adding one”. Working 
with correspondence relationships, students are given prerequisites to identify and 
develop an understanding of multiplicative and additive structures. Although the 
contents of the three modes from Smiths’ (2008) definition of functional thinking 
are described similarly by different researchers, they have used different terminol-
ogy to denote how the three modes differ. For example, Pinto et al. (2022) use the 
terms, recursive patterns, covariation, and correspondence, whereas Stephens et al. 
(2017) use the words recursive patterns, covariation relationships, and correspond-
ence relationships. Wilkie (2020) uses the terms recursive patterning, covariational 
reasoning, and correspondence reasoning. In this text, the modes mentioned above 
will be henceforth named, using Smith’s (2008) terminology, i.e., recursive pattern-
ing, covariational thinking, and correspondence relationships.

Some studies have shown success when it comes to combining activities contain-
ing functional relationships and algebraic generalizations in primary school. The use 
of pattern generalizations and graphical representations are common to these studies 
(Blanton & Kaput, 2004, 2011; Hunter & Miller, 2022; Wilkie, 2020). However, a 
graph itself does not stimulate students’ functional thinking; the teacher’s instruc-
tion is central to developing reasoning about covariational and correspondence rela-
tionships (Wilkie, 2020). Wilkie indicates that this is problematic due to teachers’ 
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unfamiliarity with teaching figural patterns and graphing. Instead of focusing on 
these, and thus functional relationships, teaching focuses on equations and figural 
patterns in algebraic generalizations. Therefore, it seems relevant to explore oppor-
tunities for developing functional thinking when working with pattern generaliza-
tions using graphical and other representations in primary school.

Using graphs to create an understanding of functional thinking in pattern gen-
eralizations clarifies the aim of this study, which is to explore and exemplify how 
teachers and students in the last year of primary school communicate pattern gener-
alizations and functional thinking when using different representations. Most stud-
ies have focused on students’ documentation; however, in this study, the focus is on 
in-class communication. This article reports on an intervention where possibilities 
and limitations were studied when students used different representations to develop 
functional thinking while working with algebraic generalizations. More precisely, 
how and in what way do the T-table and graphs contribute to or limit students’ func-
tional thinking when working on pattern generalizations?

Background

In the next section, algebraic generalizations in primary school are presented based 
on functional thinking. These are presented based on a context where pattern gener-
alizations are used to explore multiplicative and additive structures from a perspec-
tive of functional thinking.

Generalizations in Primary School

Generalizations are often described as essential or fundamental for algebraic think-
ing and central to all mathematical activities (e.g., Blanton et  al., 2018; Kaput, 
2008). However, teaching generalizations has proven difficult for teachers, not least 
in the primary grades (Stylianides & Silver, 2009). There is therefore an ongoing 
discussion about algebraic generalizations and what they include, and how they 
might be best introduced in teaching (e.g., Blanton et al., 2018; Kaput, 2008; Torres 
et al., 2024). Generalizations can be connected to a process where students, using 
different representations, notice and move common mathematical information to 
conclusions in the form of a generalized argument (Blanton et al., 2018). However, 
young students need to learn to move from the specifics of mathematics to general 
claims (Radford, 2010).

Another aspect concerns how functional thinking relates to algebraic generaliza-
tions in the elementary grades (e.g., Blanton et al., 2019; Blanton & Kaput, 2004, 
2011; Hunter & Miller, 2020, 2022; Pitta-Pantazi et al., 2020). Torres et al. (2024, 
p. 975) describe generalization as follows, “a key element for algebraic thinking in 
general and for functional thinking, in particular.” They further indicate the impor-
tance of students being allowed to develop the mathematical idea of functional rela-
tionships, and specify introducing algebra through functions, not patterns. Torres 
et al. (2024) emphasize the important role of the teacher guiding students to make 
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the transition from arithmetic to algebraic thinking, and describe the function as one 
key element to justify structures and quantitative relations in general formulas and 
discuss the importance of students’ deductive expressions.

Quantitative Relations

Quantitative relations are one part of algebraic generalizations. Both Kaput (2008) 
and Pittalis (2023) point to relational thinking and quantitative relations as key con-
cepts to move from arithmetical thinking to algebraic thinking. Algebraic generali-
zations are often introduced as pattern generalizations in early grades, for instance, 
repeated and growing patterns, to allow students to express algebraic generalizations 
(Mulligan et al., 2013). These patterns are explored by students using different rep-
resentations, such as pictures, manipulatives, natural language, or T-tables. Hunter 
and Miller (2020, 2022) argue that growing patterns are beneficial in understanding 
algebra but emphasize the importance of deliberate teaching about patterns and their 
underlying structures, such as multiplicative and additive structures. Such knowl-
edge among younger students is described as necessary to understand the relations 
in symbolized functional relations (Pittalis, 2023). Pittalis uses the term arithme-
tic-algebraic structure sense and points out that young students need to encounter 
various mathematical situations including structuring, where patterns and functions 
are seen as central in moving from arithmetical to algebraic thinking. These struc-
tures may be represented differently, for example in Fig. 1(y = 3x ). Students build 
and draw a picture of the generalization and talk about multiplicative structures and 
covariational thinking in the pattern stating, “Every new figure increase by three 
cubes” or “I need nine cubes in the Fig. 3. The student talked about the third Fig 3 in 
Fig. 1.” which is to say 9 is in relation to 27.

However, teaching often dismisses expressions of the mentioned relationships 
(for example 9 is in relation to 27). Thereby the relationships between quantities 
(covariational thinking) and underlying multiplicative and additive structures (cor-
respondence relationships) in the generalized formula are often dismissed in com-
munication in primary school (Hunter & Miller, 2020, 2022). The question arises 

Fig. 1   Illustrating the general-
ized formula y = 3x
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as to what is needed to develop students’ functional thinking in working with gen-
eralizations in primary school. Research shows that young students need access to 
multiple representations and conscious teaching about functional relationships, in 
which graphs have been proven to be a central part of functional thinking (Blanton 
& Kaput, 2004; Wilkie, 2020).

Teaching Functional Thinking in Primary School

Studies show that many teaching episodes containing pattern generalizations “get 
stuck” in recursive patterning, while quantitative discussions involving how quan-
tities co-vary and correspond tend to be overlooked (Blanton et al., 2018; Cooper 
& Warren, 2011). Teaching about recursive patterning and covariational thinking is 
essential for young students; however, using only recursive patterning and covari-
ational relationships can limit their understanding of quantitative relationships in 
functional relationships (Smith, 2008). Through correspondence associations, stu-
dents understand how quantities relate and can justify a correspondence rule, thus 
transitioning from symbolic notation to natural language (Blanton & Kaput, 2011; 
Smith, 2008). Furthermore, difficulties using correspondence relationships indicate 
that students have problems visualizing and justifying mathematical ideas of a pat-
tern generalization, for example, justifying the relation between two variables or jus-
tifying a correspondence rule (Wilkie, 2020).

It is often argued that teaching that provides elementary students with opportuni-
ties to develop functional thinking may address problems with algebra, which might 
otherwise appear later (e.g., Ellis, 2011; Wilkie, 2020). As previously mentioned, 
some aspects of functional thinking are complicated, and students often need help 
moving between recursive patterning and covariational thinking and correspondence 
relationships (Ellis, 2011). Research by Blanton and Kaput (2004, 2011), Ellis (2011), 
and Wilkie (2020) highlights graph usage as pivotal for visualizing both covariation- 
and corresponding relationships. Using graphs in combination with other representa-
tions allows young students to work with mathematical ideas that may otherwise be 
elusive, such as multiplicative and additive relations related to a generalized formula.

Multiplicative and Additive Structures

Research indicates the benefits of developing students’ functional thinking in primary 
school (Blanton & Kaput, 2011; Wilkie, 2020). Specifically, covariational thinking 
and correspondence relationships contribute to understanding mathematical structures. 
Knowledge about the multiplicative and additive structures is, for example, knowledge 
about the generalized formula y = 4x + 1 and what the values 4x and +1mean in the 
formulas. Developing students’ understanding of the relationships between how two 
quantities vary simultaneously (covariational thinking) seems to occur less frequently 
than recursive patterning in teaching. Another aspect of functional thinking is that 
recursive patterning is more common than covariational thinking in textbook tasks 
(Ayalon & Wilkie, 2020). Similar results appear in a study on items with the potential 
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for covariational thinking in Trends in International Mathematics and Science Study 
(TIMSS) (2011) in Grades 4 and 8 (Gnatt et al., 2023). The results in TIMSS show 
that a large proportion of the items in Grades 4 and 8 lack the potential for covari-
ational thinking. The researchers write about “the silence of covariational reasoning” 
(Gnatt et al., 2023, p. 2349), and point to the importance of continued research and 
development of covariational thinking in elementary and middle grades.

Communication about recursive patterning includes dialogues about changes in 
dependent values; however, relationships between quantities have become overshad-
owed. Moreover, covariational thinking and correspondence relationships are chal-
lenging to translate into elementary-level teaching (Cooper & Warren, 2011; Ste-
phens et al., 2017; Wilkie, 2019, 2020). Because research indicates that there is a 
lack of teaching about functional relationships in primary school, researchers (Blan-
ton et al., 2018; Hunter & Miller, 2022; Wilkie, 2020) emphasize that the teacher’s 
central role is creating prerequisites and allowing students opportunities to shift per-
spective from recursive patterning to functional reasoning in working with pattern 
generalizations. For example, a study conducted by Blanton et al. (2019) shows the 
importance of the teacher providing elementary students with conditions and strat-
egies to move their written solutions beyond recursive patterning to covariational 
thinking and/or correspondence relationships. As previously mentioned, one way to 
develop knowledge about multiplicative and additive structures is through working 
with graphs and patterns (e.g., Ayalon & Wilkie, 2020; Stephens et al., 2017).

Clearly, graphs, in and of themselves, do not ensure students’ understanding of 
correspondence relationships and covariational thinking. Wilkie (2020) indicates 
that the use of graphs does not automatically mean that students will discover cor-
responding relationships and covariational thinking. The teacher’s instruction is cen-
tral to students’ identification of functional relationships. Young students need guid-
ance to identify covariational thinking and correspondence relationships and thus 
understand the mathematical structure of a generalized formula or function.

In teaching, linear functional relationships are usually introduced based only on 
discussions of structures of a multiplicative nature, through similar expressions such 
as, (y = mx) . Subsequently, the discussions develop in an additive nature, through 
functions like ( y = x + c ). These two functions develop into a function of the form 
( y = mx + c ), which can be described based on both multiplicative- and additive 
characters (Blanton et  al., 2019). A common misconception in primary school is 
that students understand and use multiplicative and additive structures as if they 
were synonymous. (Fernández et al., 2008). Arican (2018) points to similar miscon-
ceptions about proportionality due to non-proportionality among teachers. Arican 
writes about the risk of being overly dependent on different strategies of multiplica-
tion (cross-multiplication and across-multiplication), which means that the additive 
strategies linked to non-proportional relationships seem to be lost.

It has been proven that it is challenging to talk about different functional relations 
and understand the consequences of multiplicative and additive structures (Fernández 
et al., 2008). For example, in these two functions (y = 4x + 1) and(y = 5x) , it is impor-
tant to understand the multiplicative structures of the ( 4x and 5x) . To understand pro-
portionality, it is also sigificant to understand additive structures and the consequences 
of non-proportionality. Students’ challenges are to understand that the relationship 
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between the two quantities is constant (five is a constant multiple, multiplicative struc-
tures), for example in the function ( y = 5x ), while the function ( y = 4x + 1) has both 
multiplicative and additive structures, a non-proportional relationship. This means that 
conversations about the meaning of proportionality and non-proportional are interest-
ing in relation to multiplicative and additive structures. Van Dooren et al. (2008) write 
about students’ linearity errors, when they use the multiplicative and additive structures 
incorrectly in linear relationships.

Considering algebraic generalizations based on functional thinking Kaput’s (2008) 
content analysis of algebra, and Blanton et  al.’s  (2018) framework for early algebra 
are central to this paper. Kaput (2008) and Blanton et al. (2018) emphasize the impor-
tance of using different representations to develop students’ understanding of abstract 
algebraic generalizations. They both write about fundamental properties to develop 
an understanding of generalizations. Kaput (2008) uses the concept of core aspects to 
describe students’ development of algebraic generalizations in school mathematics. 
According to Kaput, algebraic generalizations develop from students’ using human 
activities and different representations (Core Aspect A) to express regularities (Core 
Aspect B), including generalizations from conventional symbols. Blanton et al. (2018, 
2019) compare their four essential practices to Kaput’s two core aspects (A and B). 
Blanton et al. essential practices of generalizations include generalizing, representing, 
justifying, and reasoning with mathematical structure and relationships. These are fun-
damental to the students’ understanding of algebraic relationships and knowledge about 
the structure of algebraic generalizations.

Functional Relationships in the Swedish Context

The formal goals for algebra in Swedish primary schools (National Agency of Educa-
tion, 2022) do not include functions and functional thinking, and most teachers have 
limited experience teaching these concepts. In the Swedish curricula, materials for 
Grades 4–6 functional thinking were revised and clarified in 2022. The clarification 
involves proportional relationships and the use of graphs. Prior to Grades 4–6, func-
tional thinking is described only from the perspective of the concepts of “double” and 
“half”. At the time this study was conducted, there was an on-going debate about the 
content of the primary school curriculum, which resulted in a clarification of the con-
tent of algebra in primary school, where the development of students’ functional think-
ing was presented as central. In line with what Pinto et al. (2022) expressed regarding 
the clarification of functional thinking in early grades in Spain, it seems reasonable to 
assume that teachers in Swedish primary schools need to discuss and negotiate mean-
ing about the content of developing students’ functional thinking in primary school.

Methods

The work described in the present paper is part of an intervention with a focus 
on pattern generalizations for developing functional thinking in primary school. 
The emphasis is on the potential of graphical representation in the development 
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of functional thinking and for talking about and justifying generalized formulas. 
The intervention was designed using classroom design research (Stephan, 2015) 
and was theoretically guided by two design principles (DPs) (see Greeno, 2006; 
McKenney & Reeves, 2019) functioning as conceptual frames for the mathemati-
cal content and guiding the teachers’ instruction.

DP1: The students should be given opportunities to identify, structure, and 
generalize patterns (Mulligan et al., 2013; Stylianides & Silver, 2009).
DP2: The students should be given opportunities to work with algebraic rea-
soning, including functional thinking and proportional relationships, and 
determine relations between two or more varying quantities (Beckmann & 
Izak, 2015; Blanton et al., 2015b; Blanton & Kaput, 2004).

The design was adapted and influenced by the challenges teachers faced con-
cerning the DPs and for this paper, the second principle (DP2) was of particular 
interest. The focus of the analysis is how and what the students and the teachers 
communicate when using different representations. In the activities, the T-table 
and the graphs were used to construct models of generalized formulas, which is 
why the T-table and graphs will be the forefront.

Participants and the Context in which the Study Took Place

Three mathematics teachers from different schools in Sweden and the author par-
ticipated and collaborated in this intervention. At the time of the study, one of the 
teachers taught in Grade 1 (7 years old) and the other taught in Grade 6 (13 years 
old). This study focuses on teaching in Grade 6. The collaboration centerated on 
establishing a context for learning that allowed students to be active and develop 
algebraic generalizations in multiple ways. Introducing algebraic generalization 
from a functional thinking perspective and using graphs in primary school is not 
common. In this paper, four Grade 6 classes formed the main focus. The teachers, 
Clara, and Irma, each have more than 20 years’ experience teaching in Grades 
1–6 (7 to 13-years-old).

At the time of the study, the Swedish curriculum material had recently been 
revised and functions had been clarified in Grades 4–6; therefore, the choice to 
carry out the study in Grade 6 was particularly interesting. Data from all four 
classes were analyzed and have been reported as a combined result; thus neither 
individual students nor specifics for classes are commented upon. Each class had 
approximately 25 students, resulting in a total of 100 students. Of this number, 
69 guardians consented to their child participating in the study. The other 31 stu-
dents who did not participate in the study worked with the same activities as the 
participating students but in another part of the classroom. I installed cameras 
and audio recorders in the classrooms so that those not participating in the study 
were not involved in the recordings. The teachers had conversations with all the 
students in the class.
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Teaching Episodes

During the intervention, the T-table and graphs were primarily used when exploring 
various algebraic generalizations, justifying them, and modeling arithmetic growing 
patterns. Worth mentioning is, that only discrete values ​​were used when the graph 
is used to communicate quantitative relationships. The students used representations 
with which they were familiar, such as pictures, T-tables, and graphs. Prior to the 
last lesson, most students had become very familiar with the graphs and used these 
as support to explore different patterns. For the last lesson, the teachers decided to 
start from the opposite direction, starting with the generalized formula to create 
opportunities to develop an understanding of the functional relationship in a corre-
spondence rule in relation to pattern generalizations. The following eight functions 
were used: y = 3x, y = 4x, y = 5x, y = 6 x, y = 4x + 1, y = 5x + 1, y = 5x + 2,

and y = 6x + 2 . Hence, this paper focused on the interventions when discussing 
functional relationships concerning these functions. In other words, the students had 
to create models of arithmetic growing patterns and justify the pattern generaliza-
tions from the given functions.

Data Selection

In order to be able to answer how the T-table and the graphical representation con-
tributed to or limited students’ functional thinking when working on pattern gener-
alizations, the researcher focused on students’ communication when building vari-
ous patterns from given functions. Hence, a qualitative analysis was conducted. In 
this paper, data were derived from the last lesson in the intervention, which differed 
from the other lessons. In this lesson, the teachers decided to teach oppositely from 
the given functions. They taught from what they described as teaching from “the 
opposite way,” from the given formulas (functions) and moving to the specific grow-
ing pattern.

Data were derived from four lessons in four different sixth grade classes. 
Each lesson lasted 60 to 90  min and was video recorded. Sections that included 
interactions about functional thinking among students or between students 
and the teacher were transcribed. The analyzed empirical data were primar-
ily taken from the section of the lessons where the teachers started with a gen-
eral formula and students were supposed to create their own arithmetic pat-
terns by building patterns using manipulatives (e.g., using matches, cubes, 
or by drawing pictures). The following functions were written on the white-
b o a r d y = 3x, y = 4x, y = 5x, y = 6 x, y = 4x + 1, y = 5x + 1, y = 5x + 2 a n d 
y = 6x + 2.Students were asked to build or draw a pattern representing one of the 
functions. After working in pairs or small groups, the patterns were shown to the 
whole class and a full-class discussion took place. In these discussions, the patterns 
were linked back to the functions. The video data was completed with the research-
ers’ field notes and copies of the students’ work. The transcribed data from the stu-
dents’ communications were analyzed by the author. To strengthen the credibility 
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of the analyses, the coding of the data and the analyses were discussed with other 
researchers and were presented at conferences.

Ethical Considerations

This study followed the regulations for research provided by the Swedish 
Research Council (Vetenskapsrådet, 2017). The study does not intend to gener-
alize the results; rather, it is intended to exemplify the opportunities and chal-
lenges in teaching functional relationships in relation to pattern generalization 
when using graphs in Grade 6. In the intervention, it was important to con-
sider the teachers’ and the students’ participation and the selected mathematical 
content.

Analytical Framework

Data analysis was conducted in two steps. In the first step, Core Aspects A and 
B of Kaput’s (2008) framework were used to identify specific episodes deal-
ing with generalizations and functional relationships. In the second step, these 
episodes were analyzed using Blanton et al.’s (2019, pp. 199–200) four essen-
tial practices for generalizing the main ideas of functional thinking together 
with Smith’s (2008) three modes of functional thinking. This made it possible 
to explore how the students and the teachers communicate generalizations in a 
functional approach and what was discussed in the generalizations when focus-
ing on functional relationships (Table 1). As stated previously, the framework 
was used to analyze in-class interaction. Table 1 shows how the essential prac-
tices (Blanton et al., 2018) and the modes of functional thinking (Smith, 2008) 
were combined in the analysis and how data was coded. After coding the identi-
fied episodes, (ir)regularities between the essential practices of generalizations 
(Blanton et al., 2019) and the modes of functional thinking (Smith, 2008) used 
in the interaction were searched for. Critical incidences in the data were dis-
cussed with other researchers in relation to the coding manual (Sterner, 2021, 
2022). 

Results

This article reports on possibilities and limitations when students use different 
representations to develop functional thinking while working with pattern gener-
alizations. The result is a compilation of what emerged in four different classes, 
without distinguishing between the classes or the teachers. In this section, the 
results from the analysis using the above mentioned framework will be described. 
The results are thereafter categorized in themes and each theme will be described 
and reflect upon.
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Essential Practices and Modes of Functional Thinking

The Core Aspects A and B (Kaput, 2008) identified in Step 1, revealed that the stu-
dents could systematically symbolize generalizations (A) and could make a gener-
alization expressed in conventional symbols (B). However, it seemed challenging 
for both the students and teachers to justify why the function rule represented the 
problem. Step 2, using the essential practices (Blanton et al., 2019) and modes of 
functional thinking (Smith, 2008) showed that the students used the T-table, and 
the recursive patterning to derive a general formula. However, the written general 
formula is no guarantee of students’ understanding of the content of the formula.

In Table 2 examples from commonly occurring interactions about generaliza-
tions and functional thinking are provided, and connections to Blanton et  al.’s 
framework are detailed in the first column. In the first row, the explanations for 
Smith’s (2008) mode are given. Two tasks the students often come back to are the 
one about the number of dogs and the number of tails, ears, and legs inspired by 
Blanton and Kaput (2004) (Table 2: See the intersection of Represent & Covari-
ational thinking), the T-table, the graph, and the generalized formula ( y = 4x) . 
The second task, inspired by Beckmann (2018, p. 415) involves trains, which 
consist of a locomotive with four modules (the start value) and wagons with five 
modules each (see Table  2: Justify & Covariational thinking), and the students 
use graphs and discuss the rate of change when they describe the “green tent.”

Table 2 shows that students generalize and represent generalizations in different 
ways, such as in words, T-tables, pictures general formulas, or graphs. The repeated 
unit (5x) is central in a discussion about pattern generalizations (see Table 2: Jus-
tify & Covariational thinking), and even the additive part (+ 4) in a functional 

Table 1.   The analytical framework of Blanton et al.’s (2019) four essential practices for generalizations 
and Smith’s (2008) three modes of functional thinking

Smith (2008)

Blanton et al. (2019)

Recursive pa�erning

Iden�fy a change in dependent 
value

Covaria�onal thinking

Iden�fy rela�onships between 
quan��es

Correspondence rela�onships

Iden�fy a generalized rela�on-
ship between two quan��es; 
iden�fy a rule and a func�on 
describing the generaliza�on

Generalize

Ex. Iden�fy variables (as 
number of objects or 
magnitude of quan�ty, not as 
object).

Represent

Ex. Generate data and organize 
in a func�on table.

Jus�fy

Ex. Develop a jus�fica�on for 
why the func�on rule 
accurately represent the 
problem situa�on.

Reasoning with mathema�cal 
structure and rela�onships

Ex. Use graphs to interpret 
func�on behavior.

HOW

WHAT
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relationship is noticed in conversations. The students mark the repeated unit as 
“green tent” in their graph and talk about the additive part as “plus 4” (+ 4). They 
also mark the zero position (start value) in the T-table and mentioned this position in 
their conversation.

Table  2 provides a condensed version of how several students represent gen-
eralizations. There is also a condensation of what their justification includes, and 
what their reasoning with mathematical structures and relationships includes. For 

Table 2.   Commonly occurring interactions about generalizations and functional thinking

Smith (2008)

Blanton 

et al. (2019)

Recursive pa�erning

Iden�fy a change in 
dependent value.

Covaria�onal thinking

Iden�fy rela�onships between quan��es.

Correspondence rela�onships

Iden�fy a generalized rela�onship 
between two quan��es; iden�fy a 
rule and a func�on describing the 
generaliza�on.

Represent

Ex. Generate 
data and 
organize in a 
func�on 
table.

Ex. Represent 
variable 
quan��es in 
words and 
with variable 
nota�on. 

It increases with three …

Each figure increases by three matches every 
�me.

Jus�fy

Ex. Develop a 
jus�fica�on 
for why the 
func�on rule 
accurately 
represents 
the problem 
situa�on 
(e.g., 
subs�tu�ng 
values from 
the func�on 
table in the 
rule or 
reasoning 
from the 
problem 
context).

It is five-jumps…

Each �me it increase by five 
[Det legs på 5 varje gång].

The start value is one 
[Startvärdet 1].

The green “tents” are quite big as each train car 
increases by five modules, every �me we move 
one step on the x-axis. This plus four (+4) are 
the modules belonging to the locomo�ve.

The teacher asked, “What formula 
could this pa�ern represent?”

y=6x+2

“Tell me where your star�ng value
is in the figure.”

These plus two [the students point 
to the orange matches in Figure 
zero].

“Describe what a graph would look 
like.”

Quite steep.

“Why?”

It increases by six matches each 
�me, the “tents” are big, and it´s 
only those plus two that are used 
all the �me [the student points to 
the orange matches].
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example, some students draw or create an internal mental picture of a graph rep-
resenting the general formula, (see Table2: Reasoning with mathematical struc-
ture and relationships & Covariational thinking), when they draw pictures that 
resemble the red “drums” related to the general formula and talk about the graph 
going down in origin. Another example (see Table 2: Justify & Correspondence 

Table 2.   (continued)
Reasoning 
with
mathema�cal 
structure and 
rela�onships

Ex. Use 
graphs to 
interpret 
func�on 
behavior. 

Ex. 
(Reversibility) 
Use either 
func�on table 
or func�on 
rule to 
determine 
the value of 
the 
independent 
variable given 
the value of 
the 
dependent 
variable.

y=6x, This graph goes down in origin, and six
matches are needed for each figure. All 
matches stand on their own; there is no plus 
something. 

The func�on y=5x+2 is illustrated 

by drawn cubes. 

Why is this the func�on y=5x+2?

Each figure increases by five cubes 
and those plus two are there all the 
�me. 

“Where do we find the plus two in 
the figure?”

The cubes that s�ck out on the 
sides.

“How do we see the plus two in the 
graph?”

Some students see an internal 
mental image of a graph and other 
students point to the coordinate 
(0,2) in a drawn graph on the 
board.

“How do we see how the pa�ern 
increases in the graph?”

Times five, the tent; when x 
increases by one, we go five steps 
on the y-axis.  

“In that case, how many cubes 
should Figure 2 contain?”

Five �mes two plus two is twelve 
cubes.

The teacher starts a conversa�on 
about propor�onality and asks why 
Figure 10 does not have twice as 
many cubes as Figure 5.

The students refer to the graph and 
the start value (+2), which only 
appears once. 

The teacher con�nues and asks
ques�ons such as: “Is there any 
Figure in the pa�ern that has 57 
cubes?” “How many cubes are 
needed to build the Figure to 525?”
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relationships) is a model of the pattern generalization represented by y = 6x + 2 , 
and the model of orange and green matches. The two orange matches on the left in 
the model illustrate the x = 0 , “the plus two”. The students talk about the zeroth 
position  (0) or the Figure zero  (0). The graph is used to justify the quantitative 
content of each figure, especially Figures  1 (the model of matches in the mid-
dle) and 0 (the model of matches in the left), and discussion of the start value of 
“these plus two.” The teacher prompts the students saying, “Describe what a graph 
would look like.” The students use an internal graph when they talk about a graph 
illustrating the function as “quite steep” and justify this by adding, “It increases by 
six matches each time: “The tents are big and it´s only those plus two that are used 
all the time.”

When students talk about the rate of change, they use models of tents (see 
Table  2: Justify & Covariational thinking). In Table  2: (Reasoning with math-
ematical structure and relationships & Correspondence relationships) the blue 
picture of cubes representing the function y = 6x + 2 , is followed by a whole-
class conversation about the quantitative relation. They also discussed the con-
sequences that the multiplicative and additive parts have for modeling their con-
structions of the repeated patterns. The teacher asked questions such as: “Where 
do we find the plus two in the figure?” and “How do we see the plus two in 
the graph?” Somewhat unexpectedly, the T-table primarily generated recursive 
patterning rather than covariational thinking or correspondence relationships. 
When the graphical representation was used together with another representa-
tion (for example, the T-table), the students first reasoned about covariational 
thinking and correspondence relationships. Most students can derive a general 
formula from the values in the T-table. However, they show difficulties in jus-
tifying arithmetical relationships and reasoning about the structure of a gen-
eral formula in terms of multiplicative and additive ideas when using only the 
T-table and the symbolic representations. As mentioned, the students use the 
graph when they justify the mathematical structure and reasons for the quantita-
tive relations in the general formula.

The analysis shows that different representations encouraged the students to 
engage in different modes (recursive patterning, covariational thinking, and corre-
spondence relationships). Teachers and students generalize and represent generaliza-
tions in different ways, linking various representations to justify the functional rela-
tionship. This leads to interactions where justification of generalizations based on 
functional thinking is significant. These can be categorized into the following four 
themes:

(1)	 The T-table, recursive patterning, and generalized formulas.
(2)	 The graph, covariational thinking, and generalized formulas.
(3)	 The graph, correspondence relationships, and generalized formulas.
(4)	 The use of graphs to visualize differences between different correspondence 

relationships.
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The T‑table, Recursive Patterning, and Generalized Formulas

The T-table was an important representation for visualizing and discussiong pat-
tern generalizations. It was used to identify and structure pattern generalizations and 
helped the students organize and structure covarying data. Most students found the 
generalized formula by using the T-table. They discussed changes in the dependent 
value using recursive patterning. However, only a few students could justify the gen-
eralized formula, and they used neither covariational thinking nor correspondence 
relationships. The results showed that a written generalized formula did not guar-
antee students’ understanding of pattern generalization. The students were famil-
iar with expressing a written generalized formula to illustrate the pattern, but they 
encountered difficulties when asked to justify and describe the role of the variables 
and parameters. This made it challenging to talk about the correspondence relation-
ships. However, recursive patterns were the most common way to talk about the 
patterns initially. This is seen in the task and solution depicted in Table 2: Justify 
& Recursive patterning. The students and the teachers discussed how the patterns 
increased, and they talked about the pattern increasing by five, or in the table, they 
stated, “It is five-jumps…”.

There were a few examples of student interactions in which an introductory 
discussion showed how a particular number in the pattern related to covariational 
thinking value in the sequence, such as, “Each time it increases by five.” The full-
class discussion continued and the teacher asked the students: “It increased by five 
each time. Could it then be said that it is always a table of five?” The students shook 
their heads and responded, “This plus one; the starting value is one.” The teacher 
responded:

So, you mean that it increases by five matches in each Figs.  (1,2,3,4,5… 
1,2,3,4,5)? You build on these five matches in each new figure (the stitches 
turn red in (Table  2: Justify & Recursive patterning) and then the y-value 
increases by five each time the x-value increases by 1. And what about the 
zeroth position, the “green wall” in Fig.  1 (the green line drawn  in the left 
figure in the student’s model) in (Table 2: Justify & Recursive patterning), the 
plus one?

When students justified the zeroth position ( x = 0 ), several used a coordinate sys-
tem and the graph to structure the values from the T-table: the graph and the coor-
dinate (0,1) (they talked about “the green wall” plus one). The teacher asked for 
an argument supporting the single green wall. The students then talked about the 
match, the “start value” that is used throughout the pattern regardless of how many 
figures are built. The discussion moved from recursive patterning to covariational 
thinking when they talked about how the x-value and the y-value related to each 
other.

Throughout the intervention, tasks with a clear starting value (the figure 
zero, x = 0 ) were found to be essential for understanding pattern generalizations 
and determining a generalized formula (Sterner, 2021). In the initial stage, the 
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starting value was included in the students’ pictures, tables, and texts, for exam-
ple, in Fig. 2, “the start-value is 1.” The teachers designed various tasks in which 
the growing patterns “clearly” visualized the c-value ( y = mx + c),and talked 
about the zeroth position and clarified the c-value in multiple ways with dif-
ferent representations. In the initial stage of the intervention, the students were 
unaware of how they might benefit from and use the starting value to justify 
a generalized pattern or a generalized formula. Subsequently, the students only 
used the zeroth position to find the generalized formula without understanding 
its structure. Later in the intervention, the results showed that the starting value 
(the zeroth figure) was important to justify and talk about the structure of the 
function.

The Graph, Covariational Thinking, and Generalized Formulas

The results showed that the T-table helped students express a general formula. 
It appears that the graphical representation is needed for students to under-
stand the meaning of the general formula and its structure. At the beginning 
of the intervention, both teachers and students were unfamiliar with concepts 
and language associated with graphs and coordinate systems. This was a new 
and unfamiliar concept, and they lacked the suitable language to talk about 
graphs and the related functional relationships (Sterner, 2022). Later the 
results showed that graphs created opportunities to develop students’ covaria-
tional thinking and provided opportunities for moving between this and recur-
sive patterning. Figure 2 and the transcript below exemplify how two students, 
Stina and Kevin, started the conversation with recursive patterning that par-
tially turned into covariational thinking. The interaction shows how a graph 
was used to visualize and discuss the relationship between independent and 
dependent variables.

Stina: It increased by four.

Kevin: In all the figures, the ring in the middle is common.

Fig. 2   Stina’s and Kevin’s 
T-table and their interpretation 
of the pattern generalizations
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Stina: Yes, the starting value is one and we get the general formulay = 4x + 1 

[The two students are quiet]

Stina: If we had to draw a graph, it would intersect the y-axis at point 1.

Kevin: No, wait… I don´t understand.

[When the students talk about the figure, they refer to the figures in their drawn 
ed solutions.]

Stina: Well, the ring in the middle is common to all the figures, as you said. 
(Stina points to the picture and the table). Even if we have zero figures, the 
ring in the middle will be included. Therefore, the graph intersects the y-axis 
at one. Figure 0 has one ring; Fig. 1 has four plus one rings and Fig. 2 has 
another four rings plus the ring in the middle.

[Stina moves between the T-table, the picture (see Stina’s and Kevin’s drawn 
soloution in  Fig.  2), and the graph that she has sketched when she explains 
how the y-value increases by four every time the x-value increases by one.]

In this transcript, covariational thinking is made visible, as they use the sketched 
graph to talk about the relation between independent and dependent values. An ini-
tial conversation about the structure of the generalized formula can be discerned 
(correspondence relationships). The students talk about what they call figure zero 
(figure 0), the starting value. The students talk about the figure 0 including only one 
ring, the ring in the middle, and the figure 0 helped the students to justify the conse-
quences for the plus one in the general formula.

The Graph, Correspondence Relationships, and Generalized Formulas

The results indicated that the graph was developed as an essential tool for under-
standing and talking about different generalized formulas and helping the students 
to justify pattern generalizations in various ways. The graph encouraged the students 
to consider the multiplicative as well as the additive aspects of the equation. The 

Fig. 3   Four students’ interpretations and their modeling of the generalized formula y = 6x + 2 
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first part of the intervention concerned arithmetically growing patterns presented in 
pictures, and the task for the students was to find a general formula. At the end of 
the intervention, the order was reversed. The students were then given eight equa-
tions: (y = 3x, y = 4x, y = 5x, y = 6 x, y = 4x + 1, y = 5x + 1 y = 5x + 2 and y = 6x + 2) and 
asked to create and justify a pattern that may be represented by the equation. The 
transcript below shows how the teacher (Irma) interacted with a group of students 
when they discussed the equation, y = 6x + 2, and an associated modeled pattern 
(Fig. 3).

Teacher: What can you say about the generalized formula y = 6x + 2 and how 
can you describe the identified pattern?

Enja: The first figure [points at F0 in the picture] shows that there are two 
cubes that come along all the time; the starting value is two.

Ali: In the first figure [points at F1] we have eight cubes and in the figure F2 
[points at F2] we have fourteen cubes. The pattern always has two common 
cubes.

Karin: The graph would start at the point zero comma two (0,2).

Teacher: How do you know that?

Karin: The figure will have two common cubes that are present all the time; 
the zeroth figures has two cubes.

[Karin uses their model when she explains].

Teacher: Can anyone describe the graph of the functional relationship that you 
have illustrated, y = 6x + 2?

Malte: The graph will be quite steep.

Teacher: What do you think then?

Malte: I compare and see the slope of y = 3xand y = 5x and then understand 
that y = 6x + 2must be a little steeper. Every time I move one step on the x - 
axis, I move six steps on the y - axis. I now see the formula as a picture in my 
head […] first through the graph, and then I understand how to build the pat-
tern with pictures or matches.

The above transcript indicates that the students used the graph to explore, 
understand, and explain the multiplicative (Malte) and additive (Karin) struc-
ture of a generalized formula. The graphical representation encouraged the 
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students to discuss the correlation between two quantities expressed as a func-
tion rule. They also compared different graphs and the rate of change when 
they talked about different slopes and how the slope affected the modeling of 
different arithmetical patterns.

The use of Graphs to Visualize Differences between Different 
Correspondence Relationships

In the interaction, it became apparent that the students used the graphical represen-
tation to understand the differences between two correspondence rules. The students 
worked with the two different functions. The following correspondence rules were 
examples from some students’ work; ( y = 4x + 1 ) and ( y = 5x ). They used multiple 
manipulatives to model growing patterns, for example, matches, cubes, or pictures. 
During the intervention, they worked a lot with the following pattern generalization, 
The fish houses y = 4x + 1 (Fig. 4).

In several conversations, the students agreed that five matches were needed to 
make a model of an arithmetic growing pattern to both generalized formulas 
( y = 4x + 1 ) and ( y = 5x ). When they used matches and tried to make different pic-
torial representations of patterns in the equations ( y = 4x + 1 ) and ( y = 5x ), prob-
lems arose when they tried to justify these two generalized formulas and their dif-
ferences. Some students realized the difference between the correspondence rules 
immediately; others encountered problems and could not discuss the difference 
between the generalized formulas.

Quite a few students worked like Lilly and Ave (Fig.  5). They built models of 
houses, and in the initial stage, they could not understand or express the differences 
in the pictures in Figs. 4 and 5. Lilly, Ave, and many other students did not realize 
the mathematical difference between the two growing patterns (the picture in the 
students’ work in Figs. 4 and 5). When the teacher (Clara) drew two graphs belong-
ing to the functions and talked about the start-value (the c-value) in the generalized 

Fig. 4   A pattern generalization 
called the “Fish Houses” and 
associated graph
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formula ( y = mx + c) the students started to realize the difference between the two 
functions. Clara and the students also talked about how the y-value increased every 
time the x-value increased by one.

Clara used graphs to visualize and talk about the correspondence rule and 
the relation between the independent and dependent variables. She asked sev-
eral students to draw their own graph and asked the students questions, such 
as, “Where will the graph intersect the y-axis?” Clara also asked how many 
matches were needed in the first figure, the second figure, the third figure, 
and the zeroth figure, as well as the tenth figure. She repeatedly asked the stu-
dents why they needed a different number of matches in their models in the 
two cases despite the equal number of matches for the first figures. Clara asked 
the students which figure had 49 matches and if there were any figures with 50 
matches? She further questioned if any figures included 29 matches… why or 
why not? (Compare teacher dialogue in Table 2: Reasoning with mathematical 
structure and relationships & Correspondence relationships). Throughout these 
activities, the teacher alternated between various representations. Thus, graphs 
seemed to be an easy visualization for discussing the relationship between 
independent and dependent variables as well as direct proportionality and the 
multiplicative structure. In the interactions, it became clear that the students 
used graphs to visualize and justify the differences between different corre-
spondence relationships, and they realized the difference between different lin-
ear functions.

In the students’ interpretation and modeling of the correspondence rule, the 
c-value ( y = mx + c)became significant. The graph, in relation to modeling with 
various manipulatives, made it possible to justify the c-value in the general formula. 
The students and the teachers recognized this as the “start-value” or “the zeroth 
position.” After working on the generalized formulas, one of the students (Anna) 
reflected on the graphical representation, as seen below:

This plus one … I have never understood this before. I know that the first fig-
ure has five matches, and the second figure has nine matches. Now, when I 
compare the two formulas in my head ( y = 4x + 1 ) and ( y = 5x ), I see them 
like graphs in the coordinate system. I understand that every figure has one 
common match, and therefore, the graphs start in the coordinate zero comma 

Fig. 5   Lilly’s and Ave’s inter-
pretation of the correspondence 
rule y = 5x.
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one, in the formula y = 4x + 1 by four each time x increases by one. The other 
formula, (y = 5x) , starts in the origin, and it increases by five every time, the 
fives multiplication table.

This transcript is one of several examples of how the students used graphs to vis-
ualize an abstract generalized formula in models for patterns. In the students’ mod-
eling with matches and the discussions of the given generalized formula, it became 
apparent that their access to the graph, the T-table, pictures, variable notations, and 
the natural language made it possible to explore the functional relationship and go 
between recursive patterning and covariational thinking and correspondence rela-
tionships when justifying pattern generalizations. The graphical representation is 
used to visualize multiplicative and additive structures, which in turn makes it possi-
ble to develop an understanding of proportionality and non-proportionality. The stu-
dents discussed “the extra matches that come with them all the time in the pattern” 
or “the start-value found on the y-axis.”

Discussion

The results showed that different representations were used to justify pattern gen-
eralizations. The graphical representation was used to introduce and develop stu-
dents’ functional thinking in relation to pattern generalizations. This points to the 
difficulties in justifying the correspondence rule, as suggested by Wilkie (2020). 
It is through the teachers’ questions related to the graph and the given formula, 
that multiplicative and additive structures in a general formula become visible in 
discussions. According to Blanton et al. (2019), an understanding of mathemati-
cal structure and relationship is crucial to the development of functional think-
ing. The conversations about multiplicative and additive structures in a general 
formula gave the students the opportunity to justify and to create a deeper under-
standing. That, in turn, led students to construct their own pattern generalizations 
and understand the differences between general formulas, as pointed out above in 
the example with Lilly and Ave and the “fish houses.”

Central and commonly occurring mathematical ideas take place in the interac-
tions, such as the repeated unit and the rate of change and its consequences. The 
graph helped students connect  the drawn figures, figure  0 (the zeroth position 
x = 0 ) and figure 1. Making attention to the figures 0 and 1 in an arithmetical grow-
ing pattern with help from what they called “the start value” ( x = 0) , provided an 
understanding of multiplicative and additive structures and their consequences in 
a generalized formula. Most students can write a general formula representing an 
arithmetical growing pattern based on the T-table and communicate recursive pat-
terning (see example Table  2: Justify & Recursive reasoning). Notably, however, 
students need the mathematical ideas of functional relations and graphical represen-
tations to be able to do what Ellis (2011) and Pinto et al. (2022) describe as both 
crucial and difficult for developing functional thinking: that is moving the conversa-
tion from recursive patterning to reasoning about covariational and correspondence 
ideas.
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The students and the teachers use mathematical ideas that were made visible 
through the graphical representation when exploring covariational thinking and cor-
respondence relationships. For example, they connect the rate of change to the size 
of their “tents” and to the number of matches needed to build their growing patterns 
(see Table 2: Justify & Covariational thinking). By this reverse argument, from the 
general to the specific, the consequences of the rate of change in relation to modeling 
an arithmetic growing pattern represented by a given general formula (for example 
the discussion related to the fish houses and the functions y = 4x + 1 ) and ( y = 5x ) 
are seen. The result of algebraic generalizations and the importance of visualizing 
the mathematical structure and relationships in a general formula can be compared 
with Torres et al. (2024), who emphasize the importance of giving younger students 
the conditions to develop algebraic generalizations where the idea of mathematical 
structure is a keyword in the transition from arithmetic generalization to algebraic 
generalization. This result of students’ and teachers’ interactions about pattern gen-
eralizations based on functional thinking can also be seen as a complement to Blan-
ton et al.’s (2019) study, which is based on students’ written generalizations.

Several students described the graphs as an internal mental image that helped 
them visualize a generalized formula’s mathematical structure. The graph’s mental 
image allowed them to see a model of various arithmetic growing patterns. In this 
way, students could visualize the repeated multiplicative unit and thus understand 
different corresponding relationships. It is worth noting that the teachers in this 
study have, for a long time, deliberately taught pattern generalization based on func-
tional thinking. Like Hunter and Miller (2022) and Wilkie (2020), this study also 
points to the importance of teachers’ awareness of developing students’ functional 
thinking.

In conclusion, the results showed that the graph helps distinguish and justify 
proportionality and non-proportionality. It is significant that the concept of propor-
tionality is scarcely mentioned, and its meaning is not deepened in the interactions, 
even though multiplicative and additive structures are discussed. The result is in line 
with Fernández et al. (2008), who write about students’ challenges in understanding 
the meaning of proportionality and non-proportionality linked to knowledge of the 
distinction between multiplicative and additive structures. This is also concurs with 
Arican (2018), who points to the need to develop teaching about proportionality and 
non-proportionality. Therefore, this study can be seen as a contribution, where the 
graphical representation is used as a tool to visualize multiplicative and additive 
structures in proportionality and non-proportionality.

Implications

This study points out that students can develop an understanding of functional think-
ing by working with pattern generalizations in which the graph plays an important 
role. The teachers’ idea of working from generalizations and challenging the students 
to understand and interpret the given generalized formulas is crucial in developing 
students’ correspondence relationships. In this case, the students were asked to build 
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different models of arithmetic growing patterns from given generalized formulas. In 
their own modeling, they had to consider multiplicative and additive structures, and 
because of this, the graphical representation was essential. As this and other studies 
(Hunter & Miller, 2022; Wilkie, 2020) have emphasized the importance of teach-
ers’ awareness in developing students’ functional thinking, more reserach needs to 
be conducted with this focus. Beyond that, this study has pointed out graphs as an 
important tool in the development of proportionality. New studies could explore the 
possibilities of using the graphical representation to support students understanding 
of proportionality and non-proportionality in greater depth.
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