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Abstract

This work presents global random walk approximations of solutions to one-dimensional
Stefan-type moving-boundary problems. We are particularly interested in the case when
the moving boundary is driven by an explicit representation of its speed. This situation is
usually referred to in the literature as moving-boundary problem with kinetic condition. As
a direct application, we propose a numerical scheme to forecast the penetration of small
diffusants into a rubber-based material. To check the quality of our results, we compare the
numerical results obtained by global random walks either using the analytical solution to
selected benchmark cases or relying on finite element approximations with a priori known
convergence rates. It turns out that the global random walk concept can be used to produce
good quality approximations of the weak solutions to the target class of problems.

Keywords Global random walk approximation - Stefan-type moving-boundary problems -
Finite element approximation - Order of convergence - Diffusion in rubber

Mathematics Subject Classification 35R37 - 65M75 - 65M60

1 Introduction

Models for the penetration of diffusants in rubbers (or in other hyperelastic materials) can
under certain conditions be formulated as one-dimensional moving-boundary problems. They
are somewhat similar to the classical one-phase Stefan problem describing the melting of ice
blocks (see e.g., Gupta 2003; Stefan 1891; Tarzia and Turner 1997). Briefly speaking, for
any pair of space and time variables (x, t), the evolution of the observable m (x, t), denoting
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the mass concentration of the chemical species of interest, is governed in our context by the
diffusion equation
am 8%m
——a—
at 0x
where o > 0 is a constant diffusion coefficient. This evolution is posed in the space-time
domain

=0in Qy(T),

Os(T):={(x,t) | x €(0,5()) and t e (0,7)},

where s (¢) denotes the maximum depth where the concentration has reached into the material
and T > 0 is a given final time of the overall process. We refer to this location s(¢) as
penetration depth and observe that it is not known a priori. To fix ideas, we take a Dirichlet
boundary condition at the left (fixed) boundary and the Stefan condition at the right (moving)
boundary in the classical Stefan problem (Stefan 1891). The latter essentially relates the
speed s'(t) of the moving boundary to the flux of the transported quantity m (x, t), i.e.

, om
s'(t) o« ———(s(1), 1).
ax

In this case, we are led to the classical Stefan condition—the proportionality constant can be
identified precisely and leads to the interface balance law

, om
Ls'(t) = —a—(s(), 1),
0x

where L > 0 is here the corresponding concept of latent heat needed for a purely diffusive
setting. At this point, it is relevant to note that the classical setting of the Stefan problem
takes as boundary condition at the moving boundary x = s(¢) the expression m(s(t), t) = 0.
Now, prescribing as well the initial position s(0) of the moving boundary and the initial
concentration profile m(-, ¢t = 0), the complete formulation of the model is able to describe
a wide class of phase transitions scenarios of first-order type; see Gupta (2003).

Within the present framework, we shall consider different information linked to the evo-
lution of the moving boundary, namely we take

s'(1) oc f (s(@), m(s(t), 1)) .

Such a relation is usually referred in the literature as a kinetic condition; see e.g. Visintin
(1996). The original interface condition m(s(t), t) = 0 posed by Stefan (1891) to go along
with the balance in interface fluxes describes an equilibrium picture. The kinetic represen-
tation of the speed describes a non-equilibrium scenario. For instance, if we think of small
diffusant particles penetrating rubbers (see Sect. 4), the mentioned kinetic condition takes
the particular form,

s'(1) o< (m(s (1), 1) — g(s(1))),

where the term g(s(¢)) mimics the swelling behavior of the rubber. To fit well to physically
motivated scenarios, the homogeneous Dirichlet boundary condition at the fixed boundary is
replaced by a flux boundary condition (of Robin type). It is worth also noting that the classical
one-phase Stefan problem (so the equilibrium picture) admits probabilistic interpretations
(see, for instance, Tsunoda 2015 and related work)—this gives trust in the quality of the
model. On the other hand, in spite that most kinetic formulations are well-posed in suitable
function spaces, the one-phase Stefan-type problem with kinetic condition does not seem to
have available any obvious probabilistic interpretation. We do not attempt here to unveil such
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probabilistic interpretation valid for a non-equilibrium phase transition. Instead, we wish to
see to which extent a probabilistic-type numerical method can be designed to suit such class
of problems. This leads to the main question that we are addressing in this paper, namely

(Q) To which extent a global random walk approach is able to approximate the weak
solution of one-phase Stefan-type problems with kinetic condition.

Looking at (Q), one may wonder from where such sudden interest raises, as in fact one
currently knows very well how to approximate numerically (in a both rigorous and efficient
manner) the weak solution to the underlying moving-boundary problem; see e.g. Nepal
et al. (2023b) for details on how finite element approximations work in this case (and other
established numerical methods work as well). Our motivation really stems from the fact that
in the engineering application that we have in mind [see the problem description in Sect. 4
and compare as well (Nepal et al. 2021) for more background on its potential technologic
relevance' |—only a finite number of particles succeed in fact to penetrate the hyperelastic
material and affect the length of its lifetime. This makes us wonder whether a random walk-
type approach could describe perhaps better the physical picture. Such an approach would
potentially be able to give insights on how many ingressing particles are needed to damage
the host material. In this preliminary study, we wish to address the issue numerically. We
proceed in the same spirit as in our previous work (Nepal et al. 2023a), where the used
algorithms did employ classical random walks, but now we wish to benefit of the global
random walk (GRW) structure which seems to lead to much faster calculations. Recently,
the use of GRW was very successful in a number of situations involving reactive transport
posed in fixed porous media domains, see, for instance, Suciu et al. (2021) and references
cited therein. We aim to extend the GRW approach to the case of moving one-dimensional
domains.

This paper is organized in the following fashion: Sect. 2 provides a brief description of
the GRW method as applied for a diffusion problem. In the first part of Sect. 3, we introduce
the one-dimensional classical Stefan problem and its GRW approximation. Additionally, we
compare the GRW simulation results with finite element simulation results (with known
convergence properties), and finally, we estimate the order of convergence of the GRW
scheme. We are mainly interested in approximating moving interfaces whose speed is in
some way controlled via a kinetic condition. To this end, we present in the second part
of Sect. 3, the GRW simulation results for the Stefan-type problem with kinetic condition,
where we numerically determine the order of convergence. The main aim of this paper is
to apply the GRW method to approximate correctly the solution to the moving boundary
problem describing the penetration of diffusants into rubber, which is discussed in Sect.
4. Our conclusion on the obtained results and potential directions for future research are
presented in Sect. 5.

2 GRW approximation of diffusion

The theory behind GRW is described in Suciu (2019) and references cited therein. Here
we only briefly recall the main basic ingredients. Numerical approximations reported here

1 Moving-boundary problems with kinetic boundary conditions have turned to be useful tools for investigating
anumber of scenarios (unrelated directly to the ones studied here) for instance in chemical reactor engineering
(Tarzia and Villa 1989), corrosion of cementitious materials (Aiki and Muntean 2009), silicon oxidation (Evans

and King 2003), and much more.
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will be provided by a GRW algorithm, free of numerical diffusion, which approximates the
transported quantities with the same precision as that of the finite difference scheme, while
keeping the corpuscular description of the corresponding continuous fields (Suciu 2019, Sect.
3.3). The GRW scheme can be derived as a randomization of the forward-time central-space
finite difference discretization of the diffusion equation,

Mk —Mik _ L (mm,k —Mijk  Mijk— mifl,k)

At T Ax Ax Ax

where m; = m(iAx, kAt) is the approximation of the continuous concentration field
m(x, t)atthe lattice sitesi = 1, ..., L/Ax andtimepointsk = 1, ..., T /At,[0, L] x[0, T]
is the space-time domain of the problem, and Ax and At are the space and time steps,
respectively. The finite difference approximation is represented through the distribution of
N random walkers on the regular lattice, m; x o n; . With this, the finite differences scheme
becomes

-
nij+1 =1 —=r)n;j + E(ni—l,k +nit1k),

where r := 2« At/(Ax)?. Accordingly, each group of n;  particles is distributed over the
lattice sites as

njk=20njjk+oénj_1jr+onji1 i,

where dn ; ; x represents the number of particles staying at the initial lattice site j, dn ;1 j k
is the number of particles moving to the left, and finally, én; 11, ; x is the number of particles
moving to the right. If the particles move according to the random walk rule, then r/2
corresponds to the jump probability, while the quantities §» are binomially distributed random
variables. For consistency with the finite differences scheme, their ensemble average, denoted
by an overbar in the following expressions, must verify the relations

$njjr=0=r)njk, dnjzijk=5njk

2

In the GRW approach, instead of generating trajectories for each particle, the solution is
obtained by computing the binomial random variables §n. The latter are accurately approx-
imated with the “reduced fluctuations algorithm” (Suciu 2019, Sect. 3.3.2.2) in which the
numbers (1 —r)n; x and rn; /2 are rounded to integers with the floor function, the fractional
parts are summed up, and a new particle is assigned to the lattice site where the sum reaches
the unity (Suciu and Radu 2022, Sect. 3.1.1).

One notices that the normalization to the unity of the random walk probabilities imposes
the constraint » < 1, equivalent to o At/ (Ax)2 < 1/2. This is the von Neumann condition
that ensures the stability and the convergence of the finite differences scheme considered
here (Strikwerda 2004, Sect. 6.3). On the other side, the relations verified by the quantities
8n imply the equivalence between the ensemble-averaged GRW and the finite differences
approximations. Note that the GRW algorithm is self-averaging in the sense that the sin-
gle realization solution 7 ; approaches its ensemble average n; ; with the increase of the
number of particles; see Suciu (2019, Sect. 3.3.2.3). For large enough N, the GRW and
finite differences approximations are therefore identical in the limit of the machine preci-
sion, which implies the expected convergence of the GRW scheme. See also a numerical
demonstration of the self-averaging of the GRW scheme for a non-linear diffusion equation
(Richards’ equation) in Suciu et al. (2024, Sect. 3.1).

All the GRW simulations presented in this article use the fixed number of random walkers
N = 10%*. That is, in particular, the concentrations are represented by mole fractions. The
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algorithms are implemented in MATLAB with a generic structure as follows: a main code,
where the initial data and the boundary conditions are formulated for transported quantities
m(x, t) approximated as m (i Ax, kAt) = m; y = n; /N, with Zle/le n;.1 = N;MATLAB
functions for the GRW solvers that are called in the main code, describing the evolution
of the groups of particles n; x; auxiliary MATLAB functions, e.g., to plot the results or
to compute analytical solutions and various source terms occurring in the equations. This
formulation facilitates the comparison with other discretization schemes presented in this
article. However, when we are interested in describing the evolution of small numbers of
ingressing particles, the same codes can be used to solve for n; x, without the need to convert
the number of particles to approximations m; ; of the continuous field m(x, t). (The GRW
algorithms presented in this article are implemented in MATLAB and are openly available
in the Git repository https://github.com/PMFlow/Stefan_type_Problems.)

3 Benchmarking the GRW method for handling moving interfaces
3.1 The case of the classical Stefan problem

A Stefan problem is a specific initial boundary value problem describing the heat distribution
in a phase-changing medium. It usually needs to be solved in a time-changing space domain
with moving boundary conditions. As the moving boundary is a function of time and it
has to be determined as a part of the unknowns of the problem, the exact solution to free-
and moving-boundary problems is rarely available. Therefore, various numerical methods
have been developed to approximate the solution to the Stefan problem, for instance, finite
difference method (Kutluay et al. 1997; Savovi¢ and Caldwell 2003), finite element method
(Mori 1977, 1976), probabilistic approaches (Casabén et al. 2023; Ogren 2022). In this
section, we examine the application of the GRW method for solving the classical Stefan
problem. We begin with providing a brief overview of the problem and its parameters. We then
present the GRW simulation results and compare them against both the analytical solution
(see for instance, Gupta 2003; Stefan 1891) and the random walk (RW) approximation from
Ogren (2022). Finally, we study the grid convergence behaviour in the GRW method.

3.1.1 Problem formulation

We start off this section by introducing the classical Stefan problem and briefly explain the
model’s parameters. The classical Stefan problem describes the solidification and melting
process of ice. Initially, the ice is solid, so there is no liquid phase. We consider the temperature
to be zero at the solid phase. For ¢t > 0 the ice can start to melt and thus we can have a water
phase, i.e. a liquid phase. Let m(x, t) denote the temperature distribution in the liquid phase
at time ¢ and at the position x. Let x = s(¢) denote the position of the moving interface
that separates the solid and liquid phases, while m (x, ¢) is defined in the region Q(7T). The
problem reads: Find the temperature profile m (x, t) and the position of the moving interface
x = s(t) fort € (0, T) such that the couple (m(x, t), s(t)) satisfies the following set of
equations:

T 0 i o) )
— - = in ,

ar Lgx2 s

m(0,t) =mp for t € (0,7), 2)
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m(s(t),t) =0 for t € (0,T), 3)
om ,
- kLaf(S(t), 1) = ppls (1) for 1 €(0,7), (4)
X
m(x,0) =0, x€[0,5(0)], )
s(0) =s0 > 0. (6)
The parameter o7 represents the thermal diffusivity of the liquid and is defined by
kr
oy = .
oLCL

Here k;, > 0 is the corresponding heat conductivity, po;, > 0 is the density and ¢;, > 0 is
the specific heat capacity of the liquid phase. Set £ > 0 as the specific latent heat required to
melt ice. Assuming that the densities in the liquid and solid phases are equal, the analytical
solution to (1)—(6) is given by Stefan (1891)

- erf(x/(ZWth)))

mx,t) =my (1 ot ()

and

5(t) = 2x/art,

where my > 0 is a given constant and X satisfies the following algebraic equation

uﬁkekzerf(k) =my,

with u := €/cp and so = 0. We refer the reader to Gupta (2003) and Stefan (1891) for
detailed descriptions of the Stefan problem and to Ogren (2022) for a random walk method
approximating the solution of this problem. In the following we solve problem (1)—(6) in
dimensionless form, with «;, = 1 and m = 1, for the final time 7 = 0.5.

3.1.2 GRW convergence study for a benchmark case

The Stefan problem described in Sect. 3.1.1 is solved now with a GRW scheme based on the
algorithm described in Sect. 2 using the parameters of the numerical example presented in
Ogren (2022).

The left-hand side of Fig. 1 shows the distribution of the water temperature at successive
times, and in the right-hand side of Fig. 1 the GRW solution for the moving interface water/ice
is compared with the exact analytical solution and the solution obtained with a random walk
(RW) method presented in Ogren (2022, Fig. 8). The two numerical solutions were computed
with the same spatial discretization Ax = 0.01. The relative errors of the RW and GRW
solutions with respect to the analytical solution, computed in terms of £2 vector norms, were
of 1.86% and 0.56%, respectively.

Following the common approach of grid-convergence tests cf. e.g. Suciu et al. (2021),
Suciu et al. (2024), Roy (2005) and Alecsa et al. (2020), we assess the convergence of
the numerical solution (m(x, t), s(¢)) to the analytical solution (7(x, t),5(¢)) in terms of
estimated orders of convergence (E OC) given by the slope of the decay of the errors in the
logarithmic scale after successively halving the discretization parameter Ax, i.e.

EOC = log <;—’1>/1og(2), I=1,2,..., %)
+

@ Springer f b/v\/\
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Fig. 1 Profiles m(x, t) approximated by GRW method. Right: Comparison of the GRW simulation results
with the RW and the analytical solutions for the position of the moving boundary s(¢)

Table 1 Orders of convergence ~ ~
A - E s — E CT
and computing times of the GRW * N =l oc fls =51 oc ®

approximation for the classical 4.00e—02 6.52¢—03
Stefan problem

- 9.62e—03 - 0.04
2.00e—02 3.49e—03 0.90 4.89e—03 0.98 0.05
1.00e—02 1.84e—03 0.92 2.41e—03 1.02 0.08
5.00e—03 9.22e—-04 1.00 1.18e—03 1.03 0.32
2.50e—03 4.28e—04 1.11 5.76e—04 1.03 1.84

where ¢, is the error measured in discrete L2 norm (Alecsa et al. 2020) (i.e. in terms of
-1l = VAx|l - lp2, where || - ||,2 is the Euclidean vector norm, in [0, s(T)], for m(x, 1),
and || - || == VA1l - l;2 in [0, T'], for s(¢)). The tables presenting the convergence tests in
the following have a generic structure: a column for the spatial discretization parameter Ax,
columns with errors of the profile m (x, t) and of the position of the moving boundary s(¢) and
the corresponding EOC, and another column with the computing times (CT) for successive
Ax.

The results of the convergence test and the corresponding computing times (CT) for the
GRW approximation of the solution to the Stefan problem are presented in Table 1.

In the following, we compare the GRW approximation of the solution to the Stefan problem
with approximations (of the same solution) obtained using the finite element method (FEM).
To proceed with the FEM approach, we first transform the problem formulated in the moving
domain (0, s(¢)) into one posed for a fixed domain (0, 1). To this end, we employ the Landau
transformation y = x/s(¢). We then solve the transformed equations discretizing the fixed
domain (0, 1) with a uniform grid size Ay. We refer the reader to Nepal et al. (2021) for
more details on how FEM works for one-dimensional moving-boundary problems.

The estimated orders of convergence and the corresponding computing times are presented
in Table 2. Comparing with Table 1 we see that both GRW and FEM solutions converge with
the same order EOC = 1. However, the GRW method, which solves the moving-boundary
problem directly, without transformation to a fixed domain, approximates the solution with
an accuracy that is systematically higher than that of the FEM solution and the corresponding
computing times are one or two orders of magnitude smaller.

@ Springer f DMAC
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Table 2 Orders of convergence

A —-m EOC =75 EoCc CT
and computing times of the FEM u rm = el lls =1 ©

approximation for the classical 4.00e—02 227e—02 _ 2.32e—02 _ 0.41
Stefan problem
2.00e—02 1.11e—02 1.03 1.16e—02 1.00 1.06
1.00e—02 5.49e—03 1.02 5.77e—03 1.01 2.46
5.00e—03 2.73e—03 1.01 2.85e—03 1.02 20.73

2.50e—03 1.36e—03 1.00 1.40e—03 1.03 203.07

3.2 The case of the Stefan problem with kinetic condition

Now, we explore the convergence behaviour of GRW for the case of a Stefan problem with
a kinetic condition. To begin with, we introduce a prototype model. Then, we construct an
analytical solution which is further used in code verification and convergence tests.

3.2.1 Problem formulation

Consider that m(x, t) acts in the region Q(7T). The problem reads: Find the profile m(x, t)
and the position of the moving interface x = s(¢) for t € (0, T) such that the couple
(m(x,t), s(t)) satisfies the following:

Mo o) ®)
o Pz =0 G

m(0, 1) = mo(t) for t € (0, T), ©)
— DZ—T(S(I), 1) =s'()m(s(t),t) for t € (0, T), (10)
s'(t) = Da (m(s(t),t) —as()) for te(0,7T), (11)
m(x,0)=0 for x e[0,s(0)], (12)
s(0) =s0 > 0. (13)

We notice that, unlike in the classical Stefan problem formulated in Sect. 3.1.1, the interface
condition (10) is now constrained by the kinetic condition (11) which also renders the coupled
problem nonlinear.

3.2.2 Convergence study for a benchmark case

In the absence of analytical solutions, the code verification and the grid-convergence test can
be done by computing errors with respect to manufactured solutions. The latter are functions
u of the dependent variables which have to fulfill the only requirement that the result of
applying the differential operator P, of the partial differential equation Pu = 0, is a non-
vanishing function f. Then, ¥ is an exact solution of the original partial differential equation
with the source term f added in the right-hand side, i.e., Pu = f (Roache 2002).

In the following, we choose the analytical solution

t
m(x,t) = ,/? exp(—a x), a > 0,
t
5(t) =50+ 2Da, | T (14)

@ Springer f b/v\/\
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Table 3 Orders of convergence ~ ~~

and computing times of the GRW Ax rm = el toc lls =1 £oc e

approximation for the Stefan 1.00e—02 1.39e—03 _ 1.03e—03 _ 0.33

problem with the kinetic

condition 5.00e—03 4.99¢—04 1.48 5.15e—04 1.00 1.12
2.50e—03 1.78e—04 1.49 2.58e—04 1.00 7.13
1.25e—03 6.32e—05 1.49 1.29e—04 1.00 44.91

6.25e—04  2.24e—05 1.50 6.45e—05 1.00 376.95

Inserting (14) into the model (8)—(13) one obtains the source terms

1
filx, 1) = T exp(—ax) — Daz\/;exp(—ax),
LGE@), 1) = (Da =5 O))mE (@), 1),

f3@) = D (\/% —m(s(t), 1) +a3(t)> ,

in the right-hand sides of (8), (10), and (11), respectively. Also, the manufactured solution
(14) fixes the boundary condition (9) to mo(t) = +/t/T and verifies the initial conditions
(12) and (13).

Preliminary tests with a linearization L-scheme (Suciu et al. 2021) have shown that the
nonlinearity m2(s(¢), t) arising when (11) is inserted in (10) is solved after the first itera-
tion. Therefore, in solving Stefan problems with a kinetic condition we use the so-called
explicit linearization of the moving boundary condition, consisting of replacing m(s(t), t)
by m(s(t — At), t) in the right-hand side of (10). When, as in the present case, we evaluate
the convergence with respect to an exact solution, the moving boundary condition (10) is
also formulated exactly by using m (5(t), t). (For details on the implementation see the code
‘main_Stefan_kin_conv.m’ in the folder ‘Stefan_kinetic’ of the Git repository.)

The results obtained withoe = 0.1, D =1, so = 0.1,and T = 1 are presented in Table 3.

Observe that, when approximating m (x, t), the convergence orders are improved compared
to what is normally achieved for the classical Stefan problem.

4 GRW approximation capturing diffusion in rubber

Within this section we present GRW simulation results for a moving-boundary problem
describing the penetration of diffusants into rubbers. Our interest in this particular scenario
is linked with the many potential technological applications (cf. e.g. Nepal et al. 2021; Lewis
1980; Hayes and Park 1955; Kaliyathan et al. 2021), where we believe we can contribute
with numerical predications of the durability (service life) of the rubber-based material.

We start by introducing and explaining the model equations. As a next step, we study the
convergence behaviour for a benchmark case where we perform the grid-convergence test
for a problem with the analytical solution. Finally, we present the GRW simulation results
and compare them with the FEM and random walk (RW) solution for our model equations.

@ Springer f DMAC
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4.1 Problem formulation

We recall the following problem from Nepal et al. (2021): For a fixed observation time
T € (0, 00), the interval [0, T'] represents the duration of the involved physical processes.
Let t € [0, T] denote the time variable, s(¢) the position of the moving-boundary at time
t and x € [0, s(¢)] the space variable. The function m(x, t) represents the concentration
of diffusant placed at position x and time ¢. The diffusants concentration m(x, t) acts in
the region Qg (7). The problem is: Find the diffusant concentration profile m(x, ¢) and the
position of the moving-boundary x = s(¢) such that the couple (m(x, t), s(¢)) satisfies the
following:

m @m0 (1
Py _ ax2 = m Qs s

~ 00,0 = b~ Hm0.0) for 1€ 0.7, (1o
_ D%(s(t), 1 =s'"(Om(s(0),1) for 1 €(0,1), 4
s'(t) = ap (m(s(t),1) — o (s(2))) for t € (0, T), (1%)
m(x,0) = mo(x) for x €[0,s(0)], (19
5(0) = so > 0. o

Here D is the diffusion coefficient, ap > 0 is a kinetic coefficient, S is a positive constant
and H > 0 is called the Henry constant. Additionally, o is a function on R describing the
swelling of the rubber, b represents the amount of diffusant concentration available at the
boundary. We consider the diffusion equation in (15) to represent the role of diffusion for the
evolution of the diffusant concentration m(x, t). At the left boundary x = 0, we define the
Robin-type boundary condition (16) to describe the inflow of diffusants into rubber. At the
right boundary x = s(¢), we have the Robin boundary condition (17) that describes the mass
conservation of the diffusants at the moving boundary. The ordinary differential equation
(18) describes the speed of the moving boundary. In (20), so denotes the initial position of
the moving-boundary, while in (19) m( denotes the concentration of the diffusant at r = 0.

The model Eqgs. (15)-(20) were designed to mimic experimental results involving the
ethylene propylene diene monomer rubber being swollen in cyclohexane. We do not discuss
here why this particular choice of materials is relevant and prefer instead to indicate a couple
of mathematical results that delimitate the mathematical validity of the model. We refer
the reader to Theorem 3.4 in Kumazaki and Muntean (2020) for detailed results on the
global existence of weak solutions to (15)—(20) and continuous dependence with respect
to initial data. The detailed description of model equations, laboratory experimental setup,
and finite element simulation results is presented in Nepal et al. (2021). The finite element
approximation recovered the experimental data well. To approximate the solution using the
FEM, we first transform the moving domain (0, s(¢)) into a fixed domain (0, 1) by using
the transformation y = x/s(¢). We then solve the transformed equations by discretizing
the fixed domain (0, 1) with a uniform grid size Ay. The convergence analysis of the finite
element scheme is provided in Nepal et al. (2023b) and Nepal et al. (2022) where we achieved
first-order convergence in both space and time for the position of the moving boundary and
diffusant profile.
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4.2 Convergence study for a benchmark case for diffusion in rubber

In the absence of analytical solutions, the code verification and the grid-convergence test can
also here be done by computing errors with respect to manufactured solutions. From now
onwards, we choose a linear dependence of ¢ on s(¢) in (18). With this choice, (18) becomes

s'(t) = ag (m(s(t),t) —os(t)) for t € (0,T), 21

where o is a constant parameter. This linear choice of o is motivated by our previous work
(Nepal et al. 2021, 2023a) where we explored the numerical simulation results for three
different choices of ¢ and ap. We choose the following manufactured solution for the con-
centration profile and the diffusion front:

- x\° t
m(x,t) = (1 — E) cos (;)

5(t) = ! e a +1 (22)

s(it)=s
"\Tor ~ 1072 " 307°

The exact solution (22) solves a modified problem, with the following source terms added in

the right-hand side of (15)—(18):

_sin(¢/T) ( x :
oo =52 (5-1)
3x cos(t/T) 2~/ 6D cos(t/T) ( )
et 1 _ —1
- G(1))? (s(r) ) s G(1)? s(@0) ’

3D
£0.1) = — Bb+ (ﬂH—l— ())cosG),
fE@, =0,
fo) =) + ‘;—03(:).

While deriving the above source terms, we made use of the following properties of the
manufactured solutions:

(0. 1) = i) O 0.y = i)
m(V, _COS<T C ax —E_,(t) COS(T s

G0, 0 =0, G0 =0.
0x

The initial conditions of the modified problem, corresponding to (19) and (20), are specified
by the manufactured solution (22): mq(x) = ni(x, 0), so = 5(0).

We approach this problem (in dimensionless form) numerically via the GRW method.
We make use of the following parameters: D = 1, 8 =1, b =1, H =1, ay =
1, o =1, so = 0.1, and T=0.001. The condition on the moving boundary is formulated
exactly with the aid of the manufactured solution, as in Sect. 3.2.2. We compute the error
of the concentration profile and moving front by comparing the GRW approximation with
the manufactured solution in terms of the discrete L? norms introduced below Eq. (7). The
obtained errors and estimated orders of convergence are shown in Table 4.

The performed grid-convergence tests indicate that the GRW approximations to the three
Stefan-type problems converge with different rates: linear convergence for both concentration
and penetration front in case of the classical Stefan problem (Table 1), convergence of about

@ Springer f DMAC



377 Page12of16 N. Suciu et al.

Table 4 Orders of convergence ~ ~

A - EOC - EOC CT
and computing times of the GRW x o = lls =1 ©
approximation for the problem 1.00e—02  4.19e—03 - 5.66e—06 - 0.05

modeling diffusion in rubber
5.00e—03 9.58¢e—04  2.13 1.43e—06 1.99 0.06

2.50e—03 2.34e—04 2.03 3.58e—07 1.99 0.07
1.25e—03 5.77e—05 2.02 8.99¢e—08 2.00 0.18
6.25e—03 1.44e—05 2.01 2.25e—08 2.00 0.81

Table 5 Parameters, their dimension, and choices of typical values for the reference model parameters

Parameters Dimension Typical values
Diffusion constant, D L2711 0.01 (mmzlmin)
Absorption rate, 8 LT ! 0.564 (mm/min)
Constant, ag LAT-1pm~! 50 (mm4/min/g)
Initial penetration front, so L 0.01 (mm)

o (s()) ML™3 0.55(1) (g/mm>)
Initial diffusant concentration, ML3 0.5 (g/mm3)
Concentration in lower surface of the rubber, b ML™3 10 (g/mm3)

Henry’s constant, H - 2.50 (dimensionless)

an order of 1.5 for concentration and linear convergence for the penetration front for the
Stefan problem with kinetic condition (Table 3), and second-order convergence of both
concentration and penetration front for the model of diffusion in rubbers (Table 4). Having in
view the rigorous numerical analysis results behind the proofs of convergence rates of FEM
approximations for this class of problems (cf e.g. Nepal et al. 2022, 2023b and references
cited therein), we believe that the linear convergence for both concentration and penetration
front observed in the case of the classical Stefan problem is what is in fact to be expected. The
last two study cases indicate that, perhaps depending on the solution’s regularity and choice
of parameters, some sort of super-convergence may take place. It would be interesting to
investigate if one can delimitate rigorously parameter regimes and solution regularity classes
where such super-convergence behavior can be guaranteed to happen.

4.3 A forecast exercise

After exploring the convergence of the GRW method for the problem with the manufactured
solution in Sect. 4.2, our current goal is to validate the GRW method for (15)-(20). As
the analytical solution is unavailable, we compare the GRW simulation results with the
FEM approximation, the RW solution, and laboratory experimental data presented in Nepal
et al. (2023a). The moving boundary condition in the GRW code is now formulated with
the aid of the explicit linearization described in Sect. 3.2.2 above. (For details, see code
‘main_RobinBC_conv.m’ in the folder ‘Rubber’ of the Git repository.)

The typical values for the chosen parameters and their dimensions used in simulations are
provided in Table 5, based on Nepal et al. (2023a).

The left-hand side of Fig. 2 shows the GRW simulation results compared to the RW and
FEM solutions for the diffusant concentration profile. Similarly, the right-hand side of Fig. 2
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Fig. 2 (Left: Semilog plot for the profile of m(x, ) as functions of space variable x at time 7 = 31 min.
Right: Comparison of the position of the moving front approximated by GRW, RW, and FEM with laboratory
experimental data

compares the GRW solution with the RW and FEM solutions as well as with experimental data
for the evolution of the penetration front. The GRW simulation results, for the concentration
profile and the penetration fronts, are in good agreement with the RW and FEM results and
are consistent with the laboratory experimental measurements of the penetration fronts.

While the RW concentration solution presented in Fig. 2, obtained with 500 random
walkers in Nepal et al. (2023a), is affected by oscillations, the GRW solution using 10%*
particles is smooth and practically coincides with the FEM solution. We also note that the
second-order convergence of the GRW scheme for diffusion in rubbers (see Table 4) can only
be obtained if the number of particles is at least A" & 6.7 x 107 (intuitively, for recovering
much of the high-regularity of the solution).

Looking at Fig. 2, we notice that the numerically simulated penetration depths are within
the expected physical range, i.e. they are closed to the measurement points. We refer the reader
to Nepal et al. (2021) for the technical details of the experimental setup. Of course, one could
perform a parameter identification procedure to identify the likelihood that our simulated
moving boundary positions meet precisely the four measurements, but this is outside the
scope of this work.

5 Conclusion

In this work, we presented the GRW approach approximating numerically one-dimensional
moving boundary problems. To the best of our knowledge, this is the first time when one-
dimensional moving-boundary problems are handled by means of the GRW methodology.
By means of numerical simulations, we propose a GRW approximation and perform a
convergence study for the classical Stefan problem and for a Stefan-type problem with a
kinetic condition, with direct application to a more practical scenario related to the pene-
tration of diffusants into rubber-based materials. For all treated cases, both GRW and FEM
approximations exhibited at least first-order of convergence for the position of the moving
boundary and the concentration profile. This is consistent with the existing convergence
proofs for the FEM approximation. However, in practice, improved convergence rates may
be attained, as indicated in the present study by the numerically inferred EOC for solutions
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of the Stefan-type problems with kinetic conditions.? This is often the case in numerical
applications, see for instance (Radu et al. 2009).

Unlike the classical random walk method, the GRW method required less computing time
than FEM. This makes one expect that, at least from the point of view of computing time,
the GRW method is suitable for moving-boundary problems posed in higher-dimensional
settings. Our work opens up new perspectives of the GRW approach which may be exploited
in future works: (a) it has the same precision as that of the finite difference scheme, while
keeping the corpuscular description of the corresponding continuous fields (as we said at
the beginning of Sect. 2), (b) easy extension to two and three dimensions (Refs. Suciu et al.
2021, 2024), (c) appropriate for considering multicomponent reactions (Ref. Suciu and Radu
2022).

It remains an interesting and challenging task to prove rigorously uniform estimates on
the indicated order of convergence. It is worth noting that remotely related work has been
done very recently in Cuchiero et al. (2024) for the classical Stefan problem, the kinetic case
remaining fully open.
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