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Abstract

In this thesis the zeta functions in analytic number theory are stud-
ied. The distribution of primes and the connection between primes and
zeta functions are discussed. Numerical results for linear combinations
of zeta functions are presented. These functions have a symmetric dis-
tribution of zeros around the critical line.

1 Introduction

Over the last centuries mathematicans did research about prime numbers.
They wanted to find new properties of them or even a rule for their location
on the number ray. In this thesis the prime numbers and their known prop-
erties are going to be presented. Based on their properties we are going to
discuss their distribution. It seems that the prime numbers spread randomly
over the number ray. Comparing the prime counting function with some
analytic expressions we will see that this can not be entirely true.
One of the biggest discoveries regarding prime numbers is definitly the Euler
product formula which gives us a relationship between a Dirichlet series and
the prime numbers. The famous mathematican Riemann was the first who
used complex values for this Dirichlet series. Based on this the Dirichlet series
with complex values was named after him, Riemann zeta function. Riemann
published in 1859 his paper ” Über die Anzahl der Primzahlen unter einer
gebenen Grösse” which did not only include the functional equation for the
Riemann zeta function but also a conjecture about the non-trivial zeros of
this function. Riemann’s theory about those non-trivial zeros is documented
in the Riemann Hypothesis, but his biggest achievement was to see a con-
nection between the prime numbers and the non-trivial zeros. Riemann’s
hypothesis predicts that all non-trivial zeros of the Riemann zeta function
ζ(s) have a real part 1

2
of s. The problem of proving the hypothesis is still

unsolved. Riemann himself wrote about the proof ”Hiervon wäre allerdings
ein strenger Beweis zu wünschen; ich habe indess die Aufsuchung desselben
nach einigen flüchtigen vergeblichen Versuchen vorläufig bei Seite gelassen”
[4] This sentence means: ”Hereof, one would wish a stricter proof; I have
meanwhile temporarily laid aside the search for this after some fleeting futil-
ing trials.” A lot of mathematicians around the world try to prove or refute
Riemann Hypothesis since more than 150 years. A hype arose around this
problem and it is one of the seven Millennium problems of the Clay Insti-
tute of Mathematics, which were stated as the biggest unsolved problems in
mathematics. The interest in this problem is based on that new discoveries
about Riemanns Hypothesis could lead to a better knowledge of the proper-

2



ties of the prime numbers. The interest has increased in recent years due to
the growing field of cryptography.
Furthermore, the Bernoulli numbers will make it possible to calculate val-
ues for the Riemann zeta function in the historical way and plots made by
Mathematica will help us to get a better understanding of the Riemann Hy-
pothesis. Furthermore, we will introduce some other zeta function which
are closly related to the Riemann zeta function. One of them will be the
L-function. This function is going to be used in the last section where we are
going to talk about the symmetric zeta function, which is based on a linear
combination of L-functions and zeta functions. The zeros of this function will
be symmetrically distributed around the critical line. Maybe can the sym-
metric zeta functions give new insights about the Riemann Hypothesis.[5] [2]
[4] [11] [12] [13]

2 Prime Numbers

We will start with the basics. First of all prime numbers will be defined and
then some special properties of primes will be stated.

2.1 Introduction to prime numbers

Definition 2.1 (Prime Numbers)
A prime is an integer greater than 1 that is divisible by no positive integers
other than 1 and itself. [2]

Example: The integers 2, 3, 5, 7, 11, 13,..., 61,..., 163... are primes.

Note: The integer 1 is not included in that definition, because primes have
to have exactly two positive divisors and 1 has only one, itself.

Prime numbers have special properties. One of those properties is that all
integers, which are greater than 1, can be factorized in prime numbers or the
integer is a prime. This fact is formulated in the following theorem.

Theorem 2.1 (Factorization of Numbers)
Every integer n >1 is either a prime or a product of prime numbers. [5]

Proof of Theorem 2.1. [5]
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We can easily see that the theorem is true for n = 2, because 2 is a prime
number. Now, we only have to indicate that the theorem is true for every
n. Assume it is true for all integers < n. If n is not a prime it has a pos-
itive divisor a 6= 1 and a 6= n. Hence n = ab, where b 6= n. Both a and
b are < n and > 1. By assumption the Theorem 2.1 is true for all integers
< n. So, the theorem is true for the integers a and b and therefore also for n �

Moreover, this factorization, which mentioned in the previous theorem is
unique.

Theorem 2.2 (Fundamental Theorem of Arithmetic)
Every integer n > 1 can be presented as a product of prime factors in only
one way, apart from the order of the factors. [5]

Proof of the Theorem 2.2 [5]
The Theorem 2.2 is true for n = 2 by the fact that 2 is a prime. Now we just
have to prove that the theorem is true for all n. If n is a prime we are done.
Assume n is not a prime and has two factorizations

n = p1 · p2 · ... · ps = q1 · q2 · ... · qt.

It is aimed to show that each p equals to a q and s = t. Since p1 is a divisor
of the product q1 · q2 · ...qt , p1 has to divide at least one of the factors of
the product, say q1, so we have p1|q1. Because of that p1 and q1 are prime
numbers we know that p1 = q1. By that we can overwrite q1 by p1 and divide
both sides of the equation 2.1 by p1 and we get

n/p1 = p2 · ... · ps = q2 · ... · qt.

Assume s < t,
we have for s− 1 steps,

ps = qs · qs+1 · qs+2 · ... · qt

and for s steps,
1 = qs+1 · qs+2 · ... · qt

Because of qs+1 · qs+2 · ... · qt are prime numbers, we have a contradiction. It
follows that

s = t

and that

n = p1 · p2 · ... · ps is unique.
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Note: In the factorization in Theorem 2.2 a particular prime p can be in-
cluded more than once. Assume the distinct prime factors of n are given by
p1, p2, ..., ps and assume pi appears as a factor ai times, then we would have

n = pa11 · pa22 · ... · pass

and still the Theorem 2.2 would be true.

In the previous theorems we have seen that prime numbers is a special set of
numbers and it is important to mention that the set includes infinitely many
elements.

Theorem 2.3. (Number of Primes)
There are infinitely many primes. [5]

Proof of the Theorem 2.3. [5]
Let us assume that there is only finite number of primes. Denote them by
p1, p2, ..., pn. Now form the number n = 1 + p1 · p2 · ... · pn. (*) Since n > pj
for every j, n can’t be a prime number,since p1, p2, ..., pn are the only primes
(by assumption). Since n can be factorized by prime numbers, it is necessary
to have pj|n for some choices for j. By (*) we have 1 = n − p1 · p2 · ... · pn
and pj|n and pj|p1 · p2 · ... · pn. It follows that pj|n − p1 · p2 · ... · pn ⇔ pj|1
which is impossible. Hence, we must have a wrong assumption. �

2.2 Conjectures about primes

Over time mathematicians have done many investigations about the prop-
erties of prime numbers. They formulated their unproven theories in con-
jectures. In the following section we will take a look at the most famous
conjectures about primes and at their inventors.
The first conjecture we want to talk about is the Bertrand’s Conjecture.

The french mathematician Joseph Louis Francois Bertrand (1822-1900) was
born in Paris and discovered his conjecture by studying tables of prime num-
bers. Bertrand’s conjecture was proved by Chebyshev in 1852.

Conjecture 2.1 (Bertrand’s Conjecture)
For every positive integer n with n > 1, there is a prime p such that n < p <
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2n. [2]

There is only one pair of primes which are next to each other on the number
ray because there is only one even prime. However, there are more that one
pair of primes which are only two integers apart from each other. These
pairs of primes are called twin primes. Based on this observation the follow-
ing conjecture was developed.

Conjecture 2.2 (Twin Prime Conjecture)
There are infinitely many pairs of primes p and p+2. [2]

Christian Goldbach was born in Königsberg and mentioned his conjecture
which is one of his greatest contributions to mathematics, in a letter to Euler
in 1742.

Conjecture 2.3 (Goldbach’s Conjecture)
Every even positive integer > 2 can be written as the sum of two primes. [2]

Numerical examples: The integers 12, 30 and 98.
12 = 7 + 5
30 = 23 + 7 = 19 + 11 = 17 + 13
98 = 67 + 31

There are many conjectures about the fragmentation of primes; one is the
following conjecture.

Conjecture 2.4 (The n2 + 1 Conjecture)
There are infinitely many primes of the form n2 + 1, where n is a positive
integer. [2]

Numerical examples:
2 = 12 + 1
5 = 22 + 1
17 = 42 + 1
37 = 62 + 1

The following conjecture was claimed by the French mathematician Adrien-
Marie Legendre.

Conjecture 2.5 (The Legendre Conjecture)
There is a prime between every two pairs of squares of consecutive integers.
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[2]

Numerical evidence for the Legendre Conjecture shows that there is a prime
between n2 and (n+ 1)2 for all n ≤ 1018.

Numerical examples:
The primes between 22 = 4 and 32 = 9 are 5 and 7.
The primes between 52 = 25 and 62 = 36 are 29 and 31.
The primes between 102 = 100 and 112 = 121 are 101, 103, 107, 109 and 113.
The primes between 202 = 400 and 212 = 441 are 401, 409, 419, 421, 431,
433 and 439.

The most important conjecture is the Riemann Hypothesis. We are go-
ing to talk about this conjecture in section 3.5. First we need some more
definitions, proofs and theorems to understand this famous conjecture.

2.3 Prime counting function and distribution of primes

Now the distribution of primes is going to be discussed. To analyze the dis-
tribution of primes better it is necessary to introduce the prime counting
function π(x).

Definition 2.2 (Prime Counting Function)
The prime counting function π(x) is equal to the number of primes up to x.

π(x) = #{p ∈ P|p ≤ x},

where P is the set of primes. [5] [9]

The following figures are illustrations of the prime counting function
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Figure 1: The number of primes π(x), where x ≤ 100.

200 400 600 800 1000

50

100

150

Figure 2: The number of primes π(x), where x ≤ 1000.

Gauss published the first asymptotic (∼) expression for the prime counting
function

π(x) ∼ x

log(x)
.

[5] [9]. Since Legendre had access to more data he was able to find an better
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approximation a bit later,

π(x) ∼ x

log(x)− 1.08366

[5] [8]. Riemann found this analytic expression for π(x)

π(x) ∼ Li(x) +
∞∑
n=2

µ(n)

n
Li(x

1
n )

which is a even better approximation than

π(x) ∼ Li(x).

[4] [5] [9]

Note: Li(x) is the logarithmic integral [5]

Li(x) =

∫ x

2

1

log(t)
dt.

µ(n) is the Möbius function. If n > 1 is written as n = pa11 · pa22 · ... · pass
then

µ(n)=

{
(-1)s if a1 = a2 = ... = as = 1

0 otherwise

.[5]

These results for the prime counting function lead us to the famous prime
number theorem

Theorem 2.4. (Prime Number Theorem)

lim
x→∞

=
π(x) log(x)

x
= 1.
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Figure 3: The number of primes (π(x)) (magenta/purple), where 3 ≤ x ≤
100, and its approximation Li(x) (red, up), x

log(x)
(green, low) and Li(x) +∑∞

n=2
µ(n)
n

Li(x
1
n

) (blue, middle)

[5]

From the prime number theorem follows that,

π(x) = Li(x) + R(x),

where R(x) is the remainder term, which fulfills

lim
x−→∞

R(x)

Li(x)
= 0.

The handling of this remainder term leads to the Riemann Hypothesis, which
is explained later on. [5][9]

3 Riemann Zeta Function

3.1 Euler’s product formula and the zeta function

In this section the beginning of the research about prime numbers in analytic
number theory is going to be explained.
Leonard Euler (1707- 1783) was a Swiss mathematician whose work is col-
lected in the Opera Omnia. It fills more than 85 large volumes. He influenced
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with his discoveries the number theory substantially. Euler noticed the rela-
tionship between the following two prime related functions. [1] [2]

Theorem 3.1. (Euler’s Product Formula)

ζ(s) =
∞∑
n=1

1

ns
=
∏
p

1

1− 1
ps

where s ∈ R. [1]

We can prove that the Theorem 3.1 is right by looking at the geometric
series

1

1− 1
ps

= 1 +
1

ps
+

1

p2s
+

1

p3s
+ ... =

∞∑
n=0

1

pns
.

Using this relation and only including the first r primes in the product then
we get ∏

p

1

1− 1
ps

=
∞∑
n1

∞∑
n2

· · ·
∞∑
nr

1

(pn1
1 · pn2

2 · · · pnrr )s
.

From the fundamental theorem of arithmetic and including more and more
primes in the product we can see that the relation in Theorem 3.1 is true.
[1] [3] [5]

3.2 Factorial function

Now we want to extend ζ(s) to the whole complex plane by introducing the
so called functional equation, but before we can do that we have to discuss
the factorial function s!. This function caught the interest of Gauss, Legen-
dre but especially Euler. Euler discovered that

−1

2
! =
√
π.

Euler observed by extending the factorial function s! from the natural num-
bers s to all real numbers greater than −1 that

s! =

∫ ∞
0

e−xxsdx. (1)

[1] [5] This led to
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Definition 3.1 (Factorial Function)

s! = Π(s) =

∫ ∞
0

e−xxsdx

where Π(s) is defined for all s ∈ R and s > −1.[1]

Note: Let us denote the integral for s = −1
2

with I

I = −1

2
! =

∫ ∞
0

e−xx−
1
2dx

If we substitute x by t2

2
(dx = tdt)

I =

∫ ∞
0

e−
t2

2

√
2dt.

Now we are going to calculate I2.

I2 =

∫ ∞
0

√
2e−

v2

2 dv ·
∫ ∞

0

√
2e−

w2

2 dw.

By using polar coordinates we get the following

I2 =

∫ ∞
0

∫ ∞
0

2e−
1
2

(v2+w2)dvdw =

∫ ∞
0

∫ π
2

0

2re−
1
2
r2drdθ = lim

N−>∞

π

2
·2(−e

−N2

2 +e0) = π.

From the result for I2 we know that

I =
√
I2 =

√
π.

As an alternative notation to equation 1 Legendre introduced a new function
which is defined as

Definition 3.2 (Gamma Function)

Γ(s) =

∫ ∞
0

e−xxs−1dx

where s ∈ R and s > 0. [1] [4]

Extending the definition of Γ(s) for all values of s other than s = 0,−1,−2,−3...
is possible by taking the following limit

Γ(s) = lim
N−>∞

N !

(s)(s+ 1)(s+ 2)(s+ 3) · · · (s− 1 +N)
(N + 1)s−1.
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[1]

There exists a relationship between the factorial function and the gamma
function which is given by

Γ(s) = Π(s− 1).

Furthermore, some properties of Π(s) which you can derive equivalently for
Γ(s) from the relation above are presented in the table below (proofs in [6]).

Π(s)

Π(s) =
∏∞

n=1
n1−s(n+1)s

s+n

Π(s) =
∏∞

n=1(1 + s
n
)−1(1 + 1

n
)s

Π(s) = sΠ(s− 1)

πs
Π(s)Π(−s) = sin(πs)

Π(s) = 2sΠ( s
2
)Π( s−1

2
)π−

1
2

Table 1: This table shows some properties of Π(s). [1]

3.3 Functional equation

Georg Friedrich Bernhard Riemann (1826 - 1866) was a German mathemati-
cian. His eight pages long paper ”Ueber die Anzahl der Primzahlen unter
einer gegebenen Grösse” changed mathematics. This famous paper is about
the distribution of primes and the zeros of the Riemann zeta function as well
as the Riemann Hypothesis ( see Definition 3.3 and section 3.5). Riemann,
a student of Dirichlet started his research with investigating Euler’s product
formula. Euler and Dirichlet had only worked with real values for ζ(s). So
Riemann was interested in defining ζ(s) for all possible values of s, especially
for complex values. In this section we are going to follow Riemann’s idea.
Because of this we are going to consider from now on s ∈ C and of the form
s = σ + it. [1] [2] [4] [5]
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ζ(s) =
∞∑
n=1

1

ns
(2)

is convergent as long as the real part of s is greater then 1 (σ > 1). From
the integral for Π(s) follows that

∞∫
0

e−nxxs−1dx =
Π(s− 1)

ns
, (3)

where σ > 0. Summing both sides of the equation 3 from n = 1 to infinity
we get

∞∑
n=1

∞∫
0

e−nxxs−1dx =
∞∑
n=1

Π(s− 1)

ns
.

According to the formula for geometric sums it holds that

∞∫
0

lim
m−>∞

em(−x)(emx − 1)

ex − 1
xs−1dx = ζ(s)Π(s− 1).

Equivalently, we have that

∞∫
0

xs−1

ex − 1
dx = ζ(s)Π(s− 1). (4)

If we now consider the contour integral

+∞∫
+∞

(−x)s

ex − 1

dx

x
,

where the limits of this integral indicate that we start our integration at +∞
then move to the left down the real axis, circle counterclockwise around the
origin and return on the real axis back to +∞. This sort of integration is
called contour integration. [1] [4][5]

Integrating this contour integral gives us that

+∞∫
+∞

(−x)s

ex − 1

dx

x
= (eiπs − e−iπs)

∞∫
0

xs−1

ex − 1
,
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By equation 4 it holds that

+∞∫
+∞

(−x)s

ex − 1

dx

x
= (eiπs − e−iπs)ζ(s)Π(s− 1).

Since, eis−e−is
2i

= sin(s) we have that

+∞∫
+∞

(−x)s

ex − 1

dx

x
= 2i sin(πs)ζ(s)Π(s− 1).

We now multiply both sides with
∏

(−s)s
2πis

and use the equation πs∏
(s)

∏
(−s) =

sin(πs). Then we get that the ζ(s) can also defined as

ζ(s) =
∞∑
n=1

1

ns
=

∏
(−s)
2πi

∫ +∞

+∞

(−x)s

ex − 1

dx

x
. (5)

The integral in equation 5 converges for all points s in the complex plane
so the formula defines ζ(s) with possible exceptions at poles of Π(−s). A
careful analysis shows that ζ(s) has only one pole at s = 1. Additionally,
Riemann was able to develop from this integral a relation between ζ(s) and
ζ(1− s),

ζ(s) = Π(−s)(2π)s−12 sin(
sπ

2
)ζ(1− s),

which is called the functional equation of ζ(s). The ζ(s) has no zeros for
σ > 1 so the functional equation tells us that the zeros for σ < 0 are located
at s = −2,−4,−6, ... where sinus factor vanishes. Other zeros of ζ(s) must
lie in the strip 0 ≤ σ ≤ 1. This function ζ(s) with s ∈ C is called the
Riemann zeta function and let us conclude this subsection by its definition
in the right half-plane. [1] [4]

Definition 3.3 (Riemann Zeta Function ζ(s))
If s ∈ C and σ > 1, then the Riemann Zeta Function ζ(s) is defined as

ζ(s) =
∞∑
n=1

1

ns
.

[3]
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If s = σ + it, and σ0 > 1, the series on the right converges uniformly and
absolutely for σ ≥ σo since∣∣∣∣∣
∞∑
n=1

1

nσ+it

∣∣∣∣∣ ≤
∞∑
n=1

1

|nσ+it|
=
∞∑
n=1

1

nσ
≤

∞∑
n=1

1

nσ0
< 1 +

∞∫
1

du

uσ0
= 1 +

1

σ0 − 1
−

[3]
Note: In figure 4 the Riemann zeta function is illustrated for −1 ≤ σ ≤ 1.5
and 0 ≤ t ≤ 40.

-1.0 -0.5 0.0 0.5 1.0 1.5

0

10

20

30

40

Figure 4: A contour plot of the absolute value of the Riemann zeta function
for s = σ+ it, where σ goes from -1 to 1.5 and t from 0 to 40. The non-trivial
zeros are located on the critical line s = 1

2
+ it. The first six zeros lie close

to t = 14.1, 21.0, 25.0, 30.4, 32.9 and 37.6. At s = 1 there is a pole.

3.4 Bernoulli numbers

Bernoulli numbers are important constants in mathematics. They were dis-
covered by Jakob Bernoulli and named by Abraham de Moivre. Jakob
Bernoulli was born 1654 in Basel. He studied against the wish of his fa-
ther mathematics and gave lectures in mathematics in Basel from 1683. In
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the following section we want to talk about the definition and properties of
Bernoulli numbers. We will use them to calculate some values of the Rie-
mann zeta function. [5] [2] [10]

We know from basic analysis that

∞∑
n=1

1

n2
=
π2

6
.

Bernoulli wanted to generalize this sum for all possible exponents of n. He
introduced the so called Bernoulli numbers Bn [5]

Definition 3.4 (The Basic Definition of the Bernoulli Numbers)
The Bernoulli numbers Bn, which are all rational are defined by the equation

x

ex − 1
=
∞∑
n=0

Bn
xn

n!
,

where |x| < 2π. [5]

n 0 1 2 3 4 5 6 7 8 9 10
Bn 1 −1

2
1
6

0 − 1
30

0 1
42

0 − 1
30

0 5
66

Table 2: The Bernoulli numbers Bn for 0 ≤ n ≤ 10.

Note: The Bernoulli numbers of odd n > 1 are equal to zero and have for
even n alternating algebraic signs.

Definition 3.5 (Algebraic Sign Function for the Bernoulli Num-
bers)
The algebraic sign function, also called signum function for the Bernoulli
numbers is defined as

sgn(Bn) = (−1)
n
2

+1,

where n ≥ 0.[5]

Based on the fact that x
ex−1

+ x
2

is an even function and B1 = −1
2

we can
reformulate the previous definition of Bernoulli numbers.

x

ex − 1
+
x

2
=
∞∑
n=0

B2n

(2n)!
x2n.
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The Bernoulli numbers are actually only a special case of the following func-
tions, which are also called the Bernoulli polynomials. [5].

Definition 3.6 (Definition of the Function Bn(z)) For any complex z
we can define Bn(z) by the equation

xezx

ex − 1
=
∞∑
n=0

Bn(z)

n!
xn,

where |x| < 2π.

It holds that

Bn(z) =
n∑
k=0

n!

(n− k)!k!
Bkz

n−k.

[5]

Note: The Bernoulli numbers are equal to Bn(0) but they are just denoted
by Bn.

Theorem 3.2 (Bernoulli polynomials)
The Bernoulli polynomials Bn(z) satisfy the difference equation

Bn(z + 1)−Bn(z) = nzn−1

if n ≥ 1. Therefore we have

Bn(0) = Bn(1)

if n ≥ 2. [3] [5]

It follows from this theorem and Definition 3.6 that

Bn =
n∑
k=0

n!

(n− k)!k!
Bk

if n ≥ 2. [5]

Note: For n ≥ 2 we have that Bn(0) = Bn(1) and Bn(1) =
∑n

k=0
n!

(n−k)!k!
Bk

from the definition of the Bernoulli polynomials.

After introducing Bernoulli polynomials we will now focus on their rela-
tionship with the Riemann zeta function. The relationship between them
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becomes apparent when we look at the next two theorems. [5]

Theorem 3.3 (Zeta Function for Even Integer)
If k is a positive integer we have

ζ(2k) = (−1)k+1 (2π)2kB2k

2(2k)!

[5]

The proof is based on the functional equation of ζ(s) see [5].

Theorem 3.4 (Zeta Function for Negative Integer)
For every integer n ≥ 0 we have that

ζ(−n) = −Bn+1

n+ 1
.

[5]

Note: If n ≥ 1, ζ(−2n) = 0 since B2n+1 = 0.

Based on Theorem 3.3 we can calculate the values of the Riemann zeta
function for even integers, see table.

k 1 2 3 4 5

ζ(2k) π2

6
π4

90
π6

945
π8

9450
π10

93555

Table 3: Tabel of the values of the Riemann zeta function ζ(s) for positive
and even s.

n 0 1 2 3 4 5
ζ(−n) 1

2
− 1

12
0 1

120
0 − 1

252

Table 4: Tabel of the values of the Riemann zeta function ζ(s) for negative
s.
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3.5 Riemann Hypothesis

In section 2 the prime number theorem and the prime number distribution
have been discussed. A formula for the prime distribution has been men-
tioned.

π(x) = Li(x) + R(x),

where R(x) is the remainder term which fulfills

lim
x−→∞

R(x)

Li(x)
= 0.

The handling of this remainder term leads us finally to the Riemann Hy-
pothesis. The Riemann Hypothesis states that this remainder term R(x) for
x → ∞ is of the order O(

√
x log(x)). There is no proof of this hypothesis

yet. However, E.Littlewood’s approximation of

R(x) = O(x · e−C
√

log(x) log(log(x))),

where C is a positive constant, is until today not exceeded.
In Riemann’s famous paper ”Ueber die Anzahl der Primzahlen unter einer
gegebenen Grösse” the Riemann Hypothesis was formulated in an alternative
way which actually follows from the conjectured order of the remainder by
analytic number theory. It is based on the positions of the non-trivial zeros
of ζ(s). [4][5][9]

Conjecture 3.1 (Riemann Hypothesis)

All non-trivial zeros of ζ(s) are located on the critical line Re(s)=1
2
. [4]

Because of the Riemann hypothesis and the connection to prime numbers,
non-trivial zeros of the zeta function caught the interest of many mathemati-
cians, but what about the trivial zeros? The zeta function is zero for all
negative even integers like s = −2,−4,−6... . These zeros are the so called
trivial zeros. From the functional equation it is known that all non-trivial ze-
ros have to be in the open interval 0 < σ < 1, which is called the critical strip.

As mentioned earlier the Riemann’s hypothesis is still unproven, but a lot of
mathematicians tried to prove the hypothesis or tried to disprove Riemann.
No one succeed it till now. Much evidence supports those who believe that
the hypothesis is true.
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Let N(T ) be the numbers of the zeros in the critical strip with 0 < t <
T . Already Riemann knew that this N(T ) has an asymptotic behavior,
N(T ) ≈ T

2π
log( T

2π
). This discovery and his experimental results, where he

found for a certain range as many zeros on the critical line as he expected in
the critical strip led him to his hypothesis. Later, more numerical evidence
supported Riemann’s discoveries. For example, Sebastian Wedeniwski and
his distributed computing project ZetaGrid state that 2.5 · 1011 zeros are ly-
ing on the critical line and A.Odlyzko published calculations which indicate
that 1022 zeros of the zeta function have the real part 1

2
.

Furthermore, Hardy’s proof from the last century and a statistical proof
about the chance of finding of zeros outside of the critical line have to be
mentioned. These proofs state that there are infinitely many zeros on the
critical line and that if there are zeros outside of the critical line they must
be really rare as well as become even less frequent if you get further away
from the critical line. [2] [7] [9] [12]

4 Other Zeta Functions

Additionally to the Riemann zeta function there exist other zeta functions.
We are going to consider only two of them, the Hurwitz zeta function and
the L-function. The Riemann zeta function is a special case of the former
one.

4.1 Hurwitz zeta function

Definition 4.1 (Hurwitz Zeta Function) ζ(s, α)
If s ∈ C, Re(s) > 1 and α be a real number 0 < α ≤ 1, then the Hurwitz
zeta function ζ(s, α) is defined by

ζ(s, α) =
∞∑
n=0

1

(n+ α)s
. (6)

[3] [5]

Note: The Riemann zeta function ζ(s) is equal to the Hurwitz zeta func-
tion ζ(s, 1).

The Hurwitz zeta function can also be defined in terms of an integral. For
this definition we need the help of the already introduced gamma function.
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Theorem 4.1 (Integral Representation of the Hurwitz Zeta Func-
tion)
For σ > 1 we have the integral representation

Γ(s)ζ(s, a) =

∞∫
0

xs−1e−ax

1− e−x
dx.

[3] [5]

In comparison to section 3.3 and from Theorem 4.1 the functional equa-
tion for the Hurwitz zeta function can be found and the extention over the
whole complex plan can be obtained.

Furthermore, the Theorem 4.1 gives us also the integral represention of the
Riemann zeta function (see section 3.3 equation 5).

Γ(s)ζ(s) =

∞∫
0

xs−1e−x

1− e−x
dx.

4.2 Dirichlet L-function L(s, χ)

In this subsection, we are going to define the L-function but before we have
to introduce the so called ”Dirichlet characters”.

4.2.1 Dirichlet characters

Definition 4.2 Dirichlet Characters
Dirichlet charachters modulo k is a complex-valued function χ defined on all
integers n which satisfies the conditions

(i) χ(n) = 0 if (n, k) > 1,
(ii) χ(n) is not identically equal to 0,
(iii) χ(n1n2) = χ(n1)χ(n2),
(iv) χ(n+ k) = χ(n).

The principal character modulo k is the function
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χ1(n)=

{
1 if (n, k) = 1

0 if (n, k) > 1.

General properties of the Dirichlet characters modulo k are that there are
ϕ(k) distinct Dirichlet characters modulo k, which are periodic with the pe-
riode k.

Note: ϕ(k) is the Euler function and because k is in our case always a prime
number the value of ϕ(k) is given by k − 1. For examples of characters see
Appendix. [3] [5]

4.2.2 L(s, χ)

Definition 4.3 (Definition of the Function L(s, χ))
If s ∈ C and Re(s) > 1, then the L(s, χ) is defined by

L(s, χ) =
∞∑
n=1

χ(n)

ns
=
∏
p

(1− χ(p)

ps
)−1

Note: L(s, χ1) =
∞∑
n=1

χ1(n)
ns

= (1− 1
ps

)ζ(s).

We can also define the L-function in term of ζ(s, α). We need to do that with
the help of the residue classes mod k, which means we can write n = qk+ r,
where 1 ≤ r ≤ k and q = 0, 1, 2, ....... . So we get that

L(s, χ) =
∞∑
n=1

χn
ns

=
k∑
r=1

∞∑
q=0

χ(qk + r)

(qk + r)s
=

1

ks

k∑
r=1

χ(r)
∞∑
q=0

1

(q + r
k
)s

= k−s
k∑
r=1

χ(r)ζ(s,
r

k
).

[3] [5]

See figure 5 for an illustration of absolute value of a L-function.

All zeros of the L-function lie on the critical line which leads us to the next
subsection.
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Figure 5: This figure illustrates the absolute values of a L-function (prime
number 7 and χ2(n)) for s = 1

2
+ it where t goes from -20 to 20.

4.2.3 Generalized Riemann Hypothesis

The Conjecture 3.1 states that all non-trivial zeros of ζ(s) are located on the
critical line Re(s)= 1

2
. There exists a generalized form of this conjecture for

all L-functions.

Conjecture 4.1 (Generalized Riemann Hypothesis) All non-trivial ze-
ros of L(s, χ) are located on the critical line Re(s)= 1

2
. [13]

5 Symmetric Zeta Function

This section is about so called symmetric zeta functions and is based on [13]
and [14].

5.1 Introduction

In the previous section the zeros of the Riemann zeta function and their
references to the Riemann Hypothesis have been discussed. It is known
that the Riemann zeta function has a pole at s = 1 and trivial zeros at
s = −2,−4,−6, ... as well as that the L-function has no pole in the complex
plane, but trivial zeros s = 0,−2,−4, ... . This gives that the function ζ(s)

L(s)

has a symmetrical distribution of zeros and poles which makes it interesting
for us to analyze this function. Furthermore, in this section the zeros of
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linear combinations of L-functions with even characters and zeta functions
are going to be investigated.

5.2 Linear combinations and symmetric zeta functions

The non-trivial zeros of the linear combination of a L-function and a zeta
function, which are going to be discussed here, are symmetrical distributed
around the critical line. The linear combinations are going to be represented
in forms of function Z(s), where (bar means complex conjugation)

Z(s) = 0

and
Z(1− s) = 0.

Z(s) is based on this property called a symmetric zeta function. In [13] you
find an explanation how different Z(s) are obtained and the proof that the
symmetric zeta function Z(s) is assembled by the functions

(1 +
1

ps−
1
2

)ζ(s), (7)

(i− i

ps−
1
2

)ζ(s) (8)

and the Dirichlet L-function. The functions (7) and (8) can be combined to

(e−iα +
eiα

ps−
1
2

)ζ(s),

where 0 ≤ α < 2π.

Definition 5.1 of the Symmetric Zeta Function

Z(s) = (e−iα +
eiα

ps−1/2
)ζ(s) + εL(s), (9)

where 0 ≤ α < 2π and ε is real parameter greater or equal to 0, p is a prime
and the L-function gets calculated with the respect of an even Dirichlet char-
acter of p.

Note: By the fact that Z(s) is symmetrical around Re(s) = 1
2

it is enough if
we only consider the s-plane where σ ≥ 1

2
.
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Furthermore, we are going to use the notation zL for the zeros of L(s), L-
zeros and zR for the zeros of ζ(s), R-zeros. The notation for the zeros of

(e−iα + eiα

ps−1/2 ), α−zeros is going to be zα.

The function Z(s) is depending on ε and α. So it is interesting to inves-
tigate the different behaviors of the zeros when we change ε and α. Two
cases are going to be considered.

case 1: ε = 0. Then zR is fixed and zα is moving upwards the critical
line when α is increased. A small increase of ε leads to an interaction be-
tween zα and zR near zR. Double zeros are formed and in a short α-interval
the two zeros are outside the critical line.
case 2: ε � 1. Then the zeros of Z(s) lie near zL. On the critical line the
zeros oscillate around zL for fixed ε and increasing α. If zL lies in the right
half plane, this can happen for linear combinations of Dirichlet L-functions,
then the zero of Z(s) rotate around zL in clockwise sense when α is increased.

If σ 6= 1
2

then by equalising (9) with 0 and transforming this equation we
get an equation for ε

ε = (e−iα +
eiα

ps−1/2
)(− ζ(s)

L(s)
). (10)

It is stated by the definition of Z(s) and (10) that ε has to be non-negative
and as a consequence the α-value is fixed by equation 10. By this fact we
can derive a function w(s) = ε(s)eiα(s), which gives us the ε- and α-values for
which Z(s) is equal to zero on a certain point s.

Proof:

ε = (e−iα +
eiα

ps−1/2
)(
−ζ(s)

L(s)
)

Let

b(s) = − ζ(s)

L(s)
(11)

and
a(s) = ps−

1
2 . (12)

By expressing w(s) in terms of b(s) and a(s) we get for our function the
following

w(s) = |b|2
(1− 1

|a|2 )(b− b
a
)∣∣∣b− b

a

∣∣∣ ∣∣∣b− b
a

∣∣∣ .
26



To prove this we note that ε is equal to its conjugate, because ε is real and
non-negative. That gives us that

(e−iα(s) +
eiα(s)

a
)b = (eiα(s) +

e−iα(s)

a
)b

⇔ eiα(s)(b− b

a
) = e−iα(s)(b− b

a
)

⇔ ei2α(s) =
b− b

a

b− b
a

(13)

By using equation 13 we can now rewrite w(s)

w(s) = ε(s)eiα(s) = eiα(s)(e−iα(s) +
eiα(s)

a
)b = b+

b

a
ei2α(s)

= b+
b

a

b− b
a

b− b
a

=
b(ab− b) + b(b+ b

a
)

ba− b
= |b|2

a− 1
a

ba− b
.

|b|2
1− 1

|a|2

b− b
a

= |b|2
(1− 1

|a|2 )(b− b
a
)

(b− b
a
)(b− b

a
)

= |b|2
(1− 1

|a|2 )(b− b
a
)∣∣b− b

a

∣∣ ∣∣b− b
a

∣∣
�

The equation 10 leads to the following relation between ε and α at the critical
line,

ε = −2
ζ(s)

L(s)
e

−i log(p)t
2 cos(α− log(p)t

2
).

So from this we know that ε is bounded from above by 2| ζ(
1
2

+it)

L( 1
2

+it
|.

Note: The upper bound of ε will be called εmax in the following.

case1: ε is unequal to its upper bound, then we have that ε < εmax(t)
Under this condition and for a given t the function Z(1

2
+ it) equals 0 for two

different α-values.
case2: ε = εmax then there exist only one α, where Z(1

2
+ it) = 0.

Considering the case that the Riemann Hypothesis is true and all zeros of
the zeta function and of the L-function lie on the critical line then distance
between the zeros of the zeta function, the α-zeros and the zeros of the L-
function have to fulfill the following relation.

1

DL

=
1

Dα

+
1

DR

.
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Note: The notation D stands for mean spacing between the (R, L and α)
zeros.

The distance between two α-zeros: Dα = 2π
Log(p)

The distance between two R-zeros: DR = 2π
Log( t

2π
)

The distance between two L-zeros:
case 1: p� t then DL ≈ Dα

case 2: p� t then DL ≈ DR

5.3 Numerical results

What is even more interesting, are the following limits

lim
σ→1/2+

|ω(σ + it)| = ε+(t) (14)

and
lim

σ→1/2+
Arg(σ + it) = α+(t) (15)

These limits α+(t) and ε+(t) indicate for which α and for which ε a multiple
zero exist on a certain the point s = 1

2
+ it.

Note: ε+ = 0 at zR, because α-zero can be placed on top of a R-zero which
would produce a double zero of Z(s) for ε = 0.

For the upper bound of ε, εmax, applies that ε+ ≤ εmax. ε+ = εmax only
at the maximum and minimum of εmax(t). See figure 6.

We have seen in equation 10 how α and ε are related to each other. There-
fore, we can make some conclusions from the following figures.

We can see that α+ has local extreme values at the location of the L-zeros.
Furthermore, we can notice that on the critical line at a point s = 1

2
+ it,

where both Z(1
2

+ it) and L(1
2

+ it) are zero happends for two α-values,

α = log(p)t
2

+ kπ
2

, where k is a odd integer. We will denote those α-values with
αL. Additionally, if ε+ is an increasing function with t at zL then α+ has
there a local maximum. Furthermore, if ε+ is a decreasing function with t at
zL then α+ has a local minimum there. See figure 7 and 8.
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Figure 6: Numerical results for εmax(t) (dashed)in comparison to ε(0.505+it)
(solid) for a linear combination of two L-functions with p = 7 and 460 ≤
t ≤ 464. The coefficients of the L-function are purely imaginary. In the
interval there are three L-zeros at t ≈ 460.8, at t ≈ 462.35 and at t ≈ 463.4.
Furthermore, we can find R-zeros at t ≈ 460.1, at t ≈ 462.1 and at t ≈ 464.
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Figure 7: Numerical results for εmax(t) (dashed) in comparison to ε(0.505+it)
(solid) for p = 5 and 114 ≤ t ≤ 121. The L-function has the Dirichlet
characters 0,1,-1,-1,1.

In the figures above, besides figure 6, the prime number 5 has been ex-
amined. The prime number 5 has real Dirichlet characters. In the following
the case of a L-function which has only imaginary Dirichlet coefficients will
be analyzed. As an example for such case prime number 7 will be used. In
the following linear combinations L(s) of two non-principal even Dirichlet
L-functions of prime number 7 with the same coefficients as in figure 6will be
examind. The investigation of this linear combination is important, because
it could produce under different circumstances a L-zero outside the critical
line. Again figures of α+ and ε+ will be investigated.

In figure 12 at ≈ 234.9 ε+ has a maximum and εmax has maximum. At
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Figure 8: Numerical results for α(0.505 + it) (solid) for p = 5 and 114 ≤ t ≤
121. The dashed lines are the graphs of α = log(p)t

2
+ kπ

2
for odd integers k

(short dashed) and even integers k (long dashed).

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
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Figure 9: Contour plot for ε(σ + it) with p = 5, 0.5 ≤ σ ≤ 4 and 114 ≤ t ≤
121. Compare this figure with figure 7.

the same time it appears in figure 13 a strong upsloping of the α+-curve.
This is caused by a L-zero outside of the critical line at s = 1.2 + i235

Earlier the spacing between (R, L, α) zeros have been mentioned. In the
context of this spacing the potential escaping of the zeros from the critical
line and the expected change of behavior are now going to be discussed.

Two cases are going to be considered:
case 1: t � p The distance between the zeros of the zeta function and the
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Figure 10: Numerical results for εmax(t) (dashed)in comparison to ε(0.505+it)
(solid) for p = 5 and 386 ≤ t ≤ 391. The L-function has the Dirichlet
characters 0,1,-1,-1,1.
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Figure 11: Numerical results for α(0.505 + it) (solid) for p = 5 and 386 ≤
t ≤ 391. The dashed lines are the graphs of α = log(p)t

2
+ kπ

2
for odd integers

k (short dashed) and even integers k (long dashed)

L-function on the critical line is much smaller than between the zeros of the
zeta function and the α-zeros.
case 2: t � p The distance between the α-zeros and the zeros of the L-
function is way smaller then the distance to the zeros of the zeta function.

In the figure 14 and 15 the case 1 is illustrated for the prime 5. There is a
strong drop of α+ for the case that there are three zeros of the L-function
between two zeros of the zeta function.

Note: We are still talking about the symmetric zeta function, that means
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Figure 12: Numerical results for εmax(t) (dashed)in comparison to ε(0.505+it)
(solid) for p = 7 and 233 ≤ t ≤ 237.

233 234 235 236 237
0

1

2

3

4

5

6

Figure 13: Numerical results for α(0.505 + it) (dashed) for p = 7 and 233 ≤
t ≤ 237. The dashed lines are the graphs of α = log(p)t

2
+ kπ

2
for odd integers

k (short dashed) and even integers k (long dashed). The coefficients for L(s)
are the same as for figure 6.
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Figure 14: Numerical results for εmax(t)(dashed) in comparison to ε(0.505+it)
for p = 5 and 20005 ≤ t ≤ 20010.
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Figure 15: Numerical results for α(0.505 + it) (solid) for p =5 and 20005 ≤
t ≤ 20010. The dashed lines are the graphs of α = log(p)t

2
+ kπ

2
for odd integers

k (short dashed) and even integers k (long dashed).

for the situation of zeros outside of the critical line, that only an even num-
ber of zeros can lie outside the critical line.

Assuming their would be two zeros of the zeta function outside of the critical
line, then we expect a larger spacing between the nearlying R-zeros on the
critical line. Then normally three L-zeros will be located in between and a
big drop of α+, like in figure 15, will occur.

6 Conclusion

The Riemann Hypothesis will probably continue to be an unproven conjuc-
ture for a while. In that context there is a need to mention Louis de Branges
de Bourcia’s new try to prove Riemann. He published the 82 pages paper
”A Proof of the Riemann Hypothesis” on the 18. December of 2013. I have
spent the time of my thesis intensively with Riemann’s work and I am now
even more fascinated about his hypothesis. Without doubt I can say that I
will continue to work on this problem and pursuit Hans Frisk’s idea further.
The future will show if the approach by the symmetric zeta function will
lead to new insights about the Riemann Hypothesis. I think after studying
Hans Frisk’s paper it is a good idea and if it does not lead to a proof it has
at least the potential to give a new ansatz. Based on Hans paper I looked
at plots of ε+-values and α+-values, analyzed the mean spacing between the
zeros and looked at contour plots of the symmetric zeta function for different
prime numbers. I tried to draw conclusions about the behaviour of zeros
outside of the critical line and the change of the plots which comes along
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with that. Unfortunately my research did not lead to new conlusions, but I
think it could be interesting to extent Hans aproaches and apply his ideas to
really big prime numbers. I leave my thesis with many ideas and many open
questions. [13] [15]

7 Appendix

Examples of Dirichlet Characters

The properties of Dirichlet Characters have been discussed before in section
4. In the appendix some examples of these Dirichlet Character will be given
in forms of tables. The first table is based on the multiplicative properties
of the Dirichlet characters mentioned in definition 4.2 [5]. Those tables are
for the even Dirichlet characters. The second table is made by Mathematica
and gives the exact values of even and odd characters under a given value
for the prime number k and the index n.

Note: The columns of the second table are labelled by

n 0 1 2 3 4 ...

and the rows of the second table are labelled by

χ(n)
χ1(n)
χ2(n)
χ3(n)
.
.
.

.
The Dirichlet characters for the primes 5, 7, 11 and 17 are presented below

For k = 5 and ϕ(5) = 4

n 1 2 3 4 5
χ(n) 1 w w3 w2 0
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0 1 1 1 1

0 1 ä -ä -1
0 1 -1 -1 1

0 1 -ä ä -1

For k = 7 and ϕ(7) = 6

n 1 2 3 4 5 6 7
χ(n) 1 w2 w w4 w5 1 0

0 1 1 1 1 1 1

0 1 ã

2 ä Π

3 ã

ä Π

3 ã
-
2 ä Π

3 ã
-
ä Π

3 -1

0 1 ã-
2 ä Π

3 ã

2 ä Π

3 ã

2 ä Π

3 ã
-
2 ä Π

3 1
0 1 1 -1 1 -1 -1

0 1 ã

2 ä Π

3 ã
-
2 ä Π

3 ã
-
2 ä Π

3 ã

2 ä Π

3 1

0 1 ã-
2 ä Π

3 ã
-
ä Π

3 ã

2 ä Π

3 ã

ä Π

3 -1

For k = 11 and ϕ(11) = 10

0 1 1 1 1 1 1 1 1 1 1

0 1 ã

ä Π

5 ã
-
2 ä Π

5 ã

2 ä Π

5 ã

4 ä Π

5 ã
-
ä Π

5 ã
-
3 ä Π

5 ã

3 ä Π

5 ã
-
4 ä Π

5 -1

0 1 ã

2 ä Π

5 ã
-
4 ä Π

5 ã

4 ä Π

5 ã
-
2 ä Π

5 ã
-
2 ä Π

5 ã

4 ä Π

5 ã
-
4 ä Π

5 ã

2 ä Π

5 1

0 1 ã

3 ä Π

5 ã

4 ä Π

5 ã
-
4 ä Π

5 ã

2 ä Π

5 ã
-
3 ä Π

5 ã

ä Π

5 ã
-
ä Π

5 ã
-
2 ä Π

5 -1

0 1 ã

4 ä Π

5 ã

2 ä Π

5 ã
-
2 ä Π

5 ã
-
4 ä Π

5 ã
-
4 ä Π

5 ã
-
2 ä Π

5 ã

2 ä Π

5 ã

4 ä Π

5 1
0 1 -1 1 1 1 -1 -1 -1 1 -1

0 1 ã-
4 ä Π

5 ã
-
2 ä Π

5 ã

2 ä Π

5 ã

4 ä Π

5 ã

4 ä Π

5 ã

2 ä Π

5 ã
-
2 ä Π

5 ã
-
4 ä Π

5 1

0 1 ã-
3 ä Π

5 ã
-
4 ä Π

5 ã

4 ä Π

5 ã
-
2 ä Π

5 ã

3 ä Π

5 ã
-
ä Π

5 ã

ä Π

5 ã

2 ä Π

5 -1

0 1 ã-
2 ä Π

5 ã

4 ä Π

5 ã
-
4 ä Π

5 ã

2 ä Π

5 ã

2 ä Π

5 ã
-
4 ä Π

5 ã

4 ä Π

5 ã
-
2 ä Π

5 1

0 1 ã
-
ä Π

5 ã

2 ä Π

5 ã
-
2 ä Π

5 ã
-
4 ä Π

5 ã

ä Π

5 ã

3 ä Π

5 ã
-
3 ä Π

5 ã

4 ä Π

5 -1

For k = 13 and ϕ(13) = 12

n 1 2 3 4 5 6 7 8 9 10 11
χ(n) 1 w w3 w2 w4 w4 w2 w3 w6 1 0
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n 1 2 3 4 5 6 7 8 9 10 11 12 13
χ(n) 1 w w4 w2 w9 w5 w11 w3 w8 w10 w7 1 0

0 1 1 1 1 1 1 1 1 1 1 1 1

0 1 ã

ä Π

6 ã

2 ä Π

3 ã

ä Π

3 -ä ã

5 ä Π

6 ã
-
ä Π

6 ä ã
-
2 ä Π

3 ã
-
ä Π

3 ã
-
5 ä Π

6 -1

0 1 ã

ä Π

3 ã
-
2 ä Π

3 ã

2 ä Π

3 -1 ã
-
ä Π

3 ã
-
ä Π

3 -1 ã

2 ä Π

3 ã
-
2 ä Π

3 ã

ä Π

3 1

0 1 ä 1 -1 ä ä -ä -ä 1 -1 -ä -1

0 1 ã

2 ä Π

3 ã

2 ä Π

3 ã
-
2 ä Π

3 1 ã
-
2 ä Π

3 ã
-
2 ä Π

3 1 ã
-
2 ä Π

3 ã

2 ä Π

3 ã

2 ä Π

3 1

0 1 ã

5 ä Π

6 ã
-
2 ä Π

3 ã
-
ä Π

3 -ä ã

ä Π

6 ã
-
5 ä Π

6 ä ã

2 ä Π

3 ã

ä Π

3 ã
-
ä Π

6 -1
0 1 -1 1 1 -1 -1 -1 -1 1 1 -1 1

0 1 ã-
5 ä Π

6 ã

2 ä Π

3 ã

ä Π

3 ä ã
-
ä Π

6 ã

5 ä Π

6 -ä ã
-
2 ä Π

3 ã
-
ä Π

3 ã

ä Π

6 -1

0 1 ã-
2 ä Π

3 ã
-
2 ä Π

3 ã

2 ä Π

3 1 ã

2 ä Π

3 ã

2 ä Π

3 1 ã

2 ä Π

3 ã
-
2 ä Π

3 ã
-
2 ä Π

3 1

0 1 -ä 1 -1 -ä -ä ä ä 1 -1 ä -1

0 1 ã
-
ä Π

3 ã

2 ä Π

3 ã
-
2 ä Π

3 -1 ã

ä Π

3 ã

ä Π

3 -1 ã-
2 ä Π

3 ã

2 ä Π

3 ã
-
ä Π

3 1

0 1 ã
-
ä Π

6 ã
-
2 ä Π

3 ã
-
ä Π

3 ä ã
-
5 ä Π

6 ã

ä Π

6 -ä ã

2 ä Π

3 ã

ä Π

3 ã

5 ä Π

6 -1

For k = 17 and ϕ(17) = 16

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
χ(n) 1 w14 w w12 w5 w15 w11 w10 w2 w3 w7 w13 w4 w9 w6 w8 0

0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

0 1 ã
-
ä Π

4 ã

ä Π

8 -ä ã

5 ä Π

8 ã
-
ä Π

8 ã
-
5 ä Π

8 ã
-
3 ä Π

4 ã

ä Π

4 ã

3 ä Π

8 ã

7 ä Π

8 ã
-
3 ä Π

8 ä ã
-
7 ä Π

8 ã

3 ä Π

4 -1

0 1 -ä ã

ä Π

4 -1 ã-
3 ä Π

4 ã
-
ä Π

4 ã

3 ä Π

4 ä ä ã

3 ä Π

4 ã
-
ä Π

4 ã
-
3 ä Π

4 -1 ã

ä Π

4 -ä 1

0 1 ã-
3 ä Π

4 ã

3 ä Π

8 ä ã
-
ä Π

8 ã
-
3 ä Π

8 ã

ä Π

8 ã
-
ä Π

4 ã

3 ä Π

4 ã
-
7 ä Π

8 ã

5 ä Π

8 ã

7 ä Π

8 -ä ã
-
5 ä Π

8 ã

ä Π

4 -1

0 1 -1 ä 1 ä -ä -ä -1 -1 -ä -ä ä 1 ä -1 1

0 1 ã

3 ä Π

4 ã

5 ä Π

8 -ä ã
-
7 ä Π

8 ã
-
5 ä Π

8 ã

7 ä Π

8 ã

ä Π

4 ã
-
3 ä Π

4 ã
-
ä Π

8 ã

3 ä Π

8 ã

ä Π

8 ä ã
-
3 ä Π

8 ã
-
ä Π

4 -1

0 1 ä ã

3 ä Π

4 -1 ã
-
ä Π

4 ã
-
3 ä Π

4 ã

ä Π

4 -ä -ä ã

ä Π

4 ã
-
3 ä Π

4 ã
-
ä Π

4 -1 ã

3 ä Π

4 ä 1

0 1 ã

ä Π

4 ã

7 ä Π

8 ä ã

3 ä Π

8 ã
-
7 ä Π

8 ã
-
3 ä Π

8 ã

3 ä Π

4 ã
-
ä Π

4 ã

5 ä Π

8 ã

ä Π

8 ã
-
5 ä Π

8 -ä ã
-
ä Π

8 ã
-
3 ä Π

4 -1
0 1 1 -1 1 -1 -1 -1 1 1 -1 -1 -1 1 -1 1 1

0 1 ã
-
ä Π

4 ã
-
7 ä Π

8 -ä ã
-
3 ä Π

8 ã

7 ä Π

8 ã

3 ä Π

8 ã
-
3 ä Π

4 ã

ä Π

4 ã
-
5 ä Π

8 ã
-
ä Π

8 ã

5 ä Π

8 ä ã

ä Π

8 ã

3 ä Π

4 -1

0 1 -ä ã
-
3 ä Π

4 -1 ã

ä Π

4 ã

3 ä Π

4 ã
-
ä Π

4 ä ä ã
-
ä Π

4 ã

3 ä Π

4 ã

ä Π

4 -1 ã-
3 ä Π

4 -ä 1

0 1 ã-
3 ä Π

4 ã
-
5 ä Π

8 ä ã

7 ä Π

8 ã

5 ä Π

8 ã
-
7 ä Π

8 ã
-
ä Π

4 ã

3 ä Π

4 ã

ä Π

8 ã
-
3 ä Π

8 ã
-
ä Π

8 -ä ã

3 ä Π

8 ã

ä Π

4 -1
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[15] de Branges de Bourcia, Louis: A Proof of the Riemann Hypothesis,
Purdue University, 18.Dezember2013.

37


