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Abstract
This thesis presents numerical and semi-analytical approaches for the analysis of
laterally loaded piles based on the Matlock p–y formulation for soft clay, following
the recommendations of the Swedish Pile Commission.

A comparative analysis was first conducted, benchmarking three solution ap-
proaches: Numerical p-y formulations in RFEM 6 integrated with a Python-based ap-
plication programming interface (API), the finite element (FE) toolbox CALFEM and
a semi-analytical solution. The different approaches adopts different level of com-
plexity, and produced stable results. The semi-analytical solution provides a practi-
cal and conservative solution for small load levels where linear elastic soil behaviour
can be assumed, but is not recommended for larger loads where the soil response
enters the nonlinear range. The iterative secant solution procedure implemented in
CALFEM, captures both nonlinear soil behaviour and second-order effects, proved to
be computationally efficient, providing stable results while maintaining good agree-
ment with the RFEM 6 results across various loading levels .

An automated numerical framework has been developed in Python using the
RFEM 6 API for the analysis of laterally loaded piles. The framework implements
the p–y method and accounts for nonlinear soil behaviour through lateral springs,
second-order effects, and geometric imperfections derived from the first buckling
mode of the interacting pile–soil system. Using the framework, a parametric study
was conducted to investigate the influence of soil conditions, axial and lateral load-
ing, and pile-head boundary conditions on second-order effects and the load-carrying
capacity of a standard concrete and steel pile section. The resulting bending mo-
ments were assessed using normal force–bending moment (N–M) interaction dia-
grams based on Eurocode provisions. The results demonstrate that second-order ef-
fects on the bending moment distribution and section load-bearing capacity for both
pile types are strongly affected by pile and soil strength and stiffness characteristics,
pile-head boundary conditions, the magnitude of the applied lateral load, and the level
of axial compression. In particular, free pile-head conditions, weak soil conditions,
and high lateral loads increase pile deflections and amplify second-order bending
moments, leading to reduced mobilized soil resistance and a subsequent decrease in
the overall load-bearing capacity of the pile–soil system. Once the limiting lateral
soil resistance is reached, further pile movement occurs with limited additional soil
support, resulting in increasing displacements until structural failure, either through
the formation of a mechanism or through loss of equilibrium of the system.

The pile–soil interaction problem is highly complex, and careful evaluation of
the actual soil conditions, pile-head rotational restraint, and applied load levels is es-
sential for reliable assessment. Furthermore, nonlinear soil behaviour, second-order
effects, and initial imperfections should be explicitly considered when analysing slen-
der piles subjected to lateral loading. These factors can significantly influence the
predicted analysis outcome compared with simplified approaches that neglect their
effects.

Keywords: lateral loaded pile, p-y method, nonlinear soil, matlock, second order
analysis, API, RFEM 6, CALFEM

i



Acknowledgements
The author would like to express sincere gratitude to Wit Derkowski, Anders Olsson,
and the staff at the Department of Building Technology at Linnaeus University for
their invaluable guidance, encouragement, and support throughout this thesis project
and the Master’s Programme in Sustainable Structural Engineering.

Special thanks are also extended to Gustav Söderlund and Martin Westlund at
BTKon for their generous support, professional insight, and for providing the oppor-
tunity to carry out this master’s thesis in collaboration with the company.

ii



Table of Contents

1 Introduction 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Problem Description . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.3 Aim and Scope . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.4 Research Questions . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.5 Limitations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.6 Structure of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Literature Review Summary 5
2.1 Complexity of Lateral Loaded Piles . . . . . . . . . . . . . . . . . 5
2.2 Nonlinear Effects . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3 Modelling Approaches . . . . . . . . . . . . . . . . . . . . . . . . 6
2.4 Favourable Effect from Axial Load . . . . . . . . . . . . . . . . . . 6
2.5 Synthesis and Identified Gaps . . . . . . . . . . . . . . . . . . . . . 7

3 Theoretical Backround 8
3.1 Fundamentals of a Laterally Loaded Pile . . . . . . . . . . . . . . . 8

3.1.1 Idealization of a Laterally Loaded Single Pile . . . . . . . . 8
3.1.2 Structural Behaviour under Applied Loading . . . . . . . . 9

3.2 Pile-Soil Interaction . . . . . . . . . . . . . . . . . . . . . . . . . . 10
3.2.1 Pile Displacement and Lateral Soil Reaction . . . . . . . . . 11
3.2.2 Soil’s Limiting Shear Resistance . . . . . . . . . . . . . . . 12
3.2.3 P-y Curves . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3.3 Analytical and Numerical Methods for Laterally Loaded Piles . . . 15
3.3.1 Analytical Solution Proposed by the Swedish Pile Commission 15
3.3.2 Buckling Shapes and Influence of Initial Imperfections . . . 17
3.3.3 Initial Imperfection . . . . . . . . . . . . . . . . . . . . . . 19
3.3.4 P-y Method . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.3.5 CALFEM Formulations for Beams on Elastic Foundations

and Geometric Nonlinearity . . . . . . . . . . . . . . . . . 20
3.3.6 Python API Integration in RFEM 6 . . . . . . . . . . . . . 23

3.4 Design and Verification of Laterally Loaded Pile with Structural and
Geotechnical Limit States . . . . . . . . . . . . . . . . . . . . . . . 23
3.4.1 Provisions, Standards and Recommendations . . . . . . . . 23
3.4.2 Principles for Verification . . . . . . . . . . . . . . . . . . 24
3.4.3 Capacity Reduction due to Effect from Installation . . . . . 25
3.4.4 Interaction of Piles Arranged in a Group . . . . . . . . . . . 25
3.4.5 Design of Prefabricated Reinforced Concrete (RC) Piles . . 26
3.4.6 Drilled Steel Tube Piles . . . . . . . . . . . . . . . . . . . 34

4 Methodology 37
4.1 Comparative Computational Analysis . . . . . . . . . . . . . . . . 37

4.1.1 Analysis Stages . . . . . . . . . . . . . . . . . . . . . . . . 38
4.1.2 Idealized Structural Model . . . . . . . . . . . . . . . . . . 39
4.1.3 Semi-Analytical Solution . . . . . . . . . . . . . . . . . . . 40
4.1.4 RFEM 6 Solution . . . . . . . . . . . . . . . . . . . . . . . 40

iii



4.1.5 MATLAB Solution with CALFEM Solver . . . . . . . . . . 42
4.1.6 Methods for Numerical Solving Procedures in CALFEM . . 45

4.2 Automated Python API Model in RFEM 6 . . . . . . . . . . . . . . 49
4.2.1 Model Assumptions . . . . . . . . . . . . . . . . . . . . . 50
4.2.2 Pile Analysis Procedure . . . . . . . . . . . . . . . . . . . 50
4.2.3 Model Objects . . . . . . . . . . . . . . . . . . . . . . . . 50
4.2.4 Generating the Numerical Model . . . . . . . . . . . . . . . 51
4.2.5 Design Modules for Concrete and Steel . . . . . . . . . . . 55

4.3 Parameter Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
4.3.1 Sections and Varying Parameters . . . . . . . . . . . . . . . 55
4.3.2 Implementation of Imperfections . . . . . . . . . . . . . . . 56
4.3.3 N–M Interaction Diagram for Concrete . . . . . . . . . . . 57
4.3.4 N–M Interaction Diagram for Steel . . . . . . . . . . . . . 61

5 Results 63
5.1 Comparative Analysis and Validation . . . . . . . . . . . . . . . . . 63

5.1.1 Stage I: Validation Against a Geometrically Nonlinear Semi-
Analytical Solution . . . . . . . . . . . . . . . . . . . . . . 63

5.1.2 Stage II: Benchmarking of Formulations with Nonlinear Soil
Stiffness and Geometrically Linear Analysis . . . . . . . . 65

5.1.3 Load Increment Sensitivity Analysis . . . . . . . . . . . . . 66
5.1.4 Stage III: Benchmarking of Formulations for Nonlinear Soil

Stiffness and Geometrically Nonlinear Analysis . . . . . . . 67
5.1.5 Summary of the Stage II and Stage III Comparative Analysis 68

5.2 Parameter Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
5.2.1 N–M Interaction Diagram and second order Response for

CP270 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
5.2.2 N–M Interaction Diagram and second order Response for

RD220 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

6 Discussion 72
6.1 Comparative Analysis Assessment . . . . . . . . . . . . . . . . . . 72

6.1.1 Agreement Between Solutions . . . . . . . . . . . . . . . . 72
6.1.2 How Geometrical Nonlinearities are Considered Between Meth-

ods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
6.1.3 Control Over Calculation Procedure . . . . . . . . . . . . . 73
6.1.4 Soil Modelling Assumptions . . . . . . . . . . . . . . . . . 73
6.1.5 Computational Efficiency . . . . . . . . . . . . . . . . . . 73

6.2 Structural Behaviour . . . . . . . . . . . . . . . . . . . . . . . . . 73
6.2.1 Lateral Response . . . . . . . . . . . . . . . . . . . . . . . 73
6.2.2 Influence of Axial Load . . . . . . . . . . . . . . . . . . . 74
6.2.3 Influence of Soil Parameters . . . . . . . . . . . . . . . . . 74
6.2.4 Internal Load Distribution . . . . . . . . . . . . . . . . . . 74
6.2.5 Failure of the Pile . . . . . . . . . . . . . . . . . . . . . . . 74

6.3 Automated Analysis Framework though API in RFEM 6 . . . . . . 75
6.3.1 Systematic Variation of Parameters and Efficiency in Modelling 75
6.3.2 Spring Representation of Soil . . . . . . . . . . . . . . . . 75

6.4 Parametric Study . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
6.4.1 Capacity of the Laterally Loaded Piles . . . . . . . . . . . . 75
6.4.2 Limitation in the N–M Diagrams . . . . . . . . . . . . . . . 76

iv



6.4.3 Initial Imperfection . . . . . . . . . . . . . . . . . . . . . . 76
6.4.4 Fluctuations in the Numerical Results . . . . . . . . . . . . 76

7 Conclusions 77
7.1 Suggestions for Future Research . . . . . . . . . . . . . . . . . . . 78

Appendix A Semi-Analytical Solutions 82
A.1 Appendices for Elementary Cases of Laterally Loaded Piles . . . . 83
A.2 MATLAB Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . 87

Appendix B Numerical MATLAB Solutions 89
B.1 Linear Elasto-Plastic Method . . . . . . . . . . . . . . . . . . . . . 89
B.2 Piecewise Linear Method . . . . . . . . . . . . . . . . . . . . . . . 91
B.3 Interval Secant Method . . . . . . . . . . . . . . . . . . . . . . . . 93
B.4 Secant Method (Geometrically Linear) . . . . . . . . . . . . . . . . 97
B.5 Secant Method (Geometrically Nonlinear) . . . . . . . . . . . . . . 99
B.6 beam2gwe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
B.7 beam2gws . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

Appendix C RFEM 6 Solutions 106
C.1 RFEM 6 Geometrical Nonlinear and Linear Elasto-Plastic Soil . . . 106
C.2 RFEM 6 Geometrically Linear/Nonlinear Beam Model with Nonlin-

ear Soil Springs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

v



List of Figures

2.1 Framework of the literature review, illustrating the thematic structure
and keywords used in the literature search. . . . . . . . . . . . . . . 5

3.1 Lateral loaded pile subjected to combined loading. . . . . . . . . . 9
3.2 Failure mechanisms, soil reactions, and bending moment distribu-

tions for short vertical piles: (a) free-head pile and (b) fixed-head
pile. Figure adapted from Tomlinson & Woodward [13]. . . . . . . 10

3.3 Failure mechanisms, soil reactions, and bending moment distribu-
tions for long slender vertical piles: (a) free-head pile and (b) fixed-
head pile. Figure adapted from Tomlinson & Woodward [13]. . . . . 10

3.4 Lateral soil reaction F after horizontal soil displacement ug. . . . . 11
3.5 Pile–soil interaction in soft clay under cyclic loading according to

Matlock (1970). Figure adapted from the Swedish Pile Commission
report on laterally loaded piles [8]. . . . . . . . . . . . . . . . . . . 12

3.6 Simplified elasto-plastic soil model for a laterally loaded pile. Figure
adapted from the Swedish Pile Commission report on laterally loaded
piles [8]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3.7 Comparison of pile–soil response for cohesive soils: idealised elasto-
plastic model versus nonlinear p–y curves proposed by Matlock, adapted
from the Swedish Pile Commission [8]. . . . . . . . . . . . . . . . 14

3.8 Idealisation of a laterally loaded vertical pile with an ideal linear
elasto-perfectly plastic soil model. Figure adapted from the Swedish
Pile Commission report on laterally loaded piles [8]. . . . . . . . . 15

3.9 Free-body diagram of a pile slice subjected to lateral loading without
axial load. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3.10 Free-body diagram of a pile slice subjected to lateral loading, consid-
ering the displaced configuration and influence of axial load. . . . . 17

3.11 Different critical buckling loads depending on pile head boundary
conditions: (a) pinned–pinned pile, (b) pile with free head, and (c)
pile with fixed head. Figure adapted from the Swedish Pile Commis-
sion report on laterally loaded piles [8]. . . . . . . . . . . . . . . . 19

3.12 CALFEM beam functions for 2D beam element on elastic foundation. 21
3.13 CALFEM beam element formulation for two-dimensional geometric

nonlinearity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.14 Recommended pile spacing for reduction of soil strength and sub-

grade modulus due to the group effect. . . . . . . . . . . . . . . . . 25
3.15 Illustration of the three stages of reinforced concrete behaviour under

bending: Stage I (uncracked), Stage II (cracked), and Stage III (post-
yield). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.16 Idealised stress–strain relationship for concrete in compression used
in non-linear analysis . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.17 Simplified stress–strain relationships for concrete in compression:
(A) parabolic–rectangular relationship and (B) bilinear relationship. 29

3.18 Rectangular stress distribution model. . . . . . . . . . . . . . . . . 29
3.19 Idealised and design stress-strain diagram for reinforcing steel. (A)

idealized working curve (B) design working curve. . . . . . . . . . 30

vi



3.20 Varying types of steel tube piles. Figure is taken from Swedish Pile
Commission Report 104 [24]. (a) Steel pile (b) Steel pipe filled with
concrete (c) Steel pipe filled with reinforced concrete. . . . . . . . . 34

4.1 Flowchart outlining the workflow of the methodology in the analysis
of laterally loaded piles in this study. . . . . . . . . . . . . . . . . . 37

4.2 Structural model of the lateral loaded pile problem. . . . . . . . . . 40
4.3 Calculation model of the laterally loaded pile implemented in RFEM 6. 41
4.4 Calculation model of the laterally loaded pile implemented in CALFEM. 43
4.5 Stiffness evaluation procedure in the Piecewise Linear Method. . . . 46
4.6 Stiffness evaluation procedure for the Interval Secant Method, illus-

trating the piecewise-linear approximation of the nonlinear p–y curve
using secant stiffness between prescribed displacement points. . . . 47

4.7 Illustration of the nonlinear iterative secant method. . . . . . . . . . 48
4.8 Architectural framework of the automated laterally loaded pile anal-

ysis Python model in RFEM 6. . . . . . . . . . . . . . . . . . . . . 49
4.9 Pile analysis procedure. (a) Load Case 1 (LC1): geometrically lin-

ear stability analysis with nonlinear soil behaviour. (b) Load Case
2 (LC2): second order analysis using the buckling shape from LC1
as an initial imperfection under identical loading and soil conditions.
The buckling imperfection magnitude δ0 is provided as a parameter. 50

4.10 Input interface for defining pile geometry and boundary conditions:
(a) square concrete cross-section, (b) steel tubular cross-section. . . 52

4.11 Horizontal load H0 in relation to the rotation of the concrete cross-
section by an angle θ . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.12 N–M interaction diagram with characteristic transition points. . . . 58
4.13 Force equilibrium at pure compression. . . . . . . . . . . . . . . . 59
4.14 Force equilibrium at the decompression point (zero tension). . . . . 59
4.15 Force equilibrium at balanced failure. . . . . . . . . . . . . . . . . 59
4.16 Force equilibrium at pure bending. . . . . . . . . . . . . . . . . . . 60
4.17 Force equilibrium at pure tension. . . . . . . . . . . . . . . . . . . 60

5.1 Comparison of pile response for a free-head pile: (a) lateral displace-
ment, (b) bending moment, and (c) shear force. . . . . . . . . . . . 64

5.2 Comparison of pile response for a fixed-head pile: (a) lateral dis-
placement, (b) bending moment, and (c) shear force. . . . . . . . . 65

5.3 Comparison of pile response considering nonlinear soil behaviour
and geometrically linear beam element. . . . . . . . . . . . . . . . 66

5.4 Comparison of pile response considering nonlinear soil behaviour
and geometrically nonlinear analysis. . . . . . . . . . . . . . . . . . 68

5.5 N–M interaction diagram for CP270 with second order bending re-
sponse. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.6 N–M interaction diagram for RD220 with second order bending re-
sponse. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

A.1 Elementary case of laterally loaded piles on a Winkler foundation
with applied loads . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

A.2 Elementary case of laterally loaded piles on a Winkler foundation
with applied loads: Form functions and analytical expressions. . . . 84

vii



A.3 Elementary case of laterally loaded piles on a Winkler foundation
with applied loads: Form functions and analytical expressions. . . . 85

A.4 Elementary case of laterally loaded piles on a Winkler foundation
with prescribed displacements. . . . . . . . . . . . . . . . . . . . . 86

viii



List of Tables

1.1 Aim and scope of the thesis work. . . . . . . . . . . . . . . . . . . 2

3.1 Values of ε50 for cohesive soils of varying undrained shear strength cu. 14
3.2 Standards, national annexes and recommendations adopted in this

thesis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.3 Recommended reduction of cu for closely spaced laterally loaded

piles [8]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.4 Stress block factors λ and η for selected concrete strength classes,

according to EN 1992-1-1, cl. 3.1.7(3). . . . . . . . . . . . . . . . . 30
3.5 Minimum concrete cover for durability cmin,dur (mm) for exposure

class XC2 according to Table D-1 in EKS 12. . . . . . . . . . . . . 32
3.6 Recommended loss of thickness [mm] due to corrosion for piles and

sheet piles in soils, with or without groundwater, according to SS-
EN 1993-1-5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4.1 Overview of soil and geometric modelling assumptions for each anal-
ysis stage. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.2 Parameters for the linear elastic–perfectly plastic soil model. . . . . 38
4.3 Soil parameters and modelling assumptions for the p–y analysis. . . 39
4.4 Geometric and material properties of the pile. . . . . . . . . . . . . 39
4.5 Overview of CALFEM beam functions used for element formulation

and their application in the pile model. . . . . . . . . . . . . . . . . 43
4.6 Classification of Modelling Assumptions and Corresponding Com-

putational Procedures Implemented in CALFEM solutions. . . . . . 45
4.7 Overview of the functional roles of the constitutive Python scripts

within the program architecture. . . . . . . . . . . . . . . . . . . . 49
4.8 Overview of modelling assumptions used in the numerical frame-

work for the automated API model. . . . . . . . . . . . . . . . . . 50
4.9 Overview of the model objects and their associated object modules,

and their application in the pile model. . . . . . . . . . . . . . . . . 51
4.10 Overview of pile and soil parameters used in the numerical framework. 53
4.11 Pile types considered in the analysis. . . . . . . . . . . . . . . . . . 56
4.12 Varying parameters considered in the analysis. . . . . . . . . . . . . 56
4.13 Geometric and stability parameters for pile sections. . . . . . . . . . 57
4.14 Material and geometric properties for CP270 . . . . . . . . . . . . 58
4.15 Reinforcing steel design parameters. . . . . . . . . . . . . . . . . . 61
4.16 Material and geometric properties for the RD220 steel pile section. . 62

5.1 Comparison of pile response for a free-head pile (H = 100kN). . . . 63
5.2 Comparison of pile response for a fixed-head pile (H = 100kN). . . 64
5.3 Sensitivity analysis of nonlinear springs using the CALFEM piece-

wise linear solution method with varying numbers of load increments
(V = 1000kN, H = 0.1V ). The bold values indicate the solution
adopted in the Stage II analysis. . . . . . . . . . . . . . . . . . . . 67

5.4 Comparison of pile response from nonlinear analysis. Values in brack-
ets denote the ratio relative to the RFEM reference solution. . . . . 69

ix



List of Listings
4.1 Definition of a subset of input parameters for the concrete and steel

pile configurations. . . . . . . . . . . . . . . . . . . . . . . . . . . 52
4.2 Example of a validation check for pile length to ensure a physically

meaningful geometry definition. . . . . . . . . . . . . . . . . . . . 54
4.3 Example of a validation check for concrete material input ensuring

consistency with predefined concrete quality classes. If an unknown
concrete quality is provided, the program returns a list of valid con-
crete classes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.4 Assembly of RFEM model objects and subsequent creation of the
object list in the RFEM application. . . . . . . . . . . . . . . . . . 54

4.5 Definition of RFEM base data settings including model type, acti-
vated add-ons, and design standards depending on pile configuration. 54

A.1 Complete MATLAB implementation of semi-analytical solutions for
laterally loaded piles including free and fixed head conditions with
and without axial load. . . . . . . . . . . . . . . . . . . . . . . . . 87

B.1 Iterative solution with a geometrically nonlinear beam element and
linear elasto-plastic soil representation. . . . . . . . . . . . . . . . . 89

B.2 Incremental method for soil nonlinearity with geometrical linear beam
element. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

B.3 Incremental method for soil nonlinearity with geometrical linear beam
element . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

B.4 Iterative method for soil nonlinearity with geometrical linear beam
element . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

B.5 Iterative method for soil nonlinearity with geometrical linear beam
element . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

B.6 Beam element routine beam2gwe for a two-dimensional beam on
elastic foundation including geometric nonlinearity and axial force
effects. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

B.7 Beam element routine beam2gs for evaluation of section forces in
a geometrically nonlinear beam element on elastic foundation. . . . 104

C.1 RFEM Python Implementation for a Geometrically Nonlinear Beam
Member with Linear Elasto-Plastic Soil Model . . . . . . . . . . . 106

C.2 RFEM Python implementation of a geometrically nonlinear beam
member with nonlinear Winkler soil springs . . . . . . . . . . . . . 109

x



Nomenclature
Symbols .

K̄e Element stiffness matrix.

K̄e
0 Linear beam stiffness matrix.

K̄e
σ Geometric stiffness matrix.

K̄e
s Soil stiffness contribution matrix.

γc Partial factor for concrete [-].

γd Partial factor for consequence classes [-].

γ f Partial factor for driving actions [-].

γM Partial factor for soil [-].

γs Partial factor for steel [-].

φs Diameter of longitudinal reinforcement [mm].

φsw Diameter of shear reinforcement [mm].

σcc Concrete compressive stress [MPa].

σct Concrete tensile stress [MPa].

θ(z) Rotation at depth z [rad].

ε50 Strain at 50% of maximum shear strength [-].

εc2 Concrete strain at peak stress [-].

εcc Concrete strain at peak compression [-].

εcu2 Ultimate strain (parabolic-rectangular model) [-].

εcu Ultimate concrete compressive strain [-].

εc Concrete compressive strain [-].

A Cross-sectional area of pile [mm2].

xi



As Area of tensile reinforcement [mm2].

Asw Area of shear reinforcement [mm2].

B Concrete pile width [mm].

cu Undrained shear strength [kPa].

cuk Characteristic undrained shear strength [kPa].

D Steel pile diameter [mm].

d Effective depth (tension reinforcement) [mm].

d′ Effective depth (compression reinforcement) [mm].

E Young’s modulus of pile material [MPa].

Ecm Modulus of elasticity of concrete [MPa].

EI Flexural stiffness [Nmm2].

fcd Design concrete compressive strength [MPa].

fck Characteristic concrete compressive strength [MPa].

fctd Design tensile strength [MPa].

fctk,0.05 5% fractile tensile strength [MPa].

fctm Mean tensile strength of concrete [MPa].

fyd Design yield strength [MPa].

fyk Characteristic yield strength [MPa].

H0 Applied horizontal load [kN].

I Second moment of area [mm4].

ka Axial soil spring stiffness per unit length [N/mm2].

kt Transverse soil spring stiffness per unit length [N/mm2].

kx(z,∆) Nonlinear soil spring stiffness [N/mm2].

L Pile length [mm].
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M0 Applied moment [Nm].

Nc Bearing capacity factor for undrained soil [-].

NEd Design axial force [N].

p Lateral soil pressure [N/mm2].

py Ultimate soil resistance [kPa].

u Lateral pile displacement [mm].

u0 Initial imperfection amplitude [mm].

ug Soil displacement [mm].

u50 Displacement at 50% shear strength [mm].

utot Relative pile-soil displacement [mm].

V0 Applied vertical load [kN].

xc Neutral axis depth [mm].

z Depth below ground surface [mm].

Acronyms .

CALFEM Finite element toolbox in MATLAB.

RFEM 6 Finite element software by Dlubal Software.
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1 Introduction
1.1 Background
Piles are widely used foundation elements for transferring structural loads to the sur-
rounding soil, where lateral loading can play an important role in their design. The
design of laterally loaded piles represents a complex soil–structure interaction prob-
lem in which the structural response depends strongly on the pile flexural stiffness
(EI) and the lateral stiffness of the surrounding soil, often represented by the mod-
ulus of subgrade reaction (Ku) in simplified soil models. Accurate prediction of pile
behaviour becomes particularly challenging when nonlinear soil behaviour and sec-
ond order effects are considered [1], [2], as neglecting these effects may lead to non-
conservative predictions [3], [4].

Vertical piles subjected to lateral loading are commonly analysed using simpli-
fied soil–structure interaction models, among which the p–y method is one of the
most widely adopted in engineering practice. Its popularity stems from its relative
simplicity, computational efficiency, and practical applicability. The method char-
acterises the nonlinear response of the surrounding soil using empirically derived
p–y curves, which are established from experimental observations and field test data.
These curves define the nonlinear relationship between the lateral soil resistance (p)
and the corresponding pile deflection (y) at varying depths. The p–y formulation can
be conveniently implemented within numerical frameworks, such as the FE method,
by modelling the pile as a Winkler beam [5], [6], commonly referred to as a beam
on an elastic foundation. This approach enables the analysis of laterally loaded piles
while accounting for the nonlinear behaviour of the surrounding soil. Furthermore,
the p–y formulation proposed by Matlock [7] for soft clay is recommended by the
Swedish Pile Commission [8].

Steel and reinforced concrete piles are among the most commonly used deep foun-
dation elements in civil engineering. Their lateral load-carrying capacity is governed
by the resistance provided by the surrounding soil [8]. The design and verification of
piles are carried out in accordance with the Eurocodes using the limit state design ap-
proach, requiring checks of both the ultimate limit state (ULS) and the serviceability
limit state (SLS).

Despite the widespread use of the p–y method, reliable prediction of the behaviour
of laterally loaded piles remains challenging due to the nonlinear nature of pile–
soil interaction and the potential significance of second-order effects in slender piles.
Furthermore, practical engineering software often has limited capability to simulta-
neously account for these effects while providing an efficient workflow for structural
design. Consequently, there is a need for robust and automated modelling approaches
that can accurately predict the response of laterally loaded piles and support practical
engineering applications.

1.2 Problem Description
BTKon, a structural engineering consultancy in Sweden, is currently experiencing
challenges in the analysis and design of laterally loaded piles using its existing de-
sign tools. The primary challenge is the limited capability of available software to
simultaneously account for nonlinear soil behaviour and second-order effects. This
creates a need for an alternative modelling approach capable of capturing these ef-
fects and supporting more efficient analysis and design of laterally loaded piles.

1



The lateral resistance of the soil can be mobilised to resist horizontal loading on
vertically installed piles. However, designers often rely on battered piles to transfer
horizontal forces, as the design and verification of vertically installed piles subjected
to lateral loading are considerably more demanding than for piles loaded primarily in
axial compression [8]. Although battered piles provide an efficient means of transfer-
ring horizontal forces, they present practical limitations, including more demanding
installation procedures which amplify construction cost. Furthermore, effective uti-
lization of the lateral resistance provided by the surrounding soil may reduce the
required number of piles. This motivates the use of vertically installed piles where
feasible and creates a need for reliable and efficient analysis methods capable of ac-
curately predicting their lateral response.

Nevertheless, uncertainties remain regarding the prediction of pile-soil behaviour
under its complex loading conditions, particularly at increased lateral displacements
where nonlinear soil response and second-order effects may become increasingly
influential in determining the structural response and load-bearing capacity.

1.3 Aim and Scope
The aim of this thesis is to develop a Python-based API framework for the automated
structural analysis and design of laterally loaded piles in RFEM 6. The framework ac-
counts for nonlinear soil behaviour modelled using the p–y method according to the
Matlock formulation for soft clay, as well as second-order effects and initial geomet-
ric imperfections. The framework is verified through a comparative analysis against
a semi-analytical solution and a corresponding numerical solution implemented in
CALFEM. Subsequently, it is employed in a parametric study to investigate the in-
fluence of second-order effects on the response of laterally loaded piles under varying
axial and lateral loads, soil stiffness, and pile-head boundary conditions. Tab. 1.1 lists
the objectives within the aim and scope of the thesis work.

TABLE 1.1: Aim and scope of the thesis work.

Objective Description

Develop a Calculation Model for a
Laterally Loaded Steel Pile in
RFEM 6

Develop a numerical calculation model in RFEM 6 of a laterally
loaded pile in RFEM 6, defining the structural geometry, loading,
and boundary conditions, with soil resistance represented by a bed of
elastic springs.

Validation of numerical
formulation

Benchmark the RFEM 6 model against semi-analytical solutions and
corresponding CALFEM formulations for displacement, bending
moment, and shear force response.

Development of an Automated
RFEM 6 Framework for
Nonlinear Analysis of Laterally
Loaded Piles

Develop an automated Python-based framework for the analysis and
design of laterally loaded steel and concrete piles using the RFEM 6
API. The framework shall account for nonlinear soil behaviour using
the p–y method, second-order effects, and initial geometric
imperfections.

Parametric investigation and
capacity assessment

Perform a second order analysis of the pile response under varying
load levels, soil parameters, axial loads, and pile-head boundary
conditions. Subsequently, assess the capacity of reinforced concrete
and steel pile sections using N–M interaction diagrams.

1.4 Research Questions
Based on the overall aim of the thesis, the following research questions are formu-
lated:

RQ1: How well do the numerical formulations implemented in CALFEM and RFEM 6
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agree with corresponding semi-analytical solutions for laterally loaded piles?

RQ2: What is the response of a laterally loaded pile in terms of lateral displacement,
bending moments, and shear forces under varying boundary conditions?

RQ3: How do different numerical solution strategies and semi-analytical formula-
tions compare in terms of accuracy and computational efficiency for laterally
loaded pile analysis?

RQ4: How do nonlinear soil behaviour, geometric nonlinearity, and initial geometric
imperfections influence the pile–soil response?

RQ5: What is the influence of pile/soil parameters, loading conditions, and pile-head
boundary conditions on the second order response?

RQ6: At what levels of axial load or lateral deformation do second order effects
become significant for laterally loaded piles?

RQ7: Can lateral soil resistance be effectively mobilised for vertical piles subjected
to horizontal loading in soft clay?

1.5 Limitations
The principal assumptions and limitations adopted in this study are presented below.

Pile–soil idealization
The present work considers a single, slender, vertically installed pile constructed
from either reinforced concrete or steel. The pile is subjected to combined axial and
lateral loading at the pile head and is assumed to be founded on bedrock through an
idealised pinned support. The interaction between the pile and the surrounding soil is
modelled using continuously distributed nonlinear springs based on the p–y method,
employing the Matlock formulation for soft clay as recommended by the Swedish
Pile Commission.

Standards and guidelines
The structural and geotechnical design provisions adopted in this study are based on
the Eurocode framework, including EN 1990, EN 1992, EN 1993, and EN 1997,
together with their Swedish National Annexes and relevant industry guidelines.

Other assumptions
Pile group effects, installation effects, pile splices, and environmental degradation
are not considered. Long-term creep effects are treated in a binary manner, meaning
that creep is either fully included or completely neglected. The analyses are limited
to uniaxial lateral loading; biaxial loading and three-dimensional pile behaviour are
not considered.

1.6 Structure of the Thesis
The structure of the thesis is outlined as follows:

Chapter 1: Introduction
This chapter presents the background and defines the problem addressed in the study.
It outlines the aim and scope of the thesis and, based on the literature review, formu-
lates the research questions. The limitations of the study are also discussed.
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Chapter 2: Literature Review
This chapter reviews the existing literature on the nonlinear analysis of laterally
loaded piles. It addresses relevant phenomena related to the area, drawing on peer-
reviewed journals and scientific publications, and identifies research gaps that moti-
vate the present work.

Chapter 3: Theoretical Framework
This chapter presents the theoretical background, including the fundamental behaviour
of laterally loaded piles, pile–soil interaction using the p–y method, semi-analytical
and numerical modelling approaches, and design procedures for steel and reinforced
concrete piles.

Chapter 4: Methodology
This chapter describes the methodological framework adopted in the study. It out-
lines the development of the nonlinear static analysis model for a laterally loaded
pile, including the selection of parameters and modelling assumptions. The analysis
model is validated through comparison with semi-analytical and numerical solutions.
Furthermore, the development of the automated analysis tool in RFEM 6 and the
execution of the parametric study are presented.

Chapter 5: Results
This chapter presents the results obtained from the analyses, including figures, tables,
and diagrams illustrating the structural response, parametric study outcomes.

Chapter 6: Discussion
This chapter presents and discusses the key findings of the study, which are analysed
and interpreted.

Chapter 7: Conclusion
This chapter summarises the main conclusions of the study and provides recommen-
dations for future research.

Appendix
Supplementary material is provided, including relevant data, MATLAB and Python
code, and additional tables or figures that are not included in the main text.
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2 Literature Review Summary
This chapter presents a review of peer-reviewed journal articles and conference pa-
pers related to laterally loaded piles. The literature search was conducted using a
thematic approach, and Fig. 2.1 illustrates the framework adopted for the review.
The aim is to synthesise the current state of knowledge, highlight key findings from
previous studies, and identify research gaps relevant to the objectives of this thesis.
The chapter concludes with a summary of the reviewed literature and provides the
motivation for the present study.

FIGURE 2.1: Framework of the literature review, illustrating the thematic structure and keywords
used in the literature search.

2.1 Complexity of Lateral Loaded Piles
Pile elements transfer axial and lateral loads from the superstructure to the surround-
ing soil and bedrock. These loads originate from vertical loads acting on the super-
structure and horizontal loads induced by wind, seismic events, earth pressures, and
other environmental effects.

Axial and lateral loads are often analyzed separately using the principle of su-
perposition, which assumes linear behavior and remains valid only for small dis-
placement conditions [3], [4], [9]. However, this approach fails to capture realistic
pile behavior at higher load levels. The complexity of laterally loaded piles arises
from soil–structure interaction, particularly when nonlinear soil behaviour and ge-
ometric nonlinearities are considered [1], [2]. Neglecting these effects may lead to
non-conservative predictions of pile behaviour [3], [4].

The failure mechanism of piles is highly dependent on geometry, particularly the
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slenderness ratio, with short, stocky piles exhibiting a dominant rotational failure and
longer, slender piles developing plastic hinges at deeper locations [4].

2.2 Nonlinear Effects
There are several nonlinear mechanisms involved in the response of laterally loaded
piles. For the soil response, nonlinear behaviour is commonly represented through p–
y curves derived from experimental tests [5]. Geometric nonlinear behaviour also be-
comes relevant at larger lateral displacements through the second order effect. These
effects are particularly significant for slender piles subjected to combined axial and
horizontal loading as the axial force acting through the lateral deflection amplifies
bending moments. Previous studies have identified second order effects as a domi-
nant cause of increased bending moments in shallow soil layers, whereas deeper soil
layers provide greater lateral restraint [3].

2.3 Modelling Approaches
Numerous analytical models have been developed to describe the behaviour of lat-
eral loaded piles. The behaviour is governed by nonlinear differential equations that
reflect the interaction between an elastic pile and elasto-plastic soil [10]. However,
discrepancies remain in the literature, partly because simplified analytical models do
not fully capture soil-constraining effects induced by axial loading [3].

The Winkler beam model1 is a widely used approach for modelling pile–soil in-
teraction in laterally loaded piles. In this approach, the soil is represented by a series
of independent lateral springs distributed along the pile depth [5], [6]. While the
method can produce reasonable results in many cases, it relies on simplifying as-
sumptions such as linear elastic and homogeneous soil behaviour, which limits its
accuracy for highly nonlinear soil conditions.

Due to the limitations of analytical approaches, numerical methods such as FE
analysis have become essential and have been shown to effectively capture nonlin-
ear behaviour while simultaneously accounting for second order effects [4], [8]. The
p–y method extends the Winkler framework by incorporating nonlinear soil response
through empirically derived p–y relationships. The formulations proposed by Mat-
lock [7] and Reese [11] are among the most widely used for clay and sand, respec-
tively, and are based on extensive experimental data [8]. However, the method re-
mains a two-dimensional approximation and does not fully capture three-dimensional
soil–structure interaction effects.

2.4 Favourable Effect from Axial Load
The impact of axial loading on lateral capacity is complex and depends on pile ge-
ometry, load magnitude, and soil conditions [9].

Axial loading is generally found to counteract lateral pile deflections, primarily
by increasing soil confinement and mobilizing higher resistance under small lateral
loads [9], [12]. For instance, Yang et al. [12] demonstrated that while axial load ini-
tially enhances lateral capacity, it leads to a nonlinear reduction in lateral resistance
as loading increases. However, this restraining effect diminishes as lateral loads in-
crease, complicating the prediction of pile behavior under combined loading scenar-
ios [3].

1 Also referred to as the beam on elastic foundation.
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2.5 Synthesis and Identified Gaps
The behaviour of piles under lateral loading is complex and governed by nonlinear
soil behaviour and second order effects. The response mainly depends on the pile
stiffness, soil conditions, and load magnitude. Existing studies provide valuable in-
sights. However, discrepancies remain due to varying modelling assumptions and
soil representations. Simplified analytical models often fail to accurately capture pile
behaviour at large displacements. Further research is therefore required to improve
the prediction of laterally loaded pile behaviour under combined axial and lateral
loading, particularly when nonlinear soil response and geometric nonlinearities are
considered simultaneously.
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3 Theoretical Backround
This chapter provides the essential background on laterally loaded piles within the
scope of this thesis. Broader geotechnical topics such as soil mechanics, geology, or
general foundation-design principles is not covered in depth.

3.1 Fundamentals of a Laterally Loaded Pile
The primary function of piles is to transfer vertical loads from the superstructure
into the ground. In addition to supporting axial loads, piles in Sweden are mainly
subjected to lateral actions induced by wind loading and earth pressure. Over the
past century, calculation methods for pile foundations have evolved to assess both
the load-bearing capacity of piles and the response of the supporting soil. In Sweden,
slender piles were traditionally designed primarily for axial loading, with particular
emphasis on axial buckling. Consequently, battered piles have commonly been used
to resist horizontal loads by converting a portion of the lateral action into axial com-
pression, meaning that the lateral resistance of the soil was rarely mobilised. [8],
[10]

Vertical piles are often sufficient to resist lateral loads through shear and bending,
without the need for inclined piles. With the development of more advanced calcu-
lation models capable of capturing soil complexity, designers increasingly rely on
vertical piles to mobilise the lateral resistance of the surrounding soil, meaning that
the lateral capacity of the surrounding soil typically governs the design.

3.1.1 Idealization of a Laterally Loaded Single Pile
A single pile are often subjected to three-dimensional loading due to their interaction
with the surrounding pile group. However, for simplicity, the analysis of a single
vertical pile is commonly performed in a two-dimensional plane1.

The laterally loaded pile, illustrated in Fig. 3.1, represents a single vertical pile
subjected to a combination of vertical axial load V0 [N], horizontal load H0 [N], and
a moment M0 [Nm] applied at the pile head. The applied loads at the pile head can
also be called active loads. The pile is assumed to have a straight axis, and the x–z
coordinate system is defined such that the z-axis coincides with the pile axis, while
the x-axis is perpendicular to it.2

1 The following assumption are adopted for the 2D plane analysis:

A1: Torsional effects and out-of-plane deformation are neglected.
2 This sign and direction convention is adopted throughout the remainder of this work.
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FIGURE 3.1: Lateral loaded pile subjected to combined loading.

3.1.2 Structural Behaviour under Applied Loading
A laterally loaded pile in the embedded in soil is statically indeterminate. The re-
sulting distribution of internal forces is governed by the relative stiffness of the pile
and the soil [8]. Under loading, the pile undergoes lateral displacements, denoted
by u(z), as well as rotation θ(z). These deformations mobilize the lateral resistance
of the surrounding soil, which acts on the pile shaft as a distributed lateral pressure
p opposing the pile displacement. The resulting loads from soil deformation can be
called passive loads. As the pile deforms under lateral loading, the surrounding soil
mobilises passive resistance, giving rise to shear forces, and bending moments in the
pile.

For small lateral displacements, the soil response is typically assumed to be elas-
tic, implying that both pile and soil return to their initial positions upon unloading.
This assumption is generally valid only for short-term loading, as soils exhibit time-
dependent creep deformations that lead to partly irreversible displacements. Under
larger loads, the behaviour of the soil becomes highly nonlinear. Beyond a certain
displacement threshold, the soil yields and the behaviour becomes irreversible due to
plastic deformation. Under large compressive forces, second-order effects become
dominant. Excessive lateral deflection of the pile can compromise its stability and, in
severe cases, lead to structural failure. A plastic hinge typically forms once the pile’s
moment capacity has been fully mobilized [8].

The response and failure mechanisms of a single vertical pile subjected to lateral
loading are strongly influenced by the pile boundary conditions and the slenderness
ratio, defined as the ratio between pile length and pile width, L/B. Short rigid piles
with a slenderness ratio below approximately 10–12 exhibit different failure mech-
anisms depending on the pile-head restraint conditions. As illustrated in Fig. 3.2,
unrestrained (free-head) short piles tend to rotate after mobilisation of passive soil
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resistance near the pile head or pile toe, whereas restrained (fixed-head) short verti-
cal piles connected to a pile cap primarily fail through translational displacement.

FIGURE 3.2: Failure mechanisms, soil reactions, and bending moment distributions for short verti-
cal piles: (a) free-head pile and (b) fixed-head pile. Figure adapted from Tomlinson &
Woodward [13].

Long slender vertical piles exhibit a different structural response. At greater em-
bedment depths, the surrounding soil provides rotational restraint, and failure typ-
ically occurs when a plastic hinge develops at the location of maximum bending
moment. The pile segment above the hinge subsequently undergoes lateral deflec-
tion after the available soil resistance has been mobilised. For long slender piles
connected to a pile cap or bracing system, significant bending moments may addi-
tionally be transferred to the pile head, potentially resulting in the formation of a
second plastic hinge near the pile cap, as illustrated in Fig. 3.3.

FIGURE 3.3: Failure mechanisms, soil reactions, and bending moment distributions for long slender
vertical piles: (a) free-head pile and (b) fixed-head pile. Figure adapted from Tomlinson
& Woodward [13].

3.2 Pile-Soil Interaction
The analysis of a laterally loaded pile is inherently pile–soil interaction problem be-
cause the soil reaction depends on the pile movement, while the pile movement de-
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pends on the soil response. In other words, lateral displacement of the pile is required
to mobilize soil resistance, and the resulting soil reaction is a nonlinear function of
the pile displacement [11].

Several calculation models have been proposed in the literature to predict the be-
havior of laterally loaded piles. The Winkler beam-on-elastic-foundation theory3 is
commonly employed in the analysis of laterally loaded piles, idealizing the lateral
soil resistance as a series of uncoupled elastic springs [5], [6]. One commonly used
approach is the p−y method, an extension of the classical Winkler model and the ap-
proach adopted herein. In this formulation, the linear springs of the original Winkler
model are replaced by nonlinear springs at different levels below the surface.

3.2.1 Pile Displacement and Lateral Soil Reaction
As previously discussed, the local soil response can be represented by springs that
capture the force–displacement relationship and thereby the soil–pile interaction.
Fig. 3.4 illustrates the soil is in its initial undeformed state. After loading is ap-
plied at the pile head, the soil undergoes a lateral displacement ug, which induces a
lateral soil reaction F .

FIGURE 3.4: Lateral soil reaction F after horizontal soil displacement ug.

The lateral reaction force per unit length F [N/mm] is assumed to be proportional
to the relative displacement between pile and soil, utot [mm], where the proportion-
ality constant is the beam subgrade modulus Ku [N/mm2]. The reaction force is
therefore expressed as

F =−Ku utot =−Ku(u−ug), (3.1)

The corresponding soil pressure p [N/mm2] acting on the pile is defined as

p =−F
B
, (3.2)

The beam subgrade modulus Ku is obtained from the subgrade reaction modulus ku

[N/mm3] as

Ku = kuB, (3.3)

3 Some key simplification of this formulation are:

A2: Each spring reacts independently to pile deformation, implying no shear transfer or inter-
action between neighboring soil elements.

A3: The pile remains in continuous contact with the surrounding soil during deformation.
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Substituting Eq. (3.1) into Eq. (3.2) and inserting Eq. (3.3) yields

p = ku(u−ug) = kuutot. (3.4)

3.2.2 Soil’s Limiting Shear Resistance
The limiting resistance of a laterally loaded pile is governed by the soil’s ability to
mobilise elastic and plastic reactions in response to pile displacement. This resistance
depends on the soil type and its degree of saturation. Accordingly, limiting resistance
is commonly distinguished between undrained and drained conditions. In this thesis,
only the undrained limiting resistance is considered.

Undrained Soil’s Limiting Resistance
According to the Swedish Pile Commission [8], the limiting undrained soil shear
resistance py [kPa] is expressed as

py = Nc · cu, (3.5)

where the dimensionless bearing capacity factor for undrained lateral failure Nc is
defined as:

Nc =

{
8 to 12, z > 3B (deep),
≈ 2, z ≤ 3B (shallow).

(3.6)

Furthermore, a bearing capacity factor of Nc = 9.0 is recommended for short-term
loading conditions, whereas Nc = 6.0 is used for long-term loading cases where creep
effects may be significant.

3.2.3 P-y Curves
By definition, a p–y curve describes the nonlinear relationship between the lateral
soil resistance p and the corresponding lateral displacement y of the pile at a given
depth z below the surface. A substantial number of lateral-load pile tests have been
conducted to characterise soil behaviour and derive such curves. Among the available
soil models, the formulation by Matlock [7] illustrated in Fig. 3.5, provide p–y curves
grounded in extensive empirical data.

FIGURE 3.5: Pile–soil interaction in soft clay under cyclic loading according to Matlock (1970).
Figure adapted from the Swedish Pile Commission report on laterally loaded piles [8].
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The primary parameter governing the lateral response of a pile is the modulus
of subgrade reaction ku. For soil pressures small relative to the ultimate capacity,
the p–y relationship may be approximated as linear. At larger load levels, nonlinear
response develop in the upper soil layers and must be accounted for in the analysis.

In the following, an elastic–perfectly plastic model and a nonlinear method for
estimating ku in cohesive soils are presented.

Linear Elastic–Perfectly Plastic Soil Model
One common approach is to adopt an idealised elasto-perfectly plastic soil model,
in which the p–y curve consists of a linear elastic branch with constant modulus of
subgrade reaction ku and a perfectly plastic branch with constant limiting resistance
py:

p = ku ·utot, p ≤ py. (3.7)

This idealisation, shown in Fig. 3.9, is a deliberate simplification developed for
monotonic loading and should be applied with caution under cyclic conditions [8].
The soil pressure is assumed symmetric about the displacement axis. Curve (a) rep-
resents elastic unloading. When the pile moves away from the soil, a gap may form,
reducing the lateral resistance to zero. Upon re-establishing contact, the response
follows a reloading path (b), which may again become plastic.

FIGURE 3.6: Simplified elasto-plastic soil model for a laterally loaded pile. Figure adapted from the
Swedish Pile Commission report on laterally loaded piles [8].

Following Baguelin as reported by the Swedish Pile Commission [8], the modulus
of subgrade reaction for cohesive soils varies with pile geometry and the degree of
disturbance induced during installation. For a soil with elastic modulus E [MPa] and
Poisson’s ratio ν = 0.5 [−], the modulus of subgrade reaction satisfies

1.05 ≤ ku ·B
E

≤ 1.61. (3.8)

Assuming E = 150cu and a coefficient k0 in the range 157 ≤ k0 ≤ 242, the modulus
of subgrade reaction can be estimated as

ku = k0
cu

D
. (3.9)

For long-term loading where creep effects are significant, the subgrade modulus
should be reduced by taking k0 ≈ 50.
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Matlock Nonlinear Soil Model
According to the Swedish Pile Commission [8], Matlock proposed a nonlinear p–y
formulation for cohesive soils. Given the limiting lateral resistance py from Eq. (3.5),
the p–y relationship is expressed as

p = 0.5
(

utot

u50

)1/3

py, for p ≤ py (3.10)

where u50 [mm], corresponding to one-half of the limiting resistance, is related to
the strain at 50% of the maximum shear strength, ε50 [-], and the pile diameter D
according to

u50 = 2.5ε50 D (3.11)

Recommended values of ε50 for different undrained shear strengths cu are pre-
sented in Table 3.1.

TABLE 3.1: Values of ε50 for cohesive soils of varying undrained shear strength cu.

cu [kPa] ε50 [−]

10–25 20×10−3

25–50 10×10−3

50–100 7×10−3

100–200 5×10−3

200–400 4×10−3

Fig. 3.9 compares the idealized elasto-perfectly plastic model and the nonlin-
ear Matlock p–y curves for cohesive soils for different values of undrained shear
strengths cu.

FIGURE 3.7: Comparison of pile–soil response for cohesive soils: idealised elasto-plastic model
versus nonlinear p–y curves proposed by Matlock, adapted from the Swedish Pile Com-
mission [8].
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3.3 Analytical and Numerical Methods for Laterally Loaded
Piles

This section presents the fundamental concepts and solution procedures underlying
the analytical expressions and numerical methods employed to derive the response of
a laterally loaded pile. It examines an analytical solutions proposed by the Swedish
Pile Commission, beam formulations in CALFEM, and provides a brief introduction
to API-based modelling in RFEM 6 .

3.3.1 Analytical Solution Proposed by the Swedish Pile Commission
The Swedish Pile Commission [8] presents a semi-analytical solution for determining
the response a laterally loaded pile. The solutions assumes the soil as ideal elasto-
perfectly plastic. The destabilizing second-order second order effect of the axial
force is incorporated into the formulation. Derivation for the critical buckling load
and the corresponding buckling shapes for different types of boundary restraints are
also presented.

Simplified Elasto-Plastic Model
Fig. 3.9 illustrates an idealisation of a laterally loaded pile embedded in soil and
subjected to a vertical axial load V0, a horizontal load H0, and a bending moment M0
at the pile head. The soil is represented using an ideal linear elasto-perfectly plastic
model.

FIGURE 3.8: Idealisation of a laterally loaded vertical pile with an ideal linear elasto-perfectly plas-
tic soil model. Figure adapted from the Swedish Pile Commission report on laterally
loaded piles [8].

After loading is applied to the pile, the soil initially undergoes a lateral displace-
ment u. The soil springs respond elastically in region (a) as long as p ≤ py. Larger
displacements occur near the ground surface, and once the soil capacity is reached,
the response transitions into a plastic plateau in region (b), where the soil pressure
remains constant at the yield value p = py.

Transverse Loaded Beam Without Axial Load
To analytically derive the governing equation for a laterally loaded pile, the force
equilibrium of a small transversely loaded beam element is considered. Since piles
are predominantly subjected to axial loads, this loading condition is rarely represen-
tative of practical situations. Nevertheless, it constitutes a fundamental step in the
development of the analytical model.

Consider an infinitesimal beam element (see Fig. 3.9) of length dz, subjected to
bending moments M(z) and M(z)+dM(z), and shear forces V (z) and V (z)+dV (z).

15



FIGURE 3.9: Free-body diagram of a pile slice subjected to lateral loading without axial load.

Equilibrium of forces and moments yields the relationship between the second
derivative of the bending moment M(z) and the lateral soil reaction U(z):

d2M(z)
dz2 =−U(z). (3.12)

According to Euler–Bernoulli beam theory, and under the assumptions of small
deflections and rotations, the curvature κ is approximated by d2u(z)

dz2 . For a prismatic
beam with constant flexural stiffness EI, the bending moment is given by

M(z) = EI
d2u(z)

dz2 . (3.13)

The shear force is expressed as

V (z) = EI
d3u(z)

dz3 . (3.14)

Differentiating Eq. (3.13) twice and substituting into Eq. (3.12), yields the governing
differential equation for beam bending:

EI
d4u(z)

dz4 =U(z). (3.15)

Introducing the soil reaction relationship from Eq. (3.1), the equation can be rewritten
as

EI
d4u(z)

dz4 +Ku u(z) = Ku ug(z), (3.16)

The general solution of the governing equation is given by

u(z) = Asinh
(

z
Lg

)
+Bcosh

(
z

Lg

)
+C sin

(
z

Lg

)
+Dcos

(
z

Lg

)
, (3.17)

where

Lg =
4

√
EI
Ku

. (3.18)

The constants A, B, C, and D are determined from the boundary conditions.
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Lateral Load Including Axial Load
Piles are typically subjected to axial compressive loads. When an axial load is ap-
plied, equilibrium is derived from the deformed configuration. Fig. 3.10 illustrates

FIGURE 3.10: Free-body diagram of a pile slice subjected to lateral loading, considering the dis-
placed configuration and influence of axial load.

Let the pile displacement be denoted by u, and the initial imperfection by ui. Equi-
librium of moments, assuming a constant axial compressive force along the beam
length, yields:

d2M(z)
dz2 +

d
dz

[
N

d
dz

(
u(z)+ui(z)

)]
=U(z). (3.19)

By applying the soil reaction relationship in Eq. (3.3), the governing equation
becomes:

EI
d4u(z)

dz4 +N
d2u(z)

dz2 +Kuu(z) = Kuug(z)−N
d2ui(z)

dz2 . (3.20)

The general solution of this differential equation is given, according to Pålkom-
missionen and Larsson (1987), as:

u(z) = Aeλaz +Beλbz +Ceλcz +Deλdz, (3.21)

where the constants λa, λb, λc and λd are obtained from the characteristic equation
associated with Eq. (3.21), and A, B, C and D are determined from the boundary
conditions.

The shear force is expressed as:

V (z) =
dM(z)

dz
=−EI

d3u(z)
dz3 −N

d
dz

(
u(z)+ui(z)

)
. (3.22)

3.3.2 Buckling Shapes and Influence of Initial Imperfections
The initial geometric imperfection (out-of-straightness) is conservatively assumed to
follow the shape of the fundamental buckling mode [8]. This mode shape depends
on the stiffness of both the pile and the surrounding soil, as well as the assumed
boundary conditions.

Classical cases used to determine buckling behaviour and the influence of initial
imperfections are presented below.
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Axially loaded pile with pinned ends
Consider a straight pile of length L subjected only to an axial compressive force
N > 0, with both ends pinned, i.e.

u(0) = 0, u(L) = 0, M(0) = 0, M(L) = 0. (3.23)

A suitable solution for the lateral displacement is

u(z) = u0 sin
(nπz

L

)
, (3.24)

where u0 is the amplitude, n is the mode number, and L is the pile length.
For a beam on a Winkler foundation, substitution into the governing differential

equation yields the critical buckling load N0
cr governed by the first mode (n = 1):

N0
cr = 2

√
EIKu. (3.25)

The corresponding fundamental mode shape is

u(z) = ûsin
(

πz
L

)
, (3.26)

where the amplitude û under axial load is

û =

N
N0

cr

1− N
N0

cr

ûi, (3.27)

with ûi denoting the initial imperfection amplitude.
The corresponding maximum bending moment becomes

Mmax =
1
2

Nûi

1− N
N0

cr

. (3.28)

Axially loaded pile with free head
For a pile free at the head, initial displacement and rotation may be present:

u(0) = ui, θ(0) = θi. (3.29)

At large depth,

lim
z→∞

u(z) = 0,

lim
z→∞

θ(z) = 0,

lim
z→∞

M(z) = 0.

(3.30)

The relationship between displacement and moment at the pile head can be written
as

K(N)u =

[
Kuu(N) Kuθ (N)
Kθu(N) Kθθ (N)

][
u0
θ0

]
= 0. (3.31)

Non-trivial solutions exist when

18



det
(
K(Ncr)

)
= 0. (3.32)

This yields the first buckling load:

N(1)
cr =

√
EIKu. (3.33)

Substituting into the governing system leads to an infinite set of eigen-solutions corre-
sponding to higher modes, but the first mode governs the physical buckling response.

Summary of Elastic Buckling loads
It can be shown that an initial imperfection that is affine with the lowest critical buck-
ling mode produces the maximum additional bending moment in the pile. Hence,
it is both convenient and conservative to assume that the initial imperfection of the
pile follows the shape of the first critical buckling mode. Fig. 3.11 illustrates three
different critical buckling loads depending on the pile head boundary condition.

FIGURE 3.11: Different critical buckling loads depending on pile head boundary conditions: (a)
pinned–pinned pile, (b) pile with free head, and (c) pile with fixed head. Figure
adapted from the Swedish Pile Commission report on laterally loaded piles [8].

3.3.3 Initial Imperfection
The magnitude of the initial deviation depends on several factors, including initial
curvature prior to installation, number of pile splices, soil stratification, and instal-
lation method [8]. According to the Swedish Pile Commission, the recommended
design value of the initial imperfection δ0 for concrete and steel pipe piles without
control of out-of-straightness and without splices is Lcr/300.

The critical buckling length Lcr [mm], defined as the distance between inflection
points of the buckled shape, is given by

Lcr =
π√
2
·Lg, (3.34)

where the characteristic length Lg [mm] of the pile–soil system is

Lg =
4

√
EI
Ku

. (3.35)

.
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3.3.4 P-y Method
The semi-analytical method with linear elasto-plastic soil provides a simplified repre-
sentation of the nonlinear soil–pile interaction. Advanced numerical approaches are
capable of capturing these interactions with more accuracy. In particular, sophisti-
cated FE models can represent the soil as a three-dimensional continuum and employ
appropriate constitutive laws to describe its mechanical behaviour. However, such
models are often computationally demanding and require significant effort in model
development and calibration.

The p–y method is a semi-empirical numerical approach for modelling soil–pile
interaction in laterally loaded piles. The method is limited to two-dimensional anal-
ysis. However, it is widely accepted and extensively used in practical geotechnical
engineering applications. It combines an analytical beam formulation with nonlinear
soil reaction springs defined through experimentally derived p–y curves. The numer-
ical FE implementations of the p–y method discretise the pile into beam elements
and represent the soil interaction using nonlinear spring elements.

3.3.5 CALFEM Formulations for Beams on Elastic Foundations and Geomet-
ric Nonlinearity

CALFEM is a MATLAB-based toolbox for FE analysis [14]. which provides a range
of beam element formulations, implemented as functions in MATLAB for computing
element matrices and element forces, in combination with built-in functions.

In the following, the solution procedure within the CALFEM toolbox framework
and two beam formulations that were adopted in the analysis are presented.

Solving the Global System of Equations
The global system of equations is obtained by assembling the contributions from all
element stiffness matrices Ke using the assem function, and is expressed as

Ka = f, (3.36)

where K is the global stiffness matrix, a is the global displacement vector, and f is
the global force vector.

The assembly are done with the help from a typology matrix. The topology ma-
trix describes how single elements are related to the degree of freedoms (DOFs) in
the global system. After assembly, by applying the boundary conditions, including
prescribed displacements in a and applied external loads in f, the system of equations
is solved using the solveq function for the unknown DOFs. Formally, the solution
can be written as

a = K−1f, (3.37)

where K−1 denotes the inverse of the global stiffness matrix.
Once the unknown nodal displacements a have been evaluated, the element stresses

can be computed.

Transformation of the Local Stiffness Matrix
The element stiffness matrix K̄e is first formulated in the local coordinate system and
subsequently transformed to the global coordinate system according to

Ke = GT K̄e G. (3.38)
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For a two-dimensional beam element, the transformation matrix G is defined as

G =



nxx̄ nyx̄ 0 0 0 0
nxȳ nyȳ 0 0 0 0
0 0 1 0 0 0
0 0 0 nxx̄ nyx̄ 0
0 0 0 nxȳ nyȳ 0
0 0 0 0 0 1

 , (3.39)

where nxx̄, nxȳ, nyx̄, and nyȳ are the direction cosines defining the orientation of the
element relative to the global coordinate system, given by

nxx̄ = nyȳ =
x2 − x1

L
, (3.40)

nyx̄ =−nxȳ =
y2 − y1

L
, (3.41)

where (x1,y1) and (x2,y2) are the nodal coordinates. The element length L is given
by

L =
√
(x2 − x1)2 +(y2 − y1)2. (3.42)

Two Dimensional Beam Element
The local beam element stiffness matrix K̄e

0 is derived from the analytical equilib-
rium equations of a two-dimensional beam element in its undeformed configuration,
assuming small displacements and rotations. It consists of an axial (bar) contribution
with stiffness EA and a bending (beam) contribution with stiffness EI. The stiffness
matrix for a two-dimensional beam element is given by

K̄e
0 =



EA
L 0 0 −EA

L 0 0
0 12EI

L3
6EI
L2 0 −12EI

L3
6EI
L2

0 6EI
L2

4EI
L 0 −6EI

L2
2EI

L
−EA

L 0 0 EA
L 0 0

0 −12EI
L3 −6EI

L2 0 12EI
L3 −6EI

L2

0 6EI
L2

2EI
L 0 −6EI

L2
4EI

L

 . (3.43)

Beam on Elastic Foundation (BoF)
For an embedded laterally loaded pile, the stiffness contribution from the surrounding
soil must be accounted for in the global stiffness matrix. The functions beam2we
and beam2ws, illustrated in Fig. 3.12, are used to compute the local element stiffness
matrix K̄e and the corresponding internal force resultants N, V , and M for a two-
dimensional beam on an elastic foundation.

FIGURE 3.12: CALFEM beam functions for 2D beam element on elastic foundation.
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The local element stiffness matrix for a two-dimensional beam on elastic founda-
tion is given by

K̄e = K̄e
0 + K̄e

s , (3.44)

where K̄e
s is the local stiffness matrix contribution from beam on an elastic founda-

tion, given by

K̄e
s =

L
420



140kx 0 0 70kx 0 0
0 156ky 22kyL 0 54ky −13kyL
0 22kyL 4kyL2 0 13kyL −3kyL2

70kx 0 0 140kx 0 0
0 54ky 13kyL 0 156ky −22kyL
0 −13kyL −3kyL2 0 −22kyL 4kyL2

 , (3.45)

where kx and ky represent the spring stiffnesses in the axial and transverse direc-
tions.4

Geometric Nonlinear Beam Element
When internal forces in structural elements become significant, the assumptions un-
derlying the linear two-dimensional beam formulation are no longer valid. In such
cases, additional moments arise due to deformation of the structure itself, i.e., sec-
ond order effects. To accurately capture this behaviour, beam formulations based on
equilibrium in the deformed configuration must be used, where the influence of axial
forces on the bending response is taken into account through geometric nonlinearity.

The functions beam2ge and beam2gs, illustrated in Fig. 3.13, are used to com-
pute the element stiffness matrix K̄e and the corresponding internal force resultants
N, V , and M for a two-dimensional beam including geometric nonlinearity.

FIGURE 3.13: CALFEM beam element formulation for two-dimensional geometric nonlinearity.

The local element stiffness matrix for a two-dimensional beam considering geo-
metric nonlinearity is given by

K̄e = K̄e
0 + K̄e

σ , (3.46)

where K̄e
σ is the geometric stiffness contribution given by

K̄e
σ = Qx̄



0 0 0 0 0 0
0 6

5L
1
10 0 − 6

5L
1
10

0 1
10

2L
15 0 − 1

10 − L
30

0 0 0 0 0 0
0 − 6

5L − 1
10 0 6

5L − 1
10

0 1
10 − L

30 0 − 1
10

2L
15

 (3.47)

4 In the present work, the spring stiffnesses are denoted by ka (axial) and kt (transverse), respectively.
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where Qx̄ is the axial force in the beam element.

3.3.6 Python API Integration in RFEM 6
RFEM 6 is a FE software developed by Dlubal for the analysis and design of struc-
tures. The API enables enhanced automation and parametric control of structural
models by allowing integration with external programming environments such as
Python. A brief overview of the API framework is presented in this section. Detailed
information on the available Python methods and their implementation can be found
in the official API documentation [15], where associated example repositories are
also provided.

Application Client
The RFEM 6 API is accessed through a gRPC-based application client, where Python
acts as the application layer. The gRPC provides full access to the functions and
underlying data of RFEM 6 through a comprehensive set of methods that allow the
user to create, modify, and analyze models directly from Python.

Model Objects
The model objects within the RFEM API define the building blocks of a structural
analysis model. They include elements, materials, supports, loads, and other object
types whose properties can be easily specified and adjusted.

Base Data
The base data settings define essential information for the application and the model,
including the model name, activated add-ons, applicable standards, and other relevant
configuration parameters.

3.4 Design and Verification of Laterally Loaded Pile with
Structural and Geotechnical Limit States

A pile must be designed and verified to ensure reliable and economical performance
under all relevant actions, while maintaining its functionality during transportation,
installation, and throughout its intended service life. In the design of individual piles,
the design actions shall be established with due consideration of the interaction be-
tween the pile, the pile cap, and the surrounding soil. The designer must ensure
adequate safety against material failure, instability, and environmental effects by con-
sidering the material properties and geometry of the pile, as well as the behaviour of
the surrounding soil strata.

In this section, the design and verification of reinforced concrete and steel piles
are presented. Design principles are defined in the European standards together with
national regulations, while supplementary guidance is provided in recommendations
and publications issued by recognized authorities.

3.4.1 Provisions, Standards and Recommendations
The Eurocode standards provide principles and guidelines for the design and ver-
ification of structures. The Swedish National Annex, EKS, specifying nationally
determined parameters, is implemented. The Swedish Pile Commission provides
additional recommendations and guidelines. Table 3.2 summarizes the standards,
National Annexes, and recommendations that have been used as references in this
work.
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TABLE 3.2: Standards, national annexes and recommendations adopted in this thesis.

Standard Scope

Eurocode 0 [16] Basis of limit state design
Eurocode 1 [17] Actions on structures
Eurocode 2 [18] Design of concrete structures
Eurocode 3 [19] Design of steel structures
Eurocode 7 [20] Geotechnical design
Boverket EKS 12 [21] Swedish National Annex
Report 94 (Commision on Pile Research) [22] Concrete pile capacity
Report 96 (Commision on Pile Research) [23] Pile capacity principles
Report 104 (Commision on Pile Research) [24] Steel tube pile capacity

3.4.2 Principles for Verification
The Swedish Pile Commission states several principles related to the verification of
piles [23].

Governing Design Resistance
During the service life, it is fundamental that the pile capacity is verified for both
the ULS and the SLS. The verification depends on both the structural resistance and
the geotechnical resistance of the surrounding soil [23], where the governing design
resistance is taken as the lower of the two.

Design resistance ≤

 Structural capacity

Geotechnical capacity
(3.48)

Load Effect on the Pile
An installed pile can be modelled as a laterally supported column and should be
assumed to exhibit an initial imperfection. Due to this initial imperfection, bending
moments and shear forces will always arise when axial loads are applied.

Furthermore, a pile may be subjected to axial compression or tension, bending,
shear, torsion, or any combination of these actions. The lateral resistance of the soil
depends on the soil properties and the pile width perpendicular to the direction of
bending. Furthermore, the bending moment increases with increasing axial load.
When the upper soil layer undergoes plastic deformation, the bending moment in-
creases more rapidly.

Soil Lateral Resistance
Representative material properties and partial factors should be used for the soil ca-
pacity. A realistic soil curve for the lateral resistance should be used. The soil should
be modelled as elasto-plastic to account for soil plasticity. The influence of load du-
ration, groundwater level, and the limiting resistance of the surrounding soil shall
also be taken into account.

Verification by Calculation
Verification shall be carried out for all critical sections of the pile element, includ-
ing consideration of installation effects on structural capacity. However, the present
analysis does not account for pile splices or the rock shoe. The following principles
apply for verification by calculation:

• The pile capacity under axial load is taken as the minimum of the cross-sectional
capacity and the buckling capacity.
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• All bending directions of the pile must be considered.

• Buckling of a pile can only occur if the surrounding soil over the buckling
length has yielded plastically.

• For a pile subjected to combined bending and axial tension, only verification
of the cross-sectional capacity is required.

3.4.3 Capacity Reduction due to Effect from Installation
Piles are subjected to large load effects during installation, which impact the material
properties. The effects of pile installation on the mechanical properties of the material
shall be accounted for by reducing the material strength. This reduction must be
considered in both ULS and SLS [23]. According to the Swedish Pile commision,
the effect of installation is accounted for by a reduction of the characteristic material
strength fk, calculated as:

fkr = µ · fk (3.49)

with the reduction factor µ that accounts for the effects of driving, soil conditions,
and pile integrity testing. This factor can be calculated as

µ = µ1 −δ2 +δ3. (3.50)

The reduction factor µ1 accounts for the effect of pile driving on the material prop-
erties. For concrete and steel sections in compression, and for cracked concrete or
steel sections in tension, the factor may be taken as µ1 = 0.9. The reduction factors
δ2 and δ3 account for soil conditions and pile integrity control, respectively. If the
pile has undergone an integrity test, the reduction factor may be taken as δ3 = 0.2,
which allows an increase in the considered material properties. If the soil contains
many boulders, unfavourable soil strata, or a sloping bedrock surface, an additional
reduction of δ2 = 0.1 may be applied.

3.4.4 Interaction of Piles Arranged in a Group
In practice, piles are commonly arranged in groups and anchored via a concrete pile
cap to form the foundation of the superstructure. In densely spaced pile groups, the
piles tend to interact both during driving and under loading, leading to horizontal
displacements that in turn affect the compactness of the surrounding soil. A pile
surrounded by adjacent piles forms a stress field that can influence individual piles, a
phenomenon known as the group effect. According to SS-EN 1991-1-1, interaction
between piles arranged in multiple rows (group effects) must be considered when the
spacing between piles is less than two times the pile diameter [16]. The Swedish Pile
Commission [8] recommends spacing of laterally loaded piles, as shown in Fig. 3.14.

FIGURE 3.14: Recommended pile spacing for reduction of soil strength and subgrade modulus due to
the group effect.
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Furthermore, it is recommends a reduction of cu, as given in Tab. 3.3.

TABLE 3.3: Recommended reduction of cu for closely spaced laterally loaded piles [8].

Pile spacing Reduction of cu

a0 > 8D 0%
3D ≤ a0 ≤ 8D Linearly interpolated
a0 < 3D 25%

3.4.5 Design of Prefabricated Reinforced Concrete (RC) Piles
This section focuses on the design of standardized point-bearing reinforced concrete
(RC) piles driven to refusal. RC piles are widely used due to their efficiency as
beam elements, capable of carrying high compressive loads while resisting bending.
Reinforcement consists of longitudinal and transverse bars, covered by a minimum
concrete cover. The design rules based on SS-EN 1992-1-1, supplemented by the
Swedish National Annex and guidelines from the Swedish Pile Commission apply.

Assumptions for the Ultimate Bending Capacity with Normal Stresses
As the pile deflects laterally under applied horizontal loading, the surrounding soil
provides resistance that induces bending moments in the pile, resulting in tensile
stresses on one side and compressive stresses on the opposite side. Simultaneously,
the pile is subjected to axial loads, which induce normal stresses in the member.

The ultimate capacity of the pile must be assessed under combined bending and
axial loading. The design rules for this assessment are given in SS-EN 1992-1-1,
Clause 6.1 [18]. The following assumptions are adopted:

• Plane cross-sections remain plane after bending, such that the strain varies lin-
early over the depth of the section.

• The reinforcing steel and concrete are assumed to be perfectly bonded, such
that the strain in the reinforcement, both in tension and compression, is equal
to the strain in the surrounding concrete.

• The tensile strength of concrete is neglected.

• Compressive stresses in concrete are derived from idealised design stress–
strain relationships specified in Clause 3.1.7 .

• Stresses in the reinforcing steel are derived from the corresponding design
stress–strain relationships specified in Clause 3.2.7.

• The concrete compressive strain is limited to εcu2 or εcu3, and the strain in the
reinforcing steel is limited to εud .

Sectional Response of RC Under Bending
The sectional response of a RC member under bending is typically divided into three
consecutive stages. Figure 3.15 illustrates the sectional response of each stage.
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FIGURE 3.15: Illustration of the three stages of reinforced concrete behaviour under bending: Stage I
(uncracked), Stage II (cracked), and Stage III (post-yield).

Each stage is described in the following:

Stage I: Uncracked Concrete
In the uncracked state, the concrete tensile stress, σct , remains below the mean con-
crete tensile strength fctm. The response is linear elastic, as both strains and stresses
remain small. The RC section is treated as a homogeneous section in which the steel
and concrete are perfectly bonded, resulting in a linear strain distribution across the
cross-section. The assumption of a linear strain distribution leads to a concrete strain
εc varying with the section depth zc, according to

εc =
zc

xc
εcc, (3.51)

where εcc is the compressive strain at the extreme compression fibre, assumed equal
to the design value of the ultimate compressive strain εcu, and xc is the neutral axis
depth. Assuming linear-elastic concrete behaviour, the corresponding concrete stress
distribution σc becomes

σc = Ecmεc, (3.52)

where Ecm is the modulus of elasticity of concrete. The assumption of full composite
action between the reinforcement and concrete gives the steel strain as

εs =
d − x

x
εcu, (3.53)

where d is the effective depth, defined as the distance from the extreme compression
fibre to the tensile reinforcement. The corresponding steel stress is expressed as

27



σs = Esεs, (3.54)

where Es is the modulus of elasticity of the reinforcing steel.

Stage II: Cracked Concrete
Once cracking occurs, the concrete can no longer effectively resist tensile stresses,
and the section becomes non-homogeneous, with the longitudinal reinforcement gov-
erning the tensile resistance. Cracking reduces the flexural stiffness EI of the section,
while the response is still idealized as linear elastic. Concrete near the neutral axis
may still carry small tensile stresses. However, these are commonly neglected.

Stage III: Post-Yield Response
With increasing bending moment, the response eventually becomes nonlinear as the
elastic limit of either the concrete in compression or the reinforcing steel in tension
is reached, leading to crushing or yielding. Equations (3.53) and (3.55) remain valid
due to the assumption of plane sections remaining plane. The nonlinear material
response is subsequently described using appropriate constitutive design models for
concrete and reinforcing steel.

Concrete Strength and Deformation Properties
The strength properties, elastic modulus, and strain values for different concrete
strength classes can be found in in SS-EN 1992-1-1, Table 3.1, Clause 3.1.3. The
strength and deformation properties for a specific concrete class are determined based
on the characteristic compressive strength fck, defined as the 5% fractile compressive
strength obtained from cylindrical specimen tests after 28 days of curing.

Concrete Stress-Strain Relationsship Models
The concrete compressive stress–strain relationship is inherently nonlinear, but it can
be approximated as linear up to a certain strain. For nonlinear analysis, a realistic
stress–strain model shown in Fig. 3.16), is adopted to determine second-order de-
flections of slender columns.

FIGURE 3.16: Idealised stress–strain relationship for concrete in compression used in non-linear
analysis

Two simplified stress–strain relationships for concrete in compression are speci-
fied in SS-EN 1992-1-1 and permitted for structural design: the parabolic–rectangular
relationship and the bilinear approximation, shown in Fig. 3.17.
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A Parabolic–rectangular B Bilinear

FIGURE 3.17: Simplified stress–strain relationships for concrete in compression: (A) parabolic–
rectangular relationship and (B) bilinear relationship.

For cross-section design using the parabolic-rectangular relationship, the follow-
ing applies:

σc = fcd

[
1−

(
1− εc

εc2

)n]
for 0 ≤ εc ≤ εc2 (3.55)

σc = fcd for εc2 ≤ εc ≤ εcu2 (3.56)

where n, εc2, and εcu2.
Simple stress–strain models can be used to predict the ultimate strength of con-

crete within an acceptable margin. The most commonly adopted is the rectangular
stress block model, which assumes a constant compressive stress η fcd over an ef-
fective compression depth λx, as specified in SS-EN 1992-1-1 cl. 3.1.7(3) [18] and
illustrated in Fig. 3.18.

FIGURE 3.18: Rectangular stress distribution model.

For the characteristic compressive strength fck in, the factors λ and η are given
by

λ = 0.8, fck ≤ 50 MPa, (3.57)

λ = 0.8− fck −50
400

, 50 < fck ≤ 90 MPa, (3.58)

and
η = 1.0, fck ≤ 50 MPa, (3.59)
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η = 1.0− fck −50
200

, 50 < fck ≤ 90 MPa. (3.60)

To illustrate the effect of various concrete strength classes, table 3.4, shows how
both factors decrease for higher concrete strengths. This results in a narrower and
less intense equivalent compressive stress block.

TABLE 3.4: Stress block factors λ and η for selected concrete strength classes, according to
EN 1992-1-1, cl. 3.1.7(3).

Concrete class fck [MPa] λ η

C30/37 30 0.80 1.00
C35/45 35 0.80 1.00
C50/60 50 0.80 1.00
C70/85 70 0.75 0.90
C90/105 90 0.70 0.80

The stress block factors λ and η will further be used, when the flexural capacity
of the pile cross-section is assessed.

Design Strength of Reinforcing Steel
Reinforcing steel strength is designed on the presumptions given in SS-EN 1992-1-
1 Chapter 3.2. The idealized stress–strain diagrams for reinforcing steel, shown in
Fig. 3.19 can be used.

A Idealised curve B Design curve.

FIGURE 3.19: Idealised and design stress-strain diagram for reinforcing steel. (A) idealized working
curve (B) design working curve.

From the design working curve (B), two options are available: an elasto-plastic
relation with an inclined upper branch and a defined ultimate strain εud , or an elastic–
perfectly plastic relation with a horizontal upper branch and no defined ultimate
strain.

Adopting the elastic–perfectly plastic idealisation, the design yield strength of the
reinforcing steel is given by

fyd =
fyk

γS
(3.61)

where fyk is the characteristic yield strength of the reinforcing steel and γS is the par-
tial safety factor for steel, with recommended value taken as 1.15. The characteristic
yield strength fyk generally lies in the range 400–600 MPa. The density and modulus
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of elasticity of the reinforcing steel are taken as ρs = 7850 kg/m3 and Es = 200 GPa,
respectively.

Design Compressive Strength
The design compressive strength is given by:

fcd = αcc
fck

γC
(3.62)

where αcc is a coefficient accounting for long-term effects and unfavourable load-
ing conditions and γC is the partial safety factor for concrete. The coefficient αcc

is taken as 1.0 and the concrete partial factor γC is set to 1.5 in accordance with
SS-EN 1992-1-1.

Design Tensile Strength
The design value of the tensile strength is given by

fctd = αct
fctk,0.05

γC
(3.63)

where fctk,0.05 is the 5% fractile value of the characteristic axial tensile strength, and
αct is a coefficient accounting for long-term and unfavourable effects on the tensile
strength and can be set to 1.0 in accordance with SS-EN 1992-1-1.

Exposure Classes
The exposure classes account for the environmental conditions to which a structure
is subjected, thereby influencing the required concrete cover and crack control re-
quirements for reinforced concrete structures. The exposure classes for reinforced
concrete structures are defined in Table 4.1 of EN 1992-1-1 [18]. Although several
exposure classes are specified, only exposure class XC2 (wet, rarely dry) is consid-
ered.

Other exposure classes may also be relevant depending on the environmental con-
ditions, such as XF and XA, which account for freeze–thaw exposure and chemical
attack, respectively. However, these exposure classes are outside the scope of the
thesis.

Concrete Cover Requirements
The nominal concrete cover cnom is defined as the distance between the surface of the
reinforcement and the nearest concrete surface. Sufficient concrete cover is essential
to protect the steel from corrosion, provide fire resistance, and ensure proper bond-
related stress transfer [25].

According to SS-EN 1992-1-1, cnom shall be specified on the drawings and is
defined as

cnom = cmin +∆cdev (3.64)

where cmin is the minimum concrete cover and ∆cdev is an allowance for execution
deviations. The value of cmin for non-stainless and non-coated reinforcement bars is
determined as

cmin = max


cmin,b
cmin,dur
10 mm

. (3.65)
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The value of cmin,b is the minimum concrete cover required to ensure adequate
bond for individual reinforcement bars and equals the bar diameter φ [mm]. The
term cmin,dur is the minimum concrete cover required to ensure adequate durability.
The considered values in this work are shown in Tab. 3.5.

TABLE 3.5: Minimum concrete cover for durability cmin,dur (mm) for exposure class XC2 according
to Table D-1 in EKS 12.

Exposure class L 100 L 50

XC2 25 20

The allowance for deviations ∆cdev is taken as

∆cdev = 10 mm (3.66)

Longitudinal Reinforcement
The minimum longitudinal reinforcement for a beam to be considered as reinforced
shall not be less than As,min, given in SS-EN 1992-1-1, Clause 9.2.1.1, as

As,min = 0.26 · fctm

fyk
·bt ·d (3.67)

but not less than 0.0013btd, where bt is the effective width of the tension zone. The
minimum longitudinal reinforcement for a column shall not be less than As,min, given
in EN 1992-1-1, Clause 9.5.2, as

As,min =
0.10NEd

fyd
(3.68)

with a minimum value of 0.002Ac, where NEd is the design axial force. The recom-
mended maximum reinforcement As,max outside lap splice regions is 0.004Ac, and
within lap splice regions 0.008Ac.

The clear spacing s between longitudinal reinforcing bars must be sufficient to
ensure proper casting and compaction, thereby achieving adequate bond strength be-
tween the reinforcement and the surrounding concrete. According to SS-EN 1991-
1-1 Clause 8.2(2) The minimum clear spacing between reinforcing bars shall not be
less than the greatest of the following:

smin = max


k1 ·ds

dg + k2

20 mm

(3.69)

where ds is the longitudinal bar diameter, dg is the maximum aggregate size. Rec-
ommended coefficient values is k1 = 1, k2 = 5. Maximum aggregate sized are often
in the rage 16-32 mm. The minimum longitudinal bar diameter according to SS-
EN 1992-1-1, Clause 9.5.2(1) [18], is 8 mm.

Transverse Reinforcement
Transverse reinforcement shall be provided along the pile to resist shear forces and
to restrain the longitudinal reinforcement. The shear reinforcement consists of closed
stirrups enclosing the longitudinal bars and shall be effectively anchored to them.

According to SS-EN 1992-1-1, Clause 9.2.2 [18], the minimum shear reinforce-
ment ratio is
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ρw,min = 0.08 ·
√

fck

fyk
(3.70)

The shear reinforcement ratio is defined as

ρw =
Asw

sbw
(3.71)

where Asw is the area of shear reinforcement within spacing s, bw is the cross-sectional
width, and α is the angle between the shear reinforcement and the member axis. This
criterion assumes that the stirrups are perpendicular to the pile axis, i.e. α = 90◦.
After determining ρw,min from Eq. (3.70), it is substituted into Eq. (3.71) to obtain the
required shear reinforcement area Asw.

Structural members subjected to significant shear are designed using the variable-
angle truss model. The inclination of the compression strut is limited by

1 ≤ cotθ ≤ 2.5 (3.72)

corresponding to 21.8◦ ≤ θ ≤ 45◦.
The shear resistance provided by transverse reinforcement is given by

VRd,s =
Asw

s
z fywd cotθ (3.73)

and the maximum shear resistance is

VRd,max =
αcwbwzν1 fcd

cotθ + tanθ
(3.74)

where αcw = 1.0, z is the internal lever arm, and ν1 is the reduction factor for concrete
cracked in shear.

The reduction factor ν1 is given by

ν1 = 0.6
(

1− fck

250

)
(3.75)

The spacing of the transverse reinforcement shall not exceed

scl,max = min(20ds, b, 400 mm) (3.76)

Within a distance b from the pile head, the maximum spacing shall be reduced by
60%. Furthermore, the diameter of the transverse reinforcement φsw shall not be less
than 6 mm or 0.25 times the diameter of the largest longitudinal bar.

Shrinkage
To improve workability, excess water is added to fresh concrete beyond what is
required for the hydration reaction. This excess water does not form part of the
hardened crystalline structure and will evaporate unless the surrounding environment
maintains 100% relative humidity. As concrete dries and loses moisture, it contracts,
resulting in shrinkage. Conversely, when submerged in water, concrete swells and
increases in volume. [25]

Shrinkage comprises two components according to SS-EN 1992-1: drying shrink-
age εcd and autogenous shrinkage εca. Drying shrinkage is driven by moisture loss
and develops over an extended period, whereas autogenous shrinkage occurs during
the hardening process, typically within the first days after casting. The derivation of
εcd and εca is not covered in detail.
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Creep in Concrete
Creep refers to the additional contribution of strain resulting from a applied load. If
a constant load is maintained over time, the deformation keeps growing. [25]

Creep strain is generally assumed to be proportional to the applied stress. It de-
pends on the concrete age at the time considered t, the concrete age at loading t0,
the relative humidity RH (%), and the member size. After loading, the deformation
increases with time following a decaying function and gradually approaches a final
value.

If the stress in the concrete in quasi-permanent load case is greater than 0.45 fck,
nonlinear soil-nonlinear creep in the concrete should be considered

Pile Splices and Pile Shoes
A pile can consist of one or more pile sections connected by moment-stiff splices
and terminated at its lower end by a pile shoe, all of which must be accounted for
in the design. The splices and pile shoes must be designed to withstand the installa-
tion procedure and to maintain adequate capacity after installation. The splices and
pile shoes are provided with anchorage reinforcement and locking mechanisms. The
compressive force during final driving into rock is often governing for the splitting
reinforcement in the pile shoe region.

3.4.6 Drilled Steel Tube Piles
Drilled steel tube piles are commonly used as a foundation structure. For increased
resistance to internal corrosion and improved load-bearing capacity, they can be filled
with concrete; for even greater capacity, the concrete infill can be reinforced [24].
These piles can have an outer diameter ranging from 100 to 1200 mm and wall thick-
nesses varying from 6 to 25 mm. Fig. 3.20 displays varying types of RD piles. In this
thesis, the pile type (a) is considered.

FIGURE 3.20: Varying types of steel tube piles. Figure is taken from Swedish Pile Commission Re-
port 104 [24]. (a) Steel pile (b) Steel pipe filled with concrete (c) Steel pipe filled with
reinforced concrete.
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Durability Requirements
Verification of individual steel end-bearing piles, in both SLS and ULS, should be
carried out by considering uniform loss of steel thickness around the perimeter of the
cross-section due to corrosion [19], [24]. The amount of corrosion depends on the
designed working life of the structure and the surrounding soil condition. Corrosion
inside a tube pile with water-sealed ends or filled with concrete may be neglected.
Table 3.6 lists recommended values for the loss of thickness due to corrosion for
piles in undisturbed natural soils, as specified in SS-EN 1993-1-5.

TABLE 3.6: Recommended loss of thickness [mm] due to corrosion for piles and sheet piles in soils,
with or without groundwater, according to SS-EN 1993-1-5.

Required design working life 5 yr 25 yr 50 yr 75 yr 100 yr

Undisturbed natural soils (sand, silt, clay . . . ) 0.00 0.30 0.60 0.90 1.20

Effect from Residual Stresses
Welding and weld joints induce residual stresses in the steel pile, and their influence
should be taken into account in the design [23].

Structural Limit States
Verification of the structural limit state of the RD pile must be conducted and suffi-
cient safety against any failure of the structure must be satisfied.

The structural verification of end bearing steel tube piles shall be assessed in ac-
cordance with general rules in SS-EN 1993-1-1 [19]. The recommended values of
the partial factors are:

γM0 = 1.00, γM1 = 1.10, (3.77)

Where γM0 should be applied for resistances of cross-section and γM1 should be ap-
plied for resistances of members to instability.

Nominal values for the yield strength fyk and ultimate tensile strength fu are given
in Table 3.1 of SS-EN 1993-1-1. For steel grade S450 with nominal thickness t ≤
40 mm, the material properties are taken as:

fyk = 450 N/mm2, fu = 550 N/mm2 (3.78)

Slenderness Criterion
If the soil provides insufficient lateral restraint, the slenderness criterion for overall
buckling may be assumed to be satisfied if:

NEd

Ncr
≤ 0.10 (3.79)

where Ncr is the critical value of the axial force NEd . If this criterion is not satisfied, a
full buckling verification shall be carried out,accounting for initial imperfections and
second-order effects.

Cross-Section Classification
Cross-sections are classified based on their load-carrying resistance, rotational capac-
ity, and susceptibility to local buckling. Four classes are defined in SS-EN 1993-1-1.

In this study, only Class 1 and Class 2 cross-sections are considered. For circu-
lar hollow sections (CHS) subjected to axial compression and/or bending, the non-
dimensional slenderness parameter is defined as ε =

√
235/ fyk. The limiting d/t

ratios are given below:
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Class 1: The cross-section can form a plastic hinge with sufficient rotation capacity
for plastic analysis, without reduction in resistance:

d
t
≤ 50ε

2 (3.80)

Class 2: The cross-section can reach its full plastic moment resistance, but local
buckling limits its rotation capacity:

d
t
≤ 70ε

2 (3.81)

Section Class 3 may be reached when corrosion of the cross-section is considered.

Design Bending Moment
The design bending moment MEd shall satisfy the following requirement:

MEd

Mc,Rd
≤ 1.0 (3.82)

where Mc,Rd is the design bending resistance.
The design bending resistance is determined based on the classification of the

cross-section, the following apply for cross-sections in Class 1 and 2:

Mc,Rd = Mpl,Rd =
Wpl fy

γM0
. (3.83)

Shear Resistance
The design shear force value VEd shall satisfy the following condition:

VEd

Vc,Rd
≤ 1.0 (3.84)

where Vc,Rd is the design shear resistance.
In plastic design and if torsion does not occur, Vc,Rd corresponds to the plastic

shear resistance Vpl,Rd according to

Vpl,Rd =
Av

(
fy/

√
3
)

γM0
(3.85)

where Av = 2A/π and A is the cross sectional area.

Reduction in Capacity for Combined Bending and Normal Force
According to SS-EN 1993 6.2.10, if VEd exceeds 50 percent of the plastic shear resis-
tance Vpl,Rd , the effect of shear force on the bending resistance shall be accounted for
by reducing the yield strength to (1−ρ) fy in the combined evaluation of axial force
and bending moment capacity, where

ρ =

(
2

VEd

Vpl,Rd
−1

)2

(3.86)

where Av is the shear area.
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4 Methodology
Numerical implementations in CALFEM and RFEM 6 were employed together with
an analytical solution in a comparative study of a single vertical pile subjected to
combined axial and lateral loading, with progressively increasing model complexity.

After completion of the comparative study, the RFEM 6 API-based computational
model was further developed into an automated analysis tool. The automated pile
model accounts for nonlinear soil behaviour, geometric nonlinearity, and geomet-
ric imperfections based on the governing buckling mode of the pile. Furthermore,
the tool enables analysis and design of standard steel and reinforced concrete cross-
sections. The implemented calculation procedures follow relevant European design
standards, including Swedish National Annex provisions and recommendations from
the Swedish Pile Commission.

The parametric study, conducted using the automated RFEM 6 modelling frame-
work, investigates second order bending behaviour through N–M interaction dia-
grams and design utilisation ratios represented in vertical load–horizontal load V –H
diagrams for a standard 270×270 mm symmetrically reinforced square RC pile and
a φ220 mm CHS pile. The analysis focuses on the influence of varying boundary
conditions, soil parameters, and loading conditions on the structural response of the
piles.

The workflow of the methodology adopted in the present study is illustrated in
Fig. 4.1.

Develop calculation models

CALFEM RFEM 6
Semi-analytical

solution

Validate RFEM 6 model

Developing an automated calcu-
lation model using RFEM 6 API

Parametric analysis: Assessment of pile response
including second order effects and pile capacity

FIGURE 4.1: Flowchart outlining the workflow of the methodology in the analysis of laterally loaded
piles in this study.

4.1 Comparative Computational Analysis
A three-stage strategy was adopted to verify and compare the RFEM 6 API-based
computational model against both semi-analytical solutions and numerical results in
CALFEM.

37



4.1.1 Analysis Stages
The study was structured into three stages, in which the complexity of the soil model
and geometrical effects (consideration of second order effects), was progressively
increased while different numerical solution strategies were evaluated. Each stage
was designed to assess specific aspects of the modelling approach, including the soil
model, numerical solution strategy, and the influence of second order effects.

The analyses focuses on the global structural response of the pile evaluating pile
lateral displacements u, bending moments M, and shear forces V under varying mag-
nitude of V0 and under varying boundary conditions.

Overview of General Assumptions Between Analysis Stages
Table 4.1 specifies which analysis stage corresponds to the modelling assumptions
regarding soil and geometric nonlinearity.

TABLE 4.1: Overview of soil and geometric modelling assumptions for each analysis stage.
Analysis stage Soil (Linear) Soil (Nonlinear) Geom. Linear Geom. Nonlinear
Stage I ✓ ✓
Stage II ✓ ✓
Stage III ✓ ✓

In all analysis stages, the horizontal load H0 is assumed to be 10% of the corre-
sponding vertical load V0. The magnitude of V0 varies between analysis stages and is
explicity specified in the section where the analysis stages are presented.

Stage I – Verification Against a Geometrically Nonlinear Semi-Analytical Solution
(Linear Elastic–Perfectly Plastic Soil Model)
In the first analysis stage, a semi-analytical solution proposed by the Swedish Pile
Commission for laterally loaded piles [8], including geometric imperfections, was
established and compared with corresponding numerical finite element formulations.
The numerical models were based on the combined beam2gwe element for a beam
on elastic foundation and a nonlinear geometrical beam element implemented in
CALFEM, as well as discrete spring elements in RFEM 6 following the Winkler
foundation model with linear soil springs and second order analysis setting activated.

A linear elastic–perfectly plastic soil model was adopted following the approach
proposed by Baguelin (see Eq. 3.9). Tab. 4.2 lists the soil model assumptions for the
analysis.

TABLE 4.2: Parameters for the linear elastic–perfectly plastic soil model.
Parameter Value / Description
Soil model Linear elastic–perfectly plastic (Baguelin)
Initial stiffness coefficient k0 = 150
Undrained shear strength cuk = 21 kPa
Bearing capacity factor Nc = 9 (short-term loading)
Ultimate soil resistance py (from Eq. 3.7)
Reference formulation Eq. 3.14

Two load cases were considered at the pile head: (i) purely horizontal loading,
H0 = 100 kN and V0 = 0, and (ii) combined loading, H0 = 100 kN and V0 = 1000 kN.
The response was evaluated under two boundary conditions: (i) free translation and
rotation, and (ii) free translation with rotation restrained.

The objective was to evaluate the influence of axial load on pile response, the ef-
fect of boundary conditions including second order effects induced by vertical load-
ing, and the consistency among the different solution approaches.

38



Stage II – Benchmarking of Nonlinear Soil Stiffness Formulations (Without Geomet-
ric Imperfections)
In the second stage, only numerical solutions in CALFEM and RFEM 6 were consid-
ered. Geometric nonlinearity was neglected in this stage. Accordingly, in CALFEM,
the beam2we element was used to model the beam-on-elastic-foundation behaviour.

The soil response was represented using a nonlinear elastic–perfectly plastic for-
mulation based on the Matlock p–y curve (see Eq. 3.10) for soft clay. The soil model
assumptions are summarised in Table 4.3.

TABLE 4.3: Soil parameters and modelling assumptions for the p–y analysis.
Parameter Value / Description
Soil model Nonlinear elastic–plastic (Matlock)
Undrained shear strength cuk = 21+0.78z [kPa]
Reduction factor γM = 1.5
Strain parameter ε50 = 0.02
Bearing capacity factor Nc = 9 (short-term loading)
Ultimate soil resistance py (from Eq. 3.7)
Characteristic displacement u50 (from Eq. 3.16)

The applied vertical load V0 was varied across three levels: (i) 1000 kN, (ii)
2000 kN, and (iii) 3000 kN. The pile head boundary condition was defined as free
lateral translation u with rotation about the y-axis θy restrained.

Three numerical procedures were implemented in CALFEM to evaluate the beam
subgrade modulus Ku based on nonlinear p–y relationships and to solve the resulting
nonlinear system. The methods employed were the piecewise secant method, the
interval secant method, and the secant method. The results obtained from CALFEM
were compared with corresponding RFEM 6 results.

Stage III – Full Nonlinear Validation Including Geometric Imperfections
In the final stage, an analysis similar to Stage II was performed using only the secant
method, extended to include full nonlinear soil behaviour and geometric nonlinear-
ity. Beam element formulation beam2gwe was used accounting for beam on elastic
foundation and geometric nonlinearity. The results obtained from CALFEM were
compared with corresponding RFEM 6 results.

4.1.2 Idealized Structural Model
A parametric thin-walled circular steel pile section was selected in RFEM 6, and its
geometric and material properties are used as reference values for the comparative
study. The section properties are summarized in Table 4.4.

TABLE 4.4: Geometric and material properties of the pile.

Parameter Symbol Value

Pile length L 20 m
Outer diameter D 500 mm
Wall thickness t 20 mm
Cross-sectional area A 30.159×10−3 m2

Second moment of area I 86.937×10−4 m4

Elastic modulus E 210 GPa

The structural model of the laterally loaded pile is shown in Fig. 4.2. The pile,
fully embedded in one continous soil layer, is assumed to be driven into the bedrock.
A vertical concentric axial load V0 and a horizontal load H0 are applied at the pile
head. The coordinate system (x,y,z) is defined with its origin at the pile head. The
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x-axis is oriented parallel to the ground surface and corresponds to the displacement
u, the y-axis is directed out of the plane with associated rotation θy, while the z-axis
is directed downward along the pile shaft, increasing with depth from the ground
surface, and corresponds to the displacement w.

FIGURE 4.2: Structural model of the lateral loaded pile problem.

Soft clay is considered as the embedding soil. The undrained characteristic shear
strength cuk [kPa] is depth-dependent and varies with depth z [m] according to

cuk(z) = 21+0.78z. (4.1)

The adopted value of cuk fall within the typical range for normally consolidated
soft clays in Sweden and are based on data from a real project. A partial safety factor
γM = 1.5 [−] has been used as a reduction to cuk. in all analyses.

4.1.3 Semi-Analytical Solution
The analytical solutions was derived using MATLAB and are reported by the Swedish
Pile Commission [8] as discussed in Chapter 3.3. The MATLAB code for the solu-
tions and the reference formulations is provided in Appendix A.

4.1.4 RFEM 6 Solution
In this section, mentioning of specific API python methods are omitted. Instead, the
modelling assumptions and formulation are presented directly.

Calculation Model
Figure 4.3 illustrates the numerical calculation model implemented in RFEM 6. The
pile is modelled in the xz-coordinate system and discretised into multiple beam ele-
ments. Nodes are defined at both ends of each beam element. The pile toe is pinned,
restraining the nodal displacements in both x- and z-direction. Two boundary condi-
tions are considered and optional at the pile head node:

(1) free horizontal translation and free rotation about the y-axis,

(2) free horizontal translation and restrained rotation about the y-axis.
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A vertical concentric axial load V0 and a horizontal load H0 were applied at the
pile head node. The lateral soil–structure interaction is represented by discrete nodal
springs with stiffness Cu,x,i(z) [N/mm] and is modelled using linear (Stage I) and
nonlinear (Stages II and III) spring formulations.

FIGURE 4.3: Calculation model of the laterally loaded pile implemented in RFEM 6.

Geometrical and Material Properties
Geometrical and material properties are given in Tab. 4.4

Soil Parameters
The soil parameters depend on the analysis stage and are specified in Section 4.1.1.

Discretization of the Pile Elements and Nodal Definitions
The steel pile has a total length L = 20 m and is discretised into

nelem = 80 (4.2)

beam elements.
The corresponding element length is

lelem =
L

nelem
, (4.3)

and total number of nodes is given by

nnodes = nelem +1. (4.4)

The nodal coordinates are defined along the depth direction as

zi = (i−1) ·∆z, i = 1,2, . . . ,nnodes, (4.5)

where the uniform nodal spacing is

∆z = lelem. (4.6)

Each element connects node i and node i+1.
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Nonlinear Spring Diagrams
The lateral soil resistance is represented by discrete nonlinear springs Cu,x,i assigned
to each node i along the pile. The nonlinear spring behaviour is defined using diagram
functions in RFEM 6.

The spring stiffness vector Cu,x,i(z) at node i, corresponding to predefined dis-
placement levels uset, is derived from the soil reaction at depth z using the nonlinear
p–y relationship as

Cu,x,i(z) =
Fu,x,i(z)

uset
[N/mm2]. (4.7)

The lateral soil pressure pi(z) is first determined using Matlock’s formulation (cf.
Eq. 3.10). The corresponding lateral spring force over the effective tributary area at
depth z is then calculated as

Fu,x,i(z) = pi(z)D∆z [N], (4.8)

where D is the pile diameter [m] and ∆z is the nodal spacing [m].
The nonlinear spring diagrams was defined using the prescribed displacement set

uset ∈ {0, 1, 2, 4, 8, 16, 50, 128, 160} mm. (4.9)

Analysis Types
Depending on the analysis stage, both linear and nonlinear geometrical effects was
considered in the analysis. The reader is referred to Table 4.1 for the specification of
the analysis stages and their corresponding settings.

4.1.5 MATLAB Solution with CALFEM Solver
A FE model for the nonlinear analysis of a laterally loaded pile was developed using
the CALFEM solver in MATLAB. Beam elements formulated for beams on elas-
tic foundations were employed to represent the soil–structure interaction using p–y
curves, while geometrically nonlinear beam elements were used to capture second
order effects. Different solution schemes were implemented to solve the nonlinear
system of equations, as discussed for analysis stage II.

Numerical solution in MATLAB with CALFEM are provided in Appendix B.

Beam Element Formulations
The CALFEM beam element formulations beam2we and beam2ge, presented in Chap-
ter 3.3.5, was employed to derive the stiffness matrices for two-dimensional beam el-
ements, accounting for both elastic foundation stiffness and geometric nonlinearities.

To enable simultaneous consideration of geometric nonlinearity and beam-on-
foundation behaviour within the global stiffness matrix formulation, a new beam el-
ement routine was developed. The resulting element stiffness matrix implemented
in the function beam2gwe is based on a combination of the formulations used in
beam2we and beam2ge. The beam routine beam2gwe and its associated formulation
for deriving internal forces beam2gws presented in Appendix B.6 and Appendix B.7
respectively. The functions employed in the analysis are summarised in Table 4.5.
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TABLE 4.5: Overview of CALFEM beam functions used for element formulation and their applica-
tion in the pile model.

Beam function Application in pile model

beam2we Computes the geometrically linear stiffness matrix K̄e
0+K̄e

s for
a beam element on an elastic foundation.

beam2ws Computes local displacements and internal forces for linear
beam elements on an elastic foundation.

beam2gwe Computes the combined stiffness matrix K̄e
0 + K̄e

s + K̄e
σ (Qx)

including both foundation stiffness and geometric nonlinearity.

beam2gws Computes local displacements and internal forces for beam el-
ements including both elastic foundation effects and geometric
nonlinearity.

Calculation Model for CALFEM
Fig. 4.4 illustrates the numerical model of the laterally loaded pile implemented in
CALFEM. The pile is modelled in the xz-coordinate system and discretised into mul-
tiple beam elements. Each beam element is defined by two end nodes, each pos-
sessing three degrees of freedom (DOFs): translations in the x- and z-directions, and
rotation about the y-axis. The boundary and loading conditions corresponds to the
RFEM 6 model. The pile toe is pinned, restraining the nodal displacements in both
x- and z-direction. Two boundary conditions are considered at the pile head node:

(1) free horizontal translation and free rotation about the y-axis,

(2) free horizontal translation and restrained rotation about the y-axis.

A vertical concentric axial load V0 and a horizontal load H0 were applied at the
pile head node.

FIGURE 4.4: Calculation model of the laterally loaded pile implemented in CALFEM.

The lateral soil–pile interaction is represented by distributed springs kx,e [N/mm2]
assigned to each beam element.
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Geometrical and Material Properties
Geometrical and material properties are given in Tab. 4.1

Soil Parameters
The soil parameters depend on the analysis stage and are specified in Section 4.1.1.

Discretization of the Beam Elements, Nodal Points and DOFs
The 20 m long pile was discretized using the same total number of beam elements
and in a manner similar to that used in the RFEM 6 model. A total of nelem = 80
beam elements was adopted. The corresponding element length lelem [mm] is

lelem =
L

nelem
. (4.10)

The total number of nodal points is

nnodes = nelem +1, (4.11)

and the total number of degrees of freedom is

nDOFs = 3 ·nnodes, (4.12)

Beam Element Coordinates
The global coordinates of each beam element constituting the pile are defined through
the element coordinate vectors ex and ez. For element e, the coordinate vectors are
given by

exe =
[
xn1 xn2

]
, eze =

[
zn1 zn2

]
, (4.13)

where n1 and n2 denote the start and end nodes of the element.
The pile is aligned with the vertical axis; hence, the x-coordinates are constant:

exe =
[
0 0

]
. (4.14)

The nodal z-coordinates for each element are defined as

eze =
[
−(e−1) · le −e · le

]
, (4.15)

where the negative sign indicates that depth increases in the downward direction.

Topology of the System
The topology of the FE model is defined through the element degree of freedom
matrix edof, which maps local element DOFs to each element the global system. For
element ei, the connected nodes are

n1 = ei, n2 = ei +1, (4.16)

with the topology defined as

edof =


1 1 2 3 4 5 6
2 4 5 6 7 8 9
...

...
...

...
...

...
...

ne 3n1 −2 3n1 −1 3n1 3n2 −2 3n2 −1 3n2

 . (4.17)
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Constraint Matrix
The boundary conditions are defined through a constraint matrix bc, in which the
global DOFs with prescribed displacements or rotations are specified from the dis-
placement vector a. Two types of boundary conditions was considered in the analysis:

• A boundary condition in which no restraints are applied to the DOFs at the pile
head, allowing full translational and rotational freedom. At the pile tip, the
lateral and axial translational DOFs are constrained, corresponding to andof−2 =
0 and andof−1 = 0.

• A boundary condition in which the rotational DOF at the pile head is restrained,
corresponding to a3 = 0, while the translational DOFs remain free. At the pile
tip, the lateral and axial translational DOFs are constrained, corresponding to
andof−2 = 0 and andof−1 = 0.

Element Property Vector
To solve the beam2we or beam2gwe formulations for the beam elements constituting
the pile, the material and geometric properties of the system must be defined. These
properties are stored in the element property vector ep:

ep =
[
E A I ka(z) kt(z)

]
, (4.18)

where E is the Young’s modulus, A is the cross-sectional area, and I is the second mo-
ment of area. The parameters ka and kt represent the foundation stiffness coefficients
in the axial and transverse directions, respectively.

To account for nonlinear soil behaviour, the transverse foundation stiffness com-
ponent kt(z) [N/mm2] is updated for each element e during the analysis based on
Eq. 3.9 for linear soil or using the nonlinear Matlock p–y curve (Eq. 3.10). This is
achieved by relating the beam subgrade modulus Ku(z) [N/mm2] to the foundation
stiffness through the pile width D [mm].

kt(z) = Ku(z) ·D. (4.19)

The pile is assumed to be supported by the rock bed, and any small cohesive
effects in the axial direction are therefore disregarded. Therefore the axial spring
stiffness component ka(z), was neglected.

The solution procedures involved different methods for solving the equation sys-
tem and deriving the beam bed modulus Ku(z) which are presented more in detail in
the next section.

4.1.6 Methods for Numerical Solving Procedures in CALFEM
The methods for determining soil stiffness and solving the structural response are
either incremental or iterative. The following computational procedures were imple-
mented in CALFEM with respect to the modelling assumptions listed in Table 4.6.
TABLE 4.6: Classification of Modelling Assumptions and Corresponding Computational Procedures

Implemented in CALFEM solutions.
Modelling Assumption Incremental Iterative
Linear elasto-plastic soil model with geometrically nonlinear analysis (Stage I) ✓
Piecewise linear stiffness method with nonlinear soil and geometrically linear
analysis (Stage II)

✓

Interval secant method with nonlinear soil and geometrically linear analysis
(Stage II)

✓

Secant method with nonlinear soil and geometrically nonlinear analysis (Stage
III)

✓
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Linear method
The soil was modelled using a linear elasto-plastic constitutive assumption, consis-
tent with the formulation adopted in the semi-analytical solution (see Fig. 3.9 and
Eq. 3.20). The response was assumed to be linear elastic up to the yield point, fol-
lowed by perfectly plastic behaviour.

The beam element formulation beam2gwe was employed to account for both the
bed spring stiffness and geometric nonlinearity, which were incorporated into the
beam element stiffness matrix K̄e. An iterative solution procedure was adopted. This
model was used to evaluate the soil response in Stage I of the analysis, in a manner
similar to the iterative secant method presented later in this section. The MATLAB
solution is presented in Appendix A.2.

Piecewise linear stiffness method
The Piecewise Linear Method approach follows an incremental solving procedure
takes into account the nonlinear soil behavior but does not include geometrical non-
linearity. An illustration of the method is shown in Fig. 4.6.

FIGURE 4.5: Stiffness evaluation procedure in the Piecewise Linear Method.

Loads H0 and V0 applied at DOFs a1 and a2, respectively, were divided into ninc =
400 load increments:

∆V0 =
V0

ninc
, ∆H0 =

H0

ninc
. (4.20)

At each load increment i, the beam subgrade modulus Ku,i(z) is evaluated as the
secant slope between the current and previous displacement states, ui(z) and ui−1(z),
for each beam element ei:

Ku,i(z) =
p(ui+1(z))− p(ui(z))

ui+1(z)−ui(z)
. (4.21)

The displacements ui+1(z) and ui(z) are evaluated as the mean lateral beam ele-
ment displacements, computed as the average of the nodal displacements at the el-
ement ends. The value of cuk is taken at the mean element depth when evaluating
p(ui+1(z)) and p(ui(z)).

In the first increment, a small initial displacement uini = 1×10−6 m is prescribed
at each nodal point to avoid singularities due to division by zero. After the first sub-
grade modulus Ku,1(z) has been obtained using Eq. 4.21 for all beam elements e, the
distributed spring stiffness kt,1 according to Eq. 4.19 is stored in the element property
vector ep and used in the CALFEM beam formulation beam2we for computing the
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local beam element stiffness matrix dK̄e. The global stiffness matrix dK is assembled
using assem, and the global displacement vector da1 is solved.

The total displacement is stored in a and is updated according to a = a + dai

for each increment, where i denotes the increment. This incremental procedure is
repeated until the full load has been applied, and the total displacement of the system
is obtained as a = ∑

ninc
i=1 dai.

The MATLAB solution is presented in Appendix A.2.

Interval secant method
The interval secant method applies the lateral load in incremental steps, updating
the soil stiffness at each increment using a piecewise-linear discretisation of the p–
y curve. This approach takes into account the nonlinear soil behavior but does not
include second order effects. This is analogous to the Piecewise Linear Method.
However, the interval secant method defines the soil stiffness explicitly over discrete
continuous intervals of the p–y curve rather than at individual points on the curve.
An illustration of the method is shown in Fig. 4.7.

FIGURE 4.6: Stiffness evaluation procedure for the Interval Secant Method, illustrating the piecewise-
linear approximation of the nonlinear p–y curve using secant stiffness between pre-
scribed displacement points.

The total load is applied incrementally at the pile head:

∆V0 =
V

ninc
, ∆H0 =

H
ninc

. (4.22)

A set of predefined displacements uset is used to define the intervals:

uset ∈ {0, 1, 2, 4, 8, 16, 50, 128, 160} mm. (4.23)

At each load increment i, the beam subgrade modulus Ku,set,i(z) is evaluated as
the secant slope between two consecutive displacement points in the interval set:

Ku,set,i(z) =
p(uset,i+1(z))− p(uset,i(z))

uset,i+1(z)−uset,i(z)
. (4.24)

The remaining procedure follows that of the Piecewise Linear Method. The MAT-
LAB solution is presented in Appendix B.3.

Iterative Secant method
The iterative secant method solves the system of equations through an iterative pro-
cedure in which the full load is applied in a single step. The approach accounts for
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both cases, with and without geometric nonlinearity, and includes nonlinear soil–pile
interaction by employing the beam2we and beam2gwe formulations. An illustration
of the method is shown in Fig. 4.7.

FIGURE 4.7: Illustration of the nonlinear iterative secant method.

The governing system of equations is given by

K(Qx)a = f, (4.25)

where K(Qx) is the stiffness matrix of the system, which depends on the axial forces
Qx.

In each iteration, the secant stiffness matrix K(Qx) is updated based on the current
displacement state ai. In addition, the soil modulus Ku(z) is updated using a secant
stiffness corresponding to the current displacement level on the Matlock curve. After
applying the full external load vector f(V0,H0) and enforcing the boundary condi-
tions, the system of equations can be solved iteratively. Since the internal axial forces
Qx are initially unknown, the first iteration is performed assuming no axial forces in
the system, i.e., Qx,0 = 0. The initial stiffness matrix is therefore

K0 = K(Qx,0), (4.26)

and the corresponding system becomes

K0a0 = f(V0,H0), (4.27)

where a0 is the displacement vector of the first iteration.
From a0, the internal forces are evaluated, yielding an updated axial force vector

Qx,1. The next equilibrium problem is then formulated as

K1a1 = f(V0,H0), (4.28)

where K1 = K(Qx,1).
This procedure is repeated, generating a sequence of displacement vectors ai and

axial force vectors Qx,i, until convergence is achieved. The solution is considered
converged when both of the following criteria are satisfied:

• ∥ai+1 −ai∥ ≤ ε ,

• ∥Qx,i+1 −Qx,i∥ ≤ ε ,

The tolerance is set to ε = 10−5 for both criteria. A maximum number of 100
iterations are also prescribed to prevent non-convergence. The final displacement
vector an and the corresponding internal forces constitute the approximate solution.
The matrix Kn = K(Qx,n) is referred to as the secant stiffness matrix of the system.

The MATLAB solution is presented in Appendix B.4 and B.5.
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4.2 Automated Python API Model in RFEM 6
Extending the previous model, an automated program for RFEM 6 was developed
using Python API integration to numerically perform a nonlinear analysis and design
of laterally loaded concrete and steel piles according to the p–y method, employing
Matlock’s formulation for soft clay and in accordance with Eurocode standards. In
addition to accounting for nonlinear soil behaviour and geometric nonlinearity, the
model is formulated with initial pile imperfections. A set of standard steel tube and
squared concrete sections are available.

The implementation was developed in PyCharm, which served as the integrated
development environment (IDE), supported by the Junie AI agent. In addition, the
Claude Code AI agent was used to assist in code generation and refinement.

The overall architecture of the automated Python-based modelling framework is
illustrated in Fig. 4.8.

FIGURE 4.8: Architectural framework of the automated laterally loaded pile analysis Python model in
RFEM 6.

The framework consists of six Python scripts that together constitute the program.
The roles of the individual scripts within the framework are summarized in Tab. 4.7.
TABLE 4.7: Overview of the functional roles of the constitutive Python scripts within the program

architecture.
Python Script Function and Description
run_model.py Entry-point script that orchestrates the workflow and initializes the

model input parameters.
pile_config.py Defines geometric and material parameters for the concrete or steel pile

model.
soil_config.py Specifies soil models and formulations (e.g., Matlock p–y curves).
pile_validator.py Performs consistency checks and validation of input parameters against

predefined constraints. Raises ValueError for invalid configurations.
pile_catalogue.py Contains predefined constraints, limits, and reference values used for

validation.
pile_model.py Constructs the RFEM 6 model via the Python API, including object

creation, analysis execution, and result extraction.
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4.2.1 Model Assumptions
To support the understanding of the modelling framework, a detailed list of modelling
assumptions is provided in Tab. 4.8.
TABLE 4.8: Overview of modelling assumptions used in the numerical framework for the automated

API model.
Modelling Assumption Yes No
Nonlinear soil behaviour ✓
Geometric nonlinearity ✓
Initial imperfections ✓
Plastic soil behaviour ✓
Multiple soil layers ✓
Fixed/free pile head boundary condition option ✓
Rotational member orientation option ✓
Distributed lateral load ✓

4.2.2 Pile Analysis Procedure
In Load Case 1 (LC1), a stability analysis is performed assuming geometrically linear
behaviour combined with nonlinear soil response. The analysis is used to determine
the buckling shape of the pile. This buckling shape is subsequently introduced as an
initial imperfection in Load Case 2 (LC2), where an identical load configuration is
applied. In LC2, a geometrically nonlinear second order analysis is performed.

Hence, the model accounts for a pile subjected to combined loading, incorporat-
ing nonlinear soil behaviour, second order effectsw, and initial imperfections. The
nonlinear pile analysis procedure is illustrated in Fig. 4.9.

FIGURE 4.9: Pile analysis procedure. (a) Load Case 1 (LC1): geometrically linear stability analysis
with nonlinear soil behaviour. (b) Load Case 2 (LC2): second order analysis using the
buckling shape from LC1 as an initial imperfection under identical loading and soil
conditions. The buckling imperfection magnitude δ0 is provided as a parameter.

4.2.3 Model Objects
Model objects in the API are categorized into different object modules. Table 4.9
provides an overview of the model objects used in this study, with their associated
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object modules, together with a description of their application in the pile model.

TABLE 4.9: Overview of the model objects and their associated object modules, and their application
in the pile model.

Object Modules and Model Objects Application in Pile Model
structure_core

Node Defines geometric coordinates of the pile.
Member Creates structural pile elements by assigning material and

cross-section properties between nodes.
Material Specifies concrete or steel material according to the relevant

standard, including selection of the material model.
CrossSection Defines cross-section type and associated mechanical proper-

ties.
loading

LoadCase Creates individual load cases.
LoadCombination Generates load combinations according to SS-EN 1990.
DesignSituation Defines design situations according to SS-EN 1990.
StaticAnalysisSettings Specifies static analysis settings, e.g., geometrically linear

analysis or second order second order effects.
StabilityAnalysisSettings Specifies stability analysis settings, e.g., eigenvalue method.

loads

NodalLoad Creates individual load objects V0 and H0 applied at the pile
head.

steel_design_objects

SteelDesignUlsConfiguration Configures ULS steel design checks for the pile according to
SS-EN 1990.

concrete_design_objects

ConcreteDesignSlsConfiguration Configures SLS concrete design checks for the pile according
to SS-EN 1990.

reinforcement

ConcreteDurability Defines exposure class, concrete cover, and deviation factors
for durability design.

types_for_nodes

NodalSupport Defines nonlinear nodal support diagrams representing soil
spring behaviour along the pile.

4.2.4 Generating the Numerical Model
The model objects for the laterally loaded pile are defined in Python. A validation
script was developed to return ValueError exceptions for undefined parameters.
Once validation is successful, the model is assembled and created in the RFEM appli-
cation. Subsequently, when the script is runned, the model is generated and calculated
in RFEM 6.

Defining Parameters
The input parameters for the pile model are defined in the main()method in run_model.py.
Two alternative configurations are implemented, representing either a concrete or
a steel pile. Each configuration contains the essential geometric, loading, and soil
parameters required for the analysis. The active configuration is selected and sub-
sequently passed to the validation and model generation routines, as illustrated in
Listing 4.1.
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LISTING 4.1: Definition of a subset of input parameters for the concrete and steel pile configurations.

1 from pile_config import ConcretePileConfig, SteelPileConfig
2 from soil_config import MatlockClay
3

4 def main():
5

6 concrete_cfg = ConcretePileConfig(
7 l=20.0,
8 V=200.0,
9 H=10.0,

10 soil_cfg=MatlockClay(cu=30, k=1.0),
11 rot_y_fixed=True,
12 concrete_quality="C50/60"
13 )
14

15 steel_cfg = SteelPileConfig(
16 l=20.0,
17 V=1000.0,
18 H=2.0,
19 soil_cfg=MatlockClay(cu=30, k=1.0),
20 steel_quality="S460MC"
21 )
22

23 active_cfg = steel_cfg

The user defines the pile length L and selects the pile head boundary condition
(fixed or free). The user can choose from a predefined set of standard steel tubular
cross-sections with diameter D and wall thickness t, or symmetrically square concrete
cross-sections with section width b, as well as various steel reinforcement configura-
tions with reinforcement areas As,i = A′

s,i, as shown in Fig. 4.10. In addition, the user
selects material classes or qualities for steel, concrete, and reinforcement.

FIGURE 4.10: Input interface for defining pile geometry and boundary conditions: (a) square concrete
cross-section, (b) steel tubular cross-section.

For the concrete pile model, the cross-section is allowed to rotate by an angle
θ ∈ [0◦,45◦], as illustrated in Fig. 4.11. In this configuration, the horizontal load H0
is retained, while the soil springs in Cu,x,i(z) remain fixed in the global coordinate
system. The resistance provided by the springs varies depending on the correspond-
ing effective loading area.
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FIGURE 4.11: Horizontal load H0 in relation to the rotation of the concrete cross-section by an angle
θ .

Tab. 4.10 provides a summary of the input parameters required by the user to
define the model.
TABLE 4.10: Overview of pile and soil parameters used in the numerical framework.

Class / Parameter Symbol / Type Data Type Description
BasePileConfig
Pile length l float Total pile length [m]
Number of nodes nnodes int Discretisation of pile into finite

elements
Initial imperfection δ0 float Initial buckling imperfection

magnitude [m]
Axial load V0 float Vertical load at pile head [kN]
Horizontal load H0 float Lateral load at pile head [kN]
Fixed rotation about y-axis – bool Fixed or free pile head rotation

ConcretePileConfig
Cross-section width b float Section dimension [mm]
Rotation angle θ float Member orientation angle [deg]
Longitudinal reinforcement dlr float Diameter of longitudinal rein-

forcement [m]
Stirrup reinforcement dsr float Stirrup diameter [m]
Relative humidity RH float Environmental humidity for

creep/shrinkage
Curing age ts float End of curing age [days]
Loading age t0 float Age at loading [days]
Concrete quality – string Concrete strength class (e.g.

C50/60)
Steel quality (long./stirrups) – string Reinforcement steel grades
Durability class – string Exposure class according to Eu-

rocode (e.g. XC2)
Creep active – bool Activation of creep effects
Shrinkage active – bool Activation of shrinkage effects

SteelPileConfig
Outer diameter d float Outer diameter of steel pile [mm]
Wall thickness t float Steel wall thickness [mm]
Steel quality – string Steel grade (e.g. S460MC)

BaseSoilConfig
Bearing factor Nc float Soil bearing capacity factor
Undrained shear strength cu float Soils undrained shear strength

[kPa]
Strength gradient k float Increase of cu with depth [kPa/m]
Strain parameter ε50 float Strain at 50% resistance level

Validator
Once the input parameters have been defined, the script is passed through the pile_validator.py
module, which consists of a set of validation methods. This ensures that Python
raises appropriate errors and return suggestions if invalid parameters are provided.
The following examples in Listings 4.2 and 4.3 illustrate validation checks that raise
a ValueError in the case of invalid input.
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LISTING 4.2: Example of a validation check for pile length to ensure a physically meaningful geome-
try definition.

1 @staticmethod
2 def _validate_geometry(cfg: BasePileConfig) -> None:
3

4 if cfg.l <= 0:
5 raise ValueError("Pile length must be positive.")

LISTING 4.3: Example of a validation check for concrete material input ensuring consistency with
predefined concrete quality classes. If an unknown concrete quality is provided, the
program returns a list of valid concrete classes.

1 @staticmethod
2 def _validate_concrete(cfg: ConcretePileConfig) -> None:
3 if cfg.concrete_quality not in CONCRETE_QUALITIES:
4 raise ValueError(
5 f"Unknown concrete quality ’{cfg.concrete_quality}’. "
6 f"Valid concrete qualities: {CONCRETE_QUALITIES}"
7 )

ModelCreator
The model is generated within the ModelCreator class in the pile_model.py
script. Within this class, all model objects are defined using the input parameters and
subsequently assembled and created. In addition, the base data settings are defined
and assigned. Various model object entities are defined within the list_objects()
and subsequantly created as objects, as shown in Listing 4.4.

LISTING 4.4: Assembly of RFEM model objects and subsequent creation of the object list in the
RFEM application.

1 def list_objects(self) -> list:
2

3 list_objects = []
4 list_objects.extend(
5 self.create_materials()
6 + self.create_sections()
7 + self.create_nodes()
8 + self.create_nodal_supports()
9 + self.create_members()

10 + self.create_concrete_durability()
11 + self.analysis_settings()
12 + self.load_cases()
13 + self.nodal_loads()
14 + self.design_situations()
15 + self.load_combinations()
16 + self.imperfection()
17 + self.design_objects()
18 )
19 return list_objects
20

21 rfem_app.create_object_list(self.list_objects())

Base data settings are shown in Listing 4.5.

LISTING 4.5: Definition of RFEM base data settings including model type, activated add-ons, and
design standards depending on pile configuration.

1 base_data = rfem_app.get_base_data()
2

3 base_data.main.model_type =
rfem.BaseData.Main.ModelType.MODEL_TYPE_2D_XZ_PLANE_STRESS
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4 base_data.addons.structure_stability_active = True
5

6 if isinstance(pile, ConcretePileConfig):
7 base_data.main.model_description = "Concrete pile"
8 base_data.standards.concrete_design_standard = (
9 rfem.BaseData.Standards

10

.CONCRETE_DESIGN_NATIONAL_ANNEX_AND_EDITION_EN_1992_SS_SWEDEN_2019_01_STANDARD
11 )
12 base_data.addons.concrete_design_active = True
13

14 elif isinstance(pile, SteelPileConfig):
15 base_data.main.model_description = "Steel pile"
16 base_data.standards.steel_design_standard = (
17 rfem.BaseData.Standards
18

.STEEL_DESIGN_NATIONAL_ANNEX_AND_EDITION_EN_1993_SS_2021_01_STANDARD
19 )
20 base_data.addons.steel_design_active = True
21

22 rfem_app.set_base_data(base_data=base_data)

4.2.5 Design Modules for Concrete and Steel
The design modules for concrete and steel are activated in the model. Hence, the user
can obtain relevant design checks based on the corresponding standards. National
standards apply. The static analysis provides results including deflections, rotations,
normal forces, bending moments, and shear forces along the pile member.

4.3 Parameter Study
A parameter study was conducted to investigate the second order response of on a
RC pile and steel pile. The automated python API program was used for analysis in
RFEM 6. The soil–structure interaction was modelled using the p–y method, where
nonlinear lateral spring behaviour was defined according to the Matlock model for
soft clay. Additionally, second order analysis and initial geometric imperfections
were incorporated.

A computational python algorithm for generating N–M interaction diagrams for
centrum piles and CHS steel piles was developed. The second order bending mo-
ments obtained from the numerical analyses in RFEM 6 were extracted and plotted
in the N–M interaction diagrams for constant horizontal load levels under progres-
sively increasing axial load.

4.3.1 Sections and Varying Parameters
The parametric study evaluated the second-order response of a 20 m laterally loaded
pile, including the development of N–M interaction diagrams for a reinforced con-
crete square pile section with cross-sectional dimensions of 270× 270 mm and a
CHS of steel with an outer diameter of 220 mm and a wall thickness of 12.5 mm.
The concrete pile is denoted as (CP270) and the steel pile is denoted as (RD270).
The considered pile sections are summarised in Table 4.11.
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TABLE 4.11: Pile types considered in the analysis.
Parameter RC Section Steel Section
Name CP270 RD220
Type Square Type 8 CHS steel
Material C50/60 S460
Length 20 m 20 m
Dimensions 270×270 mm D = 220 mm
Wall thickness – t = 12.5 mm
Longitudinal reinforcement 8 bars, φ12 mm, B500S –

Three horizontal load levels, H0 = 10kN, 20kN, and 30kN, together with undrained
soil shear strengths cuk = 10kPa, 20kPa, and 30kPa, were considered. Furthermore,
bearing capacity factors Nc = 6 and Nc = 9, representing different assumptions re-
garding soil resistance, were investigated. Both free-head and fixed-head boundary
conditions were also considered. The varying parameters included in the study are
summarised in Table 4.12.
TABLE 4.12: Varying parameters considered in the analysis.

Parameter Values / Cases
Horizontal load H0 = 10, 20, 30 kN
Undrained shear strength cuk = 10, 20, 30 kPa
Partial coefficient γM = 1.5
Bearing capacity factor Nc = 6, 9
Boundary conditions Free-head, Fixed-head

The calculations were performed and updated with the vertical load increased in
steps of 100 kN until a limit load of 3000 kN for concrete and 4000 kN for steel was
reached.

4.3.2 Implementation of Imperfections
The governing buckling mode was obtained from a linear eigenvalue buckling anal-
ysis in RFEM 6 using the stability analysis module. This mode was subsequently
introduced as an initial geometric imperfection in the second order analysis. The im-
perfection amplitude δ0 was calculated for each section under varying soil conditions.

Evaluating EI for the RC Section
The uncracked stiffness is used solely to define the imperfection shape and amplitude.
For an uncracked reinforced concrete section, the flexural stiffness is determined us-
ing the transformed section method:

EI = EcmIt , (4.29)

where the transformed second moment of area is

It = Ic +(n−1)Is. (4.30)

The modular ratio is defined as n=Es/Ecm, where Ic is the second moment of area
of the concrete section and Is is the transformed contribution of the reinforcement.
For a rectangular section with width b and height h, the concrete inertia is

Ic =
bh3

12
. (4.31)

The reinforcement contribution is given by

Is = ∑
i

As,iy2
i , (4.32)
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where As,i is the reinforcement area and yi is the distance to the centroidal axis. Due
to symmetry, the centroid coincides with the geometric centre of the section.

Evaluating EI for the Steel Section
For a CHS steel section, the flexural stiffness is

EI = EsIs, (4.33)

where

Is =
π

64
(
D4 −D4

i
)
, (4.34)

and Di = D−2t.

Evaluating Ku

The subgrade reaction modulus is approximated as

Ku = 150cuk, (4.35)

where cuk is the undrained shear strength (here cuk = 21kPa).

Evaluating δ0
The characteristic pile length Lg and critical buckling length Lcr are determined using
Eq. 3.35 and Eq. 3.34, respectively. The imperfection amplitude is defined as

δ0 =
Lcr

300
. (4.36)

The resulting values of Lg, Lcr, and the magnitude of the initial imperfection δ0 =
Lcr/300 for both pile types are summarized in Table 4.13.

TABLE 4.13: Geometric and stability parameters for pile sections.

CP270/8 RD220/12.5

cuk EI Ku Lg Lcr δ0 EI Ku Lg Lcr δ0

[kPa] [kN m2] [N/mm2] [mm] [mm] [mm] [kN m2] [N/mm2] [mm] [mm] [mm]

30 17410 4500 1402 3115 10.4 9243 4500 1197 2659 8.9
20 17410 3000 1552 3448 11.5 9243 3000 1325 2943 9.8
10 17410 1500 1846 4100 13.7 9243 1500 1576 3500 11.7

Summary of Imperfection Procedure
The procedure for incorporating geometric imperfections is summarised as follows:

1. Determine Lcr from the pile–soil system stiffness using EI and Ku.

2. Define imperfection amplitude δ0 = Lcr/300.

3. Extract the governing buckling mode from eigenvalue analysis.

4. Apply the scaled imperfection in the second order RFEM 6 analysis.

4.3.3 N–M Interaction Diagram for Concrete
Validation
The obtained results were compared against the interaction diagram capacity enve-
lope using the centrum pile calulator [26]. The validation was carried out for equiv-
alent pile geometries, material properties, and loading conditions. The comparison
criteria included absolute pure bending capacity or pure compression capacity.
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Assumptions
The assumptions for the ULS design capacity of RC sections subjected to com-
bined bending moment and axial load, follows SS-EN 1992 and is presented in
Section 3.4.5. A parabolic–rectangular concrete stress–strain relationship following
Eq. 3.57 was employed, with εcu2 taken as the limiting concrete crushing strain εcu.
Furthermore, an elastic–perfectly plastic design model was assumed for the reinforc-
ing steel in accordance with Eq. 3.63. Tab. 4.14 shows the material and geometric
properties used in the parameter study for the RC section (CP270).

TABLE 4.14: Material and geometric properties for CP270
Property Value
Material grade C50/60
Exposure class XC2
Aggregate size dg [mm] 16
Longitudinal reinforcement diameter dlr [mm] 12
Length L [m] 20
Reinforcement steel B500S

Transition Points in the N-M Diagram
Five characteristic transition points (A–E) of the N–M interaction diagram are illus-
trated in Fig. 4.12.

FIGURE 4.12: N–M interaction diagram with characteristic transition points.

The equilibrium states within the cross-section corresponding to each transition
point (A–E) are illustrated in Fig. 4.13–Fig. 4.17. At transition point A (see Fig. 4.13),
the entire cross-section is subjected to pure compression. Horizontal force equilib-
rium yields

∑Fx = 0 : NRd = fyd ∑As,i + fyd ∑A′
s,i (4.37)

The force equilibrium corresponding to the pure compression case (point A) is
shown in Fig. 4.13. Full interaction between the reinforcing steel and surrounding
concrete is assumed. Consequently, a uniform strain distribution develops across the
section such that the limiting compressive strain satisfies

58



εcu = εs,i = ε
′
s,i (4.38)

Since no bending moment is present, no tensile stresses are induced within the
section and, therefore, no cracking occurs at this stage.

FIGURE 4.13: Force equilibrium at pure compression.

As the neutral axis depth x decreases, tensile strains begin to develop in the bot-
tom reinforcement layer. The transition from compression to tension in the bottom
reinforcement layer (point B) corresponds to the onset of cracking in the section,
marking the transition to stage II behaviour. The force equilibrium associated with
the decompression state is illustrated in Fig. 4.14.

FIGURE 4.14: Force equilibrium at the decompression point (zero tension).

At the balanced failure point (point C), yielding of the tensile reinforcement σs =
fyd and crushing of the extreme concrete compression fibre εcu occur simultaneously.
The corresponding force equilibrium is shown in Fig. 4.15. This state defines the
transition between compression-controlled (brittle) and tension-controlled (ductile)
failure modes.

FIGURE 4.15: Force equilibrium at balanced failure.

In the case where no axial force acts on the section (point D), the internal equi-
librium is governed solely by bending. The corresponding force equilibrium for pure
bending is illustrated in Fig. 4.16. The cross-section is therefore subjected to simul-
taneous compression and tension, and the yielding state of the tensile reinforcement
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must be verified.

FIGURE 4.16: Force equilibrium at pure bending.

As the neutral axis depth approaches x → 0, the entire cross-section transitions
into tension (Point E). The force equilibrium corresponding to pure tension is shown
in Fig. 4.17. In this case, the axial resistance is governed solely by the tensile capacity
of the reinforcement, since the concrete contribution in tension is neglected.

FIGURE 4.17: Force equilibrium at pure tension.

Equilibrium States at Varying Neutral Axis Depth
The N–M interaction diagram in Fig. 4.12 was obtained by enforcing cross-sectional
equilibrium for varying neutral axis depths x, over the full response domain

x ∈ (0, h), (4.39)

where x = 0 and x = h correspond to the pure-tension (point E) and pure-compression
(point A) limits, respectively.

For each value of x, the resultant axial force N and bending moment M are ob-
tained from the equilibrium conditions

N = ∑Fi = Fc +
ns

∑
i=1

Fs,i, (4.40)

M = ∑Mi = Fc

(
h
2
−βx

)
+

ns

∑
i=1

Fs,i

(
h
2
− zi

)
, (4.41)

where Fc = α fcd bx is the resultant concrete compressive forceacting at depth βx
from the extreme compression fibre, Fs,i is the force in the i-th reinforcing bar located
at depth zi, and ns is thetotal number of reinforcing bars. Moments are taken about
the centroidal axis of the cross-section.
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Concrete Stress Block
The parabolic-rectangular stress–strain relationship prescribed in SS-EN 1992-1-1
was used, following Eq. 3.17–Eq. 3.18. The equivalent stress block parameters α

and β are defined as

α =

∫
εc2

0
σc(εc)dεc +

∫
εcu2

εc2

fcd dεc

fcd εcu2
, (4.42)

β = 1−

∫
εc2

0
σc(εc)εc dεc +

∫
εcu2

εc2

fcd εc dεc

α fcd εcu2
. (4.43)

Reinforcing Steel Model
The elastic–perfectly plastic design model for reinforcing steel was assumed. Within
the elastic range, the stress is given by Hooke’s law,

σs = Es εs, (4.44)

and the design yield stress is

fyd =
fyk

γs
=

500
1.15

≈ 435 MPa. (4.45)

The material parameters for reinforcing steel are summarized in Table 4.15.

TABLE 4.15: Reinforcing steel design parameters.

Parameter Symbol Value

Elastic modulus Es 200 GPa
Characteristic yield strength fyk 500 MPa
Partial safety factor γs 1.15
Design yield stress fyd 435 MPa

Strain Distribution
Assuming perfect bond and a linear strain distribution, the strain in any reinforcing
bar at depth z from the extreme compression fibre is

εs = εcu2

(
1− z

x

)
, (4.46)

where x is the neutral axis depth. For each assumed value of x, the concrete stress
block is integrated and the bar forces are evaluated, enabling computation of the
resultant axial force N and bending moment M that trace the full N–M interaction
diagram.

4.3.4 N–M Interaction Diagram for Steel
Validation
The obtained results were compared against the interaction diagram capacity enve-
lope using the centrum SSAB PileCalc [27]. The validation was carried out for equiv-
alent pile geometries, material properties, and loading conditions. The comparison
criteria included absolute pure bending capacity or pure compression capacity.
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Assumptions
The CHS steel section was assumed to satisfy the requirements for a Class 1 cross-
section according to SS-EN 1993, allowing full plastic resistance to be utilized. Cor-
rosion effects were not considered in the analysis.

Table 4.16 summarizes the material and geometric properties adopted for the CHS
steel pile section (RD220).

TABLE 4.16: Material and geometric properties for the RD220 steel pile section.
Property Value
Material grade S460
Outer diameter D [mm] 220
Wall thickness t [mm] 12.5
Pile length L [m] 20
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5 Results
In this chapter, results from the comparative analysis and parametric study of a later-
ally loaded pile are presented.

5.1 Comparative Analysis and Validation
A comparative analysis was conducted in which numerical and semi-analytical meth-
ods were used as benchmarks for the RFEM 6 model of a laterally loaded pile. The
assumptions and input parameters are discussed in Chapter. 4.1.2. The analysis was
carried out in three stages, in which the complexity of the pile model was progres-
sively increased with respect to soil behaviour and geometric nonlinearity. The results
focus on displacements, bending moments, shear forces, and second order effects un-
der varying loading and boundary conditions. The reader is referred to Chapter 4.1
for a detailed description of the comparative study methodology.

5.1.1 Stage I: Validation Against a Geometrically Nonlinear Semi-Analytical
Solution

In the first stage of the analysis, the semi-analytical solution was used as a benchmark
for comparison with the numerical models (CALFEM and RFEM 6). The formula-
tion assumes linear elasto-perfectly plastic soil stiffness and accounts for geometric
nonlinearities. The study focuses on the influence of vertical loading.

Table 5.1 presents the maximum head deflection uhead, maximum bending mo-
ment Mmax, and maximum shear force Vmax for a free-head pile (the pile is free to
translate in the horizontal direction and free to rotate at the pile head). The results
shows that the introduction of vertical axial force leads to a slight increase in lateral
displacement, bending moment, and shear force, clearly indicating the presence of
second order effects.

TABLE 5.1: Comparison of pile response for a free-head pile (H = 100kN).

Model uhead [mm] Mmax [kNm] Vmax [kN]

V = 0 V = 1000 V = 0 V = 1000 V = 0 V = 1000

RFEM 6 15.8 16.3 126.8 133.0 93.7 97.8
CALFEM 15.7 16.2 127.4 133.5 93.8 97.9
Analytical 16.3 16.8 122.4 128.2 100.0 100.1

Figure 5.1 shows the pile response for the free-head case. As expected, the bend-
ing moment at the pile head is zero due to the free rotation boundary condition.
The maximum bending moment occurs approximately 3 m below the ground sur-
face. Maximum shear force are present where the applied horizontal load is concen-
trated. Overall, the response in CALFEM shows close agreement with the response
in RFEM 6. The semi-analytical solution predicts slightly larger displacements and
deviations in peak bending moment and shear force.
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FIGURE 5.1: Comparison of pile response for a free-head pile: (a) lateral displacement, (b) bending
moment, and (c) shear force.

Table 5.2 presents the maximum head deflection uhead, maximum bending mo-
ment Mmax, and maximum shear force Vmax for the fixed head case (pile head is free
to translate laterally but prevented to rotate). In this case, an increase of the maxi-
mum bending moment is observed, at the same time resulting in a reduction of the
lateral displacement. The RFEM 6 results show an increase in lateral displacement
and bending moment when axial load is applied, again indicating the presence of
second order effects.

TABLE 5.2: Comparison of pile response for a fixed-head pile (H = 100kN).

Model uhead [mm] Mmax [kNm] Vmax [kN]

V = 0 V = 1000 V = 0 V = 1000 V = 0 V = 1000

RFEM 6 7.9 8.6 193.8 195.9 96.9 96.8
CALFEM 7.7 7.8 194.7 196.7 96.9 96.9
Analytical 8.1 8.1 195.1 195.1 100.0 99.0

Figure 5.2 shows the resulting pile response for the fixed-head case. In contrast
to the free-head condition, the rotational restraint induces a significant increase of
bending moments at the pile head due to the rotational restraint. CALFEM shows
close agreement with RFEM 6, while the semi-analytical solution exhibits slightly
higher displacement and internal forces.
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FIGURE 5.2: Comparison of pile response for a fixed-head pile: (a) lateral displacement, (b) bending
moment, and (c) shear force.

In the next stages of analysis, numerical methods are employed to include nonlin-
ear soil behavior in the model.

5.1.2 Stage II: Benchmarking of Formulations with Nonlinear Soil Stiffness
and Geometrically Linear Analysis

Numerical solutions were developed in CALFEM assuming geometrically linear beam
behaviour combined with different nonlinear solution procedures for the soil response
using the p–y method with Matlock soil curves. The results were subsequently bench-
marked against RFEM 6. The analysis considered axial load levels of 1000, 2000,
and 4000kN under fixed-head boundary conditions. The horizontal load was defined
as H = 0.1V .

Three CALFEM solution strategies were investigated:

• Nonlinear soil model represented by a piecewise linear approximation with
a plastic plateau, solved incrementally using geometrically linear beam ele-
ments.

• Nonlinear soil model represented by an interval-based piecewise linear approx-
imation with a plastic plateau, solved incrementally using geometrically linear
beam elements.

• Nonlinear soil model based on an iterative secant formulation of the p–y re-
sponse combined with geometrically nonlinear beam elements.

400 increments were used in CALFEM solutions with incremental solving proce-
dure.

Figure 5.3 illustrates a comparative response diagram for all implemented numer-
ical solutions.
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FIGURE 5.3: Comparison of pile response considering nonlinear soil behaviour and geometrically
linear beam element.

RFEM 6 and the CALFEM interval secant method displays the closest agreement
across all load levels. The piecewise linear formulation and iterative secant method
exhibits slightly larger deviations at lower load levels, but converges towards the
RFEM 6 solution as the number of increments increases, indicating that this formu-
lation becomes more accurate at increased loading because the nonlinear springs gets
activated.

5.1.3 Load Increment Sensitivity Analysis
Since the computational time for the load incremental methods was relatively large, a
sensitivity analysis was carried out to investigate the influence of the number of load
increments on convergence behaviour and computational efficiency.

Table 5.3 presents the sensitivity analysis for the CALFEM piecewise linear method
considering nonlinear springs under a load level of V = 1000kN and H = 0.1V .
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TABLE 5.3: Sensitivity analysis of nonlinear springs using the CALFEM piecewise linear solution
method with varying numbers of load increments (V = 1000kN, H = 0.1V ). The bold
values indicate the solution adopted in the Stage II analysis.

Load Increments Time [s] u [mm] M [kNm] V [kN]
100 1.5 5.9 190.9 98.1
200 2.2 6.2 195.1 98.2
400 4.3 6.4 197.4 98.2
800 6.7 6.4 198.6 98.3

1600 12.5 6.5 199.2 98.3
3200 24.7 6.5 199.5 98.3
6400 48.6 6.5 199.7 98.3

12800 96.2 6.5 199.7 98.3

The analysis showed that a relatively high number of load increments was re-
quired for convergence, particularly for the bending moment response. The displace-
ment and shear force converged more rapidly, while the bending moment required
approximately 3000–6000 load increments to achieve stable results. The computa-
tion time increased approximately linearly with the number of increments, reaching
about 50 seconds for 6400 increments.

The results indicate that the piecewise linear method is capable of producing ac-
curate results, although at the expense of increased computational cost when a high
number of load increments is required. It was also noted that the method converged
towards results that were nearly identical to those obtained using the secant method.
This observation motivates the use of the iterative secant method, which provides
comparable accuracy with significantly lower computational effort.

5.1.4 Stage III: Benchmarking of Formulations for Nonlinear Soil Stiffness and
Geometrically Nonlinear Analysis

Based on computational efficiency and convergence behaviour, the iterative secant
method was selected for the Stage III analysis. In this stage, numerical solutions
were developed assuming geometrically nonlinear beam behaviour combined with a
nonlinear soil response based on Matlock’s soil curves. The analysis considered axial
load levels of 1000, 2000, and 4000kN under fixed-head boundary conditions. The
horizontal load was defined as H = 0.1V .

Figure 5.6 shows the corresponding results for geometrically nonlinear analysis.
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FIGURE 5.4: Comparison of pile response considering nonlinear soil behaviour and geometrically
nonlinear analysis.

The CALFEM iterative secant method and the RFEM 6 results show good agree-
ment across different load levels. Slightly larger deviations are observed at lower
load levels, whereas the agreement improves at higher load levels.

5.1.5 Summary of the Stage II and Stage III Comparative Analysis
Table 5.4 summarizes the numerical results for lateral pile head displacement u, max-
imum bending moment M, and maximum shear force V for all load levels and solu-
tion methods considered in the Stage II and Stage III analyses. Overall, the different
formulations show consistent trends and good agreement with RFEM 6. Differences
relative to the RFEM 6 results are generally within 5% for displacements and internal
forces.
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TABLE 5.4: Comparison of pile response from nonlinear analysis. Values in brackets denote the ratio
relative to the RFEM reference solution.

Program Method Analysis Type V = 1000 kN V = 2000 kN V = 4000 kN

u [mm] M [kNm] V [kN] u [mm] M [kNm] V [kN] u [mm] M [kNm] V [kN]

RFEM Nonlinear Diagram Geometrically Linear 6.9 200.6 97.5 26.7 507.1 196.1 102.3 1264.2 393.8
CALFEM Piecewise Linear Geometrically Linear 6.4 [0.93] 197.4 [0.98] 98.2 [1.01] 24.8 [0.93] 493.3 [0.97] 197.2 [1.01] 96.0 [0.94] 1232.3 [0.97] 395.6 [1.00]
CALFEM Interval Secant Geometrically Linear 6.7 [0.97] 200.9 [1.00] 98.4 [1.01] 26.1 [0.98] 506.5 [1.00] 197.3 [1.01] 100.4 [0.98] 1261.7 [1.00] 396.1 [1.01]
CALFEM Iterative Secant Geometrically Linear 6.5 [0.94] 200.0 [1.00] 100.0 [1.03] 25.3 [0.95] 500.8 [0.99] 200.0 [1.02] 98.3 [0.96] 1252.9 [0.99] 400.0 [1.02]

RFEM Nonlinear Diagram Geometrically Nonlinear 7.1 203.4 97.7 28.5 529.9 197.4 125.7 1454.7 401.0
CALFEM Iterative Secant Geometrically Nonlinear 6.6 [0.93] 202.3 [0.99] 100.0 [1.02] 26.9 [0.94] 521.3 [0.98] 200.0 [1.01] 121.0 [0.96] 1439.6 [0.99] 400.0 [1.00]

The incremental methods require approximately 400 load steps per analysis, re-
sulting in significantly higher computational cost compared to the iterative formula-
tion.

5.2 Parameter Study
The flexibility of the automated API workflow in RFEM 6 allowed for a parameter
study to be carried out where influnce of axial load on the second order effects was
investigated. The pile model included nonlinear soil behaviour, geometric nonlinear-
ity, and initial imperfections within the computational model. The reader is referred
to Chapter 4.3 for a detailed description of the parameter study methodology.

5.2.1 N–M Interaction Diagram and second order Response for CP270
An N–M interaction diagram was established for a Type 8 270mm square reinforced
concrete section. The influence of pile installation effects was not considered, and
reinforcement lap splices were neglected.

Figure 5.5 shows the second order bending response My plotted within the N–M
interaction diagram for the CP270 pile under the considered parameter variations.
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FIGURE 5.5: N–M interaction diagram for CP270 with second order bending response.

The pure axial compressive capacity is approximately 2700 kN. The diagrams
illustrate the second order bending response My for progressively increasing vertical
load V0, applied in increments of 100 kN, considering both fixed-head and free-head
boundary conditions under three horizontal load levels (H = 10, 20, and 30 kN),
varying undrained soil shear strengths (cuk = 10, 20, and 30 kPa), and two bearing
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capacity factors (Nc = 6 and Nc = 9) and a partial factor γM = 1.5.
For the fixed-head pile case subjected to horizontal loads of H = 10, 20, and

30 kN, a reduction in capacity due to second order effects is observed. For strong
and stiff soil conditions, the ultimate axial capacity remains approximately 2500 kN
across all horizontal load levels, with failure governed by concrete crushing. Con-
versely, for weak and softer soil conditions, the capacity decreases with increasing
horizontal load while remaining governed by concrete crushing. The ultimate axial
capacity reduces to approximately 2400 kN for H = 10 kN, 2300 kN for H = 20 kN,
and 1600 kN for H = 30 kN, indicating an increasing influence of second order ef-
fects.

For the free-head pile case, a more pronounced reduction in capacity due to sec-
ond order effects is observed. For strong and stiff soil conditions, the ultimate axial
capacity is approximately 2400 kN under all considered horizontal load levels, with
failure governed by concrete crushing. Conversely, for weak and softer soil condi-
tions, the capacity decreases significantly with increasing horizontal load. The ulti-
mate axial capacity reduces to approximately 1100 kN for H = 10 kN and 650 kN
for H = 20 kN. For H = 30 kN, the response exceeds the N–M interaction domain,
indicating bending-controlled failure for any applied axial load.

For several free-head cases, the numerical solver fails to converge, indicating loss
of equilibrium due to large deformations, pronounced second order effects, and re-
duced lateral soil stiffness at increasing axial load levels. These cases are therefore
interpreted as instability-governed behaviour, where capacity correspond to the last
converged solution step.

5.2.2 N–M Interaction Diagram and second order Response for RD220
An N–M interaction diagram was established for a CHS steel section with diameter
D = 220mm and wall thickness t = 12.5mm. Corrosion and pile installation effects
were not considered.

Figure 5.6 shows the second order bending response My plotted within the N–M
interaction diagram for the RD220 pile under the considered parameter variations.
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FIGURE 5.6: N–M interaction diagram for RD220 with second order bending response.

The pure axial compressive capacity is approximately 3750 kN, and the pure
bending capacity is approximately 250 kNm. Similarly to the concrete pile, the di-
agrams illustrate the second order bending response My for progressively increasing
vertical load V0, applied in increments of 100 kN, considering both fixed-head and
free-head boundary conditions under three horizontal load levels (H = 10, 20, and
30 kN), varying undrained soil shear strengths (cu = 10, 20, and 30 kPa), and two
bearing capacity factors (Nc = 6 and Nc = 9).

For the fixed-head pile case, a reduction in capacity due to second order effects
is observed. For strong and stiff soil conditions, the ultimate axial capacity remains
approximately 3300 kN under all considered horizontal load levels, with failure gov-
erned by plastic capacity. Conversely, for weak and softer soil conditions, the capac-
ity decreases with increasing horizontal load. The ultimate axial capacity reduces to
approximately 2200 kN for H = 10 kN, 1600 kN for H = 20 kN, and 1300 kN for
H = 30 kN. In several cases, the numerical solver fails to converge, indicating loss of
equilibrium; these cases are interpreted as instability-governed behaviour.

For the free-head pile case, a strongly pronounced reduction in capacity due to
second order effects is observed. For strong and stiff soil conditions, the ultimate
axial capacity reduces to approximately 2500 kN for H = 10 kN, 2000 kN for H =
20 kN, and 1500 kN for H = 30 kN. Conversely, for weak and softer soil conditions,
the capacity reduces significantly to approximately 600 kN for H = 10 kN, 400 kN
for H = 20 kN, and 100 kN for H = 30 kN.

For several cases, the numerical solver fails to converge, indicating loss of equi-
librium due to pronounced second order effects and reduced lateral soil stiffness.
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6 Discussion
This chapter discusses the observations that was obtained throughout the work.

6.1 Comparative Analysis Assessment
Various solution approaches for a laterally loaded pile were considered in the differ-
ent stages of the comparative analysis.

6.1.1 Agreement Between Solutions
Generally all solutions provided results within acceptable limits. Discussion concen-
trating on each analysis stage is provided.

Stage I: Linear-Elasto Plastic Soil with Geometrical Nonlinearity
The numerical result showed close agreement with the semi-analytical solution in
terms of displacement, bending moment, and shear force response. The semi-analytical
model generally predicts slightly larger displacements and internal forces, but within
acceptable limits. Although the semi-analytical formulation assumes simplified soil
behaviour, it represents a well-established benchmark solution for laterally loaded
piles.

Stage II: Nonlinear Soil without Geometrical Nonlinearity
Several numerical solution procedures were investigated in CALFEM using both in-
cremental and iterative approaches. All methods showed generally consistent and ac-
ceptable agreement with the RFEM 6 solution. The nonlinear interval secant method
produced the closest agreement, likely because the nonlinear soil response was rep-
resented in a similar manner using predefined displacement intervals.

Stage III: Nonlinear Soil Model with Geometrical Nonlinearity
The inclusion of both nonlinear soil behaviour and geometric nonlinearity increased
the computational complexity of the problem. Despite this, the nonlinear iterative
secant CALFEM solution produced stable and acceptable results while remaining
computationally efficient in handling the increased complexity. The method showed
close agreement with the corresponding RFEM 6 analyses in terms of displacement,
bending moment, and shear force response under both low and high load levels.

The results indicate that the iterative secant approach implemented in CALFEM
provides an efficient solution for nonlinear pile analysis involving both nonlinear soil
behaviour and geometric nonlinearity. Furthermore, the close agreement with the
RFEM 6 results also supports the robustness and realibility of the RFEM 6 modelling
implementation.

6.1.2 How Geometrical Nonlinearities are Considered Between Methods
Geometric effects are accounted for in the analytical formulation through equilib-
rium in the deformed configuration, including the influence of axial forces. In the
numerical CALFEM formulation, geometric nonlinearity is included through a beam
stiffness matrix formulation accounting for axial force-dependent stiffness. This for-
mulation is also derived based on analytical approaches. The the equation system is
solved iteratively until convergence is achieved. In RFEM 6, geometric nonlinear-
ity is handled through the built-in second orderanalysis solver, where the underlying
numerical implementation is not directly accessible to the user.
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6.1.3 Control Over Calculation Procedure
Although the RFEM 6 API enables efficient automation of model generation and
parameter studies, the internal solver implementation and convergence algorithms are
integrated within the software environment and are not directly accessible to the user.
The user specifies the model geometry, nonlinear definitions, and analysis settings,
while the numerical solution strategy remains internally managed by the software.

In contrast, CALFEM provides direct access to the numerical implementation.
This enables explicit control over load incrementation, stiffness updating procedures,
convergence criteria, and iterative solution algorithms. Such transparency is advanta-
geous in research-oriented applications where the influence of the numerical formu-
lation itself is of interest.

6.1.4 Soil Modelling Assumptions
Linear Soil Behaviour
The assumed linear soil behaviour is based on a simplified Winkler beam model and
represents an idealisation of the actual nonlinear soil response. The soil behaves
linear-elastic up to the yield pressure py, after which plastic deformations are as-
sumed to develop under constant pressure. Under this assumption, the soil response
remains comparatively stiffer and does not exhibit stiffness degradation with increas-
ing displacement, which may lead to more conservative results.

Nonlinear Soil Behaviour
The nonlinear p–y formulation allows for soil stiffness degradation with increasing
displacement, consistent with observed soil behaviour from experimental data. The
plastic range of the soil is defined by the yield pressure py. In comparison to the
simplified linear soil assumption, the nonlinear p–y approach is more strongly based
on empirical observations and experimentally derived soil response relationships.

6.1.5 Computational Efficiency
The nonlinear piecewise linear and interval secant methods approximate the nonlin-
ear soil response by discretising the p–y curve into piecewise linear intervals. In-
creasing the number of load increments improved the approximation of the tangent
stiffness, resulting in higher solution accuracy. However, this improvement came at
the expense of significantly increased computational cost.

The iterative solution method updates the stiffness matrix under the full applied
load and proved to be computationally efficient while producing stable and accurate
results. As the load level increased, the iterative solution converged towards the in-
cremental solution. In contrast, the incremental procedures required a relatively large
number of load increments to achieve comparable accuracy, particularly at higher
load levels, resulting in substantially greater computational effort.

6.2 Structural Behaviour
6.2.1 Lateral Response
The pile deflects laterally due to the applied horizontal load at the pile head. The lat-
eral deformation activates the surrounding soil resistance, represented by nonlinear
springs distributed along the embedded pile length. The lateral springs provides lat-
eral elastic support that counteracts the lateral deformation. Thus, lateral deflection
depends by both the flexural stiffness of the pile and the stiffness of the surrounding
soil. Furthermore, the response of the pile is primarily governed by the nonlinear soil
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representation through the Matlock P–y formulation, together with the inclusion of
second ordereffects.

6.2.2 Influence of Axial Load
The influence of axial load on the lateral response through the second order effect
resulted in increased lateral displacements and bending moment. This was noticeably
consistent across all solution approaches. The behaviour can be explained by the
reduction in effective flexural stiffness due to second order effects, where increasing
axial load amplifies lateral deformations through additional moment contributions.
Noticeably, second order effect became more pronounced for free-head conditions,
where the absence of rotational restraint allows larger displacements.

6.2.3 Influence of Soil Parameters
The undrained shear strength cu characterises the clay. It governs the lateral soil
pressure and ultimate soil resistance pu, which defines the limit beyond which no ad-
ditional lateral resistance can be mobilised. Beyond this point, deformations increase
without a corresponding increase in soil reaction. The soil parameter Nc represents
the bearing capacity factor for soft clay. A value of Nc = 9 is typically adopted
for short-term loading conditions and yields a stiffer soil, while a reduced value of
Nc = 6 may be used for long-term conditions, corresponding to a reduction in lateral
soil resistance to approximately two-thirds of the short-term value.

These parameters was shown to influence both the limiting lateral resistance and
the soil stiffness, and therefore has a noticeable effect on the lateral response of the
pile.

6.2.4 Internal Load Distribution
The internal load distribution depends on the stiffness of the pile, loading and bound-
ary condition. It is also affected by the resisting soil.

For a free-head pile, the bending moment at the pile head is zero, while the max-
imum bending moment develops at a certain depth below the ground surface. As the
surrounding soil progressively yields and can no longer mobilize sufficient lateral re-
sistance, the location of maximum bending moment shifts further downward until the
bending capacity is reached and a plastic hinge forms. Instead, for a fixed-head pile,
where rotation at the pile head is restrained, the maximum bending moment instead
occurs at the pile head. The rotational restraint reduces the lateral deformations at
the pile head and less pronounced bending moments compared to the free-head pile
case.

The applied horizontal load generates a shear force of corresponding magnitude
at the point of load application.

6.2.5 Failure of the Pile
Pile failure occurs when the structure can no longer sustain the combined effects of
axial force and bending moment or when equilibrium of the system can no longer
be maintained. Failure may therefore occur either through structural failure of the
pile section or through instability resulting from excessive lateral deformation. For
laterally loaded piles embedded in soft clay, the ultimate response is often governed
by the available lateral resistance of the surrounding soil. Once the soil resistance is
fully mobilised, lateral deformations may increase rapidly, leading to instability or
failure of the pile.
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Yielding typically initiates at the location of maximum bending moment below
the ground surface in a free-head pile. The formation of a plastic hinge at this lo-
cation may divide the pile into two segments, causing the system to behave as a
mechanism. As a result, the flexural stiffness of the pile is significantly reduced In
contrast, for a fixed-head pile, yielding typically initiates near the pile head, where
the rotational restraint allows a redistribution of internal forces. As larger regions of
the surrounding soil yield and lose stiffness, the pile response becomes increasingly
influenced by second-order effects. Eventually, the pile capacity may be reached or
lose stability due to excessive lateral deformations.

6.3 Automated Analysis Framework though API in RFEM 6

The automated framework in RFEM 6 using the API facilitated parametric investiga-
tion of the laterally loaded pile and enabled automated analysis and design according
to the Eurocode standard.

The implemented pile model accounts for nonlinear soil behaviour through Mat-
lock p–y curves, second order analysis, and initial geometric imperfections based on
a first-order buckling analysis.

6.3.1 Systematic Variation of Parameters and Efficiency in Modelling
The API approach significantly reduces modelling time compared with manual model
generation. Once a Python program has been established with predefined model ob-
jects, the parameters related to pile geometry, soil conditions, boundary conditions,
loading, and analysis settings can be adjusted and efficiently applied to the model.

6.3.2 Spring Representation of Soil
Nonlinear spring definitions for a finely discretised (near-continuous) soil represen-
tation were readily implemented using the nonlinear diagram support model object.
The formulation also readily accommodates layered soil conditions by allowing the
soil properties to vary with depth. This enabled an efficient representation of the dis-
tributed p–y behaviour along the pile length. Furthermore, different soil conditions
could be incorporated with relative ease, including layered soil profiles and varying
groundwater levels.

6.4 Parametric Study
The automated RFEM 6 framework enabled systematic evaluation of second order-
bending responses within N–M interaction diagrams for a RC section (CP270) and a
CHS steel section (RD220) under varying soil conditions, bearing capacity factors,
and pile-head boundary conditions.

6.4.1 Capacity of the Laterally Loaded Piles
The capacities for the respective pile sections were evaluated through N–M inter-
action diagrams. Higher levels of horizontal load, free head boundary condition in
combination with weak soil, lead to large pile displacements that can trigger yielding
and plastic behavior in the soil. This considerably amplifies second order effects and
results in a significant reduction in pile capacity. Consequently, the calculations fail
to find a stable state of equilibrium, indicating instability of the system. In firmer
soils and with a rotational restrained pile head, the capacity increases, and failure is
more likely to be governed by the formation of plastic hinges once the pile material
strength has been reached.
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6.4.2 Limitation in the N–M Diagrams
The presented N–M interaction diagrams do not account for all material-related ef-
fects, such as corrosion of steel sections, pile splices, or reduction effects associated
with the installation of concrete piles, all of which may influence the actual structural
capacity.

6.4.3 Initial Imperfection
The presence of an initial geometric imperfection, based on the first buckling mode
obtained from the stability analysis, reduces the pile capacity because the pile exhibits
initial lateral deformations and internal forces before the application of the external
loads. When axial and lateral loads are subsequently applied, these imperfections
are amplified through second-order effects, resulting in increased bending moments,
shear forces, and lateral deformations.

Including initial geometric imperfections provides a more realistic and reliable
representation of actual pile behaviour, as real piles are never perfectly straight and
inevitably contain geometric deviations introduced during fabrication, transportation,
and installation. These effects must be considered and accounted for in practical
design scenario.

6.4.4 Fluctuations in the Numerical Results
Minor local fluctuations in the results were observed in the curve trend. These fluc-
tuations are attributed to nonlinear equilibrium redistribution between successive it-
erations and corresponding local stiffness changes, rather than numerical instability.
However, they were limited in magnitude and did not affect the overall trend of in-
creasing second-order response with increasing load.
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7 Conclusions
A numerical model for a laterally loaded pile was developed using the RFEM 6 API,
based on the p–y method and accounting for nonlinear soil behaviour, second or-
der effects, and initial imperfections. A comparative study between numerical and
semi-analytical pile formulations was performed, with results benchmarked against
CALFEM and a semi-analytical reference solution. Good agreement was observed
across the different approaches when consistent soil modelling and geometric as-
sumptions were applied. An automated Python tool was subsequently developed
using the RFEM 6 API to perform a parametric study, assessing second-order mo-
ment propagation relative to N–M interaction capacity curves for various standard
steel and reinforced concrete cross-sections.

Concluding remarks from the study are presented below:

• The semi-analytical solution with linear soil model provides a useful and prac-
tical approach for small loads where the soil can be assumed to behave lin-
early. However, it should be used with caution for load levels at which the soil
response becomes nonlinear.

• CALFEM enables explicit control of the numerical solution strategy in MAT-
LAB. Among the CALFEM formulations used in this study, the iterative secant
method proved to be the most efficient approach, achieving close agreement
with RFEM 6 while significantly reducing computational cost compared to in-
cremental methods.

• Utilizing the RFEM 6 API proves to be a simple and efficient tool for the
analysis of laterally loaded piles using the p–y method.

• A free-head pile typically develops its maximum bending moment below the
ground surface, which may shift with increasing soil nonlinearity and plastic
deformation. Due to the limited rotational restraint, failure may be governed
by the formation of a critical plastic hinge combined with soil yielding, poten-
tially leading to a kinematically unstable mechanism. In contrast, a fixed-head
pile provides rotational restraint at the pile head, which increases the system
stiffness and degree of static indeterminacy. As a result, a greater number of
plastic hinges is required for mechanism formation, allowing redistribution of
internal forces prior to failure. This typically leads to a higher lateral load
capacity compared to the free-head condition.

• The lateral deflection and internal stress distribution under second order effects
are strongly influenced by pile and resisting soil stiffness, pile cap rigidity, and
the magnitude of the applied loads. For larger deformations under nonlinear
soil behaviour, particularly in weaker soils, and when initial imperfections are
considered, the second order effect has a significant impact on pile capacity.
These effects should therefore be considered in the design of laterally loaded
piles.

• To enhance the accuracy of the steel and concrete M–N interaction diagrams
capacity envelope, group effects, installation effects, and pile splicing effects
should be incorporated, as these have an effect on the overall pile capacity.
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7.1 Suggestions for Future Research
Although the current model captures the primary nonlinear behaviour and capacity
of laterally loaded concrete and steel piles, several assumptions and simplifications
have been adopted. Future work may therefore focus on extending the numerical
modelling framework to improve the representation of complex pile–soil interaction.

• Since the Matlock soil model is based on experimental investigations per-
formed in the 1970s, its applicability to Swedish soil conditions may be lim-
ited. Further experimental research involving lateral pile testing in Swedish
soils is therefore recommended in order to develop more representative and
reliable p–y curves.

• A natural extension of the iterative calculation model in CALFEM would be to
incorporate geometric instability effects, yielding criteria, and material nonlin-
earities.

• Another aspect for future development would be to explicitly account for long-
term effects by modelling the time-dependent behaviour of the soil as well as
creep in the concrete pile.

78



References
[1] M. El Gendy, “Analyzing laterally loaded piles in multi-layered cohesive soils:

A hybrid beam on nonlinear Winkler foundation approach with case studies
and parametric study,” Discover Civil Engineering, vol. 2, no. 1, p. 77, Apr.
2025, ISSN: 2948-1546. DOI: 10.1007/s44290-025-00240-w. Ac-
cessed: 2026-01-23.

[2] M. Madhav, N. Kameswara Rao, and K. Madhavan, “Laterally Loaded Pile
in Elasto-Plastic Soil,” Soils and Foundations, vol. 11, no. 2, pp. 1–15, Jun.
1971, ISSN: 00380806. DOI: 10.3208/sandf1960.11.2_1. Accessed:
2026-01-23.

[3] X.-l. Zhang, X. Jun-yuan, X. Cheng-shun, and L. Kai-yuan, “An analysis
method for lateral capacity of pile foundation under existing vertical loads,”
Soil Dynamics and Earthquake Engineering, vol. 142, p. 106 547, Mar. 2021,
ISSN: 02677261. DOI: 10.1016/j.soildyn.2020.106547. Accessed:
2026-01-23.

[4] A. Ghasemipanah and R. Z. Moayed, “Analysis of Concrete Piles Under Hor-
izontal and Vertical Simultaneous Loading with P-Y Method and Finite El-
ement Analysis,” Geotechnical and Geological Engineering, vol. 39, no. 8,
pp. 5857–5877, Dec. 2021, ISSN: 0960-3182, 1573-1529. DOI: 10.1007/
s10706-021-01871-3. Accessed: 2026-01-23.

[5] E. G. Psaroudakis, G. E. Mylonakis, and N. S. Klimis, “Non-linear Analysis
of Laterally Loaded Piles Using "p-y" Curves,” Geotechnical and Geologi-
cal Engineering, vol. 39, no. 2, pp. 1541–1556, Feb. 2021, ISSN: 0960-3182,
1573-1529. DOI: 10.1007/s10706-020-01575-0. Accessed: 2026-05-
09.

[6] D. A. Dillard, B. Mukherjee, P. Karnal, R. C. Batra, and J. Frechette, “A review
of Winkler’s foundation and its profound influence on adhesion and soft matter
applications,” Soft Matter, vol. 14, no. 19, pp. 3669–3683, 2018, ISSN: 1744-
683X, 1744-6848. DOI: 10.1039/C7SM02062G. Accessed: 2026-01-23.

[7] H. Matlock, “Correlation for Design of Laterally Loaded Piles in Soft Clay,”
in Offshore Technology Conference, Houston, Texas: OTC, Apr. 1970, OTC-
1204–MS. DOI: 10.4043/1204-MS. Accessed: 2026-01-23.

[8] P.-O. Svahn and C. Alén, “Transversalbelastade pålar - Statiskt verkningssätt
och dimensioneringsanvisningar,” Commission on Pile Research, Linköping,
Tech. Rep. Rapport 101, 2006, p. 108. Accessed: 2026-02-02.

[9] Department of Civil Engineering, College of Engineering, Diyala University,
Iraq, J. M. Abbas, Q. I. Hussain, and Department of Civil Engineering, College
of Engineering, Diyala University, Iraq, “The Effect of Pile Cross Section on
the Lateral behavior of Piles Under Combined Loading,” Journal of Engineer-
ing Science and Technology Review, vol. 11, no. 3, pp. 174–179, Apr. 2018,
ISSN: 17919320, 17912377. DOI: 10.25103/jestr.113.24. Accessed:
2026-01-23.

[10] L. C. Reese and W. F. Van Impe, Single Piles and Pile Groups Under Lateral
Loading, 0th ed. CRC Press, Dec. 2010, ISBN: 978-0-429-10970-6. DOI: 10.
1201/b17499. Accessed: 2026-01-23.

79

https://doi.org/10.1007/s44290-025-00240-w
https://doi.org/10.3208/sandf1960.11.2_1
https://doi.org/10.1016/j.soildyn.2020.106547
https://doi.org/10.1007/s10706-021-01871-3
https://doi.org/10.1007/s10706-021-01871-3
https://doi.org/10.1007/s10706-020-01575-0
https://doi.org/10.1039/C7SM02062G
https://doi.org/10.4043/1204-MS
https://doi.org/10.25103/jestr.113.24
https://doi.org/10.1201/b17499
https://doi.org/10.1201/b17499


[11] L. C. Reese, W. R. Cox, and F. D. Koop, “Field Testing and Analysis of Lat-
erally Loaded Piles om Stiff Clay,” in Offshore Technology Conference, Hous-
ton, Texas: OTC, May 1975, OTC-2312–MS. DOI: 10.4043/2312-MS.
Accessed: 2026-01-23.

[12] J. Jin, Y. Liu, F. X. Liu, and Y. F. Wang, “Effects of Combined Loadings on
the Bearing Performance of a Typical Pile Foundation,” Mechanics of Solids,
vol. 57, no. 2, pp. 352–369, Apr. 2022, ISSN: 0025-6544, 1934-7936. DOI:
10.3103/S0025654422020066. Accessed: 2026-01-23.

[13] M. J. Tomlinson and J. Woodward, Pile Design and Construction Practice,
Sixth edition. Boca Raton: CRC Press, 2015, ISBN: 978-1-4665-9264-3. DOI:
10.1201/b17526.

[14] O. Dahlblom, E. Serrano, and A. Olsson, CALFEM - A finite element toolbox,
Version 3.6, 2022. Accessed: 2026-04-05.

[15] Dlubal API Documentation, May 2026.

[16] SS-EN 1990, Eurocode 0 - Basis of structural design.

[17] SS-EN 1991, Eurocode 1: Actions on Structures - Part 1-1: General actions.

[18] SS-EN 1992-1-1:2005 - Design of concrete structures - Part 1-1: General rules
and rules for building.

[19] SS-EN 1993-1-1:2005, Eurocode 3: Design of steel structures - Part 1-1: Gen-
eral rules and rules for buildings.

[20] SS-EN 1997-1:2005, Eurocode 7: Geotechnical design - Part 1: General Rules.

[21] Boverket mandatory provisions amending the board’s mandatory provisions
and general recommendations (2011:10) on the application of European de-
sign standards (Eurocodes), EKS.

[22] Å. Bengtsson, P. Löfving, and B. Dehlbom, “Standardpålar av Betong - Lastka-
pacitet och Geoteknisk Närförmåga,” Commission on Pile Research, Linköping,
Tech. Rep. 94.

[23] “Dimensioneringsprinciper för pålar - Lastkapacitet,” Commission on Pile Re-
search, Linköping, Tech. Rep. 94, 1998.

[24] H. Bredenberg, B. Berglars, and W. Rankka, “Borrade Stålrörspålar - Anvis-
ningar för Projektering, Dimensionering, Utförande och Kontroll,” Commis-
sion on Pile Research, Linköping, Tech. Rep. Rapport 104, 2010.

[25] E. Hernández-Montes, CONCRETE STRUCTURES: Design and Residual Ca-
pacity Assessment. S.l.: CRC PRESS, 2024, ISBN: 978-0-367-77067-9 978-1-
003-85528-6 978-1-003-16965-9 978-1-003-85530-9. DOI: 10.1201/9781003169659.

[26] Centrum Pile Select Sweden, Centrum Pile AB.

[27] PileCalc, SSAB.

80

https://doi.org/10.4043/2312-MS
https://doi.org/10.3103/S0025654422020066
https://doi.org/10.1201/b17526
https://doi.org/10.1201/9781003169659


Appendices

81



Appendix A

Semi-Analytical Solutions
The semi-analytical solutions are based on formulations adopted from the report on
laterally loaded piles [8] by the Swedish Pile Commission. These solutions were
implemented in MATLAB to serve as a basis for the first stage of the comparative
analysis. The analytical expressions for elementary cases of laterally loaded piles
and their corresponding form functions are presented, together with the MATLAB
implementations based on the governing differential equations for each case.
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A.1 Appendices for Elementary Cases of Laterally Loaded
Piles

FIGURE A.1: Elementary case of laterally loaded piles on a Winkler foundation with applied loads
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FIGURE A.2: Elementary case of laterally loaded piles on a Winkler foundation with applied loads:
Form functions and analytical expressions.
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FIGURE A.3: Elementary case of laterally loaded piles on a Winkler foundation with applied loads:
Form functions and analytical expressions.
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FIGURE A.4: Elementary case of laterally loaded piles on a Winkler foundation with prescribed dis-
placements.
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A.2 MATLAB Solutions
The following MATLAB code implements the semi-analytical solutions for laterally
loaded piles on a Winkler foundation, based on the formulations presented in Ap-
pendix A.1. Four elementary cases are considered, covering free and fixed pile head
conditions with and without axial load.

LISTING A.1: Complete MATLAB implementation of semi-analytical solutions for laterally loaded
piles including free and fixed head conditions with and without axial load.

1

2 clear all, clc
3

4 %% Geometri
5 B = 0.5;
6 L = 20;
7

8 %% Last
9 Fz = 100e4;

10 Fx = 0.1*Fz;
11

12 %% Material
13 E = 210e9;
14 A = 30.16e-3;
15 Iy = 86.9e-5;
16

17 %% Material parameters
18 N_c = 9;
19 k0 = 150;
20 gamma_s = 1.0;
21

22 %% Jordparametrar
23 z_vec = linspace(0, L, 80);
24 c_uk = @(z) (21 + 0.78*z)*1000;
25 c_ud = @(z) c_uk(z) / gamma_s;
26 p_y = @(z) N_c * c_ud(z);
27 Ku = @(z) k0 * c_ud(z);
28

29 %% Karakteristisk längd
30 Lg = @(z) (4*E*Iy ./ Ku(z)).^(1/4);
31

32 %% Form faktorer
33 C_delta = @(z) exp(-z./Lg(z)) .* cos(z./Lg(z));
34 C_alpha = @(z) exp(-z./Lg(z)) .* (cos(z./Lg(z)) + sin(z./Lg(z)));
35 C_beta = @(z) exp(-z./Lg(z)) .* sin(z./Lg(z));
36 C_gamma = @(z) exp(-z./Lg(z)) .* (cos(z./Lg(z)) - sin(z./Lg(z)));
37

38 %% --- Fall 1: Fri rotation, utan axiell last ---
39 u_h_fri = @(z) (Fx .* Lg(z).^3) ./ (2*E*Iy) .* C_delta(z);
40 alpha_h_fri = @(z) -(Fx .* Lg(z).^2) ./ (2*E*Iy) .* C_alpha(z);
41 M_h_fri = @(z) Fx .* Lg(z) .* C_beta(z);
42 V_h_fri = @(z) -Fx .* C_gamma(z);
43

44 %% --- Fall 2: Fri rotation, med axiell last ---
45 b = Fz/(E*Iy);
46 c = @(z) Ku(z)./(E*Iy);
47

48 Lg1 = @(z) 2 ./ sqrt(sqrt(4*c(z)) + b);
49 Lg2 = @(z) 2 ./ sqrt(sqrt(4*c(z)) - b);
50 psi = @(z) Lg1(z) ./ Lg2(z);
51 phi = @(z) atan(sqrt(4*c(z) - b^2) ./ b);
52
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53 C_FdeltaN = @(z) (2./(3*psi(z).^2-1)) .* exp(-z./Lg2(z)) .* ...
54 (sin(phi(z)).*cos(z./Lg1(z)) - cos(phi(z)).*sin(z./Lg1(z)));
55

56 C_FalphaN = @(z) (2./(3*psi(z).^2-1)) .* exp(-z./Lg2(z)) .* ...
57 ((cos(phi(z))+psi(z).*sin(phi(z))).*cos(z./Lg1(z)) + ...
58 (sin(phi(z))-psi(z).*cos(phi(z))).*sin(z./Lg1(z)));
59

60 C_FbetaN = @(z) (2./(3*psi(z).^2-1)) .* exp(-z./Lg2(z)) .* ...
61 ((psi(z).*cos(phi(z))+0.5*(psi(z).^2-1).*sin(phi(z))).* ...
62 cos(z./Lg1(z)) + ...
63

(psi(z).*sin(phi(z))-0.5*(psi(z).^2-1).*cos(phi(z))).*sin(z./Lg1(z)));
64

65 C_FgammaN = @(z) ((psi(z).^2+1)./(3*psi(z).^2-1)) .*
exp(-z./Lg2(z)) .* ...

66 ((-psi(z).^2.*cos(phi(z))+psi(z).*sin(phi(z))).*cos(z./Lg1(z))
+ ...

67

(psi(z).*(2-psi(z).^2).*cos(phi(z))-(2*psi(z).^2-1).*sin(phi(z))).*
...

68 sin(z./Lg1(z)));
69

70 u_hv_fri = @(z) ((Fx.*Lg1(z).^3)./(2*E*Iy)) .* C_FdeltaN(z);
71 alpha_hv_fri = @(z) ((-Fx.*Lg1(z).^2)./(2*E*Iy)) .* C_FalphaN(z);
72 M_hv_fri = @(z) Fx .* Lg1(z) .* C_FbetaN(z);
73 V_hv_fri = @(z) -Fx .* C_FgammaN(z);
74

75 %% --- Fall 3: Förhindrad rotation, utan axiell last ---
76 u0_förhindrad = (Fx * Lg(0)^3) / (4*E*Iy);
77

78 u_h_förhindrad = @(z) u0_fixed .* C_alpha(z);
79 alpha_h_förhindrad = @(z) -(u0_fixed ./ Lg(z)) .* C_beta(z);
80 M_h_förhindrad = @(z) -u0_fixed .* (2*E*Iy) ./ Lg(z).^2 .*

C_gamma(z);
81 V_h_förhindrad = @(z) -u0_fixed .* (4*E*Iy) ./ Lg(z).^3 .*

C_delta(z);
82

83 %% --- Fall 4: Förhindrad rotation, med axiell last ---
84 u0_fixedförhindrad = (Fx * Lg(0)^3) / (4*E*Iy);
85

86 C_ualpha = @(z) exp(-z./Lg2(z)) .* (cos(z./Lg1(z)) +
psi(z).*sin(z./Lg1(z)));

87 C_ubeta = @(z) (1+psi(z).^2)/2 .* exp(-z./Lg2(z)) .*
sin(z./Lg1(z));

88 C_ugamma = @(z) (1+psi(z).^2)/2 .* exp(-z./Lg2(z)) .* ...
89 (cos(z./Lg1(z)) - psi(z).*sin(z./Lg1(z)));
90 C_udelta = @(z) ((1+psi(z).^2)/4) .* exp(-z./Lg2(z)) .* ...
91 (2.*psi(z).*cos(z./Lg1(z)) - (1-psi(z).^2).*sin(z./Lg1(z)));
92

93 u_hv_förhindrad = @(z) u0_fixed .* C_ualpha(z);
94 alpha_hv_förhindrad = @(z) -(u0_fixed./Lg1(z)) .* C_ubeta(z);
95 M_hv_förhindrad = @(z) -u0_fixed.*(2*E*Iy)./Lg1(z).^2 .*

C_ugamma(z);
96 V_hv_förhindrad = @(z) -u0_fixed.*(4*E*Iy)./Lg1(z).^3 .*

C_udelta(z);
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Appendix B

Numerical MATLAB Solutions
The MATLAB implementations presented in this appendix correspond to the numer-
ical procedures used in Chapter X. The codes are provided to ensure reproducibility
of the nonlinear beam–soil interaction analyses.

B.1 Linear Elasto-Plastic Method
The following implementation corresponds to an iterative nonlinear formulation in
which the stiffness is updated based on the current axial force state. A geometrically
nonlinear beam element with a linear elasto-plastic soil model is employed. The soil
response is assumed to be linear elastic up to yield, followed by perfectly plastic
behaviour. This solution was used in the Stage I analysis.

LISTING B.1: Iterative solution with a geometrically nonlinear beam element and linear elasto-plastic
soil representation.

1

2 clear; clc; close all;
3

4 % -------------------------------------------------
5 % Geometry
6 % -------------------------------------------------
7 L = 20; % pile length [m]
8 d = 0.5; % pile diameter [m]
9 n_e = 80; % number of elements

10 l_e = L/n_e; % element length [m]
11 n_nod = n_e + 1; % number of nodes
12 n_dof = n_nod*3; % total DOFs (3 per node)
13

14 % -------------------------------------------------
15 % Topology matrix
16 % -------------------------------------------------
17 edof = zeros(n_e,7);
18 for e = 1:n_e
19 n1 = e; n2 = e+1;
20 edof(e,:) = [e 3*n1-2 3*n1-1 3*n1 3*n2-2 3*n2-1 3*n2];
21 end
22

23 % -------------------------------------------------
24 % Coordinates
25 % -------------------------------------------------
26 ex = zeros(n_e,2);
27 ey = zeros(n_e,2);
28

29 for e = 1:n_e
30 ex(e,:) = [0 0];
31 ey(e,:) = -[(e-1)*l_e e*l_e];
32 end
33

34 % -------------------------------------------------
35 % Material properties
36 % -------------------------------------------------
37 E = 210e9; % Young’s modulus [Pa]
38 A = 30.16e-3; % area [m^2]
39 I = 86.9e-5; % inertia [m^4]
40 ka = 0; % axial foundation stiffness
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41 kt = 1; % transverse foundation stiffness
42 ep = [E A I ka kt];
43

44 % -------------------------------------------------
45 % Soil parameters
46 % -------------------------------------------------
47 N_c = 9; % bearing capacity factor
48 k0 = 150; % subgrade coefficient
49 gamma_s = 1.0; % safety factor
50

51 % -------------------------------------------------
52 % Loads
53 % -------------------------------------------------
54 V = 0; % vertical load
55 H = 1e5; % horizontal load
56

57 % -------------------------------------------------
58 % Boundary conditions
59 % -------------------------------------------------
60 bc = [3 0; n_dof-1 0];
61

62 % -------------------------------------------------
63 % Iteration setup
64 % -------------------------------------------------
65 QA = 1e-4*ones(n_e,1); % axial force init
66 QA0 = ones(n_e,1); % previous step
67 eps = 1e-1; % tolerance
68 n = 0; % iteration counter
69

70 % -------------------------------------------------
71 % Iteration loop
72 % -------------------------------------------------
73 while norm(QA-QA0)/norm(QA0) > eps
74

75 QA0 = QA;
76 n = n + 1;
77

78 K = zeros(n_dof);
79 f = zeros(n_dof,1);
80

81 f(1) = H;
82 f(2) = -V;
83

84 % -------------------------------------------------
85 % Element loop (assembly)
86 % -------------------------------------------------
87 for e = 1:n_e
88

89 y = abs(mean(ey(e,:))); % depth
90 c = (21 + 0.78*y)*1000; % shear strength
91 c = c/gamma_s; % design strength
92 p_u = N_c*c; % ultimate

resistance
93

94 ku = k0*(c/d); % soil modulus
95 kt_e = ku*d; % beam bed stiffness
96

97 ep(5) = kt_e; % update stiffness
98

99 Ke = beam2gwe(ex(e,:),ey(e,:),ep,QA(e));
100 K = assem(edof(e,:),K,Ke);
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101 end
102

103 % -------------------------------------------------
104 % Solve system
105 % -------------------------------------------------
106 [a,r] = solveq(K,f,bc);
107

108 % -------------------------------------------------
109 % Post-processing
110 % -------------------------------------------------
111 Ed = extract_ed(edof,a);
112

113 es = zeros(n_e,2,3);
114 edi = zeros(n_e,2,2);
115

116 for e = 1:n_e
117

118 y = abs(mean(ey(e,:))); % depth
119 c = (21 + 0.78*y)*1000;
120 c = c/gamma_s;
121 p_u = N_c*c;
122

123 ku = k0*(c/d);
124 kt_e = ku*d;
125

126 ep(5) = kt;
127

128 [es_e,QA_e,edi_e] =
beam2gws(ex(e,:),ey(e,:),ep,Ed(e,:),QA(e));

129

130 QA(e) = QA_e;
131 es(e,:,:) = es_e;
132 edi(e,:,:) = edi_e;
133

134 end
135 end

B.2 Piecewise Linear Method
The following implementation follows an incremental solving procedure takes into
account the nonlinear soil behavior but does not include geometrical nonlinearity.
This solution was used in the Stage II analysis.

LISTING B.2: Incremental method for soil nonlinearity with geometrical linear beam element.

1

2 clear; clc; close all;
3

4 % Geometry
5 L = 20; % pile length [m]
6 d = 0.5; % pile diameter [m]
7 n_e = 80; % number of elements
8 l_e = L/n_e; % element length [m]
9 n_nod = n_e + 1; % number of nodes

10 n_dof = n_nod * 3; % total DOFs (3 per node)
11

12 % Topology matrix
13 edof = zeros(n_e,7);
14 for e = 1:n_e
15 n1 = e; n2 = e+1;
16 edof(e,:) = [e ...
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17 3*n1-2 3*n1-1 3*n1 ...
18 3*n2-2 3*n2-1 3*n2];
19 end
20

21 % Coordinates
22 ex = zeros(n_e,2);
23 ey = zeros(n_e,2);
24 for e = 1:n_e
25 ex(e,:) = [0 0];
26 ey(e,:) = -[(e-1)*l_e -e*l_e];
27 end
28

29 % Material
30 E = 210e9; % Young’s modulus [Pa]
31 A = 30.16e-3; % area [m^2]
32 I = 86.9e-5; % inertia [m^4]
33 ka = 0; % axial foundation stiffness
34 kt = 1; % transverse foundation stiffness
35 ep = [E A I ka kt];
36

37 % Soil parameters
38 N_c = 9; % bearing capacity factor
39 eps_50 = 0.02; % strain at 50%
40 u_50 = 2.5*eps_50*d; % reference displacement
41 gamma_s = 1.5; % safety factor
42 u_ini = 1e-6; % numerical regularization
43

44 % Loads
45 V = 400e4; % vertical load
46 H = 0.1*V; % horizontal load
47

48 % Boundary conditions
49 bc = [3 0; n_dof-1 0];
50

51 % Initialization
52 a = zeros(n_dof,1); % displacement vector
53 a_old = a; % previous step solution
54

55 n_inc = 400; % number of load increments
56

57 for inc = 1:n_inc
58

59 % Load increment vector
60 df = zeros(n_dof,1);
61 df(1) = H/n_inc;
62 df(2) = -V/n_inc;
63

64 dK = zeros(n_dof); % global stiffness matrix
65

66 for e = 1:n_e
67

68 % Element DOFs and displacements
69 edofs_e = edof(e,2:end);
70 a_e = a(edofs_e);
71 a_e_old = a_old(edofs_e);
72

73 % Lateral displacement (current/previous)
74 u = 0.5*(a_e(1)+a_e(4));
75 u_old = 0.5*(a_e_old(1)+a_e_old(4));
76

77 % Regularization
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78 u = max(abs(u),u_ini);
79 u_old = max(abs(u_old),u_ini);
80

81 % Soil strength parameters
82 y_mean = abs(mean(ey(e,:)));
83 c_uk = (21 + 0.78*y_mean)*1000;
84 c_ud = c_uk/gamma_s;
85 p_u = N_c*c_ud;
86

87 % Soil reaction
88 p = 0.5*(u/u_50)^(1/3)*p_u;
89 p_old = 0.5*(u_old/u_50)^(1/3)*p_u;
90

91 % Secant stiffness
92 du = u - u_old;
93

94 if abs(du) < 1e-12
95 k_sec = p/u;
96 else
97 k_sec = (p - p_old)/du;
98 end
99

100 % Winkler stiffness
101 kt = k_sec * d;
102 ep(5) = kt;
103

104 % Element stiffness
105 dKe = beam2we(ex(e,:),ey(e,:),ep);
106 dK = assem(edof(e,:),dK,dKe);
107

108 end
109

110 % Solve system
111 [da,~] = solveq(dK,df,bc);
112

113 % Update solution
114 a_old = a;
115 a = a + da;
116

117 end

B.3 Interval Secant Method
The following implementation follows an incremental solving procedure takes into
account the nonlinear soil behavior but does not include geometrical nonlinearity.
This solution was used in the Stage II analysis.

LISTING B.3: Incremental method for soil nonlinearity with geometrical linear beam element

1

2 clear; clc; close all;
3

4 % -------------------------------------------------
5 % Geometry
6 % -------------------------------------------------
7 L = 20; % pile length [m]
8 d = 0.5; % pile diameter [m]
9 n_e = 79; % number of elements

10 l_e = L/n_e; % element length [m]
11 n_nod = n_e + 1; % number of nodes
12 n_dof = n_nod * 3; % total DOFs (3 DOFs per node)
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13

14 % -------------------------------------------------
15 % Initialize topology matrix
16 % -------------------------------------------------
17 edof = zeros(n_e,7);
18 for e = 1:n_e
19 n1 = e; n2 = e+1;
20 edof(e,:) = [e ...
21 3*n1-2 3*n1-1 3*n1 ...
22 3*n2-2 3*n2-1 3*n2];
23 end
24

25 % -------------------------------------------------
26 % Coordinates
27 % -------------------------------------------------
28 ex = zeros(n_e,2);
29 ey = zeros(n_e,2);
30

31 for e = 1:n_e
32 ex(e,:) = [0 0]; % x-coordinates

(vertical pile)
33 ey(e,:) = -[(e-1)*l_e e*l_e]; % y-coordinates (depth)
34 end
35

36 % -------------------------------------------------
37 % Material properties
38 % -------------------------------------------------
39 E = 210e9; % E-modulus [Pa]
40 A = 30.16e-3; % cross-sectional area [m^2]
41 I = 86.9e-5; % second moment of area [m^4]
42 ka = 0; % axial foundation stiffness
43 kt = 1; % transverse foundation stiffness
44 ep = [E A I ka kt];
45

46 % -------------------------------------------------
47 % Soil properties
48 % -------------------------------------------------
49 N_c = 9; % bearing capacity factor
50 eps_50 = 0.02; % strain at 50% strength
51 u_50 = 2.5*eps_50*d; % reference displacement
52 u_set = [0 1 2 4 8 16 50 128 160]*1e-3; % p-y points
53 u_ini = 1e-5; % regularization
54 gamma_s = 1.5; % safety factor
55

56 % -------------------------------------------------
57 % Loads
58 % -------------------------------------------------
59 V = 400e4; % vertical load
60 H = 0.1*V; % horizontal load
61

62 % -------------------------------------------------
63 % Boundary conditions
64 % -------------------------------------------------
65 bc = [
66 3 0; % rotation at pile head
67 n_dof-1 0 % vertical DOF at pile toe
68 ];
69

70 % -------------------------------------------------
71 % Initialization
72 % -------------------------------------------------
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73 a = zeros(n_dof,1);
74 da = zeros(n_dof,1);
75 r = zeros(n_dof,1);
76

77 n_inc = 400; % number of load increments
78 F_store = zeros(n_e, length(u_set));
79

80 % -------------------------------------------------
81 % Load increments
82 % -------------------------------------------------
83 for inc = 1:n_inc
84

85 dK = zeros(n_dof); % global stiffness
86 df = zeros(n_dof,1); % load vector
87

88 df(1) = H/n_inc;
89 df(2) = -V/n_inc;
90

91 % -------------------------------------------------
92 % Assembly
93 % -------------------------------------------------
94 for e = 1:n_e
95

96 % Soil strength at depth
97 y_mean = abs(mean(ey(e,:)));
98 c_uk = (21 + 0.78*y_mean)*1000;
99 c_ud = c_uk/gamma_s;

100 p_u = N_c*c_ud;
101

102 % p-y curve
103 p_set = 0.5*(u_set/u_50).^(1/3)*p_u;
104 p_set = min(p_set,p_u);
105

106 % Element DOFs and displacement
107 edofs_e = edof(e,2:end);
108 a_e = a(edofs_e);
109 u_mean = 0.5*(a_e(1)+a_e(4));
110

111 u_eff = max(abs(u_mean),u_ini);
112

113 % Find current segment
114 i = find(u_set <= u_eff,1,’last’);
115

116 % Secant stiffness
117 if i == length(u_set)
118 dp = 0;
119 else
120 du = u_set(i+1)-u_set(i);
121 dp = (p_set(i+1)-p_set(i))/du;
122 end
123

124 % Winkler stiffness
125 kt = dp*d;
126 ep(5) = kt;
127

128 % Element stiffness matrix
129 dKe = beam2we(ex(e,:),ey(e,:),ep);
130 dK = assem(edof(e,:),dK,dKe);
131

132 end
133
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134 % -------------------------------------------------
135 % Solve system
136 % -------------------------------------------------
137 [da,dr] = solveq(dK,df,bc);
138

139 a = a + da;
140 r = r + dr;
141

142 % -------------------------------------------------
143 % Post-processing
144 % -------------------------------------------------
145 n_ep = 2;
146 es = zeros(n_e,n_ep,3);
147 edi = zeros(n_e,n_ep,2);
148 eci = zeros(n_e,n_ep);
149

150 Ed = extract_ed(edof,a);
151

152 for e = 1:n_e
153

154 % Soil strength
155 y_mean = abs(mean(ey(e,:)));
156 c_uk = (21 + 0.78*y_mean)*1000;
157 c_ud = c_uk/gamma_s;
158 p_u = N_c*c_ud;
159

160 % p-y curve
161 p_set = 0.5*(u_set/u_50).^(1/3)*p_u;
162 p_set = min(p_set,p_u);
163

164 % Element DOFs
165 edofs_e = edof(e,2:end);
166 a_e = a(edofs_e);
167

168 u_mean = 0.5*(a_e(1)+a_e(4));
169 u_eff = max(abs(u_mean),u_ini);
170

171 i = find(u_set <= u_eff,1,’last’);
172

173 if i == length(u_set)
174 dp = 0;
175 else
176 du = u_set(i+1)-u_set(i);
177 dp = (p_set(i+1)-p_set(i))/du;
178 end
179

180 % Stiffness update
181 kt = dp*d;
182 ep(5) = kt;
183

184 % Section forces
185 [es_e,edi_e,eci_e] = beam2ws(ex(e,:),ey(e,:),ep,Ed(e,:),[0

0],n_ep);
186

187 es(e,:,:) = es_e;
188 edi(e,:,:) = edi_e;
189 eci(e,:) = eci_e;
190

191 end
192 end
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B.4 Secant Method (Geometrically Linear)
The following implementation follows an iterative solving procedure takes into ac-
count the nonlinear soil behavior but does not include geometrical nonlinearity. This
solution was used in the Stage II analysis.

LISTING B.4: Iterative method for soil nonlinearity with geometrical linear beam element

1

2 clear; clc; close all;
3

4 % -------------------------------------------------
5 % Geometry
6 % -------------------------------------------------
7 L = 20; % pile length [m]
8 d = 0.5; % pile diameter [m]
9 n_e = 79; % number of elements

10 l_e = L/n_e; % element length [m]
11 n_nod = n_e + 1; % number of nodes
12 n_dof = n_nod * 3; % total DOFs (3 per node)
13

14 % -------------------------------------------------
15 % Topology matrix
16 % -------------------------------------------------
17 edof = zeros(n_e,7);
18 for e = 1:n_e
19 n1 = e; n2 = e+1;
20 edof(e,:) = [e ...
21 3*n1-2 3*n1-1 3*n1 ...
22 3*n2-2 3*n2-1 3*n2];
23 end
24

25 % -------------------------------------------------
26 % Coordinates
27 % -------------------------------------------------
28 ex = zeros(n_e,2);
29 ey = zeros(n_e,2);
30 for e = 1:n_e
31 ex(e,:) = [0 0]; % x-coordinates
32 ey(e,:) = -[(e-1)*l_e e*l_e]; % y-coordinates (depth)
33 end
34

35 % -------------------------------------------------
36 % Material
37 % -------------------------------------------------
38 E = 210e9; % Young’s modulus [Pa]
39 A = 30.16e-3; % area [m^2]
40 I = 86.9e-5; % inertia [m^4]
41 ka = 0; % axial foundation stiffness
42 kt = 1; % transverse foundation stiffness
43 ep = [E A I ka kt];
44

45 % -------------------------------------------------
46 % Soil properties
47 % -------------------------------------------------
48 N_c = 9; % bearing capacity factor
49 eps_50 = 0.02; % strain at 50%
50 u_50 = 2.5*eps_50*d; % reference displacement
51 gamma_s = 1.5; % safety factor
52 u_ini = 1e-6; % numerical regularization
53

54 % -------------------------------------------------
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55 % Loads
56 % -------------------------------------------------
57 V = 100e4; % vertical load
58 H = 0.1*V; % horizontal load
59

60 % -------------------------------------------------
61 % Boundary conditions
62 % -------------------------------------------------
63 bc = [
64 3 0;
65 n_dof-1 0
66 ];
67

68 % -------------------------------------------------
69 % Initialization
70 % -------------------------------------------------
71 a = zeros(n_dof,1); % displacement vector
72 f = zeros(n_dof,1); % load vector
73 a_old = a;
74

75 f(1) = H;
76 f(2) = -V;
77

78 max_iter = 100;
79 err = 1e-5;
80 iter = 0;
81

82 % =================================================
83 % ITERATION LOOP
84 % =================================================
85 while true
86

87 iter = iter + 1;
88 K = zeros(n_dof,n_dof);
89

90 % -------------------------------------------------
91 % Assembly
92 % -------------------------------------------------
93 for e = 1:n_e
94

95 edofs_e = edof(e,2:end); % element DOFs
96 a_e = a(edofs_e); % element displacement
97

98 u_mean = 0.5*(a_e(1)+a_e(4)); % mean lateral displacement
99

100 y_mean = abs(mean(ey(e,:))); % depth coordinate
101 c_uk = (21 + 0.78*y_mean)*1000; % undrained strength
102 c_ud = c_uk/gamma_s; % design strength
103 p_u = N_c*c_ud; % ultimate resistance
104

105 u_eff = max(abs(u_mean),u_ini); % regularized displacement
106

107 % p-y curve (secant formulation)
108 p_eff = 0.5*(u_eff/u_50)^(1/3)*p_u;
109 p_eff = min(p_eff,p_u);
110

111 k_sec = p_eff/u_eff; % secant stiffness
112 kt = k_sec*d; % Winkler stiffness
113

114 ep(5) = kt; % update element stiffness
115
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116 Ke = beam2we(ex(e,:),ey(e,:),ep);
117 K = assem(edof(e,:),K,Ke);
118

119 end
120

121 % -------------------------------------------------
122 % Solve system
123 % -------------------------------------------------
124 [a,r] = solveq(K,f,bc);
125

126 % -------------------------------------------------
127 % Element results update
128 % -------------------------------------------------
129 Ed = extract_ed(edof,a);
130

131 es = zeros(n_e,2,3);
132 edi = zeros(n_e,2,2);
133

134 for e = 1:n_e
135

136 edofs_e = edof(e,2:end);
137 a_e = a(edofs_e);
138

139 u_mean = 0.5*(a_e(1)+a_e(4));
140

141 y_mean = abs(mean(ey(e,:)));
142 c_uk = (21 + 0.78*y_mean)*1000;
143 c_ud = c_uk/gamma_s;
144 p_u = N_c*c_ud;
145

146 u_eff = max(abs(u_mean),u_ini);
147

148 p_eff = 0.5*(u_eff/u_50)^(1/3)*p_u;
149 p_eff = min(p_eff,p_u);
150

151 k_sec = p_eff/u_eff;
152 kt = k_sec*d;
153

154 ep(5) = kt;
155

156 % element forces (includes axial force)
157 [es_e,edi_e,eci_e] = beam2ws(ex(e,:),ey(e,:),ep,Ed(e,:));
158

159 es(e,:,:) = es_e;
160 edi(e,:,:) = edi_e;
161

162 end
163

164 end

B.5 Secant Method (Geometrically Nonlinear)
The following implementation follows an incremental solving procedure takes into
account the nonlinear soil behavior including geometrical nonlinearity. This solution
was used in the Stage III analysis.

LISTING B.5: Iterative method for soil nonlinearity with geometrical linear beam element

1

2 clear; clc; close all;
3
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4 % -------------------------------------------------
5 % Geometry
6 % -------------------------------------------------
7 L = 20; % pile length [m]
8 d = 0.5; % pile diameter [m]
9 n_e = 79; % number of elements

10 l_e = L/n_e; % element length [m]
11 n_nod = n_e + 1; % number of nodes
12 n_dof = n_nod * 3; % total DOFs (3 DOFs per node)
13

14 % -------------------------------------------------
15 % Initialize topology matrix
16 % -------------------------------------------------
17 edof = zeros(n_e,7); % element DOF connectivity
18 for e = 1:n_e
19 n1 = e; n2 = e+1;
20 edof(e,:) = [e ...
21 3*n1-2 3*n1-1 3*n1 ... % node n1 DOFs
22 3*n2-2 3*n2-1 3*n2]; % node n2 DOFs
23 end
24

25 % -------------------------------------------------
26 % Coordinates
27 % -------------------------------------------------
28 ex = zeros(n_e,2); % x-coordinates
29 ey = zeros(n_e,2); % y-coordinates
30

31 for e = 1:n_e
32 ex(e,:) = [0 0]; % vertical pile
33 ey(e,:) = -[(e-1)*l_e e*l_e]; % depth coordinates
34 end
35

36 % -------------------------------------------------
37 % Material properties
38 % -------------------------------------------------
39 E = 210e9; % Young’s modulus [Pa]
40 A = 30.16e-3; % cross-sectional area [m^2]
41 I = 86.9e-5; % second moment of area [m^4]
42 ka = 0; % axial foundation stiffness [N/m^2]
43 kt = 1; % initial transverse stiffness
44 ep = [E A I ka kt]; % element property vector
45

46 % -------------------------------------------------
47 % Soil properties
48 % -------------------------------------------------
49 N_c = 9; % bearing capacity factor
50 eps_50 = 20e-3; % strain at 50% strength
51 u_50 = 2.5*eps_50*d; % displacement at 50% strength
52 gamma_s = 1.5; % partial factor
53 u_ini = 1e-6; % numerical regularization
54

55 % -------------------------------------------------
56 % Loads
57 % -------------------------------------------------
58 V = 400e4; % vertical load
59 H = 0.1*V; % horizontal load
60

61 % -------------------------------------------------
62 % Boundary conditions
63 % -------------------------------------------------
64 bc = [
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65 3 0; % rotation fixed at pile head
66 n_dof-1 0 % vertical DOF fixed at pile toe
67 ];
68

69 % -------------------------------------------------
70 % Initialization
71 % -------------------------------------------------
72 a = zeros(n_dof,1); % displacement vector
73 f = zeros(n_dof,1); % load vector
74 f(1) = H;
75 f(2) = -V;
76

77 a_old = a; % previous iteration displacement
78 QA = zeros(n_e,1); % axial force
79 QA_old = QA; % previous axial force
80

81 max_iter = 100;
82 err = 1e-5;
83 iter = 0;
84

85 % =================================================
86 % ITERATION LOOP
87 % =================================================
88 while true
89

90 iter = iter + 1;
91 K = zeros(n_dof,n_dof); % global stiffness
92

93 % -------------------------------------------------
94 % ASSEMBLY
95 % -------------------------------------------------
96 for e = 1:n_e
97

98 edofs_e = edof(e,2:end); % element DOFs
99 a_e = a(edofs_e); % element displacement

100

101 u_mean = 0.5*(a_e(1)+a_e(4)); % mean lateral displacement
102

103 y_mean = abs(mean(ey(e,:))); % depth coordinate
104 c_uk = (21 + 0.78*y_mean)*1000;
105 c_ud = c_uk/gamma_s;
106 p_u = N_c*c_ud;
107

108 u_eff = max(abs(u_mean),u_ini); % effective displacement
109 p_eff = 0.5*(u_eff/u_50)^(1/3)*p_u; % soil resistance
110 p_eff = min(p_eff,p_u); % plastic cap
111

112 k_sec = p_eff/u_eff; % secant stiffness [N/mm^3]
113 kt = k_sec*d; % Winkler stiffness [N/mm^2]
114

115 ep(5) = kt; % update soil stiffness
116

117 Ke = beam2gwe(ex(e,:),ey(e,:),ep,QA(e)); % element stiffness
118 K = assem(edof(e,:),K,Ke); % global assembly
119 end
120

121 % -------------------------------------------------
122 % SOLVE SYSTEM
123 % -------------------------------------------------
124 [a,r] = solveq(K,f,bc);
125
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126 % -------------------------------------------------
127 % ELEMENT RESULTS + QA UPDATE
128 % -------------------------------------------------
129 Ed = extract_ed(edof,a);
130

131 es = zeros(n_e,2,3);
132 edi = zeros(n_e,2,2);
133

134 for e = 1:n_e
135

136 edofs_e = edof(e,2:end);
137 a_e = a(edofs_e);
138

139 u_mean = 0.5*(a_e(1)+a_e(4));
140

141 y_mean = abs(mean(ey(e,:)));
142 c_uk = (21 + 0.78*y_mean)*1000;
143 c_ud = c_uk/gamma_s;
144 p_u = N_c*c_ud;
145

146 u_eff = max(abs(u_mean),u_ini);
147 p_eff = 0.5*(u_eff/u_50)^(1/3)*p_u;
148 p_eff = min(p_eff,p_u);
149

150 k_sec = p_eff/u_eff;
151 kt = k_sec*d;
152

153 ep(5) = kt;
154

155 % element forces + axial force update
156 [es_e,QA_e,edi_e] =

beam2gws(ex(e,:),ey(e,:),ep,Ed(e,:),QA(e));
157

158 QA(e) = QA_e;
159 es(e,:,:) = es_e;
160 edi(e,:,:) = edi_e;
161 end
162

163 % -------------------------------------------------
164 % CONVERGENCE CHECK
165 % -------------------------------------------------
166 conv_a = max(abs(a - a_old));
167 conv_QA = max(abs(QA - QA_old));
168 conv = max(conv_a, conv_QA);
169

170 fprintf(’Iter %d | conv = %.3e\n’, iter, conv);
171

172 if conv < err
173 fprintf(’Converged in %d iterations\n’, iter);
174 break
175 elseif iter >= max_iter
176 warning(’No convergence’);
177 break
178 end
179

180 % -------------------------------------------------
181 % UPDATE STATE
182 % -------------------------------------------------
183 a_old = a;
184 QA_old = QA;
185
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186 end

B.6 beam2gwe
LISTING B.6: Beam element routine beam2gwe for a two-dimensional beam on elastic foundation

including geometric nonlinearity and axial force effects.

1 function [Ke,fe]=beam2gwe(ex,ey,ep,QX,eq)
2 % Ke=beam2ge(ex,ey,ep,QX)
3 % [Ke,fe]=beam2ge(ex,ey,ep,QX,eq)
4 %-------------------------------------------------------------
5 % PURPOSE
6 % Compute the element stiffness matrix for a two-dimensional
7 % beam element on elastic foundation including geometric

nonlinearity.
8 %
9 % INPUT:

10 % ex = [x1 x2] element node coordinates
11 % ey = [y1 y2]
12 %
13 % ep = [E A I kX kY]
14 % E : Young’s modulus
15 % A : Cross-sectional area
16 % I : Second moment of inertia
17 % kX : axial foundation stiffness
18 % kY : transverse foundation stiffness
19 %
20 % QX : axial force in the beam
21 %
22 % eq = [qX qY] distributed loads (local directions)
23 %
24 % OUTPUT:
25 % Ke : element stiffness matrix (6x6)
26 % fe : element load vector (6x1)
27 %
28 % Implemented by: J. Dahlberg (MSc Structural Engineering student

at Linnaeus % Univerisity), 2026-02-24
29 %-------------------------------------------------------------
30

31 E=ep(1); A=ep(2); I=ep(3); kX=ep(4); kY=ep(5);
32 DEA=E*A; DEI=E*I;
33

34 qX=0; qY=0;
35 if nargin>4
36 qX=eq(1); qY=eq(2);
37 end
38

39 dx=ex(2)-ex(1);
40 dy=ey(2)-ey(1);
41 L=sqrt(dx*dx+dy*dy);
42

43 K0=[DEA/L 0 0 -DEA/L 0 0 ;
44 0 12*DEI/L^3 6*DEI/L^2 0 -12*DEI/L^3 6*DEI/L^2;
45 0 6*DEI/L^2 4*DEI/L 0 -6*DEI/L^2 2*DEI/L;
46 -DEA/L 0 0 DEA/L 0 0 ;
47 0 -12*DEI/L^3 -6*DEI/L^2 0 12*DEI/L^3 -6*DEI/L^2;
48 0 6*DEI/L^2 2*DEI/L 0 -6*DEI/L^2 4*DEI/L];
49

50 Ksl=QX/(30*L)*[0 0 0 0 0 0;
51 0 36 3*L 0 -36 3*L;
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52 0 3*L 4*L^2 0 -3*L -L^2;
53 0 0 0 0 0 0;
54 0 -36 -3*L 0 36 -3*L;
55 0 3*L -L^2 0 -3*L 4*L^2];
56

57 Ks=L/420*[140*kX 0 0 70*kX 0 0;
58 0 156*kY 22*kY*L 0 54*kY -13*kY*L;
59 0 22*kY*L 4*kY*L^2 0 13*kY*L -3*kY*L^2;
60 70*kX 0 0 140*kX 0 0;
61 0 54*kY 13*kY*L 0 156*kY -22*kY*L;
62 0 -13*kY*L -3*kY*L^2 0 -22*kY*L 4*kY*L^2];
63

64 fle=L*[qX/2 qY/2 qY*L/12 qX/2 qY/2 -qY*L/12]’;
65

66 Kle=K0+Ksl+Ks;
67

68 nxX=dx/L; nyX=dy/L;
69 nxY=-dy/L; nyY=dx/L;
70

71 G=[nxX nyX 0 0 0 0;
72 nxY nyY 0 0 0 0;
73 0 0 1 0 0 0;
74 0 0 0 nxX nyX 0;
75 0 0 0 nxY nyY 0;
76 0 0 0 0 0 1];
77

78 Ke=G’*Kle*G;
79 fe=G’*fle;
80

81 end

B.7 beam2gws
LISTING B.7: Beam element routine beam2gs for evaluation of section forces in a geometrically

nonlinear beam element on elastic foundation.

1 function [es,QX,edi,eci]=beam2gs(ex,ey,ep,ed,QX,eq,n)
2 %------------------------------------------------------------------------
3 % PURPOSE
4 % Calculate section forces in a two-dimensional geometrically

nonlinear
5 % beam element on elastic foundation (beam2ge + beam2we).
6 %
7 % INPUT:
8 % ex = [x1 x2] element node coordinates
9 % ey = [y1 y2]

10 %
11 % ep = [E A I kX kY]
12 % E : Young’s modulus
13 % A : cross-section area
14 % I : moment of inertia
15 % kX : axial foundation stiffness
16 % kY : transverse foundation stiffness
17 %
18 % ed = [u1 ... u6] element displacement vector
19 %
20 % QX : axial force in the beam
21 %
22 % eq = [qX qY] distributed loads (local directions)
23 %

104



24 % n : number of evaluation points (default = 2)
25 %
26 % OUTPUT:
27 % es = [N V M] section forces in local coordinates
28 % QX : updated axial force
29 % edi = displacements along element
30 % eci = evaluation points along local axis
31 %
32 % Implemented by: J. Dahlberg (MSc Structural Engineering student

at Linnaeus % Univerisity), 2026-02-24
33 %------------------------------------------------------------------------
34

35 E=ep(1); A=ep(2); I=ep(3); kX=ep(4); kY=ep(5);
36 DEA=E*A; DEI=E*I;
37

38 qX=0; qY=0;
39 if nargin>5; qX=eq(1); qY=eq(2); end
40

41 ne=2;
42 if nargin>6; ne=n; end
43

44 dx=ex(2)-ex(1);
45 dy=ey(2)-ey(1);
46 L=sqrt(dx*dx+dy*dy);
47

48 nxX=dx/L; nyX=dy/L;
49 nxY=-dy/L; nyY=dx/L;
50

51 G=[nxX nyX 0 0 0 0;
52 nxY nyY 0 0 0 0;
53 0 0 1 0 0 0;
54 0 0 0 nxX nyX 0;
55 0 0 0 nxY nyY 0;
56 0 0 0 0 0 1];
57

58 edl=G*ed’;
59

60 % Interpolation and strain terms
61 ...
62 % (code unchanged for brevity)
63

64 N=QX+dv.*V;
65 es=[N V M];
66 edi=[u v];
67 eci=X;
68

69 end
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Appendix C

RFEM 6 Solutions
This appendix presents the Python implementation used to generate the RFEM 6
model of the laterally loaded pile. The model is based on a beam element formulation
combined with nonlinear soil springs. The soil stiffness is defined along the pile
depth according to an undrained shear strength profile, and the structural response is
evaluated using a second-order (P–∆) analysis in RFEM 6 .

C.1 RFEM 6 Geometrical Nonlinear and Linear Elasto-Plastic
Soil

LISTING C.1: RFEM Python Implementation for a Geometrically Nonlinear Beam Member with
Linear Elasto-Plastic Soil Model

1

2 from dlubal.api import rfem
3 from math import inf
4

5 with rfem.Application() as rfem_app:
6

7 # -----------------------------
8 # MODEL INITIALISATION
9 # -----------------------------

10 rfem_app.close_all_models(save_changes=False) # close
existing models

11 rfem_app.create_model(name="Laterally_Loaded_Pile") # create
new model

12 rfem_app.delete_all_objects() # ensure clean
workspace

13

14 base_data = rfem_app.get_base_data() # access model
metadata

15

16 base_data.main.model_name = "Pile Model" # model name
17 base_data.main.model_description = "Laterally loaded pile in

soil" # description
18 base_data.main.model_type =

rfem.BaseData.Main.ModelType.MODEL_TYPE_2D_XZ_PLANE_STRESS #
2D XZ model

19

20 base_data.addons.steel_design_active = True # enable steel
design module

21

22 rfem_app.set_base_data(base_data=base_data) # apply settings
23

24 # -----------------------------
25 # MATERIAL & CROSS-SECTION
26 # -----------------------------
27 material = rfem.structure_core.Material(
28 no=1,
29 name="S235" # steel grade
30 )
31

32 cross_section = rfem.structure_core.CrossSection(
33 no=1,
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34

type=rfem.structure_core.CrossSection.TYPE_PARAMETRIC_THIN_WALLED,
35 parametrization_type=rfem.structure_core.CrossSection
36

.PARAMETRIZATION_TYPE_PARAMETRIC_THIN_WALLED__CIRCULAR_HOLLOW_SECTION__CHS,
37 material=1,
38 d=0.5, # outer diameter [m]
39 t=0.02 # wall thickness [m]
40 )
41

42 # -----------------------------
43 # GEOMETRY (NODES)
44 # -----------------------------
45 length = 10 # pile length [m]
46 n_elem = 79 # number of elements
47 n_nodes = n_elem + 1
48

49 nodes = []
50

51 for i in range(n_nodes):
52

53 node_no = i + 1 # node ID
54 z = i * length / n_elem # depth coordinate

[m]
55 x = 0 # pile axis

(vertical)
56

57 nodes.append(
58 rfem.structure_core.Node(
59 no=node_no,
60 coordinate_1=x, # x-coordinate
61 coordinate_3=z # z-coordinate

(depth)
62 )
63 )
64

65 # -----------------------------
66 # MEMBER DEFINITION
67 # -----------------------------
68 member = rfem.structure_core.Member(
69 no=1,
70 node_start=1, # top node
71 node_end=n_nodes, # bottom node
72 cross_section_start=1,
73 cross_section_end=1
74 )
75

76 # -----------------------------
77 # SOIL SPRINGS (WINKLER MODEL)
78 # -----------------------------
79 nodal_springs = []
80

81 N_c = 9 # bearing capacity factor
82 gamma_cu = 1.0 # safety factor
83 k0 = 150 # stiffness coefficient
84 d_out = 0.5 # pile diameter [m]
85 l_elem = length / n_elem
86

87 for i in range(n_nodes):
88

89 node_no = i + 1
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90 z = i * length / n_elem # depth [m]
91

92 cuk = (21 + 0.78 * z) * 1000 # characteristic
shear strength [Pa]

93 cud = cuk / gamma_cu # design shear
strength [Pa]

94 p_u = N_c * cud # ultimate soil
resistance

95

96 k_u = k0 * (cud / d_out) # subgrade modulus
97 Cux = k_u * d_out * l_elem # spring stiffness

per node
98

99 if node_no == 1 or node_no == n_nodes:
100 Cux = 0.5 * Cux # half stiffness at

boundaries
101

102 spring_z = inf if node_no == n_nodes else 0 # vertical
restraint at base

103 rot_y = 0 # default
rotation

104

105 nodal_springs.append(
106 rfem.types_for_nodes.NodalSupport(
107 no=node_no,
108 nodes=[node_no],
109 spring_x=Cux, # lateral spring

stiffness
110 spring_z=spring_z, # vertical restraint
111 rotational_restraint_y=rot_y
112 )
113 )
114

115 # -----------------------------
116 # CREATE OBJECTS IN RFEM
117 # -----------------------------
118 rfem_app.create_object(material)
119 rfem_app.create_object(cross_section)
120 rfem_app.create_object_list(nodes)
121 rfem_app.create_object(member)
122 rfem_app.create_object_list(nodal_springs)
123

124 # -----------------------------
125 # LOADING & ANALYSIS SETTINGS
126 # -----------------------------
127 static_analysis_setting = rfem.loading.StaticAnalysisSettings(
128 no=1,
129 analysis_type="ANALYSIS_TYPE_SECOND_ORDER_P_DELTA" #

geometric nonlinearity
130 )
131

132 load_case = rfem.loading.LoadCase(
133 no=1,
134 name="Axial + Lateral"
135 )
136

137 nodal_load = rfem.loads.NodalLoad(
138 no=1,
139 load_case=1,
140 load_type="LOAD_TYPE_COMPONENTS",
141 nodes=[1],
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142 components_force_z=0, # vertical load
143 components_force_x=1e5 # horizontal load
144 )
145

146 rfem_app.create_object(static_analysis_setting)
147 rfem_app.create_object(load_case)
148 rfem_app.create_object(nodal_load)

C.2 RFEM 6 Geometrically Linear/Nonlinear Beam Model
with Nonlinear Soil Springs

This section presents the Python script used to generate the RFEM model of the
laterally loaded pile. The implementation is based on a beam member combined
with nonlinear soil representation defined through spring diagrams. The structural
response is computed in RFEM using either geometrically linear or second-order (P–
∆) analysis type.

LISTING C.2: RFEM Python implementation of a geometrically nonlinear beam member with non-
linear Winkler soil springs

1

2 from dlubal.api import rfem
3 from math import inf
4

5 # ============================================================
6 # USER INPUT PARAMETERS: GEOMETRY AND LOADS
7 # ============================================================
8

9 length = 20 # pile length [m]
10 n_elem = 80 # number of beam elements
11 l_elem = length / n_elem # element length [m]
12 n_nodes = n_elem + 1 # number of nodes
13 d_out = 0.5 # pile diameter [m]
14 t = 0.020 # wall thickness [m]
15 is_rotation_y_fixed = True # fix rotation at pile head
16 V0 = 2700e3 # vertical load [N]
17 H0 = 30e3 # horizontal load [N]
18 N_c = 9 # bearing capacity factor
19 gamma_cu = 1.5 # partial safety factor
20 e50 = 0.02 # strain at 50% strength
21 u50 = 2.5 * e50 * d_out # displacement at 50% strength

[m]
22 u_tot = [1, 2, 4, 8, 16, 50, 128, 160] # displacement set [mm]
23 u_tot = [u / 1000 for u in u_tot] # convert to meters
24

25 # ============================================================
26 # RFEM MODEL INITIALISATION
27 # ============================================================
28

29 with rfem.Application() as rfem_app:
30

31 rfem_app.close_all_models(save_changes=False)
32 rfem_app.create_model(name="Pile_1")
33 rfem_app.delete_all_objects()
34 base_data = rfem_app.get_base_data()
35 base_data.main.model_description = "Laterally loaded steel pile"
36 base_data.main.model_type =

rfem.BaseData.Main.ModelType.MODEL_TYPE_2D_XZ_PLANE_STRESS
37 base_data.addons.steel_design_active = True
38 base_data.main.model_type = base_data.main.model_type
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39 rfem_app.set_base_data(base_data=base_data)
40

41 # ============================================================
42 # MATERIAL AND CROSS-SECTION
43 # ============================================================
44

45 material = rfem.structure_core.Material(
46 no=1,
47 name=material_grade
48 )
49

50 cross_section = rfem.structure_core.CrossSection(
51

no=1,type=rfem.structure_core.CrossSection.TYPE_PARAMETRIC_THIN_WALLED,
52

parametrization_type=rfem.structure_core.CrossSection.PARAMETRIZATION_TYPE_PARAMETRIC_THIN_WALLED__CIRCULAR_HOLLOW_SECTION__CHS,
53 material=1,
54 d=d_out,
55 t=t
56 )
57

58 # ============================================================
59 # NODES
60 # ============================================================
61

62 nodes = []
63 for i in range(n_nodes):
64 node_no = i + 1
65 z = i * length / n_elem
66 x = 0
67 nodes.append(
68 rfem.structure_core.Node(
69 no=node_no,
70 coordinate_1=x,
71 coordinate_3=z
72 )
73 )
74

75 # ============================================================
76 # BEAM ELEMENT MEMBERS
77 # ============================================================
78

79 members = []
80 for i in range(n_elem):
81 members.append(
82 rfem.structure_core.Member(
83 no=i + 1,
84 node_start=i + 1,
85 node_end=i + 2,
86 cross_section_start=1,
87 cross_section_end=1
88 )
89 )
90

91 # ============================================================
92 # LATERAL SPRINGS (NONLINEAR NODAL SUPPORT DIAGRAMS)
93 # ============================================================
94

95 nodal_springs = []
96 for i in range(n_nodes):
97 node_no = i + 1
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98 z = i * l_elem
99 cuk = (21 + 0.78 * z) * 1000

100 cud = cuk / gamma_cu
101 py = N_c * cud
102 diagram_rows = []
103 for j, u in enumerate(u_tot):
104 if u == 0:
105 p = 0.0
106 else:
107 p = 0.5 * (u / u50) ** (1/3) * py
108 p = min(p, py)
109 F = p * d_out * l_elem
110 if node_no == 1 or node_no == n_nodes:
111 F *= 0.5
112 diagram_rows.append(
113

rfem.types_for_nodes.NodalSupport.DiagramAlongXTableRow(
114 no=j + 1,
115 displacement=u,
116 force=F
117 )
118 )
119 spring_z = inf if node_no == n_nodes else 0
120 rotational_spring_y = inf if (is_rotation_y_fixed and

node_no == 1) else 0
121 nodal_springs.append(
122 rfem.types_for_nodes.NodalSupport(
123 no=i + 1,
124 nodes=[node_no],
125

spring_x_nonlinearity=rfem.types_for_nodes.NodalSupport.SPRING_X_NONLINEARITY_DIAGRAM,
126

diagram_along_x_table=rfem.types_for_nodes.NodalSupport.DiagramAlongXTable(
127 rows=diagram_rows
128 ),
129 spring_z=spring_z,
130 rotational_restraint_y=rotational_spring_y
131 )
132 )
133

134 # ============================================================
135 # OBJECT CREATION
136 # ============================================================
137

138 rfem_app.create_object(material)
139 rfem_app.create_object(cross_section)
140 rfem_app.create_object_list(nodes)
141 rfem_app.create_object_list(members)
142 rfem_app.create_object_list(nodal_springs)
143

144 # ============================================================
145 # LOADING AND ANALYSIS SETTINGS
146 # ============================================================
147

148 static_analysis_setting = rfem.loading.StaticAnalysisSettings(
149 no=1,
150 analysis_type="ANALYSIS_TYPE_SECOND_ORDER_P_DELTA"
151 )
152

153 load_case = rfem.loading.LoadCase(
154 no=1,
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155 name="Axial + Lateral",
156 static_analysis_settings=1
157 )
158

159 nodal_load = rfem.loads.NodalLoad(
160 no=1,
161 load_case=1,
162 load_type="LOAD_TYPE_COMPONENTS",
163 nodes=[1],
164 components_force_z=V0,
165 components_force_x=H0
166 )
167

168 rfem_app.create_object(static_analysis_setting)
169 rfem_app.create_object(load_case)
170 rfem_app.create_object(nodal_load)
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