7 Linnaeus University

Sweden

Degree project

Generalized Fibonacci Series
Considered modulo n

/ ————
)

e

— Author: Jonas Fransson
Supervisor: Per-Anders Svensson
Examiner: Andrei Khrennikov
Date: 2013-06-14

Course Code: 2MA11E

Subject: Mathematics

Level: First level 2

Department of Mathematics



Abstract

In this thesis we are investigating identities regarding Fibonacci sequences. In particular we are examining
the so called Pisano period, which is the period for the Fibonacci sequence considered modulo n to repeat
itself. The theory shows that it suffices to compute Pisano periods for primes. We are also looking at
the same problems for the generalized Pisano period, which can be described as the Pisano period for

the generalized Fibonacci sequence.
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1 Introduction

About 1170 A.D. in Italy Leonardo of Pisa was born. He would later be more known as Leonardo Fibonacci.
Fibonacci would be described in the history books as the person who brought the Hindu-Arabic numeral
system to Europe.[5] In his most famous work, Liber abaci he presented a number sequence which is consisting
of all the numbers that fulfill the recursive relation defined below: F,io = F,,41 + Fy,, for n > 0 and
Fy = 0,F; = 1. The sequence would later on be known as the Fibonacci sequence. Fibonacci presented
the sequence as a naive model for rabbit breeding, where it could be used to foresee the growth of a rabbit
population.[5]

The Fibonacci sequence, 0,1,1,2,3,5,8,13,21,... has many beautiful identities, for example, if we let
the Fibonacci numbers turn to infinity then the quotient of two subsequent Fibonacci numbers will turn to

the golden ratio ¢, lim,, _s ngl =¢= 1+T\/5 ~ 1.618.]6]

The sequence has also been seen in a lot of places in the nature. Researchers have for example seen a
relation between spirals inside the sunflower.[6]

In this thesis we will discuss different identities regarding the Fibonacci sequence and its generalizations.
In particular we will discuss the generalizations of the Fibonacci sequence considered modulo m. By consid-
ering the sequence modulo m, some very interesting patterns appear. Since this new sequence is bounded
and each element is determined by by its predecessors it will repeat itself, and the length of the sequence
until repeating itself is called the Pisano period, which will be formally defined later on.

The Pisano period has shown to be interesting for investigating the chaotic map Arnold’s cat map.
Arnold’s cat map is a discrete system that maps points on a picture (z,y) to (z + y,z + 2y) (mod n).[7]
Computing Pisano period is equivalent to compute the number of iterations until the picture returns to its

original state.[1]

Definition 1. The smallest 7 > 0 such that Fy = F,. (mod m) and F} = F,;1 (mod m), where Fy, is the

k:th Fibonacci number, is the Pisano period of m. We denote this period with 7(m).

In the table below the first 15 Fibonacci numbers are presented and also we can them considered modulo 2,

3 and 4. The numbers written in boldface shows the length of the sequence mod m until repeating itself.

n 01 2 3 4 5 6 7 & 9 10 11 12 13 14 15

F, 0 1 1 2 3 5 8 13 21 34 55 89 144 233 377 610
F,(mod2)|O0 1 1 0 1 1 0 1 1 o0 1 1 0 1 1 0
F,(mod3)|0 1 1 2 0 2 2 1 0 1 1 2 0 2 2 1
F,(mod4) |0 1 1 2 3 1.0 1 1 2 3 1 0 1 1 2

From this table it shows that 7(2) = 3, 7(3) = 8 and that 7(4) = 6.
By considering the recursive relation Ty,43 = Thyo + Tht1 + Ty, we will see a generalization of the
Fibonacci numbers. In this thesis this particular relation is called the Tribonacci relation, and it generates

the Tribonacci sequence. T} is the k:th Tribonacci number.

Definition 2. The smallest r > 0 such that To = T, (mod m), Ty = T,41 (mod m) and To = T,io



(mod m), is the Trisano period of m. We denote this period as '(m).

The table below shows the first 15 Tribonacci numbers. They are also considered mod 2, 3 and 4. The

boldfaced numbers indicate the period until the sequence repeats itself.

n 01 2 3 4 5 6 7 8 9 10 11 12 13 14 15

T, 0 0 1 1 2 4 7 13 24 44 81 149 274 504 927 1705
T, (mod2)/0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
T, (mod3)/0 0 1 1 2 1 1 1 0 2 0 2 1 0 0 1
T, (mod4)/0 0 1 1 2 0 3 1 0 0 1 1 2 0 3 1

Onward we will also consider the generalized Fibonacci sequence of higher order than 3.

Definition 3. The recursive relation Giiy = Giin-1 + Gken—2 + -+ + Grr1 + Gg, is the generalized
Fibonacci sequence of order n. We also have the criteria that Gy = G; = -+ = G2 =0 and G,_1 = 1.

Onward in this thesis this is called the n-nacct sequence. The k:th n-nacci number is denoted as G,(cn).

Definition 4. The smallest v > 0 such that G(()n) =g (mod m),ng) = foi)l (mod m), - -,Gg’i)Q =
Gﬁ)nﬂ (mod m) and Gg?l = Gﬁ)nq (mod m), is the period for the generalized sequence of order n. We

denote this as 7™ (m), and we will call this the generalized Pisano period of order n.



2 Some identities regarding the Fibonacci numbers

As presented in the introduction the Fibonacci sequence has a lot of beautiful identities and in this section
we will discuss some of the known identities regarding the Fibonacci sequence. A well-known result for the

Fibonacci numbers is Binet’s formula, which will be proved here below.[6]

Theorem 1 (Binet’s formula). Let F,, denote the n:th Fibonacci number, then F, = %((12‘/5)" —( 1*‘@)")

Proof. First we assume F,, = Cr™ to be a solution to the recurrence relation. This gives us the following
Crt? = Cr"tt 4 or"
and we assume that r, C # 0. By dividing with C' and 7™, we can rewrite the expression as

r?—r—1=0,

145

which is the characteristic equation. This equation has the solutions r = =5

. The larger of the two roots
is actually equal to the golden ratio and will denoted by ¢ onward. The other root is (1 — ¢).

Since we have two solutions we should add them together, because it’s a linear recurrence relation, the
sum of the solutions is also a solution. This yields F,, = C1¢"™ + Ca3(1 — ¢)". Since Fp =0 and F; = 1 we

get the following system of equations

Fy=0 — O=C1¢O+C2(1—(b)0 < 0=0C1+Cy
Fi=1 < 1=C1¢' +Co(1 —¢)! <= 1=C19+ C2(1 - 9)

From the first equation we can see that Cy = —C5, and by insertion in the second we get
1 1
19-Ci(l-¢) = C1 = -1 T 9= x&

and then Cy = f%. So this yields that

L /(1+VB\"  (1-B\"

F,=—|— ] - .

V5 2 2

It is possible to show by induction that this formula holds for all n > 0. O

Theorem 2. The quotient of two subsequent Fibonacci numbers % will turn to the golden ratio ¢ as n

turns to infinity.

Proof. We want to study lim,,_, o, F;;“ . To prove this we will need a Binet’s formula.

We can rewrite our first expression with Binet’s formula, which would yield

et Utk

1m

we T~ (1= 9)")

Since |(1 — ¢)| = 0.618034--- < 1 this means that the terms (1 — ¢)” — 0 and (1 — ¢)"** — 0 as n — oco.

So for large n we can rewrite our expression as

n+1
lim 4
n—oo QS"

= ¢. O



Corollary 1. The quotient F;—:’“ turns to ¢F as n turns to co.

Proof. Once again we can rewrite our expression with Binet’s formula, which would yield

L(¢n+k} _ (1 _ ¢)n+k)
lim V5 T — .
n—00 ﬁ(éﬁ —(1=¢)m)

By the same reasoning as in the former theorem, our expression can be rewritten for large n as

¢n+k

lim
n—oo ¢n ’

and by the same reasoning this expression yields that

¢n+k
lim = ¢". O
n—o0 ¢n
Definition 5. Let F_,, denote the Fibonacci numbers with negative indices, forn = 1,2,3.... The

Fibonacci numbers with negative indices derives from a rearranged form of the definition of the Fibonacci
numbers. We have that F,1o = Fh41 + Fy, then F,, = Fy1o — Fyy1, with our initial values Fy = 0 and
Fy =1, this yields that F_1 = Fy — Fy =1 — 0 = 1. Continuing this process we get the Fibonacci numbers
with negative indices 1,—1,2,—3,5,—8,13,-21....

Definition 6. Let Gi") denote the k:th generalized Fibonacci number of order m, then G(_nlz denotes the
number that fulfills the recurrence relation Gg",g = Gg:i)k — Ggi)kﬂ — G(n)k+2 — = Gg@k. This is the

generalized Fibonacci number with negative indices.
Theorem 3. Let F,, denote the n:th Fibonacci number then F_,, = (—1)"T1F,.

Proof. We will prove this by induction. From the definition we saw that /'y = 1 = F}, which means that
our initial step holds. Now we assume it holds for some n = k and n = k 4 1 for some k € Z. Now we need
to prove that this implies that it holds for n = k + 2, which yields F_(, 9y = F_; — F_;11. By insertion of

the induction assumption we get that
F_ (ko) = (=) Fypo = (- 1)*2(Fypa + Fr)

_ (—1)k+2Fk+1 + (—1)k+2Fk _ (_1)Ich o (_1)k-i-le+17

which proves the theorem. O



3 Computing the k:th generalized Fibonacci number

In this section we will discuss some theorems regarding both the Fibonacci sequence and the generalizations
of higher order.
3.1 Computing Fibonacci numbers

Theorem 4. The n:th Fibonacci number F, is given by [f}%}, n > 0, where [x] denotes the closest integer

to x.

Proof. Since F, is given by Binet’s formula, F,, can be written as %(d)’%— (1—¢)™). Seeing that ’ (1753)71 ‘ <3
for n > 0, the formula. F,, = {%], n > 0, follows. O

3.2 Computing Tribonacci and generalized Fibonacci numbers
We will begin this section with discussing a similar formula as Binet’s formula for the Tribonacci numbers.

Theorem 5. Let T, be the Tribonacci n:th number, then

a B Y
(a=B)a—=7)(B—a)(B—7)(v—a)(y—B)

where o, f and v are the roots to the equation x> — x> —x — 1 = 0.

T, =

Proof. By doing the same assumption as we did for the Fibonacci numbers, we assume that 7T;, = Cr", with

C,r # 0. Then we have from the recurrence relation that
Cr"t3 = Cr™t2 4 O™t 4 O

and if we divide by Cr" we get

rP=r?—r—1.

There are three solutions to this equation one real and two imaginary. These roots will be denoted as
a == 1.839, f ~ —0.419 — 0.606¢ and v ~ —0.419 + 0.6064.
Since we know that Ty = T3 = 0 and 75 = 1, we can use the same reasoning to decide our values for
C4,C5 and Cjs in this equation.
T, = Cra+ Cy8 4 Cyry.

To=0 << 0=C1+Cs+Cjs
Ty =0 < 0=Cia+Cyf+ Csy (1)
T2 =0 <— 1201a2+0252+C3’}/2

By solving this equation for C7,Cs and Cj respectively we get that



C = L

(a=p)(a=7)
— 1
C2 = T (2)
_ 1
Cs = =
which proves the theorem. O
Another way to compute Fibonacci numbers is to use matrix algebra. The matrix M = [{1] is

the Fibonacci matrix, which will generate the Fibonacci numbers if it is multiplied with itself, M* =
[F;;I Ffi 1.[3] This theorem will not be shown here instead we will show the same concept but for the

Tribonacci and the n-nacci sequences. The corresponding matrix for the Tribonacci numbers is

0
T=10
1

[ e

and we call this matrix the Tribonacci matrix.

Theorem 6. Let T be the Tribonacci matriz (3), then we have that

Tnfl Tn72 + Tnfl Tn
™= | T, Tp1+Ty Tpial|,n>1
Tn+1 Tn + Tn+1 Tn+2

Proof. We can see that it holds for n = 2 since

0 0 1 T To+Ty Tp
T°=11 11| = T°=|Ty, Tv+T Ty
1 2 2 T3 Tho+T15 Ty
We will now use induction to prove that it holds for all n > 1. Let assume that is holds for n = k, then we

have that

Ty1 Tho+t Tk Ty
T" = | T, Te1+Te  Tra
Ter1 Tk +Tkyr  Tri2
To prove that it holds for n = k + 1 we need to perform matrix multiplication on our induction assumption.
We have T+*! = T*T, which yields

Tho1r Tp—o+Tp—1 Tk 0
" = | T Te1+T,  Tre1| |0
Ter1 Tk +Ter1  Tre2] |1

1 0 Ty, Tp_ 1+ Ty Tit1
0 1| = [Thyr Tp+Thyr  Tryof - O
11 Tere Trpp1+Tri2 Tres



This result is possible to generalize to the n-nacci sequences, where we can prove that it’s possible to construct
such matrix for all different n-nacci sequences. With this result we can find any given n-nacci number with
simple matrix algebra (see attachments for Mathematica code-example and for example on computations).

Before we show this theorem we will need the following lemma.

Lemma 1. For n > 3, we have that G(fl) =1, G(fg = —1 and G(fg) = G(ﬂ) = G(_"k) = 0, for all
k=1{3,4,5...,n—1}.

Proof. From the definition of the generalized Fibonacci sequence, we have
and

Gé") _ ng) R ngnjz =0
and Ggln_)l = 1. From the definition we have that

6 = G, G, o -l

and the only nonzero term of these is the first term on the right hand side, which is equal to 1, hence
a) =1
;1 =1

We repeat the process for G(_"Q) which yields
G = Gy~ G2y — oo G - 6

Now the only nonzero term will be G(fl) = 1, which implies that G(fz) = —1, and by repeating the process
once again the nonzero terms G(_nl) and G(_"Q) will cancel each other, which yields that all descending terms

will be equal to 0, until we reach the case where

G"-cm ... g™ = 10— 20 = G" =1,

which proves the lemma. O

Theorem 7. Let M™ be the n-nacci Matriz, of dimensions n x n where,

0100 -~ 0
0010 - 0
ym_ |0 001 0
0000 1
1111 1)

then we have that



o ¢+, oGP e, 16, 6]
GE@”) Gl(cn) + Ggi)l e Gl(cn) + Gl(cn;)l +-t chTi)nJrl Gl(:k)l
(n) (n) (n) (n) (n) (n) (n)
(ME = | G Gy + Gy, e G GG, Gite | k>n—1
G/gc+)n72 G§c+n ot Gl(ern 3 7 Gl(c+nf2 + G( k+n—3 +oe Tt Gl(cjl G§c+)nfl

where G;n) is the k:th n-nacci number of order n.

Proof. Like for the case with the Tribonacci matrix this will be proved by use of induction. The first step is
to show that this holds for £ = 2. So we need to consider (M ()2 = (M™))(M ™), which yields

[0 1 0 0 ol fo 1 0 o 0] 01 0 0
0010 ol lo o1 0 0 001 0
(M(n))220001---00001.--0:0000 0
0000 --- 1/l0000 - 1 111 1 1
I 11 - 11111 1 |1 222 ... 2

Since the only nonzero terms among the first n + 1 numbers in the generalized Fibonacci sequence are
G(n)l =1, G =1 and G521 = 2, we must have that

00 10 o o] [6F PG o @ 6, Gl

000 1 - 0 |ag" ¢+ o e +e o r6l, Gl
ooy — [0 000 0l g G ial) GG 4G, G

1111 - 1

1222 . 2 |6 aP+6l 0 W+l v+ 6 6l

It holds but W(-E need to motivate why some of the sums with generalized Fibonacci numbers of neg_ative
indexes is equal to zero, like G\ + G + ... + G{"™ =0, and why some are equal to 1. The terms that
are equal to zero are the ones with both the term G and G, which by lemma 1 is equal to 1 and —1
respectively, and the rest of the terms are equal to zero. The matrix entries equal to 1 are those on positions
(j —2,7), when 3 < j < n. The general sum in the (j — 2, j) entry is Gg@Q + Gyi):,, + e+ G(,nl) and this is
equal to 1, by lemma 1. This shows that the initial step holds.

Our induction assumption is that the matrix M (™ holds for some integer k, which yields



r n n (n (n n) n (n) 7
a\" G\ + G\, G\, +a\ +Gan G\
S
(M'(n))’c = Gl(:&-)l ngr)l + Gl(en) Gf:i-)l + chn) tet Gl(cn—)n+2 GI(J-L&-)Q
n (n n n) n n
Gl(c+)n72 Gl(c+n 2 + GkJr)n 3 G§c+n 2 G( +n—3 +oeet Gl(cjl G;Qn71
Now we need to show that it also holds for & + 1. And we have that (M()F+1 = (M ™)+ . M) which
gives us
o, e e, RRT e LN U P :
am G+ G, M +eP o+ G6 L G 0 1
G chedd o ecPerd, a2 001 0|
0 0 0 O 1
chz)n 2 GE:HL 2 Gl(:k)n 3 Gl(cz)n72 + G( k+n—3 +ot Gl(cTi)l chnjnfl _]‘ 1 1 1 1_
G GPeal, e AP eeea, Gl
Gl(ﬁu Gl(cn+)1 + chn) Gl(cn)l + chn) -t Gk n+2 chz)z
ar) G\ + G Gy + G+ + G ay) b1
k2 k2 k1 k+2 k1 k—n+3 k3 | = (M) O
(n) n) n n n) n
Gk+n 1 Gl(chn i Gk+n 2 Gl(chn e Gl(c+)n—2 t+ot ch Gl(c+)n




4 Computing generalized Pisano periods

In this section we will discuss some methods for simplifying computations for the Pisano, Trisano and the

generalized Pisano period.

4.1 Least common multiple

A known result for the Pisano period is that ged(m,n) = 1 implies that 7(mn) = lem(w(m), 7(n)). This
gives us that is suffices to calculate Pisano periods for prime powers.[3]
The same result is also possible to prove for the Trisano period, and for the generalized sequences. To

prove this we need the following lemma, which has been shown for Fibonacci sequences.

Lemma 2. Since the generalized Fibonacci sequence considered modulo m is periodic, we have that for any
r, G =0 (mod 7”11),6??_?1 =0 (mod m), -- -,Gg@n_l =0 (mod m),Gfl)n =1 (mod m), if and only if

7™ (m) | r.

Proof. If 7™ (m) | r then, » = (™) (m) - k, for some k € Z. This means that the r is the period repeated
k times, and since it is periodic it will go back to its original value, hence Gﬁ") =0 (mod m), Gﬁ)l =0
(mod m), - - -, Gﬁ)n_l =0 (mod m), Gﬁ)n =1 (mod m).

If the contrary is true, then 7 must either be equal to 7(")(m), or it has to be a multiple of 7™ (m). O

First of we will show a corresponding proof for the Trisano period, mentioned for the Pisano period above,
and then we will generalize the proof for the generalized Pisano period. But before we start to state these

theorems we will need to state The Chinese Remainder Theorem, which can be found with proof in.[2]

Theorem 8 (Chinese Remainder Theorem). If ny,na,...,n; are pairwise relatively prime positive integers

and ay,as,...,a; are any integers, the the congruences

x=a; (mod ng)

T =ay (mod ng)

x=a (mod ng)

k
have simultaneous solution x that is unique modulo n, where n = H ;.
i=1

Theorem 9. If gcd(m,n) = 1, then we have that w’'(mn) = lem(7'(m), 7' (n)).

Proof. Let k = 7/(mn). Then by the definition of the period we have that T = 0 (mod mn), Tr+1 = 0
(mod mn) and Tgyo = 1 (mod mn). So T = (mn)a, Tx+1 = (mn)b and Txy2 — 1 = (mn)c for some
a,b,c € Z. Hence Ty = 0 (mod m) and Ty = 0 (mod n). So by Lemma 2 we have that «’(m) | k and
7'(n) | k. Therefore we have that lem(n’(m),n’(n)) | ©’(mn), since 7/(m) and #'(n) are both divisors
7' (mn).

If we turn it around and consider a = 7’(m) and b = 7'(n), we have that:

10



ﬂcm(a,b) =0 (mOd m)
Tlcm(a,b) =0 (mOd 77,)

Since ged(m,n) = 1, we have from the Chinese remainder theorem that Ticmap) = 0 (mod mn), the
same reasoning goes for Ticm(a,p)+1 = 0 (mod mn) and Tiem(a,p)+2 = 1 (mod mn). So this shows that k |
lem(a,b) < 7'(mn) | lem(7’'(m), 7’ (n)) So from the former result we have that 7’(mn) | lem(7’'(m), 7’ (n))

and lem(7'(m), 7’ (n)) | ©’(mn) which is equivalent to 7’(mn) = lem(x’(m), 7’ (n)). O

Hence this theorem gives us that if we now the Trisano period for some prime powers we can compute

the Trisano period for some composite number consisting of these prime powers.
Example 1. Compute 7'(6).

Solution. The integer factorization of 6 is 2 - 3. Since ged(2,3) = 1, we only need to find the Trisano period
for 2 and 3 respectively. We have that 7/(2) = 4 and 7'(3) = 13 (see attachment for tables of the first Trisano
periods). Now we calculate lem(7’(2), 7'(3)) = lem(4, 13) = 52. So the Trisano period for 6 is 52. O

Theorem 10. If ged(m,n) = 1, then we have that (%) (mn) = lem(7(*) (m), 7(*)(n)) for any s € N.

Proof. Let k = 7(®)(mn). Then by the definition of the period we have that G = 0 (mod mn), Gy.1 =0
(mod mn), - -+, Ggys—2 = 0 (mod mn) and Giis—1 = 1 (mod mn). So Gy = (mn)ai, Grxr1 = (mn)aq,
<o+, Ggys—2 = (mn)as—1 and Gii1s—1 — 1 = (mn)as for some a; € Z, fori =1, 2, ..., s. Hence G, =0
(mod m) and G = 0 (mod n). So by Lemma 2 we have that 7(*)(m) | k and 7(*)(n) | k. Therefore we have
that lem(7®) (m), 79 (n)) | () (mn), since 7(*)(m) and 7(*)(n) are both divisors 7(*)(mn).

If we turn it around and consider a = 7(*)(m) and b = 7(*)(n), we have that:
Giem(a,p) = 0 (mod m)
Giem(a,p) = 0 (mod n).
Since ged(m,n) = 1, we have from the Chinese remainder theorem that Gicm(q,p) = 0 (mod mn), the same
reasoning goes for Giemapy+1 = 0 (mod mn), - - -, Giem(a,p)+s—2) = 0 (mod mn), and Giem(a,p)+s—1 = 1
(mod mn). So this shows that k | lem(a,b) <= «'(mn) | lem(n'(m),7’'(n)) So from the former result

we have that 7(*)(mn) | lem(7®) (m), 7(8)(n)) and lem(7)(m),7*)(n)) | «'(mn) which is equivalent to
7 (mn) = lem(7®) (m), 7(*) (n)). O

Example 2. Compute 7 (6).

Solution. As shown earlier is 6 the product of 2 and 3, which has no common factors. Hence 7(%)(6) =
lem(7®)(2), () (3)). By using the matrix for the 5-nacci sequence considered mod 2 and 3 respectively, we

can compute 7(°)(2) = 6 and 7(°)(3) = 104. So the 5-nacci Pisano period of 6 is lem(6,104) = 312. O

So by theorem 9 it suffices for all generalized Pisano periods it suffices to compute prime powers. In the

next section we will show that computing prime powers for Pisano, and Trisano, actually can be simplified.

11



4.2 Computing prime powers

So if there is a way to compute prime powers easily, then the problem of computing Pisano periods would
narrow down to computing only Pisano periods for prime numbers, which would increase the computational
speed.

The first theorem for the Pisano period is made by Wall[3]. The second one, is taken from Klaska [4].

Theorem 11. Let p be a prime and 7(p) # n(p?). Then 7(pt) = pr(p'~') = p'~'xn(p), for all t € N.

A proof can be found in Wall’s article.[3]. Instead we state and prove the corresponding theorem for

Tribonacci numbers instead of the Fibonacci numbers.
Theorem 12. Let p be a prime and 7' (p) # 7' (p?). Then p*~17’(p) = ©'(p'), for all t € N,

Proof. Let T be the Tribonacci matrix (3) on page 6.

Then 77 (™) = E (mod m), which means that we can find a unique way to represent it as 7™ (™) =
E + mA, for some 3 x 3 matrix A, where 0 < a;; < m and E is the identity matrix of order 3.

Let p be an arbitrary prime larger than 2. We can rewrite the matrix T #) as T = E 4 ptA, and

by using binomial expansion we have that

p
Tm(p)f(EertA Z<>Epsz)

=0
Expanding this sum gives us

Z: (i)) BV (p'A) = <€>E+ (If) E(p'A)+-+ (ﬁ) E(ptA)P.

1=

+1

If we consider this sum modulo p?*! all terms except the first one will disappear. We can see that because

if we look at the terms in the interval 1 < i < p — 1, we have that:

(f) EPTHptA) = pi(yl()p_li))!! Ept"A' =p(...)=0 (mod p'™t)

Since we factored out p from the binomial coefficient we need to conclude that % is still an integer, so

that this factor won’t change the congruence. We know that p is a prime and it does not have any divisors

(p—1)!
il(p—i)!

by definition except for p and 1. And since we know that i!(ppiii)! is an integer so must be, because
none of the factors in the denominator is a divisor of p.
This p from the binomial coefficient that is multiplied with p? exists in every term except for i = 0 and

i = p, so in these cases we have

i=0= <107) EP(p'A)’ =F (mod p'™),

and
i=p= (ﬁ) O(ptA)P = p'P AP = pitiptle=D=14r =g (mod pt*1).

t+1) _

Since TP™ #") = 7' ®""") = E (mod p'*?'), and since 7/ (p'™!) is the period, ergo the smallest number such

that the sequence repeats, then we must have that 7/ (pt*!) | pr/(p?), by lemma 2.

12



We can also see with lemma 2 that 7/(p) | 7/(p'*!), which means that we have the following equation

system

pr’(p') = I’ (p**1)

k' (p') = ' (p1).
This holds for some k, [ € Z.

With Gauss elimination we get the rearranged system

@) p—k-1)=0
k' (p') = 7' (p1).

(6)

Since p is prime this means that either k or [ is equal to p and the other one is equal to 1, thus we have
(P = 7' (p"), (7)
or
' (p'*h) = pr' (0). (8)
L7/(p). We assume this to be true and then consider, the

case for ¢t 4 1. The assumption that 7/(pt~1) # 7 (p') implies that 7™ @) = E 4 p'~1 A, where p { a,;, for

Now we will prove that 7/(p') = pr’/(p'~1!) = p'~
all a;; in A, which yields

p
Tp‘/r/(pt—l) _ (E—l—pt_lA)p — Z (p> Ep_i(pt_lA)i,

So this means that TP~ @ ") = 77 (") # E (mod p'*') and «'(p') # #'(p'*!). This means that from (8)
we get that pr'(p') = 7’(p'™!) and p'n’(p) = ' (p"+1). O

Example 3. Compute 7'(96).

Solution. The integer factorization for 96 is 3 - 2°. With theorem 10 and 12 we can conclude that it suffices
to calculate 7'(3) and 7/(2%). We have that 7/(3) = 13 and 7/(2%) = 8. From theorem 12 we know that
7' (2%) = 237/ (22) = 23.8 = 64. So to compute 7'(96) we only need to find lem(7’(2%),7'(3)) = lem(64, 13) =
832. So the Trisano period for 96 is 832. O

13



5 Identities regarding the Pisano period

In this section we will show two theorems regarding the Pisano period for some special primes. The proof

can be found in Wall’s article.[3]
Theorem 13. If p = 10n + 1, then n(p) | (p — 1), for n € ZT.
Theorem 14. If p = 10n + 3, then n(p) | (2p + 2), for n € ZT.

One can wonder if the there is a corresponding result for the Trisano period, and for the generalized
Pisano period. In the next section a computer test for trying if a corresponding result holds for the Trisano

period.
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6 Computer runs

In this section we will show some computations done in Mathematica, to show how different algorithms for
counting generalized Pisano Periods can be implemented. Also some short timing examples have been made
so that the difference in performance between the different algorithms is shown for the reader.

In the appendix there is code examples for generating the n-nacci matrix and the n-nacci numbers are
shown. There is also code examples for the algorithms used for the timings below. The first part in the

output indicate the time it takes to run the input code. The second part yields the generalized Pisano period.

In[1] := AbsoluteTiming[nPisanoPeriodSmart[3, 33]]
Out[1] = {0.0050000, 1430}

In[2] := AbsoluteTiming[nPisanoPeriod[3, 33]]
Out[2] = {0.0990000, 1430}

In[3] := AbsoluteTiming[nPisanoPeriodSmart[3, 6!]]
Out|[3] = {0.0020000, 38688}

In[4] := AbsoluteTiming[nPisanoPeriod[3, 6!]]
Outf4] = {19.2270000, 38688}

Here we can see two example when it’s faster to compute since 33 = 3 - 11 it’s enough to compute the
Generalized Pisano period for 3 and 11 and use theorem 8. And for the second we have that 6!=720, but

with theorem 8, it suffices to compute generalized Pisano periods for 1, 2, 3, 4, 5 and 6.

In[5] := AbsoluteTiming[nPisanoPeriodSmart[3, 3"8§]]
Out[5] = {0.0010000, 28431}

In[6] := AbsoluteTiming[nPisanoPeriod[3, 3"8]]
Out[6] = {9.7990000, 28431}

In[7] := AbsoluteTiming[nPisanoPeriodSmart[10, 3~20]]
Out|7] = {13.4120000, 10162814267448}

In[8] := AbsoluteTiming[nPisanoPeriod[3, 3710]]
Out[8] := {1740.2150000, 255879}

Also when considering prime powers and theorem 9 and 10 are used, the performance increases extremely.

Do note here that theorem 10 has not been generalized for all n-nacci numbers. Theorem 10 has only been
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shown here for the Tribonacci numbers. Only a smaller test have been done for this thesis with testing all
modulus below 100 and all n-nacci numbers with n < 4. The result came out positive and the Mathematica

code is shown below

In[9] := TestPisanoPeriod[largestD , largestN | := Module[{ i, j, b},
b = true;
For[i = 2, i < largestD + 1, i++, For[j = 2, j < largestN + 1, j++,
If[nPisanoPeriod[i, j| == nPisanoPeriodSmartli, j|, , b = false [|]
b]

In[10] := TestPisanoPeriod[4, 100]
Out[9] = Null true

So for large numbers only consisting of small primes the computation of the Pisano period is a simple
problem. This can be shown with the example below, which would not have been done in reasonable time

with the ordinary algorithm.

In[11] := AbsoluteTiming[nPisanoPeriodSmart[3, 100!]]

Out[10] = {3.1860000, \
1434230587713090941021497542956998370454087780809909532632710649049298\
8607358926692018647571142902276939880763532968460288000000000000000000
00000}

As mentioned in the former section we will also discuss the possibility for the Trisano period to have a similar

relation as the one presented in theorem 13 and 14. The test can be seen in the appendix (TestnPisano).
Below the result for a run is presented. The output is presented as {p,Period}, where p is a prime. The

first part is the periods where p—1 | 7/(p), which is similar to the case for the Pisano period but the opposite.

Theorem 13 states that, if p = 10n £ 1, then 7(p) | p — 1. For the second line there is no such connection.

In[13] := TestnPisano[3, 300]

Out[11] =

({2,4),{7,48),{11,110},{13,168},{17,96},{19,360},{29,140},{41,560},{47,46 },{53,52},{61,1860},{73,5328},{79,3120},
{107,1272},{131,5720},{139,3864},{149,7400},{151,2850},{163,162},{167,9296},{199,108},{227,17176},{233,9048 ],
{239,4760},{241,20040},{257,256},{263,23056 {269,268} ,{271,73440},{281,13160},{293,28616} }

{{3,13},{5,31},{23,553},{31,331},{37,469},{43,308},{59,3541},{67,1519},{71,5113},{83,287},{89,8011},{97,3169},

{101,680},{103,51},{109,990},{113,12883},{127,5376},{ 137,18907},{157,8269},{173,2494} {179,32221},{181,10981},
{191,36673},{193,4656},{197,3234} {211,5565},{223,16651},{229,17557},{251,63253},{277,12788},{283,13348}}
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As we can see almost all of the even periods are divisible by p — 1, except for some cases of p for example
p = 43 or p = 197. But what worth mentioning is that in these cases we have the following relation for all
primes < 300, if 7’(p) is even and p — 1 /fn’(p), then 7/(p) | p*> — 1. A much larger test would have been

interesting to see, to see if this holds for larger p and if there are others identities to look for.
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Appendix

Mathematica code

Tribonacci[n | := Module[{ap, am, b, T},
b = (586 + 102%Sqrt[33]) ~(1/3);
ap = (19 + 3xSqrt|33])~(1/3);
am = (19 — 3«Sqrt[33])"(1/3);
T = Round[3xb*(((1/3 (ap + am + 1))"n)/(b"2 — 2xb + 4))]]

TribonacciM[n_ | := Module[{M},

M = {{0, 1, 0}, {0, 0, 1}, {1, 1, 1}};
MatrixPower[M, n|[[1, 3|]|

TrisanoPeriod[n_| := Module[{k},
M = {{0, 1, 0}, {0, 0, 1}, {1, 1, 1}};
k =2;
While[(Mod[MatrixPower[M, k]|, n] |=
IdentityMatrix[D]), k++];
N

nNacciMatrix[n_| := Module[{zerovector},
zerovector = Table[{0}, {n — 1}];
Join[MapThread|
Join, {zerovector, IdentityMatrix[n — 1]}], {Table[1, {n}]}]]

nNacciNumber[D , n_| := Module[{M},
M = nNacciMatrix[D];
MatrixPower[M, n][[1, D]|]
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nPisanoPeriod[D , n_| := Module[{k},
k =2;
While[(Mod[MatrixPower[nNacciMatrix[D], k|, n] !=
IdentityMatrix|D]), k++];
N

nPisanoPeriodSmart[D_, n_| := Module[{], m},
m = {};
1 = FactorInteger|n];
For[i =1, i < Length[l] + 1, i++,
AppendTo[m, nPisanoPeriod[D, 1[[i, 1]]]*l[[i, 1]]"(1[[1i, 2]] — D)];
Apply[LCM, m]]

In[12] := TestnPisano[D , n | := Module[{j, j, k, 1, m, o, p},

1 ={}
m = {};
o={};
p=1{}

For[i =0, i < n, i++, IffPrimeQ][i] , AppendToll, i]|[;

For[j =1, j < Length[l] + 1, j++, AppendTo[m, nPisanoPeriodSmart[D, 1[[j]|]]];

Forlk — 1, k < Length[m| + 1, k++, IffMod[m[[k]], ][[k]] — 1] == 0,
AppendTolo, {1{[k]}, m([k]}}], AppendTolp, {I[fkl], m{k I}

Print|o];

Print[p]]
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Tables for some generalized Pisano periods
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Tetranacci numbers

Ggf) (mod 2)
el (mod 3)
G (mod 4)
G (mod 5)
Gty (mod 6)
el (mod 7)
G (mod 8)

G (mod 9)
GYY (mod10) |0 0 1 1 2 4 8 5 9
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