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HIGHLIGHTS

+ A Lagrange multiplier-based thermoelastic FE*> framework is applied to coupled finite-strain homogenization problems.
« First- and second-order multiscale formulations are consistently implemented within a unified variational framework.
» Second-order homogenization provides enhanced microscale resolution, whereas improvements in macroscale predictions depend on loading conditions and material

contrast.
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An existing multi-scale FE? finite element framework is extended to steady-state, coupled thermo-mechanical
analysis of hyperelastic materials undergoing large deformations. Two formulations are considered: a standard
first-order formulation and a thermo-mechanical framework combining second-order mechanical homogenization
with a first-order thermal model. The latter is introduced to account for size effects arising from microstructural
heterogeneities and thermal expansion. The framework is tested under plane strain conditions for composite

microstructures containing either soft or stiff inclusions. The results show that, while the second-order formulation
provides a more accurate representation of the RVE fields, the overall macroscale improvement over the classical
first-order formulation is problem-dependent. The study demonstrates the practicality of the numerical framework
for both approaches in multi-scale thermo-mechanical analysis.

1. Introduction

Multiscale methods have become important tools for connecting
microscopic heterogeneities to the effective macroscopic behavior of ma-
terials, allowing complex material responses to be represented within a
continuum framework. Engineering applications involving architected
materials and mechanical metamaterials, such as cellular and lattice
structures, have attracted considerable attention due to their high
specific stiffness and tunable mechanical properties [1-3]. For such
materials, the characteristic structural dimensions are often compa-
rable to the underlying microstructural length scale, giving rise to
size-dependent effects that cannot be captured by classical first-order ho-
mogenization [4,5]. To account for these effects, generalized continuum
theories and higher-order multiscale formulations have been developed.
These formulations are also relevant for heterogeneous materials such as
fiber-reinforced composites, where microstructural heterogeneities and
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deformation mechanisms can significantly influence the macroscopic
response [6].

Strain gradient effects have been shown to become increasingly
significant under large deformations, leading to growing interest in
gradient-enhanced continuum models in recent years. Previous stud-
ies have shown that incorporating microstructural effects is crucial
for accurately predicting stiffness, mechanical instabilities, and bifur-
cation behavior in highly deformable solids. For example, Wang and
Dortdivanlioglu [7] demonstrated that strain gradient effects can delay
the onset of mechanical instabilities and shift bifurcation behavior in
hyperelastic materials. Torabi et al. [8] highlighted the differences in
predicted deflections of perforated plates when using 3D strain gradi-
ent elasticity compared to classical plate theories, while Deng et al. [9]
showed that geometrical nonlinearity can dramatically enhance coupled
electromechanical responses in soft dielectrics.
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\begin {align}\label {u micro 1st order def} & \boldsymbol {u}_{\mu }(\boldsymbol {Y}) = (\boldsymbol {\mathbf {F}} - \boldsymbol {\mathbf {I}})\cdot \boldsymbol {Y} + \tilde {\boldsymbol {u}}(\boldsymbol {Y})\end {align}


$\boldsymbol {u}_{\mu }$


$\boldsymbol {Y}$


$\tilde {\boldsymbol {u}}$


$\boldsymbol {\mathbf {F}} = \nabla _X \boldsymbol {u} + \boldsymbol {\mathbf {I}}$


$\boldsymbol {u}$


$\nabla _X=\partial /\partial \boldsymbol {X}$


$\boldsymbol {X}$


$\Theta _\mu $


\begin {align}\label {temperature micro 1st order def} & \Theta _\mu (\boldsymbol {Y}) = \Theta + \boldsymbol {H}\cdot \boldsymbol {Y} + \tilde {\Theta }(\boldsymbol {Y})\end {align}


$\Theta $


$\boldsymbol {H}=\nabla _X\Theta $


$\tilde {\Theta }$


\begin {align}\label {int Y dv} & \int _{\Omega _{\mu }} \boldsymbol {Y} dV=\boldsymbol {0}.\end {align}


$\boldsymbol {\mathbf {F}}_{\mu }=\boldsymbol {\mathbf {F}}+\nabla _Y\tilde {\boldsymbol {u}}$


$\boldsymbol {H}_{\mu }=\boldsymbol {H}+\nabla _Y\tilde {\Theta }$


$\nabla _Y=\partial /\partial \boldsymbol {Y}$


$\boldsymbol {\mathbf {F}}_\mu =\boldsymbol {\mathbf {F}}_{\mu e} \boldsymbol {\mathbf {F}}_{\mu \Theta }$


$\boldsymbol {\mathbf {F}}_{\mu e}$


$\boldsymbol {\mathbf {F}}_{\mu \Theta }$


$\boldsymbol {\mathbf {F}}_{\mu \Theta }=\lambda _\Theta \boldsymbol {\mathbf {I}}$


$\lambda _\Theta =\exp (\alpha (\Theta _{\mu }-\Theta _{\mu 0}))$


$\alpha $


$\Theta _{\mu 0}$


$\boldsymbol {\mathbf {F}}_{\mu e}=\boldsymbol {\mathbf {F}}_\mu / \lambda _{\Theta }$


\begin {align}\label {macro F def} & \boldsymbol {\mathbf {F}}=\frac {1}{V_{\mu }}\int _{\Omega _\mu } \boldsymbol {\mathbf {F}}_{\mu } dV\end {align}


$V_\mu $


$\Omega _\mu $


\begin {align}\label {mechanical constraint 1} & \int _{\partial \Omega _{\mu }} \tilde {\boldsymbol {u}} \otimes \boldsymbol {N}_\mu dA=\boldsymbol {0}\end {align}


$\boldsymbol {N}_\mu $


$\partial \Omega _\mu $


$\tilde {\boldsymbol {u}}^+ = \tilde {\boldsymbol {u}}^{-}$


$\boldsymbol {N}_\mu ^+ = -\boldsymbol {N}_\mu ^{-}$


\begin {align}\label {macro H def} & \boldsymbol {H}=\frac {1}{V_\mu } \int _{\Omega _\mu } \boldsymbol {H}_\mu dV\end {align}


\begin {align}\label {zero avg micro temp fluct} & \int _{\Omega _\mu } \tilde {\Theta } dV=0\end {align}


\begin {align}\label {1st order temperature periodic bc} & \int _{\partial \Omega _\mu } \tilde {\Theta } \boldsymbol {N}_\mu dA=\boldsymbol {0}.\end {align}


$\tilde {\Theta }^+ = \tilde {\Theta }^{-}$


\begin {align}\label {hill-mandel mechanical 1st order} & \boldsymbol {\mathbf {P}}:\delta \boldsymbol {\mathbf {F}}=\frac {1}{V_\mu }\int _{\Omega _\mu } \boldsymbol {\mathbf {P}}_\mu :\delta \boldsymbol {\mathbf {F}}_\mu dV=\frac {1}{V_\mu }\int _{\Omega _\mu } \boldsymbol {\mathbf {P}}_\mu :(\delta \boldsymbol {\mathbf {F}}+\nabla _Y \delta \tilde {\boldsymbol {u}}) dV\end {align}


\begin {align}\label {hill-mandel heat 1st order} & \boldsymbol {Q} \cdot \delta \boldsymbol {H}=\frac {1}{V_\mu } \int _{\Omega _\mu } \boldsymbol {Q}_\mu \cdot \delta \boldsymbol {H}_\mu dV=\frac {1}{V_\mu } \int _{\Omega _\mu } \boldsymbol {Q}_\mu \cdot ( \delta \boldsymbol {H}+\nabla _Y \delta \tilde {\Theta }) dV\end {align}


$\boldsymbol {\mathbf {P}}$


$\boldsymbol {\mathbf {Q}}$


$\boldsymbol {\mathbf {P}}_\mu $


\begin {align}\label {micro 1st piola def} & \boldsymbol {\mathbf {P}}_\mu =\frac {\partial \Psi }{\partial \boldsymbol {\mathbf {F}}_\mu }=\frac {\partial \Psi }{\partial \boldsymbol {\mathbf {F}}_{\mu e}} :\frac {\partial \boldsymbol {\mathbf {F}}_{\mu e}}{\partial \boldsymbol {\mathbf {F}}_\mu }=\frac {1}{\lambda _\Theta } \boldsymbol {\mathbf {P}}_{\mu e}\end {align}


$\Psi =\Psi (\boldsymbol {\mathbf {F}}_{\mu e})$


\begin {align}\label {micro flux def} & \boldsymbol {Q}_\mu =-k_0 \boldsymbol {\mathbf {C}}^{-1}_\mu \nabla _Y \Theta _{\mu }\end {align}


$\boldsymbol {\mathbf {C}}_\mu =\boldsymbol {\mathbf {F}}_\mu ^T \boldsymbol {\mathbf {F}}_\mu $


$k_0$


\begin {align}\label {macro P def} & \boldsymbol {\mathbf {P}}=\frac {1}{V_\mu } \int _{\Omega _\mu } \boldsymbol {\mathbf {P}}_\mu dV\end {align}


\begin {align}\label {rve mechanical equilibirum weak form} & \int _{\Omega _\mu } \boldsymbol {\mathbf {P}}_\mu :\nabla _Y \delta \tilde {\boldsymbol {u}} dV=0.\end {align}


\begin {align}\label {macro heat flux def} & \boldsymbol {Q}=\frac {1}{V_\mu } \int _{\Omega _\mu } \boldsymbol {Q}_\mu dV\end {align}


\begin {align}\label {rve heat transfer equilibrium def} & \int _{\Omega _\mu } \boldsymbol {Q}_\mu \cdot \nabla _Y \delta \tilde {\Theta } dV=0.\end {align}


\begin {align}\label {rigid body motion constraint} & \int _{\Omega \mu } \tilde {\boldsymbol {u}} dV =\boldsymbol {0}.\end {align}


$\boldsymbol {\lambda }_p$


$\boldsymbol {\lambda }_v$


$\gamma _p$


$\gamma _v$


$\boldsymbol {\lambda }_v=\boldsymbol {0}$


$\gamma _v=0$


$\boldsymbol {\lambda }_v=\boldsymbol {0}$


${\textrm {Div}}_Y (\boldsymbol {\mathbf {P}}_{\mu })+\boldsymbol {\lambda }_v= \boldsymbol {0}$


$\Omega _\mu $


$\boldsymbol {\mathbf {P}}_{\mu } \cdot \boldsymbol {N}_\mu $


$\partial \Omega _\mu $


$\gamma _v=0$


\begin {equation}\label {strong form rve mechanical 1st order} \begin {gathered} {\textrm {Div}}_Y (\boldsymbol {\mathbf {P}}_{\mu })+\boldsymbol {\lambda }_v=\boldsymbol {0} \quad \textnormal {in} \quad \Omega _{\mu } \\ \boldsymbol {\mathbf {P}}_{\mu } \cdot \boldsymbol {N}_\mu =\boldsymbol {\lambda }_p \quad \textnormal {on} \quad \partial \Omega _{\mu }^+ \\ \boldsymbol {\mathbf {P}}_{\mu } \cdot \boldsymbol {N}_\mu =-\boldsymbol {\lambda }_p \quad \textnormal {on} \quad \partial \Omega _{\mu }^- \\ \tilde {\boldsymbol {u}}^+=\tilde {\boldsymbol {u}}^-\quad \textnormal {on} \quad \partial \Omega _{\mu }^+ \\ \int _{\Omega _\mu }\tilde {\boldsymbol {u}} dV=\boldsymbol {0} \quad \textnormal {in} \quad \Omega _{\mu } \end {gathered}\end {equation}


\begin {equation}\label {strong form heat transfer rve 1st order} \begin {gathered} {\textrm {Div}}_Y (\boldsymbol {Q}_\mu )+\gamma _v= 0 \quad \textnormal {in} \quad \Omega _{\mu } \\ \boldsymbol {Q}_{\mu } \cdot \boldsymbol {N}_\mu =\gamma _p \quad \textnormal {on} \quad \partial \Omega _{\mu }^+ \\ \boldsymbol {Q}_{\mu } \cdot \boldsymbol {N}_\mu =-\gamma _p \quad \textnormal {on} \quad \partial \Omega _{\mu }^- \\ \tilde {\Theta }^+=\tilde {\Theta }^- \quad \textnormal {on} \quad \partial \Omega _{\mu }^+ \\ \int _{\Omega _\mu }\tilde {\Theta } dV=0 \quad \textnormal {in} \quad \Omega _{\mu } \end {gathered}\end {equation}


$\boldsymbol {\mathbf {P}}_{\mu }$


$\boldsymbol {Q}_{\mu }$


$\boldsymbol {\mathbf {C}}_{\mu }^{-1}$


$\tilde {\boldsymbol {u}}=\boldsymbol {\mathbf {N}}_{\tilde {u}}\boldsymbol {a}_{\tilde {u}}$


$\tilde {\Theta }=\boldsymbol {\mathbf {N}}_{\tilde {\Theta }}\boldsymbol {a}_{\tilde {\Theta }}$


$\boldsymbol {\mathbf {N}}_{\tilde {u}}$


$\boldsymbol {\mathbf {N}}_{\tilde {\Theta }}$


$\boldsymbol {a}_{\tilde {u}}$


$\boldsymbol {a}_{\tilde {\Theta }}$


$\boldsymbol {\lambda }_p=\boldsymbol {\mathbf {N}}_{\lambda _p}\boldsymbol {a}_{\lambda _p}$


$\boldsymbol {\gamma }_p=\boldsymbol {\mathbf {N}}_{\gamma _p}\boldsymbol {a}_{\gamma _p}$


$\partial \Omega _{\mu }^+$


\begin {equation}\label {weak form rve mechanical lagrange mp} \begin {gathered} \int _{\Omega _\mu } \boldsymbol {\mathbf {P}}_{\mu }: \nabla _{Y}\delta \tilde {\boldsymbol {u}} dV-\int _{\partial \Omega _\mu ^+} \delta \boldsymbol {\lambda }_p \cdot (\tilde {\boldsymbol {u}}^+-\tilde {\boldsymbol {u}}^-) dA-\int _{\partial \Omega _\mu ^+} \boldsymbol {\lambda }_p \cdot (\delta \tilde {\boldsymbol {u}}^+-\delta \tilde {\boldsymbol {u}}^-)dA \\ -\delta \boldsymbol {\lambda }_v \cdot \int _{\Omega _\mu } \tilde {\boldsymbol {u}}dV-\boldsymbol {\lambda }_v \cdot \int _{\Omega _\mu }\delta \tilde {\boldsymbol {u}} dV=0 \end {gathered}\end {equation}


\begin {equation}\label {weak form rve heat transfer lagrange mp} \begin {gathered} \int _{\Omega _\mu } \boldsymbol {Q}_{\mu }\cdot \nabla _{Y}\delta \tilde {\Theta } dV-\int _{\partial \Omega _\mu ^+} \delta \gamma _p (\tilde {\Theta }^+-\tilde {\Theta }^-) dA-\int _{\partial \Omega _\mu ^+} \gamma _p (\delta \tilde {\Theta }^+-\delta \tilde {\Theta }^-)dA \\ -\delta \gamma _v \int _{\Omega _\mu } \tilde {\Theta }dV-\gamma _v \int _{\Omega _\mu }\delta \tilde {\Theta } dV=0 \end {gathered}\end {equation}


$\boldsymbol {r}_\mu =\boldsymbol {0}$


\begin {align}\label {micro rve residual 1st order} & \boldsymbol {r}_{\mu }=\begin {bmatrix} \boldsymbol {r}_{\tilde {u}} \\ \boldsymbol {r}_{\lambda } \\ \boldsymbol {r}_{\tilde {\Theta }} \\ \boldsymbol {r}_{\gamma } \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},\tilde {u}}+\boldsymbol {\mathbf {C}}^T_{\lambda } \boldsymbol {a}_{\lambda } \\ \boldsymbol {\mathbf {C}}_{\lambda }\boldsymbol {a}_{\tilde {u}} \\\boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}+\boldsymbol {\mathbf {C}}^T_{\gamma } \boldsymbol {a}_{\gamma } \\\boldsymbol {\mathbf {C}}_{\gamma }\boldsymbol {a}_{\tilde {\Theta }} \end {bmatrix},\\ \label {ieq1} & \boldsymbol {a}_{\lambda }=\begin {bmatrix} \boldsymbol {a}_{\lambda _p} \\ \boldsymbol {\lambda }_v \end {bmatrix}, \qquad \boldsymbol {a}_{\gamma }=\begin {bmatrix} \boldsymbol {a}_{\gamma _p} \\ \gamma _v \end {bmatrix},\\ \label {ieq2} & \boldsymbol {f}_{\textnormal {int},\tilde {u}}=\int _{\Omega _\mu } \boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {P}_\mu dV, \qquad \boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}= \int _{\Omega _\mu } \boldsymbol {\mathbf {B}}_{\tilde {\Theta }}^T \boldsymbol {Q}_\mu dV,\\ \label {ieq3} & \boldsymbol {\mathbf {C}}_{\lambda }=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\lambda _p} \\ \boldsymbol {\mathbf {C}}_{\lambda _v} \end {bmatrix}, \quad \textnormal {and} \quad \boldsymbol {\mathbf {C}}_{\gamma }=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\gamma _p} \\ \boldsymbol {\mathbf {C}}_{\gamma _v} \end {bmatrix}.\end {align}


\begin {align}\label {micro rve residual 1st order} & \boldsymbol {r}_{\mu }=\begin {bmatrix} \boldsymbol {r}_{\tilde {u}} \\ \boldsymbol {r}_{\lambda } \\ \boldsymbol {r}_{\tilde {\Theta }} \\ \boldsymbol {r}_{\gamma } \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},\tilde {u}}+\boldsymbol {\mathbf {C}}^T_{\lambda } \boldsymbol {a}_{\lambda } \\ \boldsymbol {\mathbf {C}}_{\lambda }\boldsymbol {a}_{\tilde {u}} \\\boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}+\boldsymbol {\mathbf {C}}^T_{\gamma } \boldsymbol {a}_{\gamma } \\\boldsymbol {\mathbf {C}}_{\gamma }\boldsymbol {a}_{\tilde {\Theta }} \end {bmatrix},\\ \label {ieq1} & \boldsymbol {a}_{\lambda }=\begin {bmatrix} \boldsymbol {a}_{\lambda _p} \\ \boldsymbol {\lambda }_v \end {bmatrix}, \qquad \boldsymbol {a}_{\gamma }=\begin {bmatrix} \boldsymbol {a}_{\gamma _p} \\ \gamma _v \end {bmatrix},\\ \label {ieq2} & \boldsymbol {f}_{\textnormal {int},\tilde {u}}=\int _{\Omega _\mu } \boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {P}_\mu dV, \qquad \boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}= \int _{\Omega _\mu } \boldsymbol {\mathbf {B}}_{\tilde {\Theta }}^T \boldsymbol {Q}_\mu dV,\\ \label {ieq3} & \boldsymbol {\mathbf {C}}_{\lambda }=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\lambda _p} \\ \boldsymbol {\mathbf {C}}_{\lambda _v} \end {bmatrix}, \quad \textnormal {and} \quad \boldsymbol {\mathbf {C}}_{\gamma }=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\gamma _p} \\ \boldsymbol {\mathbf {C}}_{\gamma _v} \end {bmatrix}.\end {align}


\begin {align}\label {micro rve residual 1st order} & \boldsymbol {r}_{\mu }=\begin {bmatrix} \boldsymbol {r}_{\tilde {u}} \\ \boldsymbol {r}_{\lambda } \\ \boldsymbol {r}_{\tilde {\Theta }} \\ \boldsymbol {r}_{\gamma } \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},\tilde {u}}+\boldsymbol {\mathbf {C}}^T_{\lambda } \boldsymbol {a}_{\lambda } \\ \boldsymbol {\mathbf {C}}_{\lambda }\boldsymbol {a}_{\tilde {u}} \\\boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}+\boldsymbol {\mathbf {C}}^T_{\gamma } \boldsymbol {a}_{\gamma } \\\boldsymbol {\mathbf {C}}_{\gamma }\boldsymbol {a}_{\tilde {\Theta }} \end {bmatrix},\\ \label {ieq1} & \boldsymbol {a}_{\lambda }=\begin {bmatrix} \boldsymbol {a}_{\lambda _p} \\ \boldsymbol {\lambda }_v \end {bmatrix}, \qquad \boldsymbol {a}_{\gamma }=\begin {bmatrix} \boldsymbol {a}_{\gamma _p} \\ \gamma _v \end {bmatrix},\\ \label {ieq2} & \boldsymbol {f}_{\textnormal {int},\tilde {u}}=\int _{\Omega _\mu } \boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {P}_\mu dV, \qquad \boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}= \int _{\Omega _\mu } \boldsymbol {\mathbf {B}}_{\tilde {\Theta }}^T \boldsymbol {Q}_\mu dV,\\ \label {ieq3} & \boldsymbol {\mathbf {C}}_{\lambda }=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\lambda _p} \\ \boldsymbol {\mathbf {C}}_{\lambda _v} \end {bmatrix}, \quad \textnormal {and} \quad \boldsymbol {\mathbf {C}}_{\gamma }=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\gamma _p} \\ \boldsymbol {\mathbf {C}}_{\gamma _v} \end {bmatrix}.\end {align}


\begin {align}\label {micro rve residual 1st order} & \boldsymbol {r}_{\mu }=\begin {bmatrix} \boldsymbol {r}_{\tilde {u}} \\ \boldsymbol {r}_{\lambda } \\ \boldsymbol {r}_{\tilde {\Theta }} \\ \boldsymbol {r}_{\gamma } \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},\tilde {u}}+\boldsymbol {\mathbf {C}}^T_{\lambda } \boldsymbol {a}_{\lambda } \\ \boldsymbol {\mathbf {C}}_{\lambda }\boldsymbol {a}_{\tilde {u}} \\\boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}+\boldsymbol {\mathbf {C}}^T_{\gamma } \boldsymbol {a}_{\gamma } \\\boldsymbol {\mathbf {C}}_{\gamma }\boldsymbol {a}_{\tilde {\Theta }} \end {bmatrix},\\ \label {ieq1} & \boldsymbol {a}_{\lambda }=\begin {bmatrix} \boldsymbol {a}_{\lambda _p} \\ \boldsymbol {\lambda }_v \end {bmatrix}, \qquad \boldsymbol {a}_{\gamma }=\begin {bmatrix} \boldsymbol {a}_{\gamma _p} \\ \gamma _v \end {bmatrix},\\ \label {ieq2} & \boldsymbol {f}_{\textnormal {int},\tilde {u}}=\int _{\Omega _\mu } \boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {P}_\mu dV, \qquad \boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}= \int _{\Omega _\mu } \boldsymbol {\mathbf {B}}_{\tilde {\Theta }}^T \boldsymbol {Q}_\mu dV,\\ \label {ieq3} & \boldsymbol {\mathbf {C}}_{\lambda }=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\lambda _p} \\ \boldsymbol {\mathbf {C}}_{\lambda _v} \end {bmatrix}, \quad \textnormal {and} \quad \boldsymbol {\mathbf {C}}_{\gamma }=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\gamma _p} \\ \boldsymbol {\mathbf {C}}_{\gamma _v} \end {bmatrix}.\end {align}


$\boldsymbol {P}_\mu =\begin {bmatrix} P^\mu _{11} & P^\mu _{12} & P^\mu _{21} & P^\mu _{22} \end {bmatrix}^T$


$\boldsymbol {\mathbf {B}}_{\tilde {u}}=\nabla _Y^{\tilde {u}}\boldsymbol {\mathbf {N}}_{\tilde {u}}$


$\boldsymbol {Q}_{\mu }=\begin {bmatrix} Q^{\mu }_1 & Q^{\mu }_2 \end {bmatrix}^T$


$\boldsymbol {\mathbf {B}}_{\tilde {\Theta }}=\nabla _Y^{\tilde {\Theta }} \boldsymbol {\mathbf {N}}_{\tilde {\Theta }}$


\begin {align}\label {ieq4} & \nabla _Y^{\tilde {u}}=\begin {bmatrix} \partial /\partial Y_1 & 0 \\ \partial /\partial Y_2 & 0 \\ 0 & \partial /\partial Y_1 \\ 0 & \partial /\partial Y_2 \end {bmatrix} \quad \textnormal {and} \quad \nabla _Y^{\tilde {\Theta }} =\begin {bmatrix} \partial /\partial Y_1 \\ \partial /\partial Y_2 \end {bmatrix}.\end {align}


\begin {align}\label {ieq5} & \boldsymbol {\mathbf {C}}_{\lambda _v}=-\int _{\Omega _\mu }\boldsymbol {\mathbf {N}}_{\tilde {u}} dV \quad \textnormal {and} \quad \boldsymbol {\mathbf {C}}_{\gamma _v}=-\int _{\Omega _\mu }\boldsymbol {\mathbf {N}}_{\tilde {\Theta }} dV.\end {align}


$\boldsymbol {\mathbf {C}}_{\lambda _p}$


$\boldsymbol {\mathbf {C}}_{\gamma _p}$


\begin {align}\label {ieq6} & \boldsymbol {\mathbf {C}}_{{\lambda _p}}^e= -\int _0^{L_e}\boldsymbol {\mathbf {N}}_{\lambda _p}^{eT} \boldsymbol {\mathbf {N}}_{\lambda _p}^e t d\xi \boldsymbol {\mathbf {T}}_{\lambda _p} \quad \textnormal {and} \quad \boldsymbol {\mathbf {C}}_{{\gamma _p}}^e= -\int _0^{L_e}\boldsymbol {\mathbf {N}}_{\gamma _p}^{eT} \boldsymbol {\mathbf {N}}_{\gamma _p}^e t d\xi \boldsymbol {\mathbf {T}}_{\gamma _p}.\end {align}


$\xi $


$L_e$


$t$


$\boldsymbol {\mathbf {T}}_{\lambda _p}=\begin {bmatrix} \boldsymbol {\mathbf {I}}_{6\times 6} & -\boldsymbol {\mathbf {I}}_{6\times 6} \end {bmatrix}$


$\boldsymbol {\mathbf {T}}_{\gamma _p}=\begin {bmatrix} \boldsymbol {\mathbf {I}}_{3\times 3} & -\boldsymbol {\mathbf {I}}_{3\times 3} \end {bmatrix}$


$\boldsymbol {\mathbf {N}}_{\lambda _p}^e$


$\boldsymbol {\mathbf {N}}_{\gamma _p}^e$


\begin {align}\label {rve problem linearized equation system 1st fe2} \begin {bmatrix} \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {u}} & \boldsymbol {\mathbf {C}}_{\lambda }^T & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }} & \boldsymbol {0} \\ \boldsymbol {\mathbf {C}}_{\lambda } & \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {0} \\ \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {u}} & \boldsymbol {0} & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {\Theta }} & \boldsymbol {\mathbf {C}}_\gamma ^T \\ \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {\mathbf {C}}_\gamma & \boldsymbol {0} \end {bmatrix} \begin {bmatrix} \Delta \boldsymbol {a}_{\tilde {u}} \\ \Delta \boldsymbol {a}_{\lambda } \\ \Delta \boldsymbol {a}_{\tilde {\Theta }} \\ \Delta \boldsymbol {a}_{\gamma } \end {bmatrix}=-\begin {bmatrix} \boldsymbol {r}_{\tilde {u}} \\ \boldsymbol {r}_{\lambda } \\ \boldsymbol {r}_{\tilde {\Theta }} \\ \boldsymbol {r}_{\gamma } \end {bmatrix}\end {align}


\begin {align}\label {ieq7} & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {u}}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {u}}}{\partial \boldsymbol {a}_{\tilde {u}}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {u}} \boldsymbol {\mathbf {B}}_{\tilde {u}} dV,\\ \label {ieq8} & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {u}}}{\partial \boldsymbol {a}_{\tilde {\Theta }}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {\Theta }} \boldsymbol {\mathbf {N}}_{\tilde {\Theta }} dV,\\ \label {ieq9} & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {u}}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}}{\partial \boldsymbol {a}_{\tilde {u}}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {\Theta }}^T \boldsymbol {\mathbf {D}}_{\tilde {\Theta }\tilde {u}} \boldsymbol {\mathbf {B}}_{\tilde {u}} dV,\end {align}


\begin {align}\label {ieq7} & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {u}}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {u}}}{\partial \boldsymbol {a}_{\tilde {u}}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {u}} \boldsymbol {\mathbf {B}}_{\tilde {u}} dV,\\ \label {ieq8} & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {u}}}{\partial \boldsymbol {a}_{\tilde {\Theta }}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {\Theta }} \boldsymbol {\mathbf {N}}_{\tilde {\Theta }} dV,\\ \label {ieq9} & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {u}}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}}{\partial \boldsymbol {a}_{\tilde {u}}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {\Theta }}^T \boldsymbol {\mathbf {D}}_{\tilde {\Theta }\tilde {u}} \boldsymbol {\mathbf {B}}_{\tilde {u}} dV,\end {align}


\begin {align}\label {ieq7} & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {u}}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {u}}}{\partial \boldsymbol {a}_{\tilde {u}}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {u}} \boldsymbol {\mathbf {B}}_{\tilde {u}} dV,\\ \label {ieq8} & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {u}}}{\partial \boldsymbol {a}_{\tilde {\Theta }}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {\Theta }} \boldsymbol {\mathbf {N}}_{\tilde {\Theta }} dV,\\ \label {ieq9} & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {u}}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}}{\partial \boldsymbol {a}_{\tilde {u}}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {\Theta }}^T \boldsymbol {\mathbf {D}}_{\tilde {\Theta }\tilde {u}} \boldsymbol {\mathbf {B}}_{\tilde {u}} dV,\end {align}


\begin {align}\label {ieq10} & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {\Theta }}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}}{\partial \boldsymbol {a}_{\tilde {\Theta }}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {\Theta }}^T \boldsymbol {\mathbf {D}}_{\tilde {\Theta }\tilde {\Theta }} \boldsymbol {\mathbf {B}}_{\tilde {\Theta }} dV.\end {align}


\begin {align}\label {Duu matrix} & \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {u}}=\begin {bmatrix} D^{\tilde {u}\tilde {u}}_{1111} & D^{\tilde {u}\tilde {u}}_{1112} & D^{\tilde {u}\tilde {u}}_{1121} & D^{\tilde {u}\tilde {u}}_{1122} \\ D^{\tilde {u}\tilde {u}}_{1211} & D^{\tilde {u}\tilde {u}}_{1212} & D^{\tilde {u}\tilde {u}}_{1221} & D^{\tilde {u}\tilde {u}}_{1222} \\ D^{\tilde {u}\tilde {u}}_{2111} & D^{\tilde {u}\tilde {u}}_{2112} & D^{\tilde {u}\tilde {u}}_{2121} & D^{\tilde {u}\tilde {u}}_{2122} \\ D^{\tilde {u}\tilde {u}}_{2211} & D^{\tilde {u}\tilde {u}}_{2212} & D^{\tilde {u}\tilde {u}}_{2221} & D^{\tilde {u}\tilde {u}}_{2222} \end {bmatrix},\\ \label {ieq11} & \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {\Theta }}=\begin {bmatrix} D^{\tilde {u}\tilde {\Theta }}_{11}\\[4pt] D^{\tilde {u}\tilde {\Theta }}_{12} \\[4pt] D^{\tilde {u}\tilde {\Theta }}_{21} \\[4pt] D^{\tilde {u}\tilde {\Theta }}_{22} \end {bmatrix},\\ \label {ieq12} & \boldsymbol {\mathbf {D}}_{\tilde {\Theta }\tilde {u}}=\begin {bmatrix} D^{\tilde {\Theta }\tilde {u}}_{111} & D^{\tilde {\Theta }\tilde {u}}_{112} & D^{\tilde {\Theta }\tilde {u}}_{121} & D^{\tilde {\Theta }\tilde {u}}_{122} \\[4pt] D^{\tilde {\Theta }\tilde {u}}_{211} & D^{\tilde {\Theta }\tilde {u}}_{212} & D^{\tilde {\Theta }\tilde {u}}_{221} & D^{\tilde {\Theta }\tilde {u}}_{222} \end {bmatrix},\end {align}


\begin {align}\label {Duu matrix} & \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {u}}=\begin {bmatrix} D^{\tilde {u}\tilde {u}}_{1111} & D^{\tilde {u}\tilde {u}}_{1112} & D^{\tilde {u}\tilde {u}}_{1121} & D^{\tilde {u}\tilde {u}}_{1122} \\ D^{\tilde {u}\tilde {u}}_{1211} & D^{\tilde {u}\tilde {u}}_{1212} & D^{\tilde {u}\tilde {u}}_{1221} & D^{\tilde {u}\tilde {u}}_{1222} \\ D^{\tilde {u}\tilde {u}}_{2111} & D^{\tilde {u}\tilde {u}}_{2112} & D^{\tilde {u}\tilde {u}}_{2121} & D^{\tilde {u}\tilde {u}}_{2122} \\ D^{\tilde {u}\tilde {u}}_{2211} & D^{\tilde {u}\tilde {u}}_{2212} & D^{\tilde {u}\tilde {u}}_{2221} & D^{\tilde {u}\tilde {u}}_{2222} \end {bmatrix},\\ \label {ieq11} & \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {\Theta }}=\begin {bmatrix} D^{\tilde {u}\tilde {\Theta }}_{11}\\[4pt] D^{\tilde {u}\tilde {\Theta }}_{12} \\[4pt] D^{\tilde {u}\tilde {\Theta }}_{21} \\[4pt] D^{\tilde {u}\tilde {\Theta }}_{22} \end {bmatrix},\\ \label {ieq12} & \boldsymbol {\mathbf {D}}_{\tilde {\Theta }\tilde {u}}=\begin {bmatrix} D^{\tilde {\Theta }\tilde {u}}_{111} & D^{\tilde {\Theta }\tilde {u}}_{112} & D^{\tilde {\Theta }\tilde {u}}_{121} & D^{\tilde {\Theta }\tilde {u}}_{122} \\[4pt] D^{\tilde {\Theta }\tilde {u}}_{211} & D^{\tilde {\Theta }\tilde {u}}_{212} & D^{\tilde {\Theta }\tilde {u}}_{221} & D^{\tilde {\Theta }\tilde {u}}_{222} \end {bmatrix},\end {align}


\begin {align}\label {Duu matrix} & \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {u}}=\begin {bmatrix} D^{\tilde {u}\tilde {u}}_{1111} & D^{\tilde {u}\tilde {u}}_{1112} & D^{\tilde {u}\tilde {u}}_{1121} & D^{\tilde {u}\tilde {u}}_{1122} \\ D^{\tilde {u}\tilde {u}}_{1211} & D^{\tilde {u}\tilde {u}}_{1212} & D^{\tilde {u}\tilde {u}}_{1221} & D^{\tilde {u}\tilde {u}}_{1222} \\ D^{\tilde {u}\tilde {u}}_{2111} & D^{\tilde {u}\tilde {u}}_{2112} & D^{\tilde {u}\tilde {u}}_{2121} & D^{\tilde {u}\tilde {u}}_{2122} \\ D^{\tilde {u}\tilde {u}}_{2211} & D^{\tilde {u}\tilde {u}}_{2212} & D^{\tilde {u}\tilde {u}}_{2221} & D^{\tilde {u}\tilde {u}}_{2222} \end {bmatrix},\\ \label {ieq11} & \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {\Theta }}=\begin {bmatrix} D^{\tilde {u}\tilde {\Theta }}_{11}\\[4pt] D^{\tilde {u}\tilde {\Theta }}_{12} \\[4pt] D^{\tilde {u}\tilde {\Theta }}_{21} \\[4pt] D^{\tilde {u}\tilde {\Theta }}_{22} \end {bmatrix},\\ \label {ieq12} & \boldsymbol {\mathbf {D}}_{\tilde {\Theta }\tilde {u}}=\begin {bmatrix} D^{\tilde {\Theta }\tilde {u}}_{111} & D^{\tilde {\Theta }\tilde {u}}_{112} & D^{\tilde {\Theta }\tilde {u}}_{121} & D^{\tilde {\Theta }\tilde {u}}_{122} \\[4pt] D^{\tilde {\Theta }\tilde {u}}_{211} & D^{\tilde {\Theta }\tilde {u}}_{212} & D^{\tilde {\Theta }\tilde {u}}_{221} & D^{\tilde {\Theta }\tilde {u}}_{222} \end {bmatrix},\end {align}


\begin {align}\label {Dtt matrix} &\boldsymbol {\mathbf {D}}_{\tilde {\Theta }\tilde {\Theta }}=\begin {bmatrix} D^{\tilde {\Theta }\tilde {\Theta }}_{11} & D^{\tilde {\Theta }\tilde {\Theta }}_{12} \\[4pt] D^{\tilde {\Theta }\tilde {\Theta }}_{21} & D^{\tilde {\Theta }\tilde {\Theta }}_{22} \end {bmatrix}.\end {align}


\begin {align}\label {ieq13} & D^{\tilde {u}\tilde {u}}_{iJkL}=\frac {1}{\lambda _{\Theta }^2}\frac {\partial P^{\mu e}_{iJ}}{\partial F^{\mu e}_{kL}}\\ \label {ieq14} & D^{\tilde {u}\tilde {\Theta }}_{iJ}=- \Big ( \frac {1}{\lambda _\Theta ^2} \frac {\partial \lambda _{\Theta }}{\partial \Theta _\mu } P^{\mu e}_{iJ}+ \frac {1}{\lambda _\Theta ^3}\frac {\partial \lambda _{\Theta }}{\partial \Theta _\mu } \frac {\partial P^{\mu e}_{iJ}}{\partial F^{\mu e}_{kL}} F^{\mu }_{kL} \Big )\\ \label {ieq15} & D^{\tilde {\Theta } \tilde {u}}_{IjK}=k_0\big ({(C^{\mu }_{IM})}^{-1}{(C^{\mu }_{NK})}^{-1} +{(C^{\mu }_{IK})}^{-1} {(C^{\mu }_{NM})}^{-1} \big ) \Theta ^{\mu }_{,N} F^{\mu }_{jM}\end {align}


\begin {align}\label {ieq13} & D^{\tilde {u}\tilde {u}}_{iJkL}=\frac {1}{\lambda _{\Theta }^2}\frac {\partial P^{\mu e}_{iJ}}{\partial F^{\mu e}_{kL}}\\ \label {ieq14} & D^{\tilde {u}\tilde {\Theta }}_{iJ}=- \Big ( \frac {1}{\lambda _\Theta ^2} \frac {\partial \lambda _{\Theta }}{\partial \Theta _\mu } P^{\mu e}_{iJ}+ \frac {1}{\lambda _\Theta ^3}\frac {\partial \lambda _{\Theta }}{\partial \Theta _\mu } \frac {\partial P^{\mu e}_{iJ}}{\partial F^{\mu e}_{kL}} F^{\mu }_{kL} \Big )\\ \label {ieq15} & D^{\tilde {\Theta } \tilde {u}}_{IjK}=k_0\big ({(C^{\mu }_{IM})}^{-1}{(C^{\mu }_{NK})}^{-1} +{(C^{\mu }_{IK})}^{-1} {(C^{\mu }_{NM})}^{-1} \big ) \Theta ^{\mu }_{,N} F^{\mu }_{jM}\end {align}


\begin {align}\label {ieq13} & D^{\tilde {u}\tilde {u}}_{iJkL}=\frac {1}{\lambda _{\Theta }^2}\frac {\partial P^{\mu e}_{iJ}}{\partial F^{\mu e}_{kL}}\\ \label {ieq14} & D^{\tilde {u}\tilde {\Theta }}_{iJ}=- \Big ( \frac {1}{\lambda _\Theta ^2} \frac {\partial \lambda _{\Theta }}{\partial \Theta _\mu } P^{\mu e}_{iJ}+ \frac {1}{\lambda _\Theta ^3}\frac {\partial \lambda _{\Theta }}{\partial \Theta _\mu } \frac {\partial P^{\mu e}_{iJ}}{\partial F^{\mu e}_{kL}} F^{\mu }_{kL} \Big )\\ \label {ieq15} & D^{\tilde {\Theta } \tilde {u}}_{IjK}=k_0\big ({(C^{\mu }_{IM})}^{-1}{(C^{\mu }_{NK})}^{-1} +{(C^{\mu }_{IK})}^{-1} {(C^{\mu }_{NM})}^{-1} \big ) \Theta ^{\mu }_{,N} F^{\mu }_{jM}\end {align}


\begin {align}\label {ieq16} & D^{\tilde {\Theta } \tilde {\Theta } }_{IJ}=-k_0{(C^{\mu }_{IJ})}^{-1}\end {align}


$\boldsymbol {T}$


$Q_N$


$\boldsymbol {u}=\boldsymbol {\mathbf {N}}_u \boldsymbol {a}_u$


$\Theta =\boldsymbol {\mathbf {N}}_\Theta \boldsymbol {a}_\Theta $


$\boldsymbol {r}=\boldsymbol {0}$


\begin {align}\label {macro residual 1st order} & \boldsymbol {r}=\begin {bmatrix} \boldsymbol {r}_u \\ \boldsymbol {r}_\Theta \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},u}-\boldsymbol {f}_{\textnormal {ext},u} \\ \boldsymbol {f}_{\textnormal {int},\Theta }-\boldsymbol {f}_{\textnormal {ext},\Theta } \end {bmatrix},\\ \label {ieq19} & \boldsymbol {f}_{\textnormal {int},u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \boldsymbol {P}dV, \qquad \boldsymbol {f}_{\textnormal {ext},u}=\int _{\partial \Omega } \boldsymbol {\mathbf {N}}^T \boldsymbol {T} dA,\\ \label {ieq20} & \boldsymbol {f}_{\textnormal {int},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \boldsymbol {Q} dV, \quad \textnormal {and} \quad \boldsymbol {f}_{\textnormal {ext},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {N}}_{\Theta }^T Q_N dV.\end {align}


\begin {align}\label {macro residual 1st order} & \boldsymbol {r}=\begin {bmatrix} \boldsymbol {r}_u \\ \boldsymbol {r}_\Theta \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},u}-\boldsymbol {f}_{\textnormal {ext},u} \\ \boldsymbol {f}_{\textnormal {int},\Theta }-\boldsymbol {f}_{\textnormal {ext},\Theta } \end {bmatrix},\\ \label {ieq19} & \boldsymbol {f}_{\textnormal {int},u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \boldsymbol {P}dV, \qquad \boldsymbol {f}_{\textnormal {ext},u}=\int _{\partial \Omega } \boldsymbol {\mathbf {N}}^T \boldsymbol {T} dA,\\ \label {ieq20} & \boldsymbol {f}_{\textnormal {int},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \boldsymbol {Q} dV, \quad \textnormal {and} \quad \boldsymbol {f}_{\textnormal {ext},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {N}}_{\Theta }^T Q_N dV.\end {align}


\begin {align}\label {macro residual 1st order} & \boldsymbol {r}=\begin {bmatrix} \boldsymbol {r}_u \\ \boldsymbol {r}_\Theta \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},u}-\boldsymbol {f}_{\textnormal {ext},u} \\ \boldsymbol {f}_{\textnormal {int},\Theta }-\boldsymbol {f}_{\textnormal {ext},\Theta } \end {bmatrix},\\ \label {ieq19} & \boldsymbol {f}_{\textnormal {int},u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \boldsymbol {P}dV, \qquad \boldsymbol {f}_{\textnormal {ext},u}=\int _{\partial \Omega } \boldsymbol {\mathbf {N}}^T \boldsymbol {T} dA,\\ \label {ieq20} & \boldsymbol {f}_{\textnormal {int},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \boldsymbol {Q} dV, \quad \textnormal {and} \quad \boldsymbol {f}_{\textnormal {ext},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {N}}_{\Theta }^T Q_N dV.\end {align}


$\boldsymbol {\mathbf {B}}_F=\nabla _X^F \boldsymbol {\mathbf {N}}_u$


$\boldsymbol {\mathbf {B}}_{\Theta }=\nabla _X^{\Theta } \boldsymbol {\mathbf {N}}_{\Theta }$


\begin {align}\label {ieq21} & \nabla _X^F=\begin {bmatrix} \partial /\partial X_1 & 0 \\ \partial /\partial X_2 & 0 \\ 0 & \partial /\partial X_1 \\ 0 & \partial /\partial X_2 \end {bmatrix} \quad \textnormal {and} \quad \nabla _X^{\Theta }=\begin {bmatrix} \partial /\partial X_1 \\ \partial /\partial X_2 \end {bmatrix}.\end {align}


\begin {equation}\label {macro linearized equation system} \begin {bmatrix} \displaystyle \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_u} & \displaystyle \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_\Theta } \\[10pt] \displaystyle \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_u} & \displaystyle \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_\Theta } \end {bmatrix} \begin {bmatrix} \Delta \boldsymbol {a}_u \\ \Delta \boldsymbol {a}_\Theta \end {bmatrix}=-\begin {bmatrix} \boldsymbol {r}_u \\ \boldsymbol {r}_\Theta \end {bmatrix}\end {equation}


\begin {align}\label {dru/dau 123} & \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {F}}\boldsymbol {\mathbf {B}}_F dV,\\ \label {ieq22} & \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \Theta }\boldsymbol {\mathbf {N}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {H}}\boldsymbol {\mathbf {B}}_\Theta dV,\\ \label {ieq23} & \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {F}} \boldsymbol {\mathbf {B}}_F dV,\end {align}


\begin {align}\label {dru/dau 123} & \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {F}}\boldsymbol {\mathbf {B}}_F dV,\\ \label {ieq22} & \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \Theta }\boldsymbol {\mathbf {N}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {H}}\boldsymbol {\mathbf {B}}_\Theta dV,\\ \label {ieq23} & \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {F}} \boldsymbol {\mathbf {B}}_F dV,\end {align}


\begin {align}\label {dru/dau 123} & \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {F}}\boldsymbol {\mathbf {B}}_F dV,\\ \label {ieq22} & \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \Theta }\boldsymbol {\mathbf {N}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {H}}\boldsymbol {\mathbf {B}}_\Theta dV,\\ \label {ieq23} & \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {F}} \boldsymbol {\mathbf {B}}_F dV,\end {align}


\begin {align}\label {drt/dat 123} & \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \Theta } \boldsymbol {\mathbf {N}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {H}} \boldsymbol {\mathbf {B}}_\Theta dV.\end {align}


\begin {align}\label {macro P lagrange mp definition} & \boldsymbol {\mathbf {P}}=\frac {1}{V_\mu } \int _{\partial \Omega _\mu ^+} \boldsymbol {\lambda }_p \otimes (\boldsymbol {Y}^+-\boldsymbol {Y}^-) dA.\end {align}


\begin {align}\label {macro heat flux with lagrange mp def} & \boldsymbol {Q}=\frac {1}{V_\mu } \int _{\partial \Omega _\mu ^+} \gamma _p(\boldsymbol {Y}^+-\boldsymbol {Y}^-)dA.\end {align}


\begin {align}\label {homogenized P and Q def lagrange mp123} & \boldsymbol {P}=\boldsymbol {\mathbf {Z}}_P\boldsymbol {a}_{\lambda } \quad \textnormal {and} \quad \boldsymbol {Q}=\boldsymbol {\mathbf {Z}}_Q \boldsymbol {a}_{\gamma },\end {align}


$\boldsymbol {\mathbf {Z}}_P=\begin {bmatrix} \boldsymbol {\mathbf {Z}}_{P\lambda _p} & \boldsymbol {0} \end {bmatrix}$


$\boldsymbol {\mathbf {Z}}_Q=\begin {bmatrix} \boldsymbol {\mathbf {Z}}_{Q\gamma _p} & \boldsymbol {0} \end {bmatrix}$


\begin {align}\label {ieq24} & \boldsymbol {\mathbf {Z}}_{P\lambda _p}=\frac {1}{V_\mu } \int _{\partial \Omega _{\mu }^+} \begin {bmatrix} \boldsymbol {Y}^+-\boldsymbol {Y}^- & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y}^+-\boldsymbol {Y}^- \end {bmatrix} \boldsymbol {\mathbf {N}}_{\lambda _p} dA,\end {align}


\begin {align}\label {ieq25} & \boldsymbol {\mathbf {Z}}_{Q\gamma _p}=\frac {1}{V_\mu } \int _{\partial \Omega _{\mu }^+}(\boldsymbol {Y}^+-\boldsymbol {Y}^-)\boldsymbol {\mathbf {N}}_{\gamma _p} dA.\end {align}


$\boldsymbol {a}_{\lambda }$


$\boldsymbol {a}_{\gamma }$


\begin {equation}\label {first-order macroscopic tangents 12342} \begin {gathered} \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {F}}=\boldsymbol {\mathbf {Z}}_p \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {F}}, \qquad \frac {\partial \boldsymbol {P}}{\partial \Theta }=\boldsymbol {\mathbf {Z}}_p \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \Theta }, \qquad \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {H}}=\boldsymbol {\mathbf {Z}}_p \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {H}}, \\ \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {F}}=\boldsymbol {\mathbf {Z}}_Q \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {F}}, \qquad \frac {\partial \boldsymbol {Q}}{\partial \Theta }=\boldsymbol {\mathbf {Z}}_Q \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \Theta }, \quad \textnormal {and} \quad \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {H}}=\boldsymbol {\mathbf {Z}}_Q \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {H}}. \end {gathered}\end {equation}


\begin {align}\label {ieq26} & \boldsymbol {a}_{u_\mu }=\boldsymbol {\mathbf {D}}_F^T(\boldsymbol {F}-\boldsymbol {I}_F)+\boldsymbol {a}_{\tilde {u}},\end {align}


$\boldsymbol {I}_F=\begin {bmatrix} 1 & 0 & 0 & 1 \end {bmatrix}^T$


$\boldsymbol {\mathbf {D}}_F=\begin {bmatrix} \boldsymbol {\mathbf {D}}_1 & \boldsymbol {\mathbf {D}}_2 & \cdots & \boldsymbol {\mathbf {D}}_n \end {bmatrix}$


\begin {align}\label {ieq27} & \boldsymbol {\mathbf {D}}_i^T=\begin {bmatrix} Y_1^{(i)} & Y_2^{(i)} & 0 & 0 \\ 0 & 0 & Y_1^{(i)} & Y_2^{(i)} \end {bmatrix},\end {align}


$Y_J^{(i)}$


$i$


\begin {align}\label {ieq28} & \boldsymbol {a}_{\Theta _\mu }=\Theta \boldsymbol {I}_\Theta +\boldsymbol {\mathbf {D}}_{\Theta }^T\boldsymbol {H}+\boldsymbol {a}_{\tilde {\Theta }}\end {align}


$\boldsymbol {I}_\Theta =\begin {bmatrix} 1 & 1 & \cdots & 1 \end {bmatrix}^T$


\begin {equation}\label {ieq29} \boldsymbol {\mathbf {D}}_\Theta = \begin {bmatrix} Y_1^{(1)} & Y_1^{(2)} & \cdots & Y_1^{(n)} \\ Y_2^{(1)} & Y_2^{(2)} & \cdots & Y_2^{(n)} \end {bmatrix}.\end {equation}


\begin {equation}\label {ieq30} \frac {\partial \boldsymbol {r}_{\mu }}{\partial \boldsymbol {F}}=\boldsymbol {0}, \qquad \frac {\partial \boldsymbol {r}_{\mu }}{\partial \Theta }=\boldsymbol {0}, \quad \textnormal {and} \quad \frac {\partial \boldsymbol {r}_{\mu }}{\partial \boldsymbol {H}}=\boldsymbol {0}.\end {equation}


\begin {equation}\label {lagrange mp derivatives 123} \begin {bmatrix} \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {u}} & \boldsymbol {\mathbf {C}}_{\lambda }^T & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }} & \boldsymbol {0} \\ \boldsymbol {\mathbf {C}}_{\lambda } & \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {0} \\ \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {u}} & \boldsymbol {0} & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {\Theta }} & \boldsymbol {\mathbf {C}}_\gamma ^T \\ \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {\mathbf {C}}_\gamma & \boldsymbol {0} \end {bmatrix} \begin {bmatrix} \frac {\partial \boldsymbol {a}_{\tilde {u}}}{\partial \boldsymbol {F}} & \frac {\partial \boldsymbol {a}_{\tilde {u}}}{\partial \Theta } & \frac {\partial \boldsymbol {a}_{\tilde {u}}}{\partial \boldsymbol {H}} \\[2pt] \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {F}} & \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \Theta } & \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {H}} \\[2pt] \frac {\partial \boldsymbol {a}_{\tilde {\Theta }}}{\partial \boldsymbol {F}} & \frac {\partial \boldsymbol {a}_{\tilde {\Theta }}}{\partial \Theta } & \frac {\partial \boldsymbol {a}_{\tilde {\Theta }}}{\partial \boldsymbol {H}} \\[2pt] \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {F}} & \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \Theta } & \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {H}} \end {bmatrix}= -\begin {bmatrix} \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {u}} \boldsymbol {\mathbf {D}}_F^T & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }} \boldsymbol {I}_\Theta & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }} \boldsymbol {\mathbf {D}}^T_\Theta \\ \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {0} \\ \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {u}} \boldsymbol {\mathbf {D}}_F^T & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {\Theta }} \boldsymbol {I}_\Theta & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {\Theta }} \boldsymbol {\mathbf {D}}^T_\Theta \\ \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {0} \end {bmatrix}\end {equation}


\begin {align}\label {ieq31} & \boldsymbol {u}_{\mu }(\boldsymbol {Y})=(\boldsymbol {\mathbf {F}}-\boldsymbol {\mathbf {I}})\cdot \boldsymbol {Y}+\frac {1}{2}\boldsymbol {\mathbf {G}}:(\boldsymbol {Y} \otimes \boldsymbol {Y})+ \tilde {\boldsymbol {u}}(\boldsymbol {Y})\end {align}


\begin {align}\label {micro F definition} & \boldsymbol {\mathbf {F}}_{\mu }=\boldsymbol {\mathbf {F}}+\boldsymbol {\mathbf {G}}\cdot \boldsymbol {Y}+\nabla _Y\tilde {\boldsymbol {u}}\end {align}


$\boldsymbol {\mathbf {G}}=\nabla _X (\nabla _X \boldsymbol {u})$


$G_{iJK}=G_{iKJ}$


\begin {align}\label {macro G definition} & \boldsymbol {\mathbf {G}}=\frac {1}{V_{\mu }}\int _{\Omega _{\mu }} {\big [(\nabla _Y\boldsymbol {u}_{\mu }\otimes \boldsymbol {Y})\cdot \boldsymbol {\mathbf {J}}^{-1} \big ]}^\textnormal {sym} dV\end {align}


\begin {align}\label {ieq32} & \boldsymbol {\mathbf {J}}=\frac {1}{V_\mu } \int _{\Omega _{\mu }}\boldsymbol {Y} \otimes \boldsymbol {Y} dV\end {align}


${[\bullet ]}^{\textnormal {sym}}$


$A^{\textnormal {sym}}_{ijk}=(A_{ijk}+A_{ikj})/2$


$G_{ijk}=G_{ikj}$


\begin {align}\label {volume constraint u fluct 1234} & \int _{\Omega \mu } \tilde {\boldsymbol {u}} dV =\boldsymbol {0}.\end {align}


\begin {align}\label {ufluct N Y constraint} & \int _{\partial \Omega _\mu } \tilde {\boldsymbol {u}} \otimes \boldsymbol {N} \otimes \boldsymbol {Y} dA=\boldsymbol {0}\end {align}


\begin {align}\label {constraint u_fluct surface a+} & \int _{\partial \Omega _\mu ^{+,\alpha }} \tilde {\boldsymbol {u}}^+ dA= 0\end {align}


$\partial \Omega _\mu ^{+,\alpha }$


${\partial \Omega _\mu ^+}={\partial \Omega _\mu ^{+,1}} \cup {\partial \Omega _\mu ^{+,2}}$


\begin {align}\label {hill mandel mech} & \boldsymbol {\mathbf {P}}:\delta \boldsymbol {\mathbf {F}}+\boldsymbol {\mathbf {M}}\,\vdots \, \delta \boldsymbol {\mathbf {G}}=\frac {1}{V_\mu }\int _{\Omega _\mu } \boldsymbol {\mathbf {P}}_\mu :(\delta \boldsymbol {\mathbf {F}}+\delta \boldsymbol {\mathbf {G}} \cdot \boldsymbol {Y}+\nabla _Y \delta \tilde {\boldsymbol {u}}) dV\end {align}


$\boldsymbol {\mathbf {M}}$


$\boldsymbol {\mathbf {P}}$


$\boldsymbol {\mathbf {M}}$


\begin {align}\label {macro P def 2} & \boldsymbol {\mathbf {P}}=\frac {1}{V_\mu } \int _{\Omega _\mu } \boldsymbol {\mathbf {P}}_\mu dV\end {align}


\begin {align}\label {double stress definition} & \boldsymbol {\mathbf {M}}=\frac {1}{V_\mu } \int _{\Omega _\mu } {(\boldsymbol {\mathbf {P}}_\mu \otimes \boldsymbol {Y})}^{\textnormal {sym}} dV.\end {align}


$\boldsymbol {\lambda }_v$


$\boldsymbol {\mathbf {C}}_{\lambda }$


$\boldsymbol {a}_{\lambda }$


\begin {align}\label {ieq35} & \boldsymbol {\mathbf {C}}_{\lambda }=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\lambda _p} \\ \boldsymbol {\mathbf {C}}_{\lambda _s} \\ \boldsymbol {\mathbf {C}}_{\lambda _v} \end {bmatrix} \quad \textnormal {and} \quad \boldsymbol {a}_{\lambda }=\begin {bmatrix} \boldsymbol {a}_{\lambda _p} \\ \boldsymbol {\lambda }_s \\ \boldsymbol {\lambda }_v \end {bmatrix}\end {align}


$\boldsymbol {\lambda }_s^T=\begin {bmatrix} \boldsymbol {\lambda }_{s1}^T & \boldsymbol {\lambda }_{s2}^T \end {bmatrix}$


$\boldsymbol {\mathbf {C}}_{\lambda _s}^T=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\lambda _{s1}}^T & \boldsymbol {\mathbf {C}}_{\lambda _{s2}}^T \end {bmatrix}$


$\boldsymbol {\mathbf {C}}_{\lambda _{s\alpha }}$


\begin {align}\label {ieq36} & \boldsymbol {\mathbf {C}}_{\lambda _{s\alpha }} ^e=-\int _0^{L_e} \boldsymbol {\mathbf {N}}_{\lambda _p}^e t d\xi .\end {align}


$\boldsymbol {T}$


$\boldsymbol {R}$


$\boldsymbol {Z}$


$\partial \partial \Omega $


$\boldsymbol {m}$


${\textrm {Div}}_X^t(\cdot )$


$\lBrack \cdot \rBrack $


$C^1$


$\boldsymbol {r}=\boldsymbol {0}$


\begin {align}\label {macro residual 2nd order} & \boldsymbol {r}=\begin {bmatrix} \boldsymbol {r}_u \\ \boldsymbol {r}_\Theta \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},u}-\boldsymbol {f}_{\textnormal {ext},u} \\ \boldsymbol {f}_{\textnormal {int},\Theta }-\boldsymbol {f}_{\textnormal {ext},\Theta } \end {bmatrix},\\ \label {ieq38} & \boldsymbol {f}_{\textnormal {int},u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \boldsymbol {P}dV+ \int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \boldsymbol {M} dV,\\ \label {ieq39} & \boldsymbol {f}_{\textnormal {ext},u}=\int _{\partial \Omega } \boldsymbol {\mathbf {N}}_u^T \boldsymbol {T} dA+\int _{\partial \Omega }D(\boldsymbol {\mathbf {N}}_u^T) \boldsymbol {R} dA+ \int _{\partial \partial \Omega } \boldsymbol {\mathbf {N}}_u^T \boldsymbol {Z} d\mathcal {L},\\ \label {ieq40} & \boldsymbol {f}_{\textnormal {int},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \boldsymbol {Q} dV, \quad \textnormal {and} \quad \boldsymbol {f}_{\textnormal {ext},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {N}}_{\Theta }^T Q_N dV\end {align}


\begin {align}\label {macro residual 2nd order} & \boldsymbol {r}=\begin {bmatrix} \boldsymbol {r}_u \\ \boldsymbol {r}_\Theta \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},u}-\boldsymbol {f}_{\textnormal {ext},u} \\ \boldsymbol {f}_{\textnormal {int},\Theta }-\boldsymbol {f}_{\textnormal {ext},\Theta } \end {bmatrix},\\ \label {ieq38} & \boldsymbol {f}_{\textnormal {int},u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \boldsymbol {P}dV+ \int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \boldsymbol {M} dV,\\ \label {ieq39} & \boldsymbol {f}_{\textnormal {ext},u}=\int _{\partial \Omega } \boldsymbol {\mathbf {N}}_u^T \boldsymbol {T} dA+\int _{\partial \Omega }D(\boldsymbol {\mathbf {N}}_u^T) \boldsymbol {R} dA+ \int _{\partial \partial \Omega } \boldsymbol {\mathbf {N}}_u^T \boldsymbol {Z} d\mathcal {L},\\ \label {ieq40} & \boldsymbol {f}_{\textnormal {int},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \boldsymbol {Q} dV, \quad \textnormal {and} \quad \boldsymbol {f}_{\textnormal {ext},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {N}}_{\Theta }^T Q_N dV\end {align}


\begin {align}\label {macro residual 2nd order} & \boldsymbol {r}=\begin {bmatrix} \boldsymbol {r}_u \\ \boldsymbol {r}_\Theta \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},u}-\boldsymbol {f}_{\textnormal {ext},u} \\ \boldsymbol {f}_{\textnormal {int},\Theta }-\boldsymbol {f}_{\textnormal {ext},\Theta } \end {bmatrix},\\ \label {ieq38} & \boldsymbol {f}_{\textnormal {int},u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \boldsymbol {P}dV+ \int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \boldsymbol {M} dV,\\ \label {ieq39} & \boldsymbol {f}_{\textnormal {ext},u}=\int _{\partial \Omega } \boldsymbol {\mathbf {N}}_u^T \boldsymbol {T} dA+\int _{\partial \Omega }D(\boldsymbol {\mathbf {N}}_u^T) \boldsymbol {R} dA+ \int _{\partial \partial \Omega } \boldsymbol {\mathbf {N}}_u^T \boldsymbol {Z} d\mathcal {L},\\ \label {ieq40} & \boldsymbol {f}_{\textnormal {int},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \boldsymbol {Q} dV, \quad \textnormal {and} \quad \boldsymbol {f}_{\textnormal {ext},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {N}}_{\Theta }^T Q_N dV\end {align}


$D(\cdot )=N_{K}{(\cdot )}_{,K}$


$\boldsymbol {\mathbf {B}}_G=\nabla _X^G \boldsymbol {\mathbf {N}}_u$


\begin {equation}\label {ieq41} \boldsymbol {G}=\begin {bmatrix} G_{111} \\ G_{122} \\ 2G_{112} \\ G_{211} \\ G_{222} \\ 2G_{212} \end {bmatrix}, \qquad \boldsymbol {M}=\begin {bmatrix} M_{111} \\ M_{122} \\ M_{112} \\ M_{211} \\ M_{222} \\ M_{212} \end {bmatrix}, \quad \textnormal {and} \quad \nabla _X^G=\begin {bmatrix} \partial ^2/\partial X_1^2 & 0 \\ \partial ^2/ \partial X_2^2 & 0 \\ 2\partial ^2/\partial X_1\partial X_2 & 0 \\ 0 & \partial ^2/\partial X_1^2 \\ 0 & \partial ^2/ \partial X_2^2 \\ 0 & 2\partial ^2/\partial X_1\partial X_2 \end {bmatrix}.\end {equation}


\begin {equation}\label {macro linearized equation system 2} \begin {bmatrix} \displaystyle \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_u} & \displaystyle \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_\Theta } \\[10pt] \displaystyle \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_u} & \displaystyle \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_\Theta } \end {bmatrix} \begin {bmatrix} \Delta \boldsymbol {a}_u \\ \Delta \boldsymbol {a}_\Theta \end {bmatrix}=-\begin {bmatrix} \boldsymbol {r}_u \\ \boldsymbol {r}_\Theta \end {bmatrix}\end {equation}


\begin {align}& \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {F}}\boldsymbol {\mathbf {B}}_F dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {G}}\boldsymbol {\mathbf {B}}_G dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {F}}\boldsymbol {\mathbf {B}}_F dV\nonumber \\ &\quad \qquad +\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {G}}\boldsymbol {\mathbf {B}}_G dV, \label {dru dau 2nd fe2 1}\\ & \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \Theta }\boldsymbol {\mathbf {N}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {H}}\boldsymbol {\mathbf {B}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \Theta }\boldsymbol {\mathbf {N}}_\Theta dV\nonumber \\ &\quad \qquad +\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {H}}\boldsymbol {\mathbf {B}}_\Theta dV, \label {ieq42}\\ \label {ieq43} & \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {F}} \boldsymbol {\mathbf {B}}_F dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {G}} \boldsymbol {\mathbf {B}}_G dV,\end {align}


\begin {align}& \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {F}}\boldsymbol {\mathbf {B}}_F dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {G}}\boldsymbol {\mathbf {B}}_G dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {F}}\boldsymbol {\mathbf {B}}_F dV\nonumber \\ &\quad \qquad +\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {G}}\boldsymbol {\mathbf {B}}_G dV, \label {dru dau 2nd fe2 1}\\ & \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \Theta }\boldsymbol {\mathbf {N}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {H}}\boldsymbol {\mathbf {B}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \Theta }\boldsymbol {\mathbf {N}}_\Theta dV\nonumber \\ &\quad \qquad +\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {H}}\boldsymbol {\mathbf {B}}_\Theta dV, \label {ieq42}\\ \label {ieq43} & \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {F}} \boldsymbol {\mathbf {B}}_F dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {G}} \boldsymbol {\mathbf {B}}_G dV,\end {align}


\begin {align}& \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {F}}\boldsymbol {\mathbf {B}}_F dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {G}}\boldsymbol {\mathbf {B}}_G dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {F}}\boldsymbol {\mathbf {B}}_F dV\nonumber \\ &\quad \qquad +\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {G}}\boldsymbol {\mathbf {B}}_G dV, \label {dru dau 2nd fe2 1}\\ & \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \Theta }\boldsymbol {\mathbf {N}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {H}}\boldsymbol {\mathbf {B}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \Theta }\boldsymbol {\mathbf {N}}_\Theta dV\nonumber \\ &\quad \qquad +\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {H}}\boldsymbol {\mathbf {B}}_\Theta dV, \label {ieq42}\\ \label {ieq43} & \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {F}} \boldsymbol {\mathbf {B}}_F dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {G}} \boldsymbol {\mathbf {B}}_G dV,\end {align}


\begin {align}\label {drt dat 2nd fe2 1} & \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \Theta } \boldsymbol {\mathbf {N}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {H}} \boldsymbol {\mathbf {B}}_\Theta dV.\end {align}


\begin {equation}\label {RVE problem strong form} \begin {gathered} {\textrm {Div}}_Y (\boldsymbol {\mathbf {P}}_{\mu })+\boldsymbol {\lambda }_v=\boldsymbol {0} \quad \textnormal {in} \quad \Omega _{\mu } \\ \boldsymbol {\mathbf {P}}_{\mu } \cdot \boldsymbol {N}=\boldsymbol {\lambda }_p+\boldsymbol {\lambda }_{s\alpha } \quad \textnormal {on} \quad \partial \Omega _{\mu }^{+,\alpha } \\ \boldsymbol {\mathbf {P}}_{\mu } \cdot \boldsymbol {N}=-\boldsymbol {\lambda }_p \quad \textnormal {on} \quad \partial \Omega _{\mu }^- \\ \tilde {\boldsymbol {u}}^+=\tilde {\boldsymbol {u}}^-\quad \textnormal {on} \quad \partial \Omega _{\mu }^+ \\ \int _{\Omega _\mu }\tilde {\boldsymbol {u}} dV=\boldsymbol {0} \quad \textnormal {in} \quad \Omega _{\mu } \\ \int _{\partial \Omega _{\mu }^{+,\alpha }} \tilde {\boldsymbol {u}} dA=\boldsymbol {0} \quad \textnormal {on} \quad \partial \Omega _{\mu }^{+,\alpha } \end {gathered}\end {equation}


\begin {align}\label {P 2nd order lagrange mp} & \boldsymbol {\mathbf {P}}=\frac {1}{V_\mu }\Big [\sum _{\alpha =1}^{n_{\alpha +}} (\boldsymbol {\lambda }_{s\alpha } \otimes \int _{\partial \Omega _\mu ^{+,\alpha }} \boldsymbol {Y} dA)+ \int _{\partial \Omega _\mu ^+} \boldsymbol {\lambda }_p \otimes (\boldsymbol {Y}^+-\boldsymbol {Y}^-) dA\Big ]\\ & \boldsymbol {\mathbf {M}}=\frac {1}{2 V_\mu } \Big [\sum _{\alpha =1}^{n_{\alpha +}}(\boldsymbol {\lambda }_{s\alpha } \otimes \int _{\partial \Omega _\mu ^{+,\alpha }} \boldsymbol {Y}\otimes \boldsymbol {Y} dA)\nonumber \\ &\qquad +\int _{\partial \Omega _\mu ^+} \boldsymbol {\lambda }_p\otimes (\boldsymbol {Y}^+ \otimes \boldsymbol {Y}^+-\boldsymbol {Y}^- \otimes \boldsymbol {Y}^- )dA \Big ] +\frac {1}{2}\boldsymbol {\lambda }_v \otimes \boldsymbol {\mathbf {J}}. \label {M 2nd order lagrange mp}\end {align}


\begin {align}\label {P 2nd order lagrange mp} & \boldsymbol {\mathbf {P}}=\frac {1}{V_\mu }\Big [\sum _{\alpha =1}^{n_{\alpha +}} (\boldsymbol {\lambda }_{s\alpha } \otimes \int _{\partial \Omega _\mu ^{+,\alpha }} \boldsymbol {Y} dA)+ \int _{\partial \Omega _\mu ^+} \boldsymbol {\lambda }_p \otimes (\boldsymbol {Y}^+-\boldsymbol {Y}^-) dA\Big ]\\ & \boldsymbol {\mathbf {M}}=\frac {1}{2 V_\mu } \Big [\sum _{\alpha =1}^{n_{\alpha +}}(\boldsymbol {\lambda }_{s\alpha } \otimes \int _{\partial \Omega _\mu ^{+,\alpha }} \boldsymbol {Y}\otimes \boldsymbol {Y} dA)\nonumber \\ &\qquad +\int _{\partial \Omega _\mu ^+} \boldsymbol {\lambda }_p\otimes (\boldsymbol {Y}^+ \otimes \boldsymbol {Y}^+-\boldsymbol {Y}^- \otimes \boldsymbol {Y}^- )dA \Big ] +\frac {1}{2}\boldsymbol {\lambda }_v \otimes \boldsymbol {\mathbf {J}}. \label {M 2nd order lagrange mp}\end {align}


\begin {align}\label {P and M lagrange mp form 22} & \boldsymbol {P}=\boldsymbol {\mathbf {Z}}_P\boldsymbol {a}_{\lambda }, \qquad \boldsymbol {M}=\boldsymbol {\mathbf {Z}}_M \boldsymbol {a}_{\lambda }, \quad \textnormal {and} \quad \boldsymbol {Q}=\boldsymbol {\mathbf {Z}}_Q \boldsymbol {a}_{\gamma },\end {align}


$\boldsymbol {\mathbf {Z}}_P=\begin {bmatrix} \boldsymbol {\mathbf {Z}}_{P\lambda _p} & \boldsymbol {\mathbf {Z}}_{P\lambda _{s}} & \boldsymbol {0} \end {bmatrix}$


$\boldsymbol {\mathbf {Z}}_M=\begin {bmatrix} \boldsymbol {\mathbf {Z}}_{M\lambda _p} & \boldsymbol {\mathbf {Z}}_{M\lambda _s} & \boldsymbol {\mathbf {Z}}_{M\lambda _v} \end {bmatrix}$


$\boldsymbol {\mathbf {Z}}_{P\lambda _{s}}=\begin {bmatrix} \boldsymbol {\mathbf {Z}}_{P\lambda _{s1}} & \boldsymbol {\mathbf {Z}}_{P\lambda _{s2}} \end {bmatrix}$


$\boldsymbol {\mathbf {Z}}_{M\lambda _s}=\begin {bmatrix} \boldsymbol {\mathbf {Z}}_{M\lambda _{s1}} & \boldsymbol {\mathbf {Z}}_{M\lambda _{s2}} \end {bmatrix}$


\begin {align}\label {ieq44} & \boldsymbol {\mathbf {Z}}_{P\lambda _{s\alpha }}=\frac {1}{V_{\mu }}\int _{\partial \Omega _\mu ^{+,\alpha }} \begin {bmatrix} \boldsymbol {Y} & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y} \end {bmatrix} dA,\\ \label {ieq45} & \boldsymbol {\mathbf {Z}}_{M\lambda _p} =\frac {1}{2V_\mu } \int _{\Omega _\mu ^+} \begin {bmatrix} \boldsymbol {Y}_{M\lambda _p} & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y}_{M\lambda _p} \end {bmatrix} \boldsymbol {\mathbf {N}}_{\lambda _p} dA,\\ \label {ieq46} & \boldsymbol {\mathbf {Z}}_{M\lambda _{s\alpha }} = \frac {1}{2V_\mu } \int _{\partial \Omega _\mu ^{+,\alpha }} \begin {bmatrix} \boldsymbol {Y}_{M\lambda _{s}} & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y}_{M\lambda _{s}} \end {bmatrix} dA,\end {align}


\begin {align}\label {ieq44} & \boldsymbol {\mathbf {Z}}_{P\lambda _{s\alpha }}=\frac {1}{V_{\mu }}\int _{\partial \Omega _\mu ^{+,\alpha }} \begin {bmatrix} \boldsymbol {Y} & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y} \end {bmatrix} dA,\\ \label {ieq45} & \boldsymbol {\mathbf {Z}}_{M\lambda _p} =\frac {1}{2V_\mu } \int _{\Omega _\mu ^+} \begin {bmatrix} \boldsymbol {Y}_{M\lambda _p} & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y}_{M\lambda _p} \end {bmatrix} \boldsymbol {\mathbf {N}}_{\lambda _p} dA,\\ \label {ieq46} & \boldsymbol {\mathbf {Z}}_{M\lambda _{s\alpha }} = \frac {1}{2V_\mu } \int _{\partial \Omega _\mu ^{+,\alpha }} \begin {bmatrix} \boldsymbol {Y}_{M\lambda _{s}} & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y}_{M\lambda _{s}} \end {bmatrix} dA,\end {align}


\begin {align}\label {ieq44} & \boldsymbol {\mathbf {Z}}_{P\lambda _{s\alpha }}=\frac {1}{V_{\mu }}\int _{\partial \Omega _\mu ^{+,\alpha }} \begin {bmatrix} \boldsymbol {Y} & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y} \end {bmatrix} dA,\\ \label {ieq45} & \boldsymbol {\mathbf {Z}}_{M\lambda _p} =\frac {1}{2V_\mu } \int _{\Omega _\mu ^+} \begin {bmatrix} \boldsymbol {Y}_{M\lambda _p} & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y}_{M\lambda _p} \end {bmatrix} \boldsymbol {\mathbf {N}}_{\lambda _p} dA,\\ \label {ieq46} & \boldsymbol {\mathbf {Z}}_{M\lambda _{s\alpha }} = \frac {1}{2V_\mu } \int _{\partial \Omega _\mu ^{+,\alpha }} \begin {bmatrix} \boldsymbol {Y}_{M\lambda _{s}} & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y}_{M\lambda _{s}} \end {bmatrix} dA,\end {align}


\begin {equation}\label {ieq47} \boldsymbol {\mathbf {Z}}_{M \lambda _v}= \frac {1}{2}\begin {bmatrix} J_{11} & 0 \\ J_{22} & 0 \\ J_{12} & 0 \\ 0 & J_{11} \\ 0 & J_{22} \\ 0 & J_{12} \end {bmatrix},\end {equation}


$\boldsymbol {Y}_{M\lambda _p}=\begin {bmatrix} (Y^+_1 Y^+_1-Y^-_1 Y^-_1) & (Y^+_2 Y^+_2-Y^-_2 Y^-_2) & (Y^+_1 Y^+_2-Y^-_1 Y^-_2) \end {bmatrix}^T$


$\boldsymbol {Y}_{M\lambda _{s}}=\begin {bmatrix} Y_1 Y_1 & Y_2 Y_2 & Y_1 Y_2 \end {bmatrix}^T$


\begin {equation}\label {ieq49} \boldsymbol {a}_{u_\mu }=\boldsymbol {\mathbf {D}}_F^T(\boldsymbol {F}-\boldsymbol {I}_F)+\boldsymbol {\mathbf {V}}_G^T\boldsymbol {G}+\boldsymbol {a}_{\tilde {u}}\end {equation}


$\boldsymbol {\mathbf {V}}_G=\begin {bmatrix} \boldsymbol {\mathbf {V}}_1 & \boldsymbol {\mathbf {V}}_2 & \cdots & \boldsymbol {\mathbf {V}}_n \end {bmatrix}$


\begin {equation}\label {ieq50} \boldsymbol {\mathbf {V}}_i^T=\frac {1}{2}\begin {bmatrix} {(Y_1^{(i)})}^2 & {(Y_2^{(i)})}^2 & Y_1^{(i)} Y_2^{(i)} & 0 & 0 & 0 \\ 0 & 0 & 0 & {(Y_1^{(i)})}^2 & {(Y_2^{(i)})}^2 & Y_1^{(i)} Y_2^{(i)} \end {bmatrix}.\end {equation}


\begin {equation}\label {ieq51} \frac {\partial \boldsymbol {r}_{\mu }}{\partial \boldsymbol {F}}=\boldsymbol {0}, \qquad \frac {\partial \boldsymbol {r}_{\mu }}{\partial \boldsymbol {G}}=\boldsymbol {0}, \qquad \frac {\partial \boldsymbol {r}_{\mu }}{\partial \Theta }=\boldsymbol {0}, \quad \textnormal {and} \quad \frac {\partial \boldsymbol {r}_{\mu }}{\partial \boldsymbol {H}}=\boldsymbol {0}\end {equation}


\begin {align}& \begin {bmatrix} \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {u}} & \boldsymbol {\mathbf {C}}_{\lambda }^T & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }} & \boldsymbol {0} \\ \boldsymbol {\mathbf {C}}_{\lambda } & \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {0} \\ \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {u}} & \boldsymbol {0} & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {\Theta }} & \boldsymbol {\mathbf {C}}_\gamma ^T \\ \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {\mathbf {C}}_\gamma & \boldsymbol {0} \end {bmatrix} \begin {bmatrix} \frac {\partial \boldsymbol {a}_{\tilde {u}}}{\partial \boldsymbol {F}} & \frac {\partial \boldsymbol {a}_{\tilde {u}}}{\partial \boldsymbol {G}} & \frac {\partial \boldsymbol {a}_{\tilde {u}}}{\partial \Theta } & \frac {\partial \boldsymbol {a}_{\tilde {u}}}{\partial \boldsymbol {H}} \\[2pt] \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {F}} & \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {G}} & \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \Theta } & \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {H}} \\[2pt] \frac {\partial \boldsymbol {a}_{\tilde {\Theta }}}{\partial \boldsymbol {F}} & \frac {\partial \boldsymbol {a}_{\tilde {\Theta }}}{\partial \boldsymbol {G}} & \frac {\partial \boldsymbol {a}_{\tilde {\Theta }}}{\partial \Theta } & \frac {\partial \boldsymbol {a}_{\tilde {\Theta }}}{\partial \boldsymbol {H}} \\[2pt] \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {F}} & \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {G}} & \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \Theta } & \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {H}} \end {bmatrix}\nonumber \\ & = -\begin {bmatrix} \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {u}} \boldsymbol {\mathbf {D}}_F^T & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {u}} \boldsymbol {\mathbf {V}}_G^T & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }} \boldsymbol {I}_\Theta & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }} \boldsymbol {\mathbf {D}}^T_\Theta \\ \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {0} \\ \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {u}} \boldsymbol {\mathbf {D}}_F^T & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {u}} \boldsymbol {\mathbf {V}}_G^T & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {\Theta }} \boldsymbol {I}_\Theta & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {\Theta }} \boldsymbol {\mathbf {D}}^T_\Theta \\ \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {0} \end {bmatrix} \label {ieq52}\end {align}


\begin {equation}\label {ieq53} \Psi =\frac {1}{2}\kappa \Big (\frac {J_{\mu e}^2-1}{2}-\ln {J_{\mu e}}\Big )+\frac {1}{2}\mu (J_{\mu e}^{-2/3}{\textrm {tr}}(\boldsymbol {\mathbf {C}}_{\mu e})-3)\end {equation}


$J_{\mu e}={\textrm {det}}(\boldsymbol {\mathbf {F}}_{\mu e})$


$\boldsymbol {\mathbf {C}}_{\mu e}=\boldsymbol {\mathbf {F}}_{\mu e}^T \boldsymbol {\mathbf {F}}_{\mu e}$


$\kappa $


$\mu $


$t=1 \, {\textrm {mm}}$


$\|\boldsymbol {r}_{\mu }\| \leq 10^{-9}$


$\|\boldsymbol {r}\| \leq 10^{-7}$


$i$


$m$


$E^i=400 \, {\textrm {MPa}}$


$E^m=10 \, {\textrm {MPa}}$


$\nu ^i=0.3$


$\nu ^m=0.4$


$k_0^i=1 \, \mathrm {W/(mK)}$


$k_0^m=0.1 \, \mathrm {W/(mK)}$


$\alpha ^i=5 \cdot 10^{-4} \, {\textrm {K}}^{-1}$


$\alpha ^m=1 \cdot 10^{-3} \, {\textrm {K}}^{-1}$


$\Theta _0^i=\Theta _0^m=30 \, \mathrm {^\circ \mathrm {C}}$


$5 \times 2 \, \mathrm {mm^2}$


$u_x = u_0$


$y$


$80 \, ^\circ {\textrm {C}}$


$0 \, ^\circ {\textrm {C}}$


$C^1$


$u_x=\partial u_x/\partial y =\partial ^2 u_x/\partial y^2=0$


$u_y=\partial u_y/\partial y =\partial ^2 u_y/\partial y^2=0$


$u_x=u_0$


$\partial u_x/\partial y =\partial ^2 u_x/\partial y^2=0$


$L_{rve}=1 \, {\textrm {mm}}$


$L_{rve}=1/2 \, {\textrm {mm}}$


$L_{{\textrm {rve}}} = 1 \,{\textrm {mm}}$


$R_x$


$u_0=1\,{\textrm {mm}}$


$R_x$


$0.41 \, \%$


$0.25 \, \%$


$L_{{\textrm {rve}}}=1\,{\textrm {mm}}$


$u_0=1\,{\textrm {mm}}$


$u_0$


$R_x$


$R_x=-1.2 \, {\textrm {N}}$


$30 \,^\circ {\textrm {C}}$


$0 \,^\circ {\textrm {C}}$


$80 \,^\circ {\textrm {C}}$


$L_{{\textrm {rve}}} = 1 \, {\textrm {mm}}$


$L_{{\textrm {rve}}} = 1/2 \,{\textrm {mm}}$


$y=0 \, {\textrm {mm}}$


$Q_{{\textrm {out}}}$


$20 \, \%$


$Q_{{\textrm {out}}}$


$^\circ {\textrm {C}}$


$u_0= 1 \, {\textrm {mm}}$


$L_{rve}=1 \, {\textrm {mm}}$


$^\circ {\textrm {C}}$


$u_0= 1 \, {\textrm {mm}}$


$20 \times 2 \, {\textrm {mm}}^2$


$R = 0.3 \, L_{{\textrm {rve}}}$


$80\,^\circ {\textrm {C}}$


$0\,^\circ {\textrm {C}}$


$x$


$y$


$y$


$u_x = u_0$


$y$


$C^1$


$u_x=u_0$


$\partial u_x/\partial y =\partial ^2 u_x/\partial y^2=0$


$u_y=\partial u_y/\partial y =\partial ^2 u_y/\partial y^2=0$


$u_x=\partial u_x/\partial y =\partial ^2 u_x/\partial y^2=0$


$u_y=\partial u_y/\partial y =\partial ^2 u_y/\partial y^2=0$


$L_{{\textrm {rve}}} = 1 \, {\textrm {mm}}$


$L_{{\textrm {rve}}} = 1/2 \, {\textrm {mm}}$


$L_{{\textrm {rve}}} = 1/3 \, {\textrm {mm}}$


$L_{{\textrm {rve}}} = 1 \,{\textrm {mm}}$


$R_x$


$0.6 \, \%$


$u_0=1 \, {\textrm {mm}}$


$R_x$


$0.8 \, \%$


$L_{{\textrm {rve}}}=1\,{\textrm {mm}}$


$R_x$


$y$


$u_{{\textrm {mid}}}$


$(x,y)= ( 10 \,{\textrm {mm}} ,2 \,{\textrm {mm}})$


$L_{{\textrm {rve}}}=1\,{\textrm {mm}}$


$u_0=1\,{\textrm {mm}}$


$38\,\%$


$19\,\%$


$y$


$1/3 \, {\textrm {mm}}$


$^\circ {\textrm {C}}$


$u_0= 1 \, {\textrm {mm}}$


$L_{rve}=1 \, {\textrm {mm}}$


$L_{{\textrm {rve}}} = 1 \, {\textrm {mm}}$


$L_{{\textrm {rve}}} = 1/2 \,{\textrm {mm}}$


$L_{{\textrm {rve}}} = 1/3 \,{\textrm {mm}}$


$^\circ {\textrm {C}}$


$u_0= 1 \, {\textrm {mm}}$


$\boldsymbol {\lambda }_v$


$L_{{\textrm {rve}}}$


$0.7L_{{\textrm {rve}}}$


$E^i=5 \, {\textrm {MPa}}$


$E^m=100 \, {\textrm {MPa}}$


$\nu ^i=0.45$


$\nu ^m=0.4$


$k_0^i=0.1 \, \mathrm {W/(mK)}$


$k_0^m=1 \, \mathrm {W/(mK)}$


$\alpha ^i=2.5 \cdot 10^{-4} \, {\textrm {K}}^{-1}$


$\alpha ^m=8 \cdot 10^{-5} \, {\textrm {K}}^{-1}$


$\Theta _0^i=\Theta _0^m=30 \, \mathrm {^\circ \mathrm {C}}$


$L_{{\textrm {rve}}} = 1 \,{\textrm {mm}}$


$(x,y)=(25 \,{\textrm {mm}},1 \, {\textrm {mm}})$


$u_{{\textrm {tip}}}$


$u_{{\textrm {tip}}}$


$0.003 \, \%$


$u_{{\textrm {tip}}}$


$0.03 \, \%$


$L_{{\textrm {rve}}}=1 \,{\textrm {mm}}$


$L_{{\textrm {rve}}}=1\,{\textrm {mm}}$


$^\circ {\textrm {C}}$


$L_{rve}=1 \, {\textrm {mm}}$


$L_{{\textrm {rve}}}=1/5 \,{\textrm {mm}}$


$L_{{\textrm {rve}}}=1 \,{\textrm {mm}}$


$17 \, \%$


$37 \, \%$


${\textrm {FE}}^2$


\begin {align}\label {macro temperature def} & \Theta =\frac {1}{V_\mu } \int _{\Omega _\mu } \Theta _\mu dV\end {align}


\begin {equation}\label {ieq17} \begin {gathered} {\textrm {Div}}_X(\boldsymbol {\mathbf {P}})=\boldsymbol {0} \quad \textnormal {in} \quad \Omega \\ \boldsymbol {T}=\boldsymbol {\mathbf {P}}\boldsymbol {N} \quad \textnormal {on} \quad \partial \Omega \end {gathered}\end {equation}


\begin {equation}\label {ieq18} \begin {gathered} {\textrm {Div}}_X(\boldsymbol {Q})=0 \quad \textnormal {in} \quad \Omega \\ Q_N=\boldsymbol {Q} \cdot \boldsymbol {N} \quad \textnormal {on} \quad \partial \Omega \end {gathered}\end {equation}


\begin {align}\label {macro residual 2nd order} & \boldsymbol {r}=\begin {bmatrix} \boldsymbol {r}_u \\ \boldsymbol {r}_\Theta \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},u}-\boldsymbol {f}_{\textnormal {ext},u} \\ \boldsymbol {f}_{\textnormal {int},\Theta }-\boldsymbol {f}_{\textnormal {ext},\Theta } \end {bmatrix},\\ \label {ieq38} & \boldsymbol {f}_{\textnormal {int},u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \boldsymbol {P}dV+ \int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \boldsymbol {M} dV,\\ \label {ieq39} & \boldsymbol {f}_{\textnormal {ext},u}=\int _{\partial \Omega } \boldsymbol {\mathbf {N}}_u^T \boldsymbol {T} dA+\int _{\partial \Omega }D(\boldsymbol {\mathbf {N}}_u^T) \boldsymbol {R} dA+ \int _{\partial \partial \Omega } \boldsymbol {\mathbf {N}}_u^T \boldsymbol {Z} d\mathcal {L},\\ \label {ieq40} & \boldsymbol {f}_{\textnormal {int},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \boldsymbol {Q} dV, \quad \textnormal {and} \quad \boldsymbol {f}_{\textnormal {ext},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {N}}_{\Theta }^T Q_N dV\end {align}


\begin {equation}\label {RVE weak form} \begin {gathered} \int _{\Omega _\mu } \boldsymbol {\mathbf {P}}_{\mu }: \nabla _{Y}\delta \tilde {\boldsymbol {u}} dV-\int _{\partial \Omega _\mu ^+} \delta \boldsymbol {\lambda }_p \cdot (\tilde {\boldsymbol {u}}^+-\tilde {\boldsymbol {u}}^-) dA-\int _{\partial \Omega _\mu ^+} \boldsymbol {\lambda }_p \cdot (\delta \tilde {\boldsymbol {u}}^+-\delta \tilde {\boldsymbol {u}}^-)dA \\ -\delta \boldsymbol {\lambda }_v \cdot \int _{\Omega _\mu } \tilde {\boldsymbol {u}}dV-\boldsymbol {\lambda }_v \cdot \int _{\Omega _\mu }\delta \tilde {\boldsymbol {u}} dV- \!\sum _{\alpha =1}^{n_{\alpha +}}\Big (\delta \boldsymbol {\lambda }_{s\alpha } \cdot \int _{\partial \Omega _\mu ^{+,\alpha }}\tilde {\boldsymbol {u}} dA +\boldsymbol {\lambda }_{s\alpha } \cdot \int _{\partial \Omega _\mu ^{+,\alpha }} \delta \tilde {\boldsymbol {u}} dA\Big )\!=0 \end {gathered}\end {equation}


\begin {equation}\label {ieq33} \begin {gathered} \int _{\Omega _\mu } \boldsymbol {Q}_{\mu }\cdot \nabla _{Y}\delta \tilde {\Theta } dV-\int _{\partial \Omega _\mu ^+} \delta \gamma _p (\tilde {\Theta }^+-\tilde {\Theta }^-) dA-\int _{\partial \Omega _\mu ^+} \gamma _p (\delta \tilde {\Theta }^+-\delta \tilde {\Theta }^-)dA \\ -\delta \gamma _v \int _{\Omega _\mu } \tilde {\Theta }dV-\gamma _v \int _{\Omega _\mu }\delta \tilde {\Theta } dV=0 \end {gathered}\end {equation}


\begin {align}\label {ieq34} \begin {aligned} & {\textrm {Div}}_Y (\boldsymbol {Q}_\mu )+\gamma _v= 0 \quad \textnormal {in} \quad \Omega _{\mu } \\ & \boldsymbol {Q}_{\mu } \cdot \boldsymbol {N}_\mu =\gamma _p \quad \textnormal {on} \quad \partial \Omega _{\mu }^+ \\ & \boldsymbol {Q}_{\mu } \cdot \boldsymbol {N}_\mu =-\gamma _p \quad \textnormal {on} \quad \partial \Omega _{\mu }^- \\ & \tilde {\Theta }^+=\tilde {\Theta }^- \quad \textnormal {on} \quad \partial \Omega _{\mu }^+ \\ & \int _{\Omega _\mu }\tilde {\Theta } dV=0 \quad \textnormal {in} \quad \Omega _{\mu } \end {aligned}\end {align}


\begin {equation}\label {strong form macro stress} \begin {aligned} & {\textrm {Div}}_X(\boldsymbol {\mathbf {P}})-{\textrm {Div}}_X({\textrm {Div}}_X(\boldsymbol {\mathbf {M}}))=\boldsymbol {0} \quad \textnormal {in} \quad \Omega \\ & \boldsymbol {T}=\boldsymbol {{\textrm {P}}}\cdot \boldsymbol {N}-{\textrm {Div}}_X(\boldsymbol {\mathbf {M}})\cdot \boldsymbol {N}+{\textrm {Div}}_X^t(\boldsymbol {N})\boldsymbol {\mathbf {M}}\cdot \boldsymbol {N} \cdot \boldsymbol {N}-{\textrm {Div}}_X^t(\boldsymbol {\mathbf {M}}\cdot \boldsymbol {N}) \quad \textnormal {on} \quad \partial \Omega \\ & \boldsymbol {R}=\boldsymbol {\mathbf {M}}\cdot \boldsymbol {N} \cdot \boldsymbol {N} \quad \textnormal {on} \quad \partial \Omega \\ & \boldsymbol {Z}=\lBrack \boldsymbol {\mathbf {M}} \cdot \boldsymbol {N} \cdot \boldsymbol {m} \rBrack \quad \textnormal {on} \qquad \partial \partial \Omega \end {aligned}\end {equation}


\begin {equation}\label {ieq37} \begin {gathered} {\textrm {Div}}_X(\boldsymbol {Q})=0 \quad \textnormal {in} \quad \Omega \\ Q_N=\boldsymbol {Q} \cdot \boldsymbol {N} \quad \textnormal {on} \quad \partial \Omega \end {gathered}\end {equation}


\begin {equation}\label {ieq48} \begin {aligned} & \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {F}}=\boldsymbol {\mathbf {Z}}_P \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {F}}, \qquad \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {G}}=\boldsymbol {\mathbf {Z}}_P \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {G}}, \qquad \frac {\partial \boldsymbol {P}}{\partial \Theta }=\boldsymbol {\mathbf {Z}}_P \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \Theta }, \qquad \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {H}}=\boldsymbol {\mathbf {Z}}_P \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {H}}, \\ & \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {F}}=\boldsymbol {\mathbf {Z}}_M \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {F}}, \qquad \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {G}}=\boldsymbol {\mathbf {Z}}_M \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {G}}, \qquad \frac {\partial \boldsymbol {M}}{\partial \Theta }=\boldsymbol {\mathbf {Z}}_M \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \Theta }, \qquad \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {H}}=\boldsymbol {\mathbf {Z}}_M \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {H}}, \\ & \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {F}}=\boldsymbol {\mathbf {Z}}_Q \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {F}}, \qquad \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {G}}=\boldsymbol {\mathbf {Z}}_Q \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {G}}, \qquad \frac {\partial \boldsymbol {Q}}{\partial \Theta }=\boldsymbol {\mathbf {Z}}_Q \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \Theta }, \quad \textnormal {and} \quad \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {H}}=\boldsymbol {\mathbf {Z}}_Q \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {H}}. \end {aligned}\end {equation}
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Recent developments in generalized thermo-mechanical homoge-
nization have aimed to capture microstructure-induced size effects in
heterogeneous materials. In this context, Vasic et al. [10] developed
a strain-gradient thermoelastic homogenization framework based on
asymptotic homogenization within a linear small-strain setting while
retaining classical Fourier heat conduction. This represents the sim-
plest thermo-mechanical model within the strain gradient framework,
focusing on mechanical size effects. Their choice of a classical thermal
model reflects the fact that higher-order thermal continua require ad-
ditional constitutive parameters and non-classical heat flux relations,
which substantially increase the complexity of the coupled formulation.
A similar approach was adopted by Rodopoulos and Karathanasopoulos
[11], who studied thermally induced strain gradient effects in archi-
tected materials. They formulated a strain gradient thermoelastic model
combining classical steady-state heat conduction with gradient elastic-
ity, but performed Galerkin boundary element simulations within the
classical thermoelastic framework. Strain gradient fields were obtained
via boundary integral representations, enabling energy-based identifi-
cation of the effective internal length scale through comparison with
simplified gradient elasticity models.

The numerical treatment of microscopic boundary conditions is a
central aspect of computational homogenization. In a recent study,
Rodrigues Lopes et al. [12] presented a detailed analysis of uniform
traction and mortar periodic boundary conditions for first-order com-
putational homogenization at finite strains. They demonstrated that
enforcing these constraints via Lagrange multipliers provides a unified
variational framework for the implementation of microscopic bound-
ary conditions. In particular, the homogenized first Piola—Kirchhoff
stress can be recovered directly from the Lagrange multipliers through
constant homogenization matrices, while the consistent macroscopic
tangent operator can be computed efficiently. In contrast, condensa-
tion of the Lagrange multipliers results in a purely displacement-based
formulation, where the constraint reactions are no longer explicitly
available, complicating the computation of homogenized stresses and
consistent tangent operators. The framework provides a unified imple-
mentation for minimal, periodic, and direct constraints and also allows
a straightforward application of mortar methods for non-conforming
meshes. Although the resulting linear systems are larger, the formulation
was shown to be computationally competitive with the condensation
method. This Lagrange-multiplier-based numerical framework was then
extended in [13] to a variationally consistent second-order formula-
tion based on the Method of Multi-Scale Virtual Power, in which the
macroscopic tangent operator was efficiently obtained despite the more
involved microscopic kinematic constraints.

The present contribution considers an extension of the Lagrange-
multiplier-based formulation in [12,13] to steady-state finite-strain
thermoelasticity. Two multiscale formulations are examined: a first-
order FE? framework for both the mechanical and thermal problems,
and a mixed-order framework combining a second-order mechanical
FE? formulation with a first-order thermal homogenization scheme,
where the latter formulation follows modeling principles similar to those
in [10,11]. Geometric coupling is incorporated through deformation-
induced changes in heat conduction, and the resulting equations at
both scales are solved using a monolithic approach. The extension to
higher-order thermal continua involving generalized heat-conduction
models is beyond the scope of the present work and is left for future
investigation. Since the governing equations of strain gradient elasticity
are fourth-order, this paper employs C'-continuous elements. Although
the construction and implementation of such elements are significantly
more complex than those of standard C°-elements, they have repeatedly
been shown to exhibit superior convergence properties [14]. An alter-
native approach is the use of mixed finite element formulations, which
permit the use of standard C?-elements. However, care must be taken
to avoid numerical instability and inconsistent treatment of boundary
conditions [15]. We detail the extension of the Lagrange-multiplier
framework to the coupled thermo-mechanical microscopic equilibrium
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and show how it naturally provides the full set of homogenized thermo-
mechanical macroscopic heat flux, stresses, and tangent operators. This
enables robust, quadratically convergent Newton—-Raphson iterations at
the macroscale. Numerical examples involve plane-strain composite ma-
terials subjected to thermo-mechanical loading. The performance of the
first- and second-order formulations is compared with direct numerical
simulations (DNS).

The paper is organized as follows. Section 2 presents the first-
order multiscale kinematics and governing equations for the coupled
thermoelastic FE> formulation, together with the finite element imple-
mentation and solution strategy. Section 3 extends the formulation to the
second-order framework. Section 4 presents the numerical examples and
discusses their results. Concluding remarks are provided in Section 5.

2. First-order homogenization

This section details the underlying assumptions and the algorithmic
treatment within the first-order formulation. Foundational contributions
to thermo-mechanical FE? homogenization can be found in [16,17].

2.1. Kinematics and constraints

The displacement field at the microscale within the RVE is defined
as

u,Y)=F-D-Y+a®) (€D

where u, denotes the microscopic displacement, Y are the referential
coordinates at the RVE level, and & is the fluctuation of the displace-
ment field. Furthermore, F = Vyu + I is the macroscopic deformation
gradient, where u denotes the displacement field, Vy = d/0X, and X
are the referential coordinates at the macroscopic level. The microscopic
temperature field ®, takes the form

0,)=0+H- Y +06(Y) 2

where © and H = V0 are the macroscopic temperature and tempera-
ture gradient, respectively, and @ is the temperature fluctuation field. To
simplify the calculations, it is assumed that the origin of the coordinate
system is placed at the geometric center of the RVE, such that

/ Yav =o. 3)
Q

"

For microscopic deformation and temperature gradients, it follows from
(1) and (2) that F, = F + Vyi and H, = H + Vy0, where Vy = 9/0Y.
Thermal expansion is incorporated through a multiplicative decomposi-
tion of the deformation gradient, F, = F,F,o, where F,, denotes the
purely mechanical contribution and F g the thermal contribution. In this
work, all phases in the RVE are assumed to be isotropic. The thermal part
of the deformation gradient therefore takes the form F,g = 4gl, where
Ao = exp(a(®, — ©,)), a is the constant coefficient of thermal expan-
sion, and © ,, is a reference temperature. This leads to F,, = F,/Ag. The
definition of the macroscopic deformation gradient follows from volume
averaging, that is,

1
F:—/ F,dV )]
VM QM H

where V denotes the volume of Q,. Definition (4), together with (3),
yields the constraint

/ G®N,dA=0 (5)
0

"

where N, denotes the outward unit normal vector on dQ,. This con-
straint can be enforced using periodic boundary conditions, such that the
displacement fluctuation is equal on opposite boundaries, i.e., a* = a~,
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with normal vectors satisfying N : = —N,. For the heat transfer prob-
lem, the macroscopic temperature and temperature gradient are defined
as volume averages of the corresponding microscopic fields according to

1
o=L / 0,dv ©®
VM Q;l g
and
1
H=7/ H,dV @)
uJQ,

which results in the constraints

/ OdV =0 (8

Q,

and

/ ON,dA=0. 9
0Q

"

The condition in (9) is enforced using periodic boundary conditions, i.e.,
6t=6".

2.2. Hill-mandel principle

In order to ensure energetic consistency between scales, the
Hill-Mandel principle requires equivalence between the macroscopic
energetic contributions and the volume-averaged microscopic contribu-
tions. Following the formulation of Blanco et al. [18], the mechanical
and thermal contributions can be expressed independently as

1 1 -
P:6F= 7/ P, : 6F,dV = 7/ P, : (6F + Vyé)dV (10)
u I, u I
and
1 1 ~
Q~5H:7/ Qu"sHudVZF/ 0, (6H +Vy360)dV 11
n I Ly,

where P and Q are the first Piola macroscopic stress and heat flux, re-
spectively. Eq. (11) is motivated by the second law of thermodynamics.
Although the temperature scaling required for the exact entropy produc-
tion statement is omitted, it ensures consistency of the heat conduction
contribution between the micro- and macro-scales in accordance with
the non-negative entropy production requirement [16]. The microscopic
stress P, is defined as

_ov oy e 1

=2 = : —P 12
““ OF, OF, OF, 1o " 12

where the strain energy density function is assumed to have the form ¥ =
P(F,,). The microscopic referential heat flux for a thermally isotropic
material is given by

Q,= -koc;‘vyeﬂ 13)
where C, = FZF” and k, denotes the thermal conductivity, which is
assumed to be constant within each material constituent of the RVE. By

considering specific variations of (10), the macroscopic stress and the
weak form of the RVE equilibrium equation can be obtained as

1
p=_/ P v a4
VM Q, H

and

/Q P, : VyéuadV =0. 15)

"
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Similarly, for the heat transfer problem, considering different variations
of (11), one obtains

1
o=L / 0,dv a6)
Vﬂ Q !
and
/ 0, - Vy56dV =0. a7
Q

"

2.3. Strong and weak form of the RVE problem

The RVE problem is solved using a monolithic scheme, which is
adopted to ensure a consistent and robust treatment of the thermo-
mechanical coupling at finite strains. The weak formulation of the
constrained mechanical problem is obtained using Lagrange multipliers.
To prevent rigid body motion, we impose the additional constraint

/ udV = 0. (18)
Qu

Alternatively, rigid body motions can also be eliminated by constraining
the fluctuation field at an RVE corner node. The weak form of the RVE
problem can then be written as

/ P, : VybudV - / 84, @ —u)dA - / A, (6t —su7)dA
+ +
Q [e) e)

‘" " "
—mu./ ﬁdV—,lv~/ sadvV =0
Qu Qu

19

and

/ 0, - Vy56dV —/ 8y,(0F —O7)dA - / 7,(60% —607)d A

M oy, oQ;

(20)

—5yU/ @)dV—yv/ 80dV =0
Q Q

H H

where 4,, 4, 7,, and y, are Lagrange multipliers. The corresponding
strong forms can be written as

Divy(P,)+4,=0 in Q,
P,-N,=14, on aQ;:

P,-N,=-i, on 9Q; 21
it=ia" on 0QF
u
/ adV =0 in Q,
Ql‘
and
Divy(Q,)+7,=0 in Q,
Q,-N,=y, on 69:
Q” . NM ==Y, on 69; (22)

®*=0" on o

/@dv=0 in Q,
Q

"

Moreover, it follows that A, = 0 and y, = 0, implying that the con-
straints do not introduce additional mechanical or thermal source terms
in the RVE. Nevertheless, the associated constraints are required to re-
move the indeterminacy associated with rigid body translations and
arbitrary temperature offsets. The result 4, = 0 follows by integrating
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Divy(P,) + 4, = 0 over Q, and using the anti-periodicity of P, - N, on
0Q,,. The same argument applies to y, = 0. In summary, the coupling
in the RVE equilibrium Egs. (21) and (22) arises from two mecha-
nisms. First, the first Piola—Kirchhoff stress P, in (21) depends on the
temperature field through thermal expansion, introduced via the mul-
tiplicative decomposition of the deformation gradient, while the heat
flux Q,, in (22) depends on the deformation through its influence on
heat conduction via C;l.

2.4. Finite element formulation of the RVE problem

The finite element formulation is presented for plane strain condi-
tions, with the thermal problem treated consistently in two dimensions.
It is based on the Lagrange multiplier approach described in [12]. Six-
node quadratic element interpolations are used for all fields. A mesh that
is periodic along the boundary is employed for a rectangular RVE, which
simplifies the implementation of periodic boundary conditions. The ap-
proximations of the displacement and temperature fluctuation fields are
given by i = N;a; and ® = Ngag, where N; and Ng are the correspond-
ing shape function matrices, and a; and ag denote the associated nodal
degrees of freedom. Furthermore, 1, =N, a 4 andy,=N, a, on aQZ .
The residual equation can then be obtaine(f from (19) and (20) as r,=0,
where

r; finea+Cla;
Ty Cia;
r,= = ) 23
H rg fint,(;)+Cfay ( )
r, C,ap
a, a,
a, = P, a, = P, 24)
A _AU] y [yu_
Sinta =/ ngudV’ fint =/ BgQMdV’ (25)
Q, Q,
[c, [c
C, = v, and C,=|"|. 26
! CAU:| ! C71::| ( )
The matrix representations adopted here are P, =
T . T
[P P Py Ppls Bi o= ViNi @, = [of 0j], and
Bg = V9Ng, where
a/0Y, 0
. lejov, 0 o [a/0Y,
. = = . 2
vl agav| @ Yy = gy, 27)
0 0/dY,
The matrices for the volume constraints are expressed as
C,ll_=—/ N,dV and Cyl.=—/ NgdV. (28)
’ Q ’ Q

H H

For the matrices C;, and C, , it is more convenient to present their
element contributions, from which the global matrices are assembled,
as

L, L,
e _ _ eT nje e _ _ eT nye
C = /0 NSNS 1T, and Cj = /0 NeTNS 1deT, . (29)

P

where ¢ is a local coordinate system, L, is the length of the element
edge on the boundary, 7 is the constant out-of-plane thickness, T b =
[Texs —Toxe), and T, = L3 —lsys]. Moreover, N and N¢ denotes
the element shape function matrices. The residual question (23) is solved
using the Newton-Raphson method, which leads to the linearized system

Ki C7 K 0| Ag; r;
C, 0 0 0 lAa,|_ |r;
Kg; 0 Kgp C: Aag - rg (B0
0 0 C 0 (| Aa r

Y Y Y
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where
afint,'
Ky = oa = =/ BgDaaBadVv (31)
i Q,
afint,ﬁ T
Kl_l(:) = ()a(:) =L Bﬂ Dﬁ@N@dV, (32)
‘"
dfint,(:)
On = da- =/ BgD@ﬁBﬁdVv (33)
i Qu
and
‘)fim,(:) T
Kéé = aa(:) =/Q BéD@@B@dV. (34)
U
Moreover,
Da=| Bt R el (35)
Dgln D%lm D2121 Dglzz
uu 4 Ui uu
Dy Py Dipy Dy
i®
Dy
DIZ(:)
D = ;;) ’ (36)
Dy;
e)
D%
O O Qi O
o Dy Dy Dy Dy
D@,; - D(:)ﬁ D(:)ﬁ D(:)ﬁ D@ﬂ (37)
211 212 221 222
and
DO®  pob
o ] @
Dy~ Dy
The components of matrices (35)-(38) are given by
He
i 1 9P,
DY = = — (39)
iJkL 2 He
/19 0FkL
He
Dﬁ@:_(LM@p/‘e_,_LM@ OBy ) 40)
i 2 i 3 ne kL
}‘e 06/‘ ' ’1@) 06/‘ aFkL
on _ -1 -1 -1 -1
Dk = ko((Cy) " (Cp) ™ +(Cr)™ (Cypp) ™ O Flly (41)
and
50 -1
DYY = —ko(CY ) (42)

2.5. Macroscopic equilibrium equations

Neglecting body forces and internal heat sources, the strong form of
the macroscopic problem in the reference configuration is given by

Divy(P)=0 in Q

(43)
T=PN on 0Q
and
Div,(Q)=0 in Q
X (44)

Oy=0-N on 0Q

where T is surface traction and Q, denotes the normal component of
the heat flux on the boundary. The finite element approximations u =



F. Strom and B. Johannesson

N,a, and ® = Ngag are used, where six-node quadratic elements are
employed for both fields. This leads to the residual equation r = 0, where

r= [ru] — [fint,u _fext,u:| , (45)
Te

fint,@ - fext,G)

Fintu = / BLPAV,  fexu= / N'TdA4, (46)
Q Q
finto = /Q BLOdV., and fege = /ﬂ NgOndV. 47)

Furthermore, By = VAN, and Bg = V?(N@ where

0/0X, 0
0/0X 0 0/9X
F _ 2 o _ 1
Vy = 0 0/0X, and V3 = [a/axz]' (48)
0 0/0X,

The linearized macroscopic problem is given by

or, Jr,
da da

u ) [Aau] __ [ru] (49)
org Org ||Aag e
da, Jdag
where
d
T =/B§QBFdV, (50)
oa, Jo FOoF
or, T dP r OP

= [ B,—NgdV + [ B, —BgdV, 51
dag /Q Fo@ © /QFaH@ (51
drg 700

= B, —BgdV, 52
oa, /Q ©9F T (52)
and
Jrg 790 T 0Q
— = [ B, —NgdV B, —BgdV. 53
dag /99069 +/Q ©9H °© (53)

2.6. Homogenized stress, heat flux, and macroscopic tangents

As described in [12], the homogenized stress can be expressed in
terms of the Lagrange multipliers. This is achieved by first rewriting
(14) using integration by parts and then substituting the strong form
(21) into the resulting expression, yielding

P=L

A, @YY —Y )dA. (54)
Vi Joor ”

The same procedure can also be applied to the homogenized heat flux
given by (16), resulting in

0= i‘/ yp(Y+ —-Y )dA. (55)
Vi Joos,

Egs. (54) and (55) can be written in matrix forms as
P=Zpa, and Q=Zpa, (56)

where Zp = [Zmp 0], Z, = [ZQyp 0],

1 Yt-Y"~ 0
P =V, Joay [ U Y‘] Ny ©”
and

1 -
Zg, = (Y*—Y"N, dA. (58)

|4 +
pu J oy
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Using (56), the explicit expressions for the macroscopic tangents in
(50)—-(53) become

oP _, 04, oP _, %a; oP _, 94,

oF "?P9F° 0 798 oH ~ "?PoH’ 59
20 _, 9% 0 _, % i 00_,%

oF  "99F° 0 290" oH  "CoH"

To determine the derivatives of the Lagrange multiplier vectors a,; and
a, with respect to the macroscopic variables appearing in (59), we first
consider the expression for the vector of nodal values of the microscopic
displacement, given by

a,, =DU(F-1Ip)+ay (60)

u

where I, =[1 0 0 1]',D,=[D, D, D,], and
(@) (@)
Y, Y. 0 0
T _
Di=lo 6 yo yol @D
1 2
with YJ([) denoting the coordinates of node i. The nodal values of the
microscopic temperature can be written as

ag, = 0Olg + DIH +ag (62)
T
where Ig = [1 1 1]" and
B y® YI(Z) y®
Dg = Y2(1) Y2(2) y® (63)
Since the RVE is always in equilibrium, it follows that
or or or
H H H
—£-9, —£=0, and —£=0. 64
oF 0 ac oH ©

These conditions result in the following system of equations for deter-
mining the derivatives of the Lagrange multipliers with respect to the
macroscopic variables:

K CI Ko 0 g_F 5’_@ g_” K D; Kiolo Kip D(T)
a a a

c, 0 0 0T g_F 5,—6 g_H _| o ' 0 0 .

Ke: 0 Kgo C |52 =2 =2 KoiDr  Keolo KoeDg

0 0 C, 0]/ da oa 0 0 0
JoF 20 oH

(65)

As noted in [12], the construction of the linear system in (65) re-
quires only minimal additional computational effort, as it is assembled
from submatrices that are already available from the solution of the
microscale problem.

3. Second-order homogenization
3.1. Kinematics and the hill-mandel principle

The second-order formulation adopted in this work follows the me-
chanical framework proposed by Blanco et al. [19], while its numerical
implementation is based on the scheme developed by Lopes et al. [13].
The microscopic displacement and deformation gradient are defined as

u”(Y)=(F—I)-Y+%G YY)+ ay) (66)
and
F,=F+G-Y+Vyi (67)
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where G = Vy(Vxu) is the macroscopic second deformation gradient,
with symmetry G,;x = G;x,. It is defined as

1 _11Sym
G= 7;4/9 [(Vyu, ®Y)-J7'|""dV (68)
‘u
where
J:i/ Y ®YdV (69)
ViJa

H "

and [+]%™ symmetrizes the last two indices of a third-order tensor ac-

cording to A" = (A, + Ay;)/2, thereby ensuring that G,;, = Gy ;. The

definition of (68) leads to the additional constraints

/ EIQNQ®YdA=0 (70)

09,

and

/ adv =0. 71)
Qu

For a detailed derivation of constraints (70) and (71), the reader
is referred to [20]. Constraint (70) is met using periodic boundary
conditions, which result in

/ atdA=0 (72)
o

where an;*” denotes a positive boundary segment, such that for a rect-
angular two-dimensional RVE, 9Q* = 0Q}"' U0Q}*. In the second-order
framework, the Hill-Mandel principle enforcing energetic consistency
between scales is given by

P:6F+M : 5G=Vi/ P, : OF +6G-Y + Vysu)dV (73)
n I,

where M is the macroscopic double stress. The definition of P and M is
obtained from (73) as

I
P=_— / P,dV 74)
VI‘ Qll H
and
M= L / P, ®Y)¥™dy. 75)
Vl‘ Q
’

3.2. Finite element solution of the RVE problem

By employing the Lagrange multiplier method, the weak and strong
formulations of the mechanical problem are obtained as

H

—5/1”-/ ﬁdV—AU-/ 5ﬁdV—Z(6AM-/ ﬁdA+,1m-/ 5ﬁdA)=0
Q Q, a=1 o low

4

/ P,: VyéﬁdV—/ 84, - @t —lT)dA—/ A, - (3u" —su7)d A
Q r)ﬂ; 1)!2:

(76)
and
Divy(P,)+4,=0 in Q,
P,-N=1,+14, on 0Qf*
P,-N=-4, on 09;
at=ua" on 0QF 77

/ﬁdV:O in Q,
Q

>

'/+ itdA=0 on aQ;*”
9

In contrast to the first-order formulation, 1, is generally nonzero in the
second-order formulation. The weak and strong formulations of the heat
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transfer problem are given by

/ 0, Vy60dV — / 87,(0" —07)dA —/ 7,(60% —607)d A
Q, dQ; 0(2;‘

(78)
—5yU/ (:)dV—VU/ 60dV =0
Q, Q,
and
Divy(Q,)+7,=0 in Q,
Q, N,=y, on 69;
Q, N,=-y, on ag; 79)

0" =60" on o

/édv=o in Q,
Q

"

The finite element formulation of the RVE problem is essentially the
same as that described in Section 2.4 for first-order homogenization,
including the linearized system of Eq. (30). The main difference is the
additional constraint (72), which modifies the definitions of C, and a,
for the second-order problem to

CAP a’lp
C,=|C, | and a;=| i, (80)
C, 1,

v

where A7 = [T, iT]and C] = [Ci] Ciz]. Here, the matrices C;

are assembled from their element contribution

Le
c =- /0 NS rd. 81

3.3. Macroscopic equilibrium equations

The macroscopic problem is modeled using a strain gradient contin-
uum formulation following Mindlin [21], where the strong form in the
reference configuration is given by

Divy(P) — Divy(Divy(M)) =0 in Q
T=P-N-Divy(M)-N +Div’X(N)M -N-N - DiV’X(M -N) on 0Q
R=M-N-N on 0Q
Z=[M-N-m] on 00Q
(82)

where T is surface traction, R is double traction, and Z is the edge trac-
tion acting on the boundary edge d0Q. Moreover, m is the unit tangent
vector, Div) () denotes the tangential divergence operator, and [] is
the jump in the enclosed quantity. The strong form of the heat transfer
problem at the macroscopic scale is given by

Divy(Q) =0 in Q
Oy=0-N on 0Q

(83)

For the displacement field at the macroscopic level, the three-node trian-
gular C'-continuous element proposed in [22] is used. It has 12 degrees
of freedom per node, including the displacement field and its first and
second derivatives. As in the first-order formulation, six-node quadratic
shape functions are used for the heat transfer problem. Consequently,
each corner node has a total of 13 degrees of freedom, while each edge
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node has a single temperature degree of freedom. The residual equation

at the macroscale then becomes r = 0, where
r= [ru] — [fint,u_fext,u]’ (84)
Te fint,@ - fext.@

Finta = / BLPdV + / BLMav, (85)
’ Q Q

Fextu = / NITdA+ / D(NT)RAA + / NI zdc, (86)
’ 0Q Q 00Q

finte = /Q BLOdV, and feue= /Q NLOndV (87)

with D(-) = Ng()) x. The matrix representations of the higher-order
quantities are given by B; = V§N,,

Gy My, 0%/oX} 0
Gin M, 0°/0X; 0
26 M 20%/9X,0X 0
G nz | M=|"12|  and V6= 1042
Gy My, X 0 ‘)2/0X12
Gy My, 0 0%/0X?
2G,, M,,, 0 20%/0X,0X,
(88)
The linearized macroscopic problem is given by
or, Jr,
da, Odag [Aa“] __ [ru] (89)
org Odrg | |Aag Te
da, Jdag
where
oar, oP oP oM
Bl —B.dav+ [ BL— BdV+/BT BpdV
oa, /Q FoF  F / G ¢ oF  F
oM
BL— B;dV, (90)
/Q GoGg ¢
ar, 7 9P T OP 7 OM
B,—NedV + | Bp—BgdV + [ B;—NgdV
dag /Q Fo@ @ / FoH °© / G99 ©
oM
+ | BL=—BgavV, 1)
/Q GoH ©
Jrg 790 / 700
= [ Bg—BpdV + [ By—=BsdV, 92
7 /Q 6558 L ©2)
and
Jre 790 / T 90
— = [ By—NgdV + [ B, —BgdV. 93
dag /9 090 © ©9H ° ©3)

3.4. Homogenized stresses and macroscopic tangents

The homogenized stresses are expressed in terms of the Lagrange
multipliers by rewriting (74) and (75) using integration by parts and
then substituting the strong form (77) into the resulting expressions,
yielding

Mo+

- VL 2(1“,@/ YdA)+/Q /lp®(Y+—Y_)dA] (94)

1 Mot
- L (1,a®/ Y®Yda)
ZV” [; § BQ;'“

+/ ,®X OV Y @Y Al +1,®1 ©5)
Q) 2

Expressions (94) and (95), along with the macroscopic heat flux (55),
can be written in matrix form as

P=1%Zpa,, M =7Zya,, and 0=2Zpa,, (96)
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where Zp = [Zm,, Zp,, 0], Zy = [ZMA[, Zys, ZMAU], Zp;, =

[Zps, Zpy,|,and Zyy, = [Zy,,,  Zy,,]- Moreover,

1 Y 0
Zrin =y e [0 Y] dA, 97)
_ 1 Y, 0
L, = 2V, /Q+ [ 0 Yy, Nyt oo
1 Yo 0
VA = — s dA 99
M = 2y, asz*"[ 0 Y, ' ©9)
and
Jn 0
Iy 0
1|7, O
VA = 1
M =300 uy, L (100)
0 J
0 Jin

where Y, = (Y -YrYD) OGY YY) (Y - Y’Y’)]T

andY ,;,; = =y, Y, Y, Yz] . The expressions for the macroscopic
tangents in (90)—(93) can then with (96) be obtained as

P _ da, P _ da, P _ oa, JoP _ da,
oF “PoF’ oG PG> 0@ “Poe’ oH “ToH’
oM _ oa, oM _ da, oM _ da, oM _ da,
OF "MBF 96 T "MoaGgT 9@ T “M9e’  oH  MoH’
0 da 0 Jda, 0 Jda 9 Jda
alQV Zo g %zZQa_G/’ ag Zogg and %ZZQ()—I}
(101)

The vector of nodal values of the microscopic displacement is given by

a, =Dp(F-1p)+V(G+a; (102)
where Vg = [V V, V,] and
a0y yoy® 0 0 0
vi = 2] 2 b2 02 w2 poyo| 103
0 0 0 (Y1 ) (Y2 ) Y1 Y2
The equilibrium conditions for the RVE is given by
or or or or
H H H U
— =0, — =0, — =0, d —=0 104
oF G 20 ac oH (109

which result in the following system of equations for determining the
derivatives of the Lagrange multipliers with respect to the macroscopic
variables:

_ T - oF oG 00  oH
Kuu C,1 Ku@ 0 ‘)ﬂ aﬂ % ‘)ﬂ
C; 0 0 0 1| 5F oG 90 oH
Koz 0 Kgg Cf[2% 2% a6 dag
O oF G 00 oH
0 0 Cy 0 Ja, Ja, da, Ja,
9F oG  0® oH
T T T
K;:D F KWVG Kisle Kﬁ(:)D@)
0 0 0 0
TTKe DL Ko,V Kggle KogD! (105)
Qi F Qi ' G (CICRC] 000
0 0 0 0



F. Strom and B. Johannesson

80°C

g
e

L 5 mm
%l

2mm

Fig. 1. Problem description shown for L., = 1 mm.

4, Numerical results and discussion

At the microscopic level, each constituent phase is modeled as a com-
pressible Neo-Hookean material, representative of polymeric materials
undergoing finite deformations. The strain energy density is given by

J2 —1
1 1 -2/3
v = §K< e - 1nJ,,e) + E;4(J,,e/ tr(C,,0) - 3) (106)
where J,, = det(F,,), C,, = F:eF”e, k is the bulk modulus, and u

is the shear modulus. The out-of-plane thickness is set to + = 1 mm.
The numerical integration of the tangent matrices and residual vec-
tors is performed using 16 Gauss points at both scales, with the RVE
problem solved at each macroscopic Gauss point. The Newton-Raphson
convergence criteria were set to ||r,,|| < 10~% and ||r|| < 1077 for the mi-
croscopic and macroscopic problems, respectively. The framework was
implemented in MATLAB through user-defined functions, with the PDE
Toolbox employed for mesh generation. The resulting linearized sys-
tems at both scales were solved using a sparse direct solver. Six-node
quadratic elements are employed for the DNS.

4.1. Tensile loading of a rectangular block

This example is based on the benchmark presented by Yvonnet et al.
[23], who considered a composite with stiff inclusions. The benchmark
is adapted here to investigate the influence of large deformations on
heat conduction arising from geometric coupling. In that work, a dif-
ferent second-order homogenization framework without thermal effects
was employed, and the differences between first- and second-order ho-
mogenization were found to be small, with only minor discrepancies
near the boundaries. The present study investigates whether thermo-
mechanical coupling under large deformations leads to deviations from
this behavior.

The mechanical and thermal conductivity parameters are selected
within ranges representative of polymeric materials. However, the ther-
mal expansion coefficients are intentionally chosen to be larger than

(@

1.8
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1.2

0 500 1000 1500
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Fig. 2. Mesh convergence study with L

Tve
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typical polymer values in order to amplify the thermo-mechanical
coupling and facilitate the assessment of the present homogenization
framework. The following material parameters are adopted, where su-
perscripts i and m denote the inclusion and matrix phases, respectively:
Young’s moduli E' = 400MPa and E™ = 10MPa, Poisson’s ratios
vi = 0.3 and v" = 04, thermal conductivities kf) = 1W/(mK) and
ki' = 0.1W/(mK), thermal expansion coefficients o' = 5 - 10#K~! and
a™ =1-10"3K"!, and reference temperatures 0] =06y =30°C.

Fig. 1 shows a 5 x 2mm? rectangular block with asymmetric inclu-
sions. It is fixed at its left end, while a prescribed horizontal displacement
u, = u is applied at the right end, reaching up to 1 mm over a total
of 5 load steps. The right boundary is free to move in the y-direction.
The top surface is subjected to heating at 80 °C, whereas the bottom
surface is cooled to 0 °C. The remaining surfaces are assumed to be ther-
mally insulated. The presence of asymmetric hard inclusions leads to
an anisotropic macroscopic response. For C'-continuous elements, the
displacement boundary conditions at the left boundary are given by
uy = du,/dy = 0*u,/dy* = 0 and u, =0u,/dy = 6214),/6y2 = 0, while at the
right boundary the conditions are u, = u, and du, /dy = 0*u, /dy* = 0.
For the DNS, 14,460 elements are used when L,,, = 1mm and 36,022
elements when L,,, = 1/2mm.

A mesh convergence study was performed on the horizontal reac-
tion force R, for an applied displacement of 4, = 1 mm with respect
to the number of elements in both the macroscopic and microscopic
discretizations. The study was conducted for both the first-order and
second-order formulations. As shown in Fig. 2, convergence behavior is
observed for both the macroscopic and microscopic meshes. The second-
order formulation exhibits slightly lower sensitivity to the macroscopic
discretization, as expected due to the higher polynomial degree of the
shape functions compared with the six-node triangular elements used in
the first-order formulation. Refinement from 12 to 22 macroscopic ele-
ments and from 894 to 1282 microscopic elements resulted in relative
changes in R, of 0.41 % and 0.25 % for the first-order and second-order
formulations, respectively. Based on the observed convergence behavior,
the discretizations used for the subsequent analyses were chosen to be
40 macroscopic elements and 894 microscopic elements. The resulting
discretized problems at both scales are shown in Fig. 3.

The relation between the applied horizontal displacement u, and the
horizontal reaction force R, is shown in Fig. 4. An initial compressive
reaction force is observed (R, = —1.2N for DNS) before any horizon-
tal displacement is applied. This is caused by the thermal loading, since
the reference temperature is 30 °C and the imposed temperature field is
asymmetric relative to this value, with one boundary cooled to 0°C and
the opposite boundary heated to 80 °C. Both the first- and second-order
formulations yield very similar macroscopic responses. This indicates
that, for the considered loading regime, higher-order effects do not
significantly alter the global force-displacement behavior. In contrast,
the DNS results show a slight dependence on RVE size: when the RVE
length is increased from 1/2 mm to 1 mm, the reaction force decreases

(b)

1000

0 500 1500

micro

= I mm and u, = 1 mm: (a) first-order, (b) second-order.
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Fig. 3. (a) Macro mesh with Gauss point A for RVE solution highlighted, (b) RVE mesh.
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Fig. 4. Reaction force and heat flow versus applied displacement for two different RVE sizes: (a-b) L., = 1 mm, (c-d) L,

moderately. This suggests a weak negative size effect, whereby larger
RVEs exhibit a softer response.

For the thermal response (Fig. 4b and d), the total reference heat out-
flow through the bottom boundary y = 0mm, denoted as Q,, increases
by approximately 20 % as the applied horizontal displacement increases
from O mm to 1 mm. This behavior is consistent across both homogeniza-
tion approaches and is attributed to the geometric coupling introduced
at the microscopic level. Increasing deformation modifies the effec-
tive conductivity through the deformation-dependent transformation of
the constitutive response. Under tensile loading, lateral contraction en-
hances the effective transverse conductivity, leading to an increase in
O,ut- The agreement between both methods indicates that the geometric
coupling is captured consistently and accurately in both formulations.

Fig. 5 shows the macroscopic temperature field in the deformed
configuration. For visualization purposes only, contour plots are gen-
erated using element corner-node values. It is observed that both the
temperature and deformation fields are very similar for the first- and
second-order formulations and agree well with the DNS results. In par-
ticular, the vertical downward displacement at the right boundary is
accurately captured by both approaches. The second-order formulation
reproduces the displacement at the right edge slightly more accurately

Qout W)
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than the first-order formulation, although the difference is small. Due
to the anisotropic nature of the RVE inclusion, the macroscopic tem-
perature field is altered at both the left and right boundaries, which is
consistent with the temperature distribution observed in the DNS solu-
tion. The RVE results in Fig. 6 show the fluctuation fields and the total
micro-scale temperature and deformation fields at Gauss point A. The
fluctuation fields are very similar for both formulations, indicating a
consistent local microscopic response. In contrast, the total micro-fields,
which include the imposed macroscopic kinematics, exhibit more no-
ticeable differences between the two formulations, as expected when
the macroscopic dimensions are comparable to the RVE size.

4.2. Global buckling of a thermally stressed beam

In this example, a more challenging problem involving thermally
induced global buckling is considered. The material properties are iden-
tical to those used in Section 4.1. The problem setup shown in Fig. 7
consists of a beam with dimensions 20 x 2mm?2, while the RVE contains
a circular inclusion with radius R = 0.3 L,y.. The beam is subjected to
the same temperature boundary conditions as in Example 1, which are
applied prior to any mechanical loading, i.e., 80 °C is prescribed at the
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(a)

Fig. 5. Macroscopic temperature field (°C) with uy = Ilmm and L,,, = 1 mm: (a)
DNS, (b) first-order, (c) second-order.
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Fig. 7. Problem description shown for L, = 1 mm.

top surface and 0°C at the bottom surface, while the remaining bound-
aries are assumed to be thermally insulated. The beam is fixed in both
the x- and y-directions at the right boundary, while the left boundary is
constrained in the y-direction and subjected to a prescribed horizontal
displacement u, = u,, reaching up to 1 mm over 20 load steps. The im-
posed temperature distribution across the beam induces a thermal strain
gradient, which leads to a preferred buckling direction in the negative y-
direction under subsequent mechanical loading. For the C'-continuous
elements, the displacement boundary conditions at the left boundary
are prescribed as u, = uy, du,/dy = 0*u,/dy* = 0, and u, = du,/dy =
0%u,/dy* = 0. At the right boundary, u, = du,/dy = 0°u,/dy* = 0 and
u, = ou,/dy = 0*u,/dy* = 0. For DNS, 24,230 elements are used for
L., = 1mm, 56,314 elements for L, = 1/2mm, and 93,968 elements
for L. =1/3mm.

A combined macro-micro mesh convergence study was performed
based on the load-displacement response (Fig. 8). For the second-order
formulation, refinement from 16 to 42 macro elements and from 132 to
384 micro elements resulted in a relative change in the reaction force R,
of 0.6 % when u, = 1 mm. For the first-order formulation, a refinement
from 42 to 82 macro elements and from 384 to 744 micro elements
resulted in a relative change in R, of 0.8%. Although the first-order
formulation exhibits slower convergence, the discretization consisting
of 42 macro elements and 384 micro elements was considered sufficient

(b)
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Fig. 6. Fluctuations and microfields for displacement (mm) and temperature (°C) at Gauss point A (indicated in Fig. 3a) with 4, = 1 mm (displacement scale

factor = 2): (a-b) first-order, (c—d) second-order.
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Fig. 9. (a) RVE mesh, (b) macro mesh with Gauss point B for RVE solution
highlighted.

for the subsequent analyses based on the observed convergence behavior
and the resulting load—displacement response. The same discretization
was adopted for both formulations. The resulting discretizations at both
scales are shown in Fig. 9.

Fig. 10 shows the macroscale temperature field in the deformed
configuration of the beam under an applied horizontal displacement
of 1 mm. It is observed that both the first- and second-order homog-
enization schemes accurately reproduce the macroscopic temperature
distribution. However, noticeable discrepancies arise in the prediction of
the displacement field when compared to the DNS reference solution. In
particular, the second-order formulation provides a less accurate repre-
sentation of the transverse response, whereas the first-order formulation
shows better agreement with the DNS results. This behavior is further ex-
amined in Fig. 11, which shows the horizontal reaction force R, and the
y-displacement u,;q at (x,y) = (10mm,2mm). It can be observed that
the second-order method overestimates the limit load associated with
the onset of instability. The first-order method also predicts a higher
limit load than the DNS reference; however, it shows closer agreement
overall. For L., = 1 mm, the reaction force at u, = 1 mm predicted by
the second-order formulation is 38 % larger than the DNS result, whereas
the first-order formulation predicts a value that is 19 % larger. The ref-
erence DNS solution reveals a negative size effect trend, whereas the
second-order formulation predicts a positive size effect, with the critical
buckling load increasing and the y-direction displacement decreasing as
the RVE size increases. This discrepancy indicates an artificial stiffening
introduced by the second-order homogenization scheme in the present
setting with stiff inclusions. At an RVE size of 1 /3 mm, both the first- and
second-order methods converge to nearly identical responses, showing
good agreement with DNS at this scale. In Fig. 12, the RVE response at
Gauss point B is shown for both the first- and second-order formulations.

11
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Fig. 10. Macroscopic temperature field (°C) with u, = lmm and L,,, = 1 mm:
(a) DNS, (b) first-order, (c) second-order.

In contrast to the macroscopic displacement field, it can be observed
that, at the microscopic level, the second-order method provides a more
accurate representation of the local fields. In particular, the influence of
the macroscopic second gradient is clearly visible through the bending-
induced curvature within the RVE, which is not captured to the same
extent by the first-order approach.

For the present examples with stiff inclusions, the observed excessive
increase in stiffness of the second-order formulation with increasing RVE
size may be attributed to several factors. Besides boundary effects arising
from the lack of scale separation, Gortsas et al. [24] highlighted a lim-
itation of strain gradient elasticity for composites reinforced with hard
inclusions. Based on numerical simulations of fiber-reinforced compos-
ite plates, they showed that such materials may exhibit a negative size
effect under bending. The difficulty of strain gradient elasticity in cap-
turing this behavior was attributed to the fact that stiff inclusions do not
generate sufficiently large strain gradients in the matrix, unlike voids
or soft inclusions. This interpretation is qualitatively consistent with the



F. Strom and B. Johannesson

a
) (a)
157 - ’./_——_ __________
— /.4"4
\Z/ .
< 1
o
DNS
i~ First-Order
— — —Second-Order
0
0 0.2 0.4 0.6 0.8 1
U, (mm)
C
) (©)

R, (N)

0.8 1

0.6 0.8 1
mm)

Computers and Structures 331 (2026) 108417

0 0.2

0 0.2

-3

0.4 0.6 0.8 1
U0 (mm)

0 0.2

Fig. 11. Reaction force and mid-span vertical displacement versus applied horizontal displacement for three different RVE sizes: (a-b) L, = Imm, (c-d) L, =

1/2mm, (e-f) L, = 1/3mm.

observations in the present study, where the second-order formulation
does not reproduce the size effect predicted by DNS for the stiff-inclusion
examples. This observation can also be viewed in the broader context of
generalized strain gradient theories, which penalize spatial variations
of strain through higher-order energetic terms [25,26]. Consequently,
as the characteristic microstructural length scale increases, the contri-
bution of the higher-order energetic terms becomes more significant,
generally leading to increased stiffness and positive size effects. In the
present study, this tendency toward stiffening manifests as an over-
prediction of the structural stiffness. The effect is relatively weak in
Example 1 but becomes more pronounced in the buckling case due to
the nonlinear nature of the response.

Formulation-specific aspects may also influence the quantitative re-
sponse. In particular, the use of a uniform body force 1, in the RVE
equilibrium problem (77) may contribute to the observed discrepancy.
According to Wu et al. [27], the choice of body force affects the definite-
ness of the extracted higher-order moduli. Formulations without a body
force, as in [28], lead to higher-order moduli that remain positive def-
inite, which in turn can introduce spurious stiffness in the macroscopic
response. By reformulating second-order homogenization based on an
equivalent homogenized volume, Wu et al. [27] showed that the mi-
croscopic body force becomes non-uniform in heterogeneous RVEs. This
non-uniform body force is derived to ensure consistency between the
microscopic equilibrium problem and the imposed macroscopic strain

12

gradient, allowing negative entries to appear in the higher-order ho-
mogenized tensors. This was demonstrated in a bending example with
stiff inclusions, where the use of a non-uniform body force resulted in a
more compliant response that agreed more closely with DNS results than
the case without a body force. Although that study did not investigate
whether the correct size effect trend was reproduced for composites with
stiff inclusions, it demonstrated that the choice of body-force formula-
tion can significantly influence the quantitative response of second-order
homogenization.

4.3. Thermally induced bending of a slender cantilever beam

The final example considers a slender cantilever beam subjected to
thermal loading (Fig. 13). The problem is adapted from the benchmark
presented by [29], who studied beams of similar geometry containing
voids and showed that the second-order formulation outperformed the
first-order formulation, with pronounced positive size effects being ob-
served. Motivated by these findings, the present example investigates
whether similar behavior is obtained for thermal loading by considering
a composite with soft inclusions. The RVE is a square with side length
L., containing a centered rectangular inclusion with a side length of
0.7L .. The following material parameters are used: Young’s moduli
E' = 5MPa and E™ = 100 MPa, Poisson’s ratios v\ = 0.45 and v = 0.4,
thermal conductivities kg = 0.1 W/(mK) and ky = 1 W/(mK), thermal
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Fig. 12. Fluctuations and microfields for displacement (mm) and temperature (°C) at Gauss point B (indicated in Fig. 9b) with u, = 1 mm (displacement scale

factor = 4): (a-b) first-order, (c—d) second-order.
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Fig. 14. Mesh convergence study with L. = 1 mm: (a) first-order, (b) second-order.

expansion coefficients ¢/ = 2.5-10#K~! and a«” = 8- 1075K™!, and
reference temperatures 96 = @6” =30°C.

The convergence is assessed using the displacement in the y-direction
at (x,y) = (25mm, 1 mm), denoted by Uip- AS shown in Fig. 14, the
second-order formulation converges rapidly with respect to both mesh
discretizations, with simultaneous refinement from 52 to 104 macro
elements and from 98 to 184 micro elements, resulting in a relative

13

change in ug, of only 0.003 %. This led to the use of 104 macro elements
and 184 micro elements for the subsequent analysis. The first-order for-
mulation exhibits slower convergence at the macroscale. Simultaneous
refinement from 202 to 404 macro elements and from 98 to 184 micro
elements results in a relative change in ug;, of 0.03 %, leading to the use
of 404 macro elements and 184 micro elements. Fig. 15 shows the de-
formed beam configuration together with the temperature distribution



F. Strom and B. Johannesson

80

60

40

20

60

40

S TaTaTATATATA T AT AT 20

o N Ao

60

40

A A
- SEER Lk
SR

20

Fig. 15. Macroscopic temperature field (°C) with L,, =
first-order, (c) second-order.

1mm: (a) DNS, (b)

46+ .
3
44+ 1
. 42F .
€
£ 4f <
238 .
36+ ]
—/—DNS
34 | —=—First-order i
32| |—%— Second-order A
0 0.2 0.4 0.6 0.8 1
L (mm)
rve

Fig. 16. Comparison of the tip displacement for different RVE sizes.

for an RVE size of L., = 1 mm. The DNS solution was obtained using
16,342 elements. The second-order formulation predicts a deformation
that is overall in closer agreement with the DNS result, whereas the
first-order formulation predicts a slightly larger deformation.

To investigate the influence of the RVE size on the predicted re-
sponse, several RVE sizes were considered in the analysis. However, for
the DNS simulations, the significant memory requirements associated
with explicitly resolving the microstructure limited the smallest feasible
RVE size to L., = 1/5mm, which was discretized using 346,588 ele-
ments. Fig. 16 compares the vertical tip displacement predicted by the
first- and second-order formulations with the DNS results for different
RVE sizes. The DNS results show a positive size effect, characterized by a
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decrease in the tip displacement with increasing RVE size. The first-order
formulation predicts the largest tip displacement, whereas the second-
order formulation captures the positive size effect and yields predictions
that are consistently closer to the DNS results. For L. = 1mm, the
second-order formulation predicts a tip displacement that is 17 % larger
than the DNS result, compared with 37 % for the first-order formulation.
As the RVE size approaches zero, the second-order predictions converge
to those of the first-order formulation.

While the improved performance of the second-order formulation
for the present soft-inclusion example is consistent with previous stud-
ies on voided microstructures, quantitative discrepancies have still been
reported. For example, in a comparative study of instability-driven pat-
tern transformations in voided microstructures, Sperling et al. [30]
showed that second-order strain gradient formulations do not con-
sistently outperform classical first-order homogenization in strongly
nonlinear regimes. Similarly, Dos Santos et al. [31] reported an overes-
timation of the effective stiffness in the bending of 3D-printed polymeric
lattice beams for larger unit cells. Together with the present results,
these studies suggest that the applicability of generalized continuum
theories depends strongly on the underlying microstructural geome-
try, loading conditions, and associated deformation mechanisms [32].
Adopting a non-uniform body force, as suggested in [27], represents a
promising direction for further improving the predictive capability of
second-order thermoelastic computational homogenization.

5. Conclusions

This study extended a multiscale FE?> framework to steady-state
finite-strain thermo-mechanical analysis, comparing a first-order formu-
lation with a mixed-order approach combining second-order mechanical
homogenization and first-order thermal modeling to account for size ef-
fects. Three numerical examples, adapted from benchmark studies in
the literature, were considered to assess the proposed formulations un-
der different loading conditions and material contrasts. The first two
examples employed composites with hard inclusions, whereas the third
considered a slender cantilever beam with soft inclusions. In the tensile
example, both formulations produced nearly identical macroscopic re-
sponses, with only weak size effects and good agreement with DNS. In
the buckling example, the second-order formulation overestimated the
critical load, while the first-order formulation showed better agreement
with DNS at the macroscopic level, although the second-order model
captured richer microscopic deformation patterns. In contrast, the ther-
mally induced bending of the cantilever beam exhibited pronounced
positive size effects, for which the second-order formulation provided
better agreement with DNS than the first-order formulation. Overall,
the results demonstrate that the performance of second-order thermo-
mechanical homogenization is problem-dependent. It can substantially
improve the prediction of size effects in problems where higher-order
kinematics are important, but it does not necessarily enhance macro-
scopic accuracy for all loading conditions and microstructures, partic-
ularly for instability-driven problems involving hard inclusions. These
findings highlight the importance of both the loading configuration and
the material contrast when assessing the applicability of higher-order
computational homogenization.
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\begin {align}\label {u micro 1st order def} & \boldsymbol {u}_{\mu }(\boldsymbol {Y}) = (\boldsymbol {\mathbf {F}} - \boldsymbol {\mathbf {I}})\cdot \boldsymbol {Y} + \tilde {\boldsymbol {u}}(\boldsymbol {Y})\end {align}


\begin {align}\label {temperature micro 1st order def} & \Theta _\mu (\boldsymbol {Y}) = \Theta + \boldsymbol {H}\cdot \boldsymbol {Y} + \tilde {\Theta }(\boldsymbol {Y})\end {align}


\begin {align}\label {int Y dv} & \int _{\Omega _{\mu }} \boldsymbol {Y} dV=\boldsymbol {0}.\end {align}


\begin {align}\label {macro F def} & \boldsymbol {\mathbf {F}}=\frac {1}{V_{\mu }}\int _{\Omega _\mu } \boldsymbol {\mathbf {F}}_{\mu } dV\end {align}


\begin {align}\label {mechanical constraint 1} & \int _{\partial \Omega _{\mu }} \tilde {\boldsymbol {u}} \otimes \boldsymbol {N}_\mu dA=\boldsymbol {0}\end {align}


\begin {align}\label {macro H def} & \boldsymbol {H}=\frac {1}{V_\mu } \int _{\Omega _\mu } \boldsymbol {H}_\mu dV\end {align}


\begin {align}\label {zero avg micro temp fluct} & \int _{\Omega _\mu } \tilde {\Theta } dV=0\end {align}


\begin {align}\label {1st order temperature periodic bc} & \int _{\partial \Omega _\mu } \tilde {\Theta } \boldsymbol {N}_\mu dA=\boldsymbol {0}.\end {align}


\begin {align}\label {hill-mandel mechanical 1st order} & \boldsymbol {\mathbf {P}}:\delta \boldsymbol {\mathbf {F}}=\frac {1}{V_\mu }\int _{\Omega _\mu } \boldsymbol {\mathbf {P}}_\mu :\delta \boldsymbol {\mathbf {F}}_\mu dV=\frac {1}{V_\mu }\int _{\Omega _\mu } \boldsymbol {\mathbf {P}}_\mu :(\delta \boldsymbol {\mathbf {F}}+\nabla _Y \delta \tilde {\boldsymbol {u}}) dV\end {align}


\begin {align}\label {hill-mandel heat 1st order} & \boldsymbol {Q} \cdot \delta \boldsymbol {H}=\frac {1}{V_\mu } \int _{\Omega _\mu } \boldsymbol {Q}_\mu \cdot \delta \boldsymbol {H}_\mu dV=\frac {1}{V_\mu } \int _{\Omega _\mu } \boldsymbol {Q}_\mu \cdot ( \delta \boldsymbol {H}+\nabla _Y \delta \tilde {\Theta }) dV\end {align}


\begin {align}\label {micro 1st piola def} & \boldsymbol {\mathbf {P}}_\mu =\frac {\partial \Psi }{\partial \boldsymbol {\mathbf {F}}_\mu }=\frac {\partial \Psi }{\partial \boldsymbol {\mathbf {F}}_{\mu e}} :\frac {\partial \boldsymbol {\mathbf {F}}_{\mu e}}{\partial \boldsymbol {\mathbf {F}}_\mu }=\frac {1}{\lambda _\Theta } \boldsymbol {\mathbf {P}}_{\mu e}\end {align}


\begin {align}\label {micro flux def} & \boldsymbol {Q}_\mu =-k_0 \boldsymbol {\mathbf {C}}^{-1}_\mu \nabla _Y \Theta _{\mu }\end {align}


\begin {align}\label {macro P def} & \boldsymbol {\mathbf {P}}=\frac {1}{V_\mu } \int _{\Omega _\mu } \boldsymbol {\mathbf {P}}_\mu dV\end {align}


\begin {align}\label {rve mechanical equilibirum weak form} & \int _{\Omega _\mu } \boldsymbol {\mathbf {P}}_\mu :\nabla _Y \delta \tilde {\boldsymbol {u}} dV=0.\end {align}


\begin {align}\label {macro heat flux def} & \boldsymbol {Q}=\frac {1}{V_\mu } \int _{\Omega _\mu } \boldsymbol {Q}_\mu dV\end {align}


\begin {align}\label {rve heat transfer equilibrium def} & \int _{\Omega _\mu } \boldsymbol {Q}_\mu \cdot \nabla _Y \delta \tilde {\Theta } dV=0.\end {align}


\begin {align}\label {rigid body motion constraint} & \int _{\Omega \mu } \tilde {\boldsymbol {u}} dV =\boldsymbol {0}.\end {align}


\begin {align}\label {micro rve residual 1st order} & \boldsymbol {r}_{\mu }=\begin {bmatrix} \boldsymbol {r}_{\tilde {u}} \\ \boldsymbol {r}_{\lambda } \\ \boldsymbol {r}_{\tilde {\Theta }} \\ \boldsymbol {r}_{\gamma } \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},\tilde {u}}+\boldsymbol {\mathbf {C}}^T_{\lambda } \boldsymbol {a}_{\lambda } \\ \boldsymbol {\mathbf {C}}_{\lambda }\boldsymbol {a}_{\tilde {u}} \\\boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}+\boldsymbol {\mathbf {C}}^T_{\gamma } \boldsymbol {a}_{\gamma } \\\boldsymbol {\mathbf {C}}_{\gamma }\boldsymbol {a}_{\tilde {\Theta }} \end {bmatrix},\\ \label {ieq1} & \boldsymbol {a}_{\lambda }=\begin {bmatrix} \boldsymbol {a}_{\lambda _p} \\ \boldsymbol {\lambda }_v \end {bmatrix}, \qquad \boldsymbol {a}_{\gamma }=\begin {bmatrix} \boldsymbol {a}_{\gamma _p} \\ \gamma _v \end {bmatrix},\\ \label {ieq2} & \boldsymbol {f}_{\textnormal {int},\tilde {u}}=\int _{\Omega _\mu } \boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {P}_\mu dV, \qquad \boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}= \int _{\Omega _\mu } \boldsymbol {\mathbf {B}}_{\tilde {\Theta }}^T \boldsymbol {Q}_\mu dV,\\ \label {ieq3} & \boldsymbol {\mathbf {C}}_{\lambda }=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\lambda _p} \\ \boldsymbol {\mathbf {C}}_{\lambda _v} \end {bmatrix}, \quad \textnormal {and} \quad \boldsymbol {\mathbf {C}}_{\gamma }=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\gamma _p} \\ \boldsymbol {\mathbf {C}}_{\gamma _v} \end {bmatrix}.\end {align}


\begin {align}\label {micro rve residual 1st order} & \boldsymbol {r}_{\mu }=\begin {bmatrix} \boldsymbol {r}_{\tilde {u}} \\ \boldsymbol {r}_{\lambda } \\ \boldsymbol {r}_{\tilde {\Theta }} \\ \boldsymbol {r}_{\gamma } \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},\tilde {u}}+\boldsymbol {\mathbf {C}}^T_{\lambda } \boldsymbol {a}_{\lambda } \\ \boldsymbol {\mathbf {C}}_{\lambda }\boldsymbol {a}_{\tilde {u}} \\\boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}+\boldsymbol {\mathbf {C}}^T_{\gamma } \boldsymbol {a}_{\gamma } \\\boldsymbol {\mathbf {C}}_{\gamma }\boldsymbol {a}_{\tilde {\Theta }} \end {bmatrix},\\ \label {ieq1} & \boldsymbol {a}_{\lambda }=\begin {bmatrix} \boldsymbol {a}_{\lambda _p} \\ \boldsymbol {\lambda }_v \end {bmatrix}, \qquad \boldsymbol {a}_{\gamma }=\begin {bmatrix} \boldsymbol {a}_{\gamma _p} \\ \gamma _v \end {bmatrix},\\ \label {ieq2} & \boldsymbol {f}_{\textnormal {int},\tilde {u}}=\int _{\Omega _\mu } \boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {P}_\mu dV, \qquad \boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}= \int _{\Omega _\mu } \boldsymbol {\mathbf {B}}_{\tilde {\Theta }}^T \boldsymbol {Q}_\mu dV,\\ \label {ieq3} & \boldsymbol {\mathbf {C}}_{\lambda }=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\lambda _p} \\ \boldsymbol {\mathbf {C}}_{\lambda _v} \end {bmatrix}, \quad \textnormal {and} \quad \boldsymbol {\mathbf {C}}_{\gamma }=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\gamma _p} \\ \boldsymbol {\mathbf {C}}_{\gamma _v} \end {bmatrix}.\end {align}


\begin {align}\label {micro rve residual 1st order} & \boldsymbol {r}_{\mu }=\begin {bmatrix} \boldsymbol {r}_{\tilde {u}} \\ \boldsymbol {r}_{\lambda } \\ \boldsymbol {r}_{\tilde {\Theta }} \\ \boldsymbol {r}_{\gamma } \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},\tilde {u}}+\boldsymbol {\mathbf {C}}^T_{\lambda } \boldsymbol {a}_{\lambda } \\ \boldsymbol {\mathbf {C}}_{\lambda }\boldsymbol {a}_{\tilde {u}} \\\boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}+\boldsymbol {\mathbf {C}}^T_{\gamma } \boldsymbol {a}_{\gamma } \\\boldsymbol {\mathbf {C}}_{\gamma }\boldsymbol {a}_{\tilde {\Theta }} \end {bmatrix},\\ \label {ieq1} & \boldsymbol {a}_{\lambda }=\begin {bmatrix} \boldsymbol {a}_{\lambda _p} \\ \boldsymbol {\lambda }_v \end {bmatrix}, \qquad \boldsymbol {a}_{\gamma }=\begin {bmatrix} \boldsymbol {a}_{\gamma _p} \\ \gamma _v \end {bmatrix},\\ \label {ieq2} & \boldsymbol {f}_{\textnormal {int},\tilde {u}}=\int _{\Omega _\mu } \boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {P}_\mu dV, \qquad \boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}= \int _{\Omega _\mu } \boldsymbol {\mathbf {B}}_{\tilde {\Theta }}^T \boldsymbol {Q}_\mu dV,\\ \label {ieq3} & \boldsymbol {\mathbf {C}}_{\lambda }=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\lambda _p} \\ \boldsymbol {\mathbf {C}}_{\lambda _v} \end {bmatrix}, \quad \textnormal {and} \quad \boldsymbol {\mathbf {C}}_{\gamma }=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\gamma _p} \\ \boldsymbol {\mathbf {C}}_{\gamma _v} \end {bmatrix}.\end {align}


\begin {align}\label {micro rve residual 1st order} & \boldsymbol {r}_{\mu }=\begin {bmatrix} \boldsymbol {r}_{\tilde {u}} \\ \boldsymbol {r}_{\lambda } \\ \boldsymbol {r}_{\tilde {\Theta }} \\ \boldsymbol {r}_{\gamma } \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},\tilde {u}}+\boldsymbol {\mathbf {C}}^T_{\lambda } \boldsymbol {a}_{\lambda } \\ \boldsymbol {\mathbf {C}}_{\lambda }\boldsymbol {a}_{\tilde {u}} \\\boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}+\boldsymbol {\mathbf {C}}^T_{\gamma } \boldsymbol {a}_{\gamma } \\\boldsymbol {\mathbf {C}}_{\gamma }\boldsymbol {a}_{\tilde {\Theta }} \end {bmatrix},\\ \label {ieq1} & \boldsymbol {a}_{\lambda }=\begin {bmatrix} \boldsymbol {a}_{\lambda _p} \\ \boldsymbol {\lambda }_v \end {bmatrix}, \qquad \boldsymbol {a}_{\gamma }=\begin {bmatrix} \boldsymbol {a}_{\gamma _p} \\ \gamma _v \end {bmatrix},\\ \label {ieq2} & \boldsymbol {f}_{\textnormal {int},\tilde {u}}=\int _{\Omega _\mu } \boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {P}_\mu dV, \qquad \boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}= \int _{\Omega _\mu } \boldsymbol {\mathbf {B}}_{\tilde {\Theta }}^T \boldsymbol {Q}_\mu dV,\\ \label {ieq3} & \boldsymbol {\mathbf {C}}_{\lambda }=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\lambda _p} \\ \boldsymbol {\mathbf {C}}_{\lambda _v} \end {bmatrix}, \quad \textnormal {and} \quad \boldsymbol {\mathbf {C}}_{\gamma }=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\gamma _p} \\ \boldsymbol {\mathbf {C}}_{\gamma _v} \end {bmatrix}.\end {align}


\begin {align}\label {ieq4} & \nabla _Y^{\tilde {u}}=\begin {bmatrix} \partial /\partial Y_1 & 0 \\ \partial /\partial Y_2 & 0 \\ 0 & \partial /\partial Y_1 \\ 0 & \partial /\partial Y_2 \end {bmatrix} \quad \textnormal {and} \quad \nabla _Y^{\tilde {\Theta }} =\begin {bmatrix} \partial /\partial Y_1 \\ \partial /\partial Y_2 \end {bmatrix}.\end {align}


\begin {align}\label {ieq5} & \boldsymbol {\mathbf {C}}_{\lambda _v}=-\int _{\Omega _\mu }\boldsymbol {\mathbf {N}}_{\tilde {u}} dV \quad \textnormal {and} \quad \boldsymbol {\mathbf {C}}_{\gamma _v}=-\int _{\Omega _\mu }\boldsymbol {\mathbf {N}}_{\tilde {\Theta }} dV.\end {align}


\begin {align}\label {ieq6} & \boldsymbol {\mathbf {C}}_{{\lambda _p}}^e= -\int _0^{L_e}\boldsymbol {\mathbf {N}}_{\lambda _p}^{eT} \boldsymbol {\mathbf {N}}_{\lambda _p}^e t d\xi \boldsymbol {\mathbf {T}}_{\lambda _p} \quad \textnormal {and} \quad \boldsymbol {\mathbf {C}}_{{\gamma _p}}^e= -\int _0^{L_e}\boldsymbol {\mathbf {N}}_{\gamma _p}^{eT} \boldsymbol {\mathbf {N}}_{\gamma _p}^e t d\xi \boldsymbol {\mathbf {T}}_{\gamma _p}.\end {align}


\begin {align}\label {rve problem linearized equation system 1st fe2} \begin {bmatrix} \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {u}} & \boldsymbol {\mathbf {C}}_{\lambda }^T & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }} & \boldsymbol {0} \\ \boldsymbol {\mathbf {C}}_{\lambda } & \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {0} \\ \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {u}} & \boldsymbol {0} & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {\Theta }} & \boldsymbol {\mathbf {C}}_\gamma ^T \\ \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {\mathbf {C}}_\gamma & \boldsymbol {0} \end {bmatrix} \begin {bmatrix} \Delta \boldsymbol {a}_{\tilde {u}} \\ \Delta \boldsymbol {a}_{\lambda } \\ \Delta \boldsymbol {a}_{\tilde {\Theta }} \\ \Delta \boldsymbol {a}_{\gamma } \end {bmatrix}=-\begin {bmatrix} \boldsymbol {r}_{\tilde {u}} \\ \boldsymbol {r}_{\lambda } \\ \boldsymbol {r}_{\tilde {\Theta }} \\ \boldsymbol {r}_{\gamma } \end {bmatrix}\end {align}


\begin {align}\label {ieq7} & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {u}}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {u}}}{\partial \boldsymbol {a}_{\tilde {u}}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {u}} \boldsymbol {\mathbf {B}}_{\tilde {u}} dV,\\ \label {ieq8} & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {u}}}{\partial \boldsymbol {a}_{\tilde {\Theta }}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {\Theta }} \boldsymbol {\mathbf {N}}_{\tilde {\Theta }} dV,\\ \label {ieq9} & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {u}}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}}{\partial \boldsymbol {a}_{\tilde {u}}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {\Theta }}^T \boldsymbol {\mathbf {D}}_{\tilde {\Theta }\tilde {u}} \boldsymbol {\mathbf {B}}_{\tilde {u}} dV,\end {align}


\begin {align}\label {ieq7} & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {u}}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {u}}}{\partial \boldsymbol {a}_{\tilde {u}}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {u}} \boldsymbol {\mathbf {B}}_{\tilde {u}} dV,\\ \label {ieq8} & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {u}}}{\partial \boldsymbol {a}_{\tilde {\Theta }}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {\Theta }} \boldsymbol {\mathbf {N}}_{\tilde {\Theta }} dV,\\ \label {ieq9} & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {u}}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}}{\partial \boldsymbol {a}_{\tilde {u}}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {\Theta }}^T \boldsymbol {\mathbf {D}}_{\tilde {\Theta }\tilde {u}} \boldsymbol {\mathbf {B}}_{\tilde {u}} dV,\end {align}


\begin {align}\label {ieq7} & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {u}}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {u}}}{\partial \boldsymbol {a}_{\tilde {u}}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {u}} \boldsymbol {\mathbf {B}}_{\tilde {u}} dV,\\ \label {ieq8} & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {u}}}{\partial \boldsymbol {a}_{\tilde {\Theta }}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {u}}^T \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {\Theta }} \boldsymbol {\mathbf {N}}_{\tilde {\Theta }} dV,\\ \label {ieq9} & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {u}}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}}{\partial \boldsymbol {a}_{\tilde {u}}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {\Theta }}^T \boldsymbol {\mathbf {D}}_{\tilde {\Theta }\tilde {u}} \boldsymbol {\mathbf {B}}_{\tilde {u}} dV,\end {align}


\begin {align}\label {ieq10} & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {\Theta }}=\frac {\partial \boldsymbol {f}_{\textnormal {int},\tilde {\Theta }}}{\partial \boldsymbol {a}_{\tilde {\Theta }}}=\int _{\Omega _\mu }\boldsymbol {\mathbf {B}}_{\tilde {\Theta }}^T \boldsymbol {\mathbf {D}}_{\tilde {\Theta }\tilde {\Theta }} \boldsymbol {\mathbf {B}}_{\tilde {\Theta }} dV.\end {align}


\begin {align}\label {Duu matrix} & \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {u}}=\begin {bmatrix} D^{\tilde {u}\tilde {u}}_{1111} & D^{\tilde {u}\tilde {u}}_{1112} & D^{\tilde {u}\tilde {u}}_{1121} & D^{\tilde {u}\tilde {u}}_{1122} \\ D^{\tilde {u}\tilde {u}}_{1211} & D^{\tilde {u}\tilde {u}}_{1212} & D^{\tilde {u}\tilde {u}}_{1221} & D^{\tilde {u}\tilde {u}}_{1222} \\ D^{\tilde {u}\tilde {u}}_{2111} & D^{\tilde {u}\tilde {u}}_{2112} & D^{\tilde {u}\tilde {u}}_{2121} & D^{\tilde {u}\tilde {u}}_{2122} \\ D^{\tilde {u}\tilde {u}}_{2211} & D^{\tilde {u}\tilde {u}}_{2212} & D^{\tilde {u}\tilde {u}}_{2221} & D^{\tilde {u}\tilde {u}}_{2222} \end {bmatrix},\\ \label {ieq11} & \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {\Theta }}=\begin {bmatrix} D^{\tilde {u}\tilde {\Theta }}_{11}\\[4pt] D^{\tilde {u}\tilde {\Theta }}_{12} \\[4pt] D^{\tilde {u}\tilde {\Theta }}_{21} \\[4pt] D^{\tilde {u}\tilde {\Theta }}_{22} \end {bmatrix},\\ \label {ieq12} & \boldsymbol {\mathbf {D}}_{\tilde {\Theta }\tilde {u}}=\begin {bmatrix} D^{\tilde {\Theta }\tilde {u}}_{111} & D^{\tilde {\Theta }\tilde {u}}_{112} & D^{\tilde {\Theta }\tilde {u}}_{121} & D^{\tilde {\Theta }\tilde {u}}_{122} \\[4pt] D^{\tilde {\Theta }\tilde {u}}_{211} & D^{\tilde {\Theta }\tilde {u}}_{212} & D^{\tilde {\Theta }\tilde {u}}_{221} & D^{\tilde {\Theta }\tilde {u}}_{222} \end {bmatrix},\end {align}


\begin {align}\label {Duu matrix} & \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {u}}=\begin {bmatrix} D^{\tilde {u}\tilde {u}}_{1111} & D^{\tilde {u}\tilde {u}}_{1112} & D^{\tilde {u}\tilde {u}}_{1121} & D^{\tilde {u}\tilde {u}}_{1122} \\ D^{\tilde {u}\tilde {u}}_{1211} & D^{\tilde {u}\tilde {u}}_{1212} & D^{\tilde {u}\tilde {u}}_{1221} & D^{\tilde {u}\tilde {u}}_{1222} \\ D^{\tilde {u}\tilde {u}}_{2111} & D^{\tilde {u}\tilde {u}}_{2112} & D^{\tilde {u}\tilde {u}}_{2121} & D^{\tilde {u}\tilde {u}}_{2122} \\ D^{\tilde {u}\tilde {u}}_{2211} & D^{\tilde {u}\tilde {u}}_{2212} & D^{\tilde {u}\tilde {u}}_{2221} & D^{\tilde {u}\tilde {u}}_{2222} \end {bmatrix},\\ \label {ieq11} & \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {\Theta }}=\begin {bmatrix} D^{\tilde {u}\tilde {\Theta }}_{11}\\[4pt] D^{\tilde {u}\tilde {\Theta }}_{12} \\[4pt] D^{\tilde {u}\tilde {\Theta }}_{21} \\[4pt] D^{\tilde {u}\tilde {\Theta }}_{22} \end {bmatrix},\\ \label {ieq12} & \boldsymbol {\mathbf {D}}_{\tilde {\Theta }\tilde {u}}=\begin {bmatrix} D^{\tilde {\Theta }\tilde {u}}_{111} & D^{\tilde {\Theta }\tilde {u}}_{112} & D^{\tilde {\Theta }\tilde {u}}_{121} & D^{\tilde {\Theta }\tilde {u}}_{122} \\[4pt] D^{\tilde {\Theta }\tilde {u}}_{211} & D^{\tilde {\Theta }\tilde {u}}_{212} & D^{\tilde {\Theta }\tilde {u}}_{221} & D^{\tilde {\Theta }\tilde {u}}_{222} \end {bmatrix},\end {align}


\begin {align}\label {Duu matrix} & \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {u}}=\begin {bmatrix} D^{\tilde {u}\tilde {u}}_{1111} & D^{\tilde {u}\tilde {u}}_{1112} & D^{\tilde {u}\tilde {u}}_{1121} & D^{\tilde {u}\tilde {u}}_{1122} \\ D^{\tilde {u}\tilde {u}}_{1211} & D^{\tilde {u}\tilde {u}}_{1212} & D^{\tilde {u}\tilde {u}}_{1221} & D^{\tilde {u}\tilde {u}}_{1222} \\ D^{\tilde {u}\tilde {u}}_{2111} & D^{\tilde {u}\tilde {u}}_{2112} & D^{\tilde {u}\tilde {u}}_{2121} & D^{\tilde {u}\tilde {u}}_{2122} \\ D^{\tilde {u}\tilde {u}}_{2211} & D^{\tilde {u}\tilde {u}}_{2212} & D^{\tilde {u}\tilde {u}}_{2221} & D^{\tilde {u}\tilde {u}}_{2222} \end {bmatrix},\\ \label {ieq11} & \boldsymbol {\mathbf {D}}_{\tilde {u}\tilde {\Theta }}=\begin {bmatrix} D^{\tilde {u}\tilde {\Theta }}_{11}\\[4pt] D^{\tilde {u}\tilde {\Theta }}_{12} \\[4pt] D^{\tilde {u}\tilde {\Theta }}_{21} \\[4pt] D^{\tilde {u}\tilde {\Theta }}_{22} \end {bmatrix},\\ \label {ieq12} & \boldsymbol {\mathbf {D}}_{\tilde {\Theta }\tilde {u}}=\begin {bmatrix} D^{\tilde {\Theta }\tilde {u}}_{111} & D^{\tilde {\Theta }\tilde {u}}_{112} & D^{\tilde {\Theta }\tilde {u}}_{121} & D^{\tilde {\Theta }\tilde {u}}_{122} \\[4pt] D^{\tilde {\Theta }\tilde {u}}_{211} & D^{\tilde {\Theta }\tilde {u}}_{212} & D^{\tilde {\Theta }\tilde {u}}_{221} & D^{\tilde {\Theta }\tilde {u}}_{222} \end {bmatrix},\end {align}


\begin {align}\label {Dtt matrix} &\boldsymbol {\mathbf {D}}_{\tilde {\Theta }\tilde {\Theta }}=\begin {bmatrix} D^{\tilde {\Theta }\tilde {\Theta }}_{11} & D^{\tilde {\Theta }\tilde {\Theta }}_{12} \\[4pt] D^{\tilde {\Theta }\tilde {\Theta }}_{21} & D^{\tilde {\Theta }\tilde {\Theta }}_{22} \end {bmatrix}.\end {align}


\begin {align}\label {ieq13} & D^{\tilde {u}\tilde {u}}_{iJkL}=\frac {1}{\lambda _{\Theta }^2}\frac {\partial P^{\mu e}_{iJ}}{\partial F^{\mu e}_{kL}}\\ \label {ieq14} & D^{\tilde {u}\tilde {\Theta }}_{iJ}=- \Big ( \frac {1}{\lambda _\Theta ^2} \frac {\partial \lambda _{\Theta }}{\partial \Theta _\mu } P^{\mu e}_{iJ}+ \frac {1}{\lambda _\Theta ^3}\frac {\partial \lambda _{\Theta }}{\partial \Theta _\mu } \frac {\partial P^{\mu e}_{iJ}}{\partial F^{\mu e}_{kL}} F^{\mu }_{kL} \Big )\\ \label {ieq15} & D^{\tilde {\Theta } \tilde {u}}_{IjK}=k_0\big ({(C^{\mu }_{IM})}^{-1}{(C^{\mu }_{NK})}^{-1} +{(C^{\mu }_{IK})}^{-1} {(C^{\mu }_{NM})}^{-1} \big ) \Theta ^{\mu }_{,N} F^{\mu }_{jM}\end {align}


\begin {align}\label {ieq13} & D^{\tilde {u}\tilde {u}}_{iJkL}=\frac {1}{\lambda _{\Theta }^2}\frac {\partial P^{\mu e}_{iJ}}{\partial F^{\mu e}_{kL}}\\ \label {ieq14} & D^{\tilde {u}\tilde {\Theta }}_{iJ}=- \Big ( \frac {1}{\lambda _\Theta ^2} \frac {\partial \lambda _{\Theta }}{\partial \Theta _\mu } P^{\mu e}_{iJ}+ \frac {1}{\lambda _\Theta ^3}\frac {\partial \lambda _{\Theta }}{\partial \Theta _\mu } \frac {\partial P^{\mu e}_{iJ}}{\partial F^{\mu e}_{kL}} F^{\mu }_{kL} \Big )\\ \label {ieq15} & D^{\tilde {\Theta } \tilde {u}}_{IjK}=k_0\big ({(C^{\mu }_{IM})}^{-1}{(C^{\mu }_{NK})}^{-1} +{(C^{\mu }_{IK})}^{-1} {(C^{\mu }_{NM})}^{-1} \big ) \Theta ^{\mu }_{,N} F^{\mu }_{jM}\end {align}


\begin {align}\label {ieq13} & D^{\tilde {u}\tilde {u}}_{iJkL}=\frac {1}{\lambda _{\Theta }^2}\frac {\partial P^{\mu e}_{iJ}}{\partial F^{\mu e}_{kL}}\\ \label {ieq14} & D^{\tilde {u}\tilde {\Theta }}_{iJ}=- \Big ( \frac {1}{\lambda _\Theta ^2} \frac {\partial \lambda _{\Theta }}{\partial \Theta _\mu } P^{\mu e}_{iJ}+ \frac {1}{\lambda _\Theta ^3}\frac {\partial \lambda _{\Theta }}{\partial \Theta _\mu } \frac {\partial P^{\mu e}_{iJ}}{\partial F^{\mu e}_{kL}} F^{\mu }_{kL} \Big )\\ \label {ieq15} & D^{\tilde {\Theta } \tilde {u}}_{IjK}=k_0\big ({(C^{\mu }_{IM})}^{-1}{(C^{\mu }_{NK})}^{-1} +{(C^{\mu }_{IK})}^{-1} {(C^{\mu }_{NM})}^{-1} \big ) \Theta ^{\mu }_{,N} F^{\mu }_{jM}\end {align}


\begin {align}\label {ieq16} & D^{\tilde {\Theta } \tilde {\Theta } }_{IJ}=-k_0{(C^{\mu }_{IJ})}^{-1}\end {align}


\begin {align}\label {macro residual 1st order} & \boldsymbol {r}=\begin {bmatrix} \boldsymbol {r}_u \\ \boldsymbol {r}_\Theta \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},u}-\boldsymbol {f}_{\textnormal {ext},u} \\ \boldsymbol {f}_{\textnormal {int},\Theta }-\boldsymbol {f}_{\textnormal {ext},\Theta } \end {bmatrix},\\ \label {ieq19} & \boldsymbol {f}_{\textnormal {int},u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \boldsymbol {P}dV, \qquad \boldsymbol {f}_{\textnormal {ext},u}=\int _{\partial \Omega } \boldsymbol {\mathbf {N}}^T \boldsymbol {T} dA,\\ \label {ieq20} & \boldsymbol {f}_{\textnormal {int},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \boldsymbol {Q} dV, \quad \textnormal {and} \quad \boldsymbol {f}_{\textnormal {ext},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {N}}_{\Theta }^T Q_N dV.\end {align}


\begin {align}\label {macro residual 1st order} & \boldsymbol {r}=\begin {bmatrix} \boldsymbol {r}_u \\ \boldsymbol {r}_\Theta \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},u}-\boldsymbol {f}_{\textnormal {ext},u} \\ \boldsymbol {f}_{\textnormal {int},\Theta }-\boldsymbol {f}_{\textnormal {ext},\Theta } \end {bmatrix},\\ \label {ieq19} & \boldsymbol {f}_{\textnormal {int},u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \boldsymbol {P}dV, \qquad \boldsymbol {f}_{\textnormal {ext},u}=\int _{\partial \Omega } \boldsymbol {\mathbf {N}}^T \boldsymbol {T} dA,\\ \label {ieq20} & \boldsymbol {f}_{\textnormal {int},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \boldsymbol {Q} dV, \quad \textnormal {and} \quad \boldsymbol {f}_{\textnormal {ext},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {N}}_{\Theta }^T Q_N dV.\end {align}


\begin {align}\label {macro residual 1st order} & \boldsymbol {r}=\begin {bmatrix} \boldsymbol {r}_u \\ \boldsymbol {r}_\Theta \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},u}-\boldsymbol {f}_{\textnormal {ext},u} \\ \boldsymbol {f}_{\textnormal {int},\Theta }-\boldsymbol {f}_{\textnormal {ext},\Theta } \end {bmatrix},\\ \label {ieq19} & \boldsymbol {f}_{\textnormal {int},u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \boldsymbol {P}dV, \qquad \boldsymbol {f}_{\textnormal {ext},u}=\int _{\partial \Omega } \boldsymbol {\mathbf {N}}^T \boldsymbol {T} dA,\\ \label {ieq20} & \boldsymbol {f}_{\textnormal {int},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \boldsymbol {Q} dV, \quad \textnormal {and} \quad \boldsymbol {f}_{\textnormal {ext},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {N}}_{\Theta }^T Q_N dV.\end {align}


\begin {align}\label {ieq21} & \nabla _X^F=\begin {bmatrix} \partial /\partial X_1 & 0 \\ \partial /\partial X_2 & 0 \\ 0 & \partial /\partial X_1 \\ 0 & \partial /\partial X_2 \end {bmatrix} \quad \textnormal {and} \quad \nabla _X^{\Theta }=\begin {bmatrix} \partial /\partial X_1 \\ \partial /\partial X_2 \end {bmatrix}.\end {align}


\begin {equation}\label {macro linearized equation system} \begin {bmatrix} \displaystyle \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_u} & \displaystyle \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_\Theta } \\[10pt] \displaystyle \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_u} & \displaystyle \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_\Theta } \end {bmatrix} \begin {bmatrix} \Delta \boldsymbol {a}_u \\ \Delta \boldsymbol {a}_\Theta \end {bmatrix}=-\begin {bmatrix} \boldsymbol {r}_u \\ \boldsymbol {r}_\Theta \end {bmatrix}\end {equation}


\begin {align}\label {dru/dau 123} & \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {F}}\boldsymbol {\mathbf {B}}_F dV,\\ \label {ieq22} & \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \Theta }\boldsymbol {\mathbf {N}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {H}}\boldsymbol {\mathbf {B}}_\Theta dV,\\ \label {ieq23} & \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {F}} \boldsymbol {\mathbf {B}}_F dV,\end {align}


\begin {align}\label {dru/dau 123} & \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {F}}\boldsymbol {\mathbf {B}}_F dV,\\ \label {ieq22} & \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \Theta }\boldsymbol {\mathbf {N}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {H}}\boldsymbol {\mathbf {B}}_\Theta dV,\\ \label {ieq23} & \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {F}} \boldsymbol {\mathbf {B}}_F dV,\end {align}


\begin {align}\label {dru/dau 123} & \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {F}}\boldsymbol {\mathbf {B}}_F dV,\\ \label {ieq22} & \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \Theta }\boldsymbol {\mathbf {N}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {H}}\boldsymbol {\mathbf {B}}_\Theta dV,\\ \label {ieq23} & \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {F}} \boldsymbol {\mathbf {B}}_F dV,\end {align}


\begin {align}\label {drt/dat 123} & \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \Theta } \boldsymbol {\mathbf {N}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {H}} \boldsymbol {\mathbf {B}}_\Theta dV.\end {align}


\begin {align}\label {macro P lagrange mp definition} & \boldsymbol {\mathbf {P}}=\frac {1}{V_\mu } \int _{\partial \Omega _\mu ^+} \boldsymbol {\lambda }_p \otimes (\boldsymbol {Y}^+-\boldsymbol {Y}^-) dA.\end {align}


\begin {align}\label {macro heat flux with lagrange mp def} & \boldsymbol {Q}=\frac {1}{V_\mu } \int _{\partial \Omega _\mu ^+} \gamma _p(\boldsymbol {Y}^+-\boldsymbol {Y}^-)dA.\end {align}


\begin {align}\label {homogenized P and Q def lagrange mp123} & \boldsymbol {P}=\boldsymbol {\mathbf {Z}}_P\boldsymbol {a}_{\lambda } \quad \textnormal {and} \quad \boldsymbol {Q}=\boldsymbol {\mathbf {Z}}_Q \boldsymbol {a}_{\gamma },\end {align}


\begin {align}\label {ieq24} & \boldsymbol {\mathbf {Z}}_{P\lambda _p}=\frac {1}{V_\mu } \int _{\partial \Omega _{\mu }^+} \begin {bmatrix} \boldsymbol {Y}^+-\boldsymbol {Y}^- & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y}^+-\boldsymbol {Y}^- \end {bmatrix} \boldsymbol {\mathbf {N}}_{\lambda _p} dA,\end {align}


\begin {align}\label {ieq25} & \boldsymbol {\mathbf {Z}}_{Q\gamma _p}=\frac {1}{V_\mu } \int _{\partial \Omega _{\mu }^+}(\boldsymbol {Y}^+-\boldsymbol {Y}^-)\boldsymbol {\mathbf {N}}_{\gamma _p} dA.\end {align}


\begin {align}\label {ieq26} & \boldsymbol {a}_{u_\mu }=\boldsymbol {\mathbf {D}}_F^T(\boldsymbol {F}-\boldsymbol {I}_F)+\boldsymbol {a}_{\tilde {u}},\end {align}


\begin {align}\label {ieq27} & \boldsymbol {\mathbf {D}}_i^T=\begin {bmatrix} Y_1^{(i)} & Y_2^{(i)} & 0 & 0 \\ 0 & 0 & Y_1^{(i)} & Y_2^{(i)} \end {bmatrix},\end {align}


\begin {align}\label {ieq28} & \boldsymbol {a}_{\Theta _\mu }=\Theta \boldsymbol {I}_\Theta +\boldsymbol {\mathbf {D}}_{\Theta }^T\boldsymbol {H}+\boldsymbol {a}_{\tilde {\Theta }}\end {align}


\begin {equation}\label {ieq29} \boldsymbol {\mathbf {D}}_\Theta = \begin {bmatrix} Y_1^{(1)} & Y_1^{(2)} & \cdots & Y_1^{(n)} \\ Y_2^{(1)} & Y_2^{(2)} & \cdots & Y_2^{(n)} \end {bmatrix}.\end {equation}


\begin {equation}\label {ieq30} \frac {\partial \boldsymbol {r}_{\mu }}{\partial \boldsymbol {F}}=\boldsymbol {0}, \qquad \frac {\partial \boldsymbol {r}_{\mu }}{\partial \Theta }=\boldsymbol {0}, \quad \textnormal {and} \quad \frac {\partial \boldsymbol {r}_{\mu }}{\partial \boldsymbol {H}}=\boldsymbol {0}.\end {equation}


\begin {equation}\label {lagrange mp derivatives 123} \begin {bmatrix} \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {u}} & \boldsymbol {\mathbf {C}}_{\lambda }^T & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }} & \boldsymbol {0} \\ \boldsymbol {\mathbf {C}}_{\lambda } & \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {0} \\ \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {u}} & \boldsymbol {0} & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {\Theta }} & \boldsymbol {\mathbf {C}}_\gamma ^T \\ \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {\mathbf {C}}_\gamma & \boldsymbol {0} \end {bmatrix} \begin {bmatrix} \frac {\partial \boldsymbol {a}_{\tilde {u}}}{\partial \boldsymbol {F}} & \frac {\partial \boldsymbol {a}_{\tilde {u}}}{\partial \Theta } & \frac {\partial \boldsymbol {a}_{\tilde {u}}}{\partial \boldsymbol {H}} \\[2pt] \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {F}} & \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \Theta } & \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {H}} \\[2pt] \frac {\partial \boldsymbol {a}_{\tilde {\Theta }}}{\partial \boldsymbol {F}} & \frac {\partial \boldsymbol {a}_{\tilde {\Theta }}}{\partial \Theta } & \frac {\partial \boldsymbol {a}_{\tilde {\Theta }}}{\partial \boldsymbol {H}} \\[2pt] \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {F}} & \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \Theta } & \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {H}} \end {bmatrix}= -\begin {bmatrix} \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {u}} \boldsymbol {\mathbf {D}}_F^T & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }} \boldsymbol {I}_\Theta & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }} \boldsymbol {\mathbf {D}}^T_\Theta \\ \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {0} \\ \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {u}} \boldsymbol {\mathbf {D}}_F^T & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {\Theta }} \boldsymbol {I}_\Theta & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {\Theta }} \boldsymbol {\mathbf {D}}^T_\Theta \\ \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {0} \end {bmatrix}\end {equation}


\begin {align}\label {ieq31} & \boldsymbol {u}_{\mu }(\boldsymbol {Y})=(\boldsymbol {\mathbf {F}}-\boldsymbol {\mathbf {I}})\cdot \boldsymbol {Y}+\frac {1}{2}\boldsymbol {\mathbf {G}}:(\boldsymbol {Y} \otimes \boldsymbol {Y})+ \tilde {\boldsymbol {u}}(\boldsymbol {Y})\end {align}


\begin {align}\label {micro F definition} & \boldsymbol {\mathbf {F}}_{\mu }=\boldsymbol {\mathbf {F}}+\boldsymbol {\mathbf {G}}\cdot \boldsymbol {Y}+\nabla _Y\tilde {\boldsymbol {u}}\end {align}


\begin {align}\label {macro G definition} & \boldsymbol {\mathbf {G}}=\frac {1}{V_{\mu }}\int _{\Omega _{\mu }} {\big [(\nabla _Y\boldsymbol {u}_{\mu }\otimes \boldsymbol {Y})\cdot \boldsymbol {\mathbf {J}}^{-1} \big ]}^\textnormal {sym} dV\end {align}


\begin {align}\label {ieq32} & \boldsymbol {\mathbf {J}}=\frac {1}{V_\mu } \int _{\Omega _{\mu }}\boldsymbol {Y} \otimes \boldsymbol {Y} dV\end {align}


\begin {align}\label {volume constraint u fluct 1234} & \int _{\Omega \mu } \tilde {\boldsymbol {u}} dV =\boldsymbol {0}.\end {align}


\begin {align}\label {constraint u_fluct surface a+} & \int _{\partial \Omega _\mu ^{+,\alpha }} \tilde {\boldsymbol {u}}^+ dA= 0\end {align}


\begin {align}\label {hill mandel mech} & \boldsymbol {\mathbf {P}}:\delta \boldsymbol {\mathbf {F}}+\boldsymbol {\mathbf {M}}\,\vdots \, \delta \boldsymbol {\mathbf {G}}=\frac {1}{V_\mu }\int _{\Omega _\mu } \boldsymbol {\mathbf {P}}_\mu :(\delta \boldsymbol {\mathbf {F}}+\delta \boldsymbol {\mathbf {G}} \cdot \boldsymbol {Y}+\nabla _Y \delta \tilde {\boldsymbol {u}}) dV\end {align}


\begin {align}\label {macro P def 2} & \boldsymbol {\mathbf {P}}=\frac {1}{V_\mu } \int _{\Omega _\mu } \boldsymbol {\mathbf {P}}_\mu dV\end {align}


\begin {align}\label {double stress definition} & \boldsymbol {\mathbf {M}}=\frac {1}{V_\mu } \int _{\Omega _\mu } {(\boldsymbol {\mathbf {P}}_\mu \otimes \boldsymbol {Y})}^{\textnormal {sym}} dV.\end {align}


\begin {align}\label {ieq35} & \boldsymbol {\mathbf {C}}_{\lambda }=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\lambda _p} \\ \boldsymbol {\mathbf {C}}_{\lambda _s} \\ \boldsymbol {\mathbf {C}}_{\lambda _v} \end {bmatrix} \quad \textnormal {and} \quad \boldsymbol {a}_{\lambda }=\begin {bmatrix} \boldsymbol {a}_{\lambda _p} \\ \boldsymbol {\lambda }_s \\ \boldsymbol {\lambda }_v \end {bmatrix}\end {align}


\begin {align}\label {ieq36} & \boldsymbol {\mathbf {C}}_{\lambda _{s\alpha }} ^e=-\int _0^{L_e} \boldsymbol {\mathbf {N}}_{\lambda _p}^e t d\xi .\end {align}


\begin {align}\label {macro residual 2nd order} & \boldsymbol {r}=\begin {bmatrix} \boldsymbol {r}_u \\ \boldsymbol {r}_\Theta \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},u}-\boldsymbol {f}_{\textnormal {ext},u} \\ \boldsymbol {f}_{\textnormal {int},\Theta }-\boldsymbol {f}_{\textnormal {ext},\Theta } \end {bmatrix},\\ \label {ieq38} & \boldsymbol {f}_{\textnormal {int},u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \boldsymbol {P}dV+ \int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \boldsymbol {M} dV,\\ \label {ieq39} & \boldsymbol {f}_{\textnormal {ext},u}=\int _{\partial \Omega } \boldsymbol {\mathbf {N}}_u^T \boldsymbol {T} dA+\int _{\partial \Omega }D(\boldsymbol {\mathbf {N}}_u^T) \boldsymbol {R} dA+ \int _{\partial \partial \Omega } \boldsymbol {\mathbf {N}}_u^T \boldsymbol {Z} d\mathcal {L},\\ \label {ieq40} & \boldsymbol {f}_{\textnormal {int},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \boldsymbol {Q} dV, \quad \textnormal {and} \quad \boldsymbol {f}_{\textnormal {ext},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {N}}_{\Theta }^T Q_N dV\end {align}


\begin {align}\label {macro residual 2nd order} & \boldsymbol {r}=\begin {bmatrix} \boldsymbol {r}_u \\ \boldsymbol {r}_\Theta \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},u}-\boldsymbol {f}_{\textnormal {ext},u} \\ \boldsymbol {f}_{\textnormal {int},\Theta }-\boldsymbol {f}_{\textnormal {ext},\Theta } \end {bmatrix},\\ \label {ieq38} & \boldsymbol {f}_{\textnormal {int},u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \boldsymbol {P}dV+ \int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \boldsymbol {M} dV,\\ \label {ieq39} & \boldsymbol {f}_{\textnormal {ext},u}=\int _{\partial \Omega } \boldsymbol {\mathbf {N}}_u^T \boldsymbol {T} dA+\int _{\partial \Omega }D(\boldsymbol {\mathbf {N}}_u^T) \boldsymbol {R} dA+ \int _{\partial \partial \Omega } \boldsymbol {\mathbf {N}}_u^T \boldsymbol {Z} d\mathcal {L},\\ \label {ieq40} & \boldsymbol {f}_{\textnormal {int},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \boldsymbol {Q} dV, \quad \textnormal {and} \quad \boldsymbol {f}_{\textnormal {ext},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {N}}_{\Theta }^T Q_N dV\end {align}


\begin {align}\label {macro residual 2nd order} & \boldsymbol {r}=\begin {bmatrix} \boldsymbol {r}_u \\ \boldsymbol {r}_\Theta \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},u}-\boldsymbol {f}_{\textnormal {ext},u} \\ \boldsymbol {f}_{\textnormal {int},\Theta }-\boldsymbol {f}_{\textnormal {ext},\Theta } \end {bmatrix},\\ \label {ieq38} & \boldsymbol {f}_{\textnormal {int},u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \boldsymbol {P}dV+ \int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \boldsymbol {M} dV,\\ \label {ieq39} & \boldsymbol {f}_{\textnormal {ext},u}=\int _{\partial \Omega } \boldsymbol {\mathbf {N}}_u^T \boldsymbol {T} dA+\int _{\partial \Omega }D(\boldsymbol {\mathbf {N}}_u^T) \boldsymbol {R} dA+ \int _{\partial \partial \Omega } \boldsymbol {\mathbf {N}}_u^T \boldsymbol {Z} d\mathcal {L},\\ \label {ieq40} & \boldsymbol {f}_{\textnormal {int},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \boldsymbol {Q} dV, \quad \textnormal {and} \quad \boldsymbol {f}_{\textnormal {ext},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {N}}_{\Theta }^T Q_N dV\end {align}


\begin {equation}\label {ieq41} \boldsymbol {G}=\begin {bmatrix} G_{111} \\ G_{122} \\ 2G_{112} \\ G_{211} \\ G_{222} \\ 2G_{212} \end {bmatrix}, \qquad \boldsymbol {M}=\begin {bmatrix} M_{111} \\ M_{122} \\ M_{112} \\ M_{211} \\ M_{222} \\ M_{212} \end {bmatrix}, \quad \textnormal {and} \quad \nabla _X^G=\begin {bmatrix} \partial ^2/\partial X_1^2 & 0 \\ \partial ^2/ \partial X_2^2 & 0 \\ 2\partial ^2/\partial X_1\partial X_2 & 0 \\ 0 & \partial ^2/\partial X_1^2 \\ 0 & \partial ^2/ \partial X_2^2 \\ 0 & 2\partial ^2/\partial X_1\partial X_2 \end {bmatrix}.\end {equation}


\begin {equation}\label {macro linearized equation system 2} \begin {bmatrix} \displaystyle \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_u} & \displaystyle \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_\Theta } \\[10pt] \displaystyle \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_u} & \displaystyle \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_\Theta } \end {bmatrix} \begin {bmatrix} \Delta \boldsymbol {a}_u \\ \Delta \boldsymbol {a}_\Theta \end {bmatrix}=-\begin {bmatrix} \boldsymbol {r}_u \\ \boldsymbol {r}_\Theta \end {bmatrix}\end {equation}


\begin {align}& \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {F}}\boldsymbol {\mathbf {B}}_F dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {G}}\boldsymbol {\mathbf {B}}_G dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {F}}\boldsymbol {\mathbf {B}}_F dV\nonumber \\ &\quad \qquad +\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {G}}\boldsymbol {\mathbf {B}}_G dV, \label {dru dau 2nd fe2 1}\\ & \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \Theta }\boldsymbol {\mathbf {N}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {H}}\boldsymbol {\mathbf {B}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \Theta }\boldsymbol {\mathbf {N}}_\Theta dV\nonumber \\ &\quad \qquad +\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {H}}\boldsymbol {\mathbf {B}}_\Theta dV, \label {ieq42}\\ \label {ieq43} & \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {F}} \boldsymbol {\mathbf {B}}_F dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {G}} \boldsymbol {\mathbf {B}}_G dV,\end {align}


\begin {align}& \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {F}}\boldsymbol {\mathbf {B}}_F dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {G}}\boldsymbol {\mathbf {B}}_G dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {F}}\boldsymbol {\mathbf {B}}_F dV\nonumber \\ &\quad \qquad +\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {G}}\boldsymbol {\mathbf {B}}_G dV, \label {dru dau 2nd fe2 1}\\ & \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \Theta }\boldsymbol {\mathbf {N}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {H}}\boldsymbol {\mathbf {B}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \Theta }\boldsymbol {\mathbf {N}}_\Theta dV\nonumber \\ &\quad \qquad +\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {H}}\boldsymbol {\mathbf {B}}_\Theta dV, \label {ieq42}\\ \label {ieq43} & \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {F}} \boldsymbol {\mathbf {B}}_F dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {G}} \boldsymbol {\mathbf {B}}_G dV,\end {align}


\begin {align}& \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {F}}\boldsymbol {\mathbf {B}}_F dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {G}}\boldsymbol {\mathbf {B}}_G dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {F}}\boldsymbol {\mathbf {B}}_F dV\nonumber \\ &\quad \qquad +\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {G}}\boldsymbol {\mathbf {B}}_G dV, \label {dru dau 2nd fe2 1}\\ & \frac {\partial \boldsymbol {r}_u}{\partial \boldsymbol {a}_\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \Theta }\boldsymbol {\mathbf {N}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {H}}\boldsymbol {\mathbf {B}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \Theta }\boldsymbol {\mathbf {N}}_\Theta dV\nonumber \\ &\quad \qquad +\int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {H}}\boldsymbol {\mathbf {B}}_\Theta dV, \label {ieq42}\\ \label {ieq43} & \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {F}} \boldsymbol {\mathbf {B}}_F dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {G}} \boldsymbol {\mathbf {B}}_G dV,\end {align}


\begin {align}\label {drt dat 2nd fe2 1} & \frac {\partial \boldsymbol {r}_\Theta }{\partial \boldsymbol {a}_\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \Theta } \boldsymbol {\mathbf {N}}_\Theta dV+\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {H}} \boldsymbol {\mathbf {B}}_\Theta dV.\end {align}


\begin {align}\label {P 2nd order lagrange mp} & \boldsymbol {\mathbf {P}}=\frac {1}{V_\mu }\Big [\sum _{\alpha =1}^{n_{\alpha +}} (\boldsymbol {\lambda }_{s\alpha } \otimes \int _{\partial \Omega _\mu ^{+,\alpha }} \boldsymbol {Y} dA)+ \int _{\partial \Omega _\mu ^+} \boldsymbol {\lambda }_p \otimes (\boldsymbol {Y}^+-\boldsymbol {Y}^-) dA\Big ]\\ & \boldsymbol {\mathbf {M}}=\frac {1}{2 V_\mu } \Big [\sum _{\alpha =1}^{n_{\alpha +}}(\boldsymbol {\lambda }_{s\alpha } \otimes \int _{\partial \Omega _\mu ^{+,\alpha }} \boldsymbol {Y}\otimes \boldsymbol {Y} dA)\nonumber \\ &\qquad +\int _{\partial \Omega _\mu ^+} \boldsymbol {\lambda }_p\otimes (\boldsymbol {Y}^+ \otimes \boldsymbol {Y}^+-\boldsymbol {Y}^- \otimes \boldsymbol {Y}^- )dA \Big ] +\frac {1}{2}\boldsymbol {\lambda }_v \otimes \boldsymbol {\mathbf {J}}. \label {M 2nd order lagrange mp}\end {align}


\begin {align}\label {P 2nd order lagrange mp} & \boldsymbol {\mathbf {P}}=\frac {1}{V_\mu }\Big [\sum _{\alpha =1}^{n_{\alpha +}} (\boldsymbol {\lambda }_{s\alpha } \otimes \int _{\partial \Omega _\mu ^{+,\alpha }} \boldsymbol {Y} dA)+ \int _{\partial \Omega _\mu ^+} \boldsymbol {\lambda }_p \otimes (\boldsymbol {Y}^+-\boldsymbol {Y}^-) dA\Big ]\\ & \boldsymbol {\mathbf {M}}=\frac {1}{2 V_\mu } \Big [\sum _{\alpha =1}^{n_{\alpha +}}(\boldsymbol {\lambda }_{s\alpha } \otimes \int _{\partial \Omega _\mu ^{+,\alpha }} \boldsymbol {Y}\otimes \boldsymbol {Y} dA)\nonumber \\ &\qquad +\int _{\partial \Omega _\mu ^+} \boldsymbol {\lambda }_p\otimes (\boldsymbol {Y}^+ \otimes \boldsymbol {Y}^+-\boldsymbol {Y}^- \otimes \boldsymbol {Y}^- )dA \Big ] +\frac {1}{2}\boldsymbol {\lambda }_v \otimes \boldsymbol {\mathbf {J}}. \label {M 2nd order lagrange mp}\end {align}


\begin {align}\label {P and M lagrange mp form 22} & \boldsymbol {P}=\boldsymbol {\mathbf {Z}}_P\boldsymbol {a}_{\lambda }, \qquad \boldsymbol {M}=\boldsymbol {\mathbf {Z}}_M \boldsymbol {a}_{\lambda }, \quad \textnormal {and} \quad \boldsymbol {Q}=\boldsymbol {\mathbf {Z}}_Q \boldsymbol {a}_{\gamma },\end {align}


\begin {align}\label {ieq44} & \boldsymbol {\mathbf {Z}}_{P\lambda _{s\alpha }}=\frac {1}{V_{\mu }}\int _{\partial \Omega _\mu ^{+,\alpha }} \begin {bmatrix} \boldsymbol {Y} & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y} \end {bmatrix} dA,\\ \label {ieq45} & \boldsymbol {\mathbf {Z}}_{M\lambda _p} =\frac {1}{2V_\mu } \int _{\Omega _\mu ^+} \begin {bmatrix} \boldsymbol {Y}_{M\lambda _p} & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y}_{M\lambda _p} \end {bmatrix} \boldsymbol {\mathbf {N}}_{\lambda _p} dA,\\ \label {ieq46} & \boldsymbol {\mathbf {Z}}_{M\lambda _{s\alpha }} = \frac {1}{2V_\mu } \int _{\partial \Omega _\mu ^{+,\alpha }} \begin {bmatrix} \boldsymbol {Y}_{M\lambda _{s}} & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y}_{M\lambda _{s}} \end {bmatrix} dA,\end {align}


\begin {align}\label {ieq44} & \boldsymbol {\mathbf {Z}}_{P\lambda _{s\alpha }}=\frac {1}{V_{\mu }}\int _{\partial \Omega _\mu ^{+,\alpha }} \begin {bmatrix} \boldsymbol {Y} & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y} \end {bmatrix} dA,\\ \label {ieq45} & \boldsymbol {\mathbf {Z}}_{M\lambda _p} =\frac {1}{2V_\mu } \int _{\Omega _\mu ^+} \begin {bmatrix} \boldsymbol {Y}_{M\lambda _p} & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y}_{M\lambda _p} \end {bmatrix} \boldsymbol {\mathbf {N}}_{\lambda _p} dA,\\ \label {ieq46} & \boldsymbol {\mathbf {Z}}_{M\lambda _{s\alpha }} = \frac {1}{2V_\mu } \int _{\partial \Omega _\mu ^{+,\alpha }} \begin {bmatrix} \boldsymbol {Y}_{M\lambda _{s}} & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y}_{M\lambda _{s}} \end {bmatrix} dA,\end {align}


\begin {align}\label {ieq44} & \boldsymbol {\mathbf {Z}}_{P\lambda _{s\alpha }}=\frac {1}{V_{\mu }}\int _{\partial \Omega _\mu ^{+,\alpha }} \begin {bmatrix} \boldsymbol {Y} & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y} \end {bmatrix} dA,\\ \label {ieq45} & \boldsymbol {\mathbf {Z}}_{M\lambda _p} =\frac {1}{2V_\mu } \int _{\Omega _\mu ^+} \begin {bmatrix} \boldsymbol {Y}_{M\lambda _p} & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y}_{M\lambda _p} \end {bmatrix} \boldsymbol {\mathbf {N}}_{\lambda _p} dA,\\ \label {ieq46} & \boldsymbol {\mathbf {Z}}_{M\lambda _{s\alpha }} = \frac {1}{2V_\mu } \int _{\partial \Omega _\mu ^{+,\alpha }} \begin {bmatrix} \boldsymbol {Y}_{M\lambda _{s}} & \boldsymbol {0} \\ \boldsymbol {0} & \boldsymbol {Y}_{M\lambda _{s}} \end {bmatrix} dA,\end {align}


\begin {equation}\label {ieq47} \boldsymbol {\mathbf {Z}}_{M \lambda _v}= \frac {1}{2}\begin {bmatrix} J_{11} & 0 \\ J_{22} & 0 \\ J_{12} & 0 \\ 0 & J_{11} \\ 0 & J_{22} \\ 0 & J_{12} \end {bmatrix},\end {equation}


\begin {equation}\label {ieq49} \boldsymbol {a}_{u_\mu }=\boldsymbol {\mathbf {D}}_F^T(\boldsymbol {F}-\boldsymbol {I}_F)+\boldsymbol {\mathbf {V}}_G^T\boldsymbol {G}+\boldsymbol {a}_{\tilde {u}}\end {equation}


\begin {equation}\label {ieq50} \boldsymbol {\mathbf {V}}_i^T=\frac {1}{2}\begin {bmatrix} {(Y_1^{(i)})}^2 & {(Y_2^{(i)})}^2 & Y_1^{(i)} Y_2^{(i)} & 0 & 0 & 0 \\ 0 & 0 & 0 & {(Y_1^{(i)})}^2 & {(Y_2^{(i)})}^2 & Y_1^{(i)} Y_2^{(i)} \end {bmatrix}.\end {equation}


\begin {equation}\label {ieq51} \frac {\partial \boldsymbol {r}_{\mu }}{\partial \boldsymbol {F}}=\boldsymbol {0}, \qquad \frac {\partial \boldsymbol {r}_{\mu }}{\partial \boldsymbol {G}}=\boldsymbol {0}, \qquad \frac {\partial \boldsymbol {r}_{\mu }}{\partial \Theta }=\boldsymbol {0}, \quad \textnormal {and} \quad \frac {\partial \boldsymbol {r}_{\mu }}{\partial \boldsymbol {H}}=\boldsymbol {0}\end {equation}


\begin {align}& \begin {bmatrix} \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {u}} & \boldsymbol {\mathbf {C}}_{\lambda }^T & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }} & \boldsymbol {0} \\ \boldsymbol {\mathbf {C}}_{\lambda } & \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {0} \\ \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {u}} & \boldsymbol {0} & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {\Theta }} & \boldsymbol {\mathbf {C}}_\gamma ^T \\ \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {\mathbf {C}}_\gamma & \boldsymbol {0} \end {bmatrix} \begin {bmatrix} \frac {\partial \boldsymbol {a}_{\tilde {u}}}{\partial \boldsymbol {F}} & \frac {\partial \boldsymbol {a}_{\tilde {u}}}{\partial \boldsymbol {G}} & \frac {\partial \boldsymbol {a}_{\tilde {u}}}{\partial \Theta } & \frac {\partial \boldsymbol {a}_{\tilde {u}}}{\partial \boldsymbol {H}} \\[2pt] \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {F}} & \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {G}} & \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \Theta } & \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {H}} \\[2pt] \frac {\partial \boldsymbol {a}_{\tilde {\Theta }}}{\partial \boldsymbol {F}} & \frac {\partial \boldsymbol {a}_{\tilde {\Theta }}}{\partial \boldsymbol {G}} & \frac {\partial \boldsymbol {a}_{\tilde {\Theta }}}{\partial \Theta } & \frac {\partial \boldsymbol {a}_{\tilde {\Theta }}}{\partial \boldsymbol {H}} \\[2pt] \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {F}} & \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {G}} & \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \Theta } & \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {H}} \end {bmatrix}\nonumber \\ & = -\begin {bmatrix} \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {u}} \boldsymbol {\mathbf {D}}_F^T & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {u}} \boldsymbol {\mathbf {V}}_G^T & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }} \boldsymbol {I}_\Theta & \boldsymbol {\mathbf {K}}_{\tilde {u}\tilde {\Theta }} \boldsymbol {\mathbf {D}}^T_\Theta \\ \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {0} \\ \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {u}} \boldsymbol {\mathbf {D}}_F^T & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {u}} \boldsymbol {\mathbf {V}}_G^T & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {\Theta }} \boldsymbol {I}_\Theta & \boldsymbol {\mathbf {K}}_{\tilde {\Theta }\tilde {\Theta }} \boldsymbol {\mathbf {D}}^T_\Theta \\ \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {0} & \boldsymbol {0} \end {bmatrix} \label {ieq52}\end {align}


\begin {equation}\label {ieq53} \Psi =\frac {1}{2}\kappa \Big (\frac {J_{\mu e}^2-1}{2}-\ln {J_{\mu e}}\Big )+\frac {1}{2}\mu (J_{\mu e}^{-2/3}{\textrm {tr}}(\boldsymbol {\mathbf {C}}_{\mu e})-3)\end {equation}
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$\boldsymbol {\mathbf {T}}_{\gamma _p}=\begin {bmatrix} \boldsymbol {\mathbf {I}}_{3\times 3} & -\boldsymbol {\mathbf {I}}_{3\times 3} \end {bmatrix}$


$\boldsymbol {\mathbf {N}}_{\lambda _p}^e$


$\boldsymbol {\mathbf {N}}_{\gamma _p}^e$


$\boldsymbol {T}$


$Q_N$


$\boldsymbol {u}=\boldsymbol {\mathbf {N}}_u \boldsymbol {a}_u$


$\Theta =\boldsymbol {\mathbf {N}}_\Theta \boldsymbol {a}_\Theta $


$\boldsymbol {r}=\boldsymbol {0}$


$\boldsymbol {\mathbf {B}}_F=\nabla _X^F \boldsymbol {\mathbf {N}}_u$


$\boldsymbol {\mathbf {B}}_{\Theta }=\nabla _X^{\Theta } \boldsymbol {\mathbf {N}}_{\Theta }$


$\boldsymbol {\mathbf {Z}}_P=\begin {bmatrix} \boldsymbol {\mathbf {Z}}_{P\lambda _p} & \boldsymbol {0} \end {bmatrix}$


$\boldsymbol {\mathbf {Z}}_Q=\begin {bmatrix} \boldsymbol {\mathbf {Z}}_{Q\gamma _p} & \boldsymbol {0} \end {bmatrix}$


$\boldsymbol {a}_{\lambda }$


$\boldsymbol {a}_{\gamma }$


$\boldsymbol {I}_F=\begin {bmatrix} 1 & 0 & 0 & 1 \end {bmatrix}^T$


$\boldsymbol {\mathbf {D}}_F=\begin {bmatrix} \boldsymbol {\mathbf {D}}_1 & \boldsymbol {\mathbf {D}}_2 & \cdots & \boldsymbol {\mathbf {D}}_n \end {bmatrix}$


$Y_J^{(i)}$


$i$


$\boldsymbol {I}_\Theta =\begin {bmatrix} 1 & 1 & \cdots & 1 \end {bmatrix}^T$


$\boldsymbol {\mathbf {G}}=\nabla _X (\nabla _X \boldsymbol {u})$


$G_{iJK}=G_{iKJ}$


${[\bullet ]}^{\textnormal {sym}}$


$A^{\textnormal {sym}}_{ijk}=(A_{ijk}+A_{ikj})/2$


$G_{ijk}=G_{ikj}$


$\partial \Omega _\mu ^{+,\alpha }$


${\partial \Omega _\mu ^+}={\partial \Omega _\mu ^{+,1}} \cup {\partial \Omega _\mu ^{+,2}}$


$\boldsymbol {\mathbf {M}}$


$\boldsymbol {\mathbf {P}}$


$\boldsymbol {\mathbf {M}}$


$\boldsymbol {\lambda }_v$


$\boldsymbol {\mathbf {C}}_{\lambda }$


$\boldsymbol {a}_{\lambda }$


$\boldsymbol {\lambda }_s^T=\begin {bmatrix} \boldsymbol {\lambda }_{s1}^T & \boldsymbol {\lambda }_{s2}^T \end {bmatrix}$


$\boldsymbol {\mathbf {C}}_{\lambda _s}^T=\begin {bmatrix} \boldsymbol {\mathbf {C}}_{\lambda _{s1}}^T & \boldsymbol {\mathbf {C}}_{\lambda _{s2}}^T \end {bmatrix}$


$\boldsymbol {\mathbf {C}}_{\lambda _{s\alpha }}$


$\boldsymbol {T}$


$\boldsymbol {R}$


$\boldsymbol {Z}$


$\partial \partial \Omega $


$\boldsymbol {m}$


${\textrm {Div}}_X^t(\cdot )$


$\lBrack \cdot \rBrack $


$C^1$


$\boldsymbol {r}=\boldsymbol {0}$


$D(\cdot )=N_{K}{(\cdot )}_{,K}$


$\boldsymbol {\mathbf {B}}_G=\nabla _X^G \boldsymbol {\mathbf {N}}_u$


$\boldsymbol {\mathbf {Z}}_P=\begin {bmatrix} \boldsymbol {\mathbf {Z}}_{P\lambda _p} & \boldsymbol {\mathbf {Z}}_{P\lambda _{s}} & \boldsymbol {0} \end {bmatrix}$


$\boldsymbol {\mathbf {Z}}_M=\begin {bmatrix} \boldsymbol {\mathbf {Z}}_{M\lambda _p} & \boldsymbol {\mathbf {Z}}_{M\lambda _s} & \boldsymbol {\mathbf {Z}}_{M\lambda _v} \end {bmatrix}$


$\boldsymbol {\mathbf {Z}}_{P\lambda _{s}}=\begin {bmatrix} \boldsymbol {\mathbf {Z}}_{P\lambda _{s1}} & \boldsymbol {\mathbf {Z}}_{P\lambda _{s2}} \end {bmatrix}$


$\boldsymbol {\mathbf {Z}}_{M\lambda _s}=\begin {bmatrix} \boldsymbol {\mathbf {Z}}_{M\lambda _{s1}} & \boldsymbol {\mathbf {Z}}_{M\lambda _{s2}} \end {bmatrix}$


$\boldsymbol {Y}_{M\lambda _p}=\begin {bmatrix} (Y^+_1 Y^+_1-Y^-_1 Y^-_1) & (Y^+_2 Y^+_2-Y^-_2 Y^-_2) & (Y^+_1 Y^+_2-Y^-_1 Y^-_2) \end {bmatrix}^T$


$\boldsymbol {Y}_{M\lambda _{s}}=\begin {bmatrix} Y_1 Y_1 & Y_2 Y_2 & Y_1 Y_2 \end {bmatrix}^T$


$\boldsymbol {\mathbf {V}}_G=\begin {bmatrix} \boldsymbol {\mathbf {V}}_1 & \boldsymbol {\mathbf {V}}_2 & \cdots & \boldsymbol {\mathbf {V}}_n \end {bmatrix}$


$J_{\mu e}={\textrm {det}}(\boldsymbol {\mathbf {F}}_{\mu e})$


$\boldsymbol {\mathbf {C}}_{\mu e}=\boldsymbol {\mathbf {F}}_{\mu e}^T \boldsymbol {\mathbf {F}}_{\mu e}$


$\kappa $


$\mu $


$t=1 \, {\textrm {mm}}$


$\|\boldsymbol {r}_{\mu }\| \leq 10^{-9}$


$\|\boldsymbol {r}\| \leq 10^{-7}$


$i$


$m$


$E^i=400 \, {\textrm {MPa}}$


$E^m=10 \, {\textrm {MPa}}$


$\nu ^i=0.3$


$\nu ^m=0.4$


$k_0^i=1 \, \mathrm {W/(mK)}$


$k_0^m=0.1 \, \mathrm {W/(mK)}$


$\alpha ^i=5 \cdot 10^{-4} \, {\textrm {K}}^{-1}$


$\alpha ^m=1 \cdot 10^{-3} \, {\textrm {K}}^{-1}$


$\Theta _0^i=\Theta _0^m=30 \, \mathrm {^\circ \mathrm {C}}$


$5 \times 2 \, \mathrm {mm^2}$


$u_x = u_0$


$y$


$80 \, ^\circ {\textrm {C}}$


$0 \, ^\circ {\textrm {C}}$


$C^1$


$u_x=\partial u_x/\partial y =\partial ^2 u_x/\partial y^2=0$


$u_y=\partial u_y/\partial y =\partial ^2 u_y/\partial y^2=0$


$u_x=u_0$


$\partial u_x/\partial y =\partial ^2 u_x/\partial y^2=0$


$L_{rve}=1 \, {\textrm {mm}}$


$L_{rve}=1/2 \, {\textrm {mm}}$


$R_x$


$u_0=1\,{\textrm {mm}}$


$R_x$


$0.41 \, \%$


$0.25 \, \%$


$u_0$


$R_x$


$R_x=-1.2 \, {\textrm {N}}$


$30 \,^\circ {\textrm {C}}$


$0 \,^\circ {\textrm {C}}$


$80 \,^\circ {\textrm {C}}$


$y=0 \, {\textrm {mm}}$


$Q_{{\textrm {out}}}$


$20 \, \%$


$Q_{{\textrm {out}}}$


$20 \times 2 \, {\textrm {mm}}^2$


$R = 0.3 \, L_{{\textrm {rve}}}$


$80\,^\circ {\textrm {C}}$


$0\,^\circ {\textrm {C}}$


$x$


$y$


$y$


$u_x = u_0$


$y$


$C^1$


$u_x=u_0$


$\partial u_x/\partial y =\partial ^2 u_x/\partial y^2=0$


$u_y=\partial u_y/\partial y =\partial ^2 u_y/\partial y^2=0$


$u_x=\partial u_x/\partial y =\partial ^2 u_x/\partial y^2=0$


$u_y=\partial u_y/\partial y =\partial ^2 u_y/\partial y^2=0$


$L_{{\textrm {rve}}} = 1 \, {\textrm {mm}}$


$L_{{\textrm {rve}}} = 1/2 \, {\textrm {mm}}$


$L_{{\textrm {rve}}} = 1/3 \, {\textrm {mm}}$


$R_x$


$0.6 \, \%$


$u_0=1 \, {\textrm {mm}}$


$R_x$


$0.8 \, \%$


$R_x$


$y$


$u_{{\textrm {mid}}}$


$(x,y)= ( 10 \,{\textrm {mm}} ,2 \,{\textrm {mm}})$


$L_{{\textrm {rve}}}=1\,{\textrm {mm}}$


$u_0=1\,{\textrm {mm}}$


$38\,\%$


$19\,\%$


$y$


$1/3 \, {\textrm {mm}}$


$\boldsymbol {\lambda }_v$


$L_{{\textrm {rve}}}$


$0.7L_{{\textrm {rve}}}$


$E^i=5 \, {\textrm {MPa}}$


$E^m=100 \, {\textrm {MPa}}$


$\nu ^i=0.45$


$\nu ^m=0.4$


$k_0^i=0.1 \, \mathrm {W/(mK)}$


$k_0^m=1 \, \mathrm {W/(mK)}$


$\alpha ^i=2.5 \cdot 10^{-4} \, {\textrm {K}}^{-1}$


$\alpha ^m=8 \cdot 10^{-5} \, {\textrm {K}}^{-1}$


$\Theta _0^i=\Theta _0^m=30 \, \mathrm {^\circ \mathrm {C}}$


$(x,y)=(25 \,{\textrm {mm}},1 \, {\textrm {mm}})$


$u_{{\textrm {tip}}}$


$u_{{\textrm {tip}}}$


$0.003 \, \%$


$u_{{\textrm {tip}}}$


$0.03 \, \%$


$L_{{\textrm {rve}}}=1 \,{\textrm {mm}}$


$L_{{\textrm {rve}}}=1/5 \,{\textrm {mm}}$


$L_{{\textrm {rve}}}=1 \,{\textrm {mm}}$


$17 \, \%$


$37 \, \%$


${\textrm {FE}}^2$


$L_{{\textrm {rve}}} = 1 \,{\textrm {mm}}$


$L_{{\textrm {rve}}}=1\,{\textrm {mm}}$


$u_0=1\,{\textrm {mm}}$


$L_{{\textrm {rve}}} = 1 \, {\textrm {mm}}$


$L_{{\textrm {rve}}} = 1/2 \,{\textrm {mm}}$


$^\circ {\textrm {C}}$


$u_0= 1 \, {\textrm {mm}}$


$L_{rve}=1 \, {\textrm {mm}}$


$^\circ {\textrm {C}}$


$u_0= 1 \, {\textrm {mm}}$


$L_{{\textrm {rve}}} = 1 \,{\textrm {mm}}$


$L_{{\textrm {rve}}}=1\,{\textrm {mm}}$


$^\circ {\textrm {C}}$


$u_0= 1 \, {\textrm {mm}}$


$L_{rve}=1 \, {\textrm {mm}}$


$L_{{\textrm {rve}}} = 1 \, {\textrm {mm}}$


$L_{{\textrm {rve}}} = 1/2 \,{\textrm {mm}}$


$L_{{\textrm {rve}}} = 1/3 \,{\textrm {mm}}$


$^\circ {\textrm {C}}$


$u_0= 1 \, {\textrm {mm}}$


$L_{{\textrm {rve}}} = 1 \,{\textrm {mm}}$


$L_{{\textrm {rve}}}=1\,{\textrm {mm}}$


$^\circ {\textrm {C}}$


$L_{rve}=1 \, {\textrm {mm}}$


${\textrm {FE}}^2$


\begin {align}\label {macro temperature def} & \Theta =\frac {1}{V_\mu } \int _{\Omega _\mu } \Theta _\mu dV\end {align}


\begin {equation}\label {weak form rve mechanical lagrange mp} \begin {gathered} \int _{\Omega _\mu } \boldsymbol {\mathbf {P}}_{\mu }: \nabla _{Y}\delta \tilde {\boldsymbol {u}} dV-\int _{\partial \Omega _\mu ^+} \delta \boldsymbol {\lambda }_p \cdot (\tilde {\boldsymbol {u}}^+-\tilde {\boldsymbol {u}}^-) dA-\int _{\partial \Omega _\mu ^+} \boldsymbol {\lambda }_p \cdot (\delta \tilde {\boldsymbol {u}}^+-\delta \tilde {\boldsymbol {u}}^-)dA \\ -\delta \boldsymbol {\lambda }_v \cdot \int _{\Omega _\mu } \tilde {\boldsymbol {u}}dV-\boldsymbol {\lambda }_v \cdot \int _{\Omega _\mu }\delta \tilde {\boldsymbol {u}} dV=0 \end {gathered}\end {equation}


\begin {equation}\label {weak form rve heat transfer lagrange mp} \begin {gathered} \int _{\Omega _\mu } \boldsymbol {Q}_{\mu }\cdot \nabla _{Y}\delta \tilde {\Theta } dV-\int _{\partial \Omega _\mu ^+} \delta \gamma _p (\tilde {\Theta }^+-\tilde {\Theta }^-) dA-\int _{\partial \Omega _\mu ^+} \gamma _p (\delta \tilde {\Theta }^+-\delta \tilde {\Theta }^-)dA \\ -\delta \gamma _v \int _{\Omega _\mu } \tilde {\Theta }dV-\gamma _v \int _{\Omega _\mu }\delta \tilde {\Theta } dV=0 \end {gathered}\end {equation}


\begin {equation}\label {strong form rve mechanical 1st order} \begin {gathered} {\textrm {Div}}_Y (\boldsymbol {\mathbf {P}}_{\mu })+\boldsymbol {\lambda }_v=\boldsymbol {0} \quad \textnormal {in} \quad \Omega _{\mu } \\ \boldsymbol {\mathbf {P}}_{\mu } \cdot \boldsymbol {N}_\mu =\boldsymbol {\lambda }_p \quad \textnormal {on} \quad \partial \Omega _{\mu }^+ \\ \boldsymbol {\mathbf {P}}_{\mu } \cdot \boldsymbol {N}_\mu =-\boldsymbol {\lambda }_p \quad \textnormal {on} \quad \partial \Omega _{\mu }^- \\ \tilde {\boldsymbol {u}}^+=\tilde {\boldsymbol {u}}^-\quad \textnormal {on} \quad \partial \Omega _{\mu }^+ \\ \int _{\Omega _\mu }\tilde {\boldsymbol {u}} dV=\boldsymbol {0} \quad \textnormal {in} \quad \Omega _{\mu } \end {gathered}\end {equation}


\begin {equation}\label {strong form heat transfer rve 1st order} \begin {gathered} {\textrm {Div}}_Y (\boldsymbol {Q}_\mu )+\gamma _v= 0 \quad \textnormal {in} \quad \Omega _{\mu } \\ \boldsymbol {Q}_{\mu } \cdot \boldsymbol {N}_\mu =\gamma _p \quad \textnormal {on} \quad \partial \Omega _{\mu }^+ \\ \boldsymbol {Q}_{\mu } \cdot \boldsymbol {N}_\mu =-\gamma _p \quad \textnormal {on} \quad \partial \Omega _{\mu }^- \\ \tilde {\Theta }^+=\tilde {\Theta }^- \quad \textnormal {on} \quad \partial \Omega _{\mu }^+ \\ \int _{\Omega _\mu }\tilde {\Theta } dV=0 \quad \textnormal {in} \quad \Omega _{\mu } \end {gathered}\end {equation}


\begin {equation}\label {ieq17} \begin {gathered} {\textrm {Div}}_X(\boldsymbol {\mathbf {P}})=\boldsymbol {0} \quad \textnormal {in} \quad \Omega \\ \boldsymbol {T}=\boldsymbol {\mathbf {P}}\boldsymbol {N} \quad \textnormal {on} \quad \partial \Omega \end {gathered}\end {equation}


\begin {equation}\label {ieq18} \begin {gathered} {\textrm {Div}}_X(\boldsymbol {Q})=0 \quad \textnormal {in} \quad \Omega \\ Q_N=\boldsymbol {Q} \cdot \boldsymbol {N} \quad \textnormal {on} \quad \partial \Omega \end {gathered}\end {equation}


\begin {align}\label {ufluct N Y constraint} & \int _{\partial \Omega _\mu } \tilde {\boldsymbol {u}} \otimes \boldsymbol {N} \otimes \boldsymbol {Y} dA=\boldsymbol {0}\end {align}


\begin {equation}\label {first-order macroscopic tangents 12342} \begin {gathered} \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {F}}=\boldsymbol {\mathbf {Z}}_p \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {F}}, \qquad \frac {\partial \boldsymbol {P}}{\partial \Theta }=\boldsymbol {\mathbf {Z}}_p \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \Theta }, \qquad \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {H}}=\boldsymbol {\mathbf {Z}}_p \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {H}}, \\ \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {F}}=\boldsymbol {\mathbf {Z}}_Q \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {F}}, \qquad \frac {\partial \boldsymbol {Q}}{\partial \Theta }=\boldsymbol {\mathbf {Z}}_Q \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \Theta }, \quad \textnormal {and} \quad \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {H}}=\boldsymbol {\mathbf {Z}}_Q \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {H}}. \end {gathered}\end {equation}


\begin {align}\label {macro residual 2nd order} & \boldsymbol {r}=\begin {bmatrix} \boldsymbol {r}_u \\ \boldsymbol {r}_\Theta \end {bmatrix}=\begin {bmatrix} \boldsymbol {f}_{\textnormal {int},u}-\boldsymbol {f}_{\textnormal {ext},u} \\ \boldsymbol {f}_{\textnormal {int},\Theta }-\boldsymbol {f}_{\textnormal {ext},\Theta } \end {bmatrix},\\ \label {ieq38} & \boldsymbol {f}_{\textnormal {int},u}=\int _{\Omega } \boldsymbol {\mathbf {B}}_F^T \boldsymbol {P}dV+ \int _{\Omega } \boldsymbol {\mathbf {B}}_G^T \boldsymbol {M} dV,\\ \label {ieq39} & \boldsymbol {f}_{\textnormal {ext},u}=\int _{\partial \Omega } \boldsymbol {\mathbf {N}}_u^T \boldsymbol {T} dA+\int _{\partial \Omega }D(\boldsymbol {\mathbf {N}}_u^T) \boldsymbol {R} dA+ \int _{\partial \partial \Omega } \boldsymbol {\mathbf {N}}_u^T \boldsymbol {Z} d\mathcal {L},\\ \label {ieq40} & \boldsymbol {f}_{\textnormal {int},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {B}}_{\Theta }^T \boldsymbol {Q} dV, \quad \textnormal {and} \quad \boldsymbol {f}_{\textnormal {ext},\Theta }=\int _{\Omega } \boldsymbol {\mathbf {N}}_{\Theta }^T Q_N dV\end {align}


\begin {equation}\label {RVE weak form} \begin {gathered} \int _{\Omega _\mu } \boldsymbol {\mathbf {P}}_{\mu }: \nabla _{Y}\delta \tilde {\boldsymbol {u}} dV-\int _{\partial \Omega _\mu ^+} \delta \boldsymbol {\lambda }_p \cdot (\tilde {\boldsymbol {u}}^+-\tilde {\boldsymbol {u}}^-) dA-\int _{\partial \Omega _\mu ^+} \boldsymbol {\lambda }_p \cdot (\delta \tilde {\boldsymbol {u}}^+-\delta \tilde {\boldsymbol {u}}^-)dA \\ -\delta \boldsymbol {\lambda }_v \cdot \int _{\Omega _\mu } \tilde {\boldsymbol {u}}dV-\boldsymbol {\lambda }_v \cdot \int _{\Omega _\mu }\delta \tilde {\boldsymbol {u}} dV- \!\sum _{\alpha =1}^{n_{\alpha +}}\Big (\delta \boldsymbol {\lambda }_{s\alpha } \cdot \int _{\partial \Omega _\mu ^{+,\alpha }}\tilde {\boldsymbol {u}} dA +\boldsymbol {\lambda }_{s\alpha } \cdot \int _{\partial \Omega _\mu ^{+,\alpha }} \delta \tilde {\boldsymbol {u}} dA\Big )\!=0 \end {gathered}\end {equation}


\begin {equation}\label {RVE problem strong form} \begin {gathered} {\textrm {Div}}_Y (\boldsymbol {\mathbf {P}}_{\mu })+\boldsymbol {\lambda }_v=\boldsymbol {0} \quad \textnormal {in} \quad \Omega _{\mu } \\ \boldsymbol {\mathbf {P}}_{\mu } \cdot \boldsymbol {N}=\boldsymbol {\lambda }_p+\boldsymbol {\lambda }_{s\alpha } \quad \textnormal {on} \quad \partial \Omega _{\mu }^{+,\alpha } \\ \boldsymbol {\mathbf {P}}_{\mu } \cdot \boldsymbol {N}=-\boldsymbol {\lambda }_p \quad \textnormal {on} \quad \partial \Omega _{\mu }^- \\ \tilde {\boldsymbol {u}}^+=\tilde {\boldsymbol {u}}^-\quad \textnormal {on} \quad \partial \Omega _{\mu }^+ \\ \int _{\Omega _\mu }\tilde {\boldsymbol {u}} dV=\boldsymbol {0} \quad \textnormal {in} \quad \Omega _{\mu } \\ \int _{\partial \Omega _{\mu }^{+,\alpha }} \tilde {\boldsymbol {u}} dA=\boldsymbol {0} \quad \textnormal {on} \quad \partial \Omega _{\mu }^{+,\alpha } \end {gathered}\end {equation}


\begin {equation}\label {ieq33} \begin {gathered} \int _{\Omega _\mu } \boldsymbol {Q}_{\mu }\cdot \nabla _{Y}\delta \tilde {\Theta } dV-\int _{\partial \Omega _\mu ^+} \delta \gamma _p (\tilde {\Theta }^+-\tilde {\Theta }^-) dA-\int _{\partial \Omega _\mu ^+} \gamma _p (\delta \tilde {\Theta }^+-\delta \tilde {\Theta }^-)dA \\ -\delta \gamma _v \int _{\Omega _\mu } \tilde {\Theta }dV-\gamma _v \int _{\Omega _\mu }\delta \tilde {\Theta } dV=0 \end {gathered}\end {equation}


\begin {align}\label {ieq34} \begin {aligned} & {\textrm {Div}}_Y (\boldsymbol {Q}_\mu )+\gamma _v= 0 \quad \textnormal {in} \quad \Omega _{\mu } \\ & \boldsymbol {Q}_{\mu } \cdot \boldsymbol {N}_\mu =\gamma _p \quad \textnormal {on} \quad \partial \Omega _{\mu }^+ \\ & \boldsymbol {Q}_{\mu } \cdot \boldsymbol {N}_\mu =-\gamma _p \quad \textnormal {on} \quad \partial \Omega _{\mu }^- \\ & \tilde {\Theta }^+=\tilde {\Theta }^- \quad \textnormal {on} \quad \partial \Omega _{\mu }^+ \\ & \int _{\Omega _\mu }\tilde {\Theta } dV=0 \quad \textnormal {in} \quad \Omega _{\mu } \end {aligned}\end {align}


\begin {equation}\label {strong form macro stress} \begin {aligned} & {\textrm {Div}}_X(\boldsymbol {\mathbf {P}})-{\textrm {Div}}_X({\textrm {Div}}_X(\boldsymbol {\mathbf {M}}))=\boldsymbol {0} \quad \textnormal {in} \quad \Omega \\ & \boldsymbol {T}=\boldsymbol {{\textrm {P}}}\cdot \boldsymbol {N}-{\textrm {Div}}_X(\boldsymbol {\mathbf {M}})\cdot \boldsymbol {N}+{\textrm {Div}}_X^t(\boldsymbol {N})\boldsymbol {\mathbf {M}}\cdot \boldsymbol {N} \cdot \boldsymbol {N}-{\textrm {Div}}_X^t(\boldsymbol {\mathbf {M}}\cdot \boldsymbol {N}) \quad \textnormal {on} \quad \partial \Omega \\ & \boldsymbol {R}=\boldsymbol {\mathbf {M}}\cdot \boldsymbol {N} \cdot \boldsymbol {N} \quad \textnormal {on} \quad \partial \Omega \\ & \boldsymbol {Z}=\lBrack \boldsymbol {\mathbf {M}} \cdot \boldsymbol {N} \cdot \boldsymbol {m} \rBrack \quad \textnormal {on} \qquad \partial \partial \Omega \end {aligned}\end {equation}


\begin {equation}\label {ieq37} \begin {gathered} {\textrm {Div}}_X(\boldsymbol {Q})=0 \quad \textnormal {in} \quad \Omega \\ Q_N=\boldsymbol {Q} \cdot \boldsymbol {N} \quad \textnormal {on} \quad \partial \Omega \end {gathered}\end {equation}


\begin {equation}\label {ieq48} \begin {aligned} & \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {F}}=\boldsymbol {\mathbf {Z}}_P \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {F}}, \qquad \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {G}}=\boldsymbol {\mathbf {Z}}_P \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {G}}, \qquad \frac {\partial \boldsymbol {P}}{\partial \Theta }=\boldsymbol {\mathbf {Z}}_P \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \Theta }, \qquad \frac {\partial \boldsymbol {P}}{\partial \boldsymbol {H}}=\boldsymbol {\mathbf {Z}}_P \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {H}}, \\ & \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {F}}=\boldsymbol {\mathbf {Z}}_M \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {F}}, \qquad \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {G}}=\boldsymbol {\mathbf {Z}}_M \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {G}}, \qquad \frac {\partial \boldsymbol {M}}{\partial \Theta }=\boldsymbol {\mathbf {Z}}_M \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \Theta }, \qquad \frac {\partial \boldsymbol {M}}{\partial \boldsymbol {H}}=\boldsymbol {\mathbf {Z}}_M \frac {\partial \boldsymbol {a}_{\lambda }}{\partial \boldsymbol {H}}, \\ & \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {F}}=\boldsymbol {\mathbf {Z}}_Q \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {F}}, \qquad \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {G}}=\boldsymbol {\mathbf {Z}}_Q \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {G}}, \qquad \frac {\partial \boldsymbol {Q}}{\partial \Theta }=\boldsymbol {\mathbf {Z}}_Q \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \Theta }, \quad \textnormal {and} \quad \frac {\partial \boldsymbol {Q}}{\partial \boldsymbol {H}}=\boldsymbol {\mathbf {Z}}_Q \frac {\partial \boldsymbol {a}_{\gamma }}{\partial \boldsymbol {H}}. \end {aligned}\end {equation}



