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Abstract

The increasing integration of artificial intelligence agents (AlAs) based on large language
models (LLMs) is transforming many spheres of society. These agents act as human
assistants, forming Distributed Intelligent Systems (DISs) and engaging in opinion for-
mation, consensus-building, and collective decision-making. However, complex DIS net-
work topologies introduce significant uncertainty into these processes. We propose a
quantum-inspired graph signal processing framework to model collective behavior in a
DIS interacting with an external environment represented by an influence matrix (IM).
System topology is captured using scale-free and Watts-Strogatz graphs. Two contrasting
interaction regimes are considered. In the first case, the internal structure fully aligns
with the external influence, as expressed by the commutativity between the adjacency
matrix and the IM. Here, a renormalization-group-based scaling approach reveals minimal
reservoir influence, characterized by full phase synchronization and coherent dynamics.
In the second case, the IM includes heterogeneous negative (antagonistic) couplings that
do not commute with the network, producing partial or complete spectral disorder. This
disrupts phase coherence and may fragment opinions, except for the dominant collective
(Perron) mode, which remains robust. Spectral entropy quantifies disorder and external
influence. The proposed framework offers insights into designing LLM-participated DISs
that can maintain coherence under environmental perturbations.

Keywords: open complex networks; distributed intelligent systems; renormalization group;
spectral entropy; phase synchronization; LLM

1. Introduction

Rapid advancement of artificial intelligence (AI) models—particularly large language
models (LLMs)—has positioned them as a central component in decision support and
information exchange within Distributed Intelligence Systems (DISs) [1]. DISs can be
conceptualized as multi-agent systems composed of artificial intelligence agents (AIAs),
typically embodied as digital assistants (“avatars”), and their users, natural intelligence
agents (NIAs), namely, humans [2]. Among AIAs, LLMs are gaining widespread adop-
tion [3-5]. However, enhancing the quality of human-LLM interaction challenges the
broader development of Al [5,6].

Al agents in DISs can perform various tasks autonomously or can collaborate as team-
mates working along with humans and other Al agents [7]. Due to ongoing information
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exchange, DISs can self-organize into groups that develop shared opinions and collective
preferences concerning the topics under discussion.

Physically, a DIS represents an open system structured as a network facilitating inter-
actions between NIAs and AlIAs, as well as with external information sources accessible to
both. As a consequence, even under relatively simple interaction rules, the behavior of DISs
can become highly complex and difficult to predict [8,9]. The topology of the underlying
DIS network plays a crucial role in shaping the system dynamics [5,10]. In general, a DIS
can be modeled as a complex network containing hubs—nodes that function as centers of
influence in decision-making (DM), cf. [11]. In this context, investigating the complexity
of interactions between NIAs and AIAs within DISs and exploring ways to reduce this
complexity becomes a practically motivated fundamental task. This task is imperative to
understand the formation and dissemination of collective opinions, which are independent
of external (to DIS) influences, as well as to facilitate collective decision-making, where
possible, cf. [12,13].

It should be noted that the study of social effects, DM processes, and formation
of opinions in multi-agent systems, which takes into account interactions between hu-
mans and Al agents based on LLMs, has recently received a great deal of attention, see,
for example [14-17]. For example, Zhang et al., review human-AlI collaborative DM tasks,
highlighting the key categories of such problems, types of Al support, and evaluation
metrics [15]. In [16], the authors propose a novel approach to modeling opinion dynamics
using networks of LLM-based agents. They identify properties of these agents that enable
them to reach consensus. Of particular interest to us is the context of studying social
influence as a reservoir for collective DM are the results presented in [17]. The authors
examine the issue of influence (social pressure) exerted by a group of Al agents (which can
be considered a reservoir) on their users, effectively prompting a change of opinion.

Despite the variety of practical human—Al interaction tasks, the long-studied problems
of opinion formation and social dynamics are clearly evident at the core; see, for exam-
ple, [18-20]. In this regard, we would like to highlight our work [21], in which we use a
laser-like model to identify the effects of large enough social amplification and formation of
echo chambers (analogous to laser resonators) within an open system of binary-DM agents.
It should be emphasized that neither our initial study [21] nor our subsequent work [22]
investigates the impact of agents’ network environment on opinion formation within the
target community.

In this paper, we examine the formation of opinions and decisions within a DIS
actively interacting with its environment, modeled as an incoherent information reservoir.
We study the phase synchronization between the DIS agents and the applicability of the
renormalization group approach in two limiting cases: of network-reservoir interaction:
(i) commuting adjacency and coupling with reservoir matrices, and (ii) non-commuting
matrices. The study of these issues has an important practical significance in sociodynamics.
In particular, we assume that the external environment relative to the target community
represents a certain external (graph-based) filter capable of “cleansing” the set of opinions,
taking into account the structure of social connections, cf. [23]. In this case, (i) corresponds
to the limit where the filter weights are fully aligned with the network topology. In the
second case (ii), such an alignment is absent, which ultimately affects the cooperation of
DM agents (cf. [24]).

The structure of the article is as follows. In Section 2, we briefly discuss works
that help the reader assess the relevance and significance of our work within the con-
text of ongoing research worldwide. Section 3 provides a general theoretical framework
for our study, outlining the methodologies and approaches employed. Particular atten-
tion is paid to the network architecture of the DIS and the conditions governing its
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interaction with the external environment (reservoir). In this context, we employ the
Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) master equation for the density oper-
ator g, which allows accounting for various driven-dissipative processes within the DIS
network. Section 4 presents the core results of our work. We analyze characteristic patterns
in the spectral properties of the DIS network, focusing on their implications for information
dissemination. This analysis is carried out for two limiting cases of interaction between
the reservoir and DIS network: (i) when the adjacency matrix commutes with the matrix
governing the reservoir, and (ii) when the matrices do not commute. We identify the
renormalization group (RG) criteria under which the network properties can be scaled
to facilitate efficient information transmission. A key aspect of our analysis involves the
entropy of the eigenvalue spectrum, which provides insight into distinct propagation
modes. In Section 5, we address the synchronization problem in DIS networks. Here,
we investigate the conditions under which such networks exhibit synchronizability when
coupled to an external environment. Finally, in the Conclusion, we summarize our main
findings and discuss their implications, outlining future research.

2. Related Works

Our quantum-like method of studying information propagation processes in DIS,
formulated in a fairly general problem setting, can be interpreted as a Quantum-like Graph
Signal Processing (QGSP) approach. It generalizes the currently relevant classical Graph
Signal Processing (GSP) approach, in which data is defined on the nodes of a graph, see
e.g., [23,25,26]. For this reason, the applicability of GSP methods and approaches has a great
potential. The applications include Graph Neural Networks (GNNs) [27], neuroscience
(brain signal processing) [28], image processing [29], and sensor networks and the Internet
of Things (IoT) [30]. Graph spectral filters and transforms allow both local and global rela-
tionships between objects to be modeled, enabling more accurate processing of structured
data in such tasks as classification, regression, clustering, recommendation systems, and se-
mantic analysis. Classical GSP is widely used in sociodynamics, where a social system is
represented as a graph of interactions and where opinions, preferences, or levels of trust
are treated as signals on this graph. By applying GSP tools, one can formalize and analyze
information diffusion, consensus formation, belief dynamics, and influence propagation
in social networks. This is particularly important when studying multidimensional and
thematically interconnected discussions, as it is necessary to consider both structural and
contextual dependencies between topics [23,25].

The fundamental differences between the QGSP and classical GSP approaches can
be understood by comparing classical and quantum walks on graphs. Classical random
walks on graphs are modeled as stochastic Markov processes, where transitions from
one vertex to another depend solely on the current state and transition probabilities [31].
In contrast, quantum walks on graphs describe the evolution of the system state via a
unitary transformation that captures the interference effects of all possible paths through
the graph, cf. [32].

This work focuses on the spectral properties of DIS networks that represent open (ther-
modynamically non-equilibrium) systems interacting with their environment (reservoir).
Our analysis demonstrates that these spectral properties are strongly influenced by the
nature of the DIS-environment interaction. This aspect underlies the practical relevance
and significance of our study, although the spectral properties of complex networks have
been extensively studied in the literature (see, e.g., [33-39]). Specifically, this article focuses
on two important issues.

First, we study how information disseminates in DIS networks where coherent and
incoherent processes co-occur. Quantum theory provides an effective mathematical frame-
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work for studying complex open systems, such as lattices and networks, cf. [40-42].
The framework enables the analysis of the measurement effect [43,44], and robustness
of these systems during information distribution or processing in the presence of disor-
der [45].

Coherent effects arise from the interference of various possible decision paths, which
can either enhance or suppress the spread of information in social systems [46,47]. These
effects are often modeled using quantum-like frameworks, where decisions are made
under uncertainty and associated with interference between multiple potential implementa-
tions [48,49]. In parallel, we also consider incoherent processes related to classical diffusion
mechanisms in networks, cf. [50-52]. To model these combined processes comprehensively,
we adopt a quantum probability approach. In particular, we employ the GKSL master
equation, which accounts for system-reservoir interactions and is well suited to modeling
dissipative dynamics in various systems, cf. [53-56].

Second, we investigate under what conditions the topology of a complex network can
be effectively simplified (convoluted) in the context of information propagation. This prob-
lem is of significant interest in both classical and quantum information science, cf. [57,58].
This simplification involves merging a subset of nodes or edges according to specific rules,
without altering the network’s statistical or functional properties. This process is analogous
to the renormalization group (RG) approach in quantum physics [59], originally developed
to describe spin-1/2 particles on a two-dimensional lattice in the Ising model. Today, RG
methods are widely used to reduce the complexity of various network systems, including
neural networks, and have become powerful tools to accelerate machine learning tasks [60].

In our recent work [61], we demonstrated that the RG behavior emerges in open,
driven-dissipative network structures. In the present study, we explore the characteristics
of external reservoirs that caused violations of the RG hypothesis.

As a part of previous studies, we proposed a DIS consisting of pairs of users and their
digital assistants (avatars), connected by an avatar—avatar complex graph (see Figure 1).
The DIS aimed to maximize average user satisfaction resulting from AIA-NIA interaction.
The results obtained demonstrate the DIS complex behavior due to the network topol-
ogy. Moreover, ensuring the long-term viability of digital assistants in the multi-agent
systems under consideration was identified as an important aspect of adapting them to
users (see [8]). In [21,22], we employed a quantum probability approach to examine the
complicated behavior of DM agents in a DIS. It was shown that AIAs tend to self-organize
under certain conditions specified by the properties of NIAs. The advantage of a quantum
description for complex systems is that it can take into account both incoherent and co-
herent processes, when spreading information within these systems. In this sense, such
systems exhibit properties similar to those of physical lasers based on disordered and
gain systems, which can amplify information at certain frequencies, cf. [62-64]. However,
in [21,22], we did not consider the specifics of the complex DIS network that emerges when
interacting with the environment. Specifically, we assumed that such a network could
coherently distribute information within the DIS. The present work focuses on studying
information dissemination in complex networks representing open systems, i.e., systems
interacting with the environment.
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Figure 1. Sketch of the DIS network (system A) interacting with the environment (system C).
The nodes of the DIS represent pairs consisting of an AIA (light brown circles) and an NIA (green
circles). The system C serves as a large external information reservoir that includes mass media,
external NIAs, AIAs, and other sources of information.

3. Theoretical Background

In this section, we present a general framework of our study, outlining the methods
and quantum-inspired approaches employed. The primary focus is on formulating the
problem of how the information reservoir influences the DIS, which is a targeted community
of decision-making agents.

3.1. Dis Network Models

In this study, we consider a model composed of the DIS network (target system A) and
its environment (system C), illustrated in Figure 1. Each node in the network hosts a pair
consisting of an AIA and NIA, which are considered to form a robust unit. The AlAs—such
as avatars, digital twins, and other autonomous systems—are interconnected via an AIA-
AIA complex network that enables direct information exchange among them by means of
social information quanta—s-photons, which represent socially meaningful text messages,
cf. [21,47]. In contrast, NIAs do not communicate directly with one another, but can receive
information indirectly through interactions with the external environment. AlAs also have
access to external information, making the DIS fully open. The environment (denoted as
system C in Figure 1) serves as an information reservoir, employing various facilities of
interaction with agents of the target system A. In particular, we can recognize the reservoir
as a network external to the DIS possessing a defined topology and weighted connections
with the DIS. In this regard, the present work aims to investigate how the configuration of
this reservoir affects the emergence of a spectrum of opinions, moods, and other forms of
shared cognition, cf. [65].

Let us consider the DIS network models that we analyze in this work. Figure 2 shows
these network graphs, which are specified by a square N x N adjacency matrix A = (Aij),
i,j =1,...,N. We assume that each AIA-NIA pair occupies one of the N nodes in the
DIS network, see Figure 1. We analyze two important cases for the matrix elements of the
adjacency matrix A. First, we treat the elements of matrix A as random binary variables,
taking values 0 and 1 for unweighted graphs, respectively. Specifically, A;; = 1 if two
arbitrary nodes in the graph are connected by an edge, and A;; = 0 if they are not. Since
we do not consider loops for graph nodes, diagonal matrix elements A;; = 0, cf. [66].
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Figure 2. (a) Scale-free and Watts—Strogatz (c,e) weighted connectivity graphs specify the coupling of
the DIS network, comprising N = 200 nodes, with the external reservoir. The parameters are: degree
exponent v = 2.5 for (a), and § = 0.1, § = 0.9 for (c), (e), respectively. Graphs (b), (d), (f) relate
to connectivity matrices C for the graphs given in (a), (c), (e), respectively. Matrix elements C;; are
normally distributed with mean value C;; = 0 and standard deviation o = 0.5. See other details in
the text.

Secondly, one of our approaches within this work uses weighted graphs for characteri-
zation of a DIS network reservoir. The approach implies inhomogeneous coupling between
the DIS network and the reservoir, described by matrix C, which is constructed as follows:

Ci]' =0, lf Aij =0

L M
Cl‘]‘ ~ N(Ci]‘,o' ), lf Aij =1.
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Since we consider undirected graphs, matrices A and C are symmetric. In this work, C
presents the connectivity matrix that couples a DIS with the external reservoir. C repeats the
DIS agents’ connections established by A. In particular, in (1), for each nonzero element Ajj
of the adjacency matrix, a corresponding random coupling strength, C;; = Cj;, is assigned,
drawn from a normal (Gaussian) distribution with mean C;; and standard deviation .
From a practical point of view, (1) means that agents outside the DIS forming the reservoir
are involved in all communications between DIS agents, but with different weights. In
this sense, we can recognize matrix C as the influence matrix. The latter plays an essential
role in the study of complex systems involving different subsystems and an external bath,
cf. [19,67,68].

The statistical properties of the graph are evaluated by first ((k)) and normalized
second ({) moments of the degree distribution. These are defined as follows:

1 N 1 N N
(k) = N Y ki= N Y A (2a)
i=1 i=1j=1
_E 1 o
= TN B @)

where k; determines the j-th node connectivity.

Figure 2 presents weighted scale-free and Watts-Strogatz (WS) graphs constructed to
model connectivity C between the DIS and the reservoir. As an illustrative example, here
we assume that the matrices in Figure 2 obey condition (1). Notably, Figure 2 also presents
the DIS network topology, albeit without weights. The graphs in Figure 2 were generated
by the igraph library of the R language and then processed via Python 3.0 NetworkX.
For the scale-free graph in Figure 2a, the procedure is established by a simple N-step loop,
which adds a node and ensures that the graph fulfills a power-law distribution of node
degrees in each step. Figure 2b displays the connectivity matrix of the weighted scale-free
graph shown in Figure 2a. In particular, the DIS network in this case possesses (k) = 7.8
and a number of hubs, the largest of which has node degree k;;;,x = 71, i.e., it is connected
to the majority of other nodes. This issue is also reflected in the large normalized second
moment ¢ = 19. For large N, one can approximate a scale-free network by a continuous
power-law degree distribution (PLDD), w(k), in the form

v—1
k) = i, ®)
where v is the degree exponent, k,,;,, is the smallest node degree; for a scale-free graph in
Figure 2a, the degree exponent is v = 2.4.
The WS graph allows examination of the transition from a regular (8 = 0) to a random
(B = 1) graph by using rewiring probability p € [0,1]; cf. [69]. In particular, at B = 0
WS graph represents a regular graph with node degrees k; = (k) = (k?), which gives the
normalized second moment, { = (k?)/ (k) = (k). At B = 1, the WS graph becomes random
with a Poisson distribution

w(k) = £, @

with the same (k) and { = (k) + 1.

The WS graphs in Figure 2c,e were generated in two steps. First, a regular graph is
designed: each of the N nodes is connected with 8 closest neighbors, which gives k; = 8 for
all i and thus (k) = 8. Then, each of the links is rewired with probability B, ensuring that no
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loops are generated. During the second step, the average node degree is maintained with
the maximal and minimal degrees as well as the second normalized moment, {, changing.

Figure 2c,e demonstrate the WS graphs plotted at = 0.1 and § = 0.9, respectively.
The WS graphs demonstrate no sufficient hubs; the maximal node degrees are kj;x = 11
and kyuax = 16 for graphs in Figure 2c,e. These graphs possess normalized second moments
¢ = 8.2 and { = 8.9, respectively; they are close to their average degrees (k) = 8.

3.2. Basic Equations

Let us consider the network model represented by AIA-AIA connection graphs in
Figure 2. The Hamiltonian of the multiagent network system can be represented in the form

N
Hy = v Y. Ajafa; +atay), (5)

where 4 +

,4; are the s-photon creation and annihilation operators, respectively; Jg > 0is
a real- defmed AIA-AIA coupling strength; and A;; are the symmetric network adjacency
matrix A elements.

We can account for the driven-dissipative properties by exploring the GKSL master

equation for density operator g, that is (cf. [61])

=}
| |
E:
_l’_
Ryl
/N
N
=
=
b}
|
—
Q)
h)
_b>
H,_/
\_/
+
N | =
0O
=
/N
N
N
=)
N
he
|
=
N»
e
N
=N
——
+
N—
_l’_

~ A A

where the dot over p denotes to derivative with respect to time; [A, B] = AB — BA and
{A,B}; = AB + BA are the commutator and anti-commutator, respectively.

In (6), the first term characterizes coherent information exchange between the i-th and
j-th AIAs, while the last three terms include their interaction with the huge external infor-
mation reservoir. In particular, the second term in (6) with x; characterizes the information
leakage rate in the i-th AIA. The third term in (6) specifies incoherent information transfer
between the i-th and j-th AIAs with rate C;;. Thus, we can recognize C as the matrix of
connections of the DIS network with the reservoir. Since matrix elements C;; take random
values, Equation (6) is therefore a GKSL equation with random coefficients.

In (6), we also introduce the jump operator Z = 4; + eiaﬁj that specifies the interaction
of AIAs with reservoir determined by the Z operator and relative phase 8; 6 specifies the
phase shift induced by the reservoir with respect to i to j, or j to i couplings, cf. [54,70]. In (6),
the term with p; defines the rate of information field injection in the i-th AIA, as shown in
Figure 1.

Below, we are interested in the mean-field approximation. From (5) and (6) for average
information field E; = (4;) of the i-th AIA, we obtain the rate

Ei = —(K; — pi)E; +1]RZAU] cos@];ZCU i, i=1,...,N, )
j=

where we introduce effective information loss parameter K; = «; + J; Y Gij for the i-th
AIA that accounts for the influence of network tunneling losses and the node weighted
connectivity. Notice that for unweighted matrix elements C;; for incoherent reservoir
interactions J; }; Cjj — J1 L Aij = kiJ1, where k; is the i-th node degree, cf. [61]. In a more
general case of weighted adjacency matrix elements Cjj, this term cannot be reduced to k;.
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We examine stationary states E; = E l.(") e~iwnt for (7), where wy, is a set of eigenfrequen-
cies for the network of a DIS. In this case, from (7) we obtain

~

ME® = o, EM), (8)

- T
where E(") = (E%n), ey EX; >) is an N-component eigenvector corresponding to the n-th

eigenvalue w, for the matrix M defined as
MI*]RA*I'((ICI‘*Pl‘)i+C059hé>, (9)

where [ is the identity matrix. From a practical point of view, the set {w,, }_; of eigenfre-
quencies determines the variability or spectrum of opinions formed in the DIS as a result of
information exchange.

Noteworthy, in (9), matrix M defines the combined system of the DIS network and
its reservoir in a semiclassical limit (within mean-field theory) that does not account for
quantum correlations between DIS agents and the information field (see Figure 1). The first
term in (9) defines coherent processes of information distribution within the network, while
the second term in (9) characterizes information diffusion in the presence of AIA and
NIA interactions with the reservoir. Thus, the variability of opinions formed in the DIS is
completely determined by the spectrum of the M matrix, which is random, non-Hermitian,
and sparse, cf. [71]. For further analysis, it is useful to specify the nature of matrix M.

We assume that the lack of information in the DIS (parameter X;) can be compensated
by strong enough external information pumping p; for any i-th node. Thus, our further
analysis relates to matrix M given in the form (cf. (9))

M = —JgrA —icos8J;C. (10)

Note that matrix M in (10) does not contain any diagonal elements. Within the framework
of opinion and consensus formation problems this situation can be associated with the limit
at which the self-confidence of agents can be neglected, cf. [72,73]. In other words, agents
are completely influenced by external conditions. This situation may be assumed to occur
in a significantly non-equilibrium social system, such as a social laser [21].

We then examine two limiting cases of matrix M, which arise from the algebraic
properties of matrices A and C.

First, we examine the case when A and € commute with each other, i.e.,

[A,C]=0. (11)

Equation (11) implies that matrix C is either a function of A in its basis or it belongs
to the algebra generated by A. In this case, matrices A, C, and M are simultaneously
diagonalizable in the same basis. Consequently, the frequency eigenvalues of these matrices
satisfy the following relation:

WMn = —JrRWAy —1cosO]wc . (12)

As a result, we can represent spectral density pp(w) in the form

pm(w) = //5(W+IRWA +icos0]jwe)pac(wa, we)dwadwe, (13)
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where pac(wa,wc) is the joint spectral measure (or spectral density) of two commut-
ing diagonalizable matrices A and C. Tt describes the joint distribution of pairs of their
eigenvalues. In (13), we moved to continuous frequency variables.

Condition (11) obviously holds if matrix C can be represented as

K
m=1

where at least one of &, is non-zero; K € Z. In the theory of GSP (14), there is nothing
else as an expression for the dependence of a polynomial filter based on the adjacency
matrix, [74], cf. [23,26]. In this case, K specifies the order of the polynomial filter and
limits the maximum length of paths considered during filtering. Note that there is also a
generalization of classical GSP approaches to quantum theory [75].

From a practical point of view, the K > 1 case describes how the information reservoir
affects DIS agents indirectly, via their connections in the network. As a practically important
illustrative choice of matrix C, in this work, we assume that

¢ =A. (15)

Equation (15) shows that the information reservoir directly affects the agent.
Equation (15) allows the introduction of the complex coupling parameter for the
AIA-AIA network in the form

J=Jr+icos0]; = Jr+ifrers = |]]e, (16)
where © angle is specified later. Equation (16) allows us to recast M matrix as
M= —JA. (17)

Thus, here we suppose that the interaction with the reservoir reduces to a homogeneous
stile, i.e., node-independent, incoherent coupling between AIAs that repeats properties of
adjacency matrix A with scaling factor —J.

Second, we assume that interaction with the reservoir is essentially inhomogeneous and
reduces to node-dependent incoherent coupling strength between AlAs. In this limit, we
establish C as a random matrix that possesses properties specified in (1). Notably, in this
case, matrices A and C do not commute, and relation (12) for their spectral properties is
not valid. In this case, the results presented below have a natural interpretation within
quantum theory: non-commuting operators associated with observable quantities cannot
possess a common eigenstate, see e.g., [76].

4. Results

In this section, we present the main findings of our work. The focus is on the spectral
properties of matrix M, which incorporates both the coherent contribution of the adjacency
matrix, capturing the internal connections among agents, and the generally incoherent
influence exerted by the reservoir.

4.1. Renormalization Group for Field Eigenstates

In general, the spectral characteristics of matrix M are sufficiently complicated for
theoretical analysis as the DIS agents interact with an external information reservoir in
a complex and sometimes unpredictable way. However, we can consider the limiting
cases (see (9)) of interaction in the DIS, when the spectrum exhibits features that allow
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simplifying the analysis of information distribution in the network. We start from the first
case described by (15) and (16). In this limit, from (8) we obtain

wiEM +JEY) =0, i=1,...,N. (18)

where we introduce the local average information field that coherently acts on the i-th node
from its neighbors as (cf. [61])

N .
) = Y AGE®™ = B, (19)

where XE:,? is the phase of the local average field.

For that, we can write

1

£} =y E, (20)
. (n)
where 171.(") = |111.(") le'X4ai is a scaling parameter that defines the amplitude (strength) with
which the local field of the n-th mode affects the i-th AIA. The RG condition states that

n" =y (21)

is real and the same for a given n and all .
The annealing network approach allows finding a simple solution to Equation (18)
that uses representation of adjacency matrix elements in the form (cf. [77])

A= Kiki 22)
7 N(k)
Inserting (22) into Equation (18), we obtain
waE™ 4 JKE =0, (23)

where we define the global average information field within DIS as

SO SR et
E=—— Y KE™. (24)
" &5

Multiplying (23) by ﬁ Zf\i 1 ki and using (2b) and (24), we obtain an expression for
frequency w;, in the form

wp = wp = —JC = —JRC = ]1,ffC. (25)

Equation (25) is important from a practical point of view. The real part of frequency w
describes the coherent, periodic evolution of the information field in DIS. In this case,
the imaginary part of the frequency in (25) specifies amplification (if ] .rs < 0) or attenua-
tion (if J; . > 0) of average information field E. Our analysis and numerical estimations
presented below show that w is close to the Perron eigenfrequency evaluation. Combining

(P)

Equation (25) with (18) and (20), we obtain the RG scaling factor for Perron mode 77;" * in

this limit as
171-( = (26)

Figure 3 presents the numerical solution of Equation (18), illustrating the dependence
of the imaginary part of the eigenfrequencies w; on their real part for a dissipative scale-
free (Figure 3a) and WS (Figure 3b,c) DIS networks, respectively. In particular, Figure 3
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shows the results obtained from a single realization of the M matrix. Multiple simulations
with random realizations of the M matrix were also performed and averaged to obtain
the dependencies in Figure 3. However, no statistically significant trends or regularities
were observed.

ale
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Lt 2 - 2 o /,/--
— Q ", 7 o~ N — -
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3, . 9%- . TP I e " 3ol a— —ees
£ O £ 0 £ o
= - = £ ‘ ~.
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e J=0.5-0.5i —al. o e J=0.5-0.5i —41, e J=0.5-0.5i
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Figure 3. Dimensionless imaginary parts Im(wy) vs. the real ones, Re(w;,), for eigenfrequencies
wy for DISs described by graphs in Figure 2 at different complex tunneling rates | = Jg +i]j¢ff
for: (a) scale-free, (b,c) WS graphs calculated at § = 0.1 (b), and 8 = 0.9 (c), respectively. The other
parameters are N = 200, Jgr = 0.5; © is specified in (27). See more details in the text.

Figure 3 demonstrates several remarkable points—O, P, Q, and R, which reflect
distinct spectral features of the system. A key aspect of the spectrum is the emergence of an
isolated Perron eigenvalue (PE)—the eigenvalue with the largest absolute value indicated
by the leftmost points P in Figure 3; see also (25). This phenomenon is consistent with the
Perron-Frobenius theorem and arises from the spectral properties of the adjacency matrix
of complex networks. In particular, the PE for a scale-free graph is known to reside the
modulus of its real part, |Re(wp)|, within the interval [(k), k], cf. [35,37]. The second
and third largest eigenvalues following the PE are denoted by points Q and R in Figure 3:
the R points correspond to the rightmost modes in the complex plane, while the Q points
are associated with intermediate spectral features. Point O represents the central region of
the spectrum, characterized by eigenfrequencies satisfying wp =~ 0. Relevant modes are
typically associated with resonant or long-lived dynamics in the network.

At J; = 0, the networks in Figure 3 provide only coherent information transfer between
the nodes. In this limit, all eigenfrequencies w;, occupy the line Im(w) = 0; see the green
lines in Figure 3.

When J; # 0, the system enters a regime where both AIAs and NIAs interact with an
external information reservoir. On the contrary, if Jg = 0, the DIS network becomes purely
driven-dissipative, characterized by eigenfrequencies aligned vertically in the complex
plane (not shown in Figure 3). In the general case, when Jj, g # 0, the eigenfrequencies wy,
are distributed along the straight lines inclined at angle ® with respect to the Im(w) = 0
axis. Notably, the modes located in domain Im(w) > 0 are amplified, whereas those with
Im(w) < 0 are rapidly damped. For instance, when 6 = 0 (see the red lines in Figure 3,
corresponding to © > 0), eigenmodes with Re(wy,) > 0 experience amplification, while
those with Re(wy,) < 0 are suppressed. Conversely, the blue lines (associated with 6 = 7,
where © < 0) exhibit the opposite behavior: the modes with Re(w,,) < 0 are amplified,
while those with Re(wy,) > 0 are damped.

Angle O can be estimated using simple geometric considerations applied to specific
spectral points in Figure 3. In particular, one can see that for an arbitrary mode, n, the angle,

©, approaches (cf. [61])
Im(wy)  Jreff
= =~ 27
Re(wy) Jr @7)
Figure 3 exhibits the fulfillment of RG conditions (19)—(21). Geometrically RG condi-

tions appear as a result of simple affine transformation (scaling) of matrix A eigenvalue

tan(O)
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wy — —Jwy by means of complex coefficient —] = |71e!(®+7). This scaling presumes
stretching /compression of the eigenvalue by factor |]| and rotation of the spectrum by
angle © + 7, see Figure 3.

Noteworthy, due to the assumption (15) for the eigenvalues, we formally obtain
w4 = wc, which implies

pac(wa, we) = palwa)d(we —wa). (28)

Substituting the (28) into the (13) and performing integration over the 2D complex plane,
we find scaling equation

=]
where p4(...) is the spectral density of the symmetric adjacency matrix A. Figure 4 shows
the spectral density p(w) = pp(w) as a function of Re(w) for the DIS networks discussed
in this study (see also Figure 2). Firstly, let us focus on the red histograms in Figure 4, which
correspond to spectral density p4(wy) for scale-free and WS graphs, respectively.
To analyze the plots in Figure 4, it is useful to recall the definition of the spectral

density, which characterizes the distribution of eigenvalues of the adjacency matrix and
looks like (cf. [78])

() = rzea (<) (29)

1 N
plw) = N Y 6(w —wy). (30)
n=1

In particular, panels (b) and (c) of Figure 4 illustrate how the spectral density of WS graphs
evolves as the rewiring probability B increases from 0.1 to 0.9, signaling a transition toward
randomness. For sufficiently dense random graphs in limit N — oo, Equation (30) leads
to the Wigner semicircle law upon averaging p(w) over the ensemble of graph implemen-
tations, cf. [78,79]. For example, the bulk part of the red histogram in Figure 4c follows
the Wigner semicircle law, which is characteristic of random graphs and is approached as
B — 1in the WS model.

0.4 0.4 0.30 —
M=A f=A M=A
M=—JA M=—JA 0.25 M=-JA
0.3 0.3
0.20
- - P
302 302 3oas
Q Q Q
0.10
0.1 0.1
0.05
o T — ) 5 10 15 o0 -5 [) 5 10 0.00 -5 ] 5 10
Re(w) Re(w) Re(w)
(a) (b) (c)

Figure 4. Spectral density p(w) vs. real part of eigenfrequency Re(w) for (a) scale-free graph, (b) WS
graph with B = 0.1, and (c) WS graph with B = 0.9, see Figure 2a,c,e, respectively. ] = Jgr —iJ;, where
]R :][ :0.5,9: Tt.

However, this approximation becomes invalid at low rewiring probabilities, i.e., for
close to zero, where the WS graph resembles a regular lattice. This is evident in Figure 4b,
which shows numerous sharp peaks for the WS graph at § = 0.1. In this regime, al-
though some smoothing of the spectrum occurs, it remains largely quasi-discrete. Side
peaks and flat-top structures are the features typical of periodic systems with small perturba-
tions. Noteworthy, the kernel density estimation (KDE) can be employed to approximate the
spectral density using a superposition of Gaussians (see, e.g., the blue histogram in Figure 4b),
cf. [80].

In contrast, the adjacency matrix of the scale-free graph is sufficiently sparse that the
Wigner semicircle law does not apply. Instead, the spectral density typically features a
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pronounced peak near w = 0 and a long positive tail, as seen in the red histogram in
Figure 4a. For large w, the tails of the spectral density for scale-free networks decay as
|w|~2v+1, assuming a degree exponent 2 < v < 3 (cf. [34,36]).

Let us now turn to the renormalized spectral density, illustrated by the blue histograms
in Figure 4. As evident from the plots, when |]| < 1, the spectral density p4(w,) of the
original adjacency matrix is broader than that of the renormalized matrix p(w). The neg-
ative sign in Equation (17) causes the spectral densities of the M matrix to be inverted
relative to the vertical axis Re(w) = 0, shifting them into the negative Re(w) region.

This inversion is clearly seen in Figure 4, where isolated peaks (corresponding to the
PE and bulk components in Figure 4b) are mirrored. This is also consistent with Figure 3b.
Notably, Equation (29) implies that the renormalization procedure preserves the scaling
behavior of spectral density tails in the case of scale-free networks. Thus, we conclude that
the renormalized spectral density retains its seminal features, and the analysis methods
described above remain applicable.

4.2. Dis Network in the Presence of Inhomogeneous Coupling with the Reservoir

We now consider the case of inhomogeneous coupling between the DIS network and
the reservoir, described by matrix C specified in (1), see also Figure 2.

Noteworthy, matrices A and C do not commute now, and (12) is not valid. In this case,
Equation (18) takes form (J.rs = cos 6] #0):

() N 4 ) S
wnE;" + Jr ZAi]-Ej +il1efr Y CyjE" =0, i=1,...,N. (31)
=1 j=1

The numerical solutions of Equation (31) with Cij = 0 and ¢ = 0.5 are shown in
Figure 5. As observed, the resulting spectra appear nearly chaotic, with a notable exception
of cos 0 = 0, where the influence of inhomogeneous coupling C;; is effectively suppressed,
see Figure 5a. This behavior arises because coupling weights C;; are randomly distributed
and include both positive and negative values. In this regime, the DIS network exhibits
behavior reminiscent of a spin-glass-like system, cf. [81,82]. Notably, according to the theory
of collective opinion formation, negative weights C;; < 0 indicate the presence of opinions
that are antagonistic towards the target community A (we assume that all matrix elements
of A are non-negative), cf. [20].

0.75] .
.
0.507 0.5
_— 0.25 p _— _—
3 000l 3 3 oo
£ £ £
= -0.25{ . - =

-0.50

-0.75

(a)

Figure 5. The same as in Figure 3, but for C;; specified in Equation (1). Nonzero weights C;; are

random numbers normally distributed with mean value C_l-]- = 0 and variance ¢ = 0.5. See more
details in the text.

Despite apparent randomness, PEs can still be identified in Figure 5a, which shows
partial spectral structuring that can be attributed to the presence of hubs in the scale-free
DIS network. Central eigenvalue wp ~ 0 (point O) is clearly visible in the scale-free case
(Figure 5a) but not for the WS graphs (see Figure 5b,c). On the other hand, the second
and third eigenvalues (Q and R) possess no statistical significance under this regime and
should not be interpreted structurally.
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It is important to emphasize the statistically distinct behavior observed in the WS
networks for different rewiring probabilities: = 0.1 (Figure 5b) and B = 0.9 (Figure 5c).
In the latter case, the spectrum appears completely random. This reflects the fact that
the “regular” (ordered) component of the WS graph diminishes as § increases. At f ~ 1,
the WS network exhibits the characteristics of a fully random graph. Consequently, Figure 5
provides clear evidence of a breakdown in the RG behavior observed in Figure 3, across all
DIS network types considered.

The situation changes significantly when coupling weights C;; are drawn from a
normal distribution with non-zero mean C;; # 0. In Figure 6, we consider C;; = 1.
Under these conditions, the spectral properties of both the scale-free and WS networks
shown in Figure 6 closely resemble, on average, their counterparts in Figure 3. The overall
shape and alignment of the spectra are largely restored, indicating that a finite mean in the
coupling distribution stabilizes coherent spectral features. In other words, dependencies in
Figure 6 demonstrate smearing of the curves in Figure 3. Analytically, this can be explained
as follows. We can assume that the eigenvalues of the M matrix (see (10)) consist of the real
part, Re(w), and the imaginary one, Im(w), fluctuating as a normal random variable. This
means that each eigenvalue of initial matrix A is “smeared” along the vertical (imaginary)
axis Im(w) with dispersion | % of faz. As a result, spectral density pps(w) can be established

as a convolution of spectrum A with a Gaussian along the Im(w) axis in form

 (Im(w) + ]I,eff)2>, (32)

1
: exp
Ik ) V2 e < i

where we suppose that C;; = 1. Equation (32) characterizes a 2D spectral density in the
complex plane. Along direction Re(w), we obtain the spectral density scaled by the real
factor —Jr, while in the Im(w) direction, the density undergoes Gaussian broadening

R

1 Re(w)
em(w) ~ o A(

characterized by standard deviation ]} .rs0 and mean displacement — ] .¢ f(:ij = —JLefs-
P 4P G 4P
5
2 2
2, 3, 3o
E E E
-2 -2
-5
. -al -
-8 -4 -3 -4

Figure 6. The same as in Figure 5, but for C_i]- = 1. See more details in the text.

4.3. Spectral Entropy

Spectral entropy S is a useful tool to investigate the degree of disorder in spectral
characteristics of various graphs, cf. [83-86]. We define S as follows

N
S=—Y_ pnlog(pn), (33)
n=1
where ol
Wy
Pn = (34)
Z%:l ||

specifies the normalized absolute eigenvalues distribution for the M matrix, see (9); log(x)
denotes the natural logarithm.
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Figure 7 presents the dependence of spectral entropy on parameter 8, which character-
izes the coupling between the DIS network and the external reservoir. Figure 7a relates to
the spectral entropy that characterizes spin glass-like limit at C;; = 0 (see Figure 5), while
Figure 7b specifies S for C;; = 1 (see Figure 6). As a result, a comparison between Figure 7a
and Figure 7b reveals that more structured (ordered) interactions with the reservoir for a
given graph topology lead to the reduction of spectral entropy.

As shown in Figure 7, the spectral entropy of the scale-free network (the green curves)
is consistently lower than that of the WS networks (the red and blue curves). This reflects
the greater spectral order inherent in scale-free structures, owing to the presence of hubs;
cf. Figure 5a versus Figure 5b,c.

5.15 5.15
—— WS graph, §=0.1 —— WS graph, §=0.1
—— WS graph, §=0.9 —— WS graph, $=0.9
—— Scale-Free graph 5.10 —— Scale-Free graph

4.90

4.90

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
0/mn 0/mn
(a) (b)

Figure 7. Spectral entropy S vs. parameter 6 for (a) C,-]- =0, and (b) C,-]- = 1, which are inherent to
scale-free and WS DIS networks; ¢ = 0.5. The bold solid curves correspond to Jg = J; = 0.5; the
dotted lines correspond to Jg = 0.5, J; = 0.

Moreover, the red solid curves lie below the blue ones, indicating that the spectral
entropy of WS networks increases with rewiring probability f. This is attributed to the
progressive disordering of the network topology as  grows. All solid curves in Figure 7
correspond to the case Jg = J; = 0.5, which leads to the following form of the M matrix:
M=— % (A +icos0C ). As a result, the maximal values of S in Figure 7a obtained at 6 = 0,
0 = 7, when M represents a balanced mixture of matrices A and C responsible for coherent
and incoherent processes, respectively. Conversely, at § = 71/2, the coupling to the external
reservoir vanishes, and M = —}A. In this purely coherent limit, all the solid curves in
Figure 7 exhibit their minimum spectral entropy, reflecting the reduced spectral complexity
of the system. This minimum is indicated by the green lines in Figure 3. The minima of
spectral entropy are marked in Figure 7 with the dotted lines.

5. Phase Properties

To better understand the spectral properties of the DIS network shown in Figures 3, 5 and 6,
we examined the phase distribution at characteristic points P, Q, O, and R. In this regard,

(n)

it is instructive to specify an additional average local field E-;

i (1)
elXC’i ’ (35)

N
L) = X;CijE](- )= |EY)
j=

(n)

where x-; is the phase of the local average field associated with the connectivity matrix C.
Equations (19) and (35) allow us to rewrite (31) as

. (n) _ () _ o)
e (wal B+ JRIES DA + |Jpepsl B %0 ) = o. (36)
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In Equation (36), we made definitions
T
ot =) l", ol =)ol T o, o

where 4)1.(") is the phase of Ei(") (El.(") = \Ei(")|ei"’§n)), JLeff = |]Leff|ei91.

The information field interference pattern at given node i is determined by the contri-
butions of phase differences CDE:,?, CD(Cnl) , and CIDZ(”) = CI>§:”Z) - CDE:,?, respectively. The phase
CIDE:} describes the influence of neighboring nodes on the i-th AIA-NIA pair, while CIDEZ”Z)
characterizes the contribution from the reservoir.

Figures 8-10 illustrate local interference effects between closely connected nodes,
determined by phases CDE:,?, <I>(C"l) , and CDEW) for the case of a scale-free DIS network,
cf. Figure 2a. In particular, Figure 8 clearly demonstrates a phase synchronization phe-
nomenon. The universal behavior of the phases supports the RG conditions given by
Equation (20). Notably, this effect is observed for all the points selected across the spectrum

shown in Figure 3.
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Figure 8. Phase distribution of the DIS scale-free network modes associated with points P, Q, O,

(n)

and R shown in Figure 3a. The first, second, and third rows correspond to phase differences @, ;,

@gji), and <I>§"> = quzl) - @%3, respectively.
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Figure 9. The same as in Figure 8 but for DIS scale-free network modes associated with Figure 5a.
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Figure 10. The same as in Figure 8 but for DIS scale-free network modes associated with Figure 6a.

When the reservoir has specific properties determined by matrix C, the local interfer-
ence pattern is destroyed, as the phase distributions become smeared (see Figures 9 and 10).
In particular, the phase differences exhibit strong inhomogeneity at the selected P, Q, O,
and R points of the spectra in Figures 5 and 6, which account for the reservoir influence.
Interestingly, some plots in Figure 10 display small phase fluctuations, which may be
interpreted as partial synchronizability, cf. Figures 8 and 9.

Our numerical simulations for the WS networks, performed in the same framework,
revealed similar phase relationships to those shown in Figures 8-10. This suggests that
under strong environmental influence (increasing ) DIS agents lose synchronization and
mutual coherence abilities in their opinion formation. However, this conclusion does not
hold for the Perron eigenfrequency.

Figure 11 presents the dependencies of phases CIDE:}, @é’?, and CIDEH) for the Perron
eigenfrequencies across Figures 3, 5 and 6. The black lines indicate phase synchronization
and correspond to the case in which the external reservoir is specified by the matrix C = A
(see Equation (15)), representing the RG limit. More intriguing, however, is the behavior of
the blue and red points, which display the dependence of phases CIJEL@, CDg), and <I>§n) onco
for matrix C specified in Equation (1).

Dy, /T D¢, i/m o/

0 50 100 150 200 0 50 100 150 200 0 50 100 150 200

Figure 11. Phase distributions for the PEs, specified in Figures 3, 5 and 6 as P, respectively. The black
dots correspond to the case Ci]- = Aij, see Figure 3, the blue dots are relevant to the case ¢ = 0.5, see
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Figures 5 and 6, the red dots correspond to the case o = 1.5. The first row corresponds to the case
Cij = 0, see Figure 5, the second row—to the case C_ij = 1, see Figure 6. The phases @4 ;, ®¢;, and ®;
in columns are specified in Equation (37).

The lower panel of Figure 11 clearly shows that the examined phases exhibit only a
weak dependence on increasing ¢. This finding is of practical significance: it indicates that
in the PE limit, the opinions of AIA-NIA pairs within the DIS network remain synchronized
and robust against external information reservoir influences. Note that this occurs despite
the fact that matrices A, € do not commute with each other. Thus, we can conclude that the
PE can also be recognized as a robust coherent state, cf. [87]. In contrast, for frequencies
approaching central point O, the variations in phase distributions CIDEQ, CDgfi), and ¢§n)
increase significantly, as seen in Figures 9 and 10.

6. Conclusions

This work has examined a distributed intelligent system composed of AIA-NIA pairs
interconnected through a complex network. Within each node, AIAs and NIAs interact
closely with one another as well as with agents in other nodes, contributing to the formation
of collective opinions and decisions reflected in the spectral properties of the DIS network.
We propose the QGSP approach to research information propagation processes in the DIS.
This approach takes into account quantum-like coherence and interference phenomena that
occur during the information field spreading within the networks. For definiteness, we have
considered two representative network topologies: a scale-free graph and a Watts-Strogatz
graph. A distinctive feature of the problem is the potential for DIS agents to interact with
an external environment represented by a large informational reservoir. To model this
interaction, we employed a quantum formalism based on the GKSL equation. Within the
mean-field approximation, we derived a system of equations that describe the propagation
of the information field in the DIS. The influence of the reservoir was analyzed in two
limiting cases.

First, adjacency matrix A of the DIS commutes with matrix C that characterizes coupling
with external (reservoir) agents. In this case, we examine the limit when ¢ represents a
linear (with respect to the adjacency matrix) filter that affects the target community of the
agents. Notably, despite the use of the mean-field approximation, which neglects quantum
correlations, the network structures under study exhibit quantum-like properties. In the
commuting case, we proposed an RG-based approach involving simple affine scaling of both
the adjacency matrix and its spectral density. We showed that, in this regime, the reservoir has
minimal impact on the spectrum of the DIS, which is governed by matrix M—a superposition
of A and C, and reflects the process of collective opinion formation.

Second, we considered the limit when the influence matrix of reservoir ¢ does not
commute with A; C possesses different weights from A. In this case, the behavior of the
eigenfrequencies becomes substantially richer, incorporating fluctuations in their imaginary
parts arising from the normally distributed elements of the reservoir matrix C. In this limit,
the spectrum of M transitions to a quasi-ordered or fully disordered state. The latter occurs
when the reservoir influence matrix C contains negative elements that are responsible for
antagonistic information content in relation to the target community. Since we neglected
the agents’ own beliefs, they can be strongly influenced by external information in this case.

Our results were further supported by an analysis of the spectral entropy and phase
characteristics of M. In particular, entropy specifies the disordered M matrix spectrum,
taking into account both the coherent adjacency matrix and the incoherent influence matrix
of reservoir C for the graphs under consideration. Importantly, the entropy reaches its
maximum values at § = 0, § = 7 corresponding to the strongest impact of the reservoir
on the agent system. In contrast, at 8 = /2, when the reservoir is effectively absent,
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the entropy is minimized. It can also be seen from the behavior of spectral entropy in
Figure 7 that the spectral characteristics of matrix M for a scale-free graph are more ordered
than for a WS graph (the green curves occupy the lowest positions in Figure 7).

The phase of information field analysis accounts for the influence of both the informa-
tion local mean fields generated by the DIS agents themselves and the external reservoir on
an arbitrary i-th agent. We found that under the RG criterion, full synchronization of all
phase parameters occurs, indicating coherence between the opinions of the i-th agent, its
neighbors, and the reservoir. Conversely, in the non-commuting case, the reservoir induces
disorder and desynchronization among the opinions of different DIS agents. This disorder
intensifies near the central frequency region Re(w) = 0, while the Perron frequency mode
remains robust to external perturbations and is essentially unaffected by disorder parame-
ter 0. These spectral properties of DIS networks may prove valuable for the analysis and
design of multi-agent systems, particularly those incorporating agents based on LLMs and
related architectures.

Finally, we briefly outline several promising directions for future research where the
proposed theoretical framework may offer valuable insights. These directions stem from
the approximations and limitations considered in the present study. One important avenue
involves extending the model to sociodynamic processes and opinion formation with a
focus on consensus-building in the DIS, which was not the primary focus of this work.
In this context, it would be important to incorporate agent self-confidence features and
to consider the case of a symmetric reservoir influence matrix. This limit corresponds
to scenarios in which reservoir agents receive no feedback from the target community.
In addition, it would be useful to analyze cases where the order of the polynomial filter
K exceeds one, implying that the reservoir influence on each agent is more diffusely
distributed across the network. Another promising direction is the simulation of the
proposed model using LLM-based agents, assigning them DIS-like profiles tailored to
specific domains such as economics or social sciences. These application-specific studies are
highly relevant and currently in demand, and they require dedicated problem formulations
adapted to the respective contexts.
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