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Abstract

Multivariate networks (MVNs) have become increasingly preva-
lent in contemporary research domains, spanning network security,
biotechnology, and healthcare applications. These complex data struc-
tures are characterized by dual perspectives, as exemplified in social
networks: an external perspective capturing internode relationships
and an internal perspective encompassing node-specific attributes. Al-
though existing visualization approaches predominantly employ di-
mensionality reduction (DR) algorithms to generate separate views
for each perspective, this limitation impedes comprehensive network
analysis. This thesis introduces a novel visualization approach that
integrates both MVN perspectives into a unified low-dimensional rep-
resentation. We present two distinct methodological modifications to
the t-SNE algorithm, which enable simultaneous processing of both in-
ternal and external network characteristics. Furthermore, we propose
an improved quality metric for evaluating DR algorithms that takes
into account both MVN perspectives simultaneously. Our comparative
analysis includes both a qualitative visual assessment and a quantita-
tive evaluation of the proposed modifications, which contributes to the
advancement of MVN visualization techniques.
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1 Introduction

Systems generating data are increasingly growing in numbers and in the
amount of data produced [11, 12, 13]. Recent studies indicate that

global data creation is projected to exceed 180 zettabytes by 2025 [14],
with applications spanning daily life from transportation and geography to �-
nance, healthcare and arti�cial intelligence [11, 15, 16]. One signi�cant type
of generated data are graphs. A simple graphG consists of a �nite nonempty
set of verticesV (G) and a �nite set of disorganized pairs ofV (G), called
edgesE(G)[17, 1].

Building upon this foundation, Multivariate Networks (MVN) represent
a more complex data structure, combining heterogeneous datasets where one
dataset forms a graph, while another contains attributes associated with the
vertices and edges [17, 18]. Thus, an MVN presents two perspectives: the
graph as a relational and external perspective, and the attributes within ver-
tices and edges as an internal perspective. MVNs started to gain attention
and many �elds of research are relying heavily on MVNs [4]. However, pro-
viding reliable state-of-the-art visualizations for MVNs is a challenging task
nowadays [19], since there are many different possible processes to apply in
order to obtain the best results from the MVN visualization.

Data visualization itself presents signi�cant challenges, as it aims to pro-
duce intuitive and potentially interactive tools for exploration and analysis,
targeting pattern identi�cation, correlation discovery, and decision validation
[4, 20, 21]. Recent studies suggest that visualization of big data has improved
organizational decision-making effectiveness by up to85

This report introduces a novel approach to visualizing multivariate net-
work data by combining external relations and internal attribute projections
into a single layout, representing both perspectives simultaneously. This inte-
gration aims to provide intuitive insight into the attributes and relationships
of the data, facilitating the detection of patterns and outliers. Another im-
portant outcome is the ability to compare the output's layout with the input
visualizations of attributes and relational aspects. That is, in terms of dis-
placement that occurs in the output data points. Therefore, closer data points
to neighbors in the output layout mean similar values in one perspective or
more.

1.1 Background

Different backgrounds should be covered to achieve a better understanding
of MVN visualization applications, which integrate, combine, compare, and
visualize datasets' attributes and relations, to provide users with intuitive
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views of these datasets.
To understand MVN basics, a vital part of the MVN visualization con-

cept will be further discussed in the background section 2.1.2, which is Graph
Drawing (GD). Any relation between two or more elements might be repre-
sented as a graph, where the elements are nodes (vertices) and the relation-
ship is the link (edge) [2, 22]. Recent advances in graph visualization have in-
troduced novel approaches for handling large-scale dynamic networks [23].

In addition, an essential concept covered in the background section 2.3 is
Dimensionality Reduction (DR). It is a Machine Learning methodology used
in data processing, transforming high-dimensional data into lower-dimensional
representations [3, 24]. DR includes various processing forms, such as char-
acterizing variability, discarding unnecessary information, and forming com-
pact results [25]. Recent developments in DR techniques have particularly
focused on preserving topological structure and handling non-linear relation-
ships [26].

DR techniques can be divided into linear and non-linear [25, 27]. In this
report, we use the t-distributed stochastic neighbor embedding (t-SNE) [28],
a non-linear DR algorithm. Recent improvements in t-SNE have improved
its ef�ciency and scalability [29], making it a powerful tool for reducing the
dimensions of multivariate data sets with acceptable error margins.

A foundational paper by Martins et al. [9] in 2017 introduced an ap-
proach to reduce MVN generated from heterogeneous datasets by convert-
ing both perspectives (relational and attributes) into comparable models and
combining their similarities through linear interpolation. Since then, several
advances have been made in this direction. Liu et al. [30] proposed a uni�ed
framework that uses deep learning for the simultaneous embedding of the
network structure and attributes of the nodes. Wang et al. [31] introduced
a joint optimization approach that preserves both local and global network
properties while maintaining attribute relationships. Furthermore, Chen et
al. [32] developed a dynamic weighting scheme to combine structural and
attribute information in MVNs, offering improved �exibility over linear in-
terpolation methods.

1.2 Motivations

Two different perspectives can be approached in the analysis of MVN, a
multidimensional perspective, and a relational perspective. The multidimen-
sional perspective contains the nodes/edges and their attributes. Similarly,
a relational perspective consists of the network's structure of links [9]. The
multidimensional perspective can be handled using DR techniques[3, 25].
On the other hand, the relational perspective can be analyzed with GD tech-
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niques. Kruiger et al. introduced a method for GD that uses DR techniques
to enhance the clarity and interpret-ability of visualization [33]. Therefore,
both GD and DR techniques are similar in one aspect: they are both used to
generate 2D layouts of points based on similarities [9]. Considering this, we
believe that, with the right treatment, they could be integrated into one single
class of techniques for the visualization of MVNs.

The visualization of relations and attributes for an MVN in a single 2D
projection may provide the possibility for a different angle of exploration and
interaction for the users. In addition, re�ecting a large-scale data set might
be more accurate considering the effects of the DR algorithm used.

Two different perspectives can be approached in the analysis of MVN: a
multidimensional perspective and a relational perspective. The multidimen-
sional perspective contains the nodes/edges and their attributes, while the
relational perspective consists of the network structure of links [9, 34]. The
multidimensional perspective can be handled using DR techniques [3, 25].
On the other hand, the relational perspective can be analyzed with GD tech-
niques. Kruiger et al. proposed a DR-based method to draw graphs [33].

The visualization of relations and attributes for an MVN in a single 2D
projection may provide possibilities for different angles of exploration and
interaction for users. Modern visualization techniques have shown improved
accuracy in re�ecting large-scale datasets [35], particularly when considering
the effects of advanced DR algorithms.

1.3 Problem Statement

As discussed in the previous section, each perspective in an MVN can be
represented in a single 2D layout, and it is also possible to use dimensionality
reduction techniques, such as t-SNE, for graph drawing [33]. Therefore, the
primary challenge this thesis handles is combining the distances between
points extracted from both perspectives, attributes and relational, in a non-
linear way.The main motivation is that real-world data increasingly exhibit
non-linear characteristics [?], and although current techniques only tackle
this problem linearly, modern non-linear DR methods have been shown to
adequately handle non-linear data [25].

In a previous work [9] this was done with a simple weighted linear com-
bination prior to the DR process. Although this led to promising initial re-
sults, it was observed that different neighborhoods or groups of points have
not been clearly represented due to various constraints regarding the com-
bination of these two sources of similarities. Thus, we investigate a way
to combine them non-linearly, allowing for each neighborhood or group of
points to optimize their positions with their own parameters, independent of
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the rest of the dataset.
A secondary challenge for this thesis is the evaluation of the results.

Many different quality measures are available in the literature for comparing
and evaluating DR techniques, but we are not aware of any quality measures
that deal with the speci�c problem of comparing MVN layouts.

As such, we de�ne the research questions for this work as follows.

RQ1 How can a state-of-the-art non-linear DR method be used to gener-
ate a single low-dimensional layout of an MVN taking into consid-
eration, at the same time, both the attribute- and the relation-based
similarities?

RQ2 How can the quality of such a layout be evaluated in an objective
way?

1.4 Contributions

This report proposed an architecture, the modi�cation of the algorithm in two
different ways, and the implementation of a system that uses both modi�ed
algorithms as follows:

1. Modi�cation of t-SNE to handle MVNs. We modi�ed the t-SNE al-
gorithm (the current state-of-the-art DR method) [33] to handle the
relation-based similarities of an MVN in two alternative ways: (i)
mixed the two sources of similarities into one single joint-probability
distribution, which was used to optimize the �nal layout of points; and
(ii) used the two different probability distributions as separate inputs
in every step of the gradient descent optimization.

2. Building an application. We built an application and prepared datasets
with different sizes and complexities to be inserted as input into the
application; also, we provided parameters to control the layout of the
output.

3. Evaluation of the results.We compared both our methods against the
data sets of the previous step and compared the results using a modi-
�ed quality measurement method that we modi�ed for the evaluation
process.

This thesis advances the current state-of-the-art by integrating both rela-
tional and attribute-based perspectives of multivariate networks (MVNs) into
a uni�ed framework, enabling a combined visualization of network topol-
ogy and attribute-based projections. This uni�ed representation improves
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the ability to analyze and interpret the relational and multivariate aspects
of complex network data. The contributions include the development of a
novel non-linear dimensionality reduction (DR) method based on t-SNE for
MVNs, a comprehensive comparison of the effectiveness of the modi�ed
algorithms across various MVN datasets, and the re�nement of quality mea-
sures tailored speci�cally for evaluating DR layouts of MVNs.

1.5 Target groups

Researchers who are interested in multivariate networks and their applica-
tions in information visualization, such as biology, software engineering and
networks, chemistry and social science [36, 37, 38, 39].

1.6 Report Structure

In this report, Section 2 will discuss the background that covers all concepts,
which will be introduced through the remainder of the thesis, Section 3 will
discuss the related work of this report. Section 4 has the methodologies that
we will follow in order to modify the algorithm, and the architecture pro-
posed to create systems with similar functionalities, Section 5 explains the
implementation of the system in detail. The data sets used in this study are
introduced in Section 6, followed by Section 7 which performs an evaluation
of the proposed algorithms. Section 8 carries a discussion and covers the
limitations, and lastly, the conclusion and future work will be presented in
Section 9.
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2 Background

I N this chapter, we will introduce some of the basic concepts used in this
thesis report, review existing research. In addition, we will explain the

topics that must be covered to develop a general understanding of this thesis
report.

2.1 Graph Theory

Historically, the earliest known attempts to use graphs were in an ancient
Egyptian temple begun by Rameses I (1400-1366) as mentioned by Parker
in his book ( [40], p.578). The graphs were then used in the form of board
games, family trees, and in some religious genealogy documents [41]. How-
ever, in modern history, graph theory was credited to Leonhard Euler (1707–1783)
in 1736, it all happened when he received a letter from a friend mentioning
the seven bridges of Königsberg problem [1] in Figure 2.1, which questioned
the possibility of someone to pass through all bridges only once and return
to the starting point (if you are not familiar with the seven bridges problem,
Euler suggests that it is not possible with these conditions).

Figure 2.1: Seven bridges of Königsberg problem (Figure from [1]).

Eventually, the seven-bridge sketch was abstracted to be much similar to
what is considered a graph today in Figure 2.2.
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Figure 2.2: Seven bridges of Königsberg problem abstraction (Figure from
[1]).

2.1.1 De�nition

Simply, a graph, as de�ned by Wilson [1], is composed of a �nite set of
elements named vertices and of a �nite set of pairs of vertices named edges.
Vertices and edges are used to de�ne a graph (G), thus, we useV(G) to
denote the vertex set andE(G) to denote the edges set within a graph.

Figure 2.3: Simple graph (Figure from [1])

In Figure 2.3, a simple graphG is shown, which has {u, v, w, z} V(G).
An edge {u,v} is joining verticesu and v, and can be abbreviated touv.
Thus, E(G) consists of the edges {uv, uw, vw, wz}.

2.1.2 Graph Drawing

Graph drawing (GD) is concerned with the visual representation of a vertex
set, where they have a set of edges that join them. Currently, there are many
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graph drawing techniques, and embedding a structured relational graph G
into 2D or 3D is the core goal of GD techniques [9], and how it is done
depends on the constraints required in the �nal layout. GD techniques can
be classi�ed according to their time dependence and structure [2].

Figure 2.4: Graphs classi�cation based on time dependence and structure
(Figure from [2]).

Figure 2.4 shows a classi�cation of graphs based on time variance and
structure [2] and shows that graphs based on time dependence might be static
graphs or time-dependent graphs, and in this case the change can be in at-
tributes, structure, or both. Similarly, graph structures can be trees, generic,
or compound graph structures. Both of the classi�cations depicted in Fig-
ure 2.4 are simpli�ed, and a graph, in many cases, needs preprocessing to
be visualized, sometimes a graph needs �ltering / aggregation, by selecting /
grouping nodes within a graph under certain conditions to create the required
visualized representation [2].

For example, tree structure graph drawing has many techniques: Node
Link, Space Filling, and Hybrid Approach, which is a combination of both
methods mentioned above. Similarly, in 2017, Kruiger et al. [33] proposed
a new graph layout method, using the DR method to reduce the dimensions
by encoding the graph's distance matrix with suitable modi�cation in the DR
was used.

2.1.3 Shortest Path Algorithms

Finding the right path often means �nding the shortest path. This also applies
to graph theory. However, many algorithms were introduced to improve the
design of network diagrams, kruskal and Seery [42] proposed a method based
on statistical techniques to facilitate the design of a network diagram. In
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contrast, if we had a graphG that has unlinked nodesi and j. The distance
d[i , j] is the shortest path from nodei to j [43].

In this thesis, the Floyd-Warshall algorithm [44, 43, 45] will be used
to apply the Floyd-Warshall algorithm [44, 43, 45] to the network datasets.
Floyd-Warshal algorithm compares all possible routes from nodea to node
b, then optimizes to the shortest path [45].

2.2 Multivariate Networks

A Multivariate Network (MVN) is a multidimensional dataset in which each
data point is connected to some or all other points, forming a network where
the elements are represented as nodes and the connections as edges. In many
cases, both nodes and edges have associated attributes, which are themselves
multidimensional in nature. Consequently, an MVN encompasses two per-
spectives: the multidimensional attributes and the relational structure of the
data [2]. It is important to note that in this thesis the terms "relations" and
"edges" are used interchangeably.

2.2.1 Multivariate Networks Visualization

We have mentioned earlier that an MVN has two perspectives, and one of
them is an edge dataset. This data set can be represented with a graph, using
GD techniques, but using an appropriate GD algorithm exclusively cannot
solve the MVN problem [41] for many reasons. First, nearly all classical
graph drawings have weak scalability because of their inability to produce
visualizations for large datasets containing several thousands of nodes and
edges. Another reason is that embedding more multivariate data in a tradi-
tional drawing is dif�cult and complicated [41]. To overcome these obsta-
cles, the data visualization community has used approaches that offer �lter-
ing and interaction capabilities, as well as other methods to analyze attributes
within the visualized graph [41]. Many methodologies have been proposed
as solutions to the MVN visualization problem [46]. One common approach
is the use of multiple and coordinated views, where several related views
are synchronized: changes in one view are re�ected across others. Another
technique is integrated approaches, in which multiple visualizations (nodes)
represent different attributes and are connected in a graph-like structure. A
third method involves semantic substrates, which exclude user-de�ned se-
mantics from node characteristics, allowing for automatic node positioning
based on attributes [47]. In addition, attribute-driven layouts compute the
placement of nodes based on speci�c attributes, directing their positioning
within the graph. Finally, a hybrid approach combines two or more of these
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techniques, such as the common pairing of multiple coordinated views with
integrated approaches, to leverage the strengths and mitigate the weaknesses
of each. According to Jusu�, this combination is particularly prevalent [46].

2.3 Dimensionality Reduction

Multivariate data have long attracted the attention of visualization experts
due to their complexity, size, and dif�culty in comprehensive representation.
Although traditional visualization methods are limited to two or three di-
mensions, modern techniques have expanded our ability to visualize higher-
dimensional data [48]. Methods such as parallel coordinate plots, scatterplot
matrices, and dimensionality reduction techniques allow the exploration of
multiple dimensions simultaneously [49]. However, it is true that adding
more visual elements like color, texture, or shape to represent additional
dimensions can increase complexity and potentially reduce interpret-ability
[50]. The challenge lies in balancing the richness of the information dis-
played with the ease of perception, requiring careful design and optimiza-
tion by visualization experts [51]. Dimensionality reduction (DR) was in-
troduced as one way of visualizing multivariate data. DR is the process of
transforming the data into a meaningful representation of a minimized num-
ber of dimensions [3]. For instance, principal component analysis (PCA) is a
linear method that replaces the original variables of a dataset with fewer non-
correspondent variables called principal components [25]. Another well-
known method is Multidimensional Scaling (MDS), where the original pair-
wise distances between the high-dimensional points will be approximated as
best as possible in the lower-dimensional space [25].

A variety of DR techniques can be used to visualize multidimensional
datasets. DR facilitates the classi�cation, visualization, and compression of
multidimensional data [3]. DR was �rst performed using linear techniques
such as principal component analysis (PCA) [52], factor analysis [53], and
classical scaling [25]. However, these techniques could not represent the
complexities of non-linear datasets in the real world. In Figure 2.5 are exam-
ples of non-linear data sets.

Figure 2.5 depicts four types of datasets; these types of dataset can have
their dimensions reduced by an approach in non-linear DR called Manifold
Learning. The algorithms used for this approach of non-linear DR are built
on the idea that the dimensions of a variety of data sets are arti�cially high;
at the same time, each data set can have points that may be described as a
function within a representable number of parameters [54]. Figure 2.5 shows
types of non-linear datasets named, respectively: Swiss roll in Figure 2.5a,
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(a) Swiss roll dataset. (b) Helix dataset.

(c) Twinpeaks dataset. (d) Broken Swiss roll dataset

Figure 2.5: 4 types of datasets (Figure from [3]).

Helix dataset in Figure 2.5b, Twinpeaks dataset in Figure 2.5c and broken
Swiss roll dataset in Figure 2.5d. The datasets' Figures are common and
popular in the data visualization �eld, so they were given names to distin-
guish between them and other datasets that produce other patterns of shaped
visualizations. Non-linear DR algorithms have been developed to simplify
the understanding of data. It can be seen from Figure 2.5a, for instance,
the dark blue colored data points are far away from the yellow colored data
points from a non-linear perspective (non-linear data descending from dark
blue to blue to green to yellow); in contrast, they are very near to each other
from a linear perspective.

2.4 The main algorithm

t-Distributed Stochastic Neighbor Embedding (t-SNE) was introduced in 2008
by Van der Matten and Hinton [28] to visualize high-dimensional data by

14



giving each data point a location on a 2D or 3D map. It is based initially on
the Stochastic Neighbor Embedding (SNE) technique, and it produced clear
visualizations by decreasing the trend to group data points in the center of
the plane.

The general idea of how t-SNE works is that it calculates the conditional
probability between each data point and all of its neighbors and normalizes
all values. Then it initiates a random low-dimensional layout that has the
same number of entries as the high-dimensional dataset. Then, it relates
each data point in the high-dimensional dataset to a representative in the low-
dimensional layout. Next, t-SNE calculates the amount of displacement each
representative has to move to represent the data point in the high-dimensional
dataset with the minimum error possible. This process is iterative; by means
of each iteration, a single representative point will move towards a more ac-
curate spot on the plane. Then, another representative will be moved, and
this process will remain ongoing until it reaches a low-dimensional rep-
resentation with the least possible error compared to representing a high-
dimensional dataset.

Despite its slowness compared to other techniques, t-SNE produces a
more accurate single map that reveals structure on many different scales [28].
Since t-SNE is a variation of SNE [28], we will explain the following SNE
�rst; then, we will discuss in more detail t-SNE.

2.4.1 Stochastic Neighbor Embedding (SNE)

Hinton and Roweis [55] introduced this algorithm. It is a probabilistic ap-
proach that describes high-dimensional vectors in a low-dimensional space,
preserving neighbor identities at the same time. A Gaussian is centered on
every object in the high-dimensional space [55], and the densities under the
Gaussian are used to create a probability distribution over all neighbors of the
object. The embedding process is to narrow down the distribution differences
as much as possible when the same method is applied to the low-dimensional
representativesof the objects.

In more details, for each objecti, has a potential number of neighbors,j,
and by computing the conditional probability ofi havingj as its neighbor in
Equation 1:

pi j =
exp(� d2

ij )

å i6= k exp(� d2
ik)

(1)

The dissimilaritiesd2
ij may be given or may be computed as the scaled squared

Euclidean distance between two high dimensional pointsxi andxj as follows
in Equation 2:
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d2
ij =

jj xi � xj jj 2

2s2
i

(2)

si
2 is a Gaussian variance around the data pointxi . For the low-dimensional

space a Gaussian neighborhood is also used with a �xed variance equal to1
2,

and the conditional probabilityqi j of a certain pointi to choose pointj as a
neighbor is of the low dimensional images "representatives", and given by
the following Equation 3:

qi j =
exp(�jj yi � yj jj 2)

å i6= k exp(�jj yi � ykjj 2)
(3)

The previous embedding was aimed to match the two distributions as
much as possible, and it can be done by minimizing the cost function which
is the sum of Kullback-Leibler divergences between thepi j and qi j distri-
butions for each object. Kullback–Leibler divergence or relative entropy is
how a measured probability distribution diverges from an expected proba-
bility distribution. In other words, it is the expected logarithmic difference
between the ProbabilitiesP andQ, where the expected values are calculated
using the probabilities P as follows in Equation 4:

C = å
i

å
j

pi j log
pi j

qi j
= å

i
KL(Pi jj Qi ) (4)

One of the features of SNE is that its cost function tends to keep the
representatives of nearby objects near [55] and pushes the representatives of
widely separated objects far relatively. There is, however, a disadvantage
when using SNE, which is the tendency of SNE to group data clusters in the
center of the plane. This feature outperforms other methods such as Locally
Linear Embedding (LLE), whereas far-separated data points may be depicted
as near neighbors in the low dimensional space [3].

2.4.2 T-Distributed Stochastic Neighbor Embedding (t-SNE)

A popular dimensionality reduction technique is used to visualize high-dimensional
data by projecting it into a lower-dimensional space, typically 2D or 3D [28].
It excels at preserving the local structure of data, meaning that similar data
points in the high-dimensional space are likely to stay close together in the
reduced space. Figure 2.6 summarizes the steps of t-SNE.
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Figure 2.6: Diagram showing steps of how t-SNE is processing data.

T-SNE was modi�ed in this report. The process begins with the steps per-
formed by SNE: �rst, it converts the high dimensional Euclidean distances
between data points into conditional probabilities [55].

pi j =
exp(

�jj xi � xj jj 2

2s2
i

)

å i6= k exp( �jj xi � xkjj 2

2s2
i

)
(5)

In Equation 5,si
2 represents the Gaussian variance that is centered on

data pointxi . The algorithm considers the valuepi j i as zero since its main
interest is to model pairwise distance between data pointxi and its neighbors
xj . Another step that was presented in symmetric SNE (one of SNE's en-
hancements) is to equalpi j j andpj j i to each other, because there are in some
cases outliers that lead to incorrect representation in the low dimensional
space. The symmetric conditional probability is determined by Equation 6 :

pi j =
pi j j + pj j i

2n
(6)

In the same way as SNE, each high dimensional pointxi has a counterpart
"representative" in the low dimensional spaceyi and each high dimensional
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neighboring pointxj has a counterpart "representative" in the low dimen-
sional spaceyj . The variance used in the computation of the low dimensional
probabilitiesqi j j is set to 1p

2
and this differs from SNE's variance value which

is 1
2. The main difference between SNE and t-SNE is when it comes to cal-

culating the conditional probability for the low dimensional spaceqi j , where
it employs a Student's t-distribution with a single degree of freedom in order
to make it a heavy-tailed distribution. In the following the low dimensional
probabilities:

qi j =
(1 + jjyi � yj jj 2) � 1

å i6= k(1 + jjyi � ykjj 2) � 1 (7)

In Equation 7 When the denominator approaches an inverse square law
for large pairwise distances in the low dimensional map, it creates consis-
tency in the scaling process between high dimensional and low dimensional
probabilities. To create a good low dimensional representation from the high
dimensional space, the differences between the values ofpi j j andqi j j must
be low as as possible, this difference is the Kullback-Leibler divergence in
Equation 8:

C = å
i

å
j

pi j log
pi j

qi j
= å

i
KL(Pi jj Qi ) (8)

which needs to be reduced overall data points using gradient descent :

¶C
¶yi

= 4å
i6= j

(pi j � qi j )(yi � yj )(1 + jjyi � yj jj
2) � 1 (9)

Equation (9) is the gradient descent that, when applied, produces a vec-
tor that represents the direction of the steepest descent of the cost function,
and this is the vector that represents the displacement of pointyi to be one
step similar to representing the high dimensional data pointxi . Therefore,
the process is repeatable until it reaches a low value of Kullback-Libler di-
vergence. In order to speed up optimization and reduce poor local minima,
a relatively high value momentum is added to the gradient, by adding the
current gradient to an exponentially decreasing sum of previous gradients in
each iteration [28]. This is calculated as follows:

Y(t) = Y(t � 1) + h
dC
dY

+ a(t)(Y(t � 1) � Y(t � 2) ) (10)

WhereY(t) is the solution in iterationt, h is the learning rate (a hyper-
parameter that determines the step size taken in the direction of the negative
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gradientdC
dY ) a(t) is the momentum in iterationt.

2.5 Information Visualization Reference Model

The Information Visualization Reference Model was presented in 1999 by
Ed H. Chi [56], and provided a hierarchical abstraction of perceiving infor-
mation, from the raw data state to the visual form state. Figure 2.7 provides
an abstract image of how visualized data can be perceived, in various forms,
and as can be seen from the �gure, it is divided into four stages: raw data,
data tables, visual structures, and views. Note that the aforementioned terms
may differ from other terms from other resources that have similar meanings.
However, it may be noticed that, as moving from left to right in Figure 2.7,
the data is becoming more intuitive to the user, but a process must be com-
pleted to move a step from left to right. To move from raw data to data tables,
data transformation must be applied to generate a sort of analytical abstrac-
tion from data to data tables, thus, data tables contain all necessary data to
be visualized but it is not in a mappable state yet. To go further one more
step, from data tables to visual structures, a visual mapping process will take
place on data tables, by reducing it to form some kind of visual structure.
In fact, these structures are visualizable. Another step ahead, visual struc-
tures can be turned into views by applying view transformations on visual
structures to exclude views by changing the interaction parameters provided
to the user. Therefore, an interaction is the adjustment of transformation pa-
rameters, where the user controls these changes with simultaneous feedback
to the user.

Figure 2.7: The Information Visualization Reference Model from [4].
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2.6 Classi�cation of Interactions

The classi�cation of interactions in our system is based on the reference
model for information visualization, as outlined in Wybrow's paper “Inter-
action in the Visualization of Multivariate Networks” [4]. In this work, the
authors proposed starting the classi�cation of interactions from the view step,
reversing the original presentation to simplify understanding. This approach
was chosen because most interactions occur at the view level. There are
three primary levels of interaction in data visualization: view-level, visual
structure-level, and data-level. At the view level, interactions such as high-
lighting, hovering, and brushing & linking allow users to explore visualiza-
tions without altering the underlying data, while navigation methods such as
panning, zooming, and view distortion provide �exible control over the visu-
alization space. At the visual structure level, interactions include selection,
attribute mapping changes, network layout adjustments, and representation
changes, which alter the visual encoding or structure of the data. Lastly, at
the data level, users can manipulate the data itself through actions like se-
lecting, �ltering, dynamic querying, or adding new data. In addition, users
can modify data structures via editing, aggregation, annotation, or tracking
history and provenance, which are especially useful for large and complex
datasets.
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3 Related Work

I N this section, we will introduce a number of related publications to our
thesis. We will begin with scienti�c papers on the visualization, tech-

niques, and applications of MVN. Then, we will provide a brief presentation
on Combined Layouts and their relation to our report.

In 2017, a method for interactive graph layout and analysis, called graphTPP,
was introduced [5]. It is a graph-based extension to the Targeted Projection
Pursuit (TPP) [57], which embeds the graph layout in its projection, there-
fore, it is named graphTPP. Originally, TPP was a linear DR algorithm that
utilizes the user's needs in projecting results by providing choices for the
user to determine the desired visualization and analyze it. It is based on Pro-
jection Persuit (PP); therefore, the purpose of PP is to discover a projection
with the highest value of 'Interestingness.' It is a value of a projection index
that enhances a certain feature of the data. Similarly, TPP pushed it ahead by
supporting the ability to de�ne the interesting features and then seeking the
best match to these features projection.

Figure 3.8: Main visualization panel used for automated separation tasks and
color control processes [5].

Figure 3.8 shows a projection of the main panel of the graphTPP system
and some features graphTPP offers. The data set shown represents musicians
over the 100 years span from 1890 to 1990 [58]1.

1http://mariandoerk.de/edgemaps/demo/
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Figure 3.9 shows the same data as Figure 3.8, and in this case, it uses
In�uence Graphs, which are used to investigate the impact of these in�uences
compared to the selected attributes. Moreover, the speci�ed cluster increases
the transparency of nodes that are not connected to its nodes.

Figure 3.9: A graph that has curved edges colored by their source nodes [5].

In 2018, Nobre introduced a Tree + Table approach [6]. It selectively
queries for nodes or subgraphs chosen and visualizes these subgraphs as a
spanning tree of the graph, as follows:

Figure 3.10 is intuitive, well organized and contains a large amount of
information scattered within the layout. This is another angle to perceive
multidimensional data, instead of having a position for each data point based
on certain features as in Figure 3.8. Juniper provided a projection for data
showing also the feature values with highlighting on a speci�c chosen one.
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Figure 3.10: Layout example of a co-authorship network of Catherine
Plaisant to cover her publications including her co-authors (Figure from [6]).

A publication by Byelas and Telea [7], presented a study on how to over-
come the limitations of combining more than one visualization into a single
layout in software diagrams (Figure 3.11). They proposed mainly methods
to draw an areas-of-interest, inner skeleton, and outer skeleton. These areas
should be drawn with the least visual clutter, even when they overlap. Fi-
nally, these areas and diagrams should be drawn differently so that they do
not interfere.
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Figure 3.11: Area of interest visualized using textures, colors, and shading
(Figure from [7]).

A comprehensive analysis of network visualization evolution by Filipov
et al. [8] presents a critical roadmap of the �eld's development through a
systematic examination of surveys and task taxonomies (Figure 3.12). Their
work highlights persistent challenges in network visualization, particularly
emphasizing the gap between theoretical frameworks and practical appli-
cations. The authors systematically analyzed 34 network visualization sur-
veys and 22 task taxonomies, revealing that while considerable progress has
been made in understanding user tasks and visualization techniques, there re-
mains a signi�cant need for standardized evaluation frameworks, especially
for complex data structures such as MVNs. Their �ndings suggest that cur-
rent visualization approaches often struggle to effectively balance analytical
capabilities with usability, particularly when handling multiple data perspec-
tives simultaneously. This systematic review reinforces the importance of
developing integrated visualization solutions that can effectively handle both
topological and attribute-based aspects of network data, a challenge directly
addressed in our research.
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Figure 3.12: A roadmap metaphor showing the individual disciplines (Figure
from [8]).

Multivariate graph combined layouts are visual metaphors that are cre-
ated to make it possible for analysts to browse and �lter a multidimensional
dataset. Therefore, combining more than one perspective of an MVN in a
2D or 3D layout is important to ensure that all characteristics of the data set
are visible at the same time [9, 10].

Figure 3.13 shows visualizations where (a) is a visualization of only the
relations (d) Only the attributes (b) and (c) Combined layouts of both per-
spectives with different weight values.
An approach was presented for visual analysis of state transition graphs, pro-
viding an interactive attribute-based clustering facility, clustering the results
in metric, relational, and hierarchical data, representing them in a single visu-
alization [3]. There are many other approaches that enriched the research in
combined layouts and exploring their relations and attributes; usually, when a
dataset is heterogeneous, i.e., it can be classi�ed into two different data types
(e.g. relational and multidimensional), the common strategy is to separate
the two perspectives into distinct views.

Figure 3.14 shows a combined layout from 2019, discussed a similar
idea of combining two data perspectives, called GraphTSNE [10], into one
visualization. It uses unsupervised training of graph convolutional networks.
Leow et al. are modifying theparametricversion of t-SNE introduced in
2009 [59], where in our methodology we modi�ed the original t-SNE [28].

To our knowledge, no previous publications have worked with modifying
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Figure 3.13: Combined layouts example based on weights(w) (Figure from
[9]).

Figure 3.14: Combined layout example of CORA citation network (Figure
from [10]).

t-SNE to accept both perspectives of MVNs, relational and attributes, as sep-
arate datasets and merge them into the processes of a t-SNE.This study pro-
poses a novel visualization technique that integrates network topology and
attribute-based projections into a uni�ed representation, offering a simulta-
neous view of both relational and multivariate aspects of complex network
data.
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4 Method

I n the last chapter, we discussed a variety of topics, such as multivariate
networks, and their pair of perspectives, relational and attributes. t-SNE

algorithm was explained and its computational process was discussed in de-
tail. This chapter will emphasize the scienti�c approaches and methodol-
ogy used to answer the aforementioned research questions in this thesis. In
addition, we will discuss the reliability and validity of our results, using a
modi�ed evaluation technique.

4.1 Scienti�c approach

The goal of this thesis is to combine two characteristics of heterogeneous
data, relational and attributes, into a single layout that represents both char-
acteristics as accurately as possible. Therefore, we modi�ed the DR algo-
rithm t-SNE to combine the two characteristics of heterogeneous data and
generate a single 2D map to answerRQ1.

The quantitative method to evaluate the proposed algorithm and answer
RQ2 is based on a technique calledtrustworthiness. The computation of
trustworthiness relies on comparing ranks of similarities between neighbor-
ing points in both the high- and low-dimensional spaces. It is commonly
used to evaluate DR algorithms when applied to homogeneous data, i.e.,
data that has only one intrinsic similarity measure between points. How-
ever, MVNs, as explained before, carry two different perspectives, relational
and attributes, each with its own similarity measure. It would not be accu-
rate to apply trustworthiness directly in this case, because the data set holds
two perspectives instead of one. So, the proposed approach is to modify
trustworthiness, customizing it to accept heterogeneous data (relational and
attributes) as input parameters instead of just a homogeneous dataset.

The algorithm was modi�ed using two different methods, Conditional
Probability Modi�cation (CPM), which is based on the modi�cation of t-
SNE in the phase of calculating the conditional probability, and Gradient
Descent Modi�cation (GDM), where the modi�cation occurred in the cal-
culation of the gradient descent. The reason behind proposing two modi-
�ed versions of t-SNE for MVN was to compare between two potential ap-
proaches to solve the underlying problem and obtain empirical data on which
one works better.

The quality of the proposed method (RQ1) was evaluated using quanti-
tative and qualitative approaches. The quantitative approach was through a
controlled experiment, where the independent variables are the datasets of
both perspectives and the resulting reduced dimensionality array. On the
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other hand, the dependent variable is a single value of the modi�ed trustwor-
thiness that ranges between 0 and 1. This value was measured for both mod-
i�ed algorithm versions, CPM and GDM. Moreover, the qualitative method
displays the layouts of both modi�cations, CPM and GDM, and compares
both of them in terms of their visualizations.

4.2 Method description

There are two approaches that will be introduced in order to combine two
MVN perspectives into one, (a) the �rst one is to combine both datasets at the
level of generating conditional probabilities, where the process in this case,
is adding the conditional probability for each data point inattributesper-
spective to the conditional probability, to the same data point at therelations
perspective, and (b) the second approach is by combining both perspectives
at the level of optimization, where the data points of both perspectives will
be combined during the gradient descent calculation.

Furthermore, the data set requires some preprocessing before it is used as
input to our proposed system. An MVN dataset must be separated on the ba-
sis of its perspectives—attributes and relations—followed by data cleaning
for both perspectives. For the attributes, for instance, it includes removing
non-numeric values and normalizing them. Equivalently, the relations need
more processing to convert the From-To relations (edges) into numerical rep-
resentation instead. This can be achieved using the approach proposed by
Kruiger et al. [33], by creating a distance matrix between all nodes within
a graph. In this thesis, the shortest paths between nodes were extracted to
transfer the From-To relations into numbers. This process will be discussed
in detail in Section 5. Throughout this thesis, the process of integrating both
perspectives—attributes and relational—of an MVN into a uni�ed layout us-
ing t-SNE will be referred to as T-MVN.

T-MVN based on Conditional Probabilities Modi�cation (CPM)

Previously, we introduced t-SNE in Section 2.4 and went through the process
of reducing the dimensions of a multidimensional dataset into a 2D represen-
tation. From Equation 5, we can see thatpi j j is the conditional probability for
a data point, and each data point in the dataset will have its conditional proba-
bility computed. In this case, we have two datasets, relational and attributes,
and by adding both probabilities in the computing process, the conditional
probability for both of the datasets combined is as follows:

p( i j j)combined
=

p( j j i)attr
+ p( j j i)rel

2
(11)
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The details of the implementation are described in Algorithm 1.

Algorithm 1 t-SNE for MVN based on Conditional Probability Modi�cation
Input: datasets:Xattr , Xrel

1 Cost function parameters: perplexityPerp
2 Optimization parameters: learning rateh

Result: low-dimensional data representation
3 begin
4 Compute pairwise distance probabilities for bothp( j j i)attr

, p( j j i)rel
sepa-

rately
5 Generatep( i j j)combined

(using Equation 11)

6 Start from a random layoutY(0)

7 for t = 1 to T do
8 Compute low-dimensional distance probabilitiesqi j (using Equa-

tion 7)
9 Compute gradientdC

dY (using Equation 9)
10 UpdateY(t) = Y(t � 1) + hdC

dY + a(t)(Y(t � 1) � Y(t � 2) )
11 end
12 end

The input in Algorithm 1 is the dataset represented by both perspectives,
separated, cleaned, and ready to be inserted into the system. The cost func-
tion and optimization parameters can be modi�ed to generate more accurate
visualizations (this will be discussed further in Section 5).

T-MVN based on Gradient Descent Modi�cation (GDM)

Unlike the CPM, the Gradient Descent Modi�cation (GDM) is applied in
the optimization step. Process both perspectives separated from each other
until it reaches the gradient descent, then it starts calculating the gradient
descent for both perspectives, compares between errors computed from both
perspectives, and chooses the error with a larger value to be optimized. The
optimization process is an iterative process; therefore, errors will gradually
decrease for both perspectives.

The GDM does not apply any changes to the mathematical equation
within the algorithm; instead, it uses a condition that drives the process of
calculating the gradient descent. The details of this implementation are de-
scribed in Algorithm 2.
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Algorithm 2 t-SNE for MVN based on Gradient Descent Modi�cation
Input: datasets:Xattr , Xrel

1 Cost function parameters: perplexityPerp
2 Optimization parameters: number of iterationsT, learning rateh, momentum

a(t)
Result: low-dimensional data representation

3 begin
4 Start from a random layoutY(0)

5 Compute pairwise distance probabilitiesp( j j i)attr
, p( j j i)rel

separately
6 for t = 1 to T do
7 Compute low-dimensional distance probabilitiesqi j (using Equa-

tion 7)
8 Compute gradientdC

dY for attr andrel (using Equation 9)
9 if costattr > costrel then

10 cost= costattr (used in calculating cost function)
11 else
12 cost= costrel (used in calculating cost function)
13 end
14 UpdateY(t) = Y(t � 1) + hdC

dY + a(t)(Y(t � 1) � Y(t � 2) )
15 end
16 end

4.3 Evaluation Method

One of the best known neighborhood preservation measures for non-linear
projection methods, trustworthiness was proposed by Venna and Kaski [60].
Trustworthiness is calculated by comparing the ranks of neighboring points
in the original and reduced dimensions. If a data point has certain neighbors
in the high-dimensional space, those neighbors should ideally remain close
in the low-dimensional space. Equation 12 computes the value of trustwor-
thiness as follows:

T(K) = 1 �
2

nk(2n � 3k � 1)

n

å
i= 1

å
j2U (k)

i

(r( i , j) � k) (12)

wherer( i , j) is the rank ofj in the ordered list of distances within the
k-neighborhood fromi in the high-dimensional space. The �rst part of the
equation, before the summation, is a normalization term that ensures the re-
sult falls between zero and one.
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4.3.1 Harmonic Mean Trustworthiness: A New Evaluation Layer for
Multivariate Networks

Traditional evaluation approaches for multivariate network (MVN) visual-
ization have primarily focused on assessing individual perspectives in isola-
tion, not considering to capture the fundamental challenge of simultaneously
preserving both attribute and relational structures. To address this critical
gap, we introduce harmonic mean trustworthiness as a novel evaluation layer
speci�cally designed for the comprehensive assessment of MVN preserva-
tion quality across both perspectives simultaneously.

The harmonic mean trustworthiness represents a paradigm shift in MVN
evaluation by providing a single, interpretable metric that re�ects the bal-
anced preservation of both network perspectives. This approach draws direct
inspiration from the widely accepted F1-score in machine learning, which
uses the harmonic mean to combine precision and recall metrics. Just as the
F1-score has become the gold standard for binary classi�cation evaluation
due to its ability to balance competing objectives, harmonic mean trustwor-
thiness establishes a new benchmark for multivariate network visualization
assessment.

The F1-score is mathematically de�ned as:

F1 =
2 � Precision� Recall
Precision+ Recall

(13)

Following this established principle, we de�ne harmonic mean trustwor-
thiness as:

Tharmonic=
2 � Tattr � Trel

Tattr + Trel
(14)

whereTattr andTrel represent the trustworthiness values for attribute and
relational perspectives respectively, calculated independently using the stan-
dard trustworthiness formula (Equation 12).

This mathematical foundation provides several crucial advantages that
enhance the authenticity of our study. First, by adopting the harmonic mean
principle established in machine learning evaluation, our approach leverages
a mathematically sound and widely validated framework, adding more cred-
ibility to our evaluation methodology. Second, the harmonic mean's con-
servative nature ensures that high scores can only be achieved when both
perspectives are well-preserved, preventing misleading evaluations where
one perspective's excellent performance masks the other's poor preservation.
Third, the direct parallel to F1-score facilitates interpretation and acceptance
within the broader research community, as the metric behaves in predictable
and well-understood ways.
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The introduction of harmonic mean trustworthiness as an evaluation layer
represents a methodological contribution that addresses the unique challenges
of MVN assessment. Unlike arithmetic averaging, which can obscure critical
preservation failures, or individual perspective evaluation, which provides
incomplete pictures, harmonic mean trustworthiness demands balanced ex-
cellence across both network dimensions. This requirement aligns perfectly
with the fundamental goal of MVN visualization: creating integrated repre-
sentations that maintain �delity to multiple data aspects simultaneously.

Furthermore, the adoption of this F1-score-inspired approach adds sig-
ni�cant authenticity to our study by grounding our evaluation methodology
in established statistical principles. The harmonic mean's widespread ac-
ceptance in machine learning evaluation, combined with its mathematical
properties that naturally suit MVN assessment challenges, provides a solid
theoretical foundation that enhances the validity and reproducibility of our
�ndings. This methodological rigor ensures that our results can be meaning-
fully compared across different studies and approaches, contributing to the
establishment of standardized evaluation practices in multivariate network
visualization research.

4.4 Reliability and Validity

Reliability and validity are crucial considerations in scienti�c research. In
this thesis, we proposed a modi�cation to t-SNE, but the results forRQ2
are signi�cantly in�uenced by the inherent randomness of the algorithm. To
mitigate this randomness, we carefully controlled the experimental setup.
The data sets used in our study include one with 90 nodes and 1,000 edges
and another with 300 nodes and 500 edges. Our results were collected by
running the model multiple times on different data sets of different sizes
using different ranges of parameters' values. This is to ensure that our results
are reliable and can be replicated.

Moreover, for the validity of this project and for the internal validity of
RQ2, there are parameters that affect our results, and we provided a con-
trol mechanism to control to some extent the behavior of the layout. For
other parameters, we followed the recommendations suggested by Maaten
[28, 3] after a repetitive process of investigating these parameters, which has
an impact on our results. For external validity, a comparison between both
modi�cations' values of trustworthiness was made, and to do that, we made
a modi�ed version of trustworthiness. As mentioned before, it is hard to
compare our work with other related previous work. The implementation of
our system and the datasets are available in Gitlab.
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4.5 Use of AI-Based Tools

AI-based tools were used during the development of this thesis to support
implementation tasks, including code structuring, debugging, and textual re-
�nement. The conceptual design of the proposed t-MVN framework, math-
ematical derivations, experimental setup, evaluation methodology (includ-
ing harmonic mean trustworthiness), and interpretation of results were per-
formed and critically assessed by the author. The author takes full responsi-
bility for the scienti�c integrity, validity, and originality of the work.
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5 Implementation details

T HIS chapter presents an overview of the implementation steps and the
analysis of a proposed visualization system that applies the described

algorithms to combine heterogeneous perspectives of multivariate networks
(MVNs) into a single, cohesive visualization layout.

In many cases, the data to be visualized is raw and requires cleaning and
preparation to be used as an input to the visualization. To facilitate the under-
standing of the proposed system, we divided the description into �ve steps.
Import, Preprocess, Initiate, Prepare and Visualize (Figure 5.15). These steps
are described in the following.

Figure 5.15: The work�ow diagram of the proposed system.

5.1 Import Data

The �rst step to visualize an MVN is importing a heterogeneous data �le
structured as a VNA2. After importing the data �le, we separate the attributes
from the edges into two sets, an attributes table, and an edge list. Each set
will be put into a new text �le (attributes.txt andedges.txt ). Al-
though explicitly separating the input into two �les is not necessarily the only
way to implement this step, we found that it helped to streamline the follow-
ing steps of preprocessing and visualizing the two perspectives separately,
given how the used software libraries work (especially Bokeh). The over-
head of loading the �les again did not affect the usage of the system during
our tests; however, this step could be implemented entirely in memory if the
need exists.

2VNA is a �le format developed for Netdraw, which is a program for visualizing social
networks.
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5.2 Preprocess Data

The imported data sets (attributes and edges) may require pre-processing be-
fore they can be integrated into the proposed system. Although both sets
represent the same data points, they encapsulate different types of informa-
tion. To maintain consistency across these sets, any operation applied to a
data point in one set must correspondingly affect the same data point in the
other set. To ensure this consistency, we sort the data alphabetically based
on the designated names of the data points in both sets. This sorting guaran-
tees that each data point in the attributes table aligns with the corresponding
data point in the edges list and removes possible confusion from potentially
arbitrary orders of rows in the two different �les.

For the edges list, we adopted the approach proposed by Kruiger [33],
which involves converting the edges into a distance matrix by applying the
Shortest Pathalgorithm between all pairs of nodes, as discussed in Section
2.1.3. The resulting distance matrix captures the pairwise distances between
all data points, or nodes, within the edge list. In cases where the graph con-
sists of multiple components (i.e., not all nodes are mutually reachable), we
must address the issue of distances between nonreachable node pairs. While
it is common to assign anin�nite distance to such pairs, this can pose chal-
lenges for dimensionality reduction algorithms. The raw output of the Floyd-
Warshall algorithm includes some unprocessedin�nity values. To mitigate
this, we assign these distances a prede�ned, constantvery largevalue; in our
experiments, we determined that an effective compromise can be achieved
by substitutingin�nity with the square of the maximum distance identi�ed in
the graph.

It is also possible for the input data set to contain nodes that have no con-
nections with other nodes (ieisolated nodes). The next step in the procedure
involves removing these nodes from the edges distance matrix, ensuring that
any node removed from the edges list is also removed from the correspond-
ing attributes table to maintain consistency between the two perspectives.

Next, we process the attributes table. We �rst ensure that the number of
data points in both perspectives is identical for two key reasons: (a) any data
points present in the attributes table but absent from the edges list consti-
tute unnecessary information and (b) failing to remove isolated data points
or disconnected components from both sets could result in errors during sub-
sequent analyses.

Then, it is necessary to extract a distance matrix from the attributes table
as well. The attributes of the dataset can come from any source, as long as
either (a) they are all numerical, or (b) it is possible to compute a distance
between every pair of nodes (or data points).
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5.3 Initiate Algorithm

The result of the pre-processing is now prepared to be used as inputs for the
modi�ed t-SNE algorithms, speci�cally t-MVN, as discussed earlier in Sec-
tion 4.2. First, we apply the original, unmodi�ed t-SNE algorithm separately
to each dataset: the attributes table and then to the edges list, and generate
one visualization of each. This gives us a baseline for comparison and allows
us to analyze and understand each set independently, preparing for evaluating
the new algorithm/visualization later. Next, we apply our modi�ed t-SNE for
MVNs using CPM to the integrated sets, generate a visualization, and assess
their performance. Finally, the same process is applied using the other mod-
i�ed algorithm, GDM, followed by a visualization and an evaluation of its
performance.

5.4 Prepare Analysis

In this step, we prepare the output data from the previous process to be ana-
lyzed in the next step. It is important that in the �nal visualizations we can
see information from both the attribute space and the edges, so that they can
be visually inspected in the plots at the same time. For that, we created clus-
ters of data points based on the attributes using the Agglomerative Clustering
algorithm (from the scikit-learn library). We chose a color to represent each
cluster, and the coloring was used as a tool to form an understanding of the
attribute-based data clusters and how these data points are scattered within
all the generated layouts (graph, CPM and GDM). Any other clustering al-
gorithm could be used to visualize the results of the previous step.

5.5 Visualize Result

The visualized results are four different two-dimensional scatter plots, one
plot for each output generated from the previous steps: (i) t-SNE output for
the attributes, (ii) t-SNE output for the relations or the graph, (iii) CPM, and,
�nally, (iv) GDM. In the �gures, all the plots show edges (even if the attribute
data set does not include them in its structure). The edges are shown in all
plots to provide an idea of the network/graph structure of the MVN; this can
give an intuition about how much of the network structure of the dataset has
been maintained after the merging.

Bokeh is a Python library designed for creating interactive visualizations
for web browsers. One of its strengths is a comprehensive set of tools that
enable users to explore and interact with data ef�ciently. One useful feature
Bokeh provides is a handy set of tools and interactions that helps to provide
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many abilities to browse and investigate the data. The interactions and tools
used are brie�y discussed in the following subsection.

5.6 Web-based system

A web application was built with an interactive frontend, running in a browser,
with an analytical backend. Figure 5.16 shows a snapshot of the implemented
system. The front-end provides four visualizations, as described in the previ-
ous section. At the bottom of Figure 5.16, there are a number of interactions
that control parameters that can change the visualized results.

The system was developed primarily using Python because of its exten-
sive libraries that support various data-related tasks, from �le handling to vi-
sualization. Key libraries employed include NumPy, for scienti�c computing
with powerful N-dimensional arrays and mathematical operations; Pandas,
for data manipulation through �exible data frames and integrated indexing;
NetworkX, for creating, analyzing, and manipulating networks with versatile
graph structures; scikit-learn, a machine learning library for data analysis and
mining, building on other foundational libraries like NumPy and SciPy; and
Bokeh, for interactive visualizations and real-time outputs on web browsers
(despite some limitations in advanced features).

The interface begins with an upload button that enables users to import
data sets from a local directory. Upon data upload, the system generates the
four different visualizations shown in Figure 5.16(2) which were described
in the previous steps. In a few more details, each of these visualizations
offers unique perspectives on network analysis. The upper section presents
two fundamental t-SNE visualizations: the top-left plot demonstrates the re-
sults of the network topology-based projection using the shortest path dis-
tances and should contain tight communities with clustered edges; while the
top-right plot showcases the attribute-based projection, where clusters (indi-
cated through node coloring) should be tight and cohesive. The lower sec-
tion presents our research contributions, the two novel MVN visualization
approaches: The lower left visualization implements t-MVN using Condi-
tional Probability Modi�cation (CPM), The lower right plot displays t-MVN
using Gradient Descent Modi�cation (GDM).

To enhance data exploration capabilities, we implemented a basic set of
interactive features and callback methods. These interactions, displayed in
Figure 5.16(3), include standard visualization tools such as pan, lasaso, box
select, box zoom, wheel zoom, tap, reset, and save. When users interact with
these tools, callbacks trigger actions such as updating visual elements, �lter-
ing data, or zooming in to speci�c data points, allowing for a more dynamic
and responsive data exploration experience.
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5.7 System Tuning

The performance of the system can be �ne-tuned via two parameters: per-
plexity and learning rate, as shown in Figure 5.16(4). We implemented
interactive input �elds for both parameters, allowing real-time adjustments
that trigger immediate algorithm re-execution. To accommodate our multi-
perspective visualization approach, separate input �elds are provided for
graph topology, attributes, and combined visualizations. This granular con-
trol enables users to optimize representations for different aspects of the mul-
tivariate network, either independently or in combination, while an alpha
slider facilitates additional �ne-tuning of the visualization parameters.

These two parameters were used not only to manipulate the visualized re-
sults, but we performed an investigation to �nd the values with the strongest
effect on the results, corresponding to van der Maaten's recommendations [28,
3]. The results can be seen in chapter 7.
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6 Datasets

Three datasets were used as use cases to be analyzed by the developed al-
gorithms, and to provide a general understanding about this thesis, we used
arti�cially generated data to clarify the idea behind combining MVN's both
perspectives, attributes, and relations. We will go through a detailed expla-
nation of the generated data and how it was used to motivate our work. The
other two data sets were the cases of real data sets coming from different
�elds and with different numbers of nodes and edges. However, both per-
spectives in the MVN dataset contain an identifying column, where it is pos-
sible to reach the values of a speci�c data point in both perspectives by their
ID. In this report, the weights of edges in the relational perspective of the
datasets were neglected; the effects of weights of the relational perspective
in the calculations of the modi�ed algorithm must be investigated carefully
before being used, and we leave this aspect for future work.

6.1 Multivariate network ( Arti�cially generated)

Creating a dataset serves as a means to enhance understanding of the core
concepts explored in this thesis. Therefore, we begin by generating an attribute-
based data set. Figure 6.17 illustrates a visualization of the multivariate net-
work (MVN) based on attribute similarities. The data set is represented as
a network, where the nodes are visualized using a t-SNE layout generated
from the pairwise distances of the attributes. The nodes are grouped into two
clusters with different colors distinguishing the groups. In this visualization,
the orange nodes correspond to one group and the light green nodes represent
the other group. The layout focuses on preserving attribute-based relation-
ships, highlighting how nodes cluster on the basis of their high-dimensional
feature similarities.

Figure 6.18, represents the MVN based on relational data (that is, the
network structure de�ned by the shortest path distances between nodes). A
t-SNE layout was applied to the pre-computed distance matrix derived from
the graph. Edges are drawn to indicate the connections between nodes, with
partial transparency to avoid clutter. This visualization demonstrates the net-
work's topological perspective, focusing on how nodes relate through graph-
based relationships.

Figure 6.19 provides a combined view, where attribute similarities are
projected onto the network structure. The nodes are placed using the t-
SNE layout for the attributes, but their graph-based relationships are also
displayed as edges.

The nodes are grouped into four subgroups determined by the intersec-
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tion of their attribute-based clusters and graph-based partitions. Each sub-
group is visually distinguished using unique colors and shapes (e.g., orange
squares, light green circles). This visualization integrates both perspectives,
offering a clearer understanding of how attribute and relational data interact
in the MVN.

The relational layout of t-SNE depicted in Figure 6.20, determining the
positions of the nodes. The nodes are grouped similarly to the previous vi-
sualization, with four subgroups highlighted based on the intersection of at-
tribute clusters and graph partitions.

Colors and shapes identify subgroups, while the edges display the graph's
structure. This visualization emphasizes the relational perspective while al-
lowing attribute-based subgrouping to be observed. It serves as a comple-
mentary view to Figure 6.19, offering insight into how the network structure
shapes the combined data representation.

Figure 6.20: A combined view for the arti�cially generated network repre-
senting relational similarities being projected onto the attributes clusters.

Building on the insights from the paper "An Exploratory Visual Analytics
Tool for Multivariate Dynamic Networks" by Martins et al [9] , which visu-
alizes multivariate dynamic networks with spatial and temporal attributes,
by integrating both relational and attribute-based perspectives into a uni�ed
framework. This improves the analysis of complex MVN data, offering more
comprehensive and �exible visualizations, as can be seen in Figure 6.21.
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Figure 6.21: A combined view for the arti�cially generated network merged
using MDS.

Figure 6.21 illustrates the MVN layout generated using a combination of
attribute-based and relational data , with node positions determined by multi-
dimensional scaling (MDS). MDS, a linear dimensionality reduction method,
seeks to represent high-dimensional dissimilarities in a low-dimensional space
while preserving the relative distances between points.

The combined distance matrix effectively merges the attribute and re-
lational perspectives, providing a uni�ed representation of the MVN. The
nodes are divided into four distinct subgroups, formed by the intersection
of attribute clusters and graph partitions, with edges visualizing the underly-
ing network structure. This visualization highlights how the combination of
multiple perspectives impacts node positioning and subgroup relationships,
bridging the gap between attribute-based and relational layouts.

A similar approach was implemented using the t-SNE algorithm, yielding
better results. Figure 6.22 shows a visualization using the combined distance
matrix with a t-SNE layout. The nodes and subgroups are displayed similarly
to the MDS layout in Figure 6.21, but here t-SNE is used to capture non-
linear relationships in the combined data. The layout focuses on preserving
local structures, making it easier to identify clusters and relationships within
subgroups.
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Figure 6.22: A combined view for the arti�cially generated network merged
using t-SNE.

An arti�cial multivariate network (MVN) was generated, beginning with
the creation of an attribute-based dataset, which resulted in two distinct clus-
ters, each represented by a unique color. Subsequently, a relational data set
was produced that forming two interconnected communities distinguished
by different node shapes. The investigation further examined data separation
based on attributes in one scenario and on relations in another, providing in-
formation on the distinct perspectives. Multidimensional scaling (MDS) was
then employed to enhance and extend the experimental process, allowing a
deeper exploration of the combined data representations. Following this, the
state-of-the-art t-SNE algorithm was applied after MDS, further re�ning the
analysis, and the results were promising.

6.2 Co-authorship Networks (VisBrazil)

The dataset represents a network of scholarly publications, comprising 90
nodes (papers) and 970 edges (co-authorships). The nodes include attributes
such as id, authors, title, year, type, source, and keywords. Edges repre-
sent co-authorship relationships. Combining co-authorship networks (graph)
with attributes such as authors, titles, dates, and keywords offers substantial
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bene�ts in understanding the structure and dynamics of research collabora-
tions. This approach provides a detailed analysis of collaboration patterns,
helping to identify which researchers frequently collaborate and how they
form academic clusters on various topics [61, 62]. By analyzing coauthor-
ship networks alongside keywords and publication dates, institutions can
track research trends and topic evolution over time, revealing how certain
�elds are emerging or declining [63, 61]. Furthermore, this combined ap-
proach improves the ability to detect in�uential authors who play key roles
in their �elds, often identi�ed by their central position in collaboration net-
works and high citation counts [64, 65]. The integrated perspective also sup-
ports the exploration of interdisciplinary collaborations, providing insight
into cross-disciplinary research efforts and revealing the �ow of ideas be-
tween different academic domains [66, 62]. This combination of network
and attribute data aids institutional decision making by highlighting pro-
ductive collaborations, enabling targeted funding, and fostering the strate-
gic development of research programs [67]. Finally, it allows visualization
of author productivity and impact over time, helping institutions recognize
trends in academic performance and in�uence [68]. Figure 6.23 presents two
different projections of t-SNE of the same multivariate network (MVN), il-
lustrating how the algorithm handles different aspects of the network data.
The plot "graph" on the left shows the t-SNE projection based on the net-
work's topological structure, where nodes are positioned according to their
connectivity patterns and the gray edges represent actual network connec-
tions. In contrast, the right plot "attributes" displays the t-SNE projection
based purely on node attributes, resulting in a markedly different spatial ar-
rangement where nodes are positioned based on their feature similarity rather
than their network connections. This attribute projection appears to be more
compressed and shows a different clustering pattern, with nodes arranged in
what appears to be a more gradual continuum, suggesting that the attribute
relationships between nodes may be more continuous than the discrete nature
of their topological connections. The contrast between these two projections
effectively demonstrates how the same network can reveal different patterns
and relationships depending on whether we focus on its structural topology
or its attribute space.

6.3 Multivariate Software Networks (Caffe)

Caffe is deep learning library represented as a graph, where nodes corre-
spond to classes or methods, and edges represent relationships such as de-
pendencies or calls between them. It consists of 368 nodes and 519 edges,
capturing the structural interactions within the codebase. The data also in-
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cludes software metrics like Lines of Code (LOC), Number of Methods
(NOM), and Coupling Between Object Classes (CBO), offering insights into
complexity, maintainability, and code cohesion. This combination of graph
structure and metrics facilitates the analysis of software quality and perfor-
mance. Combining heterogeneous perspectives, such as a function/variable
graph and quality measurements, within the dataset provides several critical
bene�ts for optimizing system performance. By integrating these perspec-
tives, developers gain a comprehensive understanding of code ef�ciency and
resource management, enabling them to identify performance bottlenecks
and prioritize targeted optimizations. This approach ensures that resource-
heavy functions are recognized early, facilitating improved debugging and
code maintenance by focusing on areas that are both central to the structure
of the system and problematic in terms of performance [69, 70]. Addition-
ally, it supports scaling and parallelization by highlighting components that
can be executed concurrently or distributed across multiple GPUs or pro-
cessors, signi�cantly improving the execution time for deep learning tasks
[71]. Moreover, this integration improves the ability to detect algorithmic
and hardware bottlenecks, providing information on the interaction between
software performance and hardware usage, which is crucial for deep learning
libraries [68]. These capabilities align with best practices in software engi-
neering, ensuring that Caffe remains ef�cient and maintainable at various
operational scales. Figure 6.24 demonstrates another example of dual t-SNE
projections of a multivariate network, revealing distinctly different patterns
between topological and attribute spaces. The plot on the left shows the net-
work's topological structure through t-SNE, displaying several clear clusters
of nodes with varying densities and interconnections. The graph structure
appears to have several dense local communities connected by sparser bridg-
ing edges. In contrast, the right plot, representing the attribute-based t-SNE
projection, shows a more curved or horseshoe-shaped distribution of nodes,
suggesting that the node attributes follow a continuous gradient or spectrum
rather than forming distinct clusters. This horseshoe pattern is a common
t-SNE artifact when visualizing data that have a strong underlying continu-
ous distribution, indicating that while the network topology suggests discrete
communities, the node attributes might represent a more continuous progres-
sion of features across the network's members.

Moreover, this integration improves the ability to detect algorithmic and
hardware bottlenecks, providing information on the interaction between soft-
ware performance and hardware usage, which is crucial for deep learning
libraries [68]. These capabilities align with best practices in software en-
gineering, ensuring that Caffe remains ef�cient and maintainable at various
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operational scales. Moreover, this integration improves the ability to detect
algorithmic and hardware bottlenecks, providing information on the interac-
tion between software performance and hardware usage, which is crucial for
deep learning libraries [68].
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7 Results

I n this chapter, we will evaluate the datasets used to validate our tool and
evaluate the system performance using the methodology discussed in

Section 4.3.
First, the algorithm evaluation will be carried out for each dataset intro-

duced in chapter 6, using two methodologies: a quantitative evaluation mea-
suring harmonic trustworthiness; and one qualitative evaluation, visually in-
specting the different views of the implemented system and comparing those
views in terms of how they represent the combination of the two perspectives
of the dataset (attributes and relations).

Although trustworthiness alone provides valuable insight into the preser-
vation of local neighborhood structures in dimensionality reduction, it presents
an incomplete picture when evaluating the quality of merged multivariate
network layouts. Traditional trustworthiness metrics, though widely adopted
in t-SNE evaluation, suffer from several limitations that become particularly
pronounced in the context of network merging: they typically focus on a sin-
gle perspective of data preservation, may not adequately capture the trade-
offs between different network views, and can be overly optimistic when one
perspective dominates the layout generation process.

To address these limitations, we propose the use of harmonic trustwor-
thiness as a comprehensive evaluation metric for our merged multivariate
network layouts. Drawing inspiration from the F1-score's role in machine
learning evaluation, harmonic trustworthiness serves as a balanced measure
that equally weights the preservation quality of both network perspectives
while penalizing signi�cant disparities between them. This approach aligns
with established practices in machine learning, where harmonic means effec-
tively combine precision and recall metrics, providing a single, interpretable
score that re�ects overall system performance.

The harmonic mean of trustworthiness values from both network per-
spectives offers several advantages over individual trustworthiness assess-
ments: (1) it provides a conservative estimate that prevents overoptimistic
evaluations when one perspective performs exceptionally well at the expense
of another, (2) it naturally handles the inherent tension between preserving
different network structures by requiring balanced performance across both
views, and (3) it yields zero when either perspective completely fails to pre-
serve its structure, ensuring that catastrophic failures in one network view
appropriately impact the overall evaluation.

Our benchmark comparison with traditional MDS using this harmonic
trustworthiness metric demonstrates the effectiveness of our t-SNE-based
merging approach while providing a robust foundation for evaluating multi-
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variate network integration techniques. This evaluation framework not only
validates our methodological contributions, but also establishes a standard-
ized approach for future research in merged network visualization and anal-
ysis.

MDS was selected as a widely used and well-established baseline in com-
parative dimensionality reduction studies, which aligns with the exploratory
nature of this work. The intention was to evaluate the proposed framework
against a commonly accepted reference method. Including t-SNE would
have expanded the scope of the study and shifted the focus beyond the in-
tended level of exploration, and can instead be considered as a natural con-
tinuation in future work.

7.1 Arti�cially Generated MVN

Quantitative assessment:
The values in Table 7.1 summarize the harmonic trustworthiness results

for MDS and the proposed t-MVN approach, which incorporates two mod-
i�cations for analyzing multivariate networks (MVNs): CPM (Conditional
Perspective Modi�cations) and GDM (Gradient Direction Modi�cations).
Harmonic trustworthiness evaluates how effectively the dimensionality re-
duction techniques preserve the local structural properties of MVNs.

MDS achieves a harmonic trustworthiness score of 0.75. This indicates
that while MDS provides reasonable preservation of local neighborhood struc-
tures, it does not fully capture the conditional relationships inherent in MVNs.
In comparison, t-SNE achieves a harmonic trustworthiness score of 0.80.
This suggests a stronger preservation of local neighborhood structures, which
is consistent with its design emphasis on local similarity. However, since
this study focuses on establishing a structured comparative baseline rather
than optimizing nonlinear embeddings, MDS remains the primary reference
method within the exploratory scope of this work, and t-SNE was not ex-
tended to the remaining datasets.

In contrast, the t-MVN approach shows clear improvements. With CPM,
t-MVN achieves a score of 0.84, the highest among the compared methods,
showing its effectiveness in maintaining conditional relationships between
perspectives. The GDM modi�cation records a score of 0.78, also outper-
forming MDS. These improvements highlight how the targeted modi�ca-
tions in t-MVNs better preserve the nuanced structural properties of MVNs
compared to those of a classical method like MDS.

Overall, the results con�rm that the incorporation of CPM and GDM into
t-SNE leads to more faithful local representations of multivariate networks,
making t-MVN a more suitable dimensionality reduction approach for this
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context.

Algorithm Metric Value

MDS Harmonic Trustworthiness 0.75

t-SNE Harmonic Trustworthiness 0.80

t-MVN
Harmonic Trustworthiness for CPM 0.84
Harmonic Trustworthiness for GDM 0.78

Table 7.1: Summary of Harmonic Trustworthiness Results for MDS and t-
MVN

Qualitative assessment:
The combined visualization in Figure 7.25 illustrates the outcomes of dif-

ferent dimensionality reduction techniques applied to multivariate networks
(MVNs). Each method demonstrates distinct structural characteristics, offer-
ing complementary perspectives on how network attributes and relations are
preserved in reduced space.

The MDS baseline (Figure 7.25a) produces a diagonal arrangement with
moderate cluster separation and balanced edge length distributions. While
providing reasonable global organization, the method maintains consistent
but limited performance across parameter variations, re�ected in its stable
harmonic trustworthiness values as will be shown in the following data sets
quantitative assessments.

The standard t-SNE on combined distances (Figure 7.25b) yields the
most geometrically structured result, arranging clusters in a symmetric cross
pattern that maximizes separation between all groups. This systematic spa-
tial organization provides excellent visual distinction between node types,
though it may represent a simpli�ed view of the underlying multivariate re-
lationships.

The Gradient Descent Modi�cation (GDM) variant (Figure 7.25d) pro-
duces a moderately compact layout where node groups maintain reasonable
clustering while preserving connectivity information. The approach demon-
strates balanced performance between local neighborhood preservation and
global organization, creating interpretable layouts without excessive disper-
sion. This balance is re�ected in its consistent harmonic trustworthiness per-
formance across diverse parameter settings.

The Conditional Probability Modi�cation (CPM) variant (Figure 7.25c)
generates a distinctly different spatial arrangement, positioning clusters in
an elongated con�guration that creates greater inter-cluster distances. This
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approach enhances visual separation between different groups and may bet-
ter preserve distinct perspectives within the multivariate structure, achieving
peak harmonic trustworthiness values when properly tuned, though requiring
more careful parameter selection.

The visualization patterns align with the quantitative harmonic trustwor-
thiness results: CPM demonstrates the highest potential performance but
with greater parameter sensitivity, GDM provides more robust and consis-
tent results across parameter combinations, while the baseline methods offer
predictable but more limited preservation capabilities. The qualitative differ-
ences re�ect the underlying algorithmic priorities - GDM's gradient-based
optimization favoring balanced solutions and CPM's probability-based ap-
proach emphasizing structural distinctiveness. Together, these complemen-
tary approaches extend the analytical capabilities of dimensionality reduc-
tion for multivariate network visualization, with each method offering spe-
ci�c advantages depending on the analytical objectives and parameter tuning
requirements.

7.2 Vis-Brazil dataset

Quantitative assessment:
Table 7.2 presents the harmonic trustworthiness results for the MDS base-

line method. The MDS approach shows remarkably stable harmonic trust-
worthiness values around 0.77-0.78 across all parameter combinations, with
minimal sensitivity to both learning rate and perplexity parameters. This
consistency, while providing predictable performance, results in harmonic
trustworthiness values that are substantially lower than the optimal con�gu-
rations achieved by both CPM and GDM approaches.

After establishing the baseline performance, Table 7.3, we can observe
the harmonic trustworthiness values for CPM across different perplexity and
learning rate combinations. The harmonic mean trustworthiness demon-
strates a clear sensitivity to both parameters, with particularly poor perfor-
mance at low perplexity values (2-15), where most values fall below 0.65 (red
range). The method shows substantial improvement as perplexity increases,
reaching its peak performance in the perplexity range of 30-45, where values
consistently exceed 0.8 (green range). The highest harmonic trustworthiness
value of 0.90 is achieved at perplexity 30, 35, and 40 with learning rates
of 10 and 25, indicating optimal balanced preservation of both network per-
spectives at these parameter settings.
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Table 7.2: MDS harmonic trustworthiness for Vis-Brasil dataset. Yellow
represents values between 0.65 and 0.8

LR \P 2 5 10 15 20 25 30 35 40 45 50

10 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78

25 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78

50 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78

75 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78

100 0.78 0.78 0.78 0.78 0.77 0.78 0.78 0.78 0.78 0.78 0.78

125 0.77 0.78 0.78 0.78 0.78 0.77 0.78 0.78 0.78 0.78 0.77

150 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78

175 0.77 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78

200 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.77 0.78 0.77

225 0.78 0.78 0.78 0.77 0.78 0.78 0.77 0.78 0.78 0.78 0.78

250 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.77 0.78 0.77

Table 7.3: CPM harmonic trustworthiness for Vis-Brazil dataset. Green in-
dicates values above 0.8, yellow represents values between 0.65 and 0.8, and
red corresponds to values below 0.65 (darker shades for higher values and
vice versa).

LR \P 2 5 10 15 20 25 30 35 40 45 50

10 0.53 0.67 0.67 0.81 0.85 0.86 0.9 0.9 0.9 0.89 0.88

25 0.53 0.62 0.67 0.81 0.84 0.87 0.9 0.89 0.9 0.89 0.88

50 0.52 0.64 0.64 0.65 0.85 0.85 0.87 0.89 0.89 0.89 0.87

75 0.54 0.61 0.61 0.6 0.83 0.84 0.86 0.87 0.86 0.83 0.85

100 0.55 0.59 0.59 0.6 0.69 0.83 0.85 0.85 0.84 0.82 0.75

125 0.51 0.61 0.55 0.63 0.71 0.71 0.85 0.83 0.83 0.78 0.79

150 0.5 0.59 0.58 0.58 0.68 0.74 0.86 0.81 0.81 0.78 0.73

175 0.53 0.64 0.59 0.57 0.74 0.72 0.83 0.84 0.8 0.79 0.75

200 0.52 0.56 0.57 0.64 0.67 0.71 0.75 0.76 0.81 0.77 0.74

225 0.52 0.59 0.61 0.56 0.65 0.73 0.73 0.75 0.8 0.76 0.75

250 0.53 0.62 0.6 0.55 0.65 0.7 0.74 0.76 0.74 0.75 0.71
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In Table 7.4, the harmonic trustworthiness values for GDM follow a
similar pattern to CPM but demonstrate different sensitivity characteristics.
GDM shows more consistent performance across learning rates compared to
CPM, with less dramatic variation in the optimal perplexity range.

Table 7.4: GDM harmonic trustworthiness for Vis-Brazil dataset. Green in-
dicates values above 0.8, yellow represents values between 0.65 and 0.8, and
red corresponds to values below 0.65 (darker shades for higher values and
vice versa).

LR \P 2 5 10 15 20 25 30 35 40 45 50

10 0.68 0.81 0.78 0.83 0.86 0.87 0.86 0.87 0.87 0.88 0.86

25 0.63 0.74 0.81 0.82 0.84 0.86 0.85 0.86 0.88 0.88 0.86

50 0.67 0.75 0.79 0.83 0.86 0.85 0.86 0.87 0.87 0.87 0.88

75 0.65 0.72 0.8 0.82 0.85 0.86 0.87 0.86 0.88 0.86 0.88

100 0.63 0.66 0.74 0.83 0.87 0.85 0.87 0.87 0.89 0.88 0.88

125 0.65 0.65 0.76 0.82 0.86 0.84 0.85 0.87 0.87 0.88 0.86

150 0.67 0.66 0.69 0.82 0.84 0.84 0.87 0.87 0.88 0.87 0.88

175 0.6 0.65 0.72 0.83 0.85 0.85 0.87 0.88 0.88 0.88 0.86

200 0.55 0.66 0.74 0.83 0.86 0.85 0.86 0.86 0.87 0.87 0.86

225 0.61 0.66 0.7 0.79 0.84 0.86 0.88 0.88 0.89 0.88 0.88

250 0.64 0.64 0.74 0.79 0.83 0.8 0.87 0.86 0.89 0.88 0.87

The harmonic mean trustworthiness reaches its peak values of 0.89 at
perplexity 40 and 225 learning rate, and perplexity 40 with learning rate 100.
Notably, GDM maintains more stable performance in the mid-range perplex-
ity values (20-50) compared to CPM, though it achieves slightly lower max-
imum values.

Comparing the three approaches using harmonic trustworthiness as our
evaluation metric reveals distinct performance characteristics. CPM achieves
the highest peak harmonic trustworthiness values (0.90) but shows greater
sensitivity to parameter selection, particularly struggling at low perplexity
settings. GDM provides more consistent performance across parameter com-
binations while still achieving competitive peak values (0.89), making it
more robust for practical applications. The MDS baseline, while offering
predictable and stable performance, is consistently outperformed by both t-
SNE-based modi�cations in terms of harmonic trustworthiness, demonstrat-
ing the superiority of our proposed multivariate network merging approach.
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The harmonic mean effectively captures the balanced preservation of both
network perspectives, providing a comprehensive evaluation framework that
reveals the trade-offs between peak performance and parameter sensitivity in
multivariate network layout generation.

Qualitative assessment:
Figure 7.26 presents four layouts illustrating how the collaborative struc-

ture of Brazilian visualization research and publication attributes are visual-
ized in different con�gurations using standard approaches and t-SNE mod-
i�cations. The layouts Figure 7.26(a) and Figure 7.26(b) represent the col-
laboration network structure and attribute-based organization using standard
t-SNE, while layouts Figure 7.26(c) and Figure 7.26(d) are derived from the
two proposed modi�cations: Conditional Probability Modi�cation (CPM)
and Gradient Descent Modi�cation (GDM). These visualizations assess how
well the collaborative relationships and publication attribute patterns of the
research community are preserved through these methods.

Figure 7.26: A snapshot of the 4 layouts of the Vis-Brasil dataset, comparing
standard t-SNE representations with CPM and GDM modi�cations (perplex-
ity=40, learning rate=10).

In Figure 7.26(a), the collaboration network layout displays the struc-
tural organization of co-authorship patterns within the Brazilian visualiza-
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tion research community. The layout shows considerable edge density, cre-
ating a web-like pattern that re�ects the underlying collaboration structure
among researchers. Nodes represent individual publications, while edges
connect papers that share common authors, revealing collaboration patterns
over time. While this representation maintains the global topology of the
research network, the substantial overlap and interconnectedness result in
visual complexity that may obscure speci�c research group boundaries, in-
stitutional af�liations, or temporal patterns in collaboration formation.

Figure 7.26(b) presents the attributes layout generated by standard t-SNE,
organizing publications according to attribute similarities such as publica-
tion year, research topics (keywords), publication type, and source venues.
This con�guration demonstrates improved cluster formation compared to the
pure collaboration view, with publications grouping into more distinct re-
gions based on shared characteristics. The color-coded nodes likely represent
different temporal periods, research themes, or publication venues, forming
coherent groups that re�ect the thematic and temporal structure of Brazil-
ian visualization research. The visualization reveals attribute-based patterns
more clearly, such as how research topics have evolved over time or how
different venues attract different types of work, though the representation of
how these attribute clusters relate to the underlying collaboration network
remains implicit rather than explicitly integrated.

The CPM modi�ed layout in Figure 7.26(c) demonstrates a distinctive
spatial arrangement where publications are organized into an elongated, tri-
angular con�guration. This approach creates clear separation between dif-
ferent publication groups, positioning clusters at greater distances from each
other. The edge patterns span the layout space, connecting dispersed clus-
ters and revealing cross-group collaborations. This separation-focused ar-
rangement may facilitate the identi�cation of distinct research communities
or temporal periods within Brazilian visualization research. For instance,
it could help identify isolated research groups, emerging sub-communities,
or collaborations that bridge different thematic areas or time periods. The
increased inter-cluster spacing makes it easier to distinguish between publi-
cations from different venues, time periods, or keyword categories, though it
results in a more spread-out visualization that requires users to track longer-
range connections between collaborating authors across different publication
attributes.

The GDM modi�ed layout in Figure 7.26(d) produces a more centralized
organization where publications maintain moderate proximity while form-
ing distinguishable clusters. The layout exhibits balanced edge distribution
throughout the visualization, with collaboration connections creating a rel-
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atively uniform pattern across the space. This approach appears to balance
cluster cohesion with connectivity preservation, keeping publications with
similar attributes grouped while maintaining visibility of the collaboration
structure. The visualization maintains interpret-ability through reasonable
separation between publication groups (by year, topic, or venue) while avoid-
ing extreme dispersion that might disconnect closely related work. This com-
pact arrangement may better support tasks that require simultaneous aware-
ness of both thematic groupings and collaborative relationships.

The comparative analysis of these layouts reveals important implications
for understanding the structure and evolution of the Brazilian visualization
co-authorship community. The standard collaboration layout (Figure a) cap-
tures co-authorship patterns but struggles with visual clarity when represent-
ing a densely connected research network. The attribute layout (Figure b) im-
proves interpret-ability by grouping thematically or temporally similar pub-
lications but loses explicit collaboration relationship information.

The modi�ed approaches demonstrate different strategies for integrating
both perspectives. CPM's emphasis on cluster separation may be particu-
larly valuable for identifying distinct research sub-communities, institutional
boundaries, or temporal phases in the development of Brazilian visualization
co-authorship. This could facilitate tasks such as identifying emerging re-
search topics, recognizing isolated research groups that might bene�t from
greater integration, or understanding how publication venues segment the
research landscape. The clear spatial separation makes it easier to identify
papers that bridge different communities or time periods, which could repre-
sent important knowledge transfer or intercrossing opportunities.

GDM's more balanced approach maintains better overall cohesion while
providing adequate cluster de�nition. This may be advantageous for tasks
requiring simultaneous awareness of both thematic groupings and collabo-
rative patterns, such as identifying potential collaboration opportunities, un-
derstanding how research topics relate to collaboration structures, or tracking
how individual researchers' work spans multiple thematic areas. The mod-
erate compactness preserves spatial proximity for related publications while
still distinguishing between different attribute categories, making it easier to
see how collaboration patterns correlate with research themes or publication
strategies.

Neither modi�cation appears uniformly superior for all analytical tasks;
rather, they offer complementary perspectives on the multivariate network
structure of research communities. CPM may be preferred when clear iden-
ti�cation of community boundaries or temporal phases is paramount, while
GDM may be more suitable when maintaining awareness of the overall net-
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work integration and cross-community collaborations is important. These
observations align with the harmonic trustworthiness evaluations, where CPM
achieved higher peak values (0.90) but with greater parameter sensitivity,
while GDM provided more consistent performance (0.87-0.89) across dif-
ferent parameter con�gurations. This re�ects the fundamental trade-off be-
tween maximizing cluster distinctiveness for community detection and main-
taining balanced preservation of both attribute and collaboration information
in bibliometric network visualization contexts.visualization.
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7.3 Caffe dataset

Quantitative assessment:
Table 7.5 presents the MDS baseline results, showing remarkably sta-

ble harmonic trustworthiness values consistently around 0.77-0.78 across all
parameter combinations. This stability re�ects MDS's parameter-insensitive
nature, though the consistently moderate scores indicate that while MDS pro-
vides predictable balanced preservation, it fails to achieve the peak perfor-
mance levels demonstrated by the optimally tuned CPM approach.

Table 7.5: MDS harmonic trustworthiness for Caffe dataset. Yellow repre-
sents values between 0.65 and 0.8

LR \P 2 5 10 15 20 25 30 35 40 45 50

10 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78

25 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78

50 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78

75 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78

100 0.78 0.78 0.78 0.78 0.77 0.78 0.78 0.78 0.78 0.78 0.78

125 0.77 0.78 0.78 0.78 0.78 0.77 0.78 0.78 0.78 0.78 0.77

150 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78

175 0.77 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78

200 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.77 0.78 0.77

225 0.78 0.78 0.78 0.77 0.78 0.78 0.77 0.78 0.78 0.78 0.78

250 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.78 0.77 0.78 0.77

In contrast, Tables 7.5 and 7.6 compare harmonic trustworthiness for the
Caffe dataset using MDS and CPM approaches respectively. In Table 7.6, the
CPM harmonic trustworthiness scores demonstrate signi�cant sensitivity to
parameter selection, particularly at low perplexity values. For perplexity val-
ues 20 and above, harmonic trustworthiness remains consistently high, with
scores ranging from 0.84 to 0.89, indicating excellent balanced preservation
of both network perspectives when perplexity is suf�ciently high, irrespec-
tive of the learning rate. However, at lower perplexity values (2-15), there
is substantial variability, with harmonic trustworthiness scores ranging from
0.54 to 0.87. This variability demonstrates that CPM's ability to balance both
network perspectives is highly sensitive to lower perplexity settings, where
careful parameter tuning is crucial to maintaining high harmonic trustwor-
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thiness.
Similarly, Table 7.7 presents the harmonic trustworthiness results for

GDM, which showcases more conservative but consistent performance across
parameter combinations. The harmonic trustworthiness scores are generally
more stable, ranging from 0.74 to 0.84, with most values falling in the upper
yellow to lower green ranges. Notably, GDM demonstrates less sensitivity
to parameter variations, maintaining relatively consistent harmonic trustwor-
thiness even at lower perplexity values (2-10), where scores typically remain
above 0.75. This stability suggests that GDM provides more balanced preser-
vation of both network perspectives across diverse parameter settings, though
it achieves lower peak values compared to optimally tuned CPM con�gura-
tions.

Table 7.6: CPM harmonic trustworthiness for Caffe dataset. Green indicates
values above 0.8, yellow represents values between 0.65 and 0.8, and red
corresponds to values below 0.65 (darker shades for higher values and vice
versa).

LR \P 2 5 10 15 20 25 30 35 40 45 50

10 0.64 0.77 0.86 0.87 0.88 0.89 0.89 0.89 0.89 0.89 0.89

25 0.62 0.76 0.83 0.87 0.88 0.89 0.89 0.89 0.89 0.89 0.89

50 0.57 0.76 0.82 0.85 0.86 0.88 0.88 0.88 0.89 0.89 0.88

75 0.58 0.73 0.82 0.84 0.85 0.88 0.88 0.88 0.88 0.88 0.88

100 0.58 0.71 0.81 0.84 0.86 0.87 0.86 0.88 0.87 0.88 0.88

125 0.57 0.68 0.78 0.83 0.86 0.85 0.87 0.87 0.88 0.87 0.88

150 0.6 0.65 0.78 0.83 0.86 0.85 0.87 0.86 0.86 0.86 0.88

175 0.57 0.62 0.79 0.83 0.84 0.86 0.87 0.86 0.87 0.87 0.86

200 0.6 0.63 0.73 0.81 0.84 0.85 0.85 0.86 0.86 0.86 0.86

225 0.55 0.64 0.71 0.78 0.84 0.85 0.85 0.86 0.86 0.87 0.87

250 0.54 0.62 0.65 0.77 0.83 0.86 0.85 0.86 0.86 0.86 0.86
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Table 7.7: GDM harmonic trustworthiness for Caffe dataset. Green indi-
cates values above 0.8, yellow represents values between 0.65 and 0.8(darker
shades for higher values and vice versa).

LR \P 2 5 10 15 20 25 30 35 40 45 50

10 0.76 0.78 0.8 0.8 0.81 0.81 0.81 0.81 0.83 0.82 0.83

25 0.76 0.78 0.8 0.82 0.81 0.81 0.81 0.83 0.83 0.84 0.83

50 0.77 0.78 0.8 0.82 0.82 0.81 0.81 0.82 0.82 0.82 0.82

75 0.74 0.79 0.8 0.8 0.81 0.82 0.81 0.81 0.82 0.82 0.82

100 0.77 0.78 0.79 0.8 0.81 0.81 0.81 0.82 0.82 0.82 0.83

125 0.75 0.79 0.8 0.8 0.81 0.82 0.81 0.83 0.82 0.83 0.83

150 0.77 0.78 0.8 0.8 0.81 0.81 0.81 0.82 0.82 0.83 0.83

175 0.75 0.79 0.79 0.8 0.81 0.79 0.82 0.81 0.82 0.84 0.82

200 0.76 0.78 0.79 0.79 0.8 0.81 0.81 0.81 0.82 0.83 0.84

225 0.75 0.78 0.8 0.8 0.81 0.82 0.81 0.82 0.82 0.82 0.82

250 0.76 0.77 0.8 0.77 0.81 0.81 0.82 0.81 0.82 0.84 0.82

The comparison of harmonic trustworthiness across all three approaches
reveals distinct performance characteristics for the Caffe dataset. CPM demon-
strates the highest potential with peak harmonic trustworthiness values reach-
ing 0.89, but requires careful parameter tuning, particularly at low perplexity
settings where performance can drop signi�cantly (minimum 0.54). GDM
provides more robust and consistent harmonic trustworthiness across param-
eter combinations, with values typically ranging from 0.74 to 0.84, mak-
ing it less sensitive to parameter selection while still achieving competi-
tive balanced preservation of both network perspectives. The MDS base-
line maintains steady harmonic trustworthiness around 0.77-0.78, offering
predictable but limited performance that is consistently outperformed by
both t-SNE modi�cations when properly con�gured. The harmonic mean
evaluation effectively captures the balanced preservation capability of each
method, demonstrating that while CPM can achieve superior peak perfor-
mance, GDM offers more reliable and consistent results across diverse pa-
rameter settings. This analysis using harmonic trustworthiness provides cru-
cial insights into the trade-offs between peak performance and parameter
robustness in multivariate network merging approaches, validating our eval-
uation framework's ability to reveal practical considerations for real-world
applications where parameter �ne-tuning may not always be feasible.

In conclusion, the harmonic trustworthiness analysis for the Caffe dataset
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con�rms that both CPM and GDM modi�cations signi�cantly outperform
the MDS baseline in achieving balanced preservation of multivariate net-
work perspectives, with CPM offering superior peak performance for care-
fully tuned parameters and GDM providing more consistent and robust re-
sults across diverse parameter con�gurations.

Qualitative assessment:
Figure 7.27 illustrates four layouts of the Caffe C++ framework dataset

generated using standard t-SNE and the proposed modi�cations, demonstrat-
ing how graph structures and their attribute-based relationships are visual-
ized: Figure 7.27(a) presents the graph layout using standard t-SNE, Fig-
ure 7.27(b) shows the attributes layout using standard t-SNE, Figure 7.27(c)
displays the CPM modi�cation layout, and Figure 7.27(d) presents the GDM
modi�cation layout. Each visualization provides insight into how the nodes
representing C++ library elements and their relationships are organized to
re�ect the multivariate structure of the framework.

In Figure 7.27(a), the graph layout using standard t-SNE displays the
structural organization of the Caffe framework with nodes distributed across
the coordinate space and considerable edge density connecting various com-
ponents. The layout shows a central concentration of nodes with peripheral
elements positioned at various distances, re�ecting the connectivity patterns
within the code-base. However, the overlapping edges and varied node posi-
tioning create visual complexity that makes it challenging to identify speci�c
module boundaries or architectural hierarchies within the framework. While
the global network topology is maintained, the dense interconnections ob-
scure clear cluster delineation.

Figure 7.27(b) presents the attributes layout generated by standard t-SNE,
organizing nodes according to code attribute similarities such as class types,
functionalities, or design patterns. This con�guration demonstrates improved
cluster formation with distinct groupings visible in different regions of the
layout space. The color-coded nodes (representing different attribute cat-
egories) form more coherent groups, with pink, blue, green, orange, and
yellow clusters showing reasonable separation. This attribute-based orga-
nization provides clearer insights into the functional categorization of code
elements within the Caffe framework, though the representation of structural
dependencies between these functional groups remains implicit.

The CPM modi�ed layout in Figure 7.27(c) demonstrates a distinct spa-
tial organization where node clusters are arranged with notable separation be-
tween attribute groups. The layout positions different colored node groups at
varied locations across the space, creating visible boundaries between func-
tional categories. Edge patterns connect these dispersed clusters, revealing
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inter-module dependencies within the framework. This separation-oriented
arrangement facilitates the identi�cation of distinct functional components
and their relationships, potentially making it easier to understand the modu-
lar architecture of the Caffe framework. The increased inter-cluster spacing
may help distinguish between different subsystems such as data layers, com-
putational layers, and utility functions.

The GDM modi�ed layout in Figure 7.27(d) produces a more central-
ized organization where nodes maintain moderate clustering while forming
distinguishable groups. The layout exhibits relatively balanced edge distri-
bution, with connections creating patterns that span the visualization space.
Different colored node groups show reasonable separation while maintain-
ing overall cohesion, suggesting a balance between highlighting functional
categories and preserving structural relationships. The compact arrangement
keeps related code elements in proximity while still allowing for visual dis-
tinction between different attribute-based groups.

The comparative analysis of these layouts reveals important implications
for visualizing complex software frameworks like Caffe. The standard graph
layout (Figure a) captures connectivity patterns but struggles with visual
clarity when representing densely connected systems. The attribute layout
(Figure b) improves interpret-ability by grouping functionally similar com-
ponents but loses explicit structural relationship information.

The modi�ed approaches demonstrate different strategies for integrating
both perspectives. CPM's emphasis on cluster separation may be particu-
larly valuable for understanding the modular boundaries within the frame-
work, helping developers identify distinct subsystems and their interfaces.
This could facilitate tasks such as refactoring, module extraction, or under-
standing architectural boundaries. However, the increased spatial distribu-
tion requires users to visually track longer-range connections between related
components.

GDM's more balanced approach maintains better overall cohesion while
providing adequate cluster de�nition. This may be advantageous for tasks re-
quiring simultaneous awareness of both functional groupings and structural
relationships, such as impact analysis or dependency tracking. The moder-
ate compactness preserves spatial proximity for related elements while still
distinguishing between different functional categories.

Neither modi�cation appears uniformly advanced for all analytical tasks;
rather, they offer complementary perspectives on the multivariate network
structure. CPM may be preferred when clear identi�cation of architectural
boundaries is paramount, while GDM may be more suitable when maintain-
ing awareness of the overall system integration is important. These observa-
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tions align with the harmonic trustworthiness evaluations, which re�ect the
fundamental trade-off between maximizing cluster distinctiveness and main-
taining balanced preservation of multiple network perspectives in complex
software visualization contexts.
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